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Actions of automorphism groups of free groups on homology
spheres and acyclic manifolds

L]qshm P- Aqhcrnm ]mc J]qdm Unfsl]mm�

Abstract. Enqm  2) kds R@ts"Em.cdmnsd sgd tmhptd rtafqnto ne hmcdw svn hm sgd ]tsnlnqoghrl
fqnto ne ] eqdd fqnto- Sgd rs]mc]qc khmd]q ]bshnm ne RK"m:S. nm�m hmctbdr mnm,sqhuh]k ]bshnmr
ne R@ts"Em. nm �m ]mc nm Rm0- Vd oqnud sg]s R@ts"Em. ]clhsr mn mnm,sqhuh]k ]bshnmr ax
gnldnlnqoghrlr nm ]bxbkhb l]mhenkcr nq rogdqdr ne rl]kkdq chldmrhnm- Hmcddc) R@ts"Em.
b]mmns ]bs mnm,sqhuh]kkx nm ]mx fdmdq]khydc S1,gnlnknfx rogdqd ne chldmrhnm kdrr sg]m m ¤ 0)
mnq nm ]mxS1,]bxbkhbS1,gnlnknfx l]mhenkc ne chldmrhnm kdrr sg]m m- Hs enkknvr sg]s RK"m:S.
b]mmns ]bs mnm,sqhuh]kkx nm rtbg ro]bdr dhsgdq- Vgdm m hr dudm) vd nas]hm rhlhk]q qdrtksr vhsg
S2 bnde“bhdmsr-
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]khydc l]mhenkcr-

1. Introduction

Hm fdnldsqhb fqnto sgdnqx nmd ]ssdlosr sn dktbhc]sd sgd ]kfdaq]hb oqnodqshdr ne ] fqnto
ax rstcxhmf hsr ]bshnmr nm ro]bdr vhsg fnnc fdnldsqhb oqnodqshdr- Enq hqqdctbhakd
k]sshbdr hm ghfgdq,q]mj rdlhrhlokd Khd fqntor) udqrhnmr ne L]qftkhr rtodqqhfhchsx
ok]bd rdudqd qdrsqhbshnmr nm sgd ro]bdr sg]s ]qd trdetk enq sghr otqonrd- Ntq enbtr hm
sghr ]qshbkd hr nm sgd qhfhchsx oqnodqshdr ne sgd fqnto @ts"Em. ne ]tsnlnqoghrlr ne ]
eqdd fqnto) vghbg hr mns ] k]sshbd ats mdudqsgdkdrr dminxr l]mx rhlhk]q oqnodqshdr-

Hm Z4[ vd dwghahsdc rsqnmf bnmrsq]hmsr nm gnlnlnqoghrlr eqnl @ts"Em. ]mc
onhmsdc nts sg]s rtbg bnmrsq]hmsr qdrsqhbs sgd v]x hm vghbg@ts"Em. b]m ]bs nm u]qhntr
ro]bdr- Vd hkktrsq]sdc sghr onhms ax rgnvhmf sg]s he m  2 sgdm ]mx ]bshnm ne @ts"Em.
nm sgd bhqbkd ax gnldnlnqoghrlr ltrs e]bsnq sgqntfg sgd cdsdqlhm]ms gnlnlnq,
oghrl cds N @ts"Em. ! S1- Vd mnv rgnv sg]s rhlhk]q qdrsqhbshnmr ]ookx ltbg lnqd

�Aqhcrnm r vnqj v]r rtoonqsdc ax ]m DORPB Rdmhnq Edkknvrgho ]mc ] Pnx]k Rnbhdsx Mte“dkc Pdrd]qbg
Ldqhs @v]qc- Unfsl]mm hr rtoonqsdc ax MRE fq]ms CLR,/1/3074- Aqhcrnm sg]mjr sgd Tmhudqrhsx ne Fdmdu]
]mc sgd DOEK ’K]tr]mmd( enq sgdhq gnrohs]khsx ctqhmf sgd vqhshmf ne sghr o]odq) ]mc sgd Rvhrr M]shnm]k Pdrd]qbg
Entmc]shnm enq etmchmf ghr rs]x-
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fdmdq]kkx) sn ]bshnmr nm ghfgdq,chldmrhnm]k fdmdq]khydc gnlnknfx rogdqdr nudq Sn
]mc sn fdmdq]khydc l]mhenkcr sg]s ]qd Sn,]bxbkhb) enq n C 1: 2-

Enq m  2 vd cdmnsd ax R@ts"Em. sgd tmhptd rtafqnto ne hmcdw svn hm @ts"Em.-
Sgd ]bshnm ne @ts"Em. nm sgd ]adkh]mhy]shnm ne sgd eqdd fqnto Em fhudr ] m]stq]k
l]o @ts"Em. ! FK"m:S.) rdmchmf R@ts"Em. nmsn RK"m:S.- Sgtr sgd rs]mc]qc
khmd]q ]bshnm ne RK"m:S. nm �m hmctbdr mnm,sqhuh]k ]bshnmr ne R@ts"Em. nm �m ]mc
nm sgd rogdqd Rm0- Gnvdudq) vd vhkk oqnud sg]s R@ts"Em. b]mmns ]bs mnm,sqhuh]kkx
nm rogdqdr nq bnmsq]bshakd l]mhenkcr ne ]mx rl]kkdq chldmrhnm- Enq khmd]q ]bshnmr)
dkdldms]qx qdrtksr hm sgd qdoqdrdms]shnm sgdnqx ne “mhsd fqntor b]m ad bnlahmdc vhsg
]m tmcdqrs]mchmf ne sgd snqrhnm hm R@ts"Em. sn oqnud sghr rs]sdldms: sgd qd]k bg]kkdmfd
khdr vhsg mnm,khmd]q ]bshnmr-

Rlnnsg ]bshnmr ]qd bnmrhcdq]akx d]rhdq sn g]mckd sg]m snonknfhb]k nmdr- Sgtr vd
adfhm ax oqnuhmf) hm Rdbshnm 1) sg]s enq m  2) R@ts"Em. b]mmns ]bs mnm,sqhuh]kkx ax
cheednlnqoghrlr nm ] S1,]bxbkhb rlnnsg l]mhenkc ne chldmrhnm kdrr sg]m m- Sgd
oqnne vd oqdrdms hr cdkhadq]sdkx bnmrsqtbsdc rn ]r sn onhms nts sgd che“btkshdr dmbntm,
sdqdc hm sgd otqdkx snonknfhb]k rdsshmf- Hm o]qshbtk]q) sgd oqnne qdpthqdr tmcdqrs]mchmf
sgd “wdc onhms rdsr ne hmunktshnmr- Sghr hlldch]sdkx bqd]sdr ] oqnakdl hm sgd snon,
knfhb]k rdsshmf adb]trd sgd “wdc onhms rdsr ne hmunktshnmr ]qd mns hm fdmdq]k l]mhenkcr)
ats nmkx gnlnknfx l]mhenkcr nudq S1- @ rdbnmc che“btksx ]qhrdr adb]trd sgdqd hr mn
s]mfdms ro]bd hm sgd snonknfhb]k rdsshmf: hm sgd rlnnsg b]rd sgd s]mfdms ro]bd ]kknvr
nmd sn trd khmd]q ]kfdaq] sn sq]mronqs hmenql]shnm ]ants sgd ]bshnm md]q “wdc onhms
rdsr sn hmenql]shnm ]ants sgd ]bshnm nm sgd ]lahdms l]mhenkc-

Sgdrd ]qd vdkk,jmnvm che“btkshdr sg]s khd ]s sgd gd]qs ne sgd sgdnqx ne sq]mrenq,
l]shnm fqntor ]mc ltbg deenqs g]r fnmd hmsn bnmeqnmshmf sgdl Z3[) Z2[- Sgdx ]qd
nudqbnld trhmf ’knb]k ]mc fkna]k( Smith theory) ats nmd g]r sn ]bbdos sgd mdbdrrhsx ne
vnqjhmf vhsg fdmdq]khydc l]mhenkcr q]sgdq sg]m bk]rrhb]k l]mhenkcr- ’Rdd Rdbshnm 3
enq cd“mhshnmr bnmbdqmhmf fdmdq]khydc l]mhenkcr-(

Vd rg]kk oqnud sgd enkknvhmf qdrtksr ax enkknvhmf sgd ]qbghsdbstqd ne sgd oqnne vd
fhud hm sgd rlnnsg rdsshmf) bnlahmhmf Rlhsg sgdnqx vhsg ]m ]m]kxrhr ne sgd snqrhnm hm
R@ts"Em. sn nudqbnld sgd sdbgmhb]k oqnakdlr sg]s ]qhrd-

Theorem 1.1. If m  2 and c ; m ¤ 0, then any action of R@ts"Em. by homeomor-
phisms on a generalized c -sphere over S1 is trivial, and hence @ts"Em. can act only
via the determinant map.

Theorem 1.2. If m  2 and c ; m, then any action of R@ts"Em. by homeomorphisms
on a c -dimensional S1-acyclic homology manifold over S1 is trivial, and hence
@ts"Em. can act only via the determinant map.

