
Inspiredby Dehn'swork on surface groups
using their action on the Poincaré disk ID
Gromov singled out certain geometric features

of D and defied a metric space with these

features to be hyperbolic He called groups
that act properly i cocompactly on a hyperhalic
metric space hyperbolic groupsand showed they have many ofthe

same

algebraic properties as surface groups

The relevantfeatures of ID include

geodesictriangles are thin

1
There are many ways to say this Oneway
there is a constant d log3 such that 11each side is contained in a

d neighborhood of the other
2 sides thetriangle is dthin



Geodesics dourge exponentially fast ie
8 There is a constant CSO satisfying

If Xie Xi d xi o r letÉ drama be the length of the
shortestpath from x to x2 that
stays outside Brco

then dr Xi x or

There is a constant CSO satisfying
It a ball in ID is disjoint from
a geodesis its projection onto the geodesic
has length C

It turns out that any proper
geodesic metric space satisfying

also satisfies and

so we will use to define
the notionof hyperbolicmetricspace



Fix 8 0 A geodesic triangle in

a metric space X is d thin if
each side is contained in a

d neighborhood of the other two
sides

Definition A geodesic metric space X is
dhyperbolic if every geodesic
triangle is d thin

is Gromov hyperbolic if it is
d hyperbolic for some

Definition A
group G is hyperbolic if

it acts properly andcompactly on a proper
hyperbolic metric space

It turns out as we will see that

being hyperbolic implies many algebraic
properties of G



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Recall that any finitely generated group
G acts properly and cocompactly
on any Cayley graph 6

G s So if

6 6,5 is hyperbolic then G is hyperbolic

Claim G is hyperbolic if andonlyf
6 G s is hyperbolic

By the Svarc Milnor lemma if G acts
geometrically on a hyperbolic space X
then G is quasi isometric to X

Since G is also quasi isometric to 6 6,5
it suffices to show that hyperbolicity
is a quasi isometry invariantfor proper geodesic metric spaces

theorem let f X Y be a quasi isometry
between proper geodesic metric spaces
If Y is hyperbolic then X is hyperbolic

Proof Suppose f is a X C quasi isometry
and Y is d hyperbolic



Let Δ Δ aib c be a geodesictriangle in X
and e a b

Y

I t
am

n1

We want to find Jo dependingonly on 7 C
and d and a point we a c or b c with
d x g 8

Suppose we can find D D X C d st

G f a b C Np f a f s

and f a fess C Npf a b

b



Then

Fz E f a c or flbic with d f x z 2D d

say z e f a c

Then Z f w for some we a c

so d f x z d f x f w

Id x w c

so d x w 7 d f x z c

7121571
So we need to prove

f aib is not a geodesic but is the

image of a geodesic under a

quasi isometry it's a quasi geodesic

so we want to understand these



Let I a IR be a closed interval

A Quasi gesic in X is

a quasi geodesic embedding α I X

ie FX C at I d s t c d s acts Id sit C

ie Is 21 c dk s et 71st c

eg G S labab'cdo'd't
i b Gs Dax
gas geodesicfrom gxoto

13 a quasi isometry 91 0

If J is a geodesic in 6 from 1 to g with Ig n

paramatrize 8 by arc length J o n 6
Then it on 8 ID is a quasi geodesic

dam it stays close one Easyto the unique
geodesic from

wnfi.it

ieFMst
so Nalin

and is a NM 8



eg
let α be the path below from a o n to b mio

parameterized by arc length

apes
cm α is a 52,0 q geodesic

αtryin
to x y o dexy E x g to

text y 52 Tr

Note there is no constant M st quasigeodesics

stay within M of geodesics If a and b are M
ñ then
a Thegeodesic 8 from a to b

α
v8 is notwithin M of the

quasi geodesic α
3M

Tra
and α is notwithinMof8

v8
αv



eg Themap 8 6 6 5 6 6,5
sendy g g
end qoᵈg g

B a quasi isaretry

so if α I 6 Gs is a geodesic

tha fox I 6 6,5 is a

quasi geodesic with 7 1 C 2

Note it is not a continuousmap
But it will be convenient forproofs to just use
canticus quasigeodesics

