
CAT O groups

Even though mostgroups are hyperbolic
there are lots and lots ofnaturally
occurring groups that are NOT hyperbolic

eg G
H in finite and hyperbolic

G H have a order elements geG halt
so Gx H contains g x h 2

2

so is not hyperbolic

Many ofthe most interesting groupscontain 22 eg

Sln 2 n 3

surface
mapping class groups

Automorphism groups offree groups
But there are also groups that don't
contain 22 that are not hyperbolic



an example is the Baumslay Solitar
group
BS min a b bab an

If you draw the Cayley graph for BS 1,2this presentation you can find
arbitrarily fat geodesic triangles
G BS min is interesting for another

reason there is a surjective
homomomorphism G G that
is not an isomorphism

we would still like to study more groups usingthe Sware Milnor Lemma and curvature
constraints



A notion of curvature for a

general metric space was studied

by Gromov based on work by
Caratheodory Alexandrov and Toponogrov

so he called it CATCK where K EIR
is the curvature

In particular CAT O is a notion of
a positive curvature

It is also defined in terms of triangles
but is less fuzzy than the
notion of d thin triangles used in
the definition of hyper bolicity

We will also prove it is a local condition
youonly need to check it on small

triangles unlike hyperbolicity
so it is more like the notion of curvature
in a Riemannian manifold

It's time to define CATCO



Let X be a geodesic metric spaceto

He ate

a na c 13
T geodesic T triangle in Rtriangle with same

hi lads satisfy
sidelengthstriangle inequality

comparison triangle

Def X proper geodesic metricspace

is CIO if everygeodesic triangle
T is thinner than T ie
for x yet let x ̅ y be the
corresponding points in T

affi
y y

then dx x y dpa x ̅ y



Example H1 is CATCO

A Δ
Example A tree is CATCO

b

aki
T

Examples R is CATCO for all n

Examples the corner of a hallway is CATCO

1s
y 114 zz

8 Y zX
2,8

21
y

22 I t Z

5 552 5
x ̅



Examples The boundary of a cube
is not CATCO

_E a

Exercise If X Y are CATCO then XxY
is where

d Xing aye TEltdfy.ge

In particular products T Ta of
trees are CATCO



Proposition The metric on a CATCO space is

convex ie if 8 8 0,1 X are

geodesics then

d 8 t 8 t 1 t d 8,101,8210

d CD 8 D

Proof
81101

1,4
di

Picture dot 8111

810

Wewant dye l tld.tt d

If 8,107 8,0 8,11

11hr.cn
The comparison triangle

f1 d

so de di t d



Ingeneral 8,101
14

do.fm 2c1

810 2E 8 1 t

did 8,1 1,8241 dCr t rct d 816 8 t

Ed Cl tido

Corollary X CATCO there is
a unique geodesic between
any two points

I
Let 8 be two geodesics from

X to y
Then 8 82

t.ie

Pfd rCt 8,41 Ed 1 E do
to 1 t 0 0



Note Can also seethisusing
a degenerate triangle

rice rule

TILLY foot

Look at comparison Δ for
x.atmay

Get d rich rules 0

8,41 raft

We can use this to prove thefollowing

Irem A CATCO metric space X is

contractible

we need

Lema Geodesics vary continuously
with their endpoints

ie Xn x yn y
let 8 0,1J X bethe geodesic into yn

8 0,17 X thegeodesic x to y
Then 8m 8



i

Iy
Prof convergence here means wiform

convergence ie

Fe 0 FN st n N 8,1 1 861 a forall xe 0,1

This follows from the previous lemma

sit
y

71 42 yn

Xn x and yn y e

IN st fwnsN d xn x LE and dlyn y E

i d tuft 841 e for all t



Proofoftheorem contractibility

Fix ex

Foray ex

fix
let be the unique
geodesic to to

Defme F Xx so X
x t t

This is a continuous map by the Lemma
F O id
F I to

ie F is a homotopy from X to 1 03

In particular the CATCO property is not
a quasi isometry invariant

eg if there is any non trivial relationthe Cayley graph has a loop



So you can't find CATCO groups by
studying their Cayleygraphs

How de you find CATCO groups



For manifolds the classical Cartan Hadamard
theorem says

Theory If M is a complete Riemannian
manifold of non positive sectional
curvature then local geodesics in M
can be continued uniquely to geodesic rays
and the exponential map Tx M M is
an isometry for any Xe M

