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1 Linnik problems

This material comes from

(1) Duke, An introduction to Linnik problems.

(2) Michel–Venkatesh, Equidistribution, L-functions and Ergodic theory: on some

problems of Yu. V. Linnik.

Choose Q a homogeneous polynomial of degree d in n variables. We can consider the

set

VQ(m) = {x ∈ Rn | Q(x) = m}.

Each of these sets admit projections

VQ(m) → VQ(1)

x 7→ x

m1/d

and we can think about how the images ΩQ,m are distributed in VQ(1). To make this

precise, we should define measures on these sets. The problem is that they can be

infinite. This is usually fixed by quotienting by a group, e.g., O(Q).

This fits into the philosophy of Venkatesh et al. that Linnik problems study

distribution of points in homogeneous spaces of a group.

An algebraic-geometric view on this is as follows: we start with a family of twists

of a variety and consider the distribution of, say, Q-points in members of the family,

under the isomorphism to a fixed element in the family. I might show this idea later.

1.1 Linnik problem on the sphere

If Q = x2
1 + x2

2 + x2
3, we define the sequence of measures

µQ,m =
1

#ΩQ,m

∑
p∈ΩQ,m

δp.

The important thing is that ΩQ,m is finite.

Theorem 1.1 (Duke). We have

µQ,m → µS2 ,

weak-∗, where µS2 is the normalised Haar measure on S2.
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1.2 Linnik problems on Y (1)

Now let Q = x2
2 − 4x1x3. The set ΩQ,m is infinite, but admits an action by SO(Q) =

PGL2(Z) with finite quotient. By Gauss, there are h(m) elements in PGL2(Z)\ΩQ,m,

where h(m) is the class number of Q(
√
m).

Now PGL2(Z) acts on H+ ∪H−. Given (a, b, c) ∈ ΩQ,m we obtain τ ∈ H with

aτ2 + bτ + c = 0.

Note that H+ ∪ H− comes with a natural measure, the hyperbolic measure

dxdy/y2, which descends to the quotient Y (1). Call it µY (1) Let Hm denote the

set of such τ .

Theorem 1.2 (Duke). As m → −∞ over m ≡ 0, 1 (mod 4), the measures µQ,m

converges weak-∗ to the hyperbolic measure µY (1).

2 A Linnik problem in families of elliptic curves

The Linnik problem on the sphere can be considered from a more algebro-geometric

perspective. For example, we start with a family Qn of quadrics in A3 and use the

isomorphism Qn → Q1 to project Qn(Z) onto S2. That way we can think of the

integral points in a family as living inside the same space.

Consider the congruent number family of elliptic curves En/Q given by the

Weierstrass equation

y2 = x(x− n)(x+ n)

where n is a positive integer. Some remarks are in order.

(1) Either En(Q) is infinite (one calls n congruent), or it consists of the four 2-torsion

points.

(2) We have a Q(
√
n)-isomorphism

φn : En → E1

(x, y) 7→
(
x

n
,

y

n
√
n

)
,

which defines an injection φn : En(Q) → E1(Q(
√
n)). In fact, we can characterise

the image as

Ωn := φn(En(Q)) = {P ∈ E1(Q(
√
n)) | Pσn = −P} ∪ {O}

where σn is the nontrivial element in Gal(Q(
√
n)/Q).
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Choose a height h : E1(Q̄) → R on E1. For real T let

Ωn(T ) = {P ∈ Ωn | h(P ) ≤ T}

and let

µn(T ) =
1

#Ωn(T )

∑
P∈Ωn(T )

δP

where δP is the Dirac measure at P on E1(C). These are probability measures.

Proposition 2.1. The sequence (µn(T )) is tight, therefore a subsequence of (µn(T ))

converges weak-∗ to a probability measure µ(T ).

Proof. Let ε > 0. We need to find S ⊆ E1(C) so that µn(T )(S) > 1 − ε. Let

S = Ωn(T
1−α) with α small. By a theorem of Neron,

c1 log(T )
rn/2 ≤ #Ωn(T ) ≤ c2 log(T )

rn/2,

where rn = rankEn(Q). How do we proceed?

Q.E.D.

Question 2.2. Does the sequence of measures (µn(T )) converge weak-∗ to some

measure on E1(C)? Is this limit the pushforward of the Lebesgue measure via the

exponential map expE1
: C → E1(C)?
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