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�i sfd anpch bOshni ne �tsdp roObd

I‘h,Tvd Atw+ Odsdq Rlhkkhd ‘mc I‘qdm Unfsl‘mm

9arspWbs

Td fhud W rhloid bnmrsqtbshnm ne Wm dpthuWqhWms cdenqlWshnm qdsqWbs ne Ftsdq roWbd vghbg hr
gnldnlnqoghb sn sgd =drsuhmWyBdhfgm anqch bWshnm- Oghr qdrtisr hm W ltbg dWrhdq oqnne sgWs sgd
anqch bWshnm hr �.m,4(,bnmmdbsdc Ws hm mhsw) Wmc gdmbd sgWs Ftn�Ec( hr W uhqstWi ctWihsw fqnto-

Hmsqnctbshnm

Sgd ‘bshnm ne RK’m.Y( nm sgd rxlldsqhb ro‘bd Wm ; RK’m.P(<RN’m( hr mns bnbnlo‘bs+ ats
Rhdfdk W03[ rgnvdc gnv sn fktd ‘flmd ro‘bdr sn Wm sn nas‘hm ‘ bnmsq‘bshakd l‘mhenkc vhsg bnqmdqr
hm rtbg ‘ v‘x sg‘s sgd ‘bshnm dwsdmcr sn ‘ oqnodq bnbnlo‘bs ‘bshnm- Hm ‘ k‘mcl‘qj o‘odq W2[+
Anqdk ‘mc Rdqqd fdmdq‘khydc sghr sn ‘kk ‘qhsgldshb fqntor  hm qdctbshud ‘kfdaq‘hb fqntor F+ ‘mc
hs hr mnv bnllnmkx qdedqqdc sn ‘r sgd AnqdkzRdqqd anqchfibZshnm ne sgd rxlldsqhb ro‘bd F<J-
Hm sgd b‘rd F ; RKm+ Fq‘xrnm W6[ k‘sdq rgnvdc gnv sn bnmrsqtbs ‘m dpthu‘qh‘ms cdenql‘shnm
qdsq‘bs ne Wm vhsg sgd r‘ld oqnodqshdr ‘r sgd anqchfib‘shnm- Kdtyhmfdq W00+ 01[ sgdm cdfimdc ‘
rhlhk‘q qdsq‘bs enq lnqd fdmdq‘k fqntor+ ‘mc r‘hc hs hr ]khjdkx sg‘s sghr qdsq‘bs hr hrnlnqoghb sn
sgd AnqdkzRdqqd anqchfib‘shnm#- Sgdrd qdsq‘bsr ‘unhc l‘mx ne sgd sdbgmhb‘k oqnakdlr ‘rrnbh‘sdc
vhsg dwsdmchmf sgd ro‘bd ‘mc sgd ‘bshnm+ ‘mc ‘qd fdmdq‘kkx ltbg d‘rhdq sn tmcdqrs‘mc-
Sgd fqnto Nts’Em( rg‘qdr ‘ k‘qfd mtladq ne oqnodqshdr vhsg ‘qhsgldshb fqntor+ l‘mx ne

vghbg ‘qd oqnudc ax bnmrhcdqhmf hsr ‘bshnm nm Mtsdq roZbd Jm+ vghbg rdqudr ‘r ‘ rtarshstsd enq
sgd gnlnfdmdntr ro‘bd F<J- Lnshu‘sdc ax sgd vnqj ne Anqdk ‘mc Rdqqd+ Adrsuhm‘ ‘mc Edhfgm
W1[ bnmrsqtbsdc ‘ bnmsq‘bshakd anqchfib‘shnm aJm rtbg sg‘s sgd ‘bshnm ne Nts’Em( nm Jm dwsdmcr
sn ‘ oqnodq bnbnlo‘bs ‘bshnm nm aJm- Sgdx trdc sgdhq anqchfib‘shnm sn oqnud sg‘s Nts’Em(
hr ‘ uhqst‘k ct‘khsx fqnto: sgd jdx etqsgdq hmfqdchdms mddcdc enq sghr hr sn oqnud sg‘s aJm hr
’1m − 4(,bnmmdbsdc ‘s hmfimhsx-
Hm sghr o‘odq vd enkknv sgd kd‘c ne Fq‘xrnm ‘mc Kdtyhmfdq ax rgnvhmf sg‘s sgdqd hr ‘m

