
Bogomolov’s conjecture for the torus II

Joseph Harrison

These are notes for a talk in a reading group on “Equidistribution”, that took

place at the University of Warwick in 2024. We follow [BG06].

1 Finishing off the proof of Zhang’s theorem

First, some recap from last time.

(1) The n-dimensional torus over Q̄ is the algebraic group Gn
m satisfying Gn

m(Q̄) =

Q̄×.

(2) The r-dimensional algebraic (Zariski closed) subgroups of Gn
m have the form

HΛ =
⋂
λ∈Λ

V(zλ − 1)

for a lattice Λ ⊆ Zn of rank n− 1. Moreover, HΛ is irreducible if and only if HΛ

is isomorphic to Gr
m if and only if Λ is primitive.

(3) A torsion coset in Gn
m is a closed subvariety of the form ζH where ζ ∈ Gn

m,tors

is a torsion closed point and H is an irreducible algebraic subgroup of Gn
m.

(4) We use the height ĥ on Gn
m(Q̄). If F is a number field and z ∈ Gn

m(F ) then

ĥ(z) =

n∑
i=1

h(zi) =

n∑
i=1

∑
v∈MF

[Fv : Qv]

[F : Q]
logmax(1, |zi|v).

Note that a torsion coset will always contain points of height zero.

Last week, we were working towards a proof of Zhang’s Bogomolov-type theorem

for Gn
m. The theorem we state here is a noneffective version of [BG06, Theorem 4.2.2

(b)].

Theorem 1 (Zhang, 1992). Let X ⊆ Gn
m be a closed Q̄-subvariety of Gn

m. Let

X∗ = X \
⋃

ζH⊆X

ζH

be the complement in X of all torsion cosets lying entirely within X. Then

inf{ĥ(P ) | P ∈ X∗(Q̄)} > 0.



1 Finishing off the proof of Zhang’s theorem

Today we recall the strategy and finish the proof.

Suppose, for a contradiction, that the height on X∗(Q̄) does not have a positive

lower bound, so there exists some sequence (zi) in X∗(Q̄) with ĥ(zi) → 0 as i → ∞.

Without loss of generality, the points zi are all distinct. For z ∈ X∗(Q̄) we have the

probability measure

δz =
1

[Q(z) : Q]

∑
σ:Q(z)→C

δzσ

on Gn
m(C). By the argument used in the proof of Bilu’s theorem, the weak-∗ limit µ of

the sequence of probability measures (δzi) is a probability measure supported on the

n-fold product of the unit circle Tn. In order to apply this argument, it’s necessary

to project onto Gm via characters, i.e., elements of Hom(Gn
m,Gm).

Lemma 2. There is an isomorphism

Zn → Hom(Gn
m,Gm).

The character χ associated to the vector (m1, . . . ,mn) ∈ Zn is given on Gn
m(C) by

χ(z) = zm1
1 . . . zmn

n .

Proof. See [Poo17, Lemma 5.5.1].

Q.E.D.

Choose a nontrivial multiplicative character χ ∈ Hom(Gn
m,Gm).

Lemma 3. If z ∈ Gn
m(Q̄) then h(χ(z)) ≤ (maxi |mi|)ĥ(z). In particular, h(χ(zi)) → 0

as i → ∞.

Proof. The estimate follows from the inequality

logmax(1, |χ(z)|v) ≤ (max
i

|mi|)
n∑

i=1

logmax(1, |zi|v)

after summing over places v. The estimate implies that h(χ(zi)) → 0.

Q.E.D.

Last time, we showed that the following case cannot arise.

Case I: for every nontrivial character χ ∈ Hom(Gn
m,Gm), each term in the sequence

(χ(zi)) appears finitely many times.

This time, we will handle the opposite situation.

Case II: there is a nontrivial character χ ∈ Hom(Gn
m,Gm) so that some ε0 ∈ Q̄∗

appears infinitely many times in the sequence (χ(zi)).
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1 Finishing off the proof of Zhang’s theorem

The proof is by induction on the dimension n of the ambient torus.

