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@arsq‘bs Vd dwoknqd sgd dwhrsdmbd ne gnlnlnqoghrlr adsvddm ntsdq
]tsnlnqoghrl fqntor ne eqdd fqntor Nts(Em(→ Nts(El(- Vd oqnud sg]s he m / 7 hr
dudm ]mc m + l ≤ 1m+ nq m hr ncc ]mc m + l ≤ 1m − 1+ sgdm ]kk rtbg gnln,
lnqoghrlr g]ud “mhsd hl]fd: hm e]bs sgdx e]bsnq sgqntfg cds ] Nts(Em( → R<1-
Hm bnmsq]rs+ he l + qm(m − 0( + 0 vhsg q bnoqhld sn (m − 0(+ sgdm sgdqd dwhrsr ]m
dladcchmf Nts(Em( → Nts(El(- Hm nqcdq sn oqnud sghr k]rs rs]sdldms+ vd cdsdqlhmd
vgdm sgd ]bshnm ne Nts(Em( ax gnlnsnox dpthu]kdmbdr nm ] fq]og ne fdmtr m b]m ad
khesdc sn ]m ]bshnm nm ] mnql]k bnudqhmf vhsg ]adkh]m F]knhr fqnto-

L‘sgdl‘shbr Rtaidbs Bk‘rrh›b‘shnm ’1///( 1/E54 � 1/E17 � 42B13 � 46R14

0 Hmsqnctbshnm

Sgd bnmsdlonq]qx rstcx ne l]oohmf bk]rr fqntor ]mc ntsdq ]tsnlnqoghrl fqntor ne
eqdd fqntor hr gd]uhkx hmfitdmbdc ax sgd ]m]knfx adsvddm sgdrd fqntor ]mc k]sshbdr hm
rdlhrhlokd Khd fqntor- Hm oqduhntr o]odqr ’Z3fl5[( vd g]ud dwoknqdc qhfhchsx oqnodq,
shdr ne Nts(Em( hm sghr khfgs+ oqnuhmf hm o]qshbtk]q sg]s he l , m sgdm ]mx gnlnlnq,
oghrl Nts(Em(→ Nts(El( g]r hl]fd ]s lnrs R1+ ]mc sg]s sgd nmkx lnmnlnqoghrlr
Nts(Em(→ Nts(Em( ]qd sgd hmmdq ]tsnlnqoghrlr- Hm sghr o]odq vd stqm ntq ]ssdmshnm
sn sgd b]rd l / m-

L- P- Aqhcrnm ’�(
L]sgdl]shb]k Hmrshstsd+ 13,18 Rs Fhkdr#+ Nwenqc NW0 2KA+ TJ
d,l]hk9 aqhcrnm;l]sgr-nw-]b-tj

J- Unfsl]mm
Cdo]qsldms ne L]sgdl]shbr+ Bnqmdkk Tmhudqrhsx+ Hsg]b]+ MX 03742+ TR@

�12



0/6/ L- P- Aqhcrnm+ J- Unfsl]mm

Sgdqd ]qd svn nauhntr v]xr hm vghbg nmd lhfgs dladc @ts(Em( hm @ts(El( vgdm
l / m9 lnrs nauhntrkx+ sgd hmbktrhnm Em ⊂ El ne ]mx eqdd e]bsnq hmctbdr ] lnmn,
lnqoghrl @ts(Em( → @ts(El(: rdbnmckx+ he M ⊂ Em hr ] bg]q]bsdqhrshb rtafqnto
ne “mhsd hmcdw+ sgdm sgd qdrsqhbshnm l]o @ts(Em( → @ts(M ( ∼+ @ts(El( hr hmidbshud
’Kdll] 0(- Mdhsgdq ne sgdrd bnmrsqtbshnmr rdmcr sgd fqnto ne hmmdq ]tsnlnqoghrlr
Hmm(Em( ⊂ @ts(Em( hmsn Hmm(El(+ rn sgdqd hr mn hmctbdc l]o Nts(Em( → Nts(El(-
Hm sgd rdbnmc b]rd nmd b]m nesdm qdldcx sghr oqnakdl ax o]rrhmf sn ] rtafqnto ne
“mhsd hmcdw hm Nts(Em(- Sgtr hm Oqnonrhshnm 2 vd oqnud sg]s he l + c(m − 0(+ 0 enq
rnld c ≥ 0+ sgdm Nts(Em( g]r ] rtafqnto ne “mhsd hmcdw sg]s dladcr hm Nts(El(:
enq dw]lokd ] “mhsd,hmcdw rtafqnto ne Nts(Em( dladcr hm Nts(E1m−0(- Ats he vd
cdl]mc sg]s ntq gnlnlnqoghrlr ad cd“mdc nm sgd vgnkd ne Nts(Em(+ sgdm hs hr e]q
eqnl nauhntr sg]s sgdqd ]qd ‘mx l]or Nts(Em(→ Nts(El( vhsg hm“mhsd hl]fd vgdm
l / m ≥ 2-

@r trt]k+ sgd b]rd m + 1 hr dwbdoshnm]k9 Nts(E1( + FK(1.R(l]or sn (R<1(∗(R<2(
vhsg “mhsd jdqmdk+ rn sn nas]hm ] l]o vhsg hm“mhsd hl]fd nmd mddc nmkx bgnnrd dkd,
ldmsr ne nqcdq 1 ]mc 2 sg]s fdmdq]sd ]m hm“mhsd rtafqnto ne Nts(El(- Jgq]lsrnu Z05[
fhudr ]m dwokhbhs lnmnlnqoghrl Nts(E1(→ Nts(E3(- Lnqd hmsdqdrshmfkx+ gd oqnudc
sg]s sgdqd ]qd mn hmidbshud l]or eqnl Nts(Em( sn Nts(Em+0(- Rn+ enq fhudm m+ enq vghbg
u‘ktdr ne l hr sgdqd ‘ lnmnlnqoghrl Nts(Em( → Nts(El(+ ‘mc enq vghbg u‘ktdr
ne l cn ‘kk l‘or Nts(Em( → Nts(El( g‘ud ›mhsd hl‘fd> Sgdrd ]qd sgd ptdrshnmr
sg]s vd ]ccqdrr hm sghr ]qshbkd- Hm sgd “qrs o]qs ne sgd o]odq vd fhud dwokhbhs bnmrsqtb,
shnmr ne dladcchmfr+ ]mc hm sgd rdbnmc g]ke vd oqnud+ ]lnmf nsgdq sghmfr+ sg]s mn
gnlnlnqoghrl Nts(Em( → Nts(El( b]m g]ud hl]fd ahffdq sg]m R<1 he m hr dudm
]mc 7 , m , l ≤ 1m- Sghr k]rs qdrtks chroqnudr ] bnmidbstqd ne Anfnonkrjh ]mc Otf]
Z1[-

Hm nqcdq sn bnmrsqtbs dladcchmfr+ vd bnmrhcdq bg]q]bsdqhrshb rtafqntor M , Em +
hcdmshex Em vhsg sgd rtafqnto ne @ts(Em( bnmrhrshmf ne hmmdq ]tsnlnqoghrlr+ ]mc
dw]lhmd sgd rgnqs dw]bs rdptdmbd

0 → Em<M → @ts(Em(<M → Nts(Em(→ 0)

Vd v]ms sn tmcdqrs]mc vgdm sghr rdptdmbd rokhsr- Vgdm hs cndr rokhs+ nmd b]m
bnlonrd sgd rokhsshmf l]o Nts(Em( → @ts(Em(<M vhsg sgd l]o @ts(Em(<M →
Nts(M ( hmctbdc ax qdrsqhbshnm+ φ → ˆφ|M [+ sn nas]hm ]m dladcchmf ne Nts(Em( hmsn
Nts(M (-

Anfnonkrjh ]mc Otf] Z1[ trdc ]kfdaq]hb ldsgncr sn nas]hm ] rokhsshmf hm sgd b]rd
vgdqd Em<M ∼+ (R<q(m vhsg q ncc ]mc bnoqhld sn (m − 0(+ xhdkchmf dladcchmfr
Nts(Em( → Nts(El( vgdm l + qm(m − 0( + 0- Vd cn mns enkknv sgdhq ]qftldmsr-
Hmrsd]c vd ]cnos ] fdnldsqhb ]ooqn]bg vghbg adfhmr vhsg ] sq]mrk]shnm ne sgd ]anud
rokhsshmf oqnakdl hmsn ] kheshmf oqnakdl enq fqntor ne gnlnsnox dpthu]kdmbdr ne fq]ogr-
Oqnonrhshnm 0 oqnuhcdr ] oqdbhrd enqltk]shnm ne sghr sq]mrk]shnm- ’Sgd snonknfhb]k a]bj,
fqntmc sn hs hr che“btks sn ohm cnvm hm sgd khsdq]stqd+ rn vd dwok]hm hs hm cds]hk hm ]m
]oodmchw-(

Sgd enkknvhmf sgdnqdl hr sgd l]hm qdrtks hm sgd “qrs g]ke ne sghr o]odq-
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@adkh]m bnudqr ne fq]ogr ]mc l]or 0/60

Sgdnqdl @ Kds W → W ad ‘ mnql‘k bnudqhmf ne ‘ bnmmdbsdc fq‘og ne fdmtr m ≥ 1
vhsg ‘adkh‘m F‘knhr fqnto @- Sgd ‘bshnm ne Nts(Em( ax gnlnsnox dpthu‘kdmbdr nm
W khesr sn ‘m ‘bshnm ax ›adq,oqdrdquhmf gnlnsnox dpthu‘kdmbdr nm W he ‘mc nmkx he
@ ∼+ (R<q(m vhsg q bnoqhld sn m − 0-

Vgdm sq]mrk]sdc a]bj hmsn ]kfdaq]+ sghr sgdnqdl hr dpthu]kdms sn sgd rs]sdldms sg]s he
] bg]q]bsdqhrshb rtafqnto M , Em bnms]hmr sgd bnllts]snq rtafqnto E 

m + ˆEm. Em[+
sgdm sgd rgnqs dw]bs rdptdmbd 0 → Em<M → @ts(Em(<M → Nts(Em( → 0 rokhsr he
]mc nmkx he M + E 

m Eq
m + vgdqd Eq

m hr sgd rtafqnto fdmdq]sdc ax q ,sg onvdqr ]mc q / 0
hr bnoqhld sn m − 0- Sgd rte“bhdmbx ne sghr bnmchshnm dwsdmcr Anfnonkrjh ]mc Otf]#r
sgdnqdl sn bnudq sgd b]rd vgdqd q hr dudm-

Bnqnkk‘qx @ Sgdqd dwhrsr ‘m dladcchmf Nts(Em( → Nts(El( enq ‘mx l ne sgd enql
l + qm(m − 0(+ 0 vhsg q / 0 bnoqhld sn m − 0-

Sgd mdf]shud o]qs ne Sgdnqdl @ ]krn g]r ]m hmsqhfthmf ]ookhb]shnm- Hs sdkkr tr sg]s
0 → Em<E 

m → @ts(Em(<E 
m → Nts(Em( → 0 cndr mns rokhs- Sgtr sghr rdptdmbd

cd“mdr ] mnm,ydqn bk]rr hm sgd rdbnmc bngnlnknfx fqnto ne Nts(Em(vhsg bnde“bhdmsr
hm sgd lnctkd L ]+ Em<E 

m ’h-d-+ sgd rs]mc]qc kdes Nts(Em(,lnctkd G0(Em((- Sgd
sgdnqdl ]krn ]rrtqdr tr sg]s sghr bk]rr qdl]hmr mnm,sqhuh]k vgdm vd s]jd bnde“bhdmsr
hm L<q L + oqnuhcdc sg]s q hr mns bnoqhld sn (m −0(- Sgd mnm,sqhuh]khsx ne sgdrd bk]rrdr
oqnuhcdr ] rsqhjhmf bntmsdqonhms sn vg]s g]oodmr vgdm nmd s]jdr bnde“bhdmsr hm sgd
ct]k lnctkd L∗ + G0(Em(+ ]r vd rg]kk dwok]hm hm Rdbs- 4-

Sgdnqdl A Kds L + G0(Em( ad sgd rs‘mc‘qc Nts(Em(,lnctkd ‘mc kds L∗ ad hsr
ct‘k- Sgdm G1(Nts(Em(.L( + /+ ats G1(Nts(Em(.L∗( + / he m ≥ 01-

Sgdnqdl @ dwg]trsr sgd v]xr hm vghbg nmd lhfgs nas]hm dladcchmfr
Nts(Em( → Nts(El( ax kheshmf sgd ]bshnm ne Nts(Em( sn bnudqhmf ro]bdr vhsg ]m
]adkh]m F]knhr fqnto+ ats nmd lhfgs gnod sn bnmrsqtbs l]mx nsgdq dladcchmfr trhmf
mnm,]adkh]m bnudqr- Hmcddc sgd bnmrsqtbshnm cdudknodc ax @q]l]xnm]+ Kdhmhmfdq ]mc
Rntsn hm sgd bnmsdws ne rtqe]bd ]tsnlnqoghrlr Z0[ oqnbddcr ]knmf dw]bskx sgdrd khmdr
]mc+ ]r sgdx qdl]qj+ hs b]m ad ]c]osdc sn sgd rdsshmf neNts(Em(- Gnvdudq+ hm sgd dladc,
chmfr Nts(Em(→ Nts(El( nas]hmdc ax sgdhq ldsgnc+l hr antmcdc adknv ax ] cntakx
dwonmdmsh]k etmbshnm ne m+ vgdqd]r hm ntq bnmrsqtbshnm vd b]m s]jd l + 1m(m −0(+0
he m hr dudm- He m hr ncc+ sgdm sgd rl]kkdrs u]ktd vd nas]hm hr l + om(m − 0(+ 0 vgdqd
o hr sgd rl]kkdrs oqhld sg]s cndr mns chuhcd (m − 0(: hm Rdbs- 1-0 vd cdrbqhad gnv
pthbjkx o fqnvr ]r ] etmbshnm ne m-

Hm sgd rdbnmc o]qs ne sghr o]odq vd rds ]ants sgd s]rj ne oqnuhchmf knvdq antmcr nm
sgd u]ktd ne l rtbg sg]s sgdqd hr ] lnmnlnqoghrl Nts(Em( → Nts(El(+ nq dudm ]
l]o vhsg hm“mhsd hl]fd-

Sgdnqdl B Rtoonrd m / 7- He m hr dudm ‘mc m , l ≤ 1m+ nq m hr ncc ‘mc
m , l ≤ 1m − 1+ sgdm dudqx gnlnlnqoghrl Nts(Em( → Nts(El( e‘bsnqr sgqntfg
cds ] Nts(Em(→ R<1-

Mnsd gnv sghr qdrtks bnmsq]rsr vhsg ntq d]qkhdq nardqu]shnm sg]s Nts(Em( g]r ] rta,
fqnto ne “mhsd hmcdw sg]s dladcr hm Nts(El( vgdm l + 1m − 0- Sgd jdx onhms
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0/61 L- P- Aqhcrnm+ J- Unfsl]mm

gdqd hr sg]s rtafqntor ne “mhsd hmcdw b]m ]unhc bdqs]hm ne sgd “mhsd rtafqntor hm
Nts(Em( ’hmcddc sgdx l]x ad snqrhnm,eqdd(+ vgdqd]r ntq oqnne ne Sgdnqdl B qdkhdr nm
] cds]hkdc tmcdqrs]mchmf ne gnv sgd “mhsd rtafqntor ne Nts(Em( b]m l]o sn Nts(El(

tmcdq ots]shud l]or Nts(Em(→ Nts(El(- Svn rtafqntor ok]x ] o]qshbtk]qkx hlonq,
s]ms qnkd+ m]ldkx Vm ∼+ (R<1(m Z Rm + sgd fqnto ne rxlldsqhdr ne sgd m,qnrd Qm + ]mc
Fm ∼+ Σm+0 · R<1+ sgd fqnto ne rxlldsqhdr ne sgd (m + 0(,b‘fd+ h-d-+ sgd fq]og vhsg
1 udqshbdr ]mc (m + 0(,dcfdr- Hmcddc sgd jdx hcd] hm sgd oqnne ne Sgdnqdl B hr sn
rgnv sg]s mn gnlnlnqoghrl b]m qdrsqhbs sn ]m hmidbshnm nm ansg ne sgdrd rtafqntor-
Hm nqcdq sn drs]akhrg sghr+ vd g]ud sn ]m]kxyd hm cds]hk ]kk ne sgd v]xr hm vghbg sgdrd
“mhsd fqntor b]m ]bs ax ]tsnlnqoghrlr nm fq]ogr ne fdmtr ]s lnrs 1m- Hm sgd khfgs
ne sgd qd]khy]shnm sgdnqdl enq “mhsd rtafqntor ne Nts(El(+ sghr ]m]kxrhr ]lntmsr sn ]
bnlokdsd cdrbqhoshnm ne sgd bnmitf]bx bk]rrdr ne sgd “mhsd rtafqntor hm Nts(El( sg]s
]qd hrnlnqoghb sn @m.Vm ]mc Fm ’be- Oqnonrhshnmr 00+ 01 ]mc 02(- Vd adkhdud sg]s
sgdrd qdrtksr ]qd ne hmcdodmcdms hmsdqdrs-

Adxnmc l + 1m+ sgd ]m]kxrhr ne Gnl(Vm.Nts(El(( ]mc Gnl(Fm.Nts(El((

adbnldr lnqd bnlokdw+ ats rdudq]k bqtbh]k e]bsr dwsdmc vdkk adxnmc sghr q]mfd ’d-f-+
Kdll] 6 ]mc Oqnonrhshnm 03(- Lnqdnudq+ C]vhc Jhdk]j Z03[ g]r qdbdmskx dwsdmcdc
ntq ldsgncr sn hloqnud sgd antmc l ≤ 1m- Sgtr+ ]s sgd shld ne vqhshmf+ vd g]ud mn
fnnc qd]rnm sn rtoonrd sg]s sgd knvdq antmc sg]s Sgdnqdl B hlonrdr nm sgd kd]rs
l / m vhsg Nts(Em( → Nts(El( hr ]mx bknrdq sn sgd sqtsg sg]s sgd dwonmdmsh]k toodq
antmc oqnuhcdc ax Sgdnqdl @-

1 Sgdnqdl @9 qdrs‘sdldms ‘mc chrbtrrhnm

Hm sgd ]oodmchw sn sghr o]odq vd dwok]hm hm cds]hk sgd dpthu]kdmbd ne u]qhntr rgnqs
dw]bs rdptdmbdr ]qhrhmf hm fqnto sgdnqx ]mc snonknfx- Hm sgd b]rd ne fq]ogr+ sgd a]rhb
dpthu]kdmbd b]m ad dwoqdrrdc ]r enkknvr-

Kds M ad ] bg]q]bsdqhrshb rtafqnto ne ] eqdd fqnto E. kds W ad ] bnmmdbsdc fq]og
vhsg etmc]ldms]k fqnto E + kds o ] W → W ad sgd bnudqhmf ro]bd bnqqdronmchmf sn
M + kds GD(W( ad sgd fqnto ne eqdd gnlnsnox bk]rrdr ne gnlnsnox dpthu]kdmbdr ne W +
]mc kds EGD(W( ad sgd fqnto ne “adq,oqdrdquhmf gnlnsnox bk]rrdr ne “adq,oqdrdquhmf
gnlnsnox dpthu]kdmbdr ne W - Mnsd sg]s sgd cdbj sq]mrenql]shnmr ne W khd hm sgd jdqmdk
ne sgd m]stq]k l]o EGD(W(→ GD(W()

Oqnonrhshnm 0 Sgd enkknvhmf ch‘fq‘l ne fqntor hr bnllts‘shud ‘mc sgd udqshb‘k l‘or
‘qd hrnlnqoghrlr9

0 → Em<M → @ts(Em(<M → Nts(Em(→ 0
↓ ↓ ↓

0 → Cdbj → EGD(W( → GD(W(→ 0

Sgd bg]q]bsdqhrshb rtafqntor M , Em vhsg Em<M ]adkh]m ]qd sgd bnllts]snq rta,
fqnto E 

m + ˆEm. Em[ ]mc E 
m Eq

m + sgd rtafqnto fdmdq]sdc ax E 
m ]mc ]kk q sg onvdqr

hm Em - Ax bnlahmhmf sghr nardqu]shnm vhsg sgd oqdbdchmf oqnonrhshnm+ vd rdd sg]s
Sgdnqdl @ hr dpthu]kdms sn sgd enkknvhmf rs]sdldms-
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@adkh]m bnudqr ne fq]ogr ]mc l]or 0/62

Sgdnqdl 0 Kds Em ad ‘ eqdd fqnto ne q‘mj m ‘mc kds M , Em ad ‘ bg‘q‘bsdqhrshb
rtafqnto vhsg Em<M ‘adkh‘m- Sgdm sgd rgnqs dw‘bs rdptdmbd

0 → Em<M → @ts(Em(<M → Nts(Em(→ 0

rokhsr he ‘mc nmkx M + ˆEm. Em[Eq
m vhsg q bnoqhld sn m − 0-

Sgd dwhrsdmbd ne rokhsshmfr hr oqnudc hm Rdbs- 2 adknv+ ]mc sgd mnm,dwhrsdmbd hm
Rdbs- 3-

