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INTRODUCTION

In algebraic K-theory it is useful to know whether
the sequence of homomorphisms
ix

.o Hk( 0 (F)) — Hk(eo

e, n (F)) »>...

n+l,n+l

eventually stabilizes to a sequence of isomorphisms.

An unpublished result of Daniel Quillen states that a

similar sequence for GLn(F) does stabilize. In this

paper we adapt Quillen's method to eon n(F) , where F
r

is a field of characteristic zero.
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10 VOGTMANN

If G 1is a group, we let H,(G) denote group

homology with coefficients in 7 ; O n (F) denotes the
orthogonal group of the guadratic form ( é) a
2n-dimensional vector space over F (e = %1 , and I is

the n by n identity matrix).

Theorem. If char F = 0 , then the homomorphism

i, Hk( 0 (F))

£ n,n M Hk( 0 (F))

e n+l,n+1

is onto for n > 3k+1l and an isomorphism for n > 3k+3.

We associate to €0n n(F) a building-like simpli-
r

cial complex X . The action of eon,n(F) on X gives
rise to a spectral sequence converging to zero which
gives information about the homology of eon,n(F) . The
theorem is proved by comparing the spectral sequences
for eon,n(F) and eon+1,n+l(F) (or, more precisely,
by constructing a relative spectral sequence giving in-

formation about the relative homology.)

In the first section we define the complex X and
prove that it is homotopy equivalent to a wedge of
spheres. In the second section we construct the spectral

seguence and prove the theorem.
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1. The building-like simplicial complex associated
to O (F) .
n,n

A. In this section, let F be any field, and V

a 2n-dimensional vector space over F , with a polar

basis {el, ceer ey fl, ceer fn} (i.e., in this basis
the matrix of the gquadratic form is G) g) , where I

is the n by n identity matrix). Let =+ denote the

inner product associated to the form.

Definition. A subspace A of V iscalled totally
isotropic if v * w = 0 for all vectors v and w in

A .

The set of all anon-trivial totally isotropic¢ subspaces
of V is partially ordered by inclusion. The geometric
realization of this partially ordered set is a simplicial
complex, which we will call X ; a k-dimensional simplex
of X is a chain of k + 1 totally isotropic subspaces

of V

AO CAl C...CAk .

By Witt's theorem [5], every maximal totally isotropic
subspace of V has dimension n ; hence our complex X

has dimension n - 1 .
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Proposition 1.1. X is homotopy equivalent to a

wedge of (n-1)-~dimensional spheres.

Proof: Let E = <el, ceor en> be the subspace of

V spanned by the vectors e; -

For each k =0, ..., n , define a subcomplex Xk
of X by
Xk = the union of all maximal simplices AjC...C An
such that dim(Anf\ E) >n - k .
= L~) st An .
dim(Anﬂ E) >n-k
Thus X is just the closed star of E , X is

0

X , and we have inclusions

n

XO CXl C...CXr1 .

is a deformation retract of X for

Claim. X X

k-1
l1<k<n-1.

Assuming the claim, we have Xn_l contractible
(since Xg = st E is contractible). X 1 is the
entire complex minus the stars of maximal isotropic
subspaces A~ such that Anfﬁ E =0 . Since for such

An , 1k An<: Xn_1 r by contracting Xn—l to a point we

obtain
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X = \/ susp(lk A ) .
ANE=0 n

(= denotes homotopy equiv-
alence)

But 1k An is just the Tits building for An (since
every subspace of a totally isotropic space is clearly
totally isotropic). Therefore by the Solomon-Tits
theorem [3], 1k An is homotopy equivalent to a wedge

of (n-2)-dimensional spheres.

X = \/;usp(\/én_z) = \/Sn—l ’

and we are done.

So

Proof of claim. We do this in two steps.

Step 1. Let A and A' be two different maximal
isotropic subspaces with dim(A N E) = dim(A'N E) =

n-%k ,(i.e., A, A'C Xk‘\ X ) . Then

k-1

[}
st A () st A CXk—l .

