Metrisable vector bundles

Joseph Harrison

These notes were written for the study group “Heights on Stacks” dur-
ing Term 3 of 2024 at the University of Warwick. They follow |
Appendix A.
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1 Linear algebra

Let V be a C-vector space.

Definition 1.1. A bilinear map

VxV—=C

(v, w) = (v, w)
is a Hermitian pairing if
(v, w) = (w,v)"

for all v,w € V, where z — 2" is complex conjugation. The Hermitian
norm associated to a Hermitian pairing is the function ||-|| : V' — Rxg
given by |[v||> = (v,v). The pair V = (V,|-||) is called a Hermitian
space. Finally, the subset

B(V,r)={ve V||l <r},
is the ball of radius 7 € R>; and B(V, 1) is the unit ball.

Example 1.2. The standard Hermitian space C" has Hermitian pairing



1 Linear algebra

For Hermitian spaces V and W, define a bilinear map

Hom(V, W) x Hom(V,W) — C

(p,0) = ESB%’ ! (p(v), 0(v))y -

This is a Hermitian pairing with associated norm

lell = sup i)y, -
veB(V,1)

Note that this is the same as the operator norm in Banach space theory.

Definition 1.3. Let Hom(V, W) denote the Hermitian space Hom(V, W)

with norm given above. We define the morphisms of Hermitian spaces
Hom(V, W) = B(Hom(V, W), 1),

so that a linear map ¢ : V — W is a morphism of Hermitian spaces V/
and W if [jo(v) [y < llvlly -

Consider an exact sequence of C-vector spaces

0 sV’ vV v s 0

~

where V is a Hermitian space. In | ], the authors state that (V')*
can be identified with V”. To see this, note that

| (V) (VY = v

is an isomorphism. This induces a Hermitian pairing on V", with asso-

ciated norm

(Y " = inf w .
el = __inf el

Definition 1.4. The norm ||-||;,, is called the quotient norm.

Definition 1.5. If V and W are Hermitian spaces, we define a Hermitian

pairing on V @ W by the relation

<U7w>VEBW =0

whenever v € V and w € W.



2 Analytic spaces

Definition 1.6. If VV and W are Hermitian spaces, we define a Hermitian

pairing on V ® W by the relation

(V1 ® wi,v2 @ w2>V®W = (U1, V2)y (Wi, wa)y, -

Definition 1.7. If V is a Hermitian space, we define a Hermitian pairing

on the alternating power A"V by
(U A e Aoy, wy A ~-~/\wn>/\nv = det (v;, wj).
Remark 1.8. Note that [|-|| \» (- is V71! times the quotient norm of V*" —

AV,

2 Analytic spaces

Let X be a complex analytic space and let V' be a holomorphic vector
bundle on X with sheaf of sections &,. See the appendices at the end of
this section for the definitions. Let €’x denote the sheaf of R>(-valued

continuous functions on X.

Definition 2.1. A Hermitian norm on V' is a map of sheaves
|-|: &y — €x

satisfying the following conditions.

(1) |o| (z) = 0 if and only if o(z) = 0.

(2) |fo| = |f||o| whenever f € Ox(U) and ¢ € &y. Here the notation
|f| refers to the continuous function x +— |f(x)|, where || is the

usual archimedean absolute value on C.
(3) Ifx : x — X is a point, then the restriction of | - | to *V is Hermitian.
In this case, V = (V,]-]) is called a metrised vector bundle.

Remark 2.2. Condition (3) is just saying that |- | induces a Hermitian

norm on fibres.



2 Analytic spaces 2.1 Pullback of metrised vector bundles

We know from Section 1 how to define direct sums, tensor products,
alternating products and duals of Hermitian spaces. Hence we can define

these structures on fibres and take the associated sheaf.

Example 2.3. Let (V;,|-],) be metrised vector bundles for i € {1,2}.
Then the direct sum V; & V5 has the structure of a metrised vector bundle

coming from

01 @ o] ()° = [0nl, ()" + Jval ().

2.1 Pullback of metrised vector bundles

Let g : X — Y be a morphism of complex analytic spaces and let V
be a vector bundle on Y. We would like to define a pullback metrised
vector bundle g*V, i.e., we need to define a Hermitian norm ¢*& — %y

Consider the composition
Ev — Gy — 9. Cx

where the first map is the Hermitian norm, the second is the pullback of
functions f — f o g and

(9-7)(U) = F (g7 (V))
is the direct image sheaf. Recall that g, has an adjoint g*.
Definition 2.4. We define g, | - | to be the sheaf morphism in Hom(g*&y, 6y)

corresponding to the composition above in Hom(&y, g.%€x ).