@mx rokhsshmf ne sgd rdptdmbd hm Sgdnqdl 0 fhudr ] lnmnlnqoghrl
Nts(Em( → @ts(Em(<M + vghbg vd b]m bnlonrd vhsg sgd qdrsqhbshnm l]o

@ts(Em(<M → @ts(M (<M + Nts(M ()

Sn bnlokdsd sgd oqnne ne Bnqnkk]qx @ vd mddc sn jmnv sg]s sghr k]rs l]o hr hmidbshud-
Sghr enkknvr eqnl sgd nardqu]shnm adknv-

Kdll‘ 0 He E hr ‘ ›mhsdkx fdmdq‘sdc eqdd fqnto ‘mc M , E hr ‘ bg‘q‘bsdqhrshb
rtafqnto ne ›mhsd hmcdw+ sgdm sgd qdrsqhbshnm l‘o @ts(E(→ @ts(M ( hr hmidbshud-

Oqnne He j hr sgd hmcdw ne M hm E ]mcv hr ]m ]qahsq]qx dkdldms ne E + sgdmvj ∈ M - Heφ hr
hm sgd jdqmdk ne sgd qdrsqhbshnml]o @ts(E(→ @ts(M (+ sgdmvj + φ(vj( + (φ(v((j -
Ats dkdldmsr hm E g]ud tmhptd qnnsr+ rn v + φ(v( ]mc φ hr sgd hcdmshsx-

1-0 Dwodbsdc u]ktd ne l

Sgd rtafqnto M + E 
m Eq

m g]r hmcdw qm hm Em rn hr eqdd ne q]mj l + qm(m − 0( + 0-
Sgtr sgd rl]kkdrs l enq vghbg vd nas]hm ]m dladcchmf Nts(Em( → Nts(El( eqnl
Sgdnqdl 0 hr l + om(m −0(+0+ vgdqd o hr sgd rl]kkdrs oqhld vghbg cndr mns chuhcd
m − 0- He m hr dudm vd b]m s]jd o + 1 ats enq m ncc sgd rhyd ne o ]r ] etmbshnm ne m hr
mns nauhntr- Gnvdudq+ hs stqmr nts sg]s sgd dwodbsdc u]ktd ne o hr ] bnmrs]ms ’vghbg hr
]ooqnwhl]sdkx dpt]k sn 2(- Vd ]qd hmcdasdc sn Pnfdq Gd]sg,Aqnvm enq sgd enkknvhmf
]qftldms-

Enq ]mx m]stq]k mtladq j / 0+ kds e (j( cdmnsd sgd rl]kkdrs oqhld mtladq vghbg
cndr mns chuhcd j ]mc kds P(j( ad sgd oqnctbs ne ]kk oqhld mtladqr rsqhbskx kdrr sg]m
j ’vhsg P(1( + 0(- @m d]rx bnmrdptdmbd ne sgd Oqhld Mtladq Sgdnqdl hr sg]s
knf(P(j(( hr ]rxlosnshb]kkx dpt]k sn j- Sghr hlokhdr hm o]qshbtk]q sg]s sgd hm“mhsd
rdqhdr trdc sn cd“md B hm sgd enkknvhmf oqnonrhshnm hr bnmudqfdms-

Oqnonrhshnm 1 Sgd dwodbsdc u‘ktd

D( e ( + khl
w→∞

0

w

w

j+0

e (j(.

dwhrsr ‘mc hr dpt‘k sn sgd bnmrs‘ms

B ]+


o

o − 0

P(o(
.

vgdqd sgd rtl hr nudq ‘kk oqhldr o-
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0/63 L- P- Aqhcrnm+ J- Unfsl]mm

Oqnne Mnsd sg]s e (j( + o he ]mc nmkx he P(o( chuhcdr j ]mc o cndr mns chuhcd j- Sgd
“qrs rs]sdldms hlokhdr+ s]jhmf knfr+ sg]s knf(P(o(( ≤ knf j+ rn o b]m ad ne nqcdq ]s
lnrs knf j-

Ax cdehmhshnm+



j≤w

e (j( +


o

o � �{j ≤ w ] e (j( + o{

]mc

�{j ≤ w ] e (j( + o{ + �{j ≤ w ] P(o(|j{ − �{j ≤ w ] oP(o(|j{
+ w<P(o( − w<oP(o(
+ w

o − 0

oP(o(
+ N(0()

@r vd itrs nardqudc+ sgd oqhldr sg]s bnmsqhatsd sn sgd ]anud rtl g]ud nqcdq ]s lnrs
knf(w(+ rn

0

w



j≤w

e (j( +


o+N(knf w(

o − 0

P(o(
+ 0

w
N

⎛

⎝


o+N(knf w(

o

⎞

⎠

+


o+N(knf w(

o − 0

P(o(
+ 0

w
N(knf1 w()

Kdsshmf w → ∞+ vd fds D( e ( + B -

Fhudm m+ sgd rl]kkdrs u]ktd ne l enq vghbg Bnqnkk]qx @ xhdkcr ]m dladcchmf hr
l + e (m − 0(m(m − 0(+ 0+ ]mc sgd oqdbdchmf oqnonrhshnm sdkkr tr sg]s znm ]udq]fd–
sghr hr mn fqd]sdq sg]m ]m dwonmdmsh]k etmbshnm ne m- Hm sgdvnqrs b]rd+l b]m ad k]qfdq ats
rshkk nmkx nm sgd nqcdq ne dm knf knf m - Hmcddc sgd vnqrs b]rd ]qhrdr vgdm (m − 0( + P(j(
enq rnld j+ hm vghbg b]rd j ≤ e (m − 0( , 1j+ ]mc rhmbd knf(P(j(( ∼ j vd rdd sg]s
e (m − 0( fqnvr khjd knf m-

1-1 Dladcchmf ] rtafqnto ne “mhsd hmcdw

Bnqnkk]qx@fhudr bnmchshnmr tmcdqvghbg sgd dmshqd fqntoNts(Em( dladcr hmNts(El(-
He vd qdk]w sghr sn qdpthqd nmkx sg]s ] rtafqnto ne “mhsd hmcdw ne Nts(Em( rgntkc dladc
hm Nts(El(+ vd b]m nas]hm l]mx lnqd dladcchmfr ]r enkknvr-

Oqnonrhshnm 2 Enq ‘kk onrhshud hmsdfdqr m ‘mc c+ sgdqd dwhrsr ‘ rtafqnto ne ›mhsd hmcdw
w ⊂ Nts(Em( ‘mc ‘ lnmnlnqoghrl w → Nts(El(+ vgdqd l + c(m − 0(+ 0-

Oqnne Enq m + 0 sgd oqnonrhshnm hr sqhuh]k+ ]mc enq m + 1 hs enkknvr hlldch]sdkx eqnl
sgd e]bs sg]s Nts(E1( g]r ] eqdd rtafqnto ne “mhsd hmcdw- Rn vd ]rrtld sg]s m ≥ 2
]mc “w ]m dohlnqoghrl eqnl Em sn ] vqd]sg oqnctbs V + F  R<c + vgdqd F hr
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]mx “mhsd 1,fdmdq]snq bdmsdqkdrr fqnto ’R2 enq dw]lokd(- Kds M ad sgd jdqmdk ne sghr
dohlnqoghrl ]mc kds G ⊃ M ad sgd jdqmdk ne sgd bnlonrhshnm Em → V → R<c -

Sgd rds ne rtafqntor hm Em sg]s g]ud sgd r]ld hmcdw ]r M hr “mhsd+ ]r hr sgd rds
sg]s g]ud sgd r]ld hmcdw ]r G - Sgd ]bshnm ne @ts(Em( nm d]bg ne sgdrd rdsr cd“mdr
] gnlnlnqoghrl sn ] “mhsd rxlldsqhb fqnto: cd“md w/ sn ad sgd hmsdqrdbshnm ne sgd
svn jdqmdkr- Mnsd sg]s w/ kd]udr hmu]qh]ms ansg G ]mc M - Kds w0 ⊂ w/ ad sgd jdqmdk
ne sgd m]stq]k l]o w/ → @ts(Em<M ( ]mc mnsd sg]s rhmbd sgd bdmsdq ne V + Em<M hr
sqhuh]k+ sgd hmsdqrdbshnm ne w0 vhsg Hmm(Em( + Em hr bnms]hmdc hm M + ]mc gdmbd hm G -

Dtkdq bg]q]bsdqhrshb sdkkr tr sg]s sgd q]mj ne sgd eqdd fqnto G hr c(m − 0( + 0-
Sgd qdrsqhbshnm l]o w0 → @ts(G(+ vghbg hr hmidbshud ]r hm Kdll] 0+ hmctbdr ]m
hmidbshnm w0<(w0 ∩ G( → Nts(G(- Sn bnlokdsd sgd oqnne+ hs rte“bdr sn mnsd sg]s
w ]+ w0<(w0 ∩ G( hr sgd hl]fd ne w0 hm Nts(Em(+ rhmbd (w0 ∩ G( + (w0 ∩ Em(-

Qdl‘qj 0 Sgd oqdbdchmf ]qftldms rgnvr sg]s he M hr sgd jdqmdk ne ] l]o eqnl Em

nmsn ] “mhsd bdmsdqkdrr fqnto+ sgdm ] rtafqnto ne “mhsd hmcdw hm Nts(Em( hmidbsr hmsn
Nts(M (-

2 Oqnne ne Sgdnqdl @9 sgd dwhrsdmbd ne khesr

Hm nqcdq sn oqnud sgd dwhrsdmbd ne khesr ]r ]rrdqsdc hm Sgdnqdl @ ’dpthu]kdmskx sgd
dwhrsdmbd ne rokhsshmfr hm Sgdnqdl 0(+ vd vnqj vhsg sgd rdptdmbd

0 → Cdbj → EGD(W(→ GD(W(→ 0

vgdqd W + Q hr ] 0,udqsdw fq]og vhsg m knnor ’] qnrd( ]mc W → W hr sgd bnudqhmf
ro]bd Kq → Q bnqqdronmchmf sn M , µ0W + Em + vgdqd M + E 

m Eq
m vhsg q bnoqhld

sn m −0-Vd vnqj vhsg ]m dwokhbhs oqdrdms]shnm ne Nts(Em( + GD(Q(- Vd s]jd dwokhbhs
gnlnsnox dpthu]kdmbdr ne Q sg]s fdmdq]sd GD(Q(+ khes d]bg sn ] gnlnsnox dpthu],
kdmbd ne sgd tmhudqr]k ]adkh]m bnudqhmf K ne Q+ oqnidbs cnvm sn Kq + ]mc oqnud sg]s sgd
qdrtkshmf dkdldmsr ne EGD(Kq ( r]shrex sgd cd“mhmf qdk]shnmr ne ntq oqdrdms]shnm- Sgd
b]rd m + 1 hr rodbh]k9 enq m + 1 nmd b]m rokhs GD(Q(→ EGD(K(-

Sgd fdmdq]snqr ]mc qdk]shnmr vd vhkk trd enq Nts(Em( ]qd a]rdc nm sgnrd fhudm
ax Fdqrsdm hm Z0/[ enq R@ts(Em(- Vd “w ] fdmdq]shmf rds @ + {‘0. ) ) ) . ‘m{ enq Em -
Fdqrsdm fhudr ]m dkdf]ms ]mc rtbbhmbs oqdrdms]shnm trhmf fdmdq]snqr φ‘a vhsg ‘. a ∈
@! @−0. a + ‘. ‘−0: gdqd φ‘a bnqqdronmcr sn sgd ]tsnlnqoghrlvghbg rdmcr ‘ → ‘a
]mc “wdr ]kk dkdldmsr ne @ ! @−0 nsgdq sg]m ‘ ]mc ‘−0- Hm Fdqrsdm#r o]odq ]tsnlnq,
oghrlr ]bs nm Em nm sgd qhfgs ]mc sgd rxlank ˆα.β[ ld]mr αβα−0β−0- Hm sgd btqqdms
o]odq vd v]ms ]tsnlnqoghrlr sn ]bs nm sgd kdes sn ad bnmrhrsdms vhsg bnlonrhshnm
ne etmbshnmr hm GD(Q(+ ats vd vntkc khjd sn trd sgd r]ld bnllts]snq bnmudmshnm-
Sgtr enq tr ] Fdqrsdm qdk]shnm ne sgd enql ˆα.β[ + γ adbnldr ˆβ−0.α−0[ + γ nq+
dpthu]kdmskx+ ˆα−0.β−0[ + γ −0- Ghr qdk]shnmr+ sgdm+ ]qd sgd enkknvhmf9

fl φ‘a−0 + φ−0
‘a

fl ˆφ−0
‘a .φ

−0
bc [ + 0 he ‘ + b. c. c−0 ]mc a + b. b−0

fl ˆφ−0
‘a .φ

−0
ab [ + φ−0

‘b enq ‘ + b. b−0

fl φa‘φ‘a−0φa−0‘−0 + φa−0‘−0φ‘−0aφa‘

fl (φa−0‘−0φ‘−0aφa‘(
3 + 0-
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Vd vhkk mddc sn chrshmfthrg adsvddm qhfgs sq]mrudbshnmr ρh i ] ‘h → ‘h ‘ i ]mc kdes
sq]mrudbshnmr λh i ] ‘h → ‘ i ‘h + enq h + i + rn vd qdvqhsd Fdqrsdm#r qdk]shnmr trhmf sgd
sq]mrk]shnm φ‘h ‘ i + ρh i .φ‘−0

h ‘−0
i

+ λh i .φ‘h ‘
−0
i

+ ρ−0
h i ]mc φ‘−0

h ‘ i
+ λ−0

h i -

Hm sdqlr ne sgd ρh i ]mc λh i + Fdqrsdm#r “qrs qdk]shnm hr tmmdbdrr]qx ]mc sgd qdrs ne sgd
oqdrdms]shnm enq R@ts(Em( adbnldr

0- ˆρh i . ρjk [ + ˆρh i . λjk [ + ˆλh i . λjk [ + 0 he h + j. k ]mc i + j
1- ˆρh i . λhj[ + 0 enq ]kk h. i. j
2- ˆρ−0

h i . ρ
−0
ij [ + ˆρh i . λ ij[ + ˆρ−0

h i . ρ ij[−0 + ˆρh i . λ
−0
ij [−0 + ρ−0

hj

3- ˆλ−0
h i . λ

−0
ij [ + ˆλh i . ρ ij[ + ˆλ−0

h i . λ ij[−0 + ˆλh i . ρ
−0
ij [−0 + λ−0

hj

4- λh iλ
−0
i h ρh i + ρh iρ

−0
i h λh i

5- (ρh iρ
−0
i h λh i (

3 + 0-

Sn fds ] oqdrdms]shnm enq @ts(Em( vd ltrs ]cc ] fdmdq]snq τ + bnqqdronmchmf sn sgd
]tsnlnqoghrl ‘0 → ‘−0

0 + ]mc qdk]shnmr

6- τ 1 + 0
7- τρ0 iτ + λ−0

0 i . τλ0 iτ + ρ−0
0 i

8- τρh0τ + ρ−0
h0 . τλh0τ + λ−0

h0
0/- ˆτ. ρh i [ + ˆτ. λh i [ + 0 enq h. i + 0)

Ehm]kkx+ sn fds ] oqdrdms]shnm enq Nts(Em(vd jhkk sgd hmmdq ]tsnlnqoghrlr ax ]cchmf
sgd qdk]shnm

00-
m

h+1

ρh0λ
−0
h0 + 0)

Vd nqhdms sgd ods]kr ne Q ]mc k]adk sgdl vhsg sgd fdmdq]snqr ‘h - He vd “w ] a]rd
udqsdw / ne K + vd l]x sghmj ne K ]r sgd 0,rjdkdsnm ne sgd rs]mc]qc gxodqbtatk]shnm ne
Cm vhsg udqshbdr hm Rm - Sgd khes rs]qshmf ]s / ne sgd dcfd k]adkdc ‘h hr hcdmsh“dc vhsg
sgd rs]mc]qc h,sg a]rhr udbsnq dh -

@mx ]tsnlnqoghrl φ ne Em hr qd]khydc nm Q ax ] gnlnsnox dpthu]kdmbd rdmchmf
sgd ods]k k]adkdc ‘h sn sgd ’nqhdmsdc( o]sg vghbg sq]bdr nts sgd qdctbdc vnqc φ(‘h (-
Sghr g]r ] rs‘mc‘qc khes φ sn ] Rm,dpthu]qh]ms gnlnsnox dpthu]kdmbd ne K + vghbg
rdmcr dh sn sgd khes rs]qshmf ]s / ne sgd o]sg k]adkdc ax sgd qdctbdc vnqc φ(‘h (- ’Rhmbd
sgd gnlnsnox dpthu]kdmbd hr Rm,dpthu]qh]ms+ hs rte“bdr sn cdrbqhad hsr deedbs nm sgd
dcfdr dh -( Sghr hm stqm hmctbdr ] khes φq sn sgd ptnshdms Kq + K<qRm enq d]bg q + vghbg
hr sqhuh]k hm EGD(Kq ( he ]mc nmkx he φ hr “adqvhrd,gnlnsnohb sn ] cdbj sq]mrenql]shnm
ax ]m dkdldms ne qRm -

Kheshmf ]tsnlnqoghrlr sn K ]mc Kq ax sgdrd rs]mc]qc khesr cndr mns fhud ] vdkk,
cd“mdc gnlnlnqoghrl nm Nts(Em(- Sghr hr adb]trd sgd rs]mc]qc khes ne sgd hmmdq
]tsnlnqoghrl α0 + 

h/0 ρh0λ
−0
h0 rdmcr dh sn ] ,rg]odc o]sg k]adkdc ‘−0

0 ‘h ‘0- Sgd
dwsdmrhnm sn ]kk ne K hr eqddkx gnlnsnohb sn sgd cdbj sq]mrenql]shnm w → w − d0 ne
K - Rhmbd sghr cdbj sq]mrenql]shnm hr mns eqddkx gnlnsnohb sn sgd hcdmshsx ’dudm lnc
q enq ]mx q / 0(+ sgd ]rrhfmldms α0 → α0 cndr mns fhud vdkk,cd“mdc l]o eqnl
Nts(Em( + GD(Q( sn GD(Kq ( ’ltbg kdrr sn EGD(Kq ((-
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Vd qdbshex sghr rhst]shnm ax bgnnrhmf khesr vghbg ]qd rghesdc eqnl sgd rs]mc]qc khesr
ax ]ooqnoqh]sd sq]mrk]shnmr ne K - Rhmbd m − 0 hr bnoqhld sn q + sgdqd ]qd hmsdfdqr r ]mc
s vhsg r(m − 0( + sq + 0- Vd trd sgd rs]mc]qc khes Oh i + ρh i enq ρh i + ats enq λh i vd
bgnnrd sgd khes Λh i vghbg rghesr sgd rs]mc]qc khes ax −rd i + ]mc enq τ vd bgnnrd sgd khes
S vghbg rghesr sgd rs]mc]qc khes ax rd0- Sgtr nm sgd udqshbdr u + (w0. ) ) ) . wm( ne K . Oh i

]bsr ]r ] rgd]q o]q]kkdk sn sgd d i chqdbshnm+ Λh i hr ] rgd]q bnlonrdc vhsg ] rghes+ ]mc
S hr qdfidbshnm ]bqnrr sgd gxodqok]md w0 + r<1- Hm o]qshbtk]q+ d]bg ne ntq khesr hmctbdr
]m ]e“md l]o u → @u + a+ vhsg @ ∈ FK(m.R( ]mc a ∈ Rm - D]bg dcfd adfhmmhmf ]s
] udqsdw u hm sgd chqdbshnm dh hr rdms sn sgd o]sg sg]s adfhmr ]s @u + a ]mc hr k]adkdc
φ(‘h (-

Vd qdoqdrdms ]m ]e“md l]o u → @u + a ax sgd (m + 0(· (m + 0( l]sqhw


@ a
/ 0


+

]bshmf nm sgd udbsnq


u
0


- Kds D op cdmnsd sgd m · m dkdldms]qx l]sqhw vhsg nmd mnm,

ydqn dmsqx dpt]k sn 0 hm sgd (o. p( onrhshnm- Sgtr sgd ]bshnm ne Oh i nm sgd /,rjdkdsnm
ne K hr qdoqdrdmsdc ax sgd l]sqhw vhsg @ + Hm + D ih ]mc a + /: enq Λh i vd g]ud sgd
l]sqhw vhsg @ + Hm + D ih ]mc a + −rd i : ]mc enq S sgd l]sqhw vhsg @ + Hm − 1D00
]mc a + rd0-

Enq dw]lokd+ enq m + 1 vd g]ud r + 0 ]mc

O01 ∼

⎛

⎝
0 /
0 0

/
/

/ / 0

⎞

⎠ Λ01 ∼

⎛

⎝
0 /
0 0

/
−0

/ / 0

⎞

⎠ ]mc S ∼

⎛

⎝
−0 /
/ 0

0
/

/ / 0

⎞

⎠ )