Proof. A simplex o in st A NN st A' 1looks like

g = AO C...ClAs ’

with As CANA' . So to show o0 €X it is suffi-

k-1 "

cient to find a maximal isotropic subspace B with

ANA'cCcB and dim(B E) > n-k+1 (i.e., B cX ) .

k-1
Let r =dim(AN A'N E) . Then r < n - k(*)

since dim(AN E) = n - k
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Let r + s =dim(A N A') . Then ¥ + s < n(*¥%)
since A # A' .
We can find a basis {ul, seer Uy Visoeeay vs}

for A NA' with the u; in E and v not in E .

Since dim(<v s vs>'L NE) >n - s , we can add

1’
n - s - r independent vectors in E to our basis to
obtain a maximal isotropic subspace B containing
ANA' . Then dim(BNE) = (n ~-s -r) +r=n-s .

If r=n-%k , then (**) implies n - s > r ,
SO n~-s >n -k and we are done.

If r <n-%k , we need to estimate s

We notice that the subspace
(ANE) + (A'N E) + (AN AY)

is totally isotropic and hence has dimension < n ; by

counting dimensions we have

(n - k) + (n -k) + (s +r) -2r <n ,

or s < 2k + r - n .

Then n - s >n - (2k + r - n)

2n - 2k - r

2n - 2k - (n - k) = n -k

A\

and we are done.

Step 2. Let A be maximal isotropic with
dim(AN E) =n -k . Then st A[) X 1 is a deforma-

tion retract of st A .
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b

Proof. First note that st a N X, 1 # # , since
E'=ANE#0 . Let A_ be a vertex in st A N Xp_q »
and consider the subspace AS + E' . Clearly
A+ E' caA . In fact, A+ E' g-A , since if
As + E' = A , then there is a k-dimensional. subspace of
As which does not intersect E , contradicting the as-

sumption that AS cC X

k-1 °
We can write As + E' as Ar ® E' , where
A_NECA_NE' =0 . Now dim[(A_ @ EY N E] =
dim(ArL NE) = n-1r . Since dim(Ar ® E') =
r+n-k<n-1, wehave n-r >n -k + 1 , which
implies that A_® E' = A_+ E'C X, _; Nsta.

Now the simplicial maps

AlCA2 C...C_As

l

A. + E'cCcA, +E'"<c...cA + E
1 2 s

El

induce a contraction of st A N X to the vertex E'.

k-1
Since st A is itself contractible, we have

st AN Xk—l is a contractible subcomplex of a contract-

ible complex, so there is a deformation retraction of

st A onto stANX _; -

Combining steps 1 and 2, we see that there is a

retraction of X to X

X k-1 " and we are done. U
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B. Now consider a different filtration of X

14

namely, let

Yi = the union of all closed i-dimensional

simplices of the form A, C...C A,

1 i+l

with dim Aj = 3

Then we have ¢ Cc ¥, C Y, C...c Y = X

0 1 n-1

Lemma 1.2. 1) Hi(Yj) =0 for 1< i< 3j <n-1
2) HO(Yj) > HO(X) is onto for j =0

and an isomorphism for j > 0 .

Proof: This follows from Lemma 1.6 of the book

The Discrete Series Representations of GLn of a Finite

Field, by George Lusztig ([6]), if we use Proposition

1.1 and the Solomon-Tits theorem. O3
Lemma 1.3. The sequence

n—2(Yn—2' Yn—3) T

- H2(Y2, Yl) > Hl(Yl, YO) > HO(YO) - HO(X) +~ 0

0 -+ Hn_l(X) > Hn_l(X, Yn—2) > H

is exact, where the maps are the usual boundary maps 29 .

We give a proof of this lemma (Lemma 1.1 of
Lusztig's book) even though Lusztig omitted it, since it

is not true exactly as Lusztig stated it.

Proof: Associated to the filtration

¢ C Yo C...C Yn—l = X 1is a spectral sequence with
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Bl =W (Y, Y )=>H_ (X
P,q ptq "p’ "p-1 ptq

Since Yp is a p-dimensional complex, Eé q = 0 for
g >0

By Lemma 1.2, E; q =0 for g < 0 also. Since
the sequence converges to H(X) , which is zero except
in degree zero and degree n - 1 the line g = 0 is
exact except at Hn—l(x’ Yn—z) and at HO(YO)

We calculate

coker (3: Hl(Yl, YO) - HO(YO)) = HO(Yl) = HO(X)
and

=H (X .