So if M is compact its fundamental
group acts freely and compactly
on in Tx M EIR ie

M isCATCO

Having non positive sectional curvature is
a local condition it depends only
on a neighborhood of each point

There is a version of the CH theorem
for locally CATCO spaces where

X is locally CATCO if everypointhas a CATIO neighborhood



www.a hearen It is locally
CATCO then in x ̅ the lifted metric
is geodesic convex and complete

The propositions we proved about CATCO spaces
are true for x ̅ geodesics exist are

unique and vary continuously withtheir endpoints and X is contractible

To get from this statement to the
statement that x ̅ is actually CATCO
we need the following

Alexandrov lemme let Δ a b c be a

geodesic triangle with vertices a b c

and y a point on the geodesic b c

Effa
Δ D x y z 82 Δ x y Zz

If Δ and Δ satisfy the CATCO condition

then so does Δ x z z2



Proof Look at the quadrilateral Q formed by
comparison triangles and I in 1R
that share the edge ay
b f 5 at

i on

pQ

Claim Lbja Lago T

Proof suppose it is TI

choose p E big q y c close to y
with corresponding points p q in Q

g
I 8

g

Q
IR

The straight line segment pq crosses at
at a point F Let r be thecorresponding
point on ay and draw geodesics

Pr and rq



EFF i
i ie

Q
a 1R

Then dcpiql dlpiyltdly.gl since Ebic is

a geodesic

dipg dlyiq
d pig by Δ inequality.in
d p r d r f
dip r d r g sincethe small

Δ's are CATCO

d p q by Δ inequality in X

Now we straighten Q to obtain
the comparison triangle I for Δ

To at 5 J I
x ̅

IF o



Claim straightening increases the angles at
a 5 and I

For the angle α at a

5 at 5 it Je

Q I 2
a t

d 5,0 d 5 g dly c d 5,2
2 s α byte law of cosines

For the angle β at b continue to edge
5J to a point with dty.es dayE

ok T so5

if
t

Bythe lawof
I cosines

da é d a c

y Therefore in the straightened5
8

figure β β

g
o e law of costes again



Since β'sβ dlay d a y so 8 8 too

Claim The quadrilateral can be
straightened so that the angles
at a 5 I increase monotonically
Proof straighten the figure by keeping at

fixed and rotating t Of course

J will also move

5
1

a

Theory moves along the green arc I alongto blue
are in the directions indicated so α and

β growmonotonically

Now for the CATCO inequality
1

let p q bepoints in Δ a b c with

p e Δ and ge D2
We need to show

d p q dip q



I
5 Y g

x ̅ f E

α

ñ

The angle Pyg is

The angle p y q is T

If pig stays in Q this is clear

b ac to
g

at 5 I it
s

Tiff t.fi pfi.es
a a

lot w̅ be the intersectionof Pq with ay and r the

correspondingpointinlay
dlp g d p r der g dlp F dor q

because Δ Δ are CATCO

d pig
dip q since α's a



If pecaib geca c and p q leaves Q

5
EFFI

then when you straighten
I

5 Y g

p f E

α

ñ

The angle Pyg is

The angle p y q is T

so somewhere in between it is TI

ifp
y
α

a



since the angles at 5 and I havegrown
dip y d p y

and day é day e

Now continue straightening

5
i Iiiii

ñ
since α α d pig d p f

so in all d p q d p g dly q
dip y d g q

since both
small triangles
are CATCO

d p g d g q d p q
d p q

If pecab geca c and p q leaves Q

5

TFF
a

partiallystraighten



5 5
β
I t

P P
s 21

Finish

a straightening a

Since β increases monotonically as you straighten
d p q d pay d yiq sd pg d yiq

dipg dly5 since β β
d pigs since 2 α

This finishes the proof of Alexandra's Lemma

Theproofofthe CATCO version oftheCartanHadamard theorem is in Bridson Haefliger
It is not hard but it is long and wewill notdoit