We better establish the base case when n = 1. Then X is a finite set of points

and X∗ is the complement of the subscheme Gn
m,tors of roots of unity. We are ask-

ing whether the height of a nonzero algebraic number is bounded below and this is

certainly the case (c.f the next section.)

We return to the general case, and assume part (b) of Zhang’s theorem holds for

Gn−1
m .

Lemma 4. We can assume that χ corresponds to a vector (m1, . . . ,mn) ∈ Zn with

gcd(m1, . . . ,mn) = 1.

Proof. If mi = dm′
i for i ∈ {1, . . . , n} and χ′ is the character corresponding to

(m′
1, . . . ,m

′
n), then εd0 appears infinitely many times in the sequence (χ′(zi)).

Q.E.D.

Since h(χ(zi)) → 0 we must have h(ε0) = 0, so ε0 is a root of unity by Kronecker’s

theorem.

Lemma 5. There exists a torsion point ε ∈ Gn
m,tors(Q̄) with χ(ε) = ε0.

Proof. Let ε0 = exp(2πia/m). Choose x1, . . . , xn ∈ Z with x1m1 + · · ·+ xnmn = 1.

If

ε = (exp(2πix1/m), . . . , exp(2πixn/m))

then χ(ε) = ε0.

Q.E.D.

We would like to reduce to the case when ε0 = 1.

Lemma 6. It holds that (ε−1X)∗ = ε−1X∗.

Proof. One has

ε−1X∗ = ε−1X \
⋃

ζH⊆X

ε−1ζH

= ε−1X \
⋃

ε−1ζH⊆ε−1X

ε−1ζH

= (ε−1X)∗.

Q.E.D.

Since multiplication by a torsion point doesn’t change the height, we can replace

X by ε−1X and (zi) by (ε−1zi) to assume ε0 = 1.

Lemma 7. There is a torsion point ε′ ∈ Gn
m,tors(Q̄) and an infinite subsequence (zij )

such that (ε′zij ) is contained in the connected component of the identity, inside kerχ.
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2 Bounding the height of an algebraic number below

Note that kerχ is a hypersurface in Gn
m and therefore it has codimension exactly

one. Moreover, kerχ = HΛ where Λ is the rank one lattice in Zn generated by

(m1, . . . ,mn). Since we know Λ is primitive, the subgroup kerχ is irreducible, hence

isomorphic to Gn−1
m . To finish the proof, we replace X and Gn

m by X ∩ H and H,

respectively, and apply the inductive hypothesis.

2 Bounding the height of an algebraic number be-

low

We can ask the question of whether the height is bounded below absolutely among

nonzero algebraic numbers of bounded degree. If

f(z) = adt
d + · · ·+ a0

is the minimal polynomial of α then it can be shown (Bombieri–Gubler) that |a0| , |ad| ≤
M(f) (Mahler measure). Idea is to show

h(α) ≥ − log(2) +
1

d
log ℓ∞(f),

where

ℓ∞(f) = max
i

|ai| .

If ℓ∞(f) ≥ 2d+1 we get h(α) ≥ log(2)/d. Since there are finitely many (integral)

polynomials with ℓ∞(f) ≤ 2d+1, we have h(α) ≫d 1.

Lehmer asked the more precise question.

Conjecture 8 (Lehmer). If α is a nonzero algebraic number of degree d it holds that

h(α) ≫ 1

d
.

For example thus is Dobrowolski established the following lower bound.

Theorem 9 (Dobrowolski). Let α be a nonzero algebraic number of degree d that is

not a root of unity. It holds that

h(α) ≫ 1

d

(
log log(3d)

log(3d)

)3

with an absolute constant.

Proof. See [BG06, Theorem 4.4.1].

Q.E.D.

Theorem 10 (Amoroso–Dvornicich). If K is abelian and α ∈ K then h(α) ≫ 1.
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