
Geometric grouptheory

Introduction

What Is Geometric grouptheory

We study finitely generated infinite groups
by finding nice spaces on whichthey act as
symmetries then use the geometry and

topology of these spaces to deduce algebraic
properties of the groups

eg the integers 2 is infinite

If you're a
numberforist you think of 2

as 0 1 I 2 13 3
with addition and multiplication
butit'sonly a group

under addition

geter youthink of 2 as evenly
spaced points on the real line
with one point arbitrarily chosen
as 0

i I a



rarest you write the group
operation as multiplication
call 2 the infinite cyclicgroup

1 t E E E E

geometric group theorist think

of 2 as a groupof Latins

of IR iii int

no need to choose an origin
The group operation is composition t

tot

t

we will study some examples in detail
including free groups free abelian

groups surface groups andsomematrix groups

Then find general geometric and topological
criteria like contractibility or someform

of negative or non positive curvature
that determine properties of a group
action



I expect that you are equipped with a basic
knowledge of

Linear algebra Euclidean space
Groups
Fundamentalgroups and coveringspaces
The geometry of the hyperbolic plane

I also posted lecture notesfrom the lasttime I

taught the course but this course is

organized differently and it is these
notes you should use to study for the
exam



Free groups andpresentations

Let G be a
group A subset S C G generates G

if everygeG can bewritten as aproduct of
elements of S and their inverses

G is finitelygenerated if some finite S CG
generates G

We are interested in finitely generated groups
that have an infinite number of elements

Emple G t t t E 23 3
t is generated by one element namely t

This is the first example of a freegroup
In intro to topology you probably learned that
the fundamental group of a graph is a free

group youmay have even defined freegroup in that
way

We're
going to define it in a more abstract

but very useful way via a universal

property



A group F is free on a subset
Definitiff if any set map from S to a

group
G extends uniquely to a homomorphism

F G

Picture F homomorphism

U

in.gs1G
Example t t Claim St is free out

If G is any group any map t G

extends to a homomorphism fifty G
if s t g define f t gk

t E

f gk
t

Claim this is a good definition because
it makes it easy to prove basic
facts about free groups



Questions

1 If we can find such an S C F

does it generate F

2 Can I be free on a different
set S cs If so what
is the relation between S and S

3 Do free groups exist

4 Can I realize a free group as a

groupof isometries of some metricspace

Answers

Suppose F is free on S C F

O The identy F F extends the inclusion
i S F so is the unique
homomorphism extending i by the
universal property



F d

s F

D S generates F

Productsofelements of S and their inverses form a

subgroup s of F closed under inverse

The inclusion S s extends to
a unique homomorphism F s

EE
sasss

Theinclusion s E F is a homomorphism

If 5 F the composition IoT
extends the inclusion i S F but
is not surjective so is not the identity

contradicting
F
u

o above

Scissy F



Suppose F is free on S and on S
both finite or at most countably
in finite

claim 151 151
Proof

Anyhomunomorphism F 2 2 40,13 restricts to a

unique sitmap 8 22

Conversely any set map
5 2 2 extends to

a unique homomorphism FCS

ie Hom F 7 2 maps S 50,13

Now count there are 2
s
set maps S 0,13

so Hom F 212 2
s

Similarly 1Ham F 2
s

21ˢᵗ 2 s so 151 151

Definition If F is free on S then
151 is the rank of F



theorem Two finitely generated free groups
are isomorphic if and only if they have the
same rank

