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1 Linear algebra

Let V be a C-vector space.

Definition 1.1. A bilinear map

V × V → C

(v, w) 7→ ⟨v, w⟩

is a Hermitian pairing if

⟨v, w⟩ = ⟨w, v⟩h

for all v, w ∈ V , where z 7→ zh is complex conjugation. The Hermitian

norm associated to a Hermitian pairing is the function ∥·∥ : V → R≥0

given by ∥v∥2 = ⟨v, v⟩. The pair V̄ = (V, ∥·∥) is called a Hermitian

space. Finally, the subset

B(V̄ , r) = {v ∈ V | ∥v∥ ≤ r},

is the ball of radius r ∈ R≥1 and B(V̄ , 1) is the unit ball.

Example 1.2. The standard Hermitian space C̄n has Hermitian pairing

⟨(xi), (yi)⟩
n∑

i=1

xiy
h
i .
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1 Linear algebra

For Hermitian spaces V̄ and W̄ , define a bilinear map

Hom(V,W )× Hom(V,W ) → C

⟨φ, ϱ⟩ = sup
v∈B(V̄ ,1)

⟨φ(v), ϱ(v)⟩W .

This is a Hermitian pairing with associated norm

∥φ∥ = sup
v∈B(V̄ ,1)

∥φ(v)∥W .

Note that this is the same as the operator norm in Banach space theory.

Definition 1.3. Let Hom(V̄ , W̄ ) denote the Hermitian space Hom(V,W )

with norm given above. We define the morphisms of Hermitian spaces

Hom(V̄ , W̄ ) = B(Hom(V̄ , W̄ ), 1),

so that a linear map φ : V → W is a morphism of Hermitian spaces V̄

and W̄ if ∥φ(v)∥W ≤ ∥v∥V .

Consider an exact sequence of C-vector spaces

0 V ′ V V ′′ 0π

where V̄ is a Hermitian space. In [ESZB23], the authors state that (V ′)⊥

can be identified with V ′′. To see this, note that

π | (V ′)⊥ : (V ′)⊥ → V ′′.

is an isomorphism. This induces a Hermitian pairing on V ′′, with asso-

ciated norm

∥v∥V ′′ = inf
w∈π−1({w})

∥w∥V .

Definition 1.4. The norm ∥·∥V ′′ is called the quotient norm.

Definition 1.5. If V̄ and W̄ are Hermitian spaces, we define a Hermitian

pairing on V ⊕W by the relation

⟨v, w⟩V⊕W = 0

whenever v ∈ V and w ∈ W .
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2 Analytic spaces

Definition 1.6. If V̄ and W̄ are Hermitian spaces, we define a Hermitian

pairing on V ⊗W by the relation

⟨v1 ⊗ w1, v2 ⊗ w2⟩V⊗W = ⟨v1, v2⟩V ⟨w1, w2⟩W .

Definition 1.7. If V̄ is a Hermitian space, we define a Hermitian pairing

on the alternating power
∧n V by

⟨v1 ∧ · · · ∧ vn, w1 ∧ · · · ∧ wn⟩∧n V = det ⟨vi, wj⟩.

Remark 1.8. Note that ∥·∥∧n V is
√
n! times the quotient norm of V ⊗n →∧n V .

2 Analytic spaces

Let X be a complex analytic space and let V be a holomorphic vector

bundle on X with sheaf of sections EV . See the appendices at the end of

this section for the definitions. Let CX denote the sheaf of R≥0-valued

continuous functions on X.

Definition 2.1. A Hermitian norm on V is a map of sheaves

| · | : EV → CX

satisfying the following conditions.

(1) |σ| (x) = 0 if and only if σ(x) = 0.

(2) |fσ| = |f | |σ| whenever f ∈ OX(U) and σ ∈ EV . Here the notation

|f | refers to the continuous function x 7→ |f(x)|, where | · | is the

usual archimedean absolute value on C.

(3) If x : ∗ → X is a point, then the restriction of | · | to x∗V is Hermitian.

In this case, V̄ = (V, | · |) is called a metrised vector bundle.

Remark 2.2. Condition (3) is just saying that | · | induces a Hermitian

norm on fibres.
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2 Analytic spaces 2.1 Pullback of metrised vector bundles

We know from Section 1 how to define direct sums, tensor products,

alternating products and duals of Hermitian spaces. Hence we can define

these structures on fibres and take the associated sheaf.