2.2 Direct image of metrised vector bundle

Suppose as before that g : X — Y is a morphism of complex analytic
spaces and V is a metrised vector bundle on X. We need g to be finite

and unramified to ensure g*V is a vector bundle. We have a map

9+Cx — Gy



2 Analytic spaces 2.3 Appendix: complex analytic spaces

which is defined on an open subset U of Y by

€x(g7'(U)) = ¢v(U)
1/2
h ( > h(x)2> .
veg—1(y)

Now define g, | -| to be the composition
g*éaV — g*(gX — %Y-

Note that (¢*V'), and V, are isomorphic if g(z) = y but that (¢.V), is

isomorphic to
D v
z€g~1(y)

as Hermitian spaces.

2.3 Appendix: complex analytic spaces

Definition 2.5. Let & be a sheaf of rings on a space X and let .# be a
subsheaf of &', considered as a sheaf of abelian groups. The sheaf .# is a

sheaf of ideals if
oU)s(U) C 7(U)
for all open subsets U C X.

Definition 2.6 (] |, Definition 17.4.1, Tag 01AL). Let (X, Ox) be
a ringed space and let F be a sheaf of Ox-modules. We say that F is
generated by global sections if there is a set I and global sections
s; € F(X) for each i € I so that the map

s+
iel
is surjective, i.e., surjective over every open or, equivalently, surjective

on stalks. If [ is finite then F is generated by finitely many global

sections.


https://stacks.math.columbia.edu/tag/01AL

2 Analytic spaces 2.3 Appendix: complex analytic spaces

Remark 2.7. Suppose F is generated by finitely many global sections
as above. Concretely this means that there are si,...,s, € F(X) so
that for every open U and every s € F(U) there are fi,..., f, € O(U)
so that

s=fis1+ -+ fusn.

Remark 2.8. The sheaves of ideals involved in the definition of a com-
plex analytic space will need to be finitely generated in this sense to make

sure that structure sheaves of complex analytic spaces are coherent (see

[ ]sL).

Definition 2.9 (] |, Definition 17.9.1, Tag 01B4). Let (X, Ox) be
a ringed space and let F be a sheaf of Ox-modules. We say that F is of
finite type if every x € X admits an open neighbourhood U such that
F |y is generated by finitely many global sections.

Definition 2.10. A C-ringed space (X, Ox) is a topological space X
with a sheaf Ox of C-algebras, such that every stalk of Oy is a local

ring.

Remark 2.11. Thus a C-ringed space is a locally ringed space that is

also a module over the constant sheaf C.

Definition 2.12 (] ], §1.2). Let D C C" be a domain and let Op be
the sheaf of holomorphic functions on D. Let .# be a sheaf of Op-ideals
having finite-type. Let

Y =supp(Op/I) ={2€ D |Op. # Ip_.}.

Then the C-ringed space (Y,Op/.# | Y) is called a complex model

space.

Remark 2.13. Let z € Y and recall the notation of Remark 2.7. Then
YﬁU:V(flaafk)

Thus complex model spaces are covered by vanishing loci of holomorphic

functions.


https://stacks.math.columbia.edu/tag/01B4

2 Analytic spaces 2.4 Appendix: holomorphic vector bundles

Definition 2.14 (| ], §1.5). A C-ringed space (X, Ox) is a complex
analytic space or complex analytix variety or complex space if X
is Hausdorff and if every z € X has some open neighbourhood U so that
the C-ringed space (U, Ox | U) is isomorphic, as C-ringed spaces, to a

complex model space.

2.4 Appendix: holomorphic vector bundles

Definition 2.15. Let 7 : V' — X be a holomorphic map of complex
analytic spaces and suppose that the fibre V, = 7=!({z}) of 7 above
x € X has the structure of a C-vector space. The pair (V, ) is called a

holomorphic vector bundle if the following properties hold.

(1) For every x € X there is an open neighbourhood U of x and a
holomorphic map F : 771(U) — U x C", for some positive integer r,

so that the diagram

W(U) —E— U xC
T 1251
U My . U

commutes.

(2) Assuming (1), the map F' induces a map on the fibre V,, — {y} x C"
for y € U. We require that this map is an isomorphism of C-vector

spaces.

The maps F' that play a role in (1) and (2) are called local trivialisa-

tions.

Definition 2.16. Let (7, V') be a holomorphic vector bundle over X. A
section of (7, V') over an open set U is a holomorphic map o : U — V
such that 7 o 0 = idy. Thus if p € X then o(p) € V,. We let & (U)

denote the C-vector space of sections of (7, V') over U.



