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Motivating problem

▶ Given a quadratic form f(X,Y ) = AX2 +BXY + CY 2 and an

integer n, how many pairs (x, y) ∈ Z2 have f(x, y) = n? Let

rf (n) be this number.

▶ A result of Jacobi says that

rf (n) = 4
∑
d|n

d≡1(mod 4)

1− 4
∑
d|n

d≡3(mod 4)

1.

when f(X,Y ) = X2 + Y 2.

▶ We want similar formulas for general f .
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Action of GL2(Z)

▶ GL2(Z) acts by changes of variable

f(X,Y )γ = f(aX + bY, cX + dY ) if γ =

(
a b

c d

)

and rf (n) = rfγ (n).

▶ The number ∆ := B2 − 4AC is the discriminant, let

K = Q(
√
∆).

▶ We will assume ∆ < 0, in which case rf (n) is finite.

▶ GL2(Z) preserves discriminant so it acts on the set of forms of a

given discriminant.

▶ Theorem of Gauss: there is a finite number of SL2(Z)-orbits of a

given discriminant—the class number h(∆).
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Class number one

▶ Theorem of Heegner, Stark, Baker, Birch: h(∆) = 1 if and only if

∆ ∈ {−3,−4,−7,−8,−11,−19,−43,−67,−163}.
▶ In this case we have a formula generalising Jacobi’s

rf (n) = w∆

∑
d|n

χ∆(d),

where χ∆ is a periodic function defined for primes p by

χ∆(p) =

(
∆

p

)
, and w∆ = #OK

× =


4 ∆ = −4

6 ∆ = −3

2 ∆ ̸∈ {−3,−4}

.

▶ A proof for those who know algebraic number theory:∑
n≥1

rf (n)

ns
= w∆ζK(s) = w∆ζ(s)L(s, χ∆).



5/10

Class number greater than one

▶ We can relate ideal classes in ClK to SL2(Z)-orbits.

▶ Thus if fi are SL2(Z)-orbit representatives with corresponding

ideal classes Ci, for i ∈ {1, . . . , h}, then

1

2

h∑
i=1

∑
n≥1

rfi(n)

ns
=

h∑
i=1

∑
a∈Ci

1

Norm(a)s

= ζK(s)

= ζ(s)L(s, χ∆).

▶ Examining coefficients gives

h∑
i=1

rfi(n) = 2
∑
d|n

χ∆(d).
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Van der Blij’s theorem

▶ h(−23) = 3, we have SL2(Z)-orbit representatives

f1(X,Y ) = X2 +XY + 6Y 2,

f2(X,Y ) = 2X2 +XY + 3Y 2,

f3(X,Y ) = 2X2 −XY + 3Y 2.

▶ Since f2, f3 lie in the same GL2(Z)-orbit, we have rf2(n) = rf3(n)

and it suffices to find rf1(n) by the formula on the previous slide.

▶ Theorem of F. Van der Blij (1952):

rf1(n) =
2

3

∑
d|n

χ−23(d) +
4

3
t(n).

where t(n) are the Fourier coefficients of a modular form.
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Dedekind’s η-function

▶ Let q = exp(2πiτ), then

η(τ) = q1/24
∏
n≥1

1− qn

is Dedekind’s η-function.

▶ This is a modular form of weight 1/2 (with a character)

η(τ + 1) = exp(πi/6)η(τ)

η(−1/τ) =
√
iτη(τ).

▶ Theorem of F. Van der Blij (1952):∑
n≥1

t(n)qn = q
∏
n≥1

(1− qn)(1− qn)23 = η(τ)η(23τ).

is a cuspform of weight 1 with character χ−23.
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The discriminants of class number three

Using the LMFDB we can find all discriminants of class number 3.

Effective bounds on the discriminants with fixed class number is due

to work of Goldfeld, Gross-Zagier and others.
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Totani’s theorem

▶ Let h(∆) = 3 and let f1, f2, f3 be orbit representatives with f1

the so-called principal form.

▶ Then Y. Totani generalised Van der Blij’s result:

rf1(n) =
2

3

∑
d|n

χ∆(d) +
4

3
t(n)

and the function

F∆(τ) =
∑
n≥1

t(n)qn

is a cuspform of weight 1, level χ and character χ∆.

▶ Moreover, Totani showed that if ∆ ̸= −23 then FD is not a

product of Dedekind η-functions!
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Thank you for listening!
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