Using Alexandrov's Lemma and the
Cartan Hadamard Theorem we can now prove

The X locally CATCO NPC
Then x ̅ is CATIO



Proof Let ΔCaib b he a geodesic
triangle in x ̅

b 810

a
beren

By Cartan Hadamard there is a unique
geodesic from a to 8 t that

varies continuously with
t

This gives a map H 0,11 10,1 X
with H s t 8 15

80 b 810

DF
were

Divide Fi it into rectangles Eisis Ets titi

small enough so that each maps into a CATCO

ball EI.FI



ttl
Look at oneof
the triangleswithvert ru
a 8 t 8 t 1

cut thebluesquares eachΔ is CATIO

into triangles a

Apply Alexandrov's lemma repeatedly

I

a a a

get t is cato

Do this for each Δ

Then use Alexandror again
bl b b

To get the wholetriangle a b b is
CATCOY



We can now look for compact locallyCATCO spaces their

fundamental groups will be CATCO groups
It is still nontrivial to fond locallyCATCO spares X

but this is now a local problem

CAT O groups have many nice properties in common
with hyperbolicgroups but theproofs are

usually very different

Forexample let G be a CAT o group Then
there are only finitelymanyconjugacyclasses

offinite order elements ofG

For G hyperbolic you did this in your exercises

using the fact that long
160 loops in a d hyperbolicCayley

graph have short 288 segments that are not geodesic

That's not generally true in CATCO groups
ey in 2 it's not true



Nextide show any finite set in a CATCO space
has a unique center

Then look at an orbit of a finite orderelement he G

This is a
fontiteset sina.sahceiter.ca

Theactionof h sends A to itself so fixes CA

The action of G on X is proper so h is
in the finite group stab CA

Note this argument actuallyworks for any
finite subgroup H G notjustcyclic ones

Then we can use co compactness ofthe action
to show there are onlyfinitely many possibilities
for stab ca then that anyfinite order
element is conjugate intooneofthese

So howdo we find a canonicalcenter for
a finite set



Let A be a finite set To find a center

For any xeX define
x A may

4 x a so A CBrext

a EffieA
92

And r A Infrexit

If r x A r A x is called a circumcenter
for A

Proposition Every finite set A has a unique
circumcenter

To prove this we will prove an inequality
relating r x A rly A d x y and r A

d x y 2 r x A 4r y A 2r A
2

This immediately givesuniqueness

If r x A r A and rly A RA
then d x y 0



To get existence take a sequence
of points in X such that

r Xn A r A

Then d x x 2 r xi.AT r x AF 2r A
0 as i j

So xn3 is a Cauchy sequence
TheCartan Hadamard theorem implies that a

CATCO space with a proper cocompact

groupaction must be complete
so ax
and r xa A r x A

To prove the boxed inequality form a

geodesic triangle with vertices x y
and some ae A then consider
the comparison triangle in 1122

A w̅

It t.IE

Wemay assure x ̅ 1010 and y r o



gib

hey
ex rats ly Feb

1907
kao lm fE5

So litly a b a 2ar r 5
a tb ar

and dm a ar E b

it lit liter if
so back in we have

by d y

man ln acxiaitaci.gs 1

E

d x y 2 dlxastdly.at 2d m a

For a with d m a maximal ie d m a r m A

weget d x y 2 d x.at d y as 2r m A5
2 r x A ir y AJ 2rem A

since r M A r A this becomes

dlx.gs 2 r x A 4r yAJ 2r A

e



e

Now we can prove the theorem

Theored A CATCO group
G hasonlyfinitely

many conjugacy classes of finite subgroups
Proof

Suppose H is a fmile subgroup of a
CAT 07 group G

G acts properly and cocompactlybyisometries
on a CAT O space X so H fixes

the circumcenter X of an orbit ie H is
contained in the finite stabilizer Gx

Cover X by translates of a compact set K
containing
Theaction is proper so g gknK

is finite SinceGy C Σ for any y e K there are

only finitely many possibilities for Gy
If It fixes some y k then yegk for some g
so gy e k and G y gGg.gg is

conjugate to oneofthe finitely many stabilizers

ofpointsin K



Remark It is also true that hyperbolic
groups

have only finitely many conjugacy
classes of finite subgroups but
we onlyproved it for finite cyclicsubgroups