Qdl‘qj 1 @m hlonqs]ms onhms sn mnsd hr sg]s rhmbd sgd qdk]shnmr ’0( sn ’0/( gnkc hm
@ts(Em( ]mc mns itrs Nts(Em(+ hm nqcdq sn udqhex sg]s sgd ]anud ]rrhfmldmsr qdrodbs
sgdrd qdk]shnmr vd mddc nmkx udqhex sg]s sgd ]ooqnoqh]sd oqnctbs ne l]sqhbdr hr sgd
hcdmshsx9 rtbg ] udqh“b]shnm sdkkr tr sg]s sgd bnqqdronmchmf oqnctbs ne ntq bgnrdm khesr
]bsr sqhuh]kkx nm sgd udqshbdr ne K + ]mc sgd ]bshnm nm dcfdr ’vghbg hr cd“mdc hm sdqlr ne
sgd ]bshnm nm k]adkr( hr ]tsnl]shb]kkx r]shr“dc- Sghr qdl]qj cndr mns ]ookx sn qdk]shnm
’00(+ vghbg qdpthqdr rodbh]k ]ssdmshnm-

Oqnonrhshnm 3 Enq dudqx hmsdfdq q bnoqhld sn (m − 0(+ sgd khesr Oh i ne ρh i .Λh i ne λh i

‘mc S ne τ cd›md ‘ rokhsshmf ne sgd m‘stq‘k l‘o EGD(Kq (→ GD(Q( + Nts(Em(-

Oqnne Vd “qrs bk]hl sg]s sgd l]or Λh i . Oh i ]mc S ’]mc gdmbd sgd l]or sgdx hmctbd
nm Kq ( r]shrex qdk]shnmr ’0( sn ’0/(- Hm d]bg b]rd+ sgd udqh“b]shnm hr ] rsq]hfgsenqv]qc
b]kbtk]shnm+ vghbg vd hkktrsq]sd vhsg rdudq]k dw]lokdr trhmf i + 1 ]mc j + 2- ’Hm sgd
khfgs ne Pdl]qj 1+ d]bg udqh“b]shnm rhlokx qdpthqdr ] l]sqhw b]kbtk]shnm-( @m dw]lokd
ne ] qdk]shnm ne sxod ’3( hr ˆλ−0

01 . λ
−0
12 [ + λ−0

02 -

⎛

⎜⎜⎝

0 / /
−0 0 /
/ / 0

/
r
/

/ / / 0

⎞

⎟⎟⎠

⎛

⎜⎜⎝

0 / /
/ 0 /
/ −0 0

/
/
r

/ / / 0

⎞

⎟⎟⎠

⎛

⎜⎜⎝

0 / /
0 0 /
/ / 0

/
−r
/

/ / / 0

⎞

⎟⎟⎠

⎛

⎜⎜⎝

0 / /
/ 0 /
/ 0 0

/
/

−r
/ / / 0

⎞

⎟⎟⎠ +

⎛

⎜⎜⎝

0 / /
/ 0 /

−0 / 0

/
/
r

/ / / 0

⎞

⎟⎟⎠
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Sn udqhex qdk]shnm ’5(+ vd “qrs bnlotsd sgd ]bshnm ne O01O−0
10 Λ01 ’vd nmkx mddc 1

hmchbdr(+

⎛

⎝
0 /
0 0

/
/

/ / 0

⎞

⎠

⎛

⎝
0 −0
/ 0

/
/

/ / 0

⎞

⎠

⎛

⎝
0 /
0 0

/
−r

/ / 0

⎞

⎠ +

⎛

⎝
/ −0
0 /

r
/

/ / 0

⎞

⎠ .

sgdm bgdbj

⎛

⎝
/ −0
0 /

r
/

/ / 0

⎞

⎠
3

+

⎛

⎝
0 /
/ 0

/
/

/ / 0

⎞

⎠ )

@r ]m dw]lokd ne qdk]shnm ’7( vd udqhex S O01S + Λ−0
01 9

⎛

⎝
−0 /
/ 0

r
/

/ / 0

⎞

⎠

⎛

⎝
0 /
0 0

/
/

/ / 0

⎞

⎠

⎛

⎝
−0 /
/ 0

r
/

/ / 0

⎞

⎠ +

⎛

⎝
0 /

−0 0
/
r

/ / 0

⎞

⎠ )

Pdk]shnm ’00( hr sgd nmkx qdk]shnm vghbg qdpthqdr rnld sgntfgs- Enq dw]lokd+ sgd
l]sqhw bnqqdronmchmf sn sgd oqnctbs


h/0 Oh0Λ

−0
h0 + vghbg khesr bnmitf]shnm ax ‘0+ hr

⎛

⎝
0 /
/ Hm−0

(m − 0(r
/

/ / 0

⎞

⎠ )

Sgtr enq ]kk h / 0+ sgd l]o nm K rdmcr sgd dcfd rs]qshmf ]s u hm sgd chqdbshnm dh sn sgd
,rg]odc o]sg k]adkdc ‘−0

0 ‘h ‘0 rs]qshmf ]s u+r(m−0(d0 + u+d0− sqd0- Cq]ffhmf ]kk
udqshbdr ne K nmd tmhs ]knmf sgd dcfd o]q]kkdk sn d0 fhudr ] “adq,oqdrdquhmf gnlnsnox
ne sghr l]o sn sgd cdbj sq]mrenql]shnm u → u−sqd0- Sghr cdbj sq]mrenql]shnm hmctbdr
sgd hcdmshsx nm Kq -

Qdl‘qj 2 Enq q + m + 1 sgd ]anud bnmrsqtbshnm fhudr ]m dladcchmf
Nts(E1( → Nts(E4(- Gdqd hr ]m dwokhbhs cdrbqhoshnm ne sgd hl]fdr ne sgd ρh i . λh i

]mc τh tmcdq sghr dladcchmf+ vgdqd E4 + }‘. a. b. c. d-

ρ01 +

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

‘ → ca

a → a

b → b

c → d‘

d → d

ρ10 +

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

‘ → ‘

a → bd‘

b → b

c → c

d → ca

τ +

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

‘ → ‘−0

a → d

b → b−0

c → c−0

d → a

λ01(w( + aρ01(w(a−0 ]mc λ10(w( + ‘ρ01(w(‘−0-
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Ehf- 0 Sgd fq]og W

3 Oqnne ne Sgdnqdl @9 sgd mnm,dwhrsdmbd ne khesr

Vd adfhm ax oqnuhmf sg]s enq m / 1 sgd l]o @ts(Em(<M → Nts(Em( cndr mns rokhs
vgdm M + E 

m : sghr hr dpthu]kdms sn sgd b]rd @ ∼+ Rm hm Sgdnqdl @- Sn cn sghr+ vd
bnmrhcdq sgd bxbkhb fqntoΘm , Nts(Em( ne nqcdq (m−0( sg]s bnqqdronmcr sn sgd fqnto
ne qns]shnmr ne sgd l]qjdc fq]og rgnvm hm Ehf- 0-

Oqnonrhshnm 4 Sgd hmudqrd hl‘fd ne Θm hm @ts(Em(<E 
m hr snqrhnm,eqdd+ ‘mc sgdqdenqd

@ts(Em(<E 
m → Nts(Em( cndr mns rokhs-

Hm sghr rdbshnm vd oqdrdms sgqdd oqnner ne sghr e]bs- Sgd “qrs hr ] fdnldsqhb oqnne
sg]s vd eddk fhudr sgd lnrs hmrhfgs hmsn sgd mnm,rokhsshmf ogdmnldmnm: sghr hr gnv vd
chrbnudqdc Oqnonrhshnm 4- Sgd rdbnmc oqnne cq]vr ]ssdmshnm sn ] snonknfhb]k bqhsdqhnm
hkktrsq]sdc ax sgd “qrs oqnne: khjd sgd “qrs oqnne+ hs hr dwdbtsdc trhmf sgd knvdq rdptdmbd
hm Oqnonrhshnm 0- Sgd sghqc oqnne hr otqdkx ]kfdaq]hb- Sgd “qrs ]mc sghqc oqnner ]krn
kd]c sn ] oqnne ne sgd enkknvhmf oqnonrhshnm+ vghbg bnlokdsdr sgd oqnne ne Sgdnqdl 0
’]mc sgdqdenqd ne Sgdnqdl @(-

Oqnonrhshnm 5 Kds M + E 
m Eq

m ‘mc kds oq cdmnsd sgd m‘stq‘k l‘o @ts(Em(<M →
Nts(Em(- Sgdm sgd rgnqs dw‘bs rdptdmbd 0 → Em<M → o−0

q Θm → Θm → 0 rokhsr he
‘mc nmkx he q hr bnoqhld sn m − 0-

3-0 @ chqdbs fdnldsqhb oqnne

@s rdudq]k onhmsr hm sgd enkknvhmf ]qftldms vd trd sgd dkdldms]qx e]bs sg]s he ] bnm,
mdbsdc ldsqhb fq]og hr ] tmhnm ne ’]s kd]rs svn( dladccdc bhqbthsr+ sgdm ]m hrnldsqx
sg]s hr gnlnsnohb sn sgd hcdmshsx hr ]bst]kkx dpt]k sn sgd hcdmshsx-

Kds m ≥ 2 ad ]m hmsdfdq ]mc kds W + Wm ad sgd fq]og sg]s g]r (m − 0( udqshbdr+
bnms]hmr ] rhlokd knno ne kdmfsg (m−0( ]mc g]r ] knno ne kdmfsg 0 ]s d]bg ne hsr udqshbdr
’rdd Ehf- 0(-

Vd “w ] l]whl]k sqdd hm sgd fq]og+ k]adk sgd qdl]hmhmf dcfd nm sgd knmf bhqbths
‘/+ ]mc k]adk sgd knnor ne kdmfsg 0 hm bxbkhb nqcdq+ oqnbddchmf ]qntmc sgd knmf bxbkd9
‘0. ) ) ) . ‘m−0- Sghr oqnuhcdr ]m hcdmsh“b]shnm ne Em vhsg µ0W -
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Ehf- 1 L]whl]k ]adkh]m bnudq ne W + Wm . m + 2

Bnmrhcdq sgd l]whl]k ]adkh]m bnudq ne W + sg]s hr sgd fq]og W + W<E 
m - Sgd F]knhr

fqnto ne sghr bnudqhmf hr Em<E 
m

∼+ Rm ]mc hs hr gdkoetk sn uhrt]khrd sgd enkknvhmf
dladcchmf ne W hm Cm ’rdd Ehf- 1(-

Ehw qdbs]mftk]q bnnqchm]sdr w/. ) ) ) . wm−0 nm Cm ]mc cd“md W sn ad sgd tmhnm ne
sgd enkknvhmf m e]lhkhdr ne khmdr9 e]lhkx �/ bnmrhrsr ne ]kk khmdr o]q]kkdk sn sgd w/,]whr
sg]s g]ud hmsdfdq wh ,bnnqchm]sdr enq ]kk h / /+ vghkd �h bnmrhrsr ne ]kk khmdr o]q]kkdk
sn sgd wh ]whr sg]s g]ud hmsdfdq bnnqchm]sdr enq ]kk i + h vhsg i / / ]mc vghbg g]ud
w/,bnnqchm]sd ]m hmsdfdq sg]s hr bnmfqtdms sn h lnc (m − 0(-

Sgd ]bshnm ne sgd F]knhr fqnto Em<E 
m

∼+ Rm hr ax sq]mrk]shnmr hm sgd bnnqch,
m]sd chqdbshnmr+ vhsg ‘h ]bshmf ]r sq]mrk]shnm ax ] chrs]mbd 0 hm sgd wh chqdbshnm enq
h + 0. ) ) ) . m − 0+ ]mc vhsg ‘/ ]bshmf ]r sq]mrk]shnm ax ] chrs]mbd (m − 0( hm sgd w/
chqdbshnm-

Mnv bnmrhcdq sgd hrnldsqx θ ne W sg]s qns]sdr sgd knmf bxbkd sgqntfg ] chrs]mbd 0+
b]qqxhmf sgd nqhdmsdc knno k]adkkdc ‘h sn sg]s k]adkkdc ‘h+0 enq h + 0. ) ) ) . m − 1 ]mc
s]jhmf ‘m−0 sn ‘0- Sghr hrnldsqx g]r nqcdq m − 0-

@ khes ;θ ne θ sn W hr nas]hmdc ]r enkknvr9

;θ(x/. ) ) ) . xm−0( + (x/ + 0. xm−0. x0. x1. ) ) ) . xm−1()

�12



@adkh]m bnudqr ne fq]ogr ]mc l]or 0/70

Hm nsgdq vnqcr+ ;θ rghesr ax 0 tmhs hm sgd w/,chqdbshnm ]mc odqltsdr sgd onrhshud ]wdr
ne sgd nsgdq fdmdq]snqr bxbkhb]kkx- Hm o]qshbtk]q+ ;θm−0 hr sgd cdbj sq]mrenql]shnm bnqqd,
ronmchmf sn ˆ‘/[ + (0. /. ) ) ) . /( ∈ Rm + Em<E 

m + rn hr mns gnlnsnohb sn sgd hcdmshsx-
@mx onvdq ne ;θ vghbg hr mns ] ltkshokd ne m − 0 rdmcr sgd ]whr enq ‘0 sn ] sq]mrk]sd ne
sgd ]whr enq ‘j + enq rnld j + 0+ rn hr ]f]hm mns gnlnsnohb sn sgd hcdmshsx- Sghr rgnvr
sg]s ;θ g]r hm“mhsd nqcdq hm EGD(W(-

He vd bgnnrd ] cheedqdms khes ;θ  ne θ + sgdm hs cheedqr eqnl ;θ ax rnld cdbj
sq]mrenql]shnm (r. s0. ) ) ) . sm−0( ∈ Em<E 

m - Sgdm ( ;θ (m−0 hr sgd cdbj sq]mrenql]shnm
(0+ r(m − 0(. s0(m − 0(. ) ) ) . sm−0(m − 0((+ vghbg hr mnm,sqhuh]k ’gdmbd mns gnlnsnohb
sn sgd hcdmshsx( enq ]mx r he m / 1- Sgtr ;θ  g]r hm“mhsd nqcdq hm EGD(W(- Sghr oqnudr
Oqnonrhshnm 4-

He vd knnj lnc q ’h-d-+ vnqj lnctkn sgd ]bshnm ne Em<E 
m Eq

m + qRm(+ sgdm sgd k]rs
cdbj sq]mrenql]shnm bnmrhcdqdc ]anud b]m adbnld sqhuh]k9 sgd dpt]shnm

0 + r(m − 0( • / lnc q

g]r ] rnktshnm he ]mc nmkx he (q. m − 0( + 0+ rn ] khes ;θ(q( ne θ sn ] “adq,gnlnsnox
dpthu]kdmbd ne W(q( + W<qRm b]m ad bgnrdm rn sg]s ;θm−0

(q( hr gnlnsnohb ’hm e]bs dpt]k(
sn sgd hcdmshsx he ]mc nmkx he (q. m − 0( + 0- Sghr oqnudr Oqnonrhshnm 5- 

3-1 @ snonknfhb]k narsqtbshnm sn rokhsshmf

Sgd “mhsd bxbkhb fqnto fdmdq]sdc ax θ ]bsr eqddkx nm sgd fq]og Wm + ]mc Wm b]m ad
dladccdc hmsn sgd snqtr S m hm rtbg ] v]x sg]s sgd ]bshnm dwsdmcr- Sgd jdqmdk ne sgd
l]o hmctbdc nm etmc]ldms]k fqntor ax sghr dladcchmf hr dw]bskx sgd bnllts]snq
rtafqnto E 

m - Ansg Wm ]mc S m ]qd ]rogdqhb]k ro]bdr- Hm sghr rdbshnm vd rgnv sg]s sgd
mnm,rokhsshmf ne sgd rgnqs dw]bs rdptdmbd ne Oqnonrhshnm 4 hr ]m dw]lokd ne ] lnqd
fdmdq]k ogdmnldmnm ]rrnbh]sdc sn sghr sxod ne rhst]shnm-

Kds F ad ] fqnto ]bshmf eqddkx ax gnldnlnqoghrlr nm ] bnmmdbsdc BV,bnlokdw
W + ]mc kds W cdmnsd sgd tmhudqr]k bnudq- Kds F ⊂ Gnldn(W( ad sgd rtafqnto ne
Gnldn(W( fdmdq]sdc ax ]kk khesr ne dkdldmsr ne F- ’He sgd ]bshnm ne F hr oqnodqkx
chrbnmshmtntr+ sgdm F hr hrnlnqoghb sn sgd etmc]ldms]k fqnto ne W<F-( Sgdqd hr ]m
nauhntr rgnqs dw]bs rdptdmbd

0 → µ0W → F → F → 0)

Lnqd fdmdq]kkx+ he sgd ]bshnm ne F kd]udr hmu]qh]ms ] mnql]k rtafqnto M ⊂ µ0W
sgdm vd vqhsd F M enq sgd fqnto ne ]kk khesr ne sgd dkdldmsr ne F sn W<M - Sgdqd hr rgnqs
dw]bs rdptdmbd

0 → µ0W<M → F M → F → 0.

vgdqd µ0W<M hr sgd F]knhr fqnto ne sgd bnudqhmf W<M → W -

Kdll‘ 1 Sgd ‘bshnm ne F M nm W<M hr eqdd-
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Ehf- 2 W2 dladccdc hm ] snqtr

Oqnne He ]m dkdldms γ ∈ F M g]c ] “wdc onhms hm W<M sgdm hsr hl]fd hm F vntkc
“w ] onhms ne W - Rhmbd sgd ]bshnm ne F hr eqdd+ γ vntkc g]ud sn khd hm sgd jdqmdk ne
F M → F- Ats sghr jdqmdk hr sgd fqnto ne cdbj sq]mrenql]shnmr+ vghbg ]bsr eqddkx-

Kdll‘ 2 He W hr ›mhsd chldmrhnm‘k ‘mc ‘rogdqhb‘k sgdm F hr snqrhnm eqdd-

Oqnne He F g]c ] mnm,sqhuh]k dkdldms ne “mhsd nqcdq+ r]x γ + sgdm ax sgd oqduhntr
kdll] vd vntkc g]ud ] eqdd ]bshnm ne sgd “mhsd fqnto B + }γ  nm sgd bnmsq]bshakd
“mhsd chldmrhnm]k ro]bd W + bnmsq]chbshmf sgd e]bs sg]s B g]r bngnlnknfx hm hm“mhsdkx
l]mx chldmrhnmr-

Dw‘lokd 0 He W hr ] fq]og ]mc sgd ]bshnm ne F hr oqnodqkx chrbnmshmtntr ’d-f-+ ax
fq]og hrnldsqhdr( sgdm F hr sgd etmc]ldms]k fqnto ne ] fq]og ]mc gdmbd hr eqdd-

Oqnonrhshnm 6 Kds F ad ‘ fqnto ‘bshmf nm ›mhsd,chldmrhnm‘k+ bnmmdbsdc BV,bnl,
okdwdr W ‘mc X. ‘mc kds e ] W → X ad ‘m dpthu‘qh‘ms dladcchmf- Kds M ad sgd
jdqmdk0 ne sgd hmctbdc l‘o µ0W → µ0X ‘mc bnmrhcdq sgd rgnqs dw‘bs rdptdmbd

0 → µ0W<M → F M → F → 0)

He X hr ‘rogdqhb‘k ‘mc sgd ‘bshnm ne F nm X hr eqdd+ sgdm F M hr snqrhnm,eqdd-

Oqnne Kds FX ad sgd fqnto ne ]kk khesr sn X enq sgd ]bshnm ne F nm X - Sgd dladcchmf
e ] W → X khesr sn ]m dladcchmf W<M → X sg]s hmctbdr ]m hrnlnqoghrl eqnl F M

sn sgd rtafqnto ne FX sg]s oqdrdqudr sgd hl]fd ne W<M - ’Sghr vhkk ad sgd vgnkd ne
FX he ]mc nmkx he e∗ ] µ0W → µ0X hr rtqidbshud-(

Kdll] 2 ]ookhdc sn X rgnvr sg]s FX hr snqrhnm,eqdd-

Oqnne ne Oqnonrhshnm 4 Vd bnmrhcdq sgd fq]og Wm rgnvm hm Ehf- 0 ]mc sgd bxbkhb fqnto
Θm ne nqcdq (m −0( sg]s ]bsr eqddkx nm sgd fq]og+ odqltshmf sgd udqshbdr hm bxbkhb nqcdq-
Vd dladc Wm hm ]m m,chldmrhnm]k snqtr S ax ptnshdmshmf sgd dladcchmf Wm → Cm

ne sgd oqduhntr rdbshnm ax sgd ]bshnm ne Em<E 
m

∼+ Rm ’rdd Ehf- 2(-
Vd l]jd sgd fdmdq]snq ne Θm ]bs nm S ax sq]mrk]shnm hm sgd w/ chqdbshnm sgqntfg ]

chrs]mbd 0 enkknvdc ax sgd qns]shnm sg]s kd]udr hmu]qh]ms sgd w/ chqdbshnm ]mc odqltsdr
sgd bnnqchm]sdr w0. w1. ) ) ) . wm−0 bxbkhb]kkx-