Lemma Given 2 0,9 X a A C

quasi geodesic Then there is a continuous

X 2 Xtc quasi geodesic β 0,1 X
st

β o α 0 β d α d

β C Nac a α C Nate β
and
If site oil then

l β sp
7 d pls p t Cl

for constants 7 C depending on d 7,6



Proof let 0,1 n e betheintegerpoints in oil

an

4 10 Magee
218 212 act

connect n to p and i to Citi for all i

by geodesics pis Pktl
an

ii Fire
Then Api d it ali 1.1 0 foralli

So β Nytc a 2
1 0

and Natale and

Paramaterize β so that β i i for all i and p e a e

Then d α s p s 2 X c s

To see that β is a quasi geodesic check
the inequalities



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

re FX C st 1st C d pls p t X 1st c

d pls β t1 d β s a s d 21st a t d x t β t
4 Xtc d s α t

4 Atc 1 1s t1 C D s t c

s t X d s act CX

X d s p s d pls p t d p t t CX

X Y Xtc d pls β t CA

Td pls p t CXt47AI

ie d pls p t Is 21 C

It remains to prove ie we want
to hound the Length of β from pts
to p

t in terms of the distance from
B s to β t pc

T.EEfifitii
l β as 7 0 k 5 1 Atc Atc

k j 2 Atc s t Atc

X d p s p t 70



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

OK so we can replace our arbitrary
quasi geodesic by a continuous

quasi geodesic just have to show

cations quasi geodesics stay close
to geodesics

Notation x y means a geodesic from x to yFirst look moreclosely at geodesic triangles

Geodesic triangle's in a d hyperbolic space
Let Δ be a geodesic triangle with
vertices a b c

Let x a b Then d x a c 2 8
or d x bic sd assume the former

b

Let y e a c with d ax d a y
Then d x y 28

a Tico
c

proof 2 cases

b
b

and
a

a

c c



closeups and

a.tt fik
rtserts sad re std r sed
d x g std 28 dlx.gl d r s 21

Now use this to show that geodesics
starting at the same point diverge exponentially
fast

Whatdoesthis mean

In IR the circumference of a circle is 2tr

Two geodesics emanatingfrom the center ofthe circle

at angle 0 cut an arc of length Or on thecircle

or
Or The length of this arc

grows linearly with r

r 81



 

In D the circumference of a circle of hyperbolic
radius p is T et Ep

8 Elé tee
see notes on thePoincaré

p
81 disk model ID posted

on Moodle

The lengthof the arc subtendedby 0 grows

expantially with p

We say the geodesics
and 8 diverge exponentially

If X is a metric space with more than one

end then geodesics that go out different
ends can't be connected at all outside
some Br we also say they diverge
exponentially



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Theorem Let X be d hyperbolic xeX
and 81 8 geodesics starting at x
parameterized by are length

Suppose that d 8 R 8 R 28 12
for some R 0

Then there are constants K µ 0 such that
for all r o If β is a path from 8 Rtr to
8 Rtr that stays outside Bptr x
then

