
One more example of a group action

SL 2,2 again but action on H1 insteadofR

H1 upper half plane Z Im 7 0

19 SL 2,0 acts by 8 z Etta
checks Z xtiy y o

Im Efa Im YEY.tt a

Im 1I y aE y
denominator is real 0 air U iv at v2
Imaginary part of numerator is

ax b cy ay ex d ad bc y y 0

This is one of the most famous group actions
in mathematics

This action is not free 9 i i

It is not faithful 9 z z



It is not cocompact
ÉÉÉ Brii

K compact Br i for some r or

So suffices to show translates

g Brle don't cover HI
The top of Brie is at i er the bottom is at i é

look at the horoball z Im e R HR
R for Raser

E i
98 gHI

i
R O R

let g 91
e 5122

If c o g H Hp so gittr n Brei
so gHRnBr 0

Now assume C 0

91 8 4

so g Hp is a horosphere at



H p lies above the geodesic 8 from R to R
so g He lies below the geodesic from

gl r to gR
Claims the highest point of g 8 has

imaginary part great
R

Rafclaim We want to calculate the
Euclidean radius of the geodesic

ie g R g C RI

99 ER 1a R 921
4

4 1 41

1
bd bc ad R bed bc ad R R

cert d

E

PREF



Since 231 if R is sufficiently

large then artger
So BrCi does not intersect g Hr

So g Brli does not intersect HR
for any g so translatesof Br i
do not cover HI



W Esi
The action is proper its w 1

and stabilizers are small

Gz 1 unless z g 5 or g w

stab i 98 2 42 stab w 1 2 62

Aside If GAX and xeX then

stab gx g stab x g
Pf 2 he stabx ghg gx gh x gx

i.e gng a stab gx

hestabgx hgx gx g hqx x

gthy Estabx

what makes this action especially interesting and
useful is that it preserves the hyperbolic
metric ie acts by Imetries

To prove this you just need to check that
generators for SL 2,7 act by
isometries



Claim SL12,2 is generated by and 98
proof Euclidean algorithm these

matrices do row and column operations which
can reduce 9 to 89 since ad be 1

GCD a c GCD b d 1

Recall Geodesics in HI are circles and lines

perpendicular to the real axis

Reflection in a vertical line is an

isometry extiy extratinga
z E 2A

inversion in a circle is an isometryEeo re reio F it
G
g

0
p

b z 2 1 horizontal translation by 1
product of reflection's in

imaginary axis and
vertical line Relz

0

z reflection in imaginary axis
O followedby inversion in

circle centered at 0
radius 1



Translates ofthe blue area cover H1
slightlytricky exercise

w̅ i w

o

The left side is identified with the

right by Y

The circle are from i to w is

identified with the circle are

from i to w̅ by 1b

There are no other identifications

so the orbit space is

842,211
ÉE w



From now on we will be mostly interested
in staying finitelygeneratedgroups acting
on metric spaces by isometries

If G is finitely generated by S we can

define a metric on G using S
then G acts on itself by multiplicationwhich is an isometry

Details For geG define ls g lengthof
shortest word in S representing g
and d g h eggh We assume 1 S

so ls 1 0

checks d is a metric
dg g g l gg I 1 0

d g h leg b dg hg dCh g

dfg b d h k egg'h l h'k

l g hi k g'k
dg k

Action g h gh
The action preservesthe metric

d ghgk L b ggk l h k k d h k



eg G Lts 1 t.EE
th th Zkth

Note a different generating set S
gives a different metric

eg
G is also generated by S t 3 3.42 t

so dg 1 E dg 1 35 1 dgi t 2



CayleyGraphs

Let G be finitelygenerated by S 1 S

The Cayley graph 6 G S is the graph
with vertices elements of Gan edgefrom g to gsfor every se S

Notes
Tgs and Tgs are edges

1 S there are no loops
So all vertices have an incoming edge

and outgoing edge for each s e S

f G t S t

6 G 5 _t.IE IIiIt
G acts on 6 G s on the left by
If he G h.gehg and if e istheedge It

then he is the edge h.tt



This action is free If g is a vertex and heGg
then hg g which implies h 1
If e is an edge Isis and he stable

then hg g and hgs gs so again 4 1

The action is compact
Let st 1 1 plus all edges adjacent to 1

13 a 12

The translates of stCI cover 6 Gis
The quotient by the action is the rose with
one petal for each generator