We now have the exact sequence in

lemma. O

Lemma 1.4. For i
®
AcCcV
dim A = i+l
A totally isotropic

> 2, Hi(Yi, Y

the statement of the

i-1) =

T '
Hi—l( (a))

ker(HO(T(A))* 7)

where T(A) is the Tits building of A .
Also Hl(Yl, YO) = ®
A cCvV
dim A =

2

A totally isotropic
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and HO(YO) = o Z .

<v> CV
v isotropic
Proof: This is a translation of p.1ll, [6] to our
case. D
If we let <T(A) = Hi_l(T(A)) , the exact sequence

of lemma 1.3 becomseas

O-—-*Hn_l(X) — ® 'T(A) — ... — © T(A) —
ACYV A CV
dim A = n dim A = 3
A totally isotropic A totally isotropic
— ® ker(t(A)—»2) — @ Z2—72—0
ACV A CV

dim A = 2 dim A =1 (1)
a totally isotropic A isotropic

0n n(F) acts transitively on this acyclic complex.

2. Proof of the theorem in the case char F = 0

H, (0 (F) ~

(F)) 4is onto for n > 3k + 1 .and an iso-

A. We want to prove that i,:

Hk(O

morphism for n > 3k + 3 . Actually, we will prove

n+l,n+1

that the relative homology groups vanish for n large
enough with respect to k . To do this, we want to

produce a spectral sequence involving these groups.

Notation. Let G denote 0 (F) .
—_— n n,n
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Also, let Ki = ® t1(A) for 2
AcCvV let KO =7 ,
dim A = i

A totally isotropic

K, = ® Z, K, = ® ker(T(A)> Z) and
ACYV ACV
dim A = 1 dim A = 2

A isotropic A totally isotropic

Kn+l = Hn—l(x) . In other words, we denote the acyclic

complex (1) produced in the last section by

0 — K — K —*...—*KO-——ro.

Let EGn be a Gn—free resolution of 72 . We form

the standard double complex Ki ®G EjGn by taking

maps

where 3 1is the differential in the complex K and d
is the differential in EGn

This double complex gives a single complex if we
let

A = @ K., ® E.G

p i+j=p 1 Jn
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with differential ¢ : AP > Ap—l defined by

§ = 18d + +#3 ® 4 .

We can filter this single complex in two different
ways; namely, we take the filtrations of A induced
by the horizontal and vertical filtrations of the double
complex K. ® E.G_ .
i i n
These two filtrations give us two different spectral

sequences both converging to the homology of A . The

vertical filtration gives

el = m (x, ® EG_, 981)
P,.g g P n

which is identically zero since the sequence {Kp} is
exact.

The horizontal filtration gives the spectral

sequence

=
I

Hy(K, ® E,G, 18d)

H (G_; K)
g n p

This spectral sequence must converge to zero since the
vertical one does. We will now calculate the El terms
of this sequence.

Recall that

K = ® T(a) .
dim A = p
A tot. isot.cV
Since Gn acts transitively on p~-dimensional totally

isotropic subspaces of V , this is



HOMOLOGY STABILITY FOR On 0

b

- P
= 216 ] ®Z[stabilizer of] T(FY)
<el,...,ep>

If we denote the stabilizer of <e,, ..., ep> by

1
S , we have
P/
E-  =H (G; K) =H (G; ZI[G.] ® 7 (FP)
Pra g’ n P g n n Z[Sp ol
’

which, by Shapiro's lemma [7] is

— . P
= Hq(Sp’n, T(F))