proof Let F F be finitely generated free
groups F freeons and let

f F F be an isomorphism

claim F'is free on 8 f 5 f s sas

pf we verify the universal property
Given f S G a set map we need

1

g
a uniquehomomorphism

g F G extendigg
existence

Definegby g y gF f ys

5 HS G
n a

F f F g
fly y



This extends g if y fes then

f Gs gof.fi ss g s

uniqueness follows
from the

uniqueness of f and gF
Exercise

Suppose 151 151 Choose

a bijection b S g

F s FCS extends i'ob
U i vii
ghost

FCS F S extends i b

i'Ul Uli

s S

The composition FCS FCS F s

UI UI

s s

extends ids so ideas by 10



Next question Do free groups exist

We saw 2 47 is free
Any others

To construct a group
need

A set G

An operation G x G G

satisfying
there is an identity element

every element
has an

inverse

The associative law holds
a b c a b c



Construction of FLS

Let S be a set and 5 another copy
ie S 5 a bijection

a a

let A SU 5 A for alphabet

we have an involution A A
a a
a a

We will construct a group F containing 5
then prove it is free on S

A word in A is a finitestring of
elements of A 9 9k

A word is reduced if ait G for
all i

The elementsof F are the reduced
words in A plus the emptyword



The operation FxF F
is juxtaposition followed by reduction
ie

if X x Xk Y y ye reducedwords

Let r X Y 0 if y xi
max j Yi xk̅ it i j

otherwise

ag x Y _ye r 1

Xi xkyc r.ge Fri.it yfynyr
yeDefnenotinverses

XY Xi Xk r Yrt Ye ab

This is reduced so is in F

Claim F with this product is a group

identity

inverses X xkJ xk̅ x ̅

associative law

tk XY
ZYyiyeZz zm

X YZ



Check let r r x y

s r Y Z

Look at Xi e i 25 2m

Suppose first rts l

EI.FIEInEtemXY
au ubv abv XY Z abu Fc abc

YZ ñbv Tc Tbc X YZ au Tbc abo
abc is reduced so these are equal in F

If rts l b in the abovepicture

avianYi ft In Er Zm

XY an ñv au XY Z av Tc AG

and YZ uv c ñC Yz au Ic ac

ac may not be reduced
but a and c are

so as EF is well defined



If rts I

xi.EEEIrEimariuvwwtc
w

XY atu uvw aw

X Y Z aw WTC a Tc reduced

Yz uvw Wic UC

YZ arr uc are

so associativity holds and we have a group
call it F S

F S is free on S

Proof we have to show for any group G

any setup f S G extends

to a unique homomorphisms F F G

How do you define



Let 9 Ak F s with a eSu5

define F FCS G by
FCT 865 and

f a dk flap ak

Then F w̅ flat

check Uw flu f w

If v roll and w ñwo with

with wow reduced then V U

is the reduced word Vowo

So vw F vow Fcv F Wo
Fcvo f u Fcu f wo
F von two

Ico Icw
So is a homomorphism



It is unique because any homomorphism h must

send Ji Us and

a dk ha hlak

Prop Free groups have no torsion
ie we F S w for all n

If Since id F s F S is

the unique homomorphism extending
id IS the only reduced word
in A 505 that maps to 1 is 1

If w is a reduced word then w UVñ
with V cyclically reduced
ie first letter of is not the inverse

of the last letter

so w UV I UVI UV ñ is reduced

similarly w UV w̅ is reduced

so w 1 in FCS



Here is another way to say G is generatedby S

There is a surjective homomorphism F s G
for some finite set S

DefinitionA subgroupH G is normally generated

by a subset R C G if H is generatedby
elements of R and conjugates of elements of R

we write H K R

Note If H KRD belt and g
e G

Then ghg is a product of conjugatesof
elements of R so high ett
ie it is a normal subgroup of G

Definition let G be a group
A presentationof G consistsof a

generating set S for G anda normal generaty
set R for Ker F S G

we write G s R FCS
KR

If both S and R are finite we say
G is finitely presented



If G has some finite presentation we

say
G is finitely presentable

A presention determines G but G
can have many different presentations

eg t s ts 2 t

and it's not always clear whether two
presentations determine the same group
1 a a a b ab'a53 bab

This is the isomorphism problems in

combinatorial group theory
The main result in this area is that there
is no general algorithm that can take

any two presentations and tell you
whether or not they determine isomorphic

groups
in finite time



Group actions

So now we have a free groupWe want to think of it as a groupof
symmetries of a geometric object

Here is some terminology

If X is a vector space the setof invertiblelinear maps X X forms a group GL
X

with composition as its operation If X
has a finite basis then GL X matrices
the operation matrix multiplication