The action is proper If Kc 6 G s is

compact K B 1 for some r

If
gBr

i n Brel is not empty then

g Br
i is centered at g with d 1g 2

There are onlyfinitely
many such gEg
so gBr in Breifor onlyfinitely
many g



To make 6 G S a metric space

Define the distance between two vertices
as the length of the shortest edge path

Make the interior of each edge isometric
to 0,1 E IR

If x e e x and y e ey

define d x y length of shortest
path from to a vertex of ex
to a vertex of ex to y

If g h are vertices elements of G
then

go gosis h

g.IT s sis g h
go.si

lengthof shortestedge path
from g to h lg g h dg g h

G A 6 G s preserves distance between
vertices and length ofpathsso distances between any points



Suppose a product of generators and their
inverses is the identity in G
s s si 1

Note
go ga is an edge

Eg suppose Didi's.SI 1

Then the edge path pa.s.si
Sisi's302 1so Wisiss

ends at 1
so is a loop

Loops in 6 G S correspond exactly
to elements in Ker F S G

ie to relates in G art S



Some more examples
2
b
o bab

ef 6 Fa a bs a'b b 11babe a b ab

fb
Tt af at a 22

Ian

G cyclic group of order n t t S t3eg

6 Lt E 23 E t
tn

1

to

of 6 4 1 7 t 1
t
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ey Infinite
dihedralgroup t.se t s2

S 4s t3

tqFt.tp 5 t
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t
sets

E S E E E s



eg sit 12 3

i I IFi
a 0

Different generating sets can produce
non isomorphic graphs

ey
6 t 7,13

E E I

and non isomorphicgroups can have isomorphic
unlabeled Cayley graphs

11
G 2 2 21 2 4 both have 4 elements

If you choose S all non trivial elements
of G

The 6 G G is the complete graph
on 4 vertices doubled



2 2 22 4s t.at 2 4 1 a a as

r
i st anE
et potent

ha.it asIt It
1 s 1 is a

But if you include labels the Cayley
graph uniquely determines G

Iop if there is a bijection S s

and a directed graph isomorphism
G 5 66,5

Then the map S S extends

to anisomorphism G G

Prof G S R Then
Elements of R loops in 66,5

loops in 6 G s

words in FCS
that are trivial in G



The map G Fls
ypy

G

extends to a homomorphism which is

surjective since 5 5

Similarly get a surjective homomorphism

G G
composition is identity hota ways
so both maps are also injective

We have

6 G s is a metricspace and G 26 G s

by isometries d gx.gg d x g

Gds 6 G s preserves distance

lgi'w ds v w dg v w

Now we want to use the geometry of
G G s to study G ey use 6 G s as a

ping pong table to find free subgroupsofG

Problems Suppose G acts on twodifferent metric
spaces G A Xi G X How is
the geometry ofX related to the geometry

of Xz



Emplet Let S S be two different finite

generating sets for G

GA 6 G S

Ga f G g
thee proper cocompact

Example Let G 22 s er es

GA 6 G 8 unit grid
IR by translations

Imp

So X X are not necessarily isometric

But there's a coarser notion called

quasi isometry
The Svarc Milnor Lemma
also called the Fundamental Theorem of
Geometric GroupTheory says that