l β Kerr

Picture

ii f man

82Rtr V2



Proof
since d r r 8 R 28 we know

both 8 R and 8 R are within d of
the geodesic from Rtr to 82 Rtr

28 1 207Fiftffixine
82

so d r Rtr 82 Rtr for any r

so l p There is some n30 with

2m elp 2

If we take midpoints n times
we cut β into 2 pieces each

of length between and I we will use

the fact that all the midpoints are

outside Bp x to estimate n

and therefore l p in termsof r



Firstmidpoint

Hittititin

Rtr d x mi R 28 d r Rtr m

R 28 1

Nextmidpoint

t.FI Iiftii

R rcdlx.ma cR 38 d mma R 38

etc after n times get
1

far d x mn Rt nti d 1
R mild 1



r ntl 8 1

c n 1

n 1 8 2

so lb 2

2 ear K

Now that we understand both quasi geodesics
and geodesics better we can

prove our theorem

Theorem Let X be a d hyperbolic space

x y
e X

α a b X a X C quasi geodesic with
a x x b y

a geodesic from x to y
Then there is D D 8,7 c st

8C Np a and α C Np x



Proof mate lemma
we proved earlier

wemay assume α is continuous
and

l α est 1dx als H C

First show There is D s.t.sc Np x

Np x
nine

Idea Find z e 8 as far as possible from 2

say distance
r show r is banded

by a constant D D d A C

Details

Let z e α with d z 8 r maximal

Then the ball Br z is disjoint from α

Divide 8 into two geodesics 8 EX Z7
y z y



Let ae 8 d a z 2r

best d z b 28

α

x.at

n.yBrz

Pick u u a α with d a a er and d u b r

Join a to b by a green path that
follows a geodesic from a to u

follows α from a to u

follows a geodesic from to b

α

x.at
tIhn

b

This path stays outside Br z and
has length

L r Ady air c r bylemma
2n X Gr C



Now a and b are on geodesics
that start at the same point z
so if rs.EE any pathjoiningthem
and staying outside Brez has length

L Kern for someconstants K µ depending

on ditunde

Kem L r 2 67 6

exponential Linear functionof rfunction in r

Exponential functions grow faster than linear
ones so there is some D st r D

FD st CNg 8 then take D max D D

We know 8C Np x Suppose α leaves Np s

α

NplaHr

Npcs



Let u o be endpoints of the first
interval 5 on α that leaves Np X

α

When

II TEA I

Decompose α do u v2

If zed it is not within D of anything in 5
But it is within D of some point of α
which must therefore be on α or on α

starts close to do on the left then is close
to α on the right Since 2 and are continuonous

it is close to both at some z in between

U s e do v1 a t 21

d z s d z 2 t D



proof 20,8 continuous d 8 t 20 continums

4,8 continuous d 841 continuous

t 0 d 841,201 0 t 118 d 814,0 0

So the graphs of two d 841,2 cross

at some point t m possibly several
d oct1 207

min
5 0 t el8

reittirim

Let Z 8 m U x s EX U2 t E 22

with d z u d z u D

112 est 1dfals.am tCEX2D C

everypointof is within D D XD
from a point of 8
ie α Npi s



This completes the proof that hyperbolicity
is a qi invariant Here's a reap

Suppose f X Y is a quasi isometry

Then Y hyperbolic X hyperbolic

f

Td x z c d f x f a 2D 8

dixie
kktf.to



There are a lot ofhyperbolic groups

If you write down a random group presentation
where random is appropriately defined
then the group is hyperbolic

If X is a compact manifold of negative
Riemannian curvature then x ̅ has thin
triangles so is hyperbolic and
X acts properly and compactly onx ̅ so TX is hyperbolic

How can you use the geometry of the

Cayley graph to study G

Suarc Milnor says a hyperbolic group is

finitely generated it acts properly
and cocompactly on a hyperbolic
metric space

But in fact you can say something stronger

Theores If G is hyperbolic then it has a

finite presentation



Idea let S be a finite generating set for G
We want to find R E F s such that

anyword w in the generators that
evaluates to the identy in G is

a product of conjugates of elements of R

Since w 1 MG it gives a loop in 6 6 G s

13
10 8,1213 Sy

v13

1 o

S Sk 1

Keypoint In a hyperbolic space long loops
have short segments that are not

geodesics where short depends only on 8

Not true if G G S is not hyperbolic
of Look at 6 2 4,0 0,11 In a

kxk square every segment of

length k is a shortest path
ie a geodesic



Here's a precise statement

Proposition If w is any loop in a d hyperbolic
Cayley graph 6 it has a segment of
length 88 that is not a geodesic