It is not hard to calculate the stabilizer sub-

21

group Sp n it turns out to be (conjugate to the group

’

of) all matrices of the form

o * *

0 A *

0 o0 o7l
where ¢ 1is any matrix in GLp(F) , A 1is any matrix
in G , and there are conditions on the * terms

n-p

to insure that the whole matrix lies in Gn . (We have

conjugated the quadratic form by the matrix

P
0 In¥p 0 0
in order to simplify writing down the
0 0 0 I
P
0 0 I, 0

matrices; this does not change the homology.)
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We have an obvious inclusion

i: (GL_ %X G ) » S .
p n-p p,n

Proposition 2.1. If n > 3t + 1 , then

i, * H (GLp x Gn—p) > Ht(sp,n) is an isomorphism for

The proposition will be proved in part B. of this
section. It should be noted here, however, that the
proof of the proposition depends on the fact that

char F = 0 .

In our spectral sequence (*) we now have

E =H (GL_ *x G_ _; T(FP))
q g p n-p

if we choose n > 3g + 1 .

Since we are interested in the relative homology
groups, we actually want a "relative" spectral sequence
instead of (*). This is constructed in the following
way.

The inclusion i : Gn > Gn+l induces an equivari-

ant chain map from the complex {Ki} associated to Gn

to the analogous complex {Ki} associated to G _,; -

We form a double complex as follows:
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5

981 ® 3'®1L

G A -
- K,_;®E .G @Kl . ®EG . -

> K ®E G ®K'®E
s t s s-1 t-1'n s t n+

-1n t
3 & i*a' -3 @ i, +o!
v

981 ® 3'®1
SK ®E oK'®E ¢ 21®978l '
s BB ), OK BB 160 Ko 1 @B 50, OK 1 ®E 1641 7

In this double complex, the columns are just the map-

ping cones of the chain maps

1 . '
i, : Ky ® E,G —K! ® E,G .,

As before, we see that the horizontal filatration gives
a spectral sequence which is identically zero since the
sequences {Ki} and {Ki} are exact. The vertical

filtration gives a spectral sequence with

** — 1
(*%) Es,t Ht (mapping cone of

o :
i, : K, @ E,G » K. @ E,G__.)

which must also converge to zero.

We know from computing the terms of the spectral

sequence (*) that

T(F?) ® E

and
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are homology equivalences, so in (**),

1 .
Es,t = Ht (mapping cone of
. s s
i, t(F7) ®© E*Ss,n + 1(F7) @ E*Ss,n+l)
= H (S s T(F%))
T Tt'Us,n+l’ Ys,n

which, by Proposition 2.1 is

G ) - T(F%))

- Ht(GLs % (Gn+l—s’ n-s’

If n> 3k +1
We now have our relative spectral sequence, and
will prove the theorem by induction on k . That is,

we will assume that for g <k -1 and n > 3g + 1,

H (G

g n+l’ Gn) =0

Using the universal coefficient theorem and the

Kunneth formula, we calculate

S
Ht(GLS X(Gn+l—s’ Gn—s)’ T(F7))
= ® yirL) eH (g G ) & t(F5)
p+q=t p S q n+l-S’ n-s
(4] S
® Lig=t-1 TOr(H (GLL), H (G y_ v Gy J)) 8 T(F)
(4] [
® Tor(p+q=t—l HP(GLS) ® Hq(Gn+l_S, Gn_s), T(F7))
<] s
® Tor(p+q=t_2 Tor(Hp(GLS),Hq(Gn+l_S,Gn_s)),T(F )) .

By our induction assumption, all the terms

Hq(Gn+l—s’ G,.g) vanish for g <k - 1 and

n-s>3g+ 1. If we assume now that n > 3k

, 1t is

easily seen that
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G ) ; t(F%)) =0

B = Ht(GLs ><(Gn+l—s’ n-s

for t =0, ..., k-1 and s < k+1 -+t

1 -
Eo,x = H(CGpyrr Gpi %)
and
1 _ = . .
El’k-—Hk(GLl X (Gn, Gn_l) ; Z) —HO(GLl; Z) @Hk(Gn, Gn_l, Z)
=Hk(Gn’ Gn—l’ z)
since HO(GLl; z)=2/{n(g - 1) : ne?Z, gezGLl} =7