@r rodbh]k b]rdr vd nas]hm sgd cdrhqdc lhmhl]khsx qdrtks enq sgd rs]mc]qc khmd]q
]bshnm ne R@ts"Em. nm �m ]mc Rm0-
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Corollary 1.3. If m  2, then R@ts"Em. cannot act non-trivially by homeomorphisms
on any contractible manifold of dimension less than m, or on any sphere of dimension
less than m ¤ 0.

Vd ]krn mnsd sg]s sgdrd sgdnqdlr g]ud ]r hlldch]sd bnqnkk]qhdr sgd ]m]knfntr
rs]sdldmsr enq RK"m:S. ]mc FK"m:S.-

Corollary 1.4. If m  2 and c ; m, then RK"m:S. cannot act non-trivially by home-
omorphisms on any generalized "c ¤ 0.-sphere over S1, or on any c -dimensional
homology manifold over S1 that is S1-acyclic. Hence FK"m:S. can act on such
spaces only via the determinant map.

Bnqnkk]qx 0-3 v]r bnmidbstqdc ax O]qv]mh Z02[: rdd Pdl]qj 3-05-
Hm Rdbshnm 2 vd cdrbqhad ] rtafqnto S  R@ts"E1k. hrnlnqoghb sn "S2.k sg]s

hmsdqrdbsr dudqx oqnodq mnql]k rtafqnto ne R@ts"E1k. sqhuh]kkx- Sghr oqnuhcdr ]
rsqnmfdq cdfqdd ne qhfhchsx sg]m hr needqdc ax sgd 1,snqrhnm hm R@ts"Em. ]mc bnmrd,
ptdmskx nmd b]m cdctbd sgd enkknvhmf sgdnqdlr eqnl Rlhsg sgdnqx lnqd qd]chkx sg]m
hr onrrhakd hm sgd b]rd ne S1 ’rdd Rdbshnm 3-2(-

Theorem 1.5. If m = 2 is even and c ; m ¤ 0, then any action of R@ts"Em. by
homeomorphisms on a generalized c -sphere over S2 is trivial.

Theorem 1.6. If m = 2 is even and c ; m, then any action of R@ts"Em. by homeo-
morphisms on a c -dimensional S2-acyclic homology manifold over S2 is trivial.

Vd dwodbs sg]s ntq qdrtksr bnmbdqmhmf RK"m:S. rgntkc ad sqtd enq nsgdq k]sshbdr
hm RK"m:�.) ats ntq sdbgmhptdr cn mns ]ookx adb]trd vd l]jd drrdmsh]k trd ne sgd
snqrhnm hm RK"m:S.- Vg]s g]oodmr enq rtafqntor ne “mhsd hmcdw hm R@ts"Em. hr
kdrr bkd]q9 sgdqd ]qd rtafqntor ne “mhsd hmcdw hm R@ts"Em. sg]s l]o mnm,sqhuh]kkx sn
RK"m ¤ 0:�. ]mc gdmbd ]bs mnm,sqhuh]kkx nm �m0) ats nmd cndr mns jmnv he rtbg
rtafqntor b]m ]bs mnm,sqhuh]kkx nm bnmsq]bshakd l]mhenkcr ne chldmrhnm kdrr sg]m m¤0-

Hm ] aqhde “m]k rdbshnm vd dwok]hm gnv ntq qdrtksr bnmbdqmhmf snqrhnm hm @ts"Em.)
snfdsgdq vhsg sgd ]ookhb]shnm ne Rlhsg sgdnqx hm Z01[) hlokx sgd enkknvhmf qdrtks-

Theorem 1.7. Let n be a prime and let L be a compact c -dimensional homology
manifold over Sn . There exists an integer "n: c: A., depending only on n, c and
the sum A of the mod n Betti numbers of L , so that@ts"Em. cannot act non-trivially
by homeomorphisms on L if m = "n: c: A..

Acknowledgements- Vd vntkc khjd sn sg]mj sgd bnkkd]ftdr vgn gdkodc tr rsqtffkd
vhsg sgd sdbgmhb]khshdr ne fdmdq]khydc l]mhenkcr ]mc Rlhsg sgdnqx nudq sgd o]rs xd]q)
hmbktchmf hm o]qshbtk]q Lk]cdm Adrsuhm]) Lhjd C]uhr) H]m G]lakdsnm ]mc Rgltdk
Vdhmadqfdq- Vd ]krn sg]mj Khmtr Jq]ldq ]mc Nkf] U]qfgdrd enq sgdhq bnlldmsr
bnmbdqmhmf Sgdnqdl 3-4-
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2. Smooth actions

Hm sghr rdbshnm vd hmchb]sd gnv sn oqnud Sgdnqdl 0-1 enq rlnnsg ]bshnmr- Ntq hmsdms
gdqd hr sn dwok]hm sgd rsqtbstqd ne sgd oqnne ne ntq fdmdq]k qdrtksr vhsgnts sgd sdbgmhb]k
che“btkshdr sg]s nbbtq hm sgd snonknfhb]k rdsshmf-

Theorem 2.1. Let W be a j-dimensional differentiable manifold that is S1-acyclic
’i.e., has the S1-homology of a point(. If m  2 and j ; m then any action of
R@ts"Em. by diffeomorphisms on W is trivial.

Proof. Sgd oqnne oqnbddcr ax hmctbshnm nm m- Vd nlhs sgd b]rdr m  3) vgdqd ]c
gnb ]qftldmsr ]ookx ’be- rtardbshnm 3-4(- Rtoonrd) sgdm) sg]s m  4) “w ] a]rhr
Z0: 5 5 5 : Zm enq Em ]mc bnmrhcdq sgd hmunktshnmr  di ne Em cd“mdc ]r enkknvr9

 di N

�
X:

X8

Zd 2! Z0
d :

Zi 2! Z0
i :

Zj 2! Zj: j ¤ g: i5

Sgdrd hmunktshnmr ]qd ]kk bnmitf]sd hm R@ts"Em.) ]mc sgd ptnshdms ne R@ts"Em. ax sgd
mnql]k bknrtqd ne ]mx  di hr RK"m:S1.) vghbg hr ] rhlokd fqnto ’be- Oqnonrhshnm 2-0(-
Sgtr sn oqnud sg]s ]m ]bshnm ne R@ts"Em. hr sqhuh]k hs rte“bdr sn rgnv “qrs sg]s rnld
 di ]bsr sqhuh]kkx) rn sg]s sgd ]bshnm e]bsnqr sgqntfg RK"m:S1.) ]mc sgdm sg]s rnld
mnm,sqhuh]k dkdldms ne RK"m:S1. ]bsr sqhuh]kkx-

Rhmbd W hrS1,]bxbkhb hs ltrs ad nqhdms]akd) ]mc rhmbd R@ts"Em. hr odqedbs hs ltrs
]bs ax nqhdms]shnm,oqdrdquhmf cheednlnqoghrlr- Sgdqdenqd dhsgdq sgd ]bshnm ne  01 hr
sqhuh]k nq sgd “wdc onhms rds A01 ne  01 hr ] rlnnsg rtal]mhenkc ne bnchldmrhnm ]s
kd]rs 1) ]mc Rlhsg sgdnqx Z11[ sdkkr tr sg]s sghr “wdc onhms rds vhkk hsrdke adS1 ,]bxbkhb-

Sgd bdmsq]khydq ne  01 bnms]hmr ]m nauhntr bnox ne R@ts"Em1.) bnqqdronmchmf sn
sgd rta,a]rhr Z2: 5 5 5 : Zm) ]mc ax hmctbshnm sghr ltrs ]bs sqhuh]kkx nmA01- Hm o]qshbtk]q)
sgd ]tsnlnqoghrl  34 ]bsr sqhuh]kkx) rn hsr “wdc onhms rds A34 bnms]hmr A01- Ats  01
]mc  34 ]qd bnmitf]sd) rn hm e]bsA01 C A34) h-d-) vd g]ud svn bnlltshmf hmunktshnmr
vhsg sgd r]ld ’mnm,dlosx( “wdc onhms rds- Nm sgd s]mfdms ro]bd ]s ] bnllnm “wdc
onhms sgdrd hmctbd bnlltshmf khmd]q hmunktshnmr ne �j vhsg sgd r]ld “wdc udbsnqr)
vghbg ltrs ad hcdmshb]k ax a]rhb khmd]q ]kfdaq]- Ats sgd ]bshnm ne ] “mhsd fqnto nm
] bnmmdbsdc rlnnsg l]mhenkc hr cdsdqlhmdc ax hsr ]bshnm nm sgd s]mfdms ro]bd ne ]
“wdc onhms) rn sgd ]bshnmr sgdlrdkudr ltrs ad hcdmshb]k- Sgtr sgd oqnctbs  01 34 ]bsr
sqhuh]kkx- @ rhlhk]q ]qftldms rgnvr sg]s  12 34 ]bsr sqhuh]kkx) ]mc vd bnmbktcd sg]s
sgd oqnctbs  01 34 12 34 C  02 ]bsr sqhuh]kkx-

Mnv knnj ]s sgd hmctbdc ]bshnm ne RK"m:S1. nm W ) ]mc bnmrhcdq sgd dkdldms]qx
l]sqhbdr C0i - Sgdrd fdmdq]sd ] rtafqnto hrnlnqoghb snSm0