The theorem follows Let R be the set of all
words in S that evaluate to 1 in G and have

length 16 d This is a finite set
Then w contains more than half of a relator
If d w 16 d it is a relater If l w 2168

w

488

I i Draw a geodesic
1 1

88
Then has length 165 so is in R

18

Then w a raw w
i

1 g
with w shorter than w and we can

continue until w is a product of conjugates

of relators



To prove a loop w of length 168 has
a segment oflength 80 that is not
a geodesic suppose this is false
and show this w Ngs t

e w 168 has a segment

starting at 1 oflength
88

TQM If this is a geodesic
then w Nor 1

We'll actually prove a more general
statement for any path instead

of just a loop

Prepsuppose all segments of a path that have

length 88 are geodesics
Let 8 be a geodesicbetween the endpoints
andx2 of T

no
Then E Nos 8



Proof let z be a point on T

If T is a geodesic then d z 8 d

consider the triangle with vertices Xi Xa Xa

and sides 5,8 and Xa

Furthermore if d z x d 841,7
then d z 81 1 28

If o isnot a geodesic draw geodesics Xo Z and

mark points pi Pa on them at distance 48 fromZ

1 X z

z cuts into two pieces T from X to Z

and T from Z to y



Mark points aion T at distance
48 from Z along so the segment a to a is

geodesic

x
in

claim d pi a 28 Assuming this we have

d a p d Papa dpc az d 91,92 88

so d p p d a9 d aip d asp

88 20 28 48

d p 28 so d pi 8 d so

d z 8 58 and we are done



To provethe claim we'll induct on the length ofthe Ti
If Gi has length 88 it is geodesic
so d piai 28

If Tiis not a geodesic cut off another 40
piece at a point w

g

This is the same picture we had before but with
shorter pieces and from w to z is alreadygeodesic

Fi 48 z

so by induction d r c 28
So d air d ane d r c

88 25 68
so d ai x z d and d ai pi 28 to

The proposition wejustproved can also
be used to show that a hyperbolic group
has only finitely many conjugacyclasses of
finite order elements see Exercise sheet



Next we want to show that a hyperbolic
group

G cannot contain a free abelian

subgroup 2

The centralizer of any he 2
ie the set of elements of G that commute
with h contains all of 2 so

it suffices to show that the centralizer

of any infinite order elementof a
hyperbolic group

is basically cyclic
more precisely it has a finite index

subgroup that is cyclic
note all finite index subgroups of 27are isomorphic to 2

To do this we will need to understand
the behavior of powers of g in the

Cayley graph



Proposition suppose ge G has infinite
order Then the map IN G sending
n g is a quasi isometric embedding

Proof Since g has infinite
order gi

leaves every ball
around 1 in the

Cayley graph 6

We need to find X C st

c dglings Is c

The RH inequality is just the triangle inequality

Let 1 diag text c E.g

Then dags Is O

The hard part is the LH inequality d igs S C

Balls in 6 6 G S are finite but the number

of vertices in Bn 1 probably grows
exponentially fast so you might worry
that the number of gi inside Bu a

is exponential in n so d 1 go does not

grow linearly with A



Claim This i Bio
doesn't

happen 5
ie

A There is N such that for any k o

d 1 gʰ k

Assuming A we get for any s

Let K be such that

KNEI.lyE.eand write s kN J with Ja N

g

EI.gknts.gs
Then

k d 1 gkn d 1 g d gkN
t
g
N

d ligs d g 1

Let C myyde.gs 1

Then d ligs k C fu 1 c



5
93N

4
94N

3

To proveG we will first bound the number

ofg that are in Bi C1

Intuition Suppose gieBe For t large
a geodesic quadrilateral with vertices 1 g gtgtti
is
very thin

at the center

8

go gig go
28gitt
gᵗBk

The mid points Yi of all gis with gieBe 1
are distinct since the action of G on its Cayley
graph is free and is metric

For t sufficiently large and yo are both very
close to the geodesic from 1 to get
but possibly shifted by K