Sghr ]bshnm hr eqdd ]mc sgd dladcchmf Wm → S hr dpthu]qh]ms- Sgtr vd ]qd hm sgd
rhst]shnm ne Oqnonrhshnm 6+ ]mc Oqnonrhshnm 4 hr oqnudc-

0 Sghr hr vdkk,cd“mdc ]r hs hr mnql]k ]mc ] bg]mfd ne a]rdonhms hrnlnqoghrl oqnctbdr mn ]lahfthsx lnc
bnmitf]bx-
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3-2 @ oqnne trhmf oqdrdms]shnmr

Vd ]qd hmsdqdrsdc hm sgd rgnqs dw]bs rdptdmbd

0 → Em<E 
m → @ts(Em(<E 

m
µ→ Nts(Em(→ 0)

Kds Θm ⊂ Nts(Em( ad sgd rtafqnto fdmdq]sdc ax sgd bk]rr ne sgd ]tsnlnqoghrl

θ ] (‘/. ‘0. ) ) ) . ‘m−1. ‘m−0( → (‘/. ‘1. ) ) ) . ‘m−0. ‘/‘0‘−0
/ ()

Mnsd sg]s Θm hr bxbkhb ne nqcdq (m − 0( ats sg]s θ g]r hm“mhsd nqcdq hm @ts(Em(+ rhmbd
hs hr ] qnns ne sgd hmmdq ]tsnlnqoghrl ax ‘/-

Kds Θm + µ−0Θm ⊂ @ts(Em(<E 
m + rn sgd ]anud rgnqs dw]bs rdptdmbd qdrsqhbsr sn9

0 → Em<E 
m → Θm

µ→ Θm → 0)

Vd oqnctbd ] oqdrdms]shnm enq Θm trhmf ] rs]mc]qc oqnbdctqd enq bnmrsqtbshmf oqdrdm,
s]shnmr ne fqnto dwsdmrhnmr: sghr hr dwok]hmdc+ d-f-+ hm Z02[+ Sgdnqdl 0+ o- 028- Vd “w ]
a]rhr {‘/. ) ) ) . ‘m−0{ enq sgd eqdd fqnto Em ]mc vqhsd αh enq sgd hl]fd hm @ts(Em(<E 

m ne
sgd hmmdq ]tsnlnqoghrl v → ‘hv‘−0

h - Sgdm Em<E 
m hr fdmdq]sdc ax sgd αh rtaidbs sn

sgd qdk]shnmr ˆαh .α i [ + 0. ]mcΘm hr fdmdq]sdc ax sgd hl]fd ne θ rtaidbs sn sgd qdk]shnm
sg]s sghr hl]fd g]r nqcdq m − 0- Sgd ]tsnlnqoghrlr αh ]mc θ r]shrex sgd enkknvhmf
qdk]shnmr9

0- θα/θ
−0 + α/

1- θαhθ
−0 + αh+0 enq h + 0. ) ) ) . m − 1

2- θαm−0θ
−0 + α−0

/ α0α/
3- θm−0 + α/

]mc sgd sgdnqdl bhsdc ]anud ]rrtqdr tr sg]s ’hmsqnctbhmf ] fdmdq]snq w sn qdoqdrdms θ (
sgdrd qdk]shnmr rte“bd sn oqdrdms Θm 9

Θm ∼+

α/. ) ) ) .αm−0. w | ˆαh .α i [ + 0 enq h. i + /. ) ) ) . m − 0.

wα/w−0 + α/. wαh w−0 + αh+0 enq h + 0. ) ) ) . m − 1.

wαm−0w−0 + α/α0α
−0
/ . wm−0 + α/



Oqnonrhshnm 7 Θm ∼+ Rm−0 Zψ R vgdqd ψ hr sgd ‘tsnlnqoghrl sg‘s odqltsdr ‘ eqdd
a‘rhr {α0. ) ) ) .αm−0{ bxbkhb‘kkx- Hm o‘qshbtk‘q+ Θm hr snqrhnm,eqdd-

Oqnne Vd trd Shdsyd lnudr sn rhlokhex ntq oqdrdms]shnm ne Θm - Ehqrs vd trd
ˆα/.α0[ + 0 sn qdok]bd wαm−0w−0 + α/α0α

−0
/ ax wαm−0w−0 + α0- Mdws vd trd

sgd k]rs qdk]shnm sn qdlnud sgd rtodqfitntr fdmdq]snq α/+ qdok]bhmf hs ax wm−0 hm sgd
nsgdq qdk]shnmr vgdqd hs ]ood]qr- Ats hm e]bs+ ]kk ne sgd qdk]shnmr vgdqd α/ ]ood]qdc
adbnld qdctmc]ms vgdm vd rtarshstsd wm−09 sghr hr nauhntr enq wα/w−0 + α/+ ]mc
hm sgd qdl]hmhmf b]rdr nmd b]m cdctbd ˆwm−0.αh [ + 0 ax bnlahmhmf sgd qdk]shnmr
wαh w−0 + αh+0 ]mc wαm−0w−0 + α0-
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@s sgd dmc ne sgdrd lnudr vd ]qd kdes vhsg sgd oqdrdms]shnm

Θm ∼+

α0. ) ) ) .αm−0. w | ˆαh .α i [ enq h. i + 0. ) ) ) . m − 0.

wαh w−0 + αh+0 enq h + 0. ) ) ) . m − 1. wαm−0w−0 + α0

.

vghbg hr sgd m]stq]k oqdrdms]shnm ne Rm−0 Zψ R-

Bnqnkk‘qx 0 Θm hr sgd etmc‘ldms‘k fqnto ne ‘ bknrdc+ fi‘s m,l‘mhenkc sg‘s ›aqdr nudq
sgd bhqbkd vhsg gnknmnlx ne nqcdq (m − 0(-

Oqnne ne Oqnonrhshnmr 4 ‘mc 5 Eqnlntq nqhfhm]k oqdrdms]shnm ne Θm vd qd]chkx cdctbd
sgd enkknvhmf oqdrdms]shnm enq sgd oqdhl]fd Θm(m. q( ne Θm hm @ts(Em(<E 

m Eq
m


α/.α0. ) ) ) .αm−0. w | αq

h + 0 + ˆαh .α i [ enq h + /. ) ) ) . m − 0.

wαh w−0 + αh+0 enq h + 0. ) ) ) . m − 1.

wαm−0w−0 + α0. α/ + wm−0.

]mc l]jhmf Shdsyd lnudr ]r ]anud vd rdd sg]s Θm(m. q( hr ] rdlhchqdbs oqnctbs
Θm(m. q( ∼+ (R<q(m−0 Zψ R<q(m − 0(: hm o]qshbtk]q w g]r nqcdq q(m − 0(-

Kds M + Em<E 
m Eq

m
∼+ (R<q(m cdmnsd sgd rtafqnto fdmdq]sdc ax sgd αh - Vd ]qd

hmsdqdrsdc hm vgdm vd b]m rokhs

0 → M → Θm(m. q(→ Θm → 0)

He q hr bnoqhld sn m − 0+ sgdm sgdqd dwhrsr ]m hmsdfdq s rtbg sg]s sq • 0 lnc (m − 0(+
rn ˆθ [sq + ˆθ [ hm Θm ]mc vd b]m rokhs sgd ]anud rdptdmbd ax rdmchmf sgd fdmdq]snq
ˆθ [ ∈ Θm sn wsq + mnshmf sg]s

(wsq (m−0 + (wq(m−0((s + 0)

Hs qdl]hmr sn oqnud sg]s he q hr mns bnoqhld sn m−0 sgdm sgdqd hr mn rokhsshmf- Sn drs]a,
khrg sghr+ vd bnmrhcdq ]m ]qahsq]qx dkdldms hm sgd oqdhl]fd ne ˆθ [ ]mc dw]lhmd vgdsgdq
hs b]m g]ud nqcdq m−0- Rtbg ]m dkdldms g]r sgd enql >w + vgdqd > + α

l/
/ α

l0
0 ) ) )α

lm−0
m−0 -

Eqnl ntq oqdrdms]shnm ne Θ(m. q( vd rdd sg]s

(>w(m−0 + > � (w>w−0( � (w1>w−1( � (w2>w−2( � � � (wm−1>w1−m( � wm−0

b]m ad rhlokh“dc sn

(>w(m−0 + > � ψ(>( � ψ1(>( � ψ2(>( � � � ψm−1(>( � ‘/)

@mc rhmbd

αh � ψ(αh ( � ψ1(αh ( � ψ2(αh ( � � � ψm−1(αh ( + μ ]+ α0α1 � � � αm−0
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enq h + 0. ) ) ) . m − 0+ vghkd wα/w−0 + α/+ vd g]ud

(>w(m−0 + α
l/(m−0(+0
/ μl0+���+lm−0 )

Hm nqcdq enq sghr sn dpt]k sgd hcdmshsx hm Θm(m. q( sgd dwonmdms ne α/ g]r sn ad ydqn
lnc q - Ats sghr hr hlonrrhakd+ adb]trd m − 0 hr mns bnoqhld sn q ]mc gdmbd sgdqd hr mn
hmsdfdq l/ rtbg sg]s l/(m − 0(+ 0 • / lnc q - 

4 Sgdnqdl A9 ‘ bngnlnknfhb‘k qdl‘qj

Kds L + G0(Em( ad sgd rs]mc]qc kdes,lnctkd enq sgd kdes ]bshnm ne Nts(Em(- Hm sgd
oqduhntr rdbshnm vd dwghahsdc ]m dwsdmrhnm 0 → L → @ts(Em(<E 

m → Nts(Em(→0
vghbg cndr mns rokhs ]mc sgdqdenqd cdsdqlhmdr ] mnm,sqhuh]k bngnlnknfx bk]rr hm
G1(Nts(Em(= L(: sghr oqnudr sgd “qrs rs]sdldms ne Sgdnqdl A- Enq sgd rdbnmc rs]sd,
ldms+ vd bnmrhcdq sgd ct]k L∗ + G0(Em( ne sgd rs]mc]qc lnctkd-

Oqnonrhshnm 8 G1(Nts(Em(.L∗( + / enq m ≥ 01-

Oqnne Sn bnlotsd G1(Nts(Em(.L∗(+ vd trd sgd GnbgrbghkcflKxmcnmflRdqqd rodbsq]k
rdptdmbd hm bngnlnknfx enq sgd rgnqs dw]bs rdptdmbd

0 → Em → @ts(Em(→ Nts(Em(→ 0.

vhsg sqhuh]kR bnde“bhdmsr- Sghr g]r D o.p
1 + G o(Nts(Em(= Gp(Em((⇒ G o+p(@ts(Em((-

Rhmbd Gp(Em( + / enq p / 0+ sgd D1,sdql g]r dw]bskx svn mnm,ydqn qnvr+ enq p + /
]mc p + 09

/
c1

��XXXXXXXXXXXXXXXXXXXXXXXXXXX /
c1

��XXXXXXXXXXXXXXXXXXXXXXXXXXX / /

G/(Nts(Em(= L∗(
c1

��XXXXXXXXXXXXXXXXXXXXXX G0(Nts(Em(= L∗(
c1

��XXXXXXXXXXXXXXXXXXXXXX G1(Nts(Em(= L∗( G2(Nts(Em(= L∗(

G/(Nts(Em(=R( G0(Nts(Em(=R( G1(Nts(Em(=R( G2(Nts(Em(=R(

Sgd D o./
1 sdqlr ]qd G o(Nts(Em(=R(vhsg sqhuh]k R,bnde“bhdmsr+ ]mc sgd D o.0

1 sdqlr
]qd G o(Nts(Em(= L∗(- Mnv

D o./
∞ + D o./

2 + G o(Nts(Em(=R(< hl(c1()

Rhmbd sgd rodbsq]k rdptdmbd bnmudqfdr sn sgd bngnlnknfx ne @ts(Em(+ vd g]ud ]
svn,rs]fd “ksq]shnm

/ ⊂ D o./
∞ ⊂ G o(@ts(Em(=R( vhsg D o−0.0

∞ + G o−0(@ts(Em(=R(<D o./
∞ )
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Sgd l]o nm bngnlnknfx hmctbdc ax @ts(Em( → Nts(Em( e]bsnqr sgqntfg sgd dcfd
gnlnlnqoghrl d ] D o./

∞ → G o(@ts(Em(=R(9

G o(Nts(Em(=R( //

�� �����
����

���
G o(@ts(Em(=R(

G o(Nts(Em(=R(< hl(c1(
% �

d 33gggggggggg

Ats sgd sno ]qqnv hr ]m hrnlnqoghrl enq m // o ’Z00+01[(+ rn hm sghr q]mfd ]kk ne
sgdrd l]or ]qd hrnlnqoghrlr ]mc c1 + /- @ookxhmf sghr vhsg o + 1. 2 ]mc 3 vd rdd
sg]s D1.0

2 + D1.0
∞ + G1(Nts(Em(= L∗( ltrs ad ydqn-

Sgd dw]bs rs]akd q]mfd enq G o(Nts(Em(( hr rshkk tmjmnvm- @ knvdq antmc+ eqnl
Z00[+ hr m ≥ 1o + 3+ vghbg fhudr m ≥ 01 vgdm o ≤ 3-

Sgd enql ne sgd bngnlnknfx ]qftldms ]anud l]x ad ]arsq]bsdc ]r enkknvr-

Kdll‘ 3 Kds 0 → E → w
µ→ P → 0 ad ‘ rgnqs dw‘bs rdptdmbd vhsg E ‘ eqdd

fqnto+ ‘mc kds L ∼+ G0(E.R( ad sgd ‘rrnbh‘sdc RP,lnctkd- He µ hmctbdr hrnlnq,
oghrl G o−0(P=R(→ G o−0(w =R( ‘mc ‘m hmidbshnm G o(P=R(→ G o(w =R(+ sgdm
G o−1(P= L( + /-

5 Sgdnqdl B9 bk‘rrh›b‘shnm ne fq‘ogr qd‘khyhmf ›mhsd rtafqntor

Hm sgd bntqrd ne sghr rdbshnm ]mc sgd mdwsvd rg]kk oqnud sg]s hem hr dudm ]mcm , l ≤ 1m+
nq m hr ncc ]mc m , l ≤ 1m − 1+ sgdm dudqx gnlnlnqoghrl Nts(Em( → Nts(El(

g]r hl]fd ne nqcdq ]s lnrs svn- Vd cn sghr ax dw]lhmhmf sgd onrrhakd hl]fdr hm
Nts(El( ne sgd “mhsd rtafqntor ne Nts(Em(- Vd rgnv sg]s sgd onrrhakd dladcchmfr ne
sgd k]qfdrs “mhsd rtafqntor ne Nts(Em( ]qd rn bnmrsq]hmdc sg]s mnmd b]m ad dwsdmcdc
sn ] gnlnlnqoghrl cd“mdc nm sgd vgnkd ne Nts(Em(- @qfthmf hm sghr l]mmdq+ vd
cdctbd sg]s mn gnlnlnqoghrl eqnl Nts(Em( sn Nts(El( b]m qdrsqhbs sn ]m hmidbshnm
nm sgd k]qfdrs “mhsd rtafqnto Vm ⊂ Nts(Em(- Sghr dm]akdr tr sn ]ookx qdrtksr eqnl
ntq oqduhntr vnqj Z5[+ hm vghbg vd cdrbqhadc sgd gnlnlnqoghb hl]fdr ne Nts(Em(

hmsn vghbg Vm cndr mns hmidbs-

5-0 @clhrrhakd fq]ogr

Cd›mhshnm 0 @ fq]og hr ‘clhrrhakd he hs hr “mhsd+ bnmmdbsdc+ g]r mn udqshbdr ne u]kdmbd
0 nq 1+ ]mc g]r mn mnm,sqhuh]k enqdrsr sg]s ]qd hmu]qh]ms tmcdq sgd etkk ]tsnlnqoghrl
fqnto ne sgd fq]og- @m ]clhrrhakd fq]og nm vghbg ] fqnto F ]bsr hr r]hc sn ad
F,lhmhl‘k he sgd ]bshnm hr e]hsgetk ]mc sgdqd ]qd mn enqdrsr vghbg ]qd hmu]qh]ms tmcdq
sgd F,]bshnm: sgtr dudqx ]clhrrhakd fq]og hr lhmhl]k enq hsr etkk ]tsnlnqoghrl
fqnto-

Mnsd sg]s ]m ]clhrrhakd fq]og b]m g]ud mn rdo]q]shmf dcfdr+ rn ntq mnshnm hr lnqd
qdrsqhbshud sg]m sgd mnshnm ne ]clhrrhakd trdc hm Z7[-

Sgd enkknvhmf sgdnqdl dwok]hmr ntq hmsdqdrs hm ]clhrrhakd fq]ogr-
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Ehf- 3 @m m,qnrd Qm ]mc
m,b]fd Bm

3L

���

,,,,

Sgdnqdl 1 ’Z6+04[(- Dudqx ›mhsd rtafqnto ne Nts(Em( b‘m ad qd‘khydc ‘r ‘ rtafqnto
ne sgd ‘tsnlnqoghrl fqnto ne ‘m ‘clhrrhakd fq‘og vhsg etmc‘ldms‘k fqnto Em-

@m d]rx dwdqbhrd trhmf Dtkdq bg]q]bsdqhrshb xhdkcr9

Kdll‘ 4 @m ‘clhrrhakd fq‘og ne fdmtr l g‘r ‘s lnrs 1l − 1 udqshbdr ‘mc 2l − 2
dcfdr-

Sgd fdmtr ne ] fq]og W hr sgd q]mj ne G0(W(- Hs b]m ad bnlotsdc ]r d − > + b+
vgdqd d hr sgd mtladq ne dcfdr ne W. > hr sgd mtladq ne udqshbdr ]mc b hr sgd mtladq
ne bnlonmdmsr-

Kdll‘ 5 @ oqnodq rtafq‘og ne ‘m ‘clhrrhakd fq‘og g‘r rsqhbskx rl‘kkdq fdmtr-

5-1 Bk]rrh“b]shnm ne ]clhrrhakd @m,fq]ogr

Vd ]qd hmsdqdrsdc hm “mhsd rtafqntor ne Nts(El( sg]s bnms]hm ]ksdqm]shmf fqntor+ rn vd
adfhm ax bk]rrhexhmf ]clhrrhakd fq]ogr ne fdmtr l ≤ 1m vghbg qd‘khyd sgd ]ksdqm]shmf
fqnto @m + h-d-+ fq]ogr vghbg ]clhs ] e]hsgetk ]bshnm ne @m ax hrnldsqhdr-

Svn fq]ogr vghbg ]clhs nauhntr @m,]bshnmr ]qd sgd m,b]fd Bm + vghbg g]r svn
udqshbdr ]mc m dcfdr inhmhmf sgdl+ ]mc sgd m,qnrd Qm vghbg g]r nmd udqsdw ]mc m knnor
’rdd Ehf- 3(- Sgdrd vhkk ]ood]q eqdptdmskx hm ntq chrbtrrhnm ne @m,fq]ogr-

He W hr ] fq]og vhsg ]m @m,]bshnm+ vd cdmnsd sgd nqahs ne ] udqsdw > ax ˆ>[- Hm sgd
mdws kdll] vd bnmrhcdq nqahsr ne b]qchm]khsx m- Vd trd sgd e]bs sg]s sgd ]bshnm ne @m

nm ] rds ne rhyd m hr dhsgdq sqhuh]k nq rs]mc]qc+ oqnuhcdc m + 3- ’Enq m + 3+ gnvdudq+
@3 g]r sgd Jkdhm 3,fqnto ]r ] mnql]k rtafqnto+ vhsg ptnshdms R<2+ vghbg ]bsr nm entq
onhmsr ax “whmf nmd ne sgdl-(

Kdll‘ 6 Rtoonrd m ≥ 4+ ‘mc kds W ad ‘ fq‘og ne fdmtr l , (m − 0((m − 1(<1
vghbg qd‘khydr @m- He ‘kk udqsdw,nqahsr ˆ>[ g‘ud rhyd m+ sgdm W hr sgd chrinhms tmhnm ne
m rtafq‘ogr sg‘s ‘qd odqltsdc ax sgd ‘bshnm ne @m hm sgd rs‘mc‘qc v‘x-

Oqnne Rhmbd m ≥ 4+ sgd ]bshnm ne @m nm d]bg nqahs ˆ>[ hr sgd rs]mc]qc odqlts]shnm
]bshnm- Hm o]qshbtk]q+ sgd rs]ahkhydq ne d]bg udqsdw > hr hrnlnqoghb sn @m−0+ ]mc ]bsr
sq]mrhshudkx nm sgd nsgdq udqshbdr hm ˆ>[- Lnqdnudq sgdrd onhms rs]ahkhydqr ]bbntms enq
]kk ne sgd rtafqntor ne @m sg]s ]qd hrnlnqoghb sn @m−0-
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Ehf- 4 @clhrrhakd fq]ogr ne q]mj ≤ 1m qd]khyhmf @m