Now the El level of the spectral sequence looks

like
dl
— G * *
k Hk(Gn+l’ G,) Hk(Gn' n—l)+—— h
k-1 0 ~— 0 0 %
* *
* *
1 0 *
0 0 0 0 0 0
0 1 2 . k k+1
Since El 0 for s = 2 . k + 1 the
s, k-(s-1) ! ! !
. . S s
differentials ds : Es,k—(s—l) > EO,k are zero. Thus
oo [ LS _ .
EO,k = EO,k ima . But we know EO,k = (0 since the

1
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spectral sequence converges to zero, so we must have

1 . .
EO,k = 1im dl ;, 1.e. the map

d, : H (G, G H, (G

1 x (Gnr Gpon) = Hy G,)

ntl’ n
is onto for n > 3k

We now consider the following diagram

Hk(Gn’ Gn—l)_—*Hk—l(Gn—l)—_>Hk—l(Gn)——+Hk—l n’ n—l)

*
n+1’ Cn k-1 (G —H _, (6

}

0

H (G

. )—H__ (G )

n+l n+l’ "n

Our induction assumption implies Hk—l(Gn+l’ Gn) =
Hk_l(Gn, Gn—l) = 0 (since we assumed that n > 3k).
Thus i, 1is surjective. A diagram chase shows that
i, is also injective.

We can then construct the diagram

B Gy = B (Gpyyr Gp) == 8 (6) ——H, (G ,y)
4
»
Jx
Hk(Gn+2)__*Hk(Gn+2’ Gn+l)_—>Hk—l(Gn+l) ~ Hk—l(Gn+2)
»

where i, and Jj, are both isomorphisms. Another

diagram chase shows that Hk(Gn G ) = 0(n > 3k)

+2' Tntl
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Thus we have shown that Hk(G Gn) = 0 for

n+l’
n > 3k + 1 , completing the induction step. Note that
we needed only n > 3k = 3(k - 1) + 3 to prove that

i, @ Hk_l(Gn) > Hk—l(Gn+l) is an isomorphism; if we

repeat the argument for k+ 1 instead of k , we

see that

« ¢t H(G) > H (G )

k' n+l

is an isomorphism for n > 3k + 3 O

B. We will now prove Proposition 2.1. Actually,
we will prove a stronger statement than what we need,

namely

Proposition 2.2. Let F be a field of character-

istic zero and Sp n and Gn as above. Then for all
1

P, n and t ,

i, : Ht(GLPXGn_p) > Ht(sp,n)

is an isomorphism.

This proposition depends on the fact that
char F = 0 . It is not true, for example, for a finite
field, since then the groups involved are finite groups,
and a map inducing an isomorphism on the homology of
two finite groups is itself an isomorphism [2].

If we can prove this proposition for homology with
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coefficients in any algebraically closed field k , it
will be true for homology with coefficients in 7 by

the following standard argument.

Lemma 2.3. If H,(A; k) = 0 for anyalgebraically

closed field k , then H,(A; Z) =0 .

Proof: Suppose char k = 0 . The universal coef-

ficient theorem gives

H,(A; k) = H,(A; Q) ®, k & Tor(H,(A; Q), k)

Q

The torsion term is zero since k is a free Q-module.
Thus H,(A; k) = 0 , if and only if H_(A; Q) =0

If char k = p , we have

~

He(A; k) = H,(A; A/p) @,k & Tor(H,(A; 2/p), k)

Z

Here, too, H,(A; k) = 0 implies that H,(A; Z/p) = 0
Now consider the Bockstein homology sequence for

the short exact sequence
0-+2~>Q~0Q/2Z -~ 0
which is

oo H (A7 Q/2) > H__ (A7 2) > H _;(A; Q) »...

Since H__;(A; Q) = 0 , we have Hn(A;Q/Z) =H (A; Z).

n-1

Now Q/Z 1is a torsion group; it is the direct limit

. n
Q/Z2 = 1lim_Z/p .
n,p
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Since homology commutes with direct limits, we need
only show that H_(A; Z/pn) = 0 for all p and n

To do this, we consider the short exact sequence
n
0~ 2Z2/p~> 2/p + 0

which gives the homology sequence

- Hi+l(z/pn-l) + H. (2/p) ">Hi(Z/pn) +Hi(Z/pn"l) > ..

