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ABSTRACT

The groups Aut(F) and Out(F;) satisfy strictly exponential isoperimetric inequalities; in particular,
they are not automatic. For # > 3, Aut(¥,) and Out(F,) do not admit bounded bicombings of sub-
exponential length, hence they cannot act properly and cocompactly by isometries on any simply-
connected space of non-positive curvature, and they are not biautomatic.

0. Introduction

From a geometric viewpoint, a natural way to think of a finitely generated group
G is as the vertex set of the Cayley graph I' associated to a choice of finite generating
set for G. One metrizes each edge of the Cayley graph to have length 1, and gives G
the induced metric. A normal form for elements in G, relative to the given generating
set, can then be thought of as a choice of an edge-path from the identity to each vertex
of I'; when viewed in this way, such a normal form is called a combing of G.

In his work on the fundamental groups of hyperbolic surfaces, Max Dehn [5]
showed how paths in the Cayley graph of a group can be used to study the algebraic
structure of the group; in particular, he bounded the complexity of the word problem
in surface groups by a linear isoperimetric inequality (as defined in Section 1 below).
The introduction of word-hyperbolic groups [9] and automatic groups [6] has again
focused attention on this geometric approach to group theory, and in particular on
the idea that one can often deduce much about the structure of a group if one can
obtain non-trivial bounds on the isoperimetric function and the types of combing
which the group admits.

In this article we shall be concerned with the groups Aut(F,) and Out(F,), the
automorphism and outer automorphism groups of finitely generated free groups.
Hatcher and Vogtmann [10], and independently Gersten (unpublished), have shown
that (for all n) Aut(F,) and Out(F),) satisfy an exponential isoperimetric inequality.
For n = 2 it is known that Aut (F,) satisfies a quadratic isoperimetric inequality (and
this is best possible), and Out (F) satisfies a linear isoperimetric inequality. Our first
result shows that the inequality of [10] is sharp for the generality in which it is stated.

THEOREM A. Aut(F) and Out(F,) satisfy a strictly exponential isoperimetric
inequality.

COROLLARY B. Aut (E) and Out (F;) do not admit bounded combings whose length
is sub-exponential. In particular, they are neither automatic nor semihyperbolic.
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Corollary B forms the base step of an inductive process which we use to obtain
the following restrictions on the types of combing which Aut (F,) and Out (E,) admit,
for all n. The inductive step in our argument involves an analysis of certain
centralizers in Aut(F,) and Out(F).

THEOREM C. If'n = 3, then Aut (F,) and Out (F,) do not admit bounded bicombings
of sub-exponential length.

This theorem leads to the following restrictions on the algorithmic structure of
Aut(F,) and Out(£,), and on their isometric actions.

CoROLLARY D. If n>3, then Aut(F,) and Out(F,) are not semihyperbolic. In
particular, Aut (F,) and Out (F,) do not act properly and cocompactly by isometries on
any simply-connected geodesic metric space of non-positive curvature, and they are not
biautomatic.

Here, we mean semihyperbolic in the sense of [2] and non-positive curvature in the
sense of Gromov’s CAT(0) inequality [9]. The definition of automatic and biautomatic
groups can be found in [6]. Gersten [8] had previously used different techniques to
show that Aut(F,) (n > 3) and Out(E,) (n = 4) do not act properly and cocompactly
on any simply-connected geodesic metric space of non-positive curvature.

Parallels are often drawn between the properties of Aut(F,) and Out(E,), on the
one hand, and the general linear groups GL,(Z) and the mapping class groups of
hyperbolic surfaces, on the other. In this vein, we note that (in unpublished work)
Thurston has proved that GL,(Z) satisfies a quadratic isoperimetric inequality when
n > 4. However, these groups are not semihyperbolic, because they contain nilpotent
subgroups which are not virtually abelian. The case n = 3 is rather different: it is
shown in Chapter 10 of [6] that GL,(Z) satisfies a strictly exponential isoperimetric
inequality. We use this fact and the natural map from Aut(F) onto GL4(Z) to
establish the lower bound required for Theorem A.

Recently, Lee Mosher has proved that the mapping class groups of all hyperbolic
surfaces of finite type are automatic [12]. In particular, this implies that they satisfy
a quadratic isoperimetric inequality. On the other hand, by considering the structure
of centralizers in the group, one can show that the mapping class group of a surface
of genus at least 3 (or 2, if the surface is not closed) does not act properly and
cocompactly on a simply-connected space of non-positive curvature (see [11] or [4]).
It remains unknown whether these mappings class groups are biautomatic.