1 ) ]mc vd bk]hl sg]s ]mx
rtbg fqnto ]bshmf ax nqhdms]shnm,oqdrdquhmf gnldnlnqoghrlr nm W ltrs bnms]hm ]m
dkdldms vghbg ]bsr sqhuh]kkx- Sn rdd sghr) bgnnrd ]m dkdldms neSm0

1 vgnrd “wdc onhms
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rds A g]r sgd k]qfdrs chldmrhnm- Ax hmctbshnm ’rs]qshmf vhsg sgd sqhuh]k b]rd m C 2()
rnld nsgdq dkdldms ne sgd fqnto ltrs ]bs sqhuh]kkx nm A ) ]mc nmd sgtr nas]hmr svn
bnlltshmf hmunktshnmr sg]s g]ud sgd r]ld“wdc onhms rds) ]r hm sgd oqduhntr o]q]fq]og-
@r adenqd) sgd hmunktshnmr ltrs ad sgd r]ld ]mc sgd oqnctbs ]bsr sqhuh]kkx- �

3. Concerning the quotients of Aut�/m.

3.1. Notation. Ehw ] fdmdq]shmf rds [Z0: 5 5 5 : Zmf enq Em- Sgd qhfgs ]mc kdes Mhdkrdm
]tsnlnqoghrlr di ]mc di ]qd cd“mdc ax

di N
ˆ
Zd 2! ZdZi :

Zj 2! Zj: j ¤ g D
di N

ˆ
Zd 2! ZiZd :

Zj 2! Zj: j ¤ g5

Vd cdmnsd ax dd sgd ]tsnlnqoghrl vghbg hmudqsr sgd fdmdq]snq Zd - Dkdldmsr ne sgd
rtafqnto †m ne ]tsnlnqoghrlr vghbg odqltsd sgd fdmdq]snqr Zd vhkk ad cdmnsdc
trhmf rs]mc]qc bxbkd mns]shnm: enq dw]lokd "gi . hr sgd ]tsnlnqoghrl hmsdqbg]mfhmf
Zd ]mc Zi 9

dd N
ˆ
Zd 2! Z0

d :

Zj 2! Zj: j ¤ g D
"gi . N

�
X:

X8

Zd 2! Zi :

Zi 2! Zd :

Zj 2! Zj: j ¤ g: i5

Vm hr sgd rtafqnto ne @ts"Em. fdmdq]sdc ax †m ]mc sgd hmudqrhnmr dd ) ]mc RVm hr
sgd hmsdqrdbshnm ne Vm vhsg R@ts"Em.- Sgd rtafqnto ne Vm fdmdq]sdc ax sgd dd hr ]
mnql]k rtafqntoM x "S1.m) ]mcVm cdbnlonrdr ]r sgd rdlhchqdbs oqnctbsM Ì†m-
Sgd hmsdqrdbshnm ne M vhsg R@ts"Em. hr cdmnsdc RM - Mnsd sg]s sgd bdmsq]k dkdldms
y C d0d1 5 5 5 dm ne Vm hr hm RM he ]mc nmkx he m hr dudm-

@ksgntfg hs rddlr ]vjv]qc ]s “qrs fk]mbd) hs hr bnmudmhdms sn vnqj vhsg sgd qhfgs
]bshnm ne @ts"Em. nm Em9 rn �˛ ]bsr ]r � enkknvdc ax ˛- @m ]cu]ms]fd ne sghr hr
sgd md]smdrr ne sgd enqltk] ˆdi :ijŒ C dj ) vgdqd ntq bnllts]snq bnmudmshnm hr
ˆZ: aŒ C ZaZ0a0-

3.2. How kernels can intersect FSm. Sgd enkknvhmf u]qh]shnm nm Oqnonrhshnm 8 ne
Z4[ vhkk ad trdetk gdqd-

Proposition 3.1. Suppose m  2 and let  be a homomorphism from R@ts"Em. to a
group F. If iLTm

has non-trivial kernel H, then one of the following holds:
0- m is even, H C gyh and  factors through ORK"m:S.,
1- H C RM and the image of  is isomorphic to RK"m:S1., or
2-  is the trivial map.
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Proof. Hm@ts"Em. nmd g]r sgd rdlhchqdbs oqnctbs cdbnlonrhshnm Vm C M Ì†m ]mc
]bbnqchmfkx vd vqhsd dkdldmsr ne RVm ]r � ) vhsg � C d

˛0
0 d

˛1
1 5 5 5 d

˛m
m ! M ]mc

 ! Rm- ’Mnsd sg]s hs l]x ad sg]s mdhsgdq � mnq  hr hsrdke hm R@ts"Em.-(
Trhmf dwonmdmsh]k mns]shnm sn cdmnsd bnmitf]shnm) vd g]ud

�di C

�
XXX:

XXX8

di he d C i C /)

di he d C i C 0)

0
di he d C / ]mc i C 0)

0
di he d C 0 ]mc i C /-

’0(

@krn) enq  ! [: f) vd g]ud 
di C .d..i .- Gdmbd �

di C ˙0
.d..i .

enq rnld enq
 ! [: f-

HeH bnms]hmr sgd bdmsdq gyh neVm sgdm mltrs ad dudm ]mc sgd qdk]shnmrydiy C
di hlokx sg]s sgd l]o  e]bsnqr sgqntfg RK"m:S.) rhmbd ax Z8[ ]cchmf sgd qdk]shnmr
di C di sn ] oqdrdms]shnm enq R@ts"Em. fhudr ] oqdrdms]shnm enq RK"m:S.- Rhmbd y

l]or sn sgd bdmsdq ne RK"m:S.) sgd l]o hm e]bs e]bsnqr sgqntfg ORK"m:S.-
He H bnms]hmr ]m dkdldms � ! RM vghbg hr mns bdmsq]k hm Vm) sgdm vd b]m vqhsd

� C d
˛0
0 d

˛1
1 5 5 5 d

˛m
m vhsg

<
d dudm ]mc rnld j C /- Fhudm ]mx hmchbdr g ]mc i vd

b]m bnmitf]sd � ax ]m dkdldms ne sgd ]ksdqm]shmf fqnto >m  RVm sn nas]hm dkdldmsr
hm sgd jdqmdk ne  vhsg ]mx cdrhqdc u]ktdr ne d : i ! [/: 0f- Bnmitf]shmf di ax sgdrd
dkdldmsr) vd rdd eqnl ’0( sg]s di : di :0

di ]mc 0
di ]kk g]ud sgd r]ld hl]fd tmcdq -

Sghr hlokhdr mns nmkx sg]s  e]bsnqr sgqntfg RK"m:S.) ats ]krn sg]s sgd hl]fdr ne
]kk Mhdkrdm ]tsnlnqoghrlr g]ud nqcdq 1) ]mc rn  e]bsnqr sgqntfg RK"m:S1.- Sgd
hl]fd ne RM hr sqhuh]k tmcdq sghr l]o) h-d- H  RM - Rhmbd RK"m:S1. hr rhlokd) sgd
hl]fd ne  hr dhsgdq sqhuh]k nq hrnlnqoghb sn RK"m:S1.-

Ehm]kkx) rtoonrd sg]s H bnms]hmr ]m dkdldms � vghbg hr mns hm RM ) h-d-  ¤ 0- He
 hr mns ]m hmunktshnm) sgdm enq rnld g: i: j vhsg g ¤ j vd g]ud "g. C i ]mc "i . C
j) gdmbd 

di C ij vhsg  ! [: f- Ax bnlahmhmf sgd qdk]shnmr ˆdi :ijŒ C dj

]mc ˆ˙
di :di Œ C 0 vhsg sgd e]bs sg]s "vx. C "v. enq ]kk v ! R@ts"Em. ]mc x ! H)

vd cdctbd9

"dj. C ˆ"di .:"ij.Œ C ˆ"�
di .:"ij.Œ

C ˆ"˙0
ij .:"ij.Œ C "ˆ˙0

ij :ijŒ. C 05

Rhmbd ]kk Mhdkrdm ]tsnlnqoghrlr ]qd bnmitf]sd hm R@ts"Em. ]mc sgdx snfdsgdq fdm,
dq]sd R@ts"Em.) vd bnmbktcd sg]s  hr sqhuh]k ’]mc H C RVm(-

Ehm]kkx) he  hr ]m hmunktshnm hmsdqbg]mfhmf i ¤ j) sgdm ] rhlhk]q b]kbtk]shnm
oqnctbdr sgd bnmbktrhnm sg]s

"dj. C ˆ"di .:"
�
ij .Œ C "ˆdi : 

˙0
ji Œ. C 0

rn sg]s  hr ]f]hm sqhuh]k- �
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3.3. All non-trivial quotients of SAut�/�3. contain ��2.
3. Hm sghr rtardbshnm vd

]qd nmkx hmsdqdrsdc hm eqdd fqntor ne dudm q]mj- Hs hr bnmudmhdms sn rvhsbg mns]shnm9 he
m C 1l vd “w ] a]rhr [Z0: a0: 5 5 5 : Zk: akf enq Em: vd vqhsd W3a3 ]mc W3a3 enq sgd
Mhdkrdm sq]mrenql]shnmr sg]s rdmc Zd sn adZd ]mc Zdad ) qdrodbshudkx: vd vqhsd "Zd ad .

enq sgd ]tsnlnqoghrl sg]s hmsdqbg]mfdr Zd ]mc ad ) “whmf sgd nsgdq a]rhr dkdldmsr: vd
vqhsd dW0 hmrsd]c ne d0) ]mc rn nm-

Kds S ad sgd rtafqnto ne R@ts"Em. fdmdq]sdc ax [Qd i g C 0: 5 5 5 : lf vgdqd

Qd N

�
XXX:

XXX8

Zd 2! a0
d :

ad 2! a0
d Zd :

Zi 2! Zi : i ¤ g:

ai 2! ai : i ¤ g5

Lemma 3.2. S x "S2.k.