I T n gitt
gᵗBk

So d x y k x some fudge factor depending on 8

since there are at most k C midpoints yi within
k fx there are at most k C elementsgi

in By k

To justify this intuition first think a little
more about triangles in a hyperbolic
space X

b

Ti fonts
a e b c

b e a c

c e a b
b

st d a b d a c
d b a d b c o

d c d d c b a

CTo seethey exist consider a Euclidean

triangle with the same side lengths



Look at the largest possible
inscribed circle

C

In a hyperbolic triangle

a b

a'is d close to either lab
or a c so is within 28 of
either b or c

similarly for b and c

y So distance between any two
incenters is 40

on a c y on a b

d ax d a y

a b c d x y 68

Now we are ready to estimate the number

of g in By 1 rigorously



Fix k and choose t so that d 1 gt 8k 128

gi
5

1 gᵗ
Bk gᵗBe

Draw geodesics 8 from 1 to g from g toget
So that T andgir together with geodesicsI g and gt gtti form two triangles T andT2

g gig gᵗᵗh
ak
1 T T2

gosh
J

Be gᵗBe

Since d 1 gt is much larger than k
the in centers of T are close to Bill
and the incenters of T are close to Belgt

g gᵗ igig
x

Ji1
x jtJ

Bk gᵗB



so points near the middle of and so that
are the same distance from gt have
distance 68

Similarly points near themiddleof Ti andgis
that are the samedistance from g are at most 68apart

Let X midpointof M midpointof T and y modptofg's

9thg of

1 m jt
Bk gᵗBk

Let y e Ti d yé gi d yi gi
Then d Yi yi 68 and

dly m d gingtti d g gt
d gigᵗᵗi d gigᵗ
Iz k since d gt gᵗto k

gthg gir of

1 cos m

je8

Bk gᵗBk



Similarly d x m Yale

so d yi x k
Now find Y e 8 with d yo gt d ly gᵗ
Then d x y k

gttg
t.fr

gby

Bk gᵗBk

cover x y with K balls of radius 128

1.1
iii

Then yo is in the unionofthese balls
If Bizo I contains C vertices

Then yi is one of K C possibilities
If y is on the other side of x there are another K C

possibilities Yi
and

in



ie y is in the union of2k balls of radices on max 1,128

let ofvertices in Bm I

Then Yi is one of 24 1 C BKC points

since the y gix are all distinct
there are at most 3C b elementsgwith gie Bec's
So
g escapes By 1 for some i elk 36k

We also know g can't escape By 1 if
d i g i K Set 1 d 1 g so elk

elk 30k

Claim for all k d 1 gsk k

Proof suppose not ie there is some ko with

d 1,93 0 ko e with E3 I



For any k
write elk r 3cko J with j scko
Since elk 30k we get

so Kor k

So Kot k

Then k d 1 geek d 1 gr.BG d gr ckpgrisckolts

g3Ko d 1 gr
30ko1

d 1 gi je3ckoin
r ko e M jmox.de's8

etc

Kor re M

Since elk Yachg we can make e b and
therefore r arbitrarily large to get

resM so

K d l g kor ret M kor K



Proposition If geG has infinite order
then g has finite index in its
centralizer Ccgs

Proof Let he Cg ie hg gh
Choose t large enough so that

d 1 gt 5 d i n

let 8 be a geodesic 1 to gt
a geodesic 1 to gth hgt

y midpoint of T
d hr hgEgᵗʰ

ad
d x

a
t t

x d

8 5d
1

gᵗ
since I T 4d y is not close to
the interior points of either triangle

sothere are u e 8 ve hr s t d a
gd r y 65 so d a v 126

hgᵗgᵗʰ48 of x c

r ax
x

265

1 8 U

go



g

Since in g is a quasi geodesic

g l o ist stays a bounded distance
from 8 ie JK i j s.t

d gi u K
and d ngs v K

hgt
hr
sky

gegth
r y
g a

Igi
g

so d gihgi 2K 128

so d 1 hg 2K 128

So the coset h g enters B 2k 128
t

But Baktizo 1 is a finite ball and the cosets
ofg in Clg are disjoint so only finitely
many of them can intersect B2k 1zd

We just proved they all do
So there are only finitely many ofthem



Corollary If G is hyperbolic it
does not contain 22

Proof the centralizer of any ge2 is

at least all of 22 and g does not havefinite
index in 2



Here is one more theorem that
uses the geometry of hyperbolic Cayley
graphs to prove algebraic facts
about hyperbolic groups

