Sums of irrational powers, o-minimal
structures, and functional transcendence

(maybe)

Joseph Harrison

How many distinct sums can be formed from the set
S ={1%2°...,N°}

when ¢ is a real irrational number?

‘We have
#(S+95) < (J;]) + N.

Does an lower bound of similar magnitude hold?

Heuristic: if the equation
x(}_"_y(l:ZC_’_wC

has many solutions then S + S could be small. Let E(S) be the number of solutions.

We can formalise this heuristic as follows. Let
f(2) ={(z,y) € [N]? : 2 + ¢y = 2}

By Cauchy—Schwartz

N4=( 3 1~f(Z))2§< 3 1)( 3 f(Z)Q)-

z€S+S z€S+S z€S+S

The first term is #(S + S). The second is

D JEr= 2 > )

z€5+S 2€5+S5 z1,22€8% y1,y2€57
T1+T2=2 y1+y2=2

- X 1
z€S+S
(w1,22,y1,y2)€S*
T1+T2=y1+y2=2

= E(S).

Therefore
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In order to get #(S+S) > N?/2 we should be looking for something like F(S) < 2N2.
Actually E(S) > 2N? because of

r=2zy=w N2 solutions,

r=w,y=z N? solutions.

So we should try to bound the number of solutions not of the above form (sporadic
solutions) and get something of order smaller than N2.

Any questions?

1 O-minimal structures and the Pila—Wilkie the-

orem

A structure is a sequence (S,,),>1, where each S, is a collection of subsets of R"

satisfying the following axioms.
(1) S, is closed under finite unions and complements.
(2) (Sn)n>1 closed under finite products and coordinate projections.

(3) Subsets of the form
{xeR": f(x)=0} CR"
where f € R[x].

Once the structure is fixed, subsets of some S,, are called definable, or S-definable if
we want to emphasise the structure.

Grothendieck (1984) introduced the idea of tame topology for which o-minimal
structures are the topology. This theory is developed in e.g. Van den Dries “Tame to-

pology and o-minimal structures”. Others have contributed like Wilkie and Khovanskii.

Example 1.1. The set y> = f(x) in R"*! is definable. The projection onto the

x-coordinates gives the definable set
{xeR": f(x) > 0}.
These sets are called semialgebraic.

o-minimal structure: the only definable subsets of R are finite unions of inter-
vals.
This gives some interaction between o-minimal structures and the topology of R.

The o is for order.
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Example 1.2. The smallest structure is Ra.jg. It’s o-minimal by a theorem of Tarski.
This includes semialgebraic sets defined by polynomial inequalities as above, but not

transcendental sets involving say the exponential function. So the graph
Teoxp = {(z,9) € R? : y = exp(x)}
is not definable in Rajg.

Example 1.3. Reyp is the smallest structure such that I'eyp, is defined. There is a
notion of definable function and exp is definable in Reyp but not in Rajg.
Wilkie, '99. Rexp is o-minimal.

A major motivation to study this comes from counting rational points on tran-
scendental sets. This involves counting points up to some “height”. We better say

what we mean by this

H(a/q) = max(lal,|q]), (a,q) =1,
H(x) = max H(x;).

a(312)
6°3° 5

We also need to say what we mean by transcendental.

xt= |J) z
ZCX
Z semialg
dim(Z)>0

X" =X\ X8

For example

Theorem 1.4 (Pila-Wilkie, 2006). Let X be a subset of R™ definable in an o-minimal

structure. For every € > 0
#XT(QMT)=#{xec X" NQ": H(x) <T} <. T°.

Astonishing theorem: says that rational points must accumulate on the algebraic
part of the set in a very strong sense.

Any questions?

1.1 Application to original problem

Easier to consider

Y ={xeR®: 1 +af=0o5+a5}
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because we are considering rational points of height at most N, i.e., x; is a ratio of
integers that are at most N. The point is that

E(S) < N#Y(Q,N).

Also 2° = exp(clogz) and exp and log are Reyp-definable. This shows that Y is
definable in Rexp.

Lemma 1.5. In fact we have
Yalg = {$1 = T2,T3 = 1} @] {Z’l =x3,T2 = 1}

Our proof requires quite strong theorems in functional transcendence.
Now

Y?e(Q,N) =2N —1,
Y™(Q,N) <, N°.

This shows that
E(S) =2N? + O..(N'*).

This gives
2

#(5+5)> Firem

S0
#(S+S)~ g

in light of the bound from the beginning of the talk.
(1) The ¢ can be removed by thinking of each Y as a fibre of a family.
(2) The O-constant in Pila-Wilkie is usually ineffective.

(3) As of 2024, Binyamini-Novikov—Zak have proved Wilkie’s conjecture. This is an
improvement of Pila—Wilkie to a power of log(T") with effective big O constant.

In particular, there exists an « so that for any ¢ and NV > 2 one has
E(S) = 2N? + O(N log(N)®)

for an absolute implied constant.
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1.2 Appendix: determining the algebraic part

We assume familiarity with G,,,(R) = R*. Let Z C Y be semialgebraic and positive
dimensional. Then f.(Z) C II where

fc(x) = (Z‘g, s ’fo)
II = {1+$1 :.’L‘2+$3}.

For those who know algebraic geometry:

fe(Z) €11

~—

so either f.(Z) is one-dimensional or is equal to II.

Lemma 1.6. f.(Z) is a coset, i.e., a translate of an irreducible algebraic subgroup of
G3,.

Assuming the lemma, f.(Z) is isomorphic to G,, since II is not a coset. Then

there is a map

Gm — ,fc(Z) C I

Z = (glzal ’ 92za2 5 g3za3)
SO

14912 = g2 + g32*®

for all nonzero real z. One can now show that f.(Z) is either 1 = x5 and 23 =1 or
x1 = x3 and x5 = 1, which is essentially what we wanted.

To prove the lemma requries Ax’s theorem in functional transcendence...
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