If X is atopological space the setof homeomorphisms
X X forms a group Homeo

X with composition
as its operation

If X is a metric space the setof isometries
forms a group

Isom X

If X is a smoothmanifold the set ofdiffeomorphisms
forms a group Diff X

Let Symn X denote oneofthesegroups



i

i

Def A left action of G on X is a homomorphism

G Symm X ie p gh p g op a

firstapplyh theng

ie Foreach ge G there is a symmetry X X
written

xngx
suchthat

gh x g hx and fix X
Notation a left action of G on X will
often be denoted GAX

Example t acts on IR by is aretries

p t Isan IR
xnx r

This is a left action

p Ltm p t x noxtator

p t op ta Xn x on Xtman



Example D t s t s acts on 112

by isometries

t restectin in O

s reflection in 1

ts a translation X HX 2

a

St translation X 2

Do is the infinite dihedral good



Example 5212,2

Eb a b c d e 2 ad be 13

9 5 Eab 1 19

acts on IR by Linear transformations

9 Y 9 14

This is a left action ie p She GL IR
is a homemphism

p AB r p A p B Co

First apply B then apply A



A right action of G on X is a map

p G Sym X such that

p gh p h p g and plot idx
ie p is an anti homomorphism

ie for every geG there is a symmetry X X
written x.g
satisfying x.to X and X gh x g h

first apply g
then h

eg right action of Do sitls E on IR givenby
t refl in 0 A refl in 1 sta translation

t
XD X 2

right action of 5h22 on R

9 ESL 22 sends

x y x.gl 9 axtcy bxtdy



Suppose G RX is a left action

Let xeX The stabilizerGx geG gx x

this is a subgroup

eg
t AR 6 21 for all x

Dp D R Go 2 22 1,136Do

G1 2 22 1,53 Do

5h22 AIR Ga
n 23

010,0 5h22

The action is free if Gx 103 for all x
ie everypointof X is moved by every group element

only t AIR above is free

The action is faithful if p G sym x is injective
ie g x x for all xeX g 1

the only groupelement that fixes every xaX
is the identity



AIR D AIR and SL 2 A R

are all faithful

An action G AX is proper if for every
compact set KCX Eg gknk 03 is finite

2 AIR D AIR are proper

SL 2 A IR is not

An action GAX is cocumpact if there is a
compact set KCX whose translates cover X

X Yogk

of
E a IR is not cocompact
tm x y H x1 y

5h22 21122 defied above is not cocompact

homework



If G 2 X and x e X the orbit of x
is Gx gx geG

ey EIR the orbit of 0 is all integers

DER the orbit of 0 is all even intege

If G 2X define an equivalence relation on

by Xux if X E GX

The orbit space or quotient space GX
is the set of equivalence classes
with the quotienttopology
U C GX is open p U is open in

where p X AX
6 x

of quotient AIR St
E 0 47 1

quotient DJR pettit
HI If an action is cocompact

the quotient space is compact
Next How do you find a space for G

to act on



FYI information only

Actions by isometries on metric spaces
reference M Kapovich A note on properly discontinuous

actions arXiv 2301 05325

Saying GX is compact is a common wayto define cocompact action

If X is a metric space and G actsby isometrices
then this is equivalent to our definition

But it is not always equivalent
If X is ametricspace and G actsby isometries
proper is equivalent to

every xe X has a neighborhood Ux such that

glgUx n Ux 03 is finite

But it is not always equivalent
Examples can be found in the reference
above



Covering spaces review

Here is oneway to find a space for G to act on

If G T.LY b then GAY by deck

transformations

eye G Fp Flan an TI Rn where

Rn

so for acts on Tn In
Picture for n 2 R

T

P



To define anaction of F a b on T

Choose an isomorphism Fla b I R v

Choose a lift v e p o

For we Flaib let to be a loop at u
representing f w

Lift Sw to a path int starting at
The end point of is w.ir

For any
other x e T choose a path

from w̅ to and a lift
F of pct starting at wit
The endpointof F is wox

eg If Flaib TT Rav

sends a 0

lift Ya to a path in T startingat w̅



The endpoint of the

yahoo.vn path is a v

For arbitrary CT
choose a path Tx from w̅ to X

Then p x is a path in

8ft x Rn starting at o

of if p x

Lift plox to a path starting at a w̅

insteadof w̅ the endpoint is a x

ie a shiftsthe whole

ftp.x tree to the right
e III similarly b shifts the whole

tree UI



abai.tt
fi
otabair

This is a free faithful proper and cocompact
left action

Exercise what happens if youpick
a different isomorphism
Flaib Ti Re u

What if you pick a different
lift of w̅ Is the action on T the same

Fa acts on manydifferent trees

ey
QD so T Q F F a b

r

so Flaib a F YEA

NT



Every graph has a maximal tree c possiblyseveral

Collapsing E to a point is a homotopyequivalence

Rs
where Rs is a rose with apetal for each
edgeof that is not in a

Bo
so T T b F S

Theuniversal cover is a tree and F S

acts on it by deck transformations



Galois correspondence for G I Y b

Theorem Galois correspondence There is a one to one
correspondence

Subgroupsof I LY b Covering spaces of Y

ofproof

Given a covering space YpY Px Till Yplus
is injective so the image

p T Yo is a subgroup of Yu

I
P

Y

If H G then the action of G on theuniversal
cover Y of Y restricts to an actionofH
Since the action of G on Y is free and