By induction we may assume H*(Z/pn_l) = H,(Z/p) =0 ,

which implies H*(Z/pn) =0 .0

Corollary . If w : X » ¥ induces an isomorphism
wge : Hy(X; k) » H (Y; k) on homology with coefficients
in any algebraically closed field k , then

w, = H(X; 2) » H, (Y; Z) is an isomorphism.

Proof: In Lemma 2.3, let A be the mapping cone

of w .0

Thus we may assume that we have coefficients in
an algebraically closed field k .
Consider the short exact sequence of subgroups of

Gn consisting of matrices of the form

29
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where A € G and o &GL ; i1.e. this is
n-p b

l N> S - GL_ x G - 1
P, P n-p

where Sp,n and Gn—p are the groups defined in 2A.,
and N 1is the kernel of the projection
S » GL_ x G
p,n p n-p
This short exact sequence gives a first quadrant
spectral sequence (the Lyndon-Hochschild-Serre spectral

sequence, [4]) with

2 _ .
Eg ¢ = HS(GLp X G _p H () = Hs+t(Sp,n)

We will examine this spectral sequence in the following
two cases.

Case 1. char F = 0 and char k = 2 (so & 1is
invertible in F).

We can calculate the homology Ht(N) by looking

at the short exact sequence
1> [N, N] » N > N/[N, N] >~ 1 (1)

A short calculation shows that N 1is the set of

matrices of the form
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where a and b are any p X (n~-p) matrices and c
is a p x p matrix such that =-(c + tc) = a'p + bta
The inverse of X is
1 -a -b ‘¢
N o 1 o %
X = £
0 0 1 a
0 0 0 1
and the commutators XYX"lY_l are matrices of the form
1 0o o d-%g
0 1 0 0
0 0 1 0
0 0 0 1
where d 1s any p X p matrix. Thus the commutator
subgroup [N, N] is isomorphic to the additive abelian

group of p x p skew-symmetric matrices over F , and
N/[N, N] is isomorphic to the additive abelian group
of p x 2(n-p) matrices over F

The sequence (1) gives a spectral sequence with
E = HP(N/[N' NJ; Hq([N, N])) (2)

converging to the homology of N
We have the following formula for the homology
H, (G; k) of an abelian group G with coefficients

in a field k . Let £ = char k and let 2G be the

31
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subgroup of elements of G annihilated by 2 1if
L >0 ; if 2 = 0 , set 0G = 0 . Let A(V) and
I'(V) Dbe the exterior and divided power algebras res-

pectively of a k-vector space V

Lemma 2.4. A(G 8, k) 8, P(QG 8, k) = H,(G; k)
Proof: [;].[3
Since & 1is invertible in F and [N, N] 1is

abelian, we can compute

Hq([N, Nl; k) = zo for gq > 0
k for g =20

Thus in the spectral sequence (2) we have E; q =0

for g > 0 and E2 = Hp(N/[N, N]; k) .But N/[N, N]
14

p.0

is also abelian; we can compute

HP(N/[N, N]; k) = 0 for g >0

k for g =20

Therefore the entire spectral sequence is zero except

2
that EO,O = k . Thus

H, (N; k) = [o for g > 0

k for g=20

We now return to the spectral sequence associated

to the short exact sequence 1-+N-—>S >GL %G > 1
p,n p n-p

By the above, we now have
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Since this spectral sequence converges to the homology

of S , we have

H (GL_ x G ) .= H (S ) for all s

Case 2. char F = char k = 0
Since <char F = 0 , there is an imbedding of the
rational numbers Q into F . We identify an element

d €Q* with the matrix

in GLp xGn—p , where (d) 1is the p :x p diagonal
matrix with (d)ii = d . We can then define an action
of Q* on Sp n by 4 . A= D—lAD . We will try to

identify the induced action of Q* on the spectral

sequence with

E = H_(GL_ x Gn—p; Ht(N)) 2 H ( ) . (3)

s+t Sp,n

The action of Q* on GLp X Gn—p is trivial since

[

¥ is commutative.
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The action of Q* on H (N) is more complicated.
To identify it we again look at the short exact segquence
(1) and the resulting spectral sequence (2) with

= ’ ; y = H N
B, g Hp(N/[N N] Hq([N N1)) p+q( )

A short computation shows that Q* acts on [N, N] as

multiplication by d2 and on N/[N, N] as multiplica-

tion by d . Note that [N, N] is in the center of N ,
so the action of [N, N] on H, ([N, N]) induced by con-
jugation is trivial.