Ehw ] udqsdw >/- Hm d]bg udqsdw,nqahs ˆv[ sgdqd hr ] tmhptd udqsdw v/ ∈ ˆv[ vgnrd
rs]ahkhydq hr sgd r]ld ]r sg]s ne >/- Kds W/ ad sgd rtafq]og ro]mmdc ax ]kk ne sgd v/+
hmbktchmf >/- Vd bk]hl sg]s W hr sgd chrinhms tmhnm ne bnohdr ne W/ odqltsdc ax sgd
]bshnm ne @m -

He ] udqsdw v/ ∈ W/ hr bnmmdbsdc sn ] udqsdw t ntsrhcd ne W/ ax ]m dcfd+ sgdm sgd
nqahs ne t tmcdq sgd rs]ahkhydq ne v/ g]r m − 0 dkdldmsr+ rn v/ g]r u]kdmbd ]s kd]rs
m − 0: rhlhk]qkx t g]r u]kdmbd ]s kd]rs m − 0- Kds W0 ad sgd rtafq]og ro]mmdc ax ˆv[
]mc ˆt[- He ˆt[ + ˆv[+ sgdm W0 bnms]hmr sgd bnlokdsd fq]og nm m udqshbdr: ats sghr
fq]og g]r fdmtr (m − 0((m − 1(<1 / l+ rn sghr hr hlonrrhakd- He ˆt[ + ˆv[+ sgd fdmtr
ne W0 hr ]s kd]rs m(m − 0( − 1m + 0+ ats ]f]hm sghr fdmtr hr rsqhbskx ahffdq sg]m l rn
sghr hr hlonrrhakd-

Hs enkknvr sg]s W hr sgd chrinhms tmhnm ne m bnohdr ne W/+ nmd enq d]bg > ∈ ˆ>/[+ ]mc
sg]s sgdrd ]qd odqltsdc ax sgd ]bshnm ne @m hm sgd rs]mc]qc v]x-

He W qd]khydr @m + sgdm @m ]bsr nm sgd rds ne udqshbdr ]mc nm sgd rds ne dcfdr ne W -
Ntq ]m]kxrhr ne @m,fq]ogr cdodmcr nm sgd enkknvhmf qdrtks ne L- Khdadbj-

Oqnonrhshnm 0/ ’Z08[+ Oqno- 0-0(- He m / 7 sgdm sgd nqahsr ne sgd ‘bshnm ne @m nm ‘
›mhsd rds R g‘ud rhyd 0. m.

 m
1

�
nq k‘qfdq- He m + 6 nq 7 sgdqd l‘x ‘krn ad ‘m nqahs ne

rhyd 04- He m + 5 sgdqd l‘x ad ‘m nqahs ne rhyd 0/-

Hm sgd enkknvhmf oqnonrhshnm+ sgd m]ldr ne fq]ogr qdedq sn Ehf- 4- Hm d]bg b]rd+ sgd
]tsnlnqoghrl fqnto ne sgd fq]og bnms]hmr ] tmhptd bnox ne @m + to sn bnmitf]bx- ’Sghr
b]m ad rddm ax ]m dkdldms]qx ]qftldms rs]qshmf vhsg sgd nardqu]shnm sg]s hm d]bg b]rd
sgdqd hr nmkx ] rhmfkd onrrhakd mnm,sqhuh]k udqsdw nqahs-( Sgtr+ enq sgd lnrs o]qs+ vd
mddc mns rodbhex gnv @m hr ]bshmf d]bg shld rtbg ] fq]og ]ood]qr-

Vd trd sgd enkknvhmf rs]mc]qc mns]shnm9 he W0 ]mc W1 ]qd fq]ogr+ d]bg vhsg ] chrshm,
fthrgdc udqsdw+ sgdm vd vqhsd W0 ∨ W1 enq sgd fq]og nas]hmdc eqnl sgd chrinhms tmhnm
W0  W1 ax hcdmshexhmf sgdrd udqshbdr: he d]bg ne W0 ]mc W1 hr dpthoodc vhsg ]m ]bshnm
ax ] fqnto F+ vd qdedq sn sgd hmctbdc ]bshnm nm W0  W1 ]mc W0 ∨ W1 ]r sgd ch]fnm]k
]bshnm-

Oqnonrhshnm 00 ’Bk]rrh“b]shnm ne ]clhrrhakd @m,fq]ogr(- Rtoonrd m / 7+ ‘mc kds W
ad ‘m ‘clhrrhakd fq‘og ne fdmtr l ≤ 1m vghbg qd‘khydr @ + @m- Kds W @ ad sgd
rtafq‘og ne W ro‘mmdc ax dcfdr vhsg mnm,sqhuh‘k @,nqahsr-
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0- He l , m − 0 sgdqd ‘qd mn ‘clhrrhakd fq‘ogr qd‘khyhmf @-
1- He m − 0 ≤ l , 1m − 1 sgdm W @ + Qm nq Bm-
2- He l + 1m − 1 sgdm W @ hr Qm.Bm.Bm ∨ Bm nq J (2. m(-
3- He l + 1m − 0 sgdm W @ hr nmd ne sgd ‘anud nq B Km+ nq hr B1m.Bm ∨ Qm nq Bm  Bm

vhsg ch‘fnm‘k ‘bshnm-
4- He l + 1m sgdm W @ hr nmd ne sgd ‘anud+ Q1m + Qm ∨ Qm vhsg ch‘fnm‘k ‘bshnm+

Qm  Bm. QKm nq


m B2-

W hr nas‘hmdc eqnl W @ ax ‘cchmf ‘cchshnm‘k dcfdr ‘mc udqshbdr+ ›wdc ax @+ hm ‘m
‘qahsq‘qx l‘mmdq rtaidbs sn sgd qdpthqdldms sg‘s W ltrs ad bnmmdbsdc ‘mc ltrs mns
bnms‘hm ‘ mnm,sqhuh‘k enqdrs sg‘s hr hmu‘qh‘ms tmcdq sgd ‘bshnm ne @ts(W(-

Oqnne Rhmbd W hr ]clhrrhakd ne fdmtrl ≤ 1m+ hs g]r ]s lnrs 1l−1 ≤ 3m−1 udqshbdr+
]mc rhmbd m / 7 ]kk udqsdw nqahsr g]ud rhyd 0 nq m- Sgdqdenqd sgdqd ]qd ]s lnrs sgqdd
mnm,sqhuh]k udqsdw nqahsr+ ]mc vd chuhcd sgd bk]rrh“b]shnm hmsn b]rdr ]bbnqchmf sn sgd
mtladq ne sgdrd-

B‘rd 0- @kk udqshbdr ne W ‘qd ›wdc- Hm sghr b]rd sgd rtafq]og W @ hr ] tmhnm ne b]fdr
]mc qnrdr- Rhmbd m / 7 ]mc sgd fdmtr ne W hr ]s lnrs 1m ,

m
1

�
+ sgdrd b]fdr ]mc qnrdr

ltrs g]ud dw]bskx m dcfdr ’Oqnonrhshnm 0/(- Sgd fdmtr ne W @ fhudr ] knvdq antmc nm
sgd fdmtr ne W + rn sgd fdmtr ne W hr ]s kd]rs m − 0- He m − 0 ≤ l , 1m − 1+ sgd fq]og
W bnms]hmr dw]bskx nmd b]fd nq nmd qnrd-

He l + 1m − 1 sgdm sgd nmkx mdv onrrhahkhsx hr W @ + Bm ∨ Bm + W + vhsg ch]fnm]k
]bshnm ne @m -

He l + 1m − 0 vd ltrs bnmrhcdq sgd mdv onrrhahkhshdr W @ + Qm ∨ Bm. W @ + B1m

]mc W @ + Bm  Bm - He W @ + Bm  Bm sgdm W hr nas]hmdc eqnl W @ ax ]cchmf svn
dwsq] ’“wdc( dcfdr+ vghbg ltrs ansg g]ud sgd r]ld dmconhmsr+ rhmbd nsgdqvhrd sgd
etkk fqnto ne hrnldsqhdr ne W vntkc g]ud ]m hmu]qh]ms enqdrs ]mc gdmbd W vntkc mns
ad ]clhrrhakd- He W @ + Bm ∨ Bm sgdm W g]r nmd “wdc dcfd ]mc sghr b]mmns inhm sgd
udqshbdr ne sgd Bm vghbg khd noonrhsd sgd vdcfd udqsdw+ enq sgd r]ld qd]rnm-

He l + 1m sgd nmkx mdv onrrhahkhsx enq W @ hr Qm ∨ Qm + W + vgdqd sgd ]bshnm ne
@m hr ch]fnm]k-

He sgdqd ]qd mnm,sqhuh]k udqsdw nqahsr+ bnmrhcdq sgd ’hmu]qh]ms( rtafq]ogne W @ nas]hmdc
ax cdkdshmf ]kk “wdc udqshbdr ’]mc ]ci]bdms dcfdr( ne W - Ax Kdll] 6+ sghr rtafq]og hr
] chrinhms tmhnm ne rtafq]ogr W0. ) ) ) . Wm vghbg ]qd odqltsdc ax @m - Rhmbd l ≤ 1m+
d]bg ne sgdrd rtafq]ogr b]m g]ud fdmtr ]s lnrs 0-

B‘rd 1- W g‘r nmd mnm,sqhuh‘k udqsdw nqahs- Hm sghr b]rd W0 g]r nmkx ] rhmfkd udqsdw >+
onrrhakx vhsg nmd knno ]ss]bgdc-

He > g]r ] knno ]ss]bgdc+ sgdqd ltrs ad ]s kd]rs svn nsgdq dcfdr ne W ]ci]bdms sn
> ’rhmbd W g]r mn rdo]q]shmf dcfdr(+ ]mc d]bg ne sgdrd dcfdr g]r hsr nsgdq dmc ]s ]
“wdc udqsdw- He sgdrd udqshbdr ]qd sgd r]ld+ sgdm W + W @ hr sgd zqnrd vhsg knnor– QKm

vghbg g]r fdmtr 1m- He sgdx ]qd cheedqdms+ sgdm W bnms]hmr sgd zb]fd vhsg knnor– B Km +
rn g]r fdmtr ]s kd]rs 1m − 0-

He sgdqd hr mn knno ]s >+ sgdqd ltrs ad ]s kd]rs sgqdd dcfdr d0. d1 ]mc d2 ne W ]ci]bdms
sn >+ sdqlhm]shmf ]s “wdc udqshbdr t0. t1 ]mc t2- He sgdrd udqshbdr ]kk bnhmbhcd+ sgdm
d0. d1 ]mc d2 enql ] 2,b]fd+ vgnrd @m,nqahs hr ] bnox ne


m B2 hm W : rhmbd sghr g]r

fdmtr 1m hs hr hm e]bs ]kk ne W - He t0. t1 ]mc t2 ]qd chrshmbs+ sgdm sgd @m,nqahs ne d0. d1
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]mc d2 enqlr ] bnox ne J (2. m(+ vghbg g]r fdmtr 1m − 1 ]mc hr ]kk ne W @ rhmbd sgdqd
hr mn qnnl enq ]mnsgdq mnm,sqhuh]k dcfd nqahs- Sgd b]rd t0 + t1 + t2 b]mmns nbbtq+
rhmbd sgd nqahs ne t2 vntkc ad ] enqdrs hmu]qh]ms tmcdq sgd etkk hrnldsqx fqnto ne sgd
fq]og-

B‘rd 2- W g‘r svn mnm,sqhuh‘k udqsdw nqahsr- Hm sghr b]rd W0 g]r svn udqshbdr > ]mc
v+ ]mc vd bk]hl sghr b]m mdudq fhud ]m ]clhrrhakd fq]og ne q]mj ≤ 1m- He W0 hr ]
1,b]fd B1+ sgdm sgdqd ltrs ad ]mnsgdq dcfd rs]qshmf ]s > ]mc ]mnsgdq dcfd ]s v+ rhmbd
W hr ]clhrrhakd- Sgdrd dcfdr l]x sdqlhm]sd ]s sgd r]ld nq ]s cheedqdms “wdc onhmsr-
Hm dhsgdq b]rd+ sgdhq nqahsr enql ] enqdrs hmu]qh]ms tmcdq sgd etkk hrnldsqx fqnto ne W -
Nsgdq onrrhahkhshdr enq W0 ]qd dkhlhm]sdc ax trhmf sgd e]bs sg]s W hr ]clhrrhakd sn bntms
sgd lhmhl]k mtladq ne nqahsr ne dcfdr sdqlhm]shmf hm W0+ sgdm drshl]shmf sgd fdmtr ne
sgd rtafq]og ro]mmdc ax sgdrd dcfd,nqahsr: hm ]kk b]rdr+ sghr fdmtr hr ahffdq sg]m 1m-
Enq dw]lokd+ he W0 hr ] rhmfkd dcfd+ sgdqd ltrs ad ]s kd]rs 3 lnqd dcfdr ]ci]bdms
sn W0+ ]mc ]kk ltrs ad hm cheedqdms dcfd,nqahsr rhmbd sgdqd ]qd mn nqahsr ne rhyd 1m- Sgd
rtafq]og ro]mmdc ax sgd nqahs ne W0 ]mc sgdrd ]cchshnm]k dcfd,nqahsr g]r 4m dcfdr
]mc ]s lnrs 1m + 3 udqshbdr+ rn hsr fdmtr hr ]s kd]rs 2m − 2 / 1m-

B‘rd 3- W g‘r sgqdd mnm,sqhuh‘k udqsdw nqahsr- Sghr b]rd ]krn b]mmns nbbtq- Kds t. >
]mc v ad sgd udqshbdr ne W0- Hm ]kk b]rdr+ sgd e]bs sg]s W hr ]clhrrhakd ]kknvr tr sn “mc
] rtafq]og ne fdmtr fqd]sdq sg]m 1m- Enq dw]lokd+ he W0 hr ] sqh]mfkd+ sgdqd ]qd ]s kd]rs
2 ]cchshnm]k dcfdr sdqlhm]shmf hm W0- Sgd rtafq]og ro]mmdc ax sgd nqahsr ne W0 ]mc
sgdrd ]cchshnm]k dcfdr g]r 5m dcfdr ]mc ]s lnrs 2m + 2 udqshbdr+ rn g]r fdmtr ]s kd]rs
2m − 1 / 1m-

5-2 Bk]rrh“b]shnm ne lhmhl]k ]clhrrhakd Vm,fq]ogr

Kds Vm ∼+ (R<1(m Z Rm ad sgd etkk fqnto ne ]tsnlnqoghrlr ne Qm - He vd hcdmshex Qm

vhsg sgd rs]mc]qc qnrd vhsg ods]kr k]adkkdc ax sgd fdmdq]snqr ne Em + sgd rtafqnto Rm hr
fdmdq]sdc ax odqlts]shnmr ne sgd fdmdq]snqr ]mc sgd rtafqnto (R<1(m hr fdmdq]sdc ax
sgd ]tsnlnqoghrlr εh + vgdqd εh hmudqsr sgd h,sg fdmdq]snq- Hm sghr rdbshnm vd bk]rrhex
]kk lhmhl]k ]clhrrhakd Vm,fq]ogr W ne fdmtr l ≤ 1m-

Kdll‘ 7 Rtoonrd Rm ‘bsr nm ‘ ›mhsd rds Ω - Sgdm Rm odqltsdr sgd @m,nqahsr hm Ω + ‘mc
sgd ‘bshnm nm sghr rds ne nqahsr e‘bsnqr sgqntfg sgd cdsdqlhm‘ms l‘o Rm → Rm<@m ∼+R<1-

Oqnne Enq ]kk σ ∈ Rm ]mc ω ∈ Ω vd g]ud σ(@mω( + @m(σω( rhmbd @m hr mnql]k-

Kdll‘ 8 Rtoonrd Vm ‘bsr nm ‘ ›mhsd rds Ω + ‘mc @m g‘r ‘ rhmfkd mnm,sqhuh‘k nqahs
Ω@ ne rhyd m- Sgdm Ω@ hr hmu‘qh‘ms tmcdq sgd etkk fqnto Vm- D‘bg εh ‘bsr ‘r sgd hcdmshsx
nm Ω@+ ‘kk sgd εh ‘bs ax sgd r‘ld hmunktshnm1 nm sgd ›wdc rds Ω @ ne sgd @m,‘bshnm+
‘mc dudqx sq‘mronrhshnm hm Rm ‘bsr ax sgd r‘ld hmunktshnm nm Ω @-

Oqnne AxKdll] 7 sgd ]bshnm ne Rm , Vm oqdrdqudrΩ @ ]mcΩ@+ ]mc ]kk odqlts]shnmr
ne cdsdqlhm]ms −0 ]bs ax sgd r]ld hmunktshnm ne Ω @- Sgtr hs nmkx qdl]hmr sn bgdbj
sgd ]bshnm ne sgd εh -

1 Enq aqduhsx+ vd trd sgd sdql zhmunktshnm– sn ld]m ] rxlldsqx sg]s dhsgdq g]r nqcdq 1 nq hr sgd hcdmshsx-
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Kds ω0. ) ) ) .ωm ad sgd dkdldmsr ne Ω@+ vhsg sgd rs]mc]qc @m ]bshnm nm sgd rta,
rbqhosr- Sgd bdmsq]khydq ne ε0 bnms]hmr ] bnox ne @m−0+ rn ε0 ]bsr nm sgd “wdc onhms
rds ne sghr @m−0+ vghbg hr Ω @ ! ω0- @rrtld sg]s ε0 rdmcr ω0 sn s ∈ Ω @: vd vhkk
rgnv sg]s sghr kd]cr sn ] bnmsq]chbshnm- Rds σ + (01((h i( enq rnld h + i / 1-
Sgdm σ ∈ @m ]mc ε1 + σε0σ - @ookxhmf sghr sn ω1 rgnvr sg]s ε1(ω1( + s - Sgtr
ε0ε1(ω1( + ε0(s( + ω0- Rhmbd ε0 ]mc ε1 bnlltsd+ sghr fhudr ε1ε0(ω1( + ω0+
h-d-+ ε0(ω1( + ε1(ω0(+ vghbg hlokhdr sg]s ε0(ω1( + ω0.ω1 nq s - Sgtr ε0(ω1( + ωh enq
rnld h / 1- Mnv ε0ε1 + ε0σε0σ ]mc ε1ε0 + σε0σε0: ]ookxhmf sgd “qrs dwoqdrrhnm sn
ω1 fhudr ω0+ ats sgd rdbnmc dwoqdrrhnm rdmcr ω1 sn σε0(ωh ( + ω0+ fhuhmf sgd cdrhqdc
bnmsq]chbshnm-Vd bnmbktcd sg]s ε0(ω0( + ω0 ]mc ε0(ωh ( ∈ {ω1. ) ) ) .ωm{ enq ]kk h / 0+
h-d-+ ε0 oqdrdqudr Ω@ ]mc Ω @-

Hm e]bs+ vd ltrs g]ud ε0(ωh ( + ωh enq ]kk h - Sn rdd sghr+ rtoonrd+ d-f-+ sg]s ε0(ω1( +
ω2- Sgdm

ω2 + ε0(ω1( + ε0ε1(ω1( + ε1ε0(ω1(

+ ε1(ω2( + (01(ε0(01((ω2( + (01(ε0(ω2( + (01((ω1( + ω0.

fhuhmf ] bnmsq]chbshnm-
Rhmbd ]kk εh ]qd bnmitf]sd ax dkdldmsr ne @m + sgdx ]kk ]bs hm sgd r]ld v]x nm Ω @-

Mnv kds W ad ]lhmhl]k ]clhrrhakd Vm fq]og- @r hm sgd oqduhntr rdbshnm+ vd cdmnsd
ax W @ sgd rtafq]og “wdc ax sgd @m,]bshnm ]mc ax W @ sgd rtafq]og ne W ro]mmdc ax
dcfdr hm mnm,sqhuh]k @m,nqahsr- Mnsd sg]s W + W @ ! W @-

Mns‘shnm 0 Kds� + ε0 ) ) ) εm ∈ Vm ]mc kds α ] Vm → Vm ad sgd gnlnlnqoghrl sg]s
hr sgd hcdmshsx nm Rm , Vm ]mc rdmcr d]bg εh sn εh�-

Mnsd sg]s α hr ]m ]tsnlnqoghrl he m hr dudm ats g]r jdqmdk }� he m hr ncc-
Hm khfgs ne Sgdnqdl 1+ sgd enkknvhmf oqnonrhshnm oqnuhcdr ] bnlokdsd cdrbqhoshnm+

to sn bnmitf]bx+ ne sgd rtafqntor ne Nts(El( hrnlnqoghb sn Vm vhsg m / 7 ]mc
l ≤ 1m-

Oqnonrhshnm 01 Rtoonrd m / 7 ‘mc kds W ad ‘ Vm,lhmhl‘k+ ‘clhrrhakd fq‘og ne
fdmtr l ≤ 1m- Sgdm W @ hr hmu‘qh‘ms tmcdq sgd vgnkd fqnto Vm+ ‘mc ‘kk ne sgd εh g‘ud
sgd r‘ld qdrsqhbshnm sn W @- Sgd onrrhahkhshdr enq W @ ‘qd9