This paper is organized as follows. In Section 1 we recall the definition of an
isoperimetric inequality and prove Theorem A. In Section 2 we gather a number of
lemmas concerning combings. In Section 3 we prove Theorem C by examining the
structure of certain centralizers in Aut(F,) and Out(F).

The second author thanks Christophe Pittet for many useful conversations about
isoperimetric inequalities.

1. Isoperimetric inequalities in rank three

Let us recall the definition of an isoperimetric inequality for a finitely presented
group, as introduced in [9]. Given a finite presentation {&/|Z%) for a group G, a
reduced word w in the free group F(&/) represents the identity in G if and only if w
can be expressed in F(</) as a product of conjugates of elements of #. Isoperimetric
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inequalities give bounds on the number of factors required for a minimal such
expression, and hence on the complexity of the word problem in G; the bounds are
given as a function of word length |w|.

For example, G is said to satisfy a linear isoperimetric inequality if there exist
constants «, f such that every weker (F(«/) - G) can be expressed in F(</) as the
product of at most a|w|+ f conjugates of elements of #Z. One can show that this
definition (but not the constants a and f) is independent of the finite presentation
chosen [1]. Similarly, one says that G satisfies an exponential (respectively quadratic,
sub-exponential, etc.) isoperimetric inequality, if there is an exponential (respectively
quadratic, sub-exponential, etc.) function of |w| which bounds the number of factors
in a minimal expression showing that weker (F(«/) — G). A group is said to satisfy
a strictly exponential isoperimetric inequality if it satisfies an exponential
isoperimetric inequality but does not satisfy a sub-exponential isoperimetric
inequality. (A function f: R, - R, is said to be sub-exponential if f(x)/k* —0 as
x — oo for every k > 1.)

We think of a choice of generators for a group G as an abstract set &/ together
with a map u: &/ — G which induces a surjection u, : F(«/) — G from the free group
on &/ onto G. If p: G- Q is a group epimorphism, the induced choice of generators
for Q then consists of the same set «/ together with the map pou. A presentation
(AR = (| R ,consists of a choice of generators u: o/ — G together with a subset
R < ker (u,) whose normal closure is the whole of ker (u,). There is a presentation
of Q of the form (A |R') = A | R },.,, With # = X’

Proof of Theorem A. The fact that Aut(F) and Out () satisfy an exponential
isoperimetric inequality is proved in [10]. We prove here that this inequality is
optimal. According to [1], we may work with any finite presentation {&/|%), for
Aut(F) (respectively Out(F)). For our chosen presentation, we must exhibit a
sequence of words w, whose length grows linearly with n, but whose ‘area’ grows
faster than any sub-exponential function f: N — N, in the sense that any expression
for w, as a product of conjugates of elements of % requires more than f(n) terms
for n large. ‘

We fix a 3-element set {x,, x,, X,} and regard Aut (%) and Out (F) as, respectively,
the automorphism and outer automorphism group of the free group on this set. We
identify GL,(Z) with the automorphism group of the free abelian group on this set.
Thus we have natural epimorphisms Aut (%) - Out () » GL,(Z).

We consider the automorphisms 4, B and T of E given by the following.

A:x, —x, B: x,—x, T: x,—x3x,
XgbF— X, XX, XgF—— X1 Xy
Xgh— X1 X3 X X3 X,y XghF—— X3

We choose generators u: o/ — Aut(F), where &/ is required to contain elements
a,b,t with u(a) = A, u(b) = B and u(f) = T. We then take the induced choice of
generators for Out (£) and GL,(Z). Let &, ,, © Zoy = gy, be finite sets of F(/) whose
normal closures are ker (F(«/)—» Aut(F)), ker (F(«/)—> Out(F)) and ker (F(</)—»
GL,(2Z)), respectively.

Consider the words

w, = t"at"bt"a 't b
in F(&/). In [7] Gersten shows that if f: N — N is any sub-exponential function, then
for sufficiently large n any expression for w,, as a product of conjugates of relators for
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the (finitely presented) subgroup of GL,(Z) generated by a, b and ¢ requires more than
fin) terms. The argument of [6, 10.4] shows that this remains true even if one is
allowed to use any relators from £, and thus that the isoperimetric function for
GL,(Z) is at least exponential.

We now observe that with our specific choice of 4, B and 7, the words w,
actually lie in the kernel of the map F(&/)— Aut(F;). Since we have arranged that
R © Row © Ry, < F(A), this shows that the isoperimetric functions for Aut(F))
and Out(F,) are at least exponential, as was to be shown.