Example 2.3. Let (Vi, | · |i) be metrised vector bundles for i ∈ {1, 2}.
Then the direct sum V1⊕V2 has the structure of a metrised vector bundle

coming from

|v1 ⊕ v2| (x)2 = |v1|1 (x)
2 + |v2|2 (x)

2.

2.1 Pullback of metrised vector bundles

Let g : X → Y be a morphism of complex analytic spaces and let V

be a vector bundle on Y . We would like to define a pullback metrised

vector bundle g∗V̄ , i.e., we need to define a Hermitian norm g∗EV → CY .

Consider the composition

EV → CY → g∗CX

where the first map is the Hermitian norm, the second is the pullback of

functions f 7→ f ◦ g and

(g∗F )(U) = F (g−1(U))

is the direct image sheaf. Recall that g∗ has an adjoint g∗.

Definition 2.4. We define g∗ | · | to be the sheaf morphism in Hom(g∗EV ,CY )

corresponding to the composition above in Hom(EV , g∗CX).

2.2 Direct image of metrised vector bundle

Suppose as before that g : X → Y is a morphism of complex analytic

spaces and V̄ is a metrised vector bundle on X. We need g to be finite

and unramified to ensure g∗V is a vector bundle. We have a map

g∗CX → CY
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2 Analytic spaces 2.3 Appendix: complex analytic spaces

which is defined on an open subset U of Y by

CX(g
−1(U)) → CY (U)

h 7→

( ∑
x∈g−1(y)

h(x)2

)1/2

.

Now define g∗ | · | to be the composition

g∗EV → g∗CX → CY .

Note that (g∗V )x and Vy are isomorphic if g(x) = y but that (g∗V )y is

isomorphic to ⊕
x∈g−1(y)

Vx

as Hermitian spaces.

2.3 Appendix: complex analytic spaces

Definition 2.5. Let O be a sheaf of rings on a space X and let I be a

subsheaf of O, considered as a sheaf of abelian groups. The sheaf I is a

sheaf of ideals if

O(U)I (U) ⊆ I (U)

for all open subsets U ⊆ X.

Definition 2.6 ([Sta24], Definition 17.4.1, Tag 01AL). Let (X,OX) be

a ringed space and let F be a sheaf of OX-modules. We say that F is

generated by global sections if there is a set I and global sections

si ∈ F(X) for each i ∈ I so that the map⊕
i∈I

OX → F

is surjective, i.e., surjective over every open or, equivalently, surjective

on stalks. If I is finite then F is generated by finitely many global

sections.
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2 Analytic spaces 2.3 Appendix: complex analytic spaces

Remark 2.7. Suppose F is generated by finitely many global sections

as above. Concretely this means that there are s1, . . . , sn ∈ F(X) so

that for every open U and every s ∈ F(U) there are f1, . . . , fn ∈ O(U)

so that

s = f1s1 + · · ·+ fnsn.

Remark 2.8. The sheaves of ideals involved in the definition of a com-

plex analytic space will need to be finitely generated in this sense to make

sure that structure sheaves of complex analytic spaces are coherent (see

[GR84] §1.1).

Definition 2.9 ([Sta24], Definition 17.9.1, Tag 01B4). Let (X,OX) be

a ringed space and let F be a sheaf of OX-modules. We say that F is of

finite type if every x ∈ X admits an open neighbourhood U such that

F |U is generated by finitely many global sections.

Definition 2.10. A C-ringed space (X,OX) is a topological space X

with a sheaf OX of C-algebras, such that every stalk of OX is a local

ring.

Remark 2.11. Thus a C-ringed space is a locally ringed space that is

also a module over the constant sheaf C.

Definition 2.12 ([GR84], §1.2). Let D ⊆ Cn be a domain and let OD be

the sheaf of holomorphic functions on D. Let I be a sheaf of OD-ideals

having finite-type. Let

Y = supp(OD/I ) = {z ∈ D | OD,z ̸= ID,z}.

Then the C-ringed space (Y,OD/I | Y ) is called a complex model

space.

Remark 2.13. Let z ∈ Y and recall the notation of Remark 2.7. Then

Y ∩ U = V(f1, . . . , fk).