3 Schemes

Remark 2.17. It can easily be shown that U +— &}, (U) is a sheaf, which
we denote &y,. Note that & is also a sheaf of Ox-modules, because if
f € Ox(U) and o € &y then x — f(x)o(x) is a perfectly good section

over U.

3 Schemes

Definition 3.1. A variety over a scheme S is a scheme X of finite type

over S.

Example 3.2. Suppose S = Spec(k) with k a field and let f : X —
S be a variety over S. For each z € X, the morphism f is of finite
type at x so there is some Spec(R,) an affine open neighbourhood of
x with f(Spec(R,)) C Spec(k) (this is always satisfied) and the ring
homomorphism k£ — R, is of finite-type. Hence let

Rm = k[yh s 7ynx]/]$

for an ideal I, C k[y1, ..., Yn,], so that Spec(R,) is something like a non-
reduced affine variety over k. The Spec(R,) are an open affine cover, but
since X is quasi-compact, finitely many suffice. Hence X is covered by

finitely many affine varieties.

Let X be a variety over Spec(C) with a vector bundle V. Then there is
an associated complex analytic space X*" and an associated holomorphic
vector bundle V?". Moreover the same can be done for locally separated,

locally of finite type algebraic spaces over Spec(C).

Let K be a number field, let X be a variety over Spec(Of) and let
V' be a vector bundle on X (in the algebro-geometric sense). For every
embedding o : K — C one has the fibre product

Xo = X X0 0 Spec(C)

which comes with a map X, — X. Pulling back V along this map one
has a vector bundle V, on X,. As above, we have an analytification of
Vit which is a holomorphic vector bundle on X32".

9



3 Schemes

Definition 3.3. A metrised vector bundle on X is the vector bundle

V together with a choice of Hermitian norm
| . |o‘ : éavogn — cgXan
on each V2. Moreover, for each open U C X and section s € &y (U)

0"sl, (p) = 17s], (D),
for p € U where z — z denotes complex conjugation.

We can define direct sums, tensor products, alternating products and

duals via the formulas in Section 2.

3.0.1 Restriction of scalars

Let K C L inclusion of fields, X — Oy an Op-variety, V a metrised vector
bundle on X. Write Resy/x(X) for the Weil restriction/restriction
of scalars of X, i.e., the scheme X considered as an Og-variety via
X — Spec O, — Spec Ok. We will say how to define a metrised vector
bundle Resy, x(V). As a vector bundle, Resy k() is just V. For the
fibre product (Resy,x X), we can take Ho’la X,. We then define

| . |O’ . (ReSL/K V)é;,-n — %(RBSL/K X)g_n

so that its restriction to X, is |- | ..

3.0.2 Base extension

Let L/K an extension of number fields, X an Op-variety, } a metrised

vector bundle on X considered as an Og-variety.

Definition 3.4. The base extension V; of V has vector bundle struc-
ture V and for ¢’ : L — C we define ||, to be || under the identifica-
tion X, = Resy/x(X), for o | o’

10



3 Schemes 3.1 Appendix: morphisms of finite-type

3.0.3 Degree of a metrised vector bundle

Definition 3.5. The degree of a metrised line bundle (V, | - |) on Spec(Ok),

considered as an Og-variety is

deg(V,|-]) = log|T(V)/Ok -s| = Y loglo™s|,.

o K—C

The degree of a metrised vector bundle on Spec(Of), considered as an

Og-variety is

deg(V,|-|) deg/\V||

Let L/K be an extension of number fields. The degree of a metrised
vector bundle on Spec(Oy) is define to be deg(Vy,|-|).

The following proposition describes the behaviour of the degree under

base extension.

Proposition 3.6. If L/K is an extension of number fields with degree
n, then deg(VLa ’ ’ |) = ndeg(va ‘ ) D

Proof. Since pullbacks commute with top wedge power, it suffices to

prove the proposition for a line bundle. We have

Z log | (o Z Zlog\a sl,=n Z log |0”s],.

o/:L—C 0:K—=C o'|o o K—C

and since Oy is flat over O

(F(V) @ OL)/OL - | = [(T(V)/Ok - 8) ©ox Or| = n|I(V)/Ok - 5.

Q.E.D.

3.1 Appendix: morphisms of finite-type

Definition 3.7. Let f : A — B be a ring homomorphism. Recall that
this makes B into an A-algebra via a - b = f(a)b for all a € A,b € B.
The ring homomorphism f is said to be of finite type if B is a finitely-
generated A-algebra.

11



3 Schemes 3.2 Appendix: vector bundles over schemes

Definition 3.8. Let f : X — S be a morphism of schemes.