There exist infinite finitelygenerated
groups all of whose elements
have finite order

The most famous of these are the
free Burnside groups B m n

m generators exponent n
If m 2 and n 1 they haveinfinite order This is a famous
theorem of Adian

for a odd 461
later S Ivanov proved it for n even

n 248 26 n etc

It is an open problem whether there is
a finitely presented group all
of whose elements have finite
order common wisdom is there should
be one

Today we will show it can't be hyperbolic
i



Theorem If a hyperbolicgroup
G is

infinite it contains an element of
infinite order

To prove this we use the concept of conetype
of an element in a Cayley graph

Let 6 6 Gis be a Cayley graphDefitic and go G The cone type
C g is the set of words Tsuchthat

d bgr d i g l v

Je if r is a geodesicpath from 1 to g the

core type clg is the set of paths starting at g suchthat the concatenation 8 v is a geodesic

1 Engr

5912 40 co has core types
10,0 is all geodesicpaths
C 1,0 is all geodesic

paths from10,0 to affemin with m 0

Cci is all geodesic paths
in the first quadrant etc



Notice that isometries dontpreserve core type

2 Fa has 5 cone types 1 all geodesics plus

patha
b

I l

datia Fas cat T

aja
a G ha cla b'a a ba c lab a 5 a

Note w onlydepends on the last letterof w

Proposition A hyperbolicgroup has onlyfinitely
many core types

Corollary If G is an infinitehyperbolicgroup
it has an elementof infinite order

Proof Sinie G is infinite and balls in 6 6,5
are finite we can find arbitrarily long
geodesics starting at 1
Choose one that is longer than the number

of core types it must contain two vertices
with the same core type g

0
d bar da e dfu ur d liu d o

since 8 is a geodesic v is in the core type of u



Since u and ur have the same coretype
is also in the one typeof uv

11 mar
so d 1 uv d 1 a d a uv d 1 a 2hr
so v2 is in the core typeof U
So v is also in the core typeof uv

so d 1 uv3 d 1 a d a a v3 dG a 31 o
etc d 1 urn da u d a aun dault nd r

for all n

so d t un d a urn neco a so

0 has a order

So wejust need to show

Proposition A hyperbolicgroup has onlyfinitely
many core types

IP
e claim that the core type of g isdetermined by a short tail namely



T g u e Bostz dll g a d log

IfTig c gF
since Bootz is finite this implies there are only
finitely manypossibilities for T g so for c g

so supposeT g T g To show dg clg we

will induct on the length elo for v.ec y
If lol 0 this is trivial so assure l 0131
Suppose ve c g

Write us with is e S

e a l r 1 so by induction we c g

put
bluepaths are geodesic

1 Jan



Suppose g us is not a geodesic Draw a

geodesic w from 1 to gas mark ew with
d 1 x d ig 1

let heW with d I h delig
then d h g Go1É

gg algin 68 1260 2

So a geodesic Z from g to x is in T g
Icw 5 I g e a t 1

If is se fetat
d x w lca 2
d x w l a 1

Let we be thesection
1

of w between x 1 Tusizeand w a

twejust showed I
l w 2 la 1

Tlg Tly zeT g d 1 gz all g
Let o be a geodesic from 1 to gz
Then the path Wa has length

d 1 g elult d 1gus
contradicting the fact that the pata gas is a geodesic



Hyperbolic groups don't contain 2
can they contain F

2 is hyperbolic and doesn'tcontain F2
Neither does any finite extension 2
14 2 G K 1 K finite
like G Do
we say G is virtually 2

Exercise If G finitelygenerated and has 2 ends
it is virtually 2

Proof

Take N big arough so that Bn BNC11
cuts 6 into two infinite components

6 Bn CouC

Then for any g BN g cuts 6 in two



Take h outside BN that

preserves the ends 6 actsonends stab forG E

B

T a geodesic 1 to h

Cover 5 with Bn's let B BNG
and

mangy dig
1

6 3 hastwo components one C C2

translates h B it can Ca so every ge Cu BN
is M from sue hi 5 0

translates h B ever C So every ge6 is
m from save h

9 digini K
am
hi d t ghi k
all cosets g h enter B
ButBfinite only noun for fin maycosets
n has fmile index in G