proper so is the action ofH

This implies that Y IT is a

covering space and so is GY
exercise



onefor
eachcoset9H

GY

Y is 1 connected Y universal cover of Y
H

Back to free groups

Gollary Every subgroup of a free group
is a free group

Proof F S IT Rs v

If H F S then H Z ñ for

some covering space Z of Rs



TE TOO
A covering space
of a graph is a

graphI vertices p vertices
soft edges p edges

e edgeuto w Lift u to
lift etoestautcyatv.euday
T Z is free

atal

Note even if S is finite a subgroup
H FCS mightnot be finitely generated

eyz I a'd d

b

is a covering space

T Z is freely generated by a ban

Exercise Prove that the commutator subgroup

F F is notfinitelygenerated



In our example Fab T R2 iv
the universal cover T is a tree so is

contractible

Not all universal covers are contractible eg the
universal cover of the projective place is S

But If Y is contractible then a theoremof
Hurewicz implies that
G TY determines Y up to
homotopy
In particular homotopy invariants
of Y such as homology and cohomology

groups Hily
Y are invariants of G

These are also important in geometric
group theory but beyond the scope
of this course



Free abeliangroups
Let F S bethe freegroup on S
an element ofthe form uri is

called a commutator denoted U V

The commutator subgroup Fls F s

is the subgroup generated by all commutators

Wehave w u r w waw WOW so

Fls FLST is normal

The_quotient FistFisi is the free

abelian subgroup on S It has

presentation
S 403 u.ve FCS

It has the following universal property
Any set map s A to an abelian
group A extends to a unique
homomorphism Fls e

A



This follows from one ofyour homework
problems

Claims F S F f 221st

proof for S a b3

Map S 272
a 1,0
b 1 0,1

By the universal property this
extends to a unique homomorphism

F S 22
ambm ankbh Eni Σ mi

surjective a b n m

air c ker

claim u u Ker ie any we ker

can be written as a product of commutators



proof

w e Ker w a b ankb k En 0 EMi

Induct on word length of w
1 4 aba b baba or suecajugate

1 4 wloguma w starts with a

There must be a somewhere in W

so w aua v

aua a uaa r

a a UV

Now Uv is a shorter word the sumof
the exponents of a and b are

still 0 so we can write uv
as a product of commutators

With morework of a similar nature can

show
a b a b 1

Now I CT v 2 and T R



2 acts on R by independent translations

in many different ways
Pick two independent a sends xnx u

vectors u v b seeds XHXtV
d

a

9
a

s

X y
a

x.IE orbitof x

The orbit of a point is a lattice

copies of the parallelogram spanned by
u and v tile the plane

The quotient is a torus



PingPong
We've seen how a free proper action of Gon a nice enough space Y can be used
to give information about G

But there are
many

actions on nie

spaces that are not free Can we still
get information about G

Here's one way

Given an action of G on a space X
of anysort and two elements a b E G

there is a criterion calld the Ping Pong
lemma which will prove that the subgroup
a b of G generated by a and b is free

This is often used to prove that G contains
a non abelian free group

It suffices to prove that reduced words in a and b
are never the identity in G since then the

homomorphism F a b a b extending a b a b

is both surjective and injective



Ping PongLemma Let GAX and a beG

Suppose X contains subsets A B B A such that
a B A

and b A c B
for all n e 2 1 03

Then the subgroup generated by a and b is

a free group

Proff suppose w a b a b ark ido
all nie 21103 ie w is a reducedwordstarting

and ending with a power of a

Let e BIA Then w x A so wx x
so w Idg

If w startsor ends with b then for
large enough N a wa starts and ends
with a so anwan idg so w idg

B
Example 6 SL 2,2 a b 39

Use standard linear action

of GAIR
A

B B

C i y
claim

1 3 AE B

9 Gin BE A



eg i 37 1 Y 1 3

A 4 A 113

B YET 1 Y
4 L

A