if the actions are nice enough then

X is quasi isometric to Xa Then

quasi isometry invariants are invariants

of G



To motivate the definition of quasi isometry

consider the embedding 6 9 e a 1R

This is not an isometry but
It is almost surjective

ye R Fx 6 st d y f x É
It almost preserves distance

2 dg x y dff x f y dg xy

Definition X Y metric spaces A map f Y
is quasi surjective if f k SO st

geY xeX s t dly fix K

note K quasisurjective K qsurj forany K k

is a quasi isometricembedding if
77 1 C 0 st x x e X

d x x c d f x f x Id x x c

is a gasemetry if it is a

quasi surjective quasi isometricembedding
Car a X C K quasisometry



Note A C qi X C qi for any7 X Csc

Lemma Suppose f X Y g Y X
and X 1 070 K 0 st

d f x f X Xd x x C x x ex
d gly g y Idly y C gig EY
dix gfix K x ax

dly fgly K yeY
Then f and g are quasi isometries

Proof Proof for f proof for g is the same

f is quasi surjective ye Y

and f is a qi embedding need 7 7 c c st

fid x x C's d fix f x

ie d x x Id fix f x's CX



d x x d x gfx dLgf x gfix d gf x x

d gf x g f x 2K
d f x f x C 2
X X C Max CX C 2K

core S S two finite generating sets for G

The 6 G 5 is qi to 6 G S

Pf Define ECG 5 6 6,8

by identity on vertices
send me to a shortest ath Is in

G S connecty
Ito Δ

send was to Vots

Write each elts.ES as a word in Sus
Define 7 Max lg s

SES

Then f stretches each edgeby
at most 7

So dg f x f x 7dg xx2 to

forany x x2 a 6 Gs



Similarly define h G G s 6 G s

by sending eachedge 1 5 to the
v translate of a shortest path
in 6 6,5 from 1 to s

and let 7 pay lg s

dp.ch yi hcyz I dg.ly y

0 x is averxthen dg x x it otherwise



IP Quasi isometry is an equivalence relation

Pf reflexive XIX

transitive Xty1z
exercise

symmetric let f X Y be a X C K qi

Define g Y X For yeY choose

e X wy d fix y
Define g y

x

Then d fgly g d fix y 4k

s

d f x f x d x x c

d gf x x d x x X d fix fcx c

7 Kted K



New d g y g y 1 dly y C

d f x f x d x x C

Xd f x f x c d x x

so d g y g y d x x Xd fix fix c

1 2kt dlyy c

dayy 21 10



We want nice actions on nice metric spaces

Let X be a metric space

A path from x to y in
X is a geodesic

if its Length is equal to d x y
Geodesics are not necessarily unique
A metricspace is geodesic if any two points

are connectedby a geodesic

A metric space is proper if closedballs of
finite radius r are compact

Proper metric space proper action

examples

1R 0,05 is not geodesic

a graph with an infinite valent vertex is not

proper ftp.t

Ready to prove the fundamental Theorem



Tum Svarc MilnorLemma X d propergeodesic
metric space G R X a proper cocompact
action Then G is finitely generated
and Gds is quasi isometric to X dx
for any finite generating set S

Proofchee choose any xoe X and define
f G X by f g g to

Claim G is finitely generated

Claims For some hence any finite generating

sets Gds X dx
is a quasi isometry

Choose K CX compact sit X YgkSetup
with toe K

Then Kc U for some open ball U Br x

with compact closure D



Now X Yogh and

S geG gun U geG gDnD 03

which is finite since the action is proper

To prove claim 1 we will show 5 generates G

pref For ge G let it be a path from xo to gx
Cover by translates of U then take
a finite subcover U gill gall gll

gustoa gill gall

Un gill 0 g e S say g s

x
t 1 x

9 0

a gu

to Unsi gall 0

sig sees 92 1,12



etc continue get g 1,02 s e Sr
1 0 spato

g
1 84 0

a all gu

claims f Gds Xidx is a qig go
We need to show
f is quasi surjective and
7731 CS 0 st

