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These are notes for a talk in the “Thurston rigidity” reading group at the Uni-

versity of Warwick. We first discuss dynamics of rational maps over nonarchimedean

fields following [Sil07]. Then we prove a nonarchimedean analogue of the Böttcher

uniformisation following [Ing13].

1 Nonarchimedean dynamics

Let K be a field which is complete with respect to a discrete valuation v and let

O = {x ∈ K | v(x) ≥ 0}

be the discrete valuation ring and let k denote the residue field. Let

f : P1
K → P1

K

be a K-morphism that we would like to iterate. Concretely, if (x0 : x1) ∈ P1
K(K̄)

f(x0 : x1) = (F0(x0, x1), F1(x0, x1))

where F0 and F1 are homogeneous polynomials of degree d defined over K having

no common zeros. By multiplying by an appropriate power of a uniformiser, we can

always assume that F0 and F1 have coefficients in O, and that at least one of them

has a coefficient in O∗. Thus it makes sense to consider the rational map

f̃ : P1
k → P1

k

obtained by reducing F0 and F1 to k, i.e., F0 and F1 cannot both vanish identically.

This really is a rational map in general, because F0 and F1 may acquire common

zeros on passage to k.

The subtle aspect of the nonarchimedean theory involves this reduction to the

residue field. We hope that the dynamics becomes easier after reduction, but not so

easy that we can’t say anything about the original map.

Example 1.1. Consider f(x0 : x1) = (xd
0 : pxd

1) for (x0 : x1) ∈ P1
K(K̄). Then f̃ is

constant and is defined away from (0 : 1).

If f̃ is still a morphism, then one says f has good reduction.



1 Nonarchimedean dynamics 1.1 Geometric viewpoint

The important thing is that

f has good reduction ⇐⇒ F0 and F1 don’t have a common zero in k

⇐⇒ The resultant of F0 and F1 doesn’t vanish in k

⇐⇒ The resultant of F0 and F1 lies in O∗.

One can show that if P,Q ∈ P1
K(K̄) then

ϱv(f(P ), f(Q)) ≤ |Res(f)|−2
v ϱv(P,Q)

where ϱ is the chordal metric

ϱv(P1, P2) =
|X1Y2 −X2Y1|v

max(|X1|v , |Y1|v)max(|X2|v , |Y2|v)

for Pi = (Xi : Yi). In particular, f has good reduction if and only if f is nonexpanding

with respect to this metric. Moreover, this shows that if f has good reduction then the

iterates of f are uniformly Lipschitz, hence equicontinuous everywhere. The Fatou set

is the set of points where f is equicontinuous. Hence empty if f has good reduction!

1.1 Geometric viewpoint

The scheme P1
R has dimension two, and we can regard it as a family of curves lying

over a one-dimensional base Spec(R). There are two fibres: the fibre over the closed

point of Spec(R) is the special fibre P1
k and the fibre over the generic point of Spec(R)

is the generic fibre P1
K . The generic fibre is automatically dense in P1

R, and the special

fibre is a closed subscheme.

Given a point in P1
K , we can take its Zariski closure in P1

R, which will be a

subscheme consisting of the original point, together with a new point in the special

fibre. Here we are really using the fact that P1
R is proper. This new point is the

reduction of the original point to the residue field.

In the formulation above, we begin with an endomorphism of the generic fibre

f : P1
K → P1

K

and we have shown how to obtain a rational map

g : P1
R → P1

R.

Now f has good reduction if and only if g extends to a morphism, i.e., g can be defined

on the special fibre. Since P1
R has dimension two, this is now a nontrivial question.

Example 1.2. Let E/Qp be an elliptic curve. Choose an integral model W /Zp, so

W(0)
∼= E over Q. After a sequence of blowups, W /Zp becomes regular. Let E /Zp

denote the largest open smooth subscheme of W . The scheme E is what’s known

as the Néron model of E. Strictly speaking, the Néron model comes equipped with
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2 Nonarchimedean Böttcher

a fixed isomorphism of the generic fibre with E. As we know, the multiplication

map [n] : E → E induces a rational map E → E . The “Néron mapping property”

states that if S is another smooth Zp-scheme then a morphism S(0) → E extends to a

morphism S → E . In particular, we obtain a map [n] : E → E . Choose g : E → P1
Zp

.

The map f : P1
Qp

→ P1
Qp

is a kind of nonarchimedean Lattes map. This extends to

P1
Zp

→ P1
Zp

automatically because [n] does. This shows that Lattes maps have good

reduction.

2 Nonarchimedean Böttcher

Suppose that f has a superattracting fixed point. After applying an automorphism

of P1
K , we can assume this fixed point is at ∞ so that

f(z) = zd + · · ·+ a0 ∈ K[z],

maybe after scaling the coordinates.