Like hyperbolic groups CATCO groups
are finitely presented but the proof is muchdifferent

GAX cocompactly so Suarz Milnor they
are finitely generated same proof as for

hyperbolic groups

Recall youget thefinite generating set S

by taking a compact set K whose

translates cover X and letting
5 g G g k

n k 03 this is finite

by properness ofthe action

For hyperbolic groups we then built the Cayley
graph which is 8 hyperbolic for sure d
and let R reduced words w in So 5

givingloops in6 G S of length 168

For CATCO groups this obviously
doesn't work

instead take R s 1,53 sie S

Sitz 13 and K ns K n JK



Themes G E Str ie Ker F S G
is normally generated by R

Proof let 616,5 be the Cayleygraph for G

Note there is an edge if and
only if h gs for some se S

re g'he s
ie Knghk
ie gknhk

For each relation did it

111 s.si 13
911

Glue triangles gTr to 6 g.tlTgs.s gss
call the resultorycomplex Y h

The relation saysY has a
g

de

triangle whenever
gknhknkk



G acts freely andproperly on Y so Y GLY
is a covering map The quotient Q GLY has

One vertex

One loop for each element of
5 13

One triangle for each elementofR
si

1
So T Q SIR by vanKampen'sTheorem
If we can show Y is simply connected
then Y is the universal cover of Q and
G is the groupof deck transformations

so GE T Q SIR

We don't know whether Y is simply
connected but we doe know that X is

The idea is to define a map f Y X
and use the fact that loops J S
can be extended to maps D
to show the same is true for Y

We define f first on vertices then edges then
triangles



So choose xeX and define f g g x

SX

Is is an edge Knok
so connect and ax by a path 8in Kusk

and definef e 8s

X

8 SX sK

Every edge in Y is of theform
megs

Define flge grs gk
gx

Is
8ˢᵗjsk



D

is a

Tr triangleiny kn a k n ask
1 13 1112

SI

My v12

1 s 83

Since X is 1 connected the map we've defined on

on Otr extends to a map Tr X
This defines f on Tr

Now define f on an arbitrarytriangle gsl
gtr by
f gtr g f Tv gosg

This completes the definition of f Y

Now suppose we have a loop l St Y

r fol S can be extended to

a map J D X since X is simply connected



Triangulate D and subdivide enough so that

the entire linkof every vertex maps gk
into gk forsook IF I

let Δ a v w be one of the triangles in D
J a e gak for sue gu
F lo E grk for sure go
F w e gark for sure go

Y
l I

guk
7 gok

p

IÉ
Now gak alsocontains the imagesof vandw since

they are in elecus Similarly gok andgak
contain Jca Jiu and JCW so all 3 are

contained in gak n guk ngok



u

This means is a triangle inY
go go call it Turw

so mapping Δ now I Turn for

every triangle in D extends l S Y
to a map I D Y
This shows Y is simply connected

Recall we also showed an infinite hyperbolic
group has an infinite order element

This is also true for CATLO groups
For hyperbolic groups we used the
fact that they have onlyfinitely
many core types but that may not
be true for CATCO groups at least
our proof doesn't work

Other facts that need a new proof for CAT o

groups



We shared hyperbolic groups
cannot

contain 2

CATLO groups can of course but

Every abelian subgroup is finitely
generated

Every solvable subgroup is virtually
abelian contains an abelian subgroup

offinite index

subgroups ofhyperbolic groups are not necessarily

hyperbolic themselves But you can say
In hyperbolic groups subgroups are

either virtually cyclic or contain a

non abelian free group

Similarly subgroups of CATCO groups are

not necessarily CATCO

In CATCO groups it is confed that
all subgroups are either virtually
abelian or contain a non abelian
free group

but this is still a conjecture
though proved in many cases



We saw that if X is locally CATCO
and compact then x ̅ is CATCO so

T X is a CATCO group

Def A peal complex X is a union of
Euclideanpolygons glued together by isometries
of their edges so thateach polygon injects in to X and

two polygonsshave at most oneedge
or vertex

If X is a polygonalcomplex then

If x ex is in the interior of a polygon
it has a neighborhood isometric to a ball
in 1R
If x is on an edge it has a neighborhood

that is a tree Tex C e e

so is Atco

If x is a vertex a small neighborhood
looks like a core on a graph x
called the link of x