Thus complex model spaces are covered by vanishing loci of holomorphic

functions.
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2 Analytic spaces 2.4 Appendix: holomorphic vector bundles

Definition 2.14 ([GR84], §1.5). A C-ringed space (X,OX) is a complex

analytic space or complex analytix variety or complex space if X

is Hausdorff and if every z ∈ X has some open neighbourhood U so that

the C-ringed space (U,OX | U) is isomorphic, as C-ringed spaces, to a

complex model space.

2.4 Appendix: holomorphic vector bundles

Definition 2.15. Let π : V → X be a holomorphic map of complex

analytic spaces and suppose that the fibre Vx = π−1({x}) of π above

x ∈ X has the structure of a C-vector space. The pair (V, π) is called a

holomorphic vector bundle if the following properties hold.

(1) For every x ∈ X there is an open neighbourhood U of x and a

holomorphic map F : π−1(U) → U ×Cr, for some positive integer r,

so that the diagram

π−1(U) U × Cr

U U

π

F

pr1

idU

commutes.

(2) Assuming (1), the map F induces a map on the fibre Vy → {y}×Cr

for y ∈ U . We require that this map is an isomorphism of C-vector
spaces.

The maps F that play a role in (1) and (2) are called local trivialisa-

tions.

Definition 2.16. Let (π, V ) be a holomorphic vector bundle over X. A

section of (π, V ) over an open set U is a holomorphic map σ : U → V

such that π ◦ σ = idU . Thus if p ∈ X then σ(p) ∈ Vp. We let EV (U)

denote the C-vector space of sections of (π, V ) over U .
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3 Schemes

Remark 2.17. It can easily be shown that U 7→ EV (U) is a sheaf, which

we denote EV . Note that EV is also a sheaf of OX-modules, because if

f ∈ OX(U) and σ ∈ EV then x 7→ f(x)σ(x) is a perfectly good section

over U .

3 Schemes

Definition 3.1. A variety over a scheme S is a scheme X of finite type

over S.

Example 3.2. Suppose S = Spec(k) with k a field and let f : X →
S be a variety over S. For each x ∈ X, the morphism f is of finite

type at x so there is some Spec(Rx) an affine open neighbourhood of

x with f(Spec(Rx)) ⊆ Spec(k) (this is always satisfied) and the ring

homomorphism k → Rx is of finite-type. Hence let

Rx = k[y1, . . . , ynx ]/Ix

for an ideal Ix ⊆ k[y1, . . . , ynx ], so that Spec(Rx) is something like a non-

reduced affine variety over k. The Spec(Rx) are an open affine cover, but

since X is quasi-compact, finitely many suffice. Hence X is covered by

finitely many affine varieties.

LetX be a variety over Spec(C) with a vector bundle V . Then there is

an associated complex analytic space Xan and an associated holomorphic

vector bundle V an. Moreover the same can be done for locally separated,

locally of finite type algebraic spaces over Spec(C).

Let K be a number field, let X be a variety over Spec(OK) and let

V be a vector bundle on X (in the algebro-geometric sense). For every

embedding σ : K → C one has the fibre product

Xσ = X ×OK ,σ Spec(C)

which comes with a map Xσ → X. Pulling back V along this map one

has a vector bundle Vσ on Xσ. As above, we have an analytification of

V an
σ , which is a holomorphic vector bundle on Xan

σ .
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3 Schemes

Definition 3.3. A metrised vector bundle on X is the vector bundle

V together with a choice of Hermitian norm

| · |σ : EV an
σ

→ CXan

on each V an
σ . Moreover, for each open U ⊆ X and section s ∈ EV (U)

|σ∗s|σ (p) = |σ̄∗s|σ̄ (p̄),

for p ∈ U where z 7→ z̄ denotes complex conjugation.

We can define direct sums, tensor products, alternating products and

duals via the formulas in Section 2.

3.0.1 Restriction of scalars

LetK ⊆ L inclusion of fields,X → OL anOL-variety, V̄ a metrised vector

bundle on X. Write ResL/K(X) for the Weil restriction/restriction

of scalars of X, i.e., the scheme X considered as an OK-variety via

X → SpecOL → SpecOK . We will say how to define a metrised vector

bundle ResL/K(V̄). As a vector bundle, ResL/K(V̄) is just V̄ . For the

fibre product (ResL/K X)σ we can take
∐

σ′|σXσ′ . We then define

| · |σ : (ResL/K V)anσ → C(ResL/K X)anσ

so that its restriction to Xσ′ is | · |σ′ .