2. Combings and quasiconvex subgroups

Let u: o/ - G be a choice of finite generating set for the group G. Let /!
be a set of formal inverses for o/, and let u*: (& U o/ 1)* » G be the map which
u: & — G induces on the free monoid (& U o/~1)*. We shall use the symbol [w| to
denote the length of a word we(of U &/ 1)*. We view G as a metric space with the
word-metric associated to u, that is,

d(g, h) = inf{|w||u*(w) = g7'h}.

We identify each word we (& U &/ ~1)* with the discrete, eventually constant path
D, N — G defined by p,(f) = u*(w,), where w, is the prefix of length 7 in w. It is
convenient to adopt the notation w(#) :=p,(?). It is also convenient to assume that
there is an element ag,€ &/ such that u(a,) = 1€G; this ensures that a discrete,
eventually constant path p: N — G is equal to p,, for some we (& U &/ 1)* if and only
if p(0) =1 and d(p(®),p(t+1)) < 1 for all reN.

DEFINITION 2.1. A combing of G is a map ¢: G - (& U &/ 1)* such that yoo =
id,. Such a map may be thought of as a choice, for each ge G, of an edge-path g, in
the Cayley graph I' = T'(G) from 1 to g. A combing is (synchronously) bounded if
there is a constant C such that the combing paths to adjacent vertices g, and g, in "
are within a distance C of each other at each time ¢, that is, d(g, (), 0, (1) < Cfor all
teN. Under translation by the left-action of the group G, a combing gives an edge-
path between any two vertices of I'; when thought of in this way, the combing is
called a bicombing. A bicombing is bounded if, given any two pairs of adjacent vertices
of I', any two bicombing paths from elements of the first pair to elements of the
second are within a bounded distance at each time ¢, that is, there is a constant C such
that whenever d(g;,g,) < 1 and d(h;, h,) < 1, we have d(g,0, hj(t),gk 0,1, () < C for
all ¢.

The length of a combing ¢ is a function L,: N — N which bounds the lengths of
the combing lines in terms of the lengths of geodesics. Specifically, L, is defined by

L () = max{lo,||d(1,g) < n}.

One says that ¢ has sub-exponential length if L, is a sub-exponential function.

It is easy to check that if G admits a bounded bicombing of sub-exponential length
with respect to one choice of finite generating set, then it admits such a bicombing
with respect to any other choice of finite generating set.

A well-known diagrammatic argument provides the following link between
(bi)combings and isoperimetric inequalities. We sketch the proof here; a detailed
proof can be found, for example, in [3, 5.1].
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LEMMA 2.2.  If a group G admits a bounded combing of sub-exponential length, then
G is finitely presented and satisfies a sub-exponential isoperimetric inequality.

Sketch of Proof. The idea is to construct a van Kampen diagram for a word of
length k which represents the identity in G as follows. The word is represented by a
loop in the Cayley graph starting at 1. From each vertex g of this loop, draw the
combing line from 1 to g (see figure).

as

1

van Kampen diagram for w = a,...a,

Since the combing is bounded, the area between combing lines to adjacent vertices
can be filled by relators of length at most 2C+2, where C is the bound on the width
of the combing. Since the length of the combing lines is bounded by a sub-exponential
function f{(k), the entire disk can be filled by a sub-exponential number kf{(k) of these
relators.

Combining this with Theorem A, we obtain the following.

COROLLARY B. Aut(F) and Out (k) do not admit bounded combings whose length
is sub-exponential. In particular, they are neither automatic nor semihyperbolic.

DEerINITION 2.3. A subgroup H < G is said to be quasiconvex with respect to a
bounded bicombing o: G — («f U ./ ~1)* if there exists a constant C > 0 such that for
every he H, the image of the path in G determined by the word o, is entirely contained
in the C-neighbourhood of H.

Quasiconvex subgroups play an important role in the study of bicombings for two
reasons. First, a subgroup which is quasiconvex with respect to a given bicombing o
inherits a bicombing with much the same geometry as that of o. Secondly, many
subgroups, in particular centralizers of finite sets of elements, are quasiconvex with
respect to arbitrary bounded bicombings of the ambient group (see [13] and [2]).