If



Each polygon has an angle at x

use that to defore a length
for theedgeof

Granor shared The neighborhood of x
is CATCO if andonly if there are no

loops of length 2T in Lx

Interesting example

y 87

n n n

1 I Tic
angles are areas 4 andhe arcsm kl

You have to subdivide to make this into
a polygonal complex by our definition

U 97

i
Glue edges with the same colored arrow together
Then There is only one vertex x and 5 edges

b lack rled 0 range glreen blue



Ly eat at

F
g o

b gt

I e

You can check that there are no loops in hx
of length 2T so the resulting space
I CATIO

TX b r g o l gbg'r ob é'é
er 5 v15

D Wise found a surjective homomorphism
T X T X

that is not injective

That can'thappen for lineargroups ie finitely
generated subgroups of GL n G

So that proves CATCO groups are not necessarily
linear

answering a question ofGromov



If all the polygons are squares the ayes are

So Gromov's criterion
says there

can't be any
triangles in Lx

This is not CATCO
wealready saw this example

it
This is catio

x EI

Gromov's link condition appropriately defined also
applies to higher dimensional spaces made out of
polyhedra glued together but it is difficult
to verify UNLESS the polyhedra are all
cubes or right angled parallelepipeds

Then it is called a cubicalcomplex

In that case a simplecombinatorial
condition determines whether or not X is

CATCO



Def A simplicial complex K is flay if
whenever it contains the boundary of a
simplex of dimension 2 it also

contains the simplex

ie a free if all the ee ez e are in K
then so is T

7 if all faces of a area k so is e

etc

In a cubical complex the link ofevery vertex
is a simplicialcomplex by our restrictions
on the gluing

Them Grana A cubicalcomplex is CAT o

if and only if the link ofevery vertex
is a flag complex

Note that you only have to check the vertices

Now for some examples



We alreadyknow 2 is CATCO

view 22 as T2 T2
an 19

this is not quite a b
cubical complex by our definition
but we all subdivide

so it is 5 5

an 19 an 19

b b
NOT YET

All the vertices we added have Eadden

neighborhoods so the only one we really
have to check is the original vertex

Slightly more complicated example T us T2
p oo s

9
n A n a o

so

I FIEF



Right angled Artin groups RAA Gs

Definition A RAAG is a group given by a

finite presentation SIR
where all elements of R are of the
form SA SYSj ie Sit Siti
with si sie S

The presentation is conveniently encoded by
drawing a graph with

one vertex for each element of S
one edge from S to s for each
element sis si's of R

The RAAG is then denoted Ag

Examples

T is discrete ie has no edges only vertices
Then As F S the free group
on S

As F3



F is complete all possible edges ie T
is a clique then A 21ˢᵗ
the free abelian group of rank 151

T.IT As 24

If T is a join T2

every vertex of is connected

to every vertex of Ta
Then A As Are

If T is a disjoint union u 52

then As Ay Aq free product

very unfortunate notation

Most graphs don't fall into oneof
these categories and Ap
can have surprising properties



eg IT Then Ap has a

subgroup isomorphic
to Sg g

2

if T is a tree then As is isomorphic

to the fundamental groupof a
closed 3 manifold

RAAGs have been important in

group theory and
low dimensional

topology partly because they
can have very surprising
subgroups such as surface

groups
and 3 manifold groups

so they are a source of counterexamplesin group theory and information about
the structure of 3 manifolds in
topology