3.0.2 Base extension

Let L/K an extension of number fields, X an OL-variety, V̄ a metrised

vector bundle on X considered as an OK-variety.

Definition 3.4. The base extension V̄L of V̄ has vector bundle struc-

ture V and for σ′ : L→ C we define | · |σ′ to be | · |σ under the identifica-

tion Xσ′ ∼= ResL/K(X)σ for σ | σ′.
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3 Schemes 3.1 Appendix: morphisms of finite-type

3.0.3 Degree of a metrised vector bundle

Definition 3.5. The degree of a metrised line bundle (V , | · |) on Spec(OK),

considered as an OK-variety is

deg(V , | · |) = log |Γ(V)/OK · s| −
∑

σ:K→C

log |σ∗s|σ.

The degree of a metrised vector bundle on Spec(OK), considered as an

OK-variety is

deg(V , | · |) = deg
n∧
(V , | · |).

Let L/K be an extension of number fields. The degree of a metrised

vector bundle on Spec(OL) is define to be deg(VL, | · |).

The following proposition describes the behaviour of the degree under

base extension.

Proposition 3.6. If L/K is an extension of number fields with degree

n, then deg(VL, | · |) = n deg(V , | · |).

Proof. Since pullbacks commute with top wedge power, it suffices to

prove the proposition for a line bundle. We have∑
σ′:L→C

log |(σ′)∗s|σ′ =
∑

σ:K→C

∑
σ′|σ

log |σ∗s|σ = n
∑

σ:K→C

log |σ∗s|σ.

and since OL is flat over OK

|(Γ(V)⊗OL)/OL · s| = |(Γ(V)/OK · s)⊗OK
OL| = n |Γ(V)/OK · s| .

Q.E.D.

3.1 Appendix: morphisms of finite-type

Definition 3.7. Let f : A → B be a ring homomorphism. Recall that

this makes B into an A-algebra via a · b = f(a)b for all a ∈ A, b ∈ B.

The ring homomorphism f is said to be of finite type if B is a finitely-

generated A-algebra.
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3 Schemes 3.2 Appendix: vector bundles over schemes

Definition 3.8. Let f : X → S be a morphism of schemes.

(1) f is said to be of finite type at x ∈ X if there is an affine neigh-

bourhood Spec(B) of x in X and affine neighbourhood Spec(A) of

f(x) in S so that the following hold.

(a) f(Spec(B)) ⊆ Spec(A).

(b) The induced ring homomorphism A→ B has finite type.

(2) f is said to be locally of finite type if it is of finite type at every

point x ∈ X.

(3) f is said to be of finite type if it is locally of finite type and quasi-

compact (every open cover has a finite subcover).

3.2 Appendix: vector bundles over schemes

This appendix clarifies the notion of a vector bundle over a scheme. We

follow [Har77] Exercises 5.17 and 5.18.

Definition 3.9. A morphism f : X → Y of schemes is affine if there

is an open affine cover (Spec(Ri))i∈I of Y so that f−1(Spec(Ri)) is affine

for each i ∈ I.

Example 3.10. Let f : X → Y be a morphism of affine varieties. Then

Y is covered by distinguished open sets D(g) = {g ̸= 0} ∼= Spec(k[Y ]g)

where g ∈ k[Y ] and f−1(D(g)) = D(f ∗(g)) ∼= Spec(k[X]f∗(g)). Therefore

f is affine.

Definition 3.11. A vector bundle of rank r over a scheme Y consists

of the following data.

(1) A morphism of schemes f : X → Y .

(2) An open cover (Ui)i∈I of Y together with isomorphisms ψi : f
−1(Ui) →

Ar
Ui

for each i ∈ I.
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4 Stacks

This data must satisfy the condition that for any open affine Spec(R) ⊆
Ui ∩ Uj the ring automorphism

R[x1, . . . , xn] → R[x1, . . . , xn]

coming from the map

ψj ◦ ψ−1
i : Ar

Spec(R) → Ar
Spec(R)

is a linear automorphism.