LeEMMA 2.4. If G admits a bounded bicombing o: G — (4 U 4™ )*, and H < G is
quasiconvex with respect to a, then there is a choice of finite generating set v: % — H and
a bounded bicombing t: H —(# U #B7')* whose length satisfies L (n) < L (Kn) for some
constant K > 0.
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Proof. Let the constant C be as in the definition of quasiconvexity. It is
straightforward to check that the set & = {he H|d(1,h) < 2C+ 1} generates H (see
[13] or [2]). In other words, the inclusion v: £ <, H is a choice of generators for H.
To avoid confusion, we write d,, for the word-metric on H associated to this
choice of generators, and write d, for the given word-metric on G. Notice that
dy(h,h") < Kdy(h, ") for all h,h’ e H, where K = 2C+1.

In order to define the desired bicombing 7: H — (% U #7Y)*, for all he H and all
positive integers ¢ < |o,| we choose a point p"(f) e H which is closest to ¢,(¢). Such a
choice yields a discrete, eventually constant path p": N — H which begins at the
identity, ends at A, and has the property that d,(p"(¢),p"(t+1)) <1 for all reN.
As we noted above (since 1€4%), each such path in H is determined by a word
7,€(# U Z1)*. Thus we obtain an assignment of words A+ 7, which is a bounded
bicombing with |z,| = |g,| for all he H. Since d (h,h") < Kd,(h, k') for all h, W € H, we
have that L (n) < L (Kn).

Combining Lemma 2.4 with the fact that the centralizer of an element in a finitely
generated group is quasiconvex with respect to an arbitrary bounded bicombing (see
[13] or [2]), we obtain the following.

COROLLARY 2.5. If a finitely generated group G admits a bounded bicombing of
sub-exponential length, then the centralizer of every element in G admits a bounded
bicombing of sub-exponential length.

We need one final fact concerning bicombings. Recall that a subgroup H < G is
said to be a retract if there is a homomorphism n: G — H such that z|, = id,,.

LeMMA 2.6. If G admits a bounded bicombing of sub-exponential length, and H is
a retract of G, then H admits a bounded bicombing of sub-exponential length.

Proof. Given any choice of finite generating set u: &/ — G for G, if one gives H
the induced choice of generators nu: o/ — H, then with respect to the corresponding
word-metrics, 7 is (weakly) distance decreasing and restricts to an isometry on H.
Thus if ¢ is the given bicombing of G, then the assignment ¢”: A+ g, is a bounded
bicombing of H with respect to the generators nu: &/ — H, and L x» < L.

3. Centralizers and retractions

It follows from Lemma 2.6 and Corollary 2.5 that the class of finitely generated
groups which admit a bounded bicombing of sub-exponential length is closed under
passage to retracts and centralizers. In order to apply this to the groups Aut(£,) and
Out (F,), we consider the centralizer of a particular automorphism of F,.

We first fix some notation to be used throughout this section. Let {x,,...,x,} be
a basis for F,, and identify F,_, with the subgroup of F, generated by {x,, ..., x,_,}. Let
A = Aut(F,_,) denote the subgroup of Aut(F,) consisting of automorphisms which
fix x, and send F,_, to itself, and let F~ F,_, denote the subgroup of Aut(F,)
consisting of automorphisms which fix F,_, and send x,, to wx, w™, for some weF,_,.
Finally, let I be the automorphism which fixes F,_; and sends x,, to its inverse x;?, let
Fix(I) = {weE,| I(w) = w} and set Flip(I) = {weE,| [(w) = w™'}.
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LemMma 3.1. Fix(I) = E,_, and Flip (1) is equal to the set of reduced words in E, of
the form I(u)™ xX*u or I(u)™ u, where uckF,.

Proof. The fact that Fix(I) = F,_, is clear.

Suppose weFlip(Z). If w has odd word length, write w as a reduced word
vxFlu, with |u| = |v|. Since I preserves word length, the equation I(w) = w™* forces
I(v) = u'and I(x,) = x;*, sov = ()™ and i = n. If w has even word length, write w
as a reduced word vu with |u| = |v]; again we obtain v = I(u)™". Since any word of this
form is in Flip (/), we are done.

PROPOSITION 3.2. The centralizer C(I) of I in Aut(F,) is equal to {I) x (F>A).
The natural map from Aut (F,) to Out(F,) maps C(I) onto the centralizer of the image
of I in Out (F,).

Proof. 1t is easy to check that the subgroups F, 4 and (/) are in the
centralizer C(I). These subgroups together generate a subgroup of Aut(F,) of the
form Z, x (F>< A), which we claim is all of the centralizer.