Next theorem If a hyperbolic group
G

has infinitely many ends it contains
a
copy of Fa

Proof Play ping pong on 6 6 6,5

6 has a
manyends G is infinite

G has an element g of infinite order

9g biso is a quasi geodesic ray
E

youcanthinkofa continuous quasi geodesic ray if youwant

Propt There is a geoci ray and Kso

we ptg C Nk dg and 2g C Nk agt

since a geodesic that leaves BN 1 can never

return goes out one end of 6

Propt g α goes out a different end



Props there is a bi infinite geodesic g
and K with gi iaz C Npi ag

αg a Nk 5g iez

tI
So dg goes out the same ends as agt 25

Drop4 There is h of infinite order
going out two different ends

Proof usesthe fact that there are a many
ends left over

Proofsof props 1 4 are not difficult

We now have two geodesics 2g 2h

y
é

et g

Tiffin

iz Fetn
i

en en
ég

going out 4 different ends



We want to play Ping pong with

A points in a nhd of ef or ég
and B points in a nhd of eth or én

we need to find neighborhoods such that
A n B

and

We need to show NS.t gN 6 A CA

in particular g B
C A

and hN G B C B

in particular h A B

Then ping pony tells us gN and hN

generate a free subgroup of G

To find these neighborhoods Granor used
the product x g w you studied in
the exercises

xg we
d w x77d wy d x

y



Instead of thinking about ends he used

equivalence classes of sequences in 6to define points at infinity
of 6 and neighborhoods of thesepoints

X is a sequence we 6

Xi a if R IN st

i j N Xi x w R

Exi y 3 if Xiii a a as i x

Df if is then Xp equiv class

y xi

Then show g define g's Eg

and go gis
prose gt go

Neighborhoods ex

TgX nearest point on g to x



Thx nearest point on his tox

Leme for sure M 0 either d I Tgx M
or d 1 Tax M

Then
A Xg x kg x gM d 1 gn M

B X x t n x h d 1,4 M

are neighborhoods of you go
and haunto

You then need to prove N at g 6 A CA
and n 6 B C B

to finish the argument



What is known about Hyperbolicgroups G

We shared If G is hyperbolic then

G has a finite presentation

The centralizer of an infinite order element g
is a finite extension of Lg
which implies G doesn't contain 22

If G is infinite it has an elementof infinite
order

G has only finitelymany conjugacy classes
of finite elements in the Exercises

We gave an indication of how to prove

Of G has a
manyends it contains a

copy of F2
Other things people have proved

If G has more than 2 ends it contains
an infinite normal subgroup H
with infinite quotient G H
G is really not simple



G has solvable word conjugacy and
isomorphism problems
The isomorphism problem is

particularly difficult to solve was first
proved by Sela for torsion freehyperbolic
groups

The homology H G is finite dimensional
for all i this generalizes the
fact that G is finitely presented since

finitely presented G have finite dimensional
H2 G

If G has more than 2 ends then
the number of elements oflength n

in any finite generating set grows
exponentially with n

A random presentation gives a

hyperbolicgroup
for a suitable

notion of random

Dehn functions Given a finite presentation
SIR for G any word w in 508

that is 1 in G is a product
w ITgirigi for some ri e R gie G



Let dcw miniman length of such
an expression for W

and for ne IN 5 n max d w

l w n

The function IN IN is called
the Dele function of SIR

It measures howmany relators you need
to fill in a loop of length n in

the Cayleygraph
so is sometimescalled
an iseimetric faction

I

The Delin functionofanyfinite presentationfor G is linear

If G has a subquadratic Dehnfunction
then G is hyperbolic

More information abouthyperbolicgroups
can be found in Gromov's original
article or in Bridson Haefliger's book