Claim Every RAAG As is CATCO

We've seen that it suffices to find a

NPC space X with T X As



Recall a ceil complex X is a uion of
Euclidean cubes glued together by isometries
of their faces so that

each cube injects in to X and

two cubes shave at most one face

ax.FI fffhEIe
Also recall Gromov's link condition
for cube complexes

Groove X is CATCO if andonly if
the link ofevery vertex is aflagcomplex

FE.eefifftii e

We will find a cube complex Ss
with Sp A that satisfies

Gromov's link condition



For discrete Sg
For a clique S T 0,1 opposite faces

identified

I 1
S S S

For arbitrary T S is a subcomplex

of T defined as follows
1

Up Up vertices
In es eat_ of T

vi ei
e

Each subset of 9 en defines a face

of In

Let X C In be thesubcomplex consisting
of the faces spanned by cliques vi Vik
in T



V3

ay for
vis series 1

us se

it

y

Then S imageof Xr in T

s

Another way to describe Ss
It has a one vertex

You attach an edge for each vertex

ofT formay a loop
a square for each triangle
in T forming a 2 toras

a k dimensional cube for
each k clique in T



3

eg for st
v

3

Of a

22
v2

Claim T Ss As

Ss is locally CAT o

To prove the first claim we only have to
check the 2 skeleton X TX
for any co complex

This has one generator for each
vertex of
A 2 cell Fto if
and w are connected

by an edge of 5

so H Sr Ap by var Kampen



To see that it's CATCO just have
to check the link at theuniquevertex

up
in Xs this has

v one vertex for each
vertex of generate
one edge for each
edge of relation
onetriangle for each

Yy triangle in T

i ie Lk x is

the flagleton of
If T is a simplicial graph the flagcompletion

F of F is the simplicial complex formed byadding
a k simplex to whenever contains the

1 skeleton of a k simplex

E F



In Sg each edge becomes a loop
iii

it.gg

ii

to 2 vertices instead of 1 _each edge
v w gives 4 edges

I

v

ut

o T

pt
t

Each triangle in gives 8 triangles in IT
rt

Efft etc

v



Def let T be a simplicial graph
at

The dable It is a graphwith

v 2 vertices of v for each vertexof
4 edges ut wt for eachedge o w

ut w

o at off
G w

off
Then Lks x is the flag completionof the

double d
1

In particular it is a flag complex so

Ss is CAT O

RAAGs are special among CAT 0 groups
in many ways

They are torsion free
Davis andJanuskevich provedthey embed in

right angled Coxetergroups

Cs v Uk Vcs vivs u.ve if no ECT
and v 1 for all i



E Ag is a subgroupof finite index
Davis
Januskiewicz in Cg where T is all

edges in Δv T except the
edges vivit

C is alwayslinear Define Cs GL IRV

Vi R RV

by Sileil ei

di ej eg if KUj Uj0
di et ext 285 otherwise

You can check that 8 0 and di 0 0 if
Vi Vj is an edge

IEP
ri is afaithful hear representation

car As is linear

In particular any surjective homomorphism
As Ac is an isomorphism

fonite volume
This was a key fact in Agol's celebrated
proof that hyperbolic 3 manifolds
are virtually Haaken they have
finite covers that fiber over a circle

M
sg

s



To prove this he proved it M has a finite

index subgroup that embeds
into a RAAG Sine subgroupsof
linear

groups and finite extensions
of linear groups are linear this shows
I Mislinear



Recap What we did in this course

1 Free groups universal property existence

2 Group presentations G SIR FCS
kR

3 Group actions free proper cocompact faithful
piny pony
T X AX Fu 2 Sg
Galoiscorrespondence

542 A 2

4 Quasi isometry and to
Suavz Milnor

lemma

5 Cayleygraphs

6 Ends A group has 0,1 2 or 8
may

7 d Hyperbolic metric spaces and groups
hyperbolicity is a qi invariantfinite presentation
fin
many conj

classesoffmile order elts
Centralizers of x order elements no z

Existence
of a order elements in a hyperbolic

groups
sketched manyends contains Fz



8 CATCO spaces and groups
convexity ofmetric contractible
centersof finitesets fin many conj

classesoffinite order subgraps
Fonitely presented

Alexandrov's lemma CAT10 is a local
condition if X is niceenough and stated
the Cartan Hadamard theorem which
that if Y is locallyCATCO then
Y is nice enough

Gromov's link condition

RAAGs are CATIO