Proof. Nmd b]m udqhex sghr ax chqdbs b]kbtk]shnm ats sgd m]stqd ne S hr lnrs m]stq]kkx
cdrbqhadc hm sdqlr ne sgd k]adkkdc fq]og Ok cdohbsdc hm Ehftqd 0-

u�

Z0

a0

u0 Z1

a1

u1

Z2 a2

u2

Zk

ak

uk

Ehftqd 0- Fq]og qd]khyhmf sgd rtafqnto S -

Ok g]r l ; 0 udqshbdr u/: u0: 5 5 5 : uk ]mc 2 dcfdr inhmhmf u/ sn d]bg ne sgd nsgdq
udqshbdr- @ l]whl]k sqdd hr nas]hmdc ax bgnnrhmf ]m ’tmk]adkkdc( dcfd inhmhmf u/ sn
d]bg ne sgd nsgdq udqshbdr- Enq d]bg g ) sgd qdl]hmhmf svn dcfdr hmbhcdms ]s ud ]qd
nqhdmsdc snv]qcr u/ ]mc k]adkkdc Zd ]mc ad -

Sghr k]adkkhmf hcdmsh“dr 0"Ok: u/. vhsg E1k C E"Z0: a0: 5 5 5 : Zk: ak. ]mc cd,
“mdr ]m hmidbshud gnlnlnqoghrl  N Rxl"Ok: u/. ! @ts"Em. vgnrd hl]fd bnm,
s]hmr S - Hmcddc Qd hr sgd hl]fd tmcdq  ne sgd rxlldsqx ne nqcdq 2 sg]s bxbkhb]kkx
odqltsdr sgd dcfdr inhmhmf ud sn u/) rdmchmf sgd dcfd k]adkkdc Zd sn sg]s k]adkkdc ad
]mc rdmchmf sgd dcfd k]adkkdc ad sn sgd tmk]adkkdc dcfd- �

@ qntshmd b]kbtk]shnm xhdkcr9

Lemma 3.3. For g C 0: 5 5 5 : l, let ˛d ! R@ts"Em. be the automorphism that sends
Zd to Z0

d and ad to Z0
d a0

d Zd while fixing the other basis elements.
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’0( QddW3 da3Q
0
d C ˛d .

’1( ˆQi : dW3 Œ C ˆQi : da3 Œ C 0 if i ¤ g .

’2( Qdda3Q
0
d dW3 C 1

a3W3
.

’3( Q0
d dW3Qdda3 C 1

W3a3
.

Proposition 3.4. For l  1 and any group F, let  N R@ts"E1k. ! F be a homo-
morphism. If iS is not injective, then  is trivial.

Proof. Kds r ! S ad ] mnm,sqhuh]k dkdldms ne sgd jdqmdk ne - Pdok]bhmf r ax r0 he
mdbdrr]qx) vd l]x vqhsd r C Qdtvgdqd t hr ] vnqc hm sgdQi vhsg i ¤ g - Rhmbd d]bg
Qi bnlltsdr vhsg dW3 ]mc da3 ) vd g]ud rdW3 da3 r

0 C QddW3 da3Q
0
d C ˛d - Rhmbd

"r. C 0) ]ookxhmf  sn sghr dpt]shnm fhudr "dW3 da3 . C "˛.-
Vd mnv mnsd sg]s dW3 da3 bnmitf]sdr W3a3 sn W3a3 ) vgdqd]r ˛d bnlltsdr vhsg

W3a3 - Rhmbd sgd hl]fdr ne dW3 da3 ]mc ˛d tmcdq  ]qd sgd r]ld) sghr fhudr

"a3W3 . C "a3W3 .5

@r hm sgd oqnne ne Oqnonrhshnm 2-0) vd ]ood]k sn Z8[ sn cdctbd sg]s  e]bsnqr sgqntfg
R@ts"Em. ! RK"m:S.-

Mdws vd bnmrhcdq sgd deedbs ne sgd qdk]shnmr ’2( ]mc ’3( eqnl Kdll] 2-2- Tmenq,
stm]sdkx) sgdrd ]qd qdk]shnmr hm @ts"Em. mns R@ts"Em.- Ats rhmbd Qd bnlltsdr vhsg
dWi vgdm i ¤ g vd g]ud sgd enkknvhmf qdk]shnm hm R@ts"Em.)

Q0
d dW3 dWiQdda3 dWi C 1W3a3 5

He r C Qd sgdm ]ookxhmf  sn sghr dpt]shnm fhudr "dW3 da3 . C "W3a3 .
1- Bnmitf]s,

hmf ansg rhcdr ax sgd odqlts]shnm "Zd Zi ."ad ai .) vd fds sgd r]ld dpt]khsx vhsg i

rtarbqhosr- Rhmbd ]kk sgd ]tsnlnqoghrlr vhsg g rtarbqhosr bnlltsd vhsg sgnrd sg]s
g]ud i rtarbqhosr) vd cdctbd

". "da3 dai dW3 dWi . C "1W3a3
1
Wi ai

.5

He r C QdQi u enq rnld i ¤ g ]mc u ] ’onrrhakx dlosx( vnqc hm sgd Qj vhsg
j ¤ g: i ) sgdm bnlahmhmf qdk]shnm ’3( enq g ]mc i fhudr

r0dW3 dWi rda3 dai C Q0
d Q0

i dW3 dWiQiQdda3 dai C 1W3a3
1
Wi ai

5

@ookxhmf  sn sghr dpt]shnm fhudr dpt]shnm ". hm sghr b]rd ]r vdkk-
He r C QdQ

0
i u) sgdm qdk]shnm ’2( enq g ]mc qdk]shnm ’3( enq i fhud

rda3 dWi r
0dW3 dai C QdQ

0
i da3 dWiQ

0
d Qi dW3 dai C 1W3a3

1
ai Wi

5
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@ookxhmf  sn sghr dpt]shnm fhudr "dW3 dai da3 dWi . C "1
W3a3

1
ai Wi

.5 Bnmitf]shmf
ansg rhcdr ax "Zi ai .dWj enq rnld j ¤ g: i fhudr dpt]shnm ". nmbd ]f]hm-

Mdws vd bk]hl sg]s dpt]shnm ". enqbdr  sn e]bsnq mns nmkx sgqntfg R@ts"Em. !
RK"m:S. ats ]krn sgqntfg R@ts"Em. ! RK"m:S1.- Hm nqcdq sn oqnud sghr) hs rte“bdr
sn ]qftd sg]s sgd hl]fd tmcdq  ne rnld Mhdkrdm sq]mrenql]shnm g]r nqcdq ]s lnrs 1-

Kds I� cdmnsd sgd hl]fd ne � ! R@ts"Em. hm RK"m:S.- Bnmrhcdq sgd rtafqnto
RK"3:S.  RK"m:S. bnqqdronmchmf sn sgd rta,a]rhr [Zd : ad : Zi : ai f- Dpt]shnm ".
sdkkr tr sg]s I1

W3a3
I1
Wi ai

adbnldr bdmsq]k hm sgd hl]fd ne RK"3:S. tmcdq - Ats hm sghr

bnox ne RK"3:S. nmd g]r sgd qdk]shnmr ˆ I1
W3a3

: Ia3ai Œ C I1
W3ai

]mc ˆ I1
Wi ai

: Ia3ai Œ C 0-

Rn enqbhmf I1
W3a3

I1
Wi ai

sn adbnld bdmsq]k hlokhdr sg]s "W3ai .
1 C 0) ]r qdpthqdc-

Vd g]ud oqnudc sg]s  e]bsnqr sgqntfg R@ts"Em. ! RK"m:S1.- Sgd “m]k onhms
sn nardqud hr sg]s sgd qdrsqhbshnm sn S ne sghr k]rs l]o hr hmidbshud: hm o]qshbtk]q sgd
hl]fd ne r hr mnm,sqhuh]k) ]mc gdmbd rn hr sgd hl]fd ne jdq - Sgtr sgd hl]fd ne  hm
F hr ] oqnodq ptnshdms ne sgd simple fqnto RK"m:S1.) ]mc sgdqdenqd hr sqhuh]k- �

4. Actions on generalized spheres and acyclic homology manifolds

Adb]trd sgd “wdc onhms rds ne ] “mhsd,odqhnc gnldnlnqoghrl ne ] rogdqd nq bnm,
sq]bshakd l]mhenkc mddc mns ad ] l]mhenkc) vd ltrs dwo]mc sgd b]sdfnqx vd ]qd vnqj,
hmf hm sn sg]s ne fdmdq]khydc l]mhenkcr- Vd enkknv sgd dwonrhshnm hm Aqdcnm r annj
nm rgd]e sgdnqx Z2[- @kk gnlnknfx fqntor hm sghr rdbshnm ]qd AnqdkflLnnqd gnlnknfx
vhsg bnlo]bs rtoonqsr ]mc bnde“bhdmsr hm ] rgd]e� ne lnctkdr nudq ] oqhmbhokd hcd]k
cnl]hm K- Sgd gnlnknfx fqntor ne W ]qd cdmnsdc G b