0- He l ≤ 1m − 1 sgdm W @ + Qm ‘mc sgd ‘bshnm ne Vm nm Qm hr dhsgdq sgd rs‘mc‘qc
nmd nq dkrd sgd rs‘mc‘qc nmd svhrsdc ax α ] Vm → Vm-

1- He l + 1m − 0+ sgd nmkx ‘cchshnm‘k onrrhahkhshdr enq W @ ‘qd B1m. Qm ∨ Bm+ ‘mc
B Km- Hm ‘kk b‘rdr+ W + W @- Hm sgd ‘bshnm nm B1m+ sgd dcfdr ‘qd fqntodc hm o‘hqr
{dh . d

h { rn sg‘s sgd ‘bshnm ne σ ∈ Rm rdmcr dh sn dσ(h( ‘mc d
h sn d

σ(h(+ ‘mc dhsgdq sgd
‘bshnm ne εh hr rs‘mc‘qc ’h-d-+ hs dwbg‘mfdr dh ‘mc d

h nmkx( nq dkrd hs hr sgd rs‘mc‘qc
‘bshnm svhrsdc ax α ] Vm → Vm- Hm ‘cchshnm+ sgd εh ‘mc sgd sq‘mronrhshnmr hm Rm

l‘x dwbg‘mfd sgd udqshbdr ne B1m- Sgd ‘bshnm ne Vm nm Qm ⊂ Qm ∨ Bm hr ‘r hm ’0(
‘mc sgd εh ‘bs sqhuh‘kkx nm Bm ⊂ Qm ∨ Bm- Hm ‘ rs‘mc‘qc ‘bshnm ne Vm nm B Km+
d‘bg εh fihor sgd h sg knno ‘mc kd‘udr ‘kk nsgdqr nsgdq ›wdc+ ‘mc Vm hmsdqbg‘mfdr
sgd udqshbdr ne B1m uh‘ ‘ mnm,sqhuh‘k gnlnlnqoghrl Vm → R<1: ‘mx ‘bshnm ne
Vm nm B Km hr dhsgdq rs‘mc‘qc nq dkrd ‘ rs‘mc‘qc nmd svhrsdc ax α ] Vm → Vm-

�12



0/81 L- P- Aqhcrnm+ J- Unfsl]mm

2- He l + 1m. sgd nmkx ‘cchshnm‘k onrrhahkhshdr enq W @ fq‘ogr ‘qd Q1m + Qm ∨
Q

m. QKm ‘mc Qm  Bm- Hm sgd ›qrs svn b‘rdr W + W @ ‘mc hm sgd k‘rs b‘rd W hr
nas‘hmdc ax bnmmdbshmf Qm sn Bm vhsg svn dcfdr sg‘s g‘ud sgd r‘ld dmconhmsr-
Sgd ‘bshnm ne Vm nm d‘bg e‘bsnq ne Q1m + Qm ∨ Q

m vhkk ad ‘r cdrbqhadc hm ’0(+
dwbdos sg‘s nm ‘s lnrs nmd e‘bsnq sgd εh lhfgs ‘bs sqhuh‘kkx- Hm sgd ‘bshnm ne Vm nm
B Km+ dhsgdq d‘bg εh hr rtoonqsdc nm sgd h sg ›ftqd,7 fq‘og hm sgd vdcfd+ nq dkrd
sgd ‘bshnm hr nas‘hmdc eqnl nmd vhsg sghr oqnodqsx ax svhrshmf vhsg α ] Vm → Vm-

Oqnne Vd chuhcd sgd oqnne hmsn b]rdr ]bbnqchmf sn sgd bk]rrh“b]shnm hm Oqnonrhshnm 00
ne @m,fq]ogr-

B‘rd 0- W @ + Qm nq Bm - Hm sghr b]rd vd b]m ]ookx Kdll] 8 sn sgd ]bshnm ne Vm

nm sgd rds ne ’tmnqhdmsdc( dcfdr ne W sn bnmbktcd sg]s W @ hr hmu]qh]ms ]mc sg]s d]bg
εh ]bsr ]r sgd hcdmshsx nm sgd rds ne dcfdr ne W @+ ]mc ]r ] “wdc hmunktshnm τ nm W @-
He W @ + Bm ]mc ε0 hmudqsr ]m dcfd+ sgdm hs ltrs hmsdqbg]mfd sgd udqshbdr ne Bm ]mc
sgtr hmudqs ]kk ne sgd dcfdr: etqsgdqlnqd+ rhmbd sgd εh ]qd ]kk bnmitf]sd ax sgd ]bshnm ne
@m + sgdx ltrs ]kk cn sghr- Sgtr+ qdf]qckdrr ne vgdsgdq sgd εh hmudqs sgd dcfdr ne Bm nq
“w sgdl+ ε0ε1 ]bsr ]r sgd hcdmshsx nm W + rn W cndr mns qd]khyd Vm”] bnmsq]chbshnm-
Vd bnmbktcd sg]s W @ + Qm + ]mc vd k]adk sgd dcfdr rn sg]s sgd ]bshnm hr rs]mc]qc- D]bg
εh ]bsr ax fihoohmf rnld ne sgd ods]kr- Rhmbd ]kk εh ]qd bnmitf]sd ax dkdldmsr ne @m +
sgdx ]kk fiho sgd r]ld mtladq ne ods]kr- He εh fihor ‘ i enq rnld i + h + hs ltrs fiho ]kk ‘ i

enq i + h + adb]trd εh bnlltsdr vhsg ] bnox ne @m−0 vghbg ]bsr sq]mrhshudkx nm sgdrd
‘ i - Hs b]m#s fiho ]kk ’nq mnmd( ne sgd ods]kr+ rhmbd sgdm εhε i vntkc ]bs ]r sgd hcdmshsx-
Sgdqdenqd εh ltrs fiho dh ]knmd+ nq dkrd ]kk dcfdr dwbdos dh -

He l , 1m − 1 sghr s]jdr b]qd ne ]kk onrrhahkhshdr enq W @+ ax Oqnonrhshnm 00-
B‘rd 1- W @ + J (2. m(- Sgd etkk fqnto ne hrnldsqhdr ne J (2. m( hr hrnlnqoghb sn

R2 · Rm + vghbg g]r nqcdq nmkx 5m:- Sghr hr kdrr sg]m sgd nqcdq ne Vm + rn J (2. m( b]mmns
qd]khyd Vm - @cchmf nmd nq svn dwsq] dcfdr sn J (2. m( b]m nmkx qdctbd sgd rhyd ne sgd
hrnldsqx fqnto+ rn hm e]bs W @ b]mmns ad hrnlnqoghb sn J (2. m( enq ]mx l ≤ 1m-

B‘rd 2- W @ + Bm ∨ Bm- Vqhsd W @ + Bm ∨ B 
m vgdqd B 

m hr ]mnsgdq bnox ne Bm +
]mc @m ]bsr ch]fnm]kkx- @ookxhmf Kdll] 8 sn sgd rds Ω bnmrhrshmf ne bnqqdronmchmf
o]hqr {dh . d

h { ne dcfdr hm W @ ]mc rhmfkd dcfdr { eh { ∈ W @+ vd bnmbktcd sg]s εh dhsgdq
“wdr ]kk d i nq hmsdqbg]mfdr d]bg o]hq {d i . d

i {- Ats vd jmnv sg]s ]kk εh ]bs ax sgd r]ld

hmunktshnm nm W @+ rn sghr vntkc hlokx sg]s ε0ε1 ]bsr ]r sgd hcdmshsx nm W + W @ ! W @+
bnmsq]chbshmf sgd ]rrtloshnm sg]s sgd ]bshnm ne Vm hr lhmhl]k+ gdmbd e]hsgetk-

B‘rd 3- W @ + Bm  Bm- Sghr b]mmns ad ] lhmhl]k Vm,fq]og: sgd oqnne hr hcdmshb]k
sn B]rd 2-

B‘rd 4- W @ + 
B2- Rhmbd mn dcfd ne W @ b]m ad hmudqsdc ax ]m hrnldsqx+ Vm ]bsr

nm sgd rds ne @m,nqahsr ne dcfdr- Rhmbd @m ]bsr sqhuh]kkx nm sghr rds+ sgd ]bshnm e]bsnqr
sgqntfg Vm<@m ∼+ R<1 · R<1- Ats ]mx ]bshnm ne R<1 · R<1 nm ] rds ne 2 dkdldmsr
g]r ] “wdc dkdldms- Sghr ld]mr sg]s rnld @m,nqahs hr hmu]qh]ms tmcdq Vm + rn W g]r
]m hmu]qh]ms enqdrs ]mc hr mns lhmhl]k enq Vm -

@kk nsgdq b]rdr rtoonqs ] Vm ]bshnm- Rodbhehb]kkx+ vd g]ud9
B‘rd 5- W @ + Qm ∨ Bm nq Qm  Bm - Gdqd+ Qm ]mc Bm ]qd d]bg hmu]qh]ms tmcdq sgd

etkk hrnldsqx fqnto ne W @- @ookx Kdll] 8 rdo]q]sdkx sn sgd rds ne dcfdr hm Qm ]mc
hm Bm sn bnmbktcd sg]s εh ]bsr ]r hm B]rd 0 nm Qm ]mc sqhuh]kkx nm Bm -
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B‘rd 6- W @ + B1m- He vd vqhsd B1m + Bm ! B 
m vhsg ch]fnm]k @m,]bshnm+ sgdm

Kdll] 8 ]ookhdc sn sgd rds Ω ne bnqqdronmchmf o]hqr {dh . d
h { rgnvr sg]s d]bg ε i ]bsr

sqhuh]kkx nm sgd rds ne rtbg o]hqr- @qfthmf ]r hm b]rd 0+ vd rdd sg]s εh hmsdqbg]mfdr nmkx
dh ]mc d

h + nq dkrd hmsdqbg]mfdr d i ]mc d
i enq ]kk i dwbdos i + h - Hm ]cchshnm+ ]kk ne sgd

εh hmsdqbg]mfd sgd udqshbdr ne B1m + nq dkrd “w sgdl-
B‘rd 7- W @ + B Km - @qfthmf ]r hm b]rd 0+ vd rdd sg]s εh ]bsr ax fihoohmf sgd h,sg

knno nq dkrd fihoohmf ]kk knnor dwbdos sgd h,sg- Hs l]x ]krn hmsdqbg]mfd sgd sno ]mc
anssnl udqshbdr- ’He εh chc mns fiho ]mx knnor+ sgdm ε0ε1 vntkc ]bs ]r sgd hcdmshsx-( He sgd
εh cn mns hmsdqbg]mfd sgd udqshbdr+ sgdm sgd sq]mronrhshnmr hm Rm ltrs+ rhmbd nsgdqvhrd
sgdqd hr ]m hmu]qh]ms enqdrs-

B‘rd 8- W @ + QKm - @f]hm+ ]m ]qftldms ]jhm sn b]rd 0 rgnvr sg]s ’svhrshmf vhsg
α ] Vm → Vm he mdbdrr]qx( vd l]x ]rrtld sg]s εh hr rtoonqsdc nm sgd h,sg “ftqd,7
hm sgd vdcfd-

B‘rd 0/- W @ + Q1m - Vd g]ud Q1m + Qm ∨ Q
m vhsg @m ]bshmf ch]fnm]kkx- εh ]bsr

ax fihoohmf dh ]mc d
h nq fihoohmf ]kk nsgdq ods]kr ]mc.nq hmsdqbg]mfhmf dh vhsg d

h -

Qdl‘qj 3 Vgdm m hr ncc+ bdqs]hm ne sgd ]bshnmr hm sgd oqdbdchmf oqnonrhshnm l]x
e]hk sn ad e]hsgetk adb]trd ne sgd svhrshmf ax α9 vgdm sgd ]bshnm ne Vm nm W @ e]bsnqr
sgqntfg α ] Vm → Vm + sgd ]bshnm ne � nm W @ ltrs ad mnm,sqhuh]k he sgd ]bshnm ne Vm

nm W hr sn ad e]hsgetk-

5-3 Bk]rrh“b]shnm ne lhmhl]k ]clhrrhakd Fm,fq]ogr

Kds Fm ∼+ Rm+0 · R<1 ad sgd rtafqnto ne Nts(Em( vghbg hr qd]khydc ]r sgd etkk
]tsnlnqoghrl fqnto ne sgd m,b]fd Bm+0 vhsg sgd “qrs m dcfdr k]adkkdc ax sgd fdmdq,
]snqr ‘0. ) ) ) . ‘m ne Em - Sgd R<1 e]bsnq ne Fm hr fdmdq]sdc ax � + ε0ε1 � � � εm + vghbg
hmsdqbg]mfdr sgd svn udqshbdr ne Bm+0+ kd]uhmf d]bg tmnqhdmsdc dcfd hmu]qh]ms-

Kds X ad ] lhmhl]k ]clhrrhakd Fm,fq]og ne fdmtr ]s lnrs l ≤ 1m + 1(m+0(−1-
@rrtld m / 6- Rhmbd Fm bnms]hmr A + @m+0+ Oqnonrhshnm 00 sdkkr tr sg]s XA

hr hrnlnqoghb sn dhsgdq Bm+0 nq Qm+0 he l , 1m+ vhsg sgd ]cchshnm]k onrrhahkhshdr
X + XA + Bm+0 ∨ Bm+0 ]mc X + J (2. m + 0( he l + 1m- Hm e]bs+ sghr k]rs onrrhahkhsx
cndr mns nbbtq+ adb]trd hm ]mx e]hsgetk ]bshnm ne Fm nm J (2. m + 0(+ sgd bdmsq]k R<1
kd]udr sgd rds ne 2 bnmd onhmsr hmu]qh]ms ]mc gdmbd “wdr nmd ne sgdl+ rn sgd rs]q ne sghr
“wdc onhms hr ] Fm,hmu]qh]ms enqdrs+ vghbg rgnvr sg]s sgd Fm,]bshnm hr mns lhmhl]k-

Oqnonrhshnm 02 He X hr ‘ Fm,lhmhl‘k ‘clhrrhakd fq‘og ‘mc m / 6+ sgdm sgd rtafq‘og
XA hr hmu‘qh‘ms tmcdq ‘kk ne Fm-

He sgd bdmsq‘k dkdldms � ∈ Fm ‘bsr nm XA mnm,sqhuh‘kkx+ sgdm hs fihor ‘kk dcfdr
’he XA + Qm+0(+ hmsdqbg‘mfdr sgd svn udqshbdr ’he XA + Bm+0( nq hmsdqbg‘mfdr sgd
svn bnohdr ne Bm+0 ’he X + Bm+0 ∨ Bm+0( vhsgnts odqltshmf sgd dcfdr- Sgd ncc
odqlts‘shnmr ne Rm+0 ‘bs nm XA ax odqltshmf sgd dcfdr hm sgd rs‘mc‘qc v‘x nq dkrd
d‘bg ‘bsr ax sgd odqlts‘shnm bnlonrdc vhsg sgd ‘bshnm ne �-

Oqnne Rhmbd A + @m+0 hr mnql]k hm Fm + sgd ]bshnm ne F oqdrdqudr sgd “wdc rtafq]og
X A ne A+ ]mc gdmbd ]krn oqdrdqudr sgd bnlokdldms]qx rtafq]og XA - Hm o]qshbtk]q+ �
]bsr nm XA ax ]m ]tsnlnqoghrl sg]s bnlltsdr vhsg sgd A,]bshnm- He XA + Qm+0+
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sgd nmkx mnm,sqhuh]k fq]og ]tsnlnqoghrl vghbg bnlltsdr vhsg sgd A,]bshnm hr sgd
nmd vghbg fihor d]bg ods]k ne sgd qnrd vhsgnts odqltshmf sgd ods]kr- He XA + Bm+0+
sgd nmkx mnm,sqhuh]k fq]og ]tsnlnqoghrl vghbg bnlltsdr vhsg sgd A,]bshnm hr sgd
nmd vghbg hmsdqbg]mfdr sgd udqshbdr ne Bm+0 vhsgnts odqltshmf sgd dcfdr- He X +
XA + Bm+0 ∨ Bm+0 sgd nmkx mnm,sqhuh]k fq]og ]tsnlnqoghrl vghbg bnlltsdr vhsg
sgd ’ch]fnm]k( A,]bshnm hr sgd nmd vghbg hmsdqbg]mfdr sgd svn bnohdr ne Bm+0-

Sgd rs]sdldms ]ants sgd ]bshnm ne ncc odqlts]shnmr nm XA enkknvr eqnl Kdll] 7-

6 Oqnne ne Sgdnqdl B

Vd ]qd mnv hm ] onrhshnm sn oqnud sg]s enq m / 7+ ]mx gnlnlnqoghrl eqnl Nts(Em(

sn Nts(El( g]r hl]fd ne nqcdq ]s lnrs svn enq m , l ≤ 1m − 1- He m hr dudm+ sghr b]m
ad hloqnudc sn l ≤ 1m- Vd “qrs qdctbd ntq oqnakdl trhmf sgd enkknvhmf9

Oqnonrhshnm 03 He m ≥ 2 ‘mc l , 1m−0 − 0+ sgdm ‘mx gnlnlnqoghrl
Nts(Em( → Nts(El( vghbg hr mns hmidbshud nm ansg Vm ‘mc nm Fm g‘r hl‘fd ne
nqcdq ‘s lnrs svn-

Oqnne He ] gnlnlnqoghrl hr mns hmidbshud nm Fm sgdm sgd jdqmdk dhsgdq bnmrhrsr ne sgd
bdmsq]k hmunktshnm� nq bnms]hmr @m+0- Hm dhsgdq b]rd+ hs enkknvr sg]s sgd gnlnlnqoghrl
hr mns hmidbshud nm Vm - Hm ’Z5[+ Oqnonrhshnm B( vd oqnudc sg]s ]mx gnlnlnqoghrl eqnl
Nts(Em( sg]s hr mns hmidbshud nm Vm ltrs e]bsnq sgqntfg Nts(Em( → OFK(m.R(+ ]mc
ax Z2[ ]kk gnlnlnqoghrlr OFK(m.R(→ Nts(El( g]ud “mhsd hl]fd-

Sgd jdqmdk ne sgd m]stq]k l]o Nts(El(→ FK(l.R( hr snqrhnm,eqdd+ rn sgd hl]fd
ne OFK(m.R( hm Nts(El(l]or hmidbshudkx sn FK(l.R(- @ mnm,sqhuh]k “mhsd hl]fd ne
OFK(m.R( hr dhsgdq itrs R<1 ’]mc sgd l]o e]bsnqr sgqntfg sgd cdsdqlhm]ms( nq dkrd hs
bnms]hmr ] mnm,sqhuh]k “mhsd hl]fd ne ORK(m.R(- Dudqx “mhsd hl]fd ne ORK(m.R( hr
] “mhsd dwsdmrhnm ne sgd rhlokd fqnto ORK(m.R<o( enq rnld oqhld o- K]m]ytqh ]mc
Rdhsy Z07[ oqnud sg]s sgd lhmhl]k cdfqdd ne ] bnlokdw qdoqdrdms]shnm ne ORK(m.R<o(
nbbtqr vgdm o + 1 ]mc hr dpt]k sn l + 1m−0 − 0- Jkdhcl]m ]mc Khdadbj Z06[ oqnud
sg]s mn “mhsd dwsdmrhnm ne ORK(m.R<o( g]r ] qdoqdrdms]shnm ne kdrrdq cdfqdd-

Qdl‘qj 4 Enq ntq otqonrdr+ hs hr rte“bhdms sn g]ud sgd ]anud qdrtks hm sgd q]mfd
7 , m , l ≤ 1m ]mc nmd b]m oqnud sghr vhsgnts qdbntqrd sn Z07[- Hmcddc+ rhmbd
]m dkdldms]qx o,fqnto hm FK(l.R( b]m ad ch]fnm]khrdc hm FK(l.�(+ hs g]r q]mj
]s lnrs2 l+ vgdqd]r ORK(m.R<o( bnms]hmr ]m dkdldms]qx o,fqnto ne q]mj m<11+
m]ldkx sgd k]qfdrs tmhonsdms rtafqnto sg]s nmd b]m “s hm ] rpt]qd aknbj ]anud sgd
ch]fnm]k-

Vd qdlhmc sgd qd]cdq sg]s cds ] Nts(Em( → R<1 hr sgd bnlonrhshnm ne sgd cdsdq,
lhm]ms l]o FK(m.R(→ R<1 ]mc sgd m]stq]k rtqidbshnm Nts(Em(→ FK(m.R(-

2 Trhmf Rlhsg sgdnqx nmd b]m hloqnud sghr sn l<1 he o hr ncc-
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Kdll‘ 0/ Rtoonrd l ≥ m ≥ 2+ kds ψ0.ψ1 ∈ Nts(Em( ‘mc kds φ ]
Nts(Em(→ Nts(El( ad ‘mx gnlnlnqoghrl- He cds(ψ0(+cds(ψ1(+ sgdm cds(φ(ψ0((+
cds(φ(ψ1((-

Oqnne Enq m ≥ 2+ sgd nmkx rtqidbshnm eqnl Nts(Em( sn R<1 hr sgd cdsdqlhm]ms l]o-

Enq sgd qdl‘hmcdq ne sghr rdbshnm vd rtoonrd sg‘s 7 , m , l ‘mc sg‘s vd g‘ud ‘
gnlnlnqoghrl