gugzeG
ds949 C dxlgx.gov 7dslg.gr

cNowdsgug ls gigzl ds lgig Also
G actsby isometries so dx gx 9x dx I gignh

Setting g gigz 4 becomes the simpler looking

4,4 g cedylxngxdsxda.ci g to



f is quasi surjective
Theballs

g
Br x Br gx caer X

so every xe X is within r of some gx
Let S be any finite generating set

Suppose g S Sr sie sus

is a shortest word ie dgCl g K

Let X max d x ex Then we can
SES

make a path in X from xo to gxo
of length T.ee

Y.AE 1 EETI.wIp

x

d t x s 0 x d x s x CX

so dfx gx 7dg log to



It remains dy x gx 1dg ig G

ie dg lig Adx x g CX

We have ns.t gBrixo career

Let 5 Eg g Bark n Bsr x

Since the translates of Br x over X
so do the translates ofBarled

so the same arguments show s is also

a finite generating set and holds

Now let r be a geodesic from to
g x

Divide T into n pieces each of length r except
the last has size r

t.gg ryEgx



Now d x gx length r K 1 r r

The translatesof Br x cover X so

for each i f g with d Xi gix er

g3X

t.IEilagxThend
gox gitixo 3r so

Bar gixo n Bsr ginx 0

Barlgix
93 0

gx

Bsrgay

SO H and

gigit e S for all i



write g 1 gi giga gigs gig
I I 2 As Sk

so dg bg k

But r ku dx x g x k dx x g x 1

so dgl.bg k dx x gx

A

Definition A proper cocompact action on a

proper geodesic metric space will be
called a geometric action

Examples

1 2 a IR by linearly independent translations
is geometric

In F R



2 Fa IT OD 2 univ coverof

4 valent treeTy

Fa YiT4

3 Fa Ti Q a
univcovery IF

trivalent tree T
F2 qiT3

Ty To Fa Fitz Tifits

4 F T a Tz univ coverof

F3 Tz Fz



5 Action of SL 2,2 on H is proper but

not cocompact so you can't conclude
SL 2,2 HI

But there's a trivalent tree T inside H1
that is invariant under the action

in a
2 1 0 1 2 3

T union of images of
w̅ i w a

stab w is generated by Ii

Qi z in a

in

So sends the geodesic are α to an arc in the

vertical geodesic from to a

The action of Sla Z on T is cocompact

so 5112,2 Tz F



In fact SL 2,2 has a finite index

subgroup which is a free group

Prof If G is finitelygenerated and H G has
finite index then H is quasi isometric to G

proof the action of G on 6 G s

restricts to an action ofH which
is still proper
Let gis ga be coset representatives

for A B 1 the ball ofradius 1
in 6 G s and B Y g B

1

Then H translatesof B coer

G G S so

the action of H on 6 Gis is cocompact

So H Y 6 Gs f
G



Nextquestioni IS Slee quasi isometric to H
Well SLC2 2 is quasi

isometric to Tz and

I claim Ts is not qi to H

Why Suppose 8 Tz HP is a

quasi isometry

1

1 To

B f L
ii 4Kw

Tf
it

Tz fli has two or three components call them branches

Idea
If z is far awayfrom i say outside sue ball B
then f z is far away from f i
If z is close to z then f z is close to f z

in particular it's in te sad branch



I can get from aug 2 outside B to any w outside B

in small steps staying outside B so f z and
f u are in the same branch

Every point in f B is close to f i
so it y is far out in a different branch

there is no x with fatoseto y
Ie f is not quasi surjective

The difference between HR and Ts is that

Ty has many ends H has only one end

Next we will make all of this precise

Ends

we will define ends of a metric space
and show that if X and Y are quasi
isometric then they have the same number
of ends



Let X be a proper geodesicDefinitffic
space yo ex and Bn Bn xo

the closed ball of radius n

An end of X is an infinite sequence
E C 2C 2C

where each Cn is a connected component

of X Bn
Note that Cn determines Ci for all i u

a

r



Prof If Xo is another point in X

a sequence e C CJ 2 cz's
of components of X BnCXo determines
a unique end of X

PI set Bi Bilxo R Bi Xo
For any i f ni s.t Bic Bii

so X Bi X Bn Chi
Chi is connected so is in a unique

component Cif X Bi

Thus the Cni determine the chain C 2 C2

I

Collan The number of ends of X does
not depend on the choice of Xo

Prof If X is quasi isometric to Y
then X and Y have the same number ofends

The proof is basically the same as the one I informally
explained for X H1 and Y Tz



Proof let f X Y be a quasi isometry ur

d x x C d fix f x A dexx C

Fix N O and M NTC
pick xoeX let yo f xo

Then d x x 7 Mrc
d f x1 y dlx xo c a Mtc C M

f x

lYo

1
tenuto

A
and d x x MI E

d f x f x 7 alxix c A c
M N

Now suppose x x are outside Br Xo and
d x x E If f x f x are in different
components of Y Bolyo then d f x f x 2M N

pain

if

T I



So If X are in te same component Cr of X Br
connect themby a path divide thepathinto pieces
of size E conclude f x f x are

in the same component of Y Bn

Now f Br c Bartelyo so we can conclude

ends X ends Y is surjective

If not can find a point y in someend ofY
that is arbitrarily far from f X contradicting
the fact that f is quasi surjective