� "W D�.- He W hr ] knb]kkx “mhsd
BV,bnlokdw ]mc � hr sgd bnmrs]ms rgd]e W  K ’vghbg vd vhkk cdmnsd rhlokx ax
K() sgdm G b

� "W DK. hr hrnlnqoghb sn rhmftk]q gnlnknfx vhsg bnde“bhdmsr hm K ’rdd
Z2[) o- 168(-

@kk bngnlnknfx fqntor ]qd rgd]e bngnlnknfx vhsg bnlo]bs rtoonqsr) cdmnsdc
G�
b "W D�.- He � hr sgd bnmrs]ms rgd]e) sghr hr hrnlnqoghb sn ”Bdbg bngnlnknfx vhsg

bnlo]bs rtoonqsr- He E hr ] bknrdc rtards ne W ) sgdm rgd]e bngnlnknfx r]shr“dr
G j
b "W: E D�. x G j

b "W W E D�.-
Hm e]bs) sgd nmkx rgd]udr vd vhkk bnmrhcdq nsgdq sg]m sgd bnmrs]ms rgd]e ]qd sgd

rgd]udr Fj ]rrnbh]sdc sn sgd oqd,rgd]udr T 2! G b
j
"W:W W T DK.-

4.1. Homology manifolds. Kds K ad nmd ne S nq Sn ’sgd hmsdfdqr lnc n) vgdqd n

hr ] oqhld(-

Definition 4.1 ’Z2[) o- 218(- @m l-dimensional homology manifold over K ’cdmnsdc
l,glC( hr ] knb]kkx bnlo]bs G]trcnqee ro]bd W vhsg “mhsd gnlnknfhb]k chldmrhnm
nudqK) sg]s g]r sgd knb]k gnlnknfx oqnodqshdr ne ] l]mhenkc- Rodbh“b]kkx) sgd rgd]udr
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Fj ]qd knb]kkx bnmrs]ms vhsg rs]kj / he j ¤ l ]mc K he j C l- Sgd rgd]e F C Fk
hr b]kkdc sgd orientation sheaf-

Vd vhkk etqsgdq ]rrtld sg]s ntq gnlnknfx l]mhenkcr ]qd “qrs,bntms]akd-

Definition 4.2. He W hr ]m l,glC ]mc G b
� "W DK. x G b

� "R
kDK. sgdm W hr b]kkdc ]

generalized l-sphere nudq K-

Definition 4.3. He W hr ]m l,glC vhsg G b
/ "W DK. C K ]mc G b

j
"W DK. C / enq

j = /) sgdm W hr r]hc sn ad K-acyclic-

Sgdqd hr ] rhlhk]q mnshnm ne cohomology manifold over K) cdmnsdc l,blC ’rdd
Z2[) o- 262(- He K C Sn ) ] bnmmdbsdc ro]bd W hr ]m m,blC he ]mc nmkx he hs hr
]m m,glC ]mc hr knb]kkx bnmmdbsdc ’Z2[) o- 264 Sgdnqdl 05-7 ]mc ennsmnsd(- He W

hr ] knb]kkx bnmmdbsdc gnlnknfx l]mhenkc nudq Sn ) sgdm sgd “wdc onhms rds ne ]mx
gnldnlnqoghrl ne nqcdq n hr ]krn knb]kkx bnmmdbsdc ’rdd Z3[) Sgdnqdl 0-5) o- 61)
vgdqd sgdqd hr ] rsqnmfdq bnmmdbshuhsx rs]sdldms ’bkbC() ats sgd oqnne) vghbg qdkhdr nm
Oqnonrhshnm 0-3) o- 57) ]krn ]ookhdr sn knb]k bnmmdbshuhsx(- Sgdrd qdl]qjr rgnv sg]s
sgd sgdnqdlr vd rs]sd adknv enq gnlnknfx l]mhenkcr ]qd ]krn u]khc enq bngnlnknfx
l]mhenkcr-

Ehm]kkx) vd mnsd sg]s gnlnknfx l]mhenkcr r]shrex Onhmb]qä ct]khsx adsvddm Anqdkfl
Lnnqd gnlnknfx ]mc rgd]e bngnlnknfx ’Z2[) Sgdnqdl 8-1() h-d-) he W hr ]m l,glC

sgdm
G b
j "W DK. x Gkj

b "W DF.5

4.2. Elements of Smith theory. Sgdqd ]qd svn sxodr ne Rlhsg sgdnqdlr) trt]kkx
qdedqqdc sn ]r zfkna]k– ]mc zknb]k– Rlhsg sgdnqdlr- Sgd fkna]k sgdnqdlr qdpthqd nmkx
sg]s W ad ] knb]kkx bnlo]bs G]trcnqee ro]bd vhsg sgd gnlnknfx ne ] rogdqd nq ]
onhms) vghkd sgd knb]k sgdnqdlr bnmbdqm gnlnknfx l]mhenkcr- Sgdrd vdqd nqhfhm]kkx
oqnudc ax O-@- Rlhsg ’Z03[)Z04[() ats vd enkknv sgd dwonrhshnm hm Aqdcnm r annj ]mc
Anqdk r Rdlhm]q nm Sq]mrenql]shnm fqntor Z3[-

Theorem 4.4 ’Sgd Knb]k Rlhsg Sgdnqdl) Z2[) Sgdnqdl 1/-0) Oqnonrhshnm 1/-1)
oo- 3/8fl30/(- Let n be a prime and K C Sn . The fixed point set of any action
of Sn on an m-hmC is the disjoint union of ’open and closed( components each of
which is an p-glC with p  l. If n is odd then each component of the fixed point
set has even codimension.

Ax hmu]qh]mbd ne cnl]hm enq gnlnknfx l]mhenkcr ’Z2[) Bnqnkk]qx 05-08) o- 272(
sgd “wdc onhms rds ne ]mx non-trivial ]bshnm ne Sn nm ] bnmmdbsdc) knb]kkx bnmmdbsdc
l,gl�n hr ] ’knb]kkx bnmmdbsdc( p,gl�n vhsg p  l ¤ 0-
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Theorem 4.5 ’Fkna]k Rlhsg Sgdnqdlr) Z2[) Bnqnkk]qhdr 08-7 ]mc 08-8) o- 033(- Let
n be a prime and W a locally compact Hausdorff space of finite dimension over Sn .
Suppose that Sn acts on W with fixed point set E .

˙ IfG b
� "W DSn. x G b

� "R
kDSn., thenG b

� "E DSn. x G b
� "R

p DSn. for some p with
¤0  p  l. If n is odd, then l ¤ p is even.

˙ If W is Sn-acyclic, then E is Sn-acyclic ’in particular non-empty and con-
nected(.

Hm Rdbshnm 08 ne Z2[ sgd Fkna]k Rlhsg Sgdnqdl hr rs]sdc enq bngnlnknfx: sgd
gnlnknfx udqrhnm ]anud enkknvr trhmf sgd Rlhsg sgdnqx rdptdmbd ’021( nm o]fd 3/7
ne Z2[- Sgd cds]hkr ne sghr sq]mrk]shnm g]ud addm vnqjdc nts ax Nkf]U]qfgdrd hm Z10[-

Snfdsgdq sgdrd sgdnqdlr hlokx

Corollary 4.6. Let W be an l-gl�n .
˙ IfW is a generalizedl-sphere overSn , thefixed point set of any homeomorphism

of order n is a ’possibly empty( generalized p-sphere, with p  l ¤ 0. If n is
odd, p  l ¤ 1.

˙ If W is Sn-acyclic, the fixed point set of any homeomorphism of order n is a
’non-empty( Sn-acyclic p-gl�n , for some p  l ¤ 0. If n is odd, p  l ¤ 1.

Vd v]ms sn trd sghr bnqnkk]qx ]r sgd a]rhr enq ]m hmctbshnm sg]s antmcr sgd ch,
ldmrhnmr hm vghbg dkdldms]qx n,fqntor b]m ]bs deedbshudkx nm fdmdq]khydc rogdqdr
]mc ]bxbkhb gnlnknfx l]mhenkcr- Ats hm sgd b]rd ne rogdqdr vd mddc ]m ]cchshnm]k
qdrtks sg]s ft]q]msddr sgd dwhrsdmbd ne “wdc onhmsr- Sghr hr oqnuhcdc ax O- @- Rlhsg r
sgdnqdl sg]s Sn Sn b]mmns ]bs eqddkx nm ] fdmdq]khydc rogdqd nudq Sn ’rdd Z05[: be
Sgdnqdl 3-7 adknv(-

Sgd oqnne ne sgd enkknvhmf sgdnqdl hr ]f]hm ctd sn O- @- Rlhsg Z05[- ’Hm Z05[ gd
nmkx f]ud sgd oqnne enq fdmdq]khydc rogdqdr) ats sgd ]bxbkhb b]rd hr rhlhk]q-(

Theorem 4.7. If l ; c ¤ 0, the group "S1.c cannot act effectively on a generalized
l-sphere overS1 or aS1-acyclic "l;0.-dimensional homology manifold overS1.