4 Stacks

Definition 4.1. Let X → Spec(OK) be an algebraic stack of finite type

over Spec(OK). A metrised vector bundle on X consists of the fol-

lowing data.

(1) A vector bundle V on X .

(2) For every morphism f : X → X from an OK-variety X, a Hermitian

norm, denoted f ∗ | · | on f ∗ V .

This data is subject to the following conditions.

(1) For a morphism g : X ′ → X of OK-varieties, one has a canonical

isomorphism g∗(f ∗ V) → (f ◦ g)∗ V .

(2) The canonical isomorphism in (1) identifies g∗(f ∗ | · |) = (f ◦ g)∗ | · |.

Remark 4.2. Direct sums, tensor products, alternating products and

duals can be defined as already described.

4.1 Pullbacks

Definition 4.3. Let X and Y be algebraic stacks of finite type over

Spec(OK), let g : X → Y be a morphism of stacks over OK and let

V̄ = (V , | · |) be a metrised vector bundle on X . The pullback g∗V̄ has

underlying vector bundle g∗ V and for a morphism f : X → X with X an

OK-variety, one defines f ∗(g∗ | · |) = (g ◦ f)∗ | · | for the Hermitian norm

on f ∗(g∗ V).
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5 Examples 4.2 Direct images

4.2 Direct images

Let X and Y be algebraic stacks of finite type over Spec(OK) and let

V̄ = (V , | · |) be a metrised vector bundle on X . Let g : X → Y be a

morphism of stacks. The underlying bundle of the direct image is g∗ V ,
but the construction of Hermitian norms depends on properties of g and

Y .

4.2.1 g finite, flat, generically étale

Let f : Y → Y be an OK-morphism from an OK-variety Y . Then the

following fibre product exists as an OK-variety.

X = X ×Y Y X

Y Y

f ′

g′ g

f

We define f ∗(g∗V̄) = g′∗f
′∗V̄ .

4.2.2 g proper, quasi-finite, birational, Y ∼= Spec(OK)

Define g∗V̄ to have underlying vector bundle g∗ V and metric g∗ | · |.

5 Examples

5.1 Trivial line bundle

Let K be a number field and X = Spec(OK) as an OK-variety. Then

each X is Spec(C) and | · |σ is the usual absolute value. We can compute

the degree using the section s = 1.

deg(V , | · |) = log |OK/OK · 1| −
∑

σ:K→C

log |σ∗1|σ = 0.
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5 Examples 5.2 Spec(OK) as a line bundle on Spec(Z)

5.2 Spec(OK) as a line bundle on Spec(Z)

We consider X = Spec(OK) as a Z-variety. This is the same thing

as the pullback of the metrised vector bundle V̄ = (OSpec(Z), | · |) along

Spec(OK) → Spec(Z).

What does the metrised vector bundle structure mean in this case?

Since we are considering X as a Z-variety, we have one complex analytic

space (XZ
σ )

an corresponding to the unique embedding σ : Q → C. Let

σ1, . . . , σn be the embeddings K → C and let ω ∈ OK so that σi(ω) form

an integral basis for OK . Then we can compute XZ
σ as

XZ
σ = Spec(OK ⊗Z,σ C) = Spec(

n⊕
i=1

σi(ω)⊗Z,σ C)) =
n∐

i=1

Spec(σi(ω)C)

Moreover

XOK
σi

= Spec(OK ⊗OK ,σi
C) = Spec(σi(ω)C).

We cannot compute degree when considering X as a Z-variety.

5.3 Pushing the bundle forward to compute its de-

gree

Consider the structure map π : X → Y where X = Spec(OK) and

Y = Spec(Z). The direct image bundle π∗ŌX will have base Spec(Z)
considered as a Z-variety and we will be able to compute its degree.

We have one embedding σ : Q → C and Yσ = Spec(Z ⊗Z,σ C) =

Spec(C). Thus the associated complex analytic space Y an
σ is just a point.