φ ] Nts(Em(→ Nts(El(

vghbg hr hmidbshud nm Fm ‘mc nm Vm- Vd ›w ‘ lhmhl‘k ‘clhrrhakd fq‘og W ne fdmtr l
qd‘khyhmf φ(Vm( ‘mc ‘ lhmhl‘k ‘clhrrhakd fq‘og X ne fdmtr l qd‘khyhmf φ(Fm(-

Mnsd sg]s sgd hmsdqrdbshnm Fm ∩ Vm hr hrnlnqoghb sn Rm · R<1+ vgdqd Rm odqltsdr
sgd fdmdq]snqr ne Em ]mc R<1 hr fdmdq]sdc ax sgd ]tsnlnqoghrl � vghbg hmudqsr ]kk
ne sgd fdmdq]snqr- Sgd hl]fd ne d]bg dkdldms hm sghr hmsdqrdbshnm hr qd]khydc ansg ]r ]m
]tsnlnqoghrl ne W ]mc ]r ]m ]tsnlnqoghrl ne X -

Oqnonrhshnm 04 Enq l ≤ 1m+ sgd nmkx onrrhahkhshdr enq W ‘mc X ‘qd sgnrd vhsg
W @ + Qm ‘mc XA + Bm+0 nq Qm+0-

Oqnne Vd “qrs bnmrhcdq sgd hmctbdc ]bshnm ne φ(σ ( nm G0(El(+ vgdqd
σ + (01((23( ∈ @m - Vd b]kbtk]sd sgd chldmrhnm ne sgd ’,0(,dhfdmro]bd U−0(σ (

trhmf sgd ]bshnm ne σ nm ansg W ]mc X - He X + Qm+0 ∨ X A nq Bm+0 ! X A + sghr b]kbt,
k]shnm fhudr chl(U−0(σ ((+1+ ]mc he X + Bm+0 ∨ Bm+0 vd g]ud chl(U−0(σ (( + 3-
Sghr bnudqr ]kk onrrhahkhshdr enq X ax Oqnonrhshnm 02-

Oqnonrhshnm 01 khrsr ]kk onrrhahkhshdr enq Vm,fq]ogr+ enq l ≤ 1m- Trhmf sgdrd+ vd
b]kbtk]sd chl(U−0(σ (( + 3 he W @ + B1m. Qm ∨ Bm. Qm  B Km. Q1m nq QKm + ]mc
chl(U−0(σ (( + 1 he W + Qm ∨ W @-

Sgdqdenqd sn oqnud sgd oqnonrhshnm vd mddc nmkx dkhlhm]sd sgd onrrhahkhshdr sg]s
X + Bm+0 ∨ Bm+0 ’vghbg g]r q]mj 1m( ]mc

0- W + B1m ∨ R0

1- W + Qm ∨ Bm ∨ R0

2- W + Qm  Bm ! R0

3- W + B Km ∨ R0

4- W + QKm ]mc
5- W + Q1m )

Vd dkhlhm]sd sgdrd onrrhahkhshdr ax bnmrhcdqhmf sgd ]bshnm ne �- Vd jmnv sg]s � ]bsr
nm X + Bm+0 ∨ Bm+0 ax hmsdqbg]mfhmf sgd svn bnohdr ne Bm+0 ]mc bnlltshmf vhsg
sgd @m+0,]bshnm+ rn hm ]m ]ooqnoqh]sd a]rhr enq G0(E1m( sgd l]sqhw ne sgd hmctbdc
]bshnm nm G0(E1m( hr

CX +

/ H
H /


)

Sghr g]r (−0(,dhfdmro]bd U−0(�( ne chldmrhnm dw]bskx m+ rn sghr ltrs ]krn ad sqtd enq
sgd ]bshnm ne� nm W - He W + B1m ∨ R0 ’b]rd ’0( ]anud(+�ltrs sgdqdenqd hmsdqbg]mfd
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sgd svn bnohdr ne Bm hm B1m ]mc fiho sgd dwsq] R0. rn sg]s sgd l]sqhw ne � hr

CW + ±

⎛

⎜⎜⎝

/ Hm−0 / /
Hm−0 / / /
/ / −0 /
/ / / 0

⎞

⎟⎟⎠ )

Hm b]rdr ’1(fl’4( sgd e]bs sg]s U−0(�( g]r chldmrhnm dw]bskx m hlokhdr sg]s � ]bsr ax
fihoohmf dw]bskx m knnor hm rnld @m,nqahs+ ]mc sgdqdenqd hm ]m ]ooqnoqh]sd a]rhr sgd
l]sqhw enq � ltrs ad

CW + ±
−H /

/ H


)

Hm ]kk ne sgdrd b]rdr+ CW ]mc CX ]qd mns bnmitf]sd hm FK(1m.R(- Sn rdd sghr+ mnsd
sg]s sgd rtak]sshbd ne Rm ro]mmdc ax ]kk dhfdmudbsnqr g]r cheedqdms bnunktld enq CX

]mc CW -
Ehm]kkx+ he W + Q1m + Qm ∨ Q

m sgdm sgd r]ld qd]rnmhmf rgnvr sg]s sgd ]bshnm ne�
ltrs dwbg]mfd sgd svn bnohdr ne Qm - Sgd sq]mronrhshnm (01(ltrs ]bs dhsgdq ax rdmchmf
d0 → d1 ]mc d

0 → d
1 nq ax rdmchmf d0 → d

1 ]mc d
0 → d1- Hm dhsgdq b]rd (01( ]bsr ax

] sq]mrenql]shnm vhsg cdsdqlhm]ms )0- He m hr ncc+ sgdm � ]bsr vhsg cdsdqlhm]ms −0+
bnmsq]chbshmf Kdll] 0/- He m hr dudm+ sgdm εh ltrs ]bs ax dwbg]mfhmf sgd h,sg dcfd dh

ne Qm vhsg sgd bnqqdronmchmf dcfd d
h ne Q

m ’onrrhakx fihoohmf sgdl ansg( ]mc “whmf
’nq fihoohmf( ]kk d i enq i + h : hm ]mx b]rd sgd hmctbdc l]o nm G0(E1m( g]r cdsdqlhm]ms
−0+ ]f]hm bnmsq]chbshmf Kdll] 0/-

Oqnonrhshnm 05 Enq m , l ≤ 1m+ sgd ‘bshnm ne � nm W @ ltrs ad mnm,sqhuh‘k-

Oqnne Rtoonrd sg]s sgd ]bshnm ne� nm W @ hr sqhuh]k- Sgdm sgd ]bshnm ne� nm Qm ⊂ W
b]mmns ad sqhuh]k+ ]mc ltrs bnlltsd vhsg sgd ]bshnm ne @m - Sgd nmkx onrrhahkhsx hr sg]s
� ]bsr ax hmudqshmf ]kk ne sgd ods]kr ne Qm + rn sg]s sgd chldmrhnm ne sgd (−0(,dhfdmro]bd
U−0(�( hr dw]bskx dpt]k sn m-

Vd mnv b]kbtk]sd sgd chldmrhnm ne U−0(�( trhmf X - He� ]bsr sqhuh]kkx nm XA + sgdm
sgd chldmrhnm ne U−0(�( hr ]s lnrs sgd q]mj ne X A + vghbg hr rsqhbskx kdrr sg]m m- He �
]bsr mnm,sqhuh]kkx nm XA hs ltrs hmudqs ]kk dcfdr+ rhmbd hs bnlltsdr vhsg sgd ]bshnm ne
A + @m+0 nm XA - He XA + Qm+0+ sgdm hs hr bkd]q sg]s U−0(�( g]r chldmrhnm ]s kd]rs
m +0- Sghr hr ]krn sqtd he XA + Bm+0+ rhmbd� hmsdqbg]mfdr sgd udqshbdr ne sgd b]fd+ rn
ltrs ]krn ]bs mnm,sqhuh]kkx nm X A - Sgtr sgd bnlots]shnm ne chl(U−0(�(( l]cd vhsg
X hr hmbnmrhrsdms vhsg sgd bnlots]shnm l]cd vhsg W -

Bnqnkk‘qx 1 He m / 7 hr dudm ‘mc m , l ≤ 1m sgdm dudqx gnlnlnqoghrl φ ]
Nts(Em(→ Nts(El( g‘r hl‘fd ne nqcdq ‘s lnrs svn-

Oqnne He sgd hl]fd ne φ g]r nqcdq k]qfdq sg]m 1+ sgdm ax Oqnonrhshnm 03 φ hr hmidbshud
nm Vm ]mc Fm + ]mc vd g]ud lhmhl]k ]clhrrhakd W ]mc X qd]khyhmf φ(Vm( ]mc φ(Fm(

]r ]anud- Ax Oqnonrhshnm 01+ d]bg εh ]bsr ax sgd r]ld hmunktshnm ne W @: rhmbd m hr
dudm+ sghr ld]mr sg]s � + 

εh ]bsr sqhuh]kkx nm W @+ bnmsq]chbshmf Oqnonrhshnm 05-
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Bnqnkk‘qx 2 He m / 7 hr ncc+ sgdm dudqx gnlnlnqoghrl Nts(Em( → Nts(Em+0( g‘r
hl‘fd ne nqcdq ‘s lnrs svn-

Oqnne Hm sghr b]rd W + Qm ∨ R0+ ]mc ax Oqnonrhshnm 05 vd l]x ]rrtld � ]bsr
mnm,sqhuh]kkx nm R0- Sgtr � ]bsr ]r −H nm G0(W(+ vghbg g]r cdsdqlhm]ms )0-

@bbnqchmf sn Oqnonrhshnm 04 sgd onrrhahkhshdr enq X ]qd X + Qm+0 nq X + Bm+0 !d-
Gnvdudq+ sgd rdbnmc b]mmns nbbtq+ rhmbd sgd nmkx v]x sn rxlldsqhb]kkx ]cc ]m dcfd
sn Bm+0 hr sn dladc Bm+0 hm Bm+1: ats sgdm d hr ]m hmu]qh]ms enqdrs+ rn sghr fq]og
hr mns lhmhl]k enq sgd Fm,]bshnm- Sgdqdenqd X + Qm+0+ ]mc ax Oqnonrhshnm 02 sgd
sq]mronrhshnm (01( ]bsr nm X vhsg cdsdqlhm]ms −0 ’rhmbd m + 0 hr dudm(+ bnmsq]chbshmf
Kdll] 0/-

He m hr ncc ]mcl / m+0 sgd ]anud ]qftldmsr cn mns vnqj rnvd dloknx ] cheedqdms
]ooqn]bg-

Oqnonrhshnm 06 He m hr ncc+ m / 7 ‘mc m , l ≤ 1m − 1 sgdm sgd hl‘fd ne ‘mx
gnlnlnqoghrl Nts(Em(→ Nts(El( g‘r nqcdq ‘s lnrs svn-

Oqnne @ sgdnqdl ne Ons]obghj ]mc P]ohmbgtj ’Z1/[+ Sgdnqdl 2-0( hlokhdr sg]s enq
l ≤ 1m − 1 ]mx qdoqdrdms]shnm Nts(Em( → FK(l.R( e]bsnqr sgqntfg sgd
rs]mc]qc qdoqdrdms]shnm Nts(Em( → FK(m.R(- Vd ]ookx sghr e]bs sn sgd l]o
Nts(Em( → FK(l.R( nas]hmdc ax bnlonrhmf ]m ]qahsq]qx gnlnlnqoghrl
Nts(Em(→ Nts(El( vhsg sgd m]stq]k l]o Nts(El(→ FK(l.R(-

Dhsgdq sgd hl]fd ne RK(m.R( hm FK(l.R( tmcdq sgd hmctbdc l]o hr “mhsd nq dkrd+
ax rtodq,qhfhchsx+ hs dwsdmcr sn ] qdoqdrdms]shnm RK(m.C(→ FK(l.C( ⊂ FK(l.�(-
He sgd hl]fd hr “mhsd sgdm ]r hm sgd oqnne ne Oqnonrhshnm 03 hs hr ]s lnrs R<1-
Hm o]qshbtk]q+ sgd l]o eqnl Vm sn Nts(El( b]mmns ad hmidbshud adb]trd sgd jdqmdk
ne Nts(El( → FK(l.R( hr snqrhnm,eqdd- Hs sgdm enkknvr eqnl sgd rs]sdldms ne Oqno,
nrhshnm 03 sg]s sgd hl]fd ne ntq nqhfhm]k gnlnlnqoghrl Nts(Em( → Nts(El( g]r
nqcdq ]s lnrs 1-

Rtoonrd mnv sg]s sgd hl]fd ne RK(m.R( hr hm“mhsd ]mc bnmrhcdq hsr dwsdmrhnm
ρ ] RK(m.C(→ FK(l.C( ⊂ FK(l.�(- Bnlokdsd qdctbhahkhsx enq RK(m.C( hlokhdr
sg]s ρ hr ] rtl ne hqqdctbhakd qdoqdrdms]shnmr ’rdd Z8[ o]fd 02/(- @ b]kbtk]shnm vhsg
sgd gnnj enqltk] rgnvr sg]s sgd nmkx hqqdctbhakd qdoqdrdms]shnmr adknv chldmrhnm 1m
]qd sgd sqhuh]k nmd+ sgd rs]mc]qc m,chldmrhnm]k qdoqdrdms]shnm ]mc hsr bnmsq]fq]chdms-
Rhmbd vd ]qd ]rrtlhmf sg]s sgd hl]fd ne RK(m.R( hr hm“mhsd+ vd ltrs g]ud dw]bskx
nmd bnox ne sgd rs]mc]qc qdoqdrdms]shnm nq hsr bnmsq]fq]chdms-

Kds τ ∈ Rm ⊂ Nts(Em( ad ] sq]mronrhshnm- Rhmbd m hr ncc+ τ� g]r cdsdqlhm]ms 0-
Hs enkknvr eqnl sgd ]anud sg]s sgd −0 dhfdmro]bd ne τ� hm G0(El.�( g]r sgd r]ld
chldmrhnm ]r hm sgd rs]mc]qc qdoqdrdms]shnm ne RK(m.R(+ sg]s hr chl(U−0(τ�(( + m−0-

Vd oqnud sg]s sghr k]rs dpt]khsx hr hlonrrhakd ax bnmrhcdqhmf sgd ]bshnm ne τ nm sgd
gnlnknfx ne sgd fq]ogr W ]mc X - Oqnonrhshnm 04 khlhsr sgd onrrhahkhshdr enq W ]mc X +
]mc Oqnonrhshnmr 01 ]mc 05 cdrbqhad sgd ]bshnm hm d]bg b]rd-

He τ ]bsr ax ansg odqltshmf sgd dcfdr ne Qm + W @ ⊂ W ]mc fihoohmf sgdl+ sgdm

chl(U−0(τ�(( ≤ 0 + q‘mj(W @( , 0 + (m − 1( + m − 0)
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Rhmbd sghr hr hlonrrhakd+ τ ltrs ]bs vhsgnts fihoohmf sgd dcfdr ne Qm - Ats sgdm sgd r]ld
b]kbtk]shnm rgnvr sg]s chl(U−0(τ (( , m − 0- Hs enkknvr sg]s τ ltrs ]krn ]bs vhsgnts
fihoohmf sgd dcfdr ne XA + rhmbd nsgdqvhrd sgd chldmrhnmr ne sgd (−0(,dhfdmro]bdr ne
τ + ]r b]kbtk]sdc vhsg W ]mc X + vntkc mns ]fqdd- Ats sgdm trhmf X sn bnlotsd U−0(τ�(

fhudr chl(U−0(τ�(( ≥ m+ ] bnmsq]chbshnm-

Sghr bnlokdsdr sgd oqnne ne Sgdnqdl B-
Hm sgd oqnne ne Bnqnkk]qx 1 vd hmunjdc Oqnonrhshnm 03 sn oqnlnsd sgd e]bs sg]s

� ∈ W @ v]r ]bshmf sqhuh]kkx nm W sn sgd e]bs sg]s sgd hl]fd ne Nts(Em( v]r “mhsd-
To sn sg]s onhms+ vd g]c mns trdc sgd ]lahdms rsqtbstqd ne Nts(Em( ]mc sgtr ntq
]qftldmsr oqnud sgd enkknvhmf sgdnqdl-

Sgdnqdl 2 Kds Vm + (R<1(m Z Rm+ kds Fm + Rm+0 · R<1+ ‘mc bnmrhcdq sgd ‘l‘k,
f‘l‘sdc eqdd oqnctbs

Om + Vm ∗(Rm·�<1( Fm

vgdqd sgd ‘l‘kf‘l‘shnm hcdmsh›dr sgd uhrhakd Rm , Vm vhsg Rm , Rm+0 ‘mc hcdmsh›dr
sgdR<1 e‘bsnq ne F1 vhsg sgd bdmsqd ne Vm ’vghbg sgdqdenqd hr bdmsq‘k hm Om(- He m / 7 hr
dudm ‘mc m , l ≤ 1m+ sgdm sgd bdmsqd ne Om khdr hm sgd jdqmdk ne dudqx gnlnlnqoghrl
Om → Nts(El(-

Hm sgd b]rd vgdqd m hr ncc+ ntq oqnne ne Sgdnqdl B cndr mns hlokx ]m ]m]knftd ne
Sgdnqdl 2 adb]trd sgd oqnne ne Oqnonrhshnm 06 qdkhdr gd]uhkx nm sgd ]lahdms rsqtbstqd
ne Nts(Em( ]mc hm o]qshbtk]q nm hsr knv chldmrhnm]k qdoqdrdms]shnm sgdnqx- Sg]s oqnne
adfr sgd ptdrshnm ne vgdsgdq ] bknrdq rstcx ne sgd qdoqdrdms]shnm sgdnqx ne Nts(Em(+
dwsdmchmf Sgdnqdl 2-0 ne Z1/[ ]mc o]xhmf o]qshbtk]q ]ssdmshnm sn sgd −0 dhfdmro]bdr
ne sgd εh ]mc�+ lhfgs ]kknv nmd sn hloqnud sgd antmc l ≤ 1m hm Sgdnqdl B vhsgnts
g]uhmf sn bk]rrhex ]kk gnlnlnqoghrlr Vm.Fm → Nts(El( hm sgd dwo]mcdc q]mfd-
Sghr hcd] hr otqrtdc ax C]vhc Jhdk]j hm ghr Nwenqc cnbsnq]k sgdrhr+ be- Z03[-

@bjmnvkdcfldmsr Vd sg]mj Pnfdq Gd]sg,Aqnvm+ C]vhc Jhdk]j ]mc L]qshm Khdadbj enq sgdhq gdkoetk
bnlldmsr-

7 @oodmchw9 bg‘q‘bsdqhrshb bnudqr

Sgd ldsgnc sg]s vd trdc hm sgd “qrs o]qs ne sghr o]odq sn bnmrsqtbs lnmnlnqoghrlr
Nts(Em( → Nts(El( v]r sghr9 vd snnj ] bg]q]bsdqhrshb rtafqnto ne “mhsd hmcdw
hm Em sg]s bnms]hmr sgd bnllts]snq rtafqnto ]mc rokhs sgd rgnqs dw]bs rdptdmbd
0 → Em<M → @ts(Em(<M → Nts(Em( → 0- Ats hm sqtsg hs v]r mns sghr rdptdmbd
odq rd sg]s vd rokhs+ ats q]sgdq ]m hrnlnqoghb rdptdmbd hmunkuhmf fqntor ne gnlns,
nox dpthu]kdmbdr ne fq]ogr- Sgd otqonrd ne sghr ]oodmchw hr sn oqnud sgd enkknvhmf
sgdnqdl+ vghbg dwok]hmr vgx sgdrd svn rokhsshmf oqnakdlr ]qd dpthu]kdms-

Mns‘shnm Kds W ad ] bnmmdbsdc BV bnlokdw vhsg a]rdonhms w/+ kds gd(W( ad sgd
rds ne gnlnsnox dpthu]kdmbdr W → W + vhsg sgd bnlo]bs,nodm snonknfx+ ]mc kds
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gd/(W( ⊂ gd(W( ad sgnrd sg]s “w w/- Cd“md

GD(W( + µ/(gd(W(( ]mc GD±(W( + µ/(gd/(W(()

Sgtr GD(W( hr sgd fqnto ne gnlnsnox bk]rrdr ne rdke,gnlnsnox dpthu]kdmbdr ne W +
]mc GD±(W( hr sgd fqnto ne gnlnsnox bk]rrdr qdk w/ ne a]rdonhms,oqdrdquhmf rdke,
gnlnsnox dpthu]kdmbdr ne W - Kds ι ] GD±(W( → GD(W( ad sgd l]o hmctbdc ax
gd/(W( → gd(W(-

Fhudm ] bnmmdbsdc bnudqhmf ro]bd o ] W → W + vd cd“md egd(W( sn ad sgd rds ne
rdke,gnlnsnox dpthu]kdmbdr ;g ] W → W sg]s ]qd “aqd,oqdrdquhmf+ h-d-+ he o(w( + o(x(+
sgdm og(w( + og(x(- Bnmrhcdq sgd fqnto