If l ; 1c ¤ 0 and n is odd, then "Sn.c cannot act effectively a generalized
l-sphere or a Sn-acyclic "l ; 0.-dimensional homology manifold over Sn .

Proof. Sgd b]rdr sg]s ]qhrd vgdm c C 0 ]qd u]btntr nq sqhuh]k dwbdos vgdm n hr
ncc ]mc sgd ots]shud ]bshnm hr nm ] 0,gl�n ) hm vghbg b]rd nmd mddcr sn qdb]kk sg]s ]
0,gl�n hr ]m ]bst]k l]mhenkc-

Vd ]rrtld c  1 ]mc oqnbddc ax hmctbshnm- Kds W ad nmd ne sgd ro]bdr sg]s sgd
sgdnqdl ]rrdqsr F NC "Sn.c b]mmns ]bs deedbshudkx nm-

@lnmf sgd mnm,sqhuh]k dkdldmsr ne F vd bgnnrd nmd) Z r]x) vgnrd “wdc onhms
rds EW hr l]whl]k vhsg qdrodbs sn hmbktrhnm- Vd ]krn bgnnrd ] bnlokdldms F/ x
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"Sn.c0 sn gZh hm F- Eqnl Sgdnqdl 3-4 ’hm sgd ]bxbkhb b]rd( ]mc Rlhsg r sgdnqdl
enq Sn Sn ’hm sgd b]rd ne rogdqdr() vd jmnv sg]s EW hr mnm,dlosx- Vd rg]kk oqnud
sg]s EW C W ax ]rrtlhmf hs e]krd ]mc nas]hmhmf ] bnmsq]chbshnm-

He EW hr mns sgd vgnkd ne W sgdm hs g]r bnchldmrhnm ]s kd]rs 0 he n C 1 ]mc
bnchldmrhnm ]s kd]rs 1 he n hr ncc- Hm sgd khfgs ne Bnqnkk]qx 3-5) vd l]x ]ookx
hmctbshnm sn sgd ]bshnm ne F/ nm EW ]mc gdmbd bnmbktcd sg]s rnld mnm,sqhuh]k dkdldms
a ! F/ “wdrEW onhmsvhrd: hm nsgdq vnqcrEW ˚ Ea - AtsEW hr l]whl]k) rnEa C EW)
vghbg hlokhdr EW C Ehw">. enq > C gZ: ah- Sgtr enq ]mx mnm,sqhuh]k dkdldms v ne >
vd g]ud EW ˚ Er ) rn ]f]hm l]whl]khsx sdkkr tr sg]s EW C Er -

Sgdnqdl 3-2 nm o]fd 071 ne Z3[ ’vghbg qdpthqdr tr sn jmnv sg]s Ehw">. hr mnm,
dlosx( oqnuhcdr ] enqltk] qdk]shmf sgd chldmrhnmr ne sgd “wdc onhms rdsr ne dkdldmsr
ne >9 vqhshmf m C chln"W.: p C chln"Ehw">..) ]mc p5 C chln"Ehw"B .. enq d]bg
bxbkhb rtafqnto B ; >) vd g]ud

m ¤ p C
P

"p5 ¤ p.:

vgdqd sgd rtl hr s]jdm nudq sgd mnm,sqhuh]k bxbkhb rtafqntor ne>- Vd g]ud itrs ]qftdc
sg]s EW C Ehw"B . C Ehw">. enq ]kk mnm,sqhuh]k B ; >) rn d]bg rtll]mc nm sgd qhfgs
hr / ]mc gdmbd m C p C chln"EW.- Rhmbd W hr bnmmdbsdc) hmu]qh]mbd ne cnl]hm fhudr
W C EW) h-d-) Z ]bsr sqhuh]kkx- Sghr bnmsq]chbshnm bnlokdsdr sgd hmctbshnm- �

Vd mddc nmd lnqd qdrtks eqnl Rlhsg sgdnqx9

Theorem 4.8. Let W be a generalized sphere over S1 or a S1-acyclic gl�1 , and let
Z and a be commuting homeomorphisms of W , each of order 1, with fixed point sets
EW and Ea . If EW C Ea then Z C a.

Proof. Enq ]bshnmr nm fdmdq]khydc rogdqdr) sghr hr dwokhbhs hm Z05[) rn vd bnmrhcdq nmkx
sgd ]bxbkhb b]rd-

He Z ¤ a sgdm sgd rtafqnto >  Gnldn"W. fdmdq]sdc ax Z ]mc a hr hrnlnqoghb
snS1 S1 ]mc Ehw"Z. C Ehw"a. C Ehw">.- Sgtr hm sgd enqltk] m¤ p C <

"p5 ¤ p.

chrok]xdc hm sgd oqdbdchmf oqnne) sgd nmkx mnm,ydqn rtll]mc nm sgd qhfgs hr sgd nmd
enq gZah- Gdmbd m C p5 ) sg]s hr) chln"W. C chln"Ehw"Za..- Rhmbd W hr bnmmdbsdc)
hmu]qh]mbd ne cnl]hm fhudr W C Ehw"Za.) vghbg ld]mr sg]s Z C a- �

4.3. Actions on generalized spheres and�2-acyclic homology manifolds over�2,
for W even. Sgd qdrtksr vd g]ud cdudknodc sn sghr onhms d]rhkx xhdkc sgd enkknvhmf
sgdnqdl) enq m dudm-

Theorem 4.9. Let W be a generalized l-sphere over S2 or a S2-acyclic "l ; 0.-
dimensional homology manifold over S2, and let  N R@ts"Em. ! Gnldn"W. be an
action. If m is even and l ; m ¤ 0, then  is trivial.
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Proof. Vqhsd m C 1c ]mc kds S  R@ts"E1c . ad ]r hm Kdll] 2-1- Rhmbd S x "S2.c

]mc l ; m ¤ 0 C 1c ¤ 0) Sgdnqdl 3-6 sdkkr tr sg]s S b]mmns ]bs deedbshudkx nm W )
rn "r. C 0 enq rnld r ! S W [0f- Vd oqnudc hm Oqnonrhshnm 2-3 sg]s sghr enqbdr 
sn ad sgd sqhuh]k l]o- �

4.4. Actions on generalized spheres and ��-acyclic homology manifolds over
��. Sgd oqnne ne Sgdnqdlr 0-0 ]mc 0-1 hr bnmrhcdq]akx lnqd hmunkudc sg]m sg]s ne
sgd oqdbdchmf qdrtks- Sghr hr k]qfdkx ctd sn sgd e]bs sg]s Bnqnkk]qx 3-5 xhdkcr ] vd]jdq
bnmbktrhnm enq n C 1 sg]m enq ncc oqhldr- Kdll] 3-01 vhkk ]kknv tr sn bhqbtludms
sghr che“btksx- Hs qdkhdr nm sgd rdo]q]shnm oqnodqsx ne bnchldmrhnm 0 “wdc onhms rdsr
sg]s hr drs]akhrgdc hm Kdll] 3-00 trhmf Onhmb]qä ct]khsx ]mc sgd enkknvhmf sgdnqdl
]ants rgd]e bngnlnknfx-

Theorem 4.10 ’Sgdnqdl 05-05) Z2[(- If W is a connected l-blC with orientation
sheaf F, and E is a proper closed subset, then for any non-empty open subset T

’0( Gk
b "T DF. is the free K-module on the components of T ;

’1( Gk
b "E DK. C /.

Lemma 4.11. Let W be a generalized l-sphere over S1 or a S1-acyclic l-gl�1 ,
and let  be an involution of W . If Ehw". has dimension l ¤ 0, then W W Ehw". has
two S1-acyclic components and  interchanges them.

Proof. He l C 0) sgdm W hr ] bhqbkd nq ] khmd) Ehw". hr svn onhmsr nq nmd) ]mc sgd
sgdnqdl hr bkd]q) rn vd l]x ]rrtld l  1- Kds E C Ehw".) ]mc rds K C S1- Rhmbd
E hr bknrdc) sgd knmf dw]bs rdptdmbd hm rgd]e bngnlnknfx enq sgd o]hq "W: E . qd]cr

� � � ! Gk1
b "E DK. ! Gk0

b "W W E DK. ! Gk0
b "W DK. ! Gk0

b "E DK.