Similarly ends Y ends X is surjective
so either ends X ends Y a

or they are both infinite

So IR isnot qi to 1R or any IR n 2

2 is not gi to 22 or 2 n 2

IR is notqi to Ts or anyTn n 3

2 is not qi to F2 or Fu 472



Q Is IR qu.to 113
A No but you have to use more

sophisticated qi invariants

Finite groups have 0 ends

2 has 2 ends

2 has 1 end

F2 has a
many ends

Q Is there a group with 3 ends

A No

There A finitely generatedgroup G has
0 1 2 or infinitely many ends

proof Suppose 6 6 G s has e ends 2sec s

ge G g 6 6 is anismetry

so permutes the finite number e of ends of6
Let N Ker G Symme

g Tg



Since N has finite index in G so is

qi to G so has the same number of ends

So replacing G by N wemay assume G

fixes the ends of 6
Now
Let E C C be 3 different ends

e c s cis Ci Ci Ci components
c C c of 6 Bi D

Then for some r Cr Cr and C are

different componentsof X Br 1

Neil

if



Let 8 be a geodesic from 1 to a vertex in C 100
81 1 to a vertex in Co
8 1 to a vertex in Cloo

veilY
r

8 ru lety'e8 dlyst 2r

y er dly 1 28

Then Z e 8 d zil 2h

Z 8 d z 1 2

d Zizi 2r

Now let ge 8 dcl g 3r

Act on this pictureby g Since g fixes ends
theendpoint of g 8 is still in Cf
the endpointof 98 is still in Cr

iiif.fi ititiIte

a
94 eCr since algy g
gy eer 4



So Fz on 8
z on 8

with gz gz bothin Bre
so digz gz 2h

but d gz gz d z z 2r since

d z Br d z Br r

Next question H has one end
We showed SL 2 2 has a many ends so

is not q.i.to H1

Is there a group quasi
isometric

to HI

A yes

Definition A surface.gov is thefundamental

group of a closed orientable surface
of genus g 2

Lena



HI z Im z so with the metric of Fry
is onemodel for the hyperbolic plane

Anothermodel is the Poincaré disk model ID
This is the interior of the unit disk in 1122 with
the metric 2
The map

f HI D ae
z E

is an isometry

Geodesics in D are

circle arcs to St
and straight lines

through to origin

As before isaretries are generated by inversions in circles

and there is an orientation preserving isaretingtaking anygeodesic
to any other geodesic

and any point to any other point
translation along the uniquegeodesic
orthogonal to both



It is easy to see that for n 2

ID contains a regular 4h gon
with all angles
Picture for n 4
take points on these rays
at distance v from 0

It r is small 2 is

almost ds theoctagon
is almost Euclidean so

has angles almost 3

inR2
6 Tt 8 α 50

α 3

K

If r is closeto 1 theangles
are almost 0



So somewhere in betweenthey
are So 8 octagons fit

Fut arand eachvertex
to



Let Σ 2 be the closed orientable
surface ofgenus 2

The loops a b c d generate T Ea b

The universal cover of Σ is a non compact

simply connected surface so homeomorphic
to the plane the pre image

ofthe colored loops cut the surface into
octagons 8 around each vertex

i
and wbb

a
b

5

T E acts freely on by deck
transformations

We saw we can tile the hyperbolic plane ID

by regular octagons with dihedral angle



so we can identify 2 with ID and

Each generator of T E acts by
an isometry

is.to so all of TΣz
acts byisometriesbu

k axo
a

dito I Yo

a

So th Es acts freely and cocompactly
on ID by isometries



b
4 so

y
abk

k
9xo̅
414

x ̅

There's nothing special about genus 2
You can find a regular 4g gon in

ID with all angles 27g and identify g

with ID tiledby tase
so Tt Ea F D Ti Ti 3 Yi Ti Ey



Max Dehn noticed this around 1910 He used
the geometry of D to prove interesting
facts about fundamental groups
of surfaces eg they contain free
subgroups and never contain free abelian

subgroups of rank 2