By the universal coefficient theorem, we have

(the torsion is zero since we have coefficients in a
field).
By the formula for the homology of an abelian

group (Lemma 2.4), this is equal to

AP (v/IN, NI e, k) @ A%([N, N] 8, k)

Thus d € Q* acts on the E; q term as multiplication

14

by SLA! . The action commutes with the differentials,

so the action on E: q is multiplication by dp+2q

r

Thus on the filtration of Ht(N) we have d acting as

multiplication by the following powers of d
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b

CHo,e ) Hre-1 ) vy Heor,n ) e, 07T
! d2t j d2t—l J L. j dt+l / dt }
(here Ef v = Hy e-1/Hi1, e-i41)

Returning to the spectral sequence (3), we note
that the action of Q* on Ei,t is just the action on
Ht(N) , since the action on GLp X Gn-p is trivial.

The action again commutes with the differentials, so

the action on E: £ is the same as the action on
14
Ei £ i.e. the action on Ht(N) . Thus in the filtra-
’

tion of H (S ) with
r “p,n

14

we have d € Q* acting by multiplication by the follow-

ing powers of 4

g?(r-kly ) gTRRLY 4Tk

\

|

|
IHOIr L. - \ Hk,r-—k
] Ji )

Since a" #1 for d#1 or -1 and m > 0 , the

action of Q* on H is not trivial unless
k,r-k
r - k=0 . However, we know that the action of Q* on

H (S ) = H is trivial since Q* acts on S
r p,h r,0 p:n
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by inner automorphism. Therefore we must have

[eed

Hk,r—k =0 for r - k > 0 , which means Es,t = 0 for
t >0 and E. = H (S ) . Since this is a first
s,0 s "p.,n
quadrant spectral sequence, the map E: 0~ Ei 0 is
r 1

injective, i.e.

T
1 - Hs(sp'n) —_ HS(GLp X Gn_p)

But this map splits, so w, 1is also onto, i.e.

e ¢ H(S, ) = H(GL, x G _)

Remark. (The symplectic case). If instead of
(g é) we take the form (_OI 3 , we get the symplectic
group Sp2n instead of On,n . This proof works for

the symplectic group, i.e. the homology stabilizes for
n >3k + 1 . In this case the simplicial complex of
flags of totally isotropic subspaces is the building
associated to szn , and since the Weyl group can be
shown to be a finite euclidean reflection group, this
building is homotopy equivalent to a wedge of spheres
[31. The proof in section 1 also shows that the build-
ing is a wedge cf spheres. The stabilizer of the sub-

space <e ep> has exactly the same form as in

l, o e oy

the On n case; namely it consists of matrices of the

form



HOMOLOGY STABILITY FOR 0n n

The kernel of

where o € GLp(F) and A € Sp2(n—p)
the projection
o * * o 0 0
o} A * —_ |0 A 0
0 o %7t 0 o 7t
I a b C
p
is all matrices of the form 0 In—p 0 tb , and
0 0 I —ta
n-p
0 0 0 I

the commutator subgroup [N, N] is the matrices

I 0 0 X
p
0 I.- 0 0
P , Where x 1is any p X p matrix,
0 0 I 0
n-p

0 0 0 I

p

so [N, N] = the additive abelian group of p X p ma-
trices and N/[N, N] = the additive abelian group of

p ¥ 2{n-p) matrices. The action of Q* on these
groups is the same as in the On o case, and the rest

4

of the proof is identical.

This paper was part of the author's doctoral dis-

sertation at the University of California, Berkeley.
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