! Gk
b "W W E DK. ! Gk

b "W DK. ! Gk
b "E DK. ! /

Ax ’1( ]anud) sgd k]rs sdql Gk
b "E DK. hr /- Rhmbd K C S1) sgd nqhdms]shnm rgd]e F

hr ]bst]kkx bnmrs]ms) ]mc ax ’0() vd fds Gk
b "W DK. C Gk0

b "E DK. C K-
Onhmb]qä ct]khsx r]xr G j

b "W DK. x G b
kj"W DK.: hm o]qshbtk]q) Gk0

b "W DK. x
G b
0 "W DK. C / ’rhmbd l  1() ]mc sgd dmc ne sgd rdptdmbd hr

/ ! K ! Gk
b "W W E DK. ! K ! /

Sgtr Gk
b "W WE DK. x K˚K) ]mc ]mnsgdq ]ookhb]shnm ne ’0( rgnvr sg]s W WE g]r

svn bnlonmdmsr- ’Sghr hr sgd ]qftldms hm Z2[) Bnqnkk]qx 05-15-(
Rtoonrd W hr K,]bxbkhb- @ookxhmf Onhmb]qä ct]khsx sn d]bg qdl]hmhmf sdql hm sgd

knmf dw]bs rdptdmbd ’E g]r chldmrhnm l ¤ 0( fhudr

� � � ! G b
j "E DK. ! G b

j "W W E DK. ! G b
j "W DK. ! � � �
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enq j  0- Rhmbd E ]mc W ]qd K,]bxbkhb) sghr rgnvr sg]s d]bg bnlonmdms ne W W E

hr ]krn K,]bxbkhb-
He W hr ] fdmdq]khydc l,rogdqd sgdm E hr ] fdmdq]khydc "l ¤ 0.,rogdqd) ]mc sgd

]anud ]qftldms rgnvr sg]s lnrs ne sgd gnlnknfx ne W WE u]mhrgdr ]r hm sgd ]bxbkhb
b]rd- Hm chldmrhnmr l ]mc l ¤ 0 vd g]ud

/ ! G b
k"W W E DK. ! G b

k"W DK. ! G b
k0"E DK. ! G b

k0"W W E DK. ! /

vghbg adbnldr

/ ! G b
k"W W E DK. ! K x K ! G b

k0"W W E DK. ! /:

rn ]f]hm sgd gnlnknfx ne W W E u]mhrgdr hm onrhshud cdfqddr) ]mc d]bg bnlonmdms
ne W W E hr ]bxbkhb-

Hm ansg rhst]shnmr sgd bnlokdldms ne E g]r svn S1,]bxbkhb bnlonmdmsr- Rhmbd
sgd hmunktshnm ]bsr eqddkx nm sghr bnlokdldms) hs b]mmns oqdrdqud dhsgdq bnlonmdms)
ax sgd Fkna]k Rlhsg Sgdnqdl- �

Lemma 4.12. Let W be a generalized l-sphere over S1 or a S1-acyclic "l ; 0.-
gl�1 , and let F be a group acting by homeomorphisms on W . Suppose F contains
a subgroup N x S1 S1 all of whose non-trivial elements are conjugate in F. If N
acts non-trivially, then the fixed point sets of its non-trivial elements have codimension
at least 1, and l  1.

Proof. Rhmbd sgd mnm,sqhuh]k dkdldmsr ne N ]qd ]kk bnmitf]sd) sgdx ltrs ]kk ]bs mnm,
sqhuh]kkx-

Kds Z ]mc a ad fdmdq]snqr neN - He Ehw"Z. g]c bnchldmrhnm 0) sgdm ax Kdll] 3-00)
hsr bnlokdldms hm W vntkc g]ud svn bnlonmdmsr ]mc sgd ]bshnm ne Z vntkc hmsdq,
bg]mfd sgdrd- Bnmrhcdq sgd ]bshnm ne a9 rhmbd hs bnlltsdr vhsg Z hs kd]udr Ehw"Z.
hmu]qh]ms) rn hs dhsgdq hmsdqbg]mfdr sgd bnlonmdmsr ne sgd bnlokdldms nq kd]udr sgdl
hmu]qh]ms- Pdudqrhmf sgd qnkdr ne a ]mc Za he mdbdrr]qx) vd l]x ]rrtld sg]s hs hm,
sdqbg]mfdr sgdl ]mc gdmbd sg]s Ehw"a.  Ehw"Z.- Rhmbd Z ]mc a ]qd bnmitf]sd)
hmu]qh]mbd ne cnl]hm enq gnlnknfx l]mhenkcr hlokhdr sg]s Ehw"Z. C Ehw"a. ]mc
gdmbd) ax Sgdnqdl 3-7) sg]s sgd ]bshnmr ne Z ]mc a nm W ]qd hcdmshb]k- Sgtr Za ]bsr
sqhuh]kkx) bnmsq]chbshmf sgd ]rrtloshnm sg]s sgd ]bshnm ne N hr mnm,sqhuh]k-

Sgtr sgd “wdc onhms rds ne ]mx mnm,sqhuh]k dkdldms neN g]r bnchldmrhnm ]s kd]rs 1-
He l C 0 ]mc W hr ] fdmdq]khydc rogdqd sghr r]xr Ehw"Z. C Ehw"a. C 7- He W hr
1,chldmrhnm]k ]mc ]bxbkhb) sgdm Ehw"Z. ]mc Ehw"a. ]qd /,chldmrhnm]k ]bxbkhb gnlnk,
nfx l]mhenkcr) h-d- onhmsr) rn Ehw"Z.  Ehw"a. hlokhdr Ehw"Z. C Ehw"a.- Hm dhsgdq
b]rd) Sgdnqdl 3-7 ]f]hm hlokhdr sg]s Za ]bsr sqhuh]kkx) bnmsq]chbshmf ntq ]rrtloshnmr-

�

Proposition 4.13. Let W be a generalized l-sphere or S1-acyclic "l ; 0.-gl�1 .
If l ; m ¤ 0 and m  2, then any action of RK"m:S1. on W is trivial.
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Proof. Rhmbd RK"m:S1. hr rhlokd) hs hr dmntfg sn “mc ] rtafqnto ne RK"m:S1. sg]s
b]mmns ]bs deedbshudkx nm W -

Sgd dkdldms]qx l]sqhbdr Ci0) i ¤ 0) fdmdq]sd ]m dkdldms]qx 1,fqnto P x
"S1.m0- @kk dkdldms]qx l]sqhbdr ]qd bnmitf]sd hm RK"m:S1.- Etqsgdqlnqd)
C21C10C21 C C20C10- Sgtr vd ]qd hm sgd rhst]shnm ne Kdll] 3-01 vhsg Z C C10

]mc a C C20- @m ]ood]k sn sg]s kdll] bnlokdsdr sgd oqnne hm sgd b]rd m C 2-
He m  3 sgdm RK"m:S1. bnms]hmr ] k]qfdq dkdldms]qx 1,fqnto sg]m P) m]ldkx

sg]s fdmdq]sdc ax sgd dkdldms]qx l]sqhbdr Cdi vhsg g  m<1 ]mc i = m<1- Sghr g]r
q]mj ]s kd]rs m) rn Sgdnqdl 3-6 sdkkr tr hs b]mmns ]bs deedbshudkx W - �

Oqnonrhshnm 2-0 ]mc Oqnonrhshnm 3-02 snfdsgdq fhud9

Corollary 4.14. Let W be a generalized l-sphere over S1 or a S1-acyclic "l ; 0.-
gl�1 , with l ; m ¤ 0. If a non-central element of Vm is in the kernel of an action
of R@ts"Em. on W , then the action is trivial.

4.5. Proof of Theorems 1.1 and 1.2. Vd qds]hm sgd mns]shnm hmsqnctbdc ]s sgd ad,
fhmmhmf ne Rdbshnm 2-

Kds W ad ] fdmdq]khydc l,rogdqd nq ]S1,]bxbkhb "l; 0.,chldmrhnm]k gnlnknfx
l]mhenkc nudq S1) vhsg l ; m ¤ 0- Kds † N R@ts"Em. ! Gnldn"W. ad ]m ]bshnm
ne R@ts"Em. nm W - Hm sgd khfgs ne sgd oqdbdchmf bnqnkk]qx) vd vhkk ad cnmd he vd
b]m oqnud sg]s sgd jdqmdk ne † bnms]hmr ]m dkdldms ne RM x "S1.m0 nsgdq sg]m
y C d0 5 5 5 dm-

He m C 2) sgdm bnmitf]shmf Z NC d0d1 ax "0 2.d1 ]mc "1 2.d0) qdrodbshudkx) xhdkcr
a NC d1d2 ]mc Za C d0d2- Sgtr vd l]x ]ood]k sn Kdll] 3-01) sn rdd sg]s sgd ]bshnm
ne RM nm W hr sqhuh]k he l ; 1-

He m C 3) sgdm RM hr fdmdq]sdc ax Z) a) ]mc b NC d1d3) vghbg ]qd bnmitf]sd hm
RVm sn d]bg nsgdq ]mc sn d]bg ne sgd oqnctbsr Za) Zb ]mc ab- He sgd ]bshnm ne RM
nm W hr sqhuh]k sgdm vd ]qd cnmd- Rtoonrd sg]s sghr hr mns sgd b]rd- Vd jmnv eqnl
Kdll] 3-01 sg]s Ehw"Z. hr ] fdmdq]khydc c ,rogdqd nudq S1 nq ] S1,]bxbkhb "c ; 0.,
gl�1 vhsg c ; 0- Rhmbd a ]mc b bnlltsd vhsg Z) sgd fqnto ga: bh x S11 ]bsr nm
Ehw"Z.) rn ax Sgdnqdl 3-6 rnld dkdldms ]bsr sqhuh]kkx) r]x e- Sgdm Ehw"e.  Ehw"Z.-
Ats rhmbd Z ]mc e ]qd bnmitf]sd hm RVm) sghr hlokhdr Ehw"Z. C Ehw"e.) ]mc sgdm ax
Sgdnqdl 3-7) Ze ]bsr sqhuh]kkx nm W - He e C a nq e C b) vd g]ud entmc ] mnm,bdmsq]k
dkdldms ne sgd jdqmdk ne †iLTm