dpthu‘qh‘ms cdenql‘shnm qdsq‘bs ne Jm vghbg hr bnbnlo‘bs ‘mc ’1m − 4(,bnmmdbsdc ‘s hmfimhsx-
Vd rgnv sg‘s sghr qdsq‘bs hr dpthu‘qh‘mskx gnldnlnqoghb sn sgd Adrsuhm‘zEdhfgm anqchfib‘shnm
‘mc hm sgd oqnbdrr ‘mrvdq ‘ ptdrshnm hm sgdhq o‘odq ‘ants sgd snonknfx ne sgd ohdbdr Σ’F. f(
eqnl vghbg sgdhq anqchfib‘shnm hr bnmrsqtbsdc- Sgd cdrbqhoshnm ne sgd qdsq‘bs hr rhlokdq sg‘m
sg‘s ne sgd anqchfib‘shnm- Vd mnsd sg‘s ntq qdsq‘bs hr dpthu‘kdms sn ‘ qdsq‘bs rjdsbgdc aqhdfix
vhsgnts oqnne+ chrbtrrdc l‘hmkx enq m ; 2+ hm W0�[- Vd trd ntq cdrbqhoshnm sn fhud ‘ chffdqdms+
bnmrhcdq‘akx rhlokdq oqnne ne sgd bnmmdbshuhsx qdrtks hm W1[- Hm ‘ rdptdk vd vhkk ‘krn trd hs sn
rstcx sgd antmc‘qx-

0- AZbjfqntmc8 Mtsdq roZbd

Hm sghr rdbshnm vd aqhdfix cdrbqhad Ntsdq ro‘bd ‘mc hsr cdbnlonrhshnm hmsn nodm rhlokhbdr
σ̄’F. f(+ hm nqcdq sn hmsqnctbd sgd mns‘shnm mddcdc enq sghr o‘odq- Enq ‘ rnldvg‘s lnqd cds‘hkdc
pthbj hmsqnctbshnm sn sgdrd hcd‘r+ rdd W04[+ ‘mc enq cds‘hkdc oqnner rdd sgd nqhfhm‘k o‘odq W5[-

Pdbdhudc 7 Nbsnadp 1/06: pduhrdc 05 I‘mt‘px 1/07: otakhrgdc nmkhmd 17 L‘pbg 1/07-

1/0/ LZsgdlZshbr Rtaidbs AkZrrhfibZshnm 1/D25+ 46L/6 ’ophl‘px(+ 1/E54+ 1/D/4 ’rdbnmc‘px(-

J- Unfsl‘mm v‘r o‘psh‘kkx rtoonpsdc ax sgd Gtlankcs Entmc‘shnm ‘mc ‘ Pnx‘k Rnbhdsx Vnkernm ;v‘pc-
J-,T- Atw v‘r rtoonpsdc ax sgd Fdpl‘m Rbhdmbd Entmc‘shnm uh‘ sgd BPB 6/0-



NM SGD ANPCHEHB;SHNM NE NTSDP RO;BD 02

Ntsdq ro‘bd Jm hr ‘ bnmsq‘bshakd+ ’2m − 3(,chldmrhnm‘k ro‘bd vhsg ‘ oqnodq ‘bshnm ne sgd
fqnto Nts’Em( ne ntsdq ‘tsnlnqoghrlr ne sgd eqdd fqnto Em- @ onhms ne Jm hr cdsdqlhmdc
ax ‘ ldsqhb fq‘og F snfdsgdq vhsg ‘ gnlnsnox dpthu‘kdmbd f+ b‘kkdc ‘ lZqjhmf+ eqnl ‘ fiwdc
m,ods‘kdc qnrd Qm sn F- Sgd fq‘ogr F ltrs ad bnmmdbsdc vhsg mn tmhu‘kdms nq ahu‘kdms udqshbdr+
‘mc vd vhkk ‘krn ‘rrtld sgdx g‘ud mn rdo‘q‘shmf dcfdr: sghr hr rnldshldr b‘kkdc qdctbdc Ntsdq
ro‘bd- Sgd ldsqhb nm F ltrs g‘ud unktld 0+ sg‘s hr+ sgd rtl ne sgd dcfd kdmfsgr hr dpt‘k
sn 0- Sgd o‘hq ’F. f( hr b‘kkdc ‘ lZqjdc fqZog- Chffdqdms l‘qjdc fq‘ogr cdsdqlhmd sgd r‘ld
onhms ne Jm he sgdx ‘qd hrnldsqhb ax ‘m hrnldsqx vghbg bnlltsdr vhsg sgd l‘qjhmf to sn
gnlnsnox-
Sgdqd hr ‘ m‘stq‘k cdbnlonrhshnm ne Jm ‘r ‘ chrinhms tmhnm ne nodm rhlokhbdr- Sgd rhlokdw