The Hermitian norm on Y an
σ associated to π∗ŌX is a sheaf map

(π∗ | · |)σ : (π∗OX)
an
σ → CY an

σ

and since this is a map of sheaves on a one point space, it is defined by

a map of global sections

(π∗ | · |)σ,Y an
σ

: (π∗OX)
an
σ (Y an

σ ) = OK ⊗Z C → CY an
σ
(Y an

σ ) = R≥0.
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5 Examples 5.3 Pushing the bundle forward to compute its degree

Note that

OK ⊗Z C →
n∏

i=1

C

α⊗ β 7→ (σ1(α)β, . . . , σn(α)β).

is an isomorphism of rings so our Hermitian norm is just a function

φ :
n∏

i=1

C → R≥0

satisfying

(1) φ(z1, . . . , zn) = 0 if and only if z1 = · · · = zn = 0.

(2) φ(wz1, . . . , wzn) = |w|φ(z1, . . . , zn).

(3) φ is a Hermitian norm on the C-vector space Cn.

There is a clear candidate function, namely the standard Hermitian norm

on Cn

(z1, . . . , zn) 7→
( n∑

i=1

|zi|2
)1/2

.

This is indeed the function that is given to us by the theory: it is the Her-

mitian norm on the direct image of Oan
X,σ under the map πan : Xan

σ → Y an
σ .

We are now in a position to compute the degree of the metrised vector

bundle π∗ŌX . Let V̄ =
∧n π∗ŌX be the top wedge power of π∗ŌX (recall

that deg(π∗ŌX) = deg(V̄) by definition). If α1, . . . , αn is an integral basis

for OK then
∧n OK is the free Z-module generated by α1∧· · ·∧αn. Then

for a non-zero section s ∈ Γ(V)

deg(V̄) = log#(Γ(V)/Z · s)− log |σ∗s|σ = − log |σ∗s|σ

since Γ(V) is generated by s. Hence it suffices to compute |σ∗s|σ. This

is given by( n∧
i=1

OK

)
⊗Z C ∼=

n∧
i=1

OK ⊗Z C ∼=
n∧

i=1

n∏
i=1

C ∼= C → R≥0

(α1 ∧ · · · ∧ αn)⊗ 1 7→ (σi(α1))i ∧ · · · ∧ (σi(αn))i 7→ |det(σi(αj))| .
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5 Examples 5.4 Height on BG

We recognise the image as |∆K |1/2 where ∆K is the discriminant of K.

Thus

deg(π∗ŌX) = − log |∆K |1/2.

5.4 Height on BG

Fix the following.

(1) C = Spec(Z),

(2) BG = [C/G] the classifying stack/quotient stack (what’s the action?

presumably G a constant finite group scheme over C) with quotient

map p : C → BG.

(3) ŌC the trivial metrised line bundle on C.

(4) V̄ = (p∗ŌC)
∨, a metrised vector bundle on BG.

(5) x : Spec(Q) → BG a rational point corresponding to a number field

K, i.e., not an étale algebra.

Let C = [Spec(OK)/G] and let p′ : Spec(OK) → C be the quotient

map. Then C is a tuning stack for x.

Spec(K) Spec(OK) C

Spec(Q) C BG

Spec(Z)

g

p′ p

x̄

π

We should have (x̄∗V̄)∨ = p′∗g
∗ŌC . Recall that the height htV̄ (x) is

minus the degree of the tuning sheaf (check this). The tuning sheaf is

π∗p
′
∗g

∗ŌC
∼= (π ◦ p′)∗g∗ŌC .

Moreover, g∗ŌC is the trivial metrised line bundle on Spec(OK) when

considered as a Z-variety. Hence

htV̄ (x) = − deg((π ◦ p′)∗g∗ŌC) = log |∆K |1/2.
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Notations Notations

Notations

V̄ Hermitian space V̄ = (V, ∥·∥).

Hom(V̄ , W̄ ) Morphisms of Hermitian spaces V̄ , W̄ (see Definition 1.3).

F | U The restriction of a sheaf F to an open subset U .

CX The sheaf of continuous R≥0-valued functions on X.

EV The sheaf of sections of a holomorphic vector bundle V .

I A sheaf of ideals.

OD The sheaf of holomorphic functions on a domain D ⊆ Cn.

supp The support of a sheaf.

Hom(V̄ , W̄ ) See Definition 1.3.

V(f1, . . . , fk) ⊆ X Vanishing locus of the functions f1, . . . , fk on X, i.e.,

the set {p ∈ X | f1(p) = · · · = fk(p) = 0}.
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