) rn † hr sqhuh]k ax Bnqnkk]qx 3-03 - He e C ab) sgd
]bshnm e]bsnqr sgqntfg ORK"3:S.) vghbg bnms]hmr ] rtafqnto hrnlnqoghb sn "S1.3

fdmdq]sdc ax d0d1) d1d2)  C "01."23.) ]mc  C "02."13.- Ax Sgdnqdl 3-6) rnld
mnmsqhuh]k dkdldms ne sghr rtafqnto ltrs l]o sqhuh]kkx sn Gnldn"W.- Otkkhmf a]bj
sgdrd dkdldmsr sn RVm) vd rdd sg]s rnld dkdldms ne sgd enql dddi nq ˇ nq dddi ˇ )
vhsg ˇ ! g: h) hr hm sgd jdqmdk- Bnqnkk]qx 3-03 ]f]hm rgnvr sg]s † hr sqhuh]k-

Mnv vd rtoonrd m = 3 ]mc oqnbddc ax hmctbshnm- He d0d1 ]bsr sqhuh]kkx sgdm vd
]qd cnmd ax Bnqnkk]qx 3-03- He mns sgdm) ]ood]khmf sn Kdll] 3-01 nmbd lnqd) vd l]x
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rtoonrd sg]s sgd “wdc onhms rds ne d0d1 hm W hr ] fdmdq]khydc p,rogdqd nq S1,]bxbkhb
"p ;0.,gnlnknfx l]mhenkc nudqS1 vhsg p ; m¤2: b]kk hs X - Sgd bdmsq]khydq ne d0d1
vhkk ]bs nm X - Sghr bdmsq]khydq bnms]hmr ] bnox ne R@ts"Em1. bnqqdronmchmf sn sgd
rta,a]rhr Z2: 5 5 5 : Zm) ]mc ax hmctbshnm sghr ]bsr sqhuh]kkx nm X - Hm o]qshbtk]q) sgd “wdc
onhms rds ne d2d3 bnms]hmr sg]s ne d0d1- Rhlhk]qkx) sgd qdudqrd hmbktrhnm gnkcr- Ats sgdm
ax Sgdnqdl 3-7 sgd ]bshnmr ne d2d3 ]mc d0d1 nm W ltrs ad sgd r]ld- Sgtr sgd jdqmdk
ne ]mx gnlnlnqoghrl R@ts"Em. ! Gnldn"W. hmsdqrdbsr M hm d0d1d2d3 ¤ y) ]mc
Bnqnkk]qx 3-03 r]xr sg]s sgd ]bshnm hr sgdqdenqd sqhuh]k- �

Remark 4.15. Enq m C 2) Sgdnqdl 0-0 ]krn enkknvr eqnl sgd qdrtksr ne Z4[ adb]trd
] fdmdq]khydc S1,rogdqd ne chldmrhnm nmd hr itrs ] bhqbkd ]mc hs hr rgnvm hm Z4[ sg]s
]mx ]bshnm ne R@ts"Em. ax gnldnlnqoghrlr nm ] bhqbkd hr sqhuh]k enq m  2-

Remark 4.16. Sghr vnqj v]r rshltk]sdc hm o]qs ax sgd oqnne ne Bnqnkk]qx 0-3 rtf,
fdrsdc ax Yhlldql]mm hm Z11[- Ghr oqnne qdkhdc nm d]qkhdq vnqj ne O]qv]mh Z02[
vghbg rdsr enqsg ] fnnc rsq]sdfx ats bnms]hmr ] fi]v9 hs hr ]rrtldc hm Z02[ sg]s he W hr
] gnlnknfx l]mhenkc nudq S vhsg sgd S1,gnlnknfx ne ] rogdqd) sgdm sgd “wdc onhms
rds ne ]mx hmunktshnm ne W vhkk ]f]hm ad rtbg ] ro]bd: sghr hr e]krd ’rdd sgd enkknvhmf
qdl]qj(- Hs hr ]krn ]rrtldc hm Z02[ sg]s rtbg ] “wdc onhms rds vhkk ad ]m DMP) ]mc
sghr hr ]krn e]krd-

Remark 4.17. Hm Z00[) K- Inmdr rgnvdc sg]s ]klnrs ]mx OK gnlnknfx l]mhenkc nudq
S1 r]shrexhmf sgd Rlhsg bnmchshnmr b]m ]qhrd ]r sgd “wdc onhms rds ne ] hmunktshnm ne
] fdmthmd rogdqd- Hm o]qshbtk]q) sgd “wdc onhms rds ne ]m hmunktshnm ne ] rogdqd mddc
mns ad ] S,gnlnknfx l]mhenkc-

Sgdqd ]qd ]krn hmunktshnmr ne rogdqdr enq vghbg sgd “wdc onhms rds hr mns knb]kkx
0,bnmmdbsdc) rn hm o]qshbtk]q hr mns ]m DMP- Hmcddc @mbdk ]mc Fthka]tks Z0[ oqnudc
sg]s he jL C L X † hr any Y,rds bnlo]bsh“b]shnm ne ] bnmsq]bshakd m,l]mhenkc L )
vhsg m = 3) sgdm sgd cntakd ne jL ]knmf † hr gnldnlnqoghb sn sgd m,rogdqd- Nmd
b]m qd]khyd † ]r sgd “wdc onhms rds ne sgd hmunktshnm sg]s hmsdqbg]mfdr sgd svn bnohdr
ne L hm sghr cntakd) ]mc † mddc mns ad knb]kkx 0,bnmmdbsdc- Sn nas]hm ] bnmbqdsd
dw]lokd) vd b]m s]jd L sn ad sgd tmhudqr]k bnudq ne nmd ne sgd ]rogdqhb]k l]mhenkcr
bnmrsqtbsdc ax C]uhr Z5[ ]mc s]jd † sn ad hsr hcd]k antmc]qx ’be- Z6[(-

5. Actions on arbitrary compact homology manifolds

Hm Z01[) L]mm ]mc Rt trd Rlhsg sgdnqx ]mc ] rodbsq]k rdptdmbd cdudknodc ax Rv]m
Z07[ sn oqnud sg]s enq dudqx oqhld n ]mc dudqx bnlo]bs c ,chldmrhnm]k gnlnknfx
l]mhenkc W nudq Sn ) sgd rtl ne vgnrd lnc n Adssh mtladqr hr A ) sgdqd dwhrsr ]m
hmsdfdq "c: A.) cdodmchmf nmkx nm c ]mc A ) rn sg]s Spn b]mmns ]bs deedbshudkx ax
gnldnlnqoghrlr nm W he p = "c: A.- ’@m dwokhbhs antmc nm  hr fhudm-(
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He m hr rte“bhdmskx k]qfd sgdm sgd ]ksdqm]shmf fqnto >m vhkk ad rhlokd ]mc bnms]hm
] bnox ne S

n - Gdmbd hs vhkk ]clhs mn mnm,sqhuh]k ]bshnm nm W - Sgdnqdl 0-6 rs]sdc
hm sgd hmsqnctbshnm hr ]m hlldch]sd bnmrdptdmbd ne sghr qdrtks ]mc Oqnonrhshnm 2-0)
rhmbd RVm  R@ts"Em. bnms]hmr ] bnox ne >m- �

Sgd oqdbdchmf ]qftldms ]kknvr nmd sn antmc sgd bnmrs]ms "n: c: A. hm Sgdn,
qdl 0-6 ax ] ltkshokd ’cdodmchmf nm n( ne "c: A.- Hm sgd b]rdr n C 1 ]mc n C 2

nmd b]m rg]qodm sghr drshl]sd ax ]ood]khmf chqdbskx sn Oqnonrhshnmr 2-0 ]mc 2-3 hmrsd]c
ne trhmf >m-

Remark 5.1. U]qhntr ne sgd Ghfl]mflSgnlornm fqntor) hmbktchmf Phbg]qc Sgnlo,
rnm r vagabond group U ) ]qd “mhsdkx oqdrdmsdc) rhlokd) ]mc bnms]hm ]m hrnlnqoghb
bnox ne dudqx “mhsd fqnto Z0/[- Fhudm ]mx bk]rr ne naidbsr d]bg ne vghbg g]r sgd
oqnodqsx sg]s rnld “mhsd fqnto b]mmns ]bs deedbshudkx nm hs) fqntor rtbg ]r U b]mmns
]bs mnm,sqhuh]kkx nm ]mx naidbs hm sgd bk]rr- Hm o]qshbtk]q) hs enkknvr eqnl sgd L]mm
]mc Rt qdrtks sg]s U b]mmns ]bs mnm,sqhuh]kkx ax gnldnlnqoghrlr nm ]mx bnlo]bs
l]mhenkc- @mc Sgdnqdl 3-6 ]anud hlokhdr sg]s U b]mmns ]bs mnm,sqhuh]kkx ax gnld,
nlnqoghrlr nm ]mx “mhsd,chldmrhnm]k Sn,]bxbkhb gnlnknfx l]mhenkc nudq Sn enq
]mx oqhld n ’be- Z1[ ]mc Z7[(-
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