Theorem 2.1. Suppose that the degree of f isn’t divisible by the residue character-

istic of K. There exists a disc D ⊆ P1(K̄) around ∞ and a power series φ ∈ K[[z−1]]

convergent on D such that

φ(f(z)) = φ(z)d.

Remark 2.2. Ingram also shows in his paper that φ is Galois equivariant, but this

requires a bit more work.

The first step is to construct the power series φ. Let R = K[[z−1]] and let

m = z−1R. Since f has degree d and highest degree coefficient 1, we have

βN :=
fN (z)

zdN ≡ 1 (modm).

If ξN ∈ R with ξN ≡ 1 (modm) then ξd
N

N ≡ βN (modm). The polynomial T dN −1 has

simple roots in the residue field K, and so ξN can be chosen such that ξN ≡ 1 (modm)

and ξd
N

N = βN in R.

We would like to show that the sequence (ξN ) is Cauchy with respect to the m-adic

metric. For the estimates it will be useful to assume K contains the roots of unity.

This is no trouble as the original sequence is defined over the original field. Note

that ξN+1 − ξN ≡ 0 (modm) and so ξN+1 − ζξN ∈ R∗ for every ζd
N+1

= 1 not equal

to 1. This is the common fact that roots of unity lie in distinct residue classes. In
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2 Nonarchimedean Böttcher

particular |ξN − ζξN+1|m = 1 for every dN+1-st root of unity ζ ̸= 1. Thus

|ξN − ξN+1|m =
∏

ζdN+1=1

|ξN − ζξN+1|m

=
∣∣∣ξdN+1

N − ξd
N+1

N+1

∣∣∣
m

=
∣∣βd

N − βN+1

∣∣
m

=

∣∣∣∣fN (z)d

zdN+1 − fN+1(z)

zdN+1

∣∣∣∣
m

= |z|−dN+1

m

∣∣fN (z)d − fN+1(z)
∣∣
m

= |z|−dN+1

m

∣∣ad−1f
N (z)d−1 + · · ·+ a0

∣∣
m

= |z|−dN+1

m max(|z|d
N (d−1)

m , . . . , 1)

= |z|−dN

m

= exp(−dN ).

This gives |ξN − ξN+M |m ≤ exp(−dN ) so the sequence is indeed Cauchy. Since R is

complete, let

φ = lim
N→∞

z−1ξ−1
N .

Note that

z−1ξ−1
N ≡ z−1 (modm)

(z−1ξ−1
N )−dN

= fN (z).

so that we do indeed have the correct root. Then

φ(f(z)) = lim
N→∞

f(z)−1ξN (f(z))−1

= lim
N→∞

fN+1(z)−1/dN

=

(
lim

N→∞
fN+1(z)−1/dN+1

)d

= φ(z)d.

It remains to show that φ converges on a disc, i.e., that it has a positive radius of

convergence. The claim is the following: the largest δ ∈ (0, 1] such that |f(z)| = |z|d

for all

z ∈ D(∞, δ) = {z ∈ K̄ : |z| > 1/δ}

is δ = C−1
f where

Cf := max{1, |a0|1/d , |a1|1/(d−1)
, . . . , |ad−1|}.
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2 Nonarchimedean Böttcher

Indeed if z ∈ D(∞, C−1
f ) then |z|d >

∣∣aizi∣∣ so
|f(z)| = max(|z|d , . . . , |a0|) = |z|d .

This shows C−1
f ≤ δ. To show that δ ≤ C−1

f we will find a z with |z| = C−1
f and

f(z) = 0. We need to introduce Newton polygons. Specifically, we apply this to

g(z−1) =
f(z)

zd
= 1 + ad−1z

−1 + · · ·+ a0z
d.

The Newton polygon is the convex hull of the points (i, v(ad−i)) in the plane. Suppose

the first line segment in the Newton polygon of g joins (0, 0) and (i, v(ad−i)). Then

C−1
f = |ai|1/(d−i)

and [Sil07, Theorem 5.11] says that g has a zero on |z| = Cf . Then f has a zero here.

This shows that δ = C−1
f .

Finally we can show that φ converges on the disc D(∞, C−1
f ).

Suppose Cf = 1 first and let O ⊆ K be the integral closure of Z in K. Since

Cf = 1 each βN ∈ O[z−1]. The fact that d is prime to the characteristic implies

ξN ∈ O[[z−1]]. Now φ is also in O[[z−1]] and integral power series converge on the

disc.

The idea is to reduce to this case by multiplying by some α ∈ O. We could maybe

take α to be a power of the uniformiser of O. In particular |α| = Cf . Now Cf ≥ CfN

so fN (αz)/(αz)d
N

. Then ξN (αz) ∈ O[[z−1]].
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