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1 Introductory talk

1.1 Reminder about the ideal class group

(1) F a number field of degree d.

(2) Op the ring of integers of F', e.g., Oq = Z, if F = Q((,) then Op = Z[(,], if
F = Q(v/—-3) then Op = Z[(1 + v/-3)/2].

(3) Ir the group of fractional ideals of F. This includes integral Op-ideals, but also
fractional Op-ideals, i.e., Op-submodules I of F' such that ol is an Og-ideal for
some « € Op. For example, (1/2)Z is a fractional Z-ideal.

If « € F*, then aOp is a fractional Op-ideal, and aOpF is the trivial ideal if and
only if @ € OF. The ideal class group Clp is then defined as the cokernel of the map

F>* — I, so there is an exact sequence
1-50; > F*—1Ip—Clp—1

Thus Clg is abelian. An important theorem in algebraic number theory states that

the ideal class group is a finite group.

1.2 Central problem

We start by introducing the problem. If F' is a number field of degree d and [ is an
integer, one can ask for bound on the cardinality of the I-torsion subgroup Clg[l] of
the ideal class group of F. This means we are counting ideal classes [I] so that I' is
a principal ideal. This problem may be interesting purely from an algebraic number
theory perspective, but we will also give an application to Diophantine equations.
From, e.g., [ ], we have |Clp| <4 |Ar|['/?(log|Ar|)4~!, and hence the

“trivial bound”
| Clp[l]] <4 |AR[Y2Fe.

We will study works that improve the exponent, and maybe some averaged results.
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1.3 An application
Mordell proved that the Diophantine equation
y2 =23 4+d
has finitely many integer solutions (x,y), for any fixed integer d. Let
M(d) = |{(z,y) € 2° : y* = 2° + d}|

count the number of solutions. How does this depend on d?
Setting F = Q(v/d), we can factorise

2 = (y—Vad)(y+ V).

over the ring Op. It can be shown that the greatest common divisor of these factors
is the ideal generated by an integer D dividing 2d. By unique factorisation of ideals

in Op, this means that
(v~ Vi) = (D)
for some integral Op-ideal I. Taking norms, we have
y? +d=D>N(I)?,

so knowledge of D and I determines y up to sign. By the divisor bounds, there are
O(]d|¢) choices for D, and so

M(d) <. |d|f |{I integral Op-ideal : (y — Vd) = (D)I°}].

The equation defining the latter set states that the ideal class of I is 3-torsion in Clp.
It turns out that the number of integral Op-ideals in this set that lie in the same ideal

class is uniformly bounded. Hence
M(d) <. |d|*| Clg[3]].
This also motivates the studying of torsion on average, because

{(@y) eZ?:0< |2’ —¢?| <TH <. T° Y |ClgaBll-
0<|d|<T

1.4 Conjectured results
In | ], the authors conjecture that
| Clp[l]] <ay |Ap|cat(oslog|Ar) ™"

Note that this means we remove the 1/2 completely, and replace the ¢ with something
decaying with |Ap|. This is stronger than results obtained by other authors under
GRH.
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Brumer and Silverman note that if this conjecture is true, then a strong version of
Shafarevich’s theorem is true, which they would need RH for elliptic curve L-functions
and BSD to prove.

Duke and Zhang have asked if | Clg[l]| <c 4,1 |AF|®, which is sometimes called the

“e-conjecture”, and is perhaps more realistic.

1.5 Pierce

This paper proves an improvement over the trivial bound
| CLp[3]] <. |Ap[/271/%0%
when F' is a quadratic field. The main tools are the following.

(1) The square sieve, originally due to Heath-Brown. Given a finite set A of integers,
we would like to estimate the number of squares in A from knowledge of A modulo
primes. In this paper, Pierce develops a variant of the square sieve, where sieving
set consists of integers that are a product of two primes, instead of just primes.

(2) A g-analogue of Van der Corput’s method.

Perhaps we can have one talk about the square sieve, Pierce’s variant of it, and

the Van der Corput method, and then one talk about how these are used in the paper.

1.6 Helfgott—Venkatesh paper

For the most part, this is a paper about integral points on elliptic curves. If E/Q is an
elliptic curve, then the group E(Q) of rational points is finitely generated (Mordell-
Weil theorem). This group comes equipped with a quadratic form ft, the canonical
height, and this gives F(Q) modulo torsion the structure of a lattice inside the Eu-
clidean space E(Q)r. The integral points of the elliptic curve are a subset of this
lattice.

The paper proceeds in steps.

(1) The idea is to use the fact that integral points can’t be too close to each other.

(2) Slice E(C) and E(Q,) into a controlled number of pieces, and prove the repulsion

statement on each slice.
(3) Many integral points implies a very efficient sphere packing.
(4) Use sphere packing bounds.

We should have a talk discussing local heights, the canonical height, and the Tate
parameterisation. One of these topics could be moved into one of two talks discussing
the Helfgott—Venkatesh paper.
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I'm not certain, but I think the bound on the number of solutions to y? = 23 + d
established in this paper is better than the one obtained by the superior | Clg[3]| <
|Ar|'/3*¢ bound proved later by Ellenberg-Venkatesh.

1.7 Ellenberg—Venkatesh

The authors prove unconditional results for (d,1) = (2, 3)
| Cle[3]] < |Ap|'/PTe,

as well as for higher degree extensions of fields containing ¢; —|—Cl_1. In particular, they
obtain power saving bounds for cubic and quartic fields, and [ = 3.
If F is any number field of degree d, and [ is any positive integer, then the authors

prove that
| Clpll]] Keq |Ap|H/2- =) +e

under GRH.
This paper is based on a beautiful idea, that we reproduce in a special case. This

comes from the introduction to their paper.

(1) Let d be a square-free positive integer, F = Q(v/—d), and let « = x+y+v/'—d € OF
with N(a) < d. Then N(a) = 22 + dy?, so y = 0 and « is an integer.

(2) Let p and ¢ be distinct primes that split in Op, i.e., pOp = pp and pOr = qq for
prime Op-ideals p and q.

(3) If e and f are integers small enough that p°q/ < d, then I = p°q/ cannot be
principal. If it is, then it’s generated by an integer, but then p divides I even

though p is not equal to p (p is split) or q (p # q).
(4) To say this another way: there are no small relations between split primes in Clp.

(5) Now if £ is such that (pg)® < d, then p and q must lie in different classes of
Clp / Clp[l]. This shows that the quotient is large, and hence that Clg[l] is small.

In the conditional result, GRH is assumed so that the authors can use the effective
Chebotarev density theorem of Lagarias and Odlyzko to generate many split primes.

For unconditional results, the authors use Scholz-type reflection principles that
relate Clg[l] to Clk[l] for some other number field K.

We could have one talk on this paper. If the speaker wants to restrict the discussion
of the unconditional results to (d,1) = (2,3) I think that’s ok.
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