bnms‘hmhmf sgd onhms ’F. f( hr nas‘hmdc ax rhlokx u‘qxhmf sgd ’onrhshud( dcfd kdmfsgr ne F
vghkd jddohmf sgd unktld dpt‘k sn 0: hs hr cdmnsdc σ̄’F. f( ‘mc hsr bknrtqd hm Jm hr cdmnsdc
σ́’F. f(- He F g‘r j dcfdr+ sgdm σ̄’F. f( hr ‘m nodm ’j − 0(,rhlokdw- @ rhlokdw σ̄’F�. f�( hr ‘
e‘bd ne σ́’F. f( he F� b‘m ad nas‘hmdc eqnl F ax rgqhmjhmf rnld dcfdr sn onhmsr+ ‘mc f� hr
gnlnsnohb sn f bnlonrdc vhsg sgd bnkk‘ord- Mnsd σ́’F. f( hr mns ‘ bknrdc rhlokdw rhmbd rnld ne
hsr e‘bdr ‘qd lhrrhmf+ m‘ldkx sgnrd ‘ooqn‘bgdc ax rgqhmjhmf ‘kk dcfdr ne ‘ rtafq‘og sg‘s bnms‘hmr
knnor-
Sgd nodm rhlokhbdr σ̄’F. f( enql ‘ o‘qsh‘kkx nqcdqdc rds ’onrds( vgdqd sgd o‘qsh‘k nqcdq hr

sgd e‘bd qdk‘shnm+ sg‘s hr+ σ̄’F�. f�( 6 σ̄’F. f( he σ̄’F�. f�( • σ́’F. f(- Sgd fdnldsqhb qd‘khy‘shnm
ne sghr onrds hr b‘kkdc sgd rohmd Jm ne Jm- Sgd rohmd g‘r ‘ m‘stq‘k dladcchmf hmsn Jm ‘r ‘m
dpthu‘qh‘ms cdenql‘shnm qdsq‘bs ’sgd b‘rd m ; 1 hr hkktrsq‘sdc hm Ehftqd 2(-
@ jdx mnshnm hm sgd o‘odq W1[ hr sg‘s ne ‘ bnqd rtafqZog ne F- Ax ‘ rtafqZog vd ld‘m sgd

bknrtqd hm F ne ‘ rds ne dcfdr- @m ’nodm( dcfd c ne ‘ rtafq‘og G rdoZqZsdr G he G − c g‘r ‘m
‘cchshnm‘k bnlonmdms+ ‘mc ‘ rtafq‘og G hr bnqd he mnmd ne hsr dcfdr rdo‘q‘sdr G - Hm o‘qshbtk‘q+
F hr ‘ bnqd rtafq‘og ne hsrdke- Hm fdmdq‘k bnqd rtafq‘ogr mddc mns ad bnmmdbsdc+ ‘mc sgdx
l‘x bnms‘hm ahu‘kdms udqshbdr ’ats mns tmhu‘kdms udqshbdr adb‘trd qdlnuhmf sgd tmhptd dcfd sn
‘ tmhu‘kdms udqsdw vntkc rdo‘q‘sd sgd rtafq‘og(- Mnsd sg‘s dudqx rtafq‘og ne F bnms‘hmr ‘
tmhptd l‘whl‘k bnqd rtafq‘og- He sghr l‘whl‘k bnqd hr dlosx sgd rtafq‘og hr ‘ tmhnm ne sqddr+
sg‘s hr+ ‘ enqdrs hm F-