(1) f is said to be of finite type at x € X if there is an affine neigh-
bourhood Spec(B) of z in X and affine neighbourhood Spec(A) of
f(z) in S so that the following hold.

(a) f(Spec(B)) C Spec(A).
(b) The induced ring homomorphism A — B has finite type.

(2) f is said to be locally of finite type if it is of finite type at every
point x € X.

(3) f is said to be of finite type if it is locally of finite type and quasi-

compact (every open cover has a finite subcover).

3.2 Appendix: vector bundles over schemes

This appendix clarifies the notion of a vector bundle over a scheme. We
follow [ ] Exercises 5.17 and 5.18.

Definition 3.9. A morphism f : X — Y of schemes is affine if there
is an open affine cover (Spec(R;))ics of Y so that f~*(Spec(R;)) is affine
for each 7 € 1.

Example 3.10. Let f : X — Y be a morphism of affine varieties. Then
Y is covered by distinguished open sets D(g) = {g # 0} = Spec(k[Y],)
where g € k[Y] and f~1(D(g)) = D(f*(g)) = Spec(k[X]+(g)). Therefore
f is affine.

Definition 3.11. A vector bundle of rank 7 over a scheme Y consists

of the following data.
(1) A morphism of schemes f: X — Y.

(2) An open cover (U;);er of Y together with isomorphisms ¢; : f~(U;) —
Ay, for each 1 € I.

12



4 Stacks

This data must satisfy the condition that for any open affine Spec(R) C
U; N U; the ring automorphism

Rlxy,...,xn] = Rlxy, ..., 2,
coming from the map
wj ° 1/1;1 : Agpec(R) — A7épec(R)

is a linear automorphism.

4 Stacks

Definition 4.1. Let X — Spec(Ok) be an algebraic stack of finite type
over Spec(Ok). A metrised vector bundle on & consists of the fol-

lowing data.

(1) A vector bundle V on X.

(2) For every morphism f: X — & from an Og-variety X, a Hermitian
norm, denoted f*|-| on f*V.

This data is subject to the following conditions.

(1) For a morphism ¢g : X’ — X of Og-varieties, one has a canonical
isomorphism ¢g*(f*V) — (fog)* V.

(2) The canonical isomorphism in (1) identifies ¢*(f*|-|) = (fog)*|-|-

Remark 4.2. Direct sums, tensor products, alternating products and

duals can be defined as already described.

4.1 Pullbacks

Definition 4.3. Let X and ) be algebraic stacks of finite type over
Spec(Ok), let g : X — Y be a morphism of stacks over Ok and let
V = (V,|-|) be a metrised vector bundle on X. The pullback ¢g*V has
underlying vector bundle ¢g* V and for a morphism f : X — X with X an

Of-variety, one defines f*(¢*|-|) = (g o f)*|-| for the Hermitian norm

on f*(g* V).

13



5 Examples 4.2  Direct images

4.2 Direct images

Let X and Y be algebraic stacks of finite type over Spec(Of) and let
V = (V,|-]) be a metrised vector bundle on X. Let g : X — Y be a
morphism of stacks. The underlying bundle of the direct image is g, V,

but the construction of Hermitian norms depends on properties of g and

V.

4.2.1 ¢ finite, flat, generically étale

Let f : Y — Y be an Og-morphism from an Og-variety Y. Then the

following fibre product exists as an Og-variety.

X=Xxyy —I L x

Y > Y

We define f*(g.V) = g.f"V.

4.2.2 ¢ proper, quasi-finite, birational, ) = Spec(Ok)

Define g,V to have underlying vector bundle g, V and metric g* |- |.

5 Examples

5.1 Trivial line bundle

Let K be a number field and X = Spec(Ok) as an Og-variety. Then
each X is Spec(C) and |- | is the usual absolute value. We can compute

the degree using the section s = 1.

deg(V,|-|) = log |0k /Ok - 1| = > loglo™1], =0.

o:K—C

14



5 Examples 5.2 Spec(Ok) as a line bundle on Spec(Z)

5.2 Spec(Ok) as a line bundle on Spec(Z)

We consider X = Spec(Ok) as a Z-variety. This is the same thing
as the pullback of the metrised vector bundle V = (Ospecz), | - |) along
Spec(Ok) — Spec(Z).

What does the metrised vector bundle structure mean in this case?
Since we are considering X as a Z-variety, we have one complex analytic
space (XZ)™ corresponding to the unique embedding o : Q — C. Let
o1, ...,0, be the embeddings K — C and let w € Ok so that 0;(w) form
an integral basis for Ok. Then we can compute XZ as

n

X% = Spec(Ok ®z,, C) = Spec(@) 0i(w) @z, C)) = ]_[ Spec(o;(w)C)

i=1
Moreover

XgK = Spec(Ok Ry .+, C) = Spec(o;(w)C).