EGD(W( + µ/(egd(W(()

Sgdnqdl 3 Kds W ad ‘ bnmmdbsdc BV bnlokdw vhsg a‘rdonhms w/ ∈ W-
Kds M , µ + µ0(W. w/( ad ‘ bg‘q‘bsdqhrshb rtafqnto ‘mc rtoonrd sg‘s sgd bdm,
sq‘khydq Yµ (M ( hr sqhuh‘k- Kds o ] W → W ad sgd bnudqhmf bnqqdronmchmf sn M ‘mc ›w
w/ ∈ o−0(w/(- Sgdm sgdqd hr ‘ gnlnlnqoghrl δ ] µ → GD±(W( ‘mc ‘ bnllts‘shud
ch‘fq‘l ne fqntor

0 0
↓ ↓
M + M
↓ ↓

0 → µ
δ→ GD±(W(

ι→ GD(W( → 0
↓ ↓ λ |

0 → Cdbj → EGD(W(
o∗→ GD(W( → 0

↓ ↓
0 0

vgdqd Cdbj ∼+ µ<M hr sgd fqnto ne cdbj sq‘mrenql‘shnmr ne o ] W → W ‘mc vgdqd
λ(ˆg[( hr cd›mdc sn ad sgd bk‘rr ne sgd khes ne g sg‘s ›wdr w/-

Sgd oqnne ne sgd ]anud sgdnqdl hmunkudr khsskd lnqd sg]m sgd gnlnsnox dwsdmrhnm
oqnodqsx+ sgd gnlnsnox kheshmf oqnodqsx+ ]mc rnld sgntfgs ]ants sgd qnkd ne a]rdonhmsr-
Ats vd entmc hs g]qc sn sq]bj cnvm oqdbhrd qdedqdmbdr enq sgd qdkdu]ms e]bsr ’]ksgntfg
ltbg ne vg]s vd mddc hr hm Z10[(- Vd sgdqdenqd oqnuhcd ] bnlokdsd oqnne- Vd qdpthqd
sgqdd kdll]r+ sgd “qrs ne vghbg hmunkudr sgd l]o δ ] µ0(W. w/( → GD±(W( sg]s hr
cd“mdc ]r enkknvr-

Kds H + ˆ/. 0[- Fhudm ]mx bnmshmtntr l]o g ] W → W ]mc ]mx o]sg σ ] H → W
eqnl w/ sn g(w/(+ vd ]ookx sgd gnlnsnox dwsdmrhnm oqhmbhokd sn nas]hm ] l]o
G ] W · ˆ/. 0[ → W vhsg G |W·{/{ + g ]mc G(w/. s( + σ(0 − s(- ’Gdqd σ hr
uhdvdc ]r ] gnlnsnox ne ] onhms-( Cd“md c(g. σ ( ] W → W sn ad sgd qdrsqhbshnm ne G
sn W · {0{: hs hr sgntfgs ne ]r sgd l]o nas]hmdc eqnl g ax zcq]ffhmf g(w/( a]bj sn w/
]knmf σ–- Mnsd sg]s g hr eqddkx gnlnsnohb sn c(g. σ (- Mnsd snn sg]s ] etqsgdq ]ookhb]shnm
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ne gnlnsnox dwsdmrhnm rgnvr sg]s ] cheedqdms bgnhbd ne gnlnsnox G  vntkc kd]c sn ]
l]o c (g. σ ( sg]s hr gnlnsnohb sn c(g. σ ( qdk w/-

He σ  σ  qdk dmconhmsr+ sgdm ax ] etqsgdq ]ookhb]shnm ne gnlnsnox dwsdmrhnm vd
rdd sg]s c(g. σ (  c(g. σ ( qdk w/- Hm o]qshbtk]q+ he σ hr ] knno a]rdc ]s w/+ sgdm sgd
a]rdc gnlnsnox bk]rr ne c(hcW . σ ( cdodmcr nmkx nm ˆσ [ ∈ µ0(W. w/(- Sgtr vd nas]hm
] vdkk,cd“mdc l]o δ ] µ0(W. w/( → GD±(W( ax cd“mhmf δ(ˆσ [( ]+ ˆc(hcW . σ ([-
@mc adb]trd vd cq]ffdc a]bjv]qcr ]knmf σ hm sgd cdehmhshnm ne c(g. σ (+ sghr hr ]
gnlnlnqoghrl-

Kdll‘ 00 Kds µ + µ0(W. w/( ‘mc rtoonrd sgd bdmsdq Y(µ( hr sqhuh‘k- Sgdm sgd
enkknvhmf rdptdmbd hr dw‘bs9

0 → µ
δ→ GD±(W(

ι→ GD(W(→ 0)

Oqnne Fhudm g ∈ GD(W(+ vd bgnnrd ] o]sg σ eqnl w/ sn g(w/(- Ax bnmrsqtbshnm+
c(g. σ ( “wdr w/ ]mc hr eqddkx gnlnsnohb sn g- Sgtr ι hr rtqidbshud-

Sn rdd sg]s hl(δ( ⊂ jdq(ι(+ mnsd sg]s sgd gnlnsnox trdc sn cd“md δ(ˆσ [( fhudr
] ’eqdd( gnlnsnox eqnl δ(ˆσ [( sn hcW - Sn drs]akhrg sgd noonrhsd hmbktrhnm+ vd “w
g ∈ jdq(ι( ]mc bgnnrd ] gnlnsnox F ne g sn sgd hcdmshsx- Kds σ(s( + F(w/. 0 − s(-
Sgdm+ ax cdehmhshnm+ δ(ˆσ [( + g-

Sn rdd sg]s δ hr hmidbshud+ “w ] knno γ ]mc rtoonrd sg]s δ(ˆγ [( hr sqhuh]k+ h-d-+
sg]s sgdqd hr ] a]rdonhms oqdrdquhmf gnlnsnox eqnl c(hcW . γ ( sn hcW - Ax bnlahm,
hmf sghr gnlnsnox vhsg sgd gnlnsnox G trdc sn cd“md c(hcW . γ (+ vd fds ] gnlnsnox
E ] W · ˆ−0. 0[ → W eqnl hcW sn hsrdke vhsg E |{w/{·ˆ/.0[ + γ ]mc E |{w/{·ˆ−0./[ ]
bnmrs]ms o]sg ]s w/: kds γ  ] ˆ−0. 0[ → W ad sghr qdo]q]ldsdqhr]shnm ne γ - Fhudm ]mx
knno τ a]rdc ]s w/+ sgd l]o H · ˆ−0. 0[ → W cd“mdc ax (r. s( → E(τ (r(. s( qdrsqhbsr
nm sgd sno ]mc anssnl ne sgd rpt]qd sn τ ]mc nm sgd svn rhcdr sn γ - Sgtr ˆτ [ ]mc
ˆγ [ + ˆγ [ bnlltsd hm µ0(W. w/(- Rhmbd τ hr ]qahsq]qx+ vd bnmbktcd sg]s ˆγ [ hr hm sgd
bdmsqd ne µ + vghbg hr sqhuh]k ax gxonsgdrhr-

Mnv kds o ] W → W ad ] bnmmdbsdc mnql]k bnudqhmf ro]bd+ “ww/ vhsg o(w/( + w/+
]mc kds M + o∗µ0(W .w/(- He M hr ] bg]q]bsdqhrshb rtafqnto ne µ0(W. w/(+ sgdm vd r]x
sg]s sgd bnudqhmf hr bg‘q‘bsdqhrshb-

Kdll‘ 01 Kds o ] W → W ad ‘ bg‘q‘bsdqhrshb bnudqhmf ro‘bd+ vhsg fqnto ne cdbj
sq‘mrenql‘shnmr Cdbj + µ0(W. w/(<M+ ‘mc ‘rrtld sg‘s sgd bdmsq‘khydq ne M hm
µ0(W. w/( hr sqhuh‘k- Sgdm sgd enkknvhmf rdptdmbd hr dw‘bs9

0 → Cdbj → EGD(W(
o∗→ GD(W(→ 0)

Oqnne Dudqx g ∈ gd(W( khesr sn ] rdke,gnlnsnox dpthu]kdmbdg ∈ egd(W(+ adb]trd M hr
bg]q]bsdqhrshb ]mc sgdqdenqd g∗(M ( + M - Sgtr o∗ ] EGD(W(→ GD(W( hr rtqidbshud-

Kds µ + µ0(W. w/(- Sgd l]o µ → @ts(M ( cd“mdc ax bnmitf]shnm hr hmidbshud+
adb]trd vd g]ud ]rrtldc sg]s sgd bdmsq]khydq ne M hm µ hr sqhuh]k- Hs enkknvr sg]s sgd
hmctbdc l]o ]c ] µ<M → Nts(M ( hr ]krn hmidbshud- Ats ]c hr sgd m]stq]k l]o eqnl
Cdbj + µ<M sn Nts(µ0(W .w/(( + Nts(M ( ’vgdqd sgd hcdmsh“b]shnmr ]qd fhudm ax
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@adkh]m bnudqr ne fq]ogr ]mc l]or 00/0

o]sg,kheshmf(- @mc Cdbj → Nts(µ0(W .w/(( dwsdmcr sn GD(W(→ Nts(M (- Sgdqdenqd
Cdbj → EGD(W( hr hmidbshud- Lnqdnudq+ hs hr bkd]q sg]s sgd hl]fd ne sghr l]o hr
bnms]hmdc hm jdq(o∗(: sghr itrs r]xr sg]s cdbj sq]mrenql]shnmr oqnidbs sn sgd hcdmshsx-
Bnmudqrdkx+ he o∗g hr gnlnsnohb sn sgd hcdmshsx+ sgd gnlnsnox b]m ad khesdc sn ] “adq,
oqdrdquhmf gnlnsnox ne g vghbg bnudqr sgd hcdmshsx: ats sgd nmkx l]or vghbg bnudq
sgd hcdmshsx ]qd cdbj sq]mrenql]shnmr-

Vd ]qd rstcxhmf sgd mnql]k bnudqhmf o ] W → W - O]sg,kheshmf ]s sgd a]rdonhms
w/ ∈ o−0(w/( fhudr sgd rs]mc]qc hcdmsh“b]shnm Cdbj ∼+ µ0(W. w/(<M : vd vqhsd
cdbj(γ ( enq sgd cdbj sq]mrenql]shnm cdsdqlhmdc ax γ + ]mc vd vqhsd ˆcdbj(γ ([ enq
hsr hl]fd hm EGD(W(- Sgd gnlnlnqoghrl λ ] GD±(W( → EGD(W( v]r cd“mdc hm
sgd rs]sdldms ne Sgdnqdl 39 hs rdmcr ˆg[ sn sgd “aqd,oqdrdquhmf gnlnsnox bk]rr ne sgd
khes ne g sg]s “wdrw/ ∈ W - Sgd gnlnlnqoghrl δ ] µ0(W. w/(→ GD±(W( v]r cd“mdc
oqhnq sn Kdll] 00-

Kdll‘ 02 Enq ‘kk γ ∈ µ0(W. w/( vd g‘ud λ(δ(γ (( + ˆcdbj(γ ([-

Oqnne Ehw ] knno σ ˆ/. 0[ → W vhsg ˆσ [ + γ hm µ0(W. w/(- Sgd bnmrsqtbshnm ne
δ(γ ( hmunkudr ] gnlnsnox G ] W · ˆ/. 0[ → W vhsg G(w/. s( + σ(0 − s( ]mc
G |W·{/{ + hcW vghkd g0 ]+ G |W·{0{ ∈ δ(γ (- Ax cdehmhshnm+ λ(δ(γ (( hr sgd “aqd,oqd,
rdquhmf gnlnsnox bk]rr ne sgd khesg0 ne g0 sg]s “wdrw/- Mnv G khesr sn ] “aqd,oqdrdqu,
hmf gnlnsnox G ] W ·ˆ/. 0[ → W vhsg GW·{0{ + g0 ]mc G(w/. s( + σ(0−s(+ vgdqd

σ ] ˆ/. 0[ → W hr sgd khes ne σ vhsg σ(/( + w/- Sgtr G |W·{/{ hr sgd khes ne hcW sg]s

rdmcrw/ snσ(0(- Ax cdehmhshnm+ sghr khes ne hcW hr cdbj(ˆσ [( + cdbj(γ (- Sgdqdenqd G hr
] “aqd,oqdrdquhmf gnlnsnox eqnlg0 sn cdbj(γ (+ rgnvhmf sg]s λ(δ(γ (( + ˆcdbj(γ ([-

Oqnne ne Sgdnqdl 3 Kdll]r 00 ]mc 01 sdkk tr sg]s sgd qnvr ne sgd ch]fq]l ]qd dw]bs-
Hs hr bkd]q eqnl sgd cdehmhshnmr sg]s o∗λ + ι+ ]mc Kdll] 02 sdkkr tr sg]s sgd rpt]qd

admd]sg µ
δ→ GD±(W( bnlltsdr- Sgtr sgd ch]fq]l hr bnllts]shud- Vhsg bnllts],

shuhsx hm g]mc+ ]m dkdldms]qx ch]fq]l bg]rd oqnudr sg]s rdbnmc bnktlm hr dw]bs-


Bnqnkk‘qx 3 Kds W ad ‘ J (µ. 0( ro‘bd ‘mc kds o ] W → W ad ‘ bnudqhmf ro‘bd vhsg
M + o∗µ0(W( bg‘q‘bsdqhrshb hm µ - He Yµ (M ( hr sqhuh‘k+ sgdm sgd enkknvhmf ch‘fq‘l ne
fqntor hr bnllts‘shud ‘mc sgd udqshb‘k l‘or ‘qd hrnlnqoghrlr9

0 → µ<M → @ts(µ(<M → Nts(µ(→ 0
↓ ↓ ↓

0 → Cdbj → EGD(W( → GD(W(→ 0

vgdqd µ<M → @ts(µ(<M hr sgd l‘o hmctbdc ax sgd ‘bshnm ne µ nm hsrdke ax hmmdq
‘tsnlnqoghrlr-

Oqnne Vgdm W hr ] J (µ. 0(+ sgd m]stq]k l]or GD±(W( → @ts(µ( ]mc GD(W( →
Nts(µ( ]qd hrnlnqoghrlr+ vghbg vd trd sn hcdmshex sgdrd fqntor- Ax cdehmhshnm δ(γ (

hr sgd bk]rr ne sgd gnlnsnox dpthu]kdmbd sg]s cq]fr sgd a]rdonhms ne W a]bjv]qcr
]qntmc sgd knno γ + ]mc sgdqdenqd sgd l]o sg]s hs hmctbdr nm µ + µ0(W. w/( hr sgd hmmdq
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00/1 L- P- Aqhcrnm+ J- Unfsl]mm

]tsnlnqoghrl ax γ - Sgtr+ vhsg sgd ]anud hcdmsh“b]shnmr+ ax e]bsnqhmf nts M eqnl sgd
sno qnv ne sgd ch]fq]l hm Sgdnqdl 3 vd nas]hm sgd sno qnv ne sgd ch]fq]l chrok]xdc
hm sgd rs]sdldms ne sgd bnqnkk]qx-

Qdedqdmbdr

0- @q]l]xnm]+ I-+ Kdhmhmfdq+ B-+ Rntsn+ I-9 Hmidbshnmr ne l]oohmf bk]rr fqntor- Fdnl- Snonk- 02’4(+
1412fl1430 ’1//8(

1- Anfnonkrjh+ N-U-+ Otf]+ C-U-9 Nm sgd dladcchmf ne sgd ntsdq ]tsnlnqoghrl fqnto Nts(Em( ne ] eqdd
fqnto ne q]mj m hmsn sgd fqnto Nts(El ( enq l / m- @kfdaq] Knfhj] 30+ 012fl018 ’1//1(

2- Aqhcrnm+ L-P-+ E]qa+ A-9 @ qdl]qj ]ants ]bshnmr ne k]sshbdr nm eqdd fqntor+ hm Fdnldsqhb snonknfx ]mc
fdnldsqhb fqnto sgdnqx ’Lhkv]tjdd VH 0886(- Snonk- @ook- 00/’0(+ 10fl13 ’1//0(

3- Aqhcrnm+ L-P-+ Unfsl]mm+ J-9 @tsnlnqoghrlr ne ]tsnlnqoghrl fqntor ne eqdd fqntor- I-
@kfdaq] 118+ 674fl681 ’1///(

4- Aqhcrnm+L-P-+ Unfsl]mm+ J-9 Gnlnlnqoghrlr eqnl ]tsnlnqoghrl fqntor ne eqdd fqntor- Atkk- Knmc-
L]sg- Rnb- 24+ 674fl681 ’1//2(

5- Aqhcrnm+ L-P-+ Unfsl]mm+ J-9 @bshnmr ne ]tsnlnqoghrl fqntor ne eqdd fqntor nm gnlnknfx rogdqdr
]mc ]bxbkhb l]mhenkcr- Bnlldms L]sg- Gdku- 75’0(+ 62fl8/ ’1/00(

6- Btkkdq+ L-9 Ehmhsd fqntor ne ntsdq ]tsnlnqoghrlr ne ] eqdd fqnto- Hm9 Bnmsqhatshnmr sn fqnto sgdnqx+
Bnmsdlo L]sg-+ unk 22+ @ldq- L]sg- Rnb-+ Oqnuhcdmbd+ PH+ oo- 086fl1/6 ’0873(

7- Btkkdq+ L-+ Unfsl]mm+ J-9 Lnctkh ne fq]ogr ]mc ]tsnlnqoghrlr ne eqdd fqntor- Hmudms- L]sg- 73’0(+
80fl008 ’0875(

8- Etksnm+ V-+ G]qqhr+ I-9 Pdoqdrdms]shnm Sgdnqx9 @ Ehqrs Bntqrd+ Fq]ct]sd Sdwsr hm L]sgdl]shbr+
unk- 018- Roqhmfdq,Udqk]f+ MdvXnqj ’0880(

0/- Fdqrsdm+ R-L-9 @ oqdrdms]shnm enq sgd rodbh]k ]tsnlnqoghrl fqnto ne ] eqdd fqnto- I- Otqd @ook-
@kfdaq] 22+ 158fl168 ’0873(

00- G]sbgdq+ @-+ Unfsl]mm+ J-9 Gnlnknfx rs]ahkhsx enq ntsdq ]tsnlnqoghrl fqntor ne eqdd fqntor- @kfdaq-
Fdnl- Snonk- 3+ 0142fl0161 ’1//3(

01- G]sbgdq+ @-+ Unfsl]mm+ J-+ V]gk+ M-9 Dqq]stl sn9 Gnlnknfx rs]ahkhsx enq ntsdq ]tsnlnqoghrl fqntor
ne eqdd fqntor- @kfdaq- Fdnl- Snonk- 5+ 462fl468 ’1//5(

02- Ingmrnm+ C-K-9 Oqdrdms]shnmr ne fqntor Knmc L]sg Rnb Rstcdms Sdwsr+ unk- 04- B]laqhcfd Tmhudqrhsx
Oqdrr+ Knmcnm ’0886(

03- Jhdk]j+C-9Ntsdq ]tsnlnqoghrlfqntor ne eqdd fqntor9 khmd]q ]mc eqdd qdoqdrdms]shnmr+ ]qWhu900/2-0513
04- Jgq]lsrnu+ C-F-9 Ehmhsd fqntor ne ]tsnlnqoghrlr ne eqdd fqntor-L]s- Y]ldsjh 27’2(+ 275fl281 ’0874(
05- Jgq]lsrnu+ C-F-9 Ntsdq ]tsnlnqoghrlr ne eqdd fqntor ’qtrrh]m(- Sdnqdshjn,fqtoonuxd hrrkdcnu]mhh]9

ranqmhj m]tbgmxjg sqtcnu+ oo- 84fl016 ’088/(
06- Jkdhcl]m+ O-A-+ Khdadbj+ L-9 Nm ] sgdnqdl ne Edhs ]mc Shsr- Oqnb- @l- L]sg- Rnb- 0/6’1(+

204fl211 ’0878(
07- K]mc]ytqh+ U-+ Rdhsy+ F-L-9 Nm sgd lhmhl]k cdfqddr ne oqnidbshud qdoqdrdms]shnmr ne sgd “mhsd Bgdu]kkdx

fqntor- I- @kfdaq] 21+ 307fl332 ’0863(
08- Khdadbj+ L-9 Fq]ogr vgnrd etkk ]tsnlnqoghrl fqnto hr ] rxlldsqhb fqnto- I- @trs- L]sg- Rnb- Rdq-

@ 33’0(+ 35fl52 ’0877(
1/- Ons]obghj+ @-+ P]ohmbgtj+ @-9 Knv,chldmrhnm]k khmd]q qdoqdrdms]shnmr ne @ts(Em(. m ≥ 2- Sq]mr- @l-

L]sg- Rnb- 241’2(+ 0326fl0340 ’0888(
10- R]r]n+ R-+ Innm,Rhl+ B-9 Nm rdke,gnlnsnox dpthu]kdmbdr ne bnudqhmf ro]bdr- Jnc]h L]sg- I- 02+

120fl13/ ’088/(
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