Let ¢ be any automorphism which commutes with 1. Applying ¢/ and I¢ to x,,
for i < n, we see that ¢(x,) = I$(x,), that is, ¢(x,) is in the fixed subgroup F,_, of I. The
same computation with x, shows that ¢(x,) is in Flip (/). Since ¢(x,) is the only
element of the basis {¢(x,)} which is not in F,_,, the letter x,, must occur exactly once
in the reduced word for ¢(x,); therefore, by Lemma 3.1, ¢(x,) = u*xF'u for some
ueF, ,. Thus ¢ is in the subgroup Z, x (F>xA4) described above, and the claim is
proved.

It remains to show that C(I) maps onto the centralizer of the image of I in
Out (£,), that is, an automorphism which commutes with 7 up to inner automorphism
is an element of C(/) composed with an inner automorphism. Let ¢ be such an
automorphism, so ¢ /@I = 1,,, where 7,, denotes the inner automorphism x> w™xw.
Since I has order two, so does ¢ 'I¢p =1, 1. Applying 1, I twice to x,, for i<n—1,
we see that x, = (1, 1)%x;, = (I(W) w)'x,(I(w)w), so I(w)w commutes with x, for all
i<n—1. Since n—1 > 2, this implies that I(w)w = 1, that is, we Flip (7). Hence,
by Lemma 3.1, w = I(w) *x'u or w = I(u)'u, according to whether w has odd or
even length. Let y = ¢1,,. Then

y iyl =1 (¢7 )1, 1
= 1,101,011, 1
=Lyt ly b
= Lawy wa™-

If w has even length, then I(u) wu™ = 1, so the preceding calculation shows that
v is an element of the centralizer of I, and we are done.

If w has odd length, then I(u) wu™ = x:*; however, we claim that in fact there is
no automorphism w such that y Iyl is conjugation by x,, (or its inverse). Suppose,
to the contrary, that y/ = Iy, . Applying both sides to x,, we see that y(x,)e
Flip(I), so that w(x,) = I(u)*x,u or w(x,) = I(u)'u for some ueF,. Since y(x,)
is primitive, the vector of its exponent sums is unimodular in Z”; since the exponent
sum of x, is zero for i < n, the exponent sum of x, must be +1. We may assume
that the exponent sum is 1, replacing x, by x;' if necessary, so w(x,) = I(u)'x, u.
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Applying Iyl = y1, to (x,)™ for any m, we obtain

Ty(x)™ = w(x,) w(x) " w(x,)
= ux; Iy (x)™ l(u)'x, u.

Choose m large enough so that y(x,)™ has word length longer than y(x,). Since
I preserves word length, there must be exactly |yw(x,)| cancellations on the right-hand
side of the equation. Therefore exactly one of the x,, in the above expression cancels.
If only the second one cancels, then y(x,)™ cannot begin with the reduced string
I(u)x,. Now apply I to both sides of the equation to see that y(x,)™ does begin
with the reduced string I(u)'x,, giving the necessary contradiction. If only the first x,,
cancels, we obtain a similar contradiction.

The following proposition completes the proof of Theorem C, since we already
know (Corollary B) that Aut(F) and Out (%) are not in the class of groups which
admit bounded bicombings of sub-exponential length.

PrROPOSITION 3.3. Let % be a class of groups which is closed under passage to
retracts and centralizers. If for some n =3, Aut(F)e¥9 or Out(F)e¥, then
Aut(F,)e% for allm < n.

Proof. The case Aut(F,)e¥ follows from Proposition 3.2, since 4 = Aut(F,_,)
is clearly a retract of the centralizer C(J) = Z, x (F>< A4).

We now consider the case Out(F,)e%. Let n: Aut(F,) - Out(F,) be the natural
map. By Proposition 3.2, the centralizer C(n(J)) is equal to n(C(I)). The projection
n sends the subgroup A4 isomorphically onto its image n(4). Define a retraction
S n(C(I)) - n(A) by fin(t, w, $)) = n(1,, $). This map is well-defined, since 7(z, w, ¢) =
n(s,u, ) if and only if s =1t and, for some veF, ,, w=uv and ¢ =1,y. Thus
n(A) = Aut(F,_,) is a retract of n(C(I)) = C(n(I)), concluding the proof of the
proposition.

Finally, we remark that the techniques in this paper also apply to the group
GL,(Z). Let J be the automorphism of Z" which fixes the first n—1 basis vectors
e, ...,e,_, and sends e, to —e,. The centralizer C(J) of J in GL,(Z) is isomorphic to
Z,x GL,_,(Z). Since GL,(Z) satisfies a strictly exponential isoperimetric inequality,
we have the following.

PROPOSITION 3.4.  GL,(Z) does not admit a bounded bicombing of sub-exponential
length for any n > 3.
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