We cannot compute degree when considering X as a Z-variety.

5.3 Pushing the bundle forward to compute its de-

gree

Consider the structure map 7 : X — Y where X = Spec(Ok) and
Y = Spec(Z). The direct image bundle 7,0x will have base Spec(Z)

considered as a Z-variety and we will be able to compute its degree.

We have one embedding ¢ : Q — C and Y, = Spec(Z ®z, C) =
Spec(C). Thus the associated complex analytic space Y*" is just a point.

The Hermitian norm on Y*" associated to 7,Oy is a sheaf map
(T [ o + (mOx)5" = Gyn

and since this is a map of sheaves on a one point space, it is defined by

a map of global sections

(T Doyen = (MOx)FN(YF") = Ok @2 C = Cyam(Y]") = Rxo.

15



5 Examples 5.3 Pushing the bundle forward to compute its degree

Note that

0K®Z(C—>ﬁ©

a®f— (o(a)b, ..., on(a)B).

is an isomorphism of rings so our Hermitian norm is just a function
n
@ . H C— RZO
i=1

satisfying

(1) o(z1,...,2,) =0ifand only if z; =--- = z, = 0.
(2) p(wzy,...,wz,) = |wlp(z1,...,2,)-

(3) ¢ is a Hermitian norm on the C-vector space C".

There is a clear candidate function, namely the standard Hermitian norm

on C"

n 1/2
(zl,...,zn)r—>(2|zi|2) .
i=1

This is indeed the function that is given to us by the theory: it is the Her-

mitian norm on the direct image of O%', under the map 7" : X2" — Y.

We are now in a position to compute the degree of the metrised vector
bundle m,Ox. Let V = \" m.Ox be the top wedge power of m,Ox (recall
that deg(m.Ox) = deg(V) by definition). If ay, ..., , is an integral basis
for Ok then A\" Of is the free Z-module generated by ay A-- - Acq,. Then

for a non-zero section s € T'(V)

deg(V) = log #(I'(V)/Z - s) — log |c*s|, = —log|o™s]|,

since I'(V) is generated by s. Hence it suffices to compute |0*s| . This

is given by

(/\(’)K) R,C= \NOg@,C= AJ[C=C— Rx
=1 =1 i =1

(a1 VANKIERAN Oén) X1 (Ui<a1))i ARERNA (0i(an))i = |det(0i(04j))| .

16



5 Examples 5.4 Height on BG

We recognise the image as |AK|1/ ? where Ak is the discriminant of K.
Thus

deg(m,Ox) = —log | Ax |2

5.4 Height on BG
Fix the following.
(1) C' = Spec(Z),

(2) BG = [C/G] the classifying stack/quotient stack (what’s the action?
presumably G a constant finite group scheme over C') with quotient
map p: C — BG.

(3) O¢ the trivial metrised line bundle on C.

(4) V = (p.O¢)", a metrised vector bundle on BG.

(5) x : Spec(Q) — BG a rational point corresponding to a number field
K, i.e., not an étale algebra.

Let C = [Spec(Ok)/G] and let p' : Spec(Ok) — C be the quotient
map. Then C is a tuning stack for z.

Spec(K) —— Spec(Og) —2— C

| 2
Spec(Q) s C s BG
~ I )/

Spec(Z

We should have (z*V)Y = p.g*Oc¢. Recall that the height hty () is
minus the degree of the tuning sheaf (check this). The tuning sheaf is

mp,g" Oc = (mop').g*Oc.

Moreover, g*O¢ is the trivial metrised line bundle on Spec(Ox) when

considered as a Z-variety. Hence

hty () = — deg((m 0 p).g"Oc) = log |Ax|"*.

17



Notations Notations

Notations

1% Hermitian space V = (V, ||-||).

Hom(V, W) Morphisms of Hermitian spaces V, W (see Definition 1.3).
F | U The restriction of a sheaf F to an open subset U.

¢x  The sheaf of continuous R>(-valued functions on X.

&y The sheaf of sections of a holomorphic vector bundle V.

54 A sheaf of ideals.

Op  The sheaf of holomorphic functions on a domain D C C™.

supp The support of a sheaf.

Hom(V, W) See Definition 1.3.

V(fi1,-.., fr) € X Vanishing locus of the functions fi,..., fr on X, i.e.,
the set {p € X | fi(p) = --- = fu(p) = 0}.

18
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