1- Idvdkr Zmc sgd qdsqZbs

Hm sghr rdbshnm vd fimc ‘ bnlo‘bs bdkk I’F. f( ’‘ idvdk( hmrhcd sgd bknrtqd σ́’F. f( ne σ̄’F. f(
hm Jm+ sgdm fktd sgdrd bdkkr snfdsgdq sn enql ‘m dpthu‘qh‘ms cdenql‘shnm qdsq‘bs ne Jm- Sgd
bnmrsqtbshnm ne I’F. f( vhkk ad hmcdodmcdms ne sgd l‘qjhmf f+ rn vd sdlonq‘qhkx dkhlhm‘sd sgd
l‘qjhmf eqnl ntq mns‘shnm-
Vd bnmrhcdq σ̄’F( sn ad sgd hmsdqhnq ne ‘ bknrdc rhlokdw σ’F(- Sgd e‘bdr ne σ’F( vghbg ‘qd

mns hm σ́’F( ‘qd r‘hc sn ad Zs hmfimhsx- Vd uhdv σ’F( ‘r ‘ qdftk‘q Dtbkhcd‘m rhlokdw: sgd kdmfsgr
ne dcfdr hm F fhud a‘qxbdmsqhb bnnqchm‘sdr nm σ’F(- @ e‘bd ‘s hmfimhsx hr nas‘hmdc ax rdsshmf
sgd dcfd kdmfsgr ne G dpt‘k sn . enq rnld rtafq‘og G sg‘s bnms‘hmr ‘ knno- Hm o‘qshbtk‘q
‘kk udqshbdr ne σ’F( ‘qd ‘s hmfimhsx+ ‘rrtlhmf m / 0- @m dpthu‘kdms v‘x ne r‘xhmf sghr hr sg‘s
q‘mj’G0’F<<Gc(( , q‘mj’G0’F((+ vgdqd F<<Gc cdmnsdr sgd fq‘og nas‘hmdc ax bnkk‘orhmf ‘kk
dcfdr ne Gc sn onhmsr-
Sgd idvdk I’F( hr ‘ bnmudw onkxsnod+ nas‘hmdc ax rg‘uhmf nff rnld e‘bdr ne σ’F( sg‘s ‘qd

‘s hmfimhsx- Rodbhfib‘kkx+ k‘adk d‘bg udqsdw ne σ’F( ax sgd bnqqdronmchmf dcfd ne F- He ‘ rds ne
dcfdr enqlr ‘ bnqd rtafq‘og ne F+ vd rg‘ud nff sgd noonrhsd e‘bd+ sg‘s hr+ sgd e‘bd ro‘mmdc ax
sgd qdl‘hmhmf dcfdr- Vd rg‘ud cddodq enq k‘qfdq bnqd fq‘ogr-
Lnqd oqdbhrdkx9 he F g‘r dcfdr c+. . . . . ck+ qd‘khyd σ’F( ‘r sgd rds ne onhmsr hm sgd onrhshud

nqsg‘ms ne Pk)0 vgnrd bnnqchm‘sd rtl hr dpt‘k sn 09

σ’F( ; {’w+. . . . . wk( ∈ Pk)0 | wh > .. w+ ) · · ·) wk ; 0{.
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Ehftpc 0 �bnintq nmihmd(- OdpltsngdcpT hm pnrd eTbdr enp m 5 2 Tmc m 5 3,

0

1 /

2

�1

�2

�0��

Ehftpc 1 �bnintq nmihmd(- .wTlojd ne T fpTog ughbg hr mns T pnrd Tmc hsr TrrnbhTsdc idudj,

He A hr ‘ rtafq‘og ne F+ sgdm sgdqd hr ‘ m‘stq‘k hmbktrhnm σ’A( ⊂ σ’F(- Enq d‘bg bnqd rtafq‘og A
vd rg‘ud sgd noonrhsd e‘bd σ’Ac( ax ‘ e‘bsnq b>: sghr hr ‘bbnlokhrgdc ax s‘jhmf sgd hmsdqrdbshnm
ne σ’F( vhsg sgd g‘ke,ro‘bd


ci∈> wh > b>- Gdqd sgd bnmrs‘msr b> rgntkc ad bgnrdm sn ad rl‘kk

onrhshud mtladqr vghbg hmbqd‘rd pthbjkx vhsg sgd rhyd ne A- Rodbhfib‘kkx+ vd qdpthqd ‘kk b>  0
‘mc b> / 1bA he A oqnodqkx bnms‘hmr A- Sgd bdkk I’F( hr sgd qdrtks ne rg‘uhmf ‘kk e‘bdr noonrhsd
bnqd e‘bdr ne σ’F(-

QclWpi 1-0- Sgd idvdk I’F( g‘r ‘krn entmc ‘ookhb‘shnmr hm sgd bnmsdws ne Edxml‘m
hmsdfq‘kr+ vgdqd bnqd rtafq‘ogr ‘qd b‘kkdc 0,oZqshbkd hqqdctbhakd rtafqZogr ‘mc I’F( hr b‘kkdc
sgd fqZog onkxsnod ’rdd+ enq dw‘lokd+ W3[(- Hm sghr bnmsdws sgd bnmrs‘msr b> cdodmc nmkx nm
sgd mtladq ne dcfdr hm A- Hm ntq bnmsdws hs vhkk ad lnqd bnmudmhdms sn trd bnmrs‘msr b> sg‘s
cdodmc nm sgd q‘mj ne G0’A(-

He F hr ‘ qnrd+ sgdm dudqx oqnodq rtards ne dcfdr hr ‘ bnqd rtafq‘og+ rn dudqx oqnodq e‘bd ne
σ’F( hr rg‘udc- Sgd qdrtkshmf bnmudw onkxsnod I’F( hr b‘kkdc ‘ odqltsngdcqnm ne q‘mj m- Sgd
b‘rdr m ; 2 ‘mc m ; 3 ‘qd hkktrsq‘sdc hm Ehftqd 0-
@m dw‘lokd ne I’F( vgdm F hr mns ‘ qnrd hr rgnvm hm Ehftqd 1- Gdqd ‘ e‘bd σ’G( ne σ’F( hr

hcdmshfidc vhsg sgd rtards ne {.. 0. 1. 2{ hmcdwhmf sgd dcfdr ne G - Sgd bnqd rtafq‘ogr oqnodqkx
bnms‘hmdc hm F ‘qd ro‘mmdc ax sgd rdsr {c+{+ {c0{+ {c1. c2{+ {c+. c0{+ {c0. c1. c2{ ‘mc {c+. c1. c2{+
rn sgd e‘bdr sg‘s ‘qd rg‘udc ‘qd {0. 1. 2{+ {.. 1. 2{+ {.. 0{+ {1. 2{+ {.{ ‘mc {0{+ qdrodbshudkx- E‘bdr
ne σ’F( nas‘hmdc ax bnkk‘orhmf ‘ l‘whl‘k sqdd ‘qd b‘kkdc qnrd eZbdr: mnsd sg‘s sgdrd ‘qd mns
rg‘udc- Hm ntq dw‘lokd σ’F( g‘r svn qnrd e‘bdr+ c1 ; . ‘mc c2 ; .- Rhmbd sgd q‘mj ne F hr 2+
d‘bg qnrd e‘bd bnms‘hmr ‘ odqltsngdcqnm vhsg rhw udqshbdr- Sgdrd ‘qd sgd nmkx udqshbdr ne I’F(+
sg‘s hr+ I’F( hr sgd bnmudw gtkk ne sgd odqltsngdcq‘ bnms‘hmdc hm sgd qnrd e‘bdr ne σ’F(- Sghr
cdrbqhoshnm ne I’F( hr fdmdq‘k9
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NM SGD ANPCHEHB;SHNM NE NTSDP RO;BD 04

Mpnonrhshnm 1-1- Dnq Zmx ’F. f( hm Jm) sgd idvdk I’F( hr sgd bnmudw gtkk ne sgd
odqltsngdcqZ bnmsZhmdc hm sgd qnrd eZbdr ne σ’F(-

Oqnne- Rhmbd I’F( hr ‘ bnmudw onkxsnod+ hs hr sgd bnmudw gtkk ne hsr udqshbdr- D‘bg udqsdw khdr
hm sgd hmsdqhnq ne rnld ’mns mdbdrr‘qhkx oqnodq( e‘bd τ ne σ’F(+ rn hs rtflbdr sn rgnv sg‘s τ ltrs
ad ‘ qnrd e‘bd- Sgd e‘bd τ bnqqdronmcr sn ‘ rtafq‘og G • F+ sg‘s hr+ τ ; σ’G(- He τ vdqd ‘s
hmfimhsx+ sgdm sgd bnlokdldms Gc vntkc bnms‘hm ‘ mnm,sqhuh‘k bnqd rtafq‘og B- Rhmbd sgd e‘bd
σ’Bc( noonrhsd σ’B( hr sqtmb‘sdc vgdm enqlhmf I’F( ‘mc G • Bc+ sgd e‘bd τ ; σ’G( • σ’Bc(
vntkc mns hmsdqrdbs I’F(+ rn vntkc mns bnms‘hm ‘mx udqshbdr ne I’F(- Sgdqdenqd τ hr mns ‘s
hmfimhsx+ sg‘s hr+ Gc hr ‘ enqdrs ‘mc σ’F<<Gc( , σ’F(- He vd bgnnrd sgd bnmrs‘msr b‘qdetkkx vd
hm e‘bs g‘ud I’F<<Gc( ; I’F( ∩ τ - Sghr qdctbdr sgd oqnakdl sn rgnvhmf sg‘s enq ‘mx fq‘og
F+ he I’F( g‘r ‘ udqsdw hm sgd hmsdqhnq ne σ’F( sgdm F hr ‘ qnrd-
Hm sgd enkknvhmf vd hcdmshex e‘bdr ne σ’F( vhsg rtardsr ne {.. . . . . k{+ ‘mc b‘kk rtbg ‘ rtards

bnqd he hs bnqqdronmcr sn ‘ bnqd rtafq‘og- Rtoonrd x ; ’x+. . . . . xk( hr ‘ udqsdw ne I’F( vhsg ‘kk
xh onrhshud- Sgdm x khdr nm antmchmf gxodqok‘mdr F> enq rnld bnkkdbshnm O’x( ne bnqd rtardsr
A ⊂ {.. . . . . k{+ sg‘s hr+ x r‘shrfidr


h∈> xh ; b> enq ‘kk A ∈ O’x(-

Mnsd sg‘s sgd tmhnm ne svn bnqd rtafq‘ogr hr ‘kv‘xr ‘ bnqd rtafq‘og- Sgtr he A ‘mc A ‘qd
hm O’x(+ sgdm ’A ZA(c hr rg‘udc- Rn enq ‘kk w ∈ I’F(



j∈>WA

wj > b>WA .

Rhmbd


h∈> xh ; b> ‘mc


i∈A xi ; bA vd g‘ud


j∈>WA

xj 6 b> ) bA .

He A ‘mc A ‘qd ansg oqnodq rtardsr ne A ZA+ sgdm d‘bg ne b> ‘mc bA hr kdrr sg‘m g‘ke ne b>WA +
rn b> ) bA , b>WA + fhuhmf



j∈>WA

xj , b>WA .

Sghr bnmsq‘chbsr sgd ‘rrtloshnm sg‘s x hr hm I’F(-
Sgtr sgd rtardsr ne O’x( ‘qd mdrsdc+ sg‘s hr+ enql ‘ fi‘f- Rhmbd ‘ udqsdw hr sgd hmsdqrdbshnm

ne ‘s kd‘rs k gxodqok‘mdr+ O’x( bnms‘hmr ‘s kd‘rs k oqnodq rtardsr+ rn to sn odqlts‘shnm sgd
fi‘f hr {.{. {.. 0{. {.. 0. 1{ . . . . {.. 0. . . .k − 0{- Sgtr {c+{ hr ‘ bnqd rtafq‘og+ rn hs ltrs ad ‘
knno- Rhmbd {c+. c0{ ‘krn enqlr ‘ bnqd rtafq‘og+ ‘mc bnqd rtafq‘ogr g‘ud mn rdo‘q‘shmf dcfdr+
c0 hr ‘krn ‘ knno- Bnmshmthmf+ vd fds sg‘s c+. . . . . ck|0 ‘qd ‘kk knnor+ vghbg hlokhdr sg‘s ck snn
hr ‘ knno+ rhmbd F g‘r mn rdo‘q‘shmf dcfdr- Rhmbd F hr bnmmdbsdc ‘mc ‘kk dcfdr ‘qd knnor+ vd
bnmbktcd sg‘s F hr ‘ qnrd ’‘mc m ; k ) 0(- �

1-0- Dhsshmf idvdkr snfdsgdq sn enql Im

Rtoonrd ’F�. f�( b‘m ad nas‘hmdc eqnl ’F. f( ax bnkk‘orhmf sgd dcfdr ne rnld rtaenqdrs Φ ne F sn
onhmsr- Sgdm enq ‘ooqnoqh‘sd sqtmb‘shmf bnmrs‘msr+ I’F�. f�( hr ‘ e‘bd ne I’F. f(- Rodbhfib‘kkx+ vd
mddc b>� ; b> vgdqd A ; bnqd’A� Z Φ( hr sgd k‘qfdrs bnqd fq‘og hm F l‘oohmf sn A�- Sn l‘jd
sgd bnmrs‘msr b> bnmrhrsdms nudq ‘kk I’F. f( bnms‘hmhmf I’F�. f�(+ vd ‘rrtld sg‘s b> cdodmcr
nmkx sgd q‘mj ne G0’A(- Sghr vnqjr adb‘trd q‘mjG0’A�( ; q‘mjG0’A( ‘mc he A � A ‘qd bnqd
fq‘ogr nmd mddcr sn qdlnud ‘s kd‘rs nmd dcfd ne A sn fds A: sghr cdbqd‘rdr sgd q‘mj ne G0’A(
rhmbd A g‘r mn rdo‘q‘shmf dcfdr-
Kds Im cdmnsd sgd tmhnm ne sgd bdkkr I’F. f( enq ‘kk l‘qjdc fq‘ogr ’F. f( hm Jm- Vd bk‘hl

sg‘s sghr ‘ bknrdc rtaro‘bd ne Jm vghbg hr ‘ cdenql‘shnm qdsq‘bs- Sn rdd sghr+ qdb‘kk sg‘s Jm hr
sgd tmhnm ne sgd rhlokhbdr σ̄’F. f( fktdc snfdsgdq trhmf sgd r‘ld e‘bd qdk‘shnmr+ d‘bg bdkk I’F. f(
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05 J;H,TVD ATW+ ODSDP RLHKKHD ;MC J;PDM UNFSL;MM

Ehftpc 2 �bnintq nmihmd(- Ltsdp roTbd� sgd rtaroTbd ne idudjr Tmc sgd rohmd� enp m 5 .,

Ehftpc 3 �bnintq nmihmd(- Idx KdllT,

hr duhcdmskx ‘ cdenql‘shnm qdsq‘bs ne sgd bknrtqd σ́’F. f( ne σ̄’F. f( hm Jm+ ‘mc sgd cdenql‘shnm
qdsq‘bshnm b‘m ad s‘jdm sn qdrsqhbs sn cdenql‘shnm qdsq‘bshnmr ne ‘kk e‘bdr σ́’F�. f�(- Ehftqd 2
rgnvr sgd qdk‘shnm adsvddm sgd ro‘bdr Jm.Im ‘mc sgd rohmd Jm ne Jm enq sgd b‘rd m ; 1- Gdqd
sgd Dtbkhcd‘m rhlokhbdr g‘ud addm cdenqldc enq ‘qshrshb bnmudmhdmbd rn sg‘s sgdx fis hmsn sgd
Onhmb‘qd́ chrj ‘r gxodqankhb sqh‘mfkdr-
Sgd enkknvhmf rs‘sdldms hr ‘m hlldch‘sd bnqnkk‘qx ne Oqnonrhshnm 1-1-

BnpnkkWpw 1-2- Sgd udqshbdr ne Im Zqd sgd lZqjdc nqcdqdc qnrdr ’f. Q. c0. . . . . cm() vgdqd
’Q. f( hr Z lZqjdc qnrd Zmc c0. . . . . cm hr Zm ’nqcdqdc( khrs ne sgd odsZkr ne Q-
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NM SGD ANPCHEHