POLYNOMIAL FREIMAN-RUSZA WEEK 4

JOSEPH HARRISON

(1) Reminder about the proof of entropic PFR.
(2) Notions from information theory and conditional entropic distance.
(3) Entropic distance contracts under homomorphisms.

1. REMINDER FROM LAST TIME

Rubin talked about two results. One was a characterisation of d[.X; Y] =
0, which produces a subgroup, and the other was the following.

Proposition 6.2 (Distance decrement). There is an absolute constant
n > 0 such that the following holds. Let X and Y be Fj-valued random
variables. There exist F5-valued random variables X’ and Y’ such that

dX% Y]+ n(d[X; X'+ d[Y;Y']) < (1= n)d[X; Y],
This implied entropic PFR via the following argument.

(1) We apply the distance decrement to obtain sequences X,, and Y,, of
random variables such that d[X,,;Y,,] — 0 and such that d[X; X,,]
and d[Y;Y,] are controlled in terms of d[X;Y].

(2) Compactness of the space of measures on F} means subsequences
converge to limits X, and Y.

(3) We have d[X;Ys] = 0 and d[X; X] and d[Y; Y] are controlled
in terms d[X;Y].

(4) The characterisation of d[X; Yoo| = 0 produces a subgroup H with
d[Xe; U] = 0.

(5) This implies d[X; Uy| < d[X;Y], which is entropic PFR.

To prove PFR for an arbitrary abelian group we need three ingredi-
ents: (1) distance decrement, (2) a characterisation of entropic distance
zero (I think we established that this could be done generally, or at least
in locally compact groups), and (3) compactness of the space of meas-
ures (this fails on Z, even if we restrict to the space of measures with

finite support).
1



2 JOSEPH HARRISON
1.1. The purpose of entropy. Let A C F7. We have seen that
d[Us; Uy) <log K,

if |JA+ A| = K|A|. The distance decrement is trying to do something
like find a new set B with smaller doubling constant (but entropically).

There are perhaps two ways of doing this. One is to take B = A+ A
so that

|B + B| < K?|A| < K|B|

by Pliilnneke-Rusza. Another is to take fibres B = AN (z + A).

However because of the delicateness of sumsets, we might not always
have a strict decrement. Entropy is the right notion because it doesn’t
care about the subtle effects of point positions, e.g., Tao: entropy is a
noise-tolerant version of doubling constants.

1.2. The characterisation of distance zero. Note: does X — X
have the same entropy as X7 If the entropic distance grows then we
know less about X — X than we know about X. The non-negativity of
the entropic distance says that we can never know more about X — X
than we do about X.

If the entropic distance d[X; X] = 0 then H[X — X] = H[X] so we
know as much about the distribution of X — X as we do about X. We
have seen that this can only happen if X is uniform on a coset.

Note that we have

px-x() = pr(y)pX(ZE ),

so the law of X — X is a convolution of measures. The characterisation
of d[X;X] = 0 says that this convolution can only have the same
entropy as X if X is uniform and supported on a coset. Indeed, in this
case, if z € H then

1
pXX ZPX pxx— Z|H| |H| |H|

yeH
and px_x(x) = 0if € H because either y € H so px(y) =0ory € H
sox—y & H so px(x—y) =0. Since X — X and X have the same
distribution d[X; X| = 0.
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2. MORE NOTIONS FROM INFORMATION THEORY

Let X,Y be random variables. The mutual information is
I[X:Y]=HX]+H[Y]-HX,Y] =HX] - HX|Y].

It is the information about X that I gain when I observe Y, which is
equal to the information I gain about Y when I observe X. Mutual
information has some useful properties.

(1) I[X : Y] > 0, because I can never know less about X than I did
before by observing Y.

(2) I[X : Y] = 0 if and only if X and Y are independent: the only
way I learn nothing about X after observing Y is if X and Y are

independent.

We also have conditional mutual information
I[X:Y|Z]|=HX|Z|+H]Y|Z] -H[X,Y|Z] = H[X|Z] - H[X|Y, Z].

It is the amount of information I gain about X when I observe Y, given
that I already know Z. It has the following properties.

(1) I|X : Y|Z] > 0, for the same reason.

(2) I[X : Y|Z] = 0if and only if X and Y are conditionally independent
relative to Z, i.e., the random variables (X|Z = z) and (Y|Z = 2)
are independent.

We also need a conditional version of entropic distance. If X, Y, Z, W

are random variables taking values in groups then

dX|Z:Y|W] =H[X - Y|Z, W] — %H[X|Z] - %]HI[Y|W].

We can write d[X|Z;Y] if W takes one value.
If the entropic distance is large, then X — Y is much more uniform
than X and Y, given we know Z, W.
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3. DISTANCE CONTRACTS UNDER HOMOMORPHISMS

Proposition 5.6. Let m : G — H be a group homomorphism. Then
for any independent GG-valued random variables X and Y, one has

d[X; Y] = d[r(X); w(Y)] + d[X[x(X); Y| (V)]
+IX -Y :7(X),n(Y)|n(X) —=(Y)].
In particular, distance contracts under homomorphisms
dn(X);m(Y)] < d[X;Y].

Proof. Since 7 is a function, we have the following version of the chain

rule
H[X |7 (X)] + H[r (X)] = H[X, 7(X)] = H[X],

and similarly with Y.
The left hand side is

H[X — Y] — %]H[[X] _ %H[Y].

The right hand side is
(HWX) (Y] - SHr(X)] - %me) n

(0 — ¥ir(x). ()] - S| C0] - Y] ) +
I[X-Y:7(X),7(Y)|n(X) —n(Y)].

The terms H[X], H[x(X)], HX|r(X)] cancel via the chain rule, and
similarly with Y. Thus it suffices to prove

H[X - Y] =H[r(X) — (V)] + HX - Y|n(X),n(Y)]
+IX -Y :7(X),7(Y)|n(X) — 7(Y)].

Applying the chain rule to X —Y and 7n(X) — 7(Y) gives

HIX — Y|r(X) - n(Y)] + Hr(X) - x(¥)

H[X — Y, 7(X) = 7(Y)]
H[X — Y, 7(X = Y)]
H[X — Y].
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This is where we use the hypothesis that 7 is a group homomorphism.

Hence it suffices to prove
H[X — Y|r(X) — 7(Y)] = H[X — Y|r(X), 7(Y)]
+IX -Y :7(X),n(Y)|n(X) — n(Y)].

This is just the definition of conditional mutual information: the amount
of information I obtain about X — Y when I observe 7(X) and 7 (Y"),
given that I knew m(X) — 7(Y") already.

Picture!
Q.E.D.

Remark. The term I[X —Y : 7(X), 7n(Y)|7n(X) —7(Y)] is the amount
information I gain about X — Y when I learn 7(X), 7(Y"), given that
[ already knew what 7(X) — n(Y) was. If I know what 7(X) — 7(Y)
is, then I just need to locate X — Y in the kernel of 7. When I learn
what 7(X) and 7(Y) are, I learn what X and Y are modulo the kernel.
Surely we don’t learn anything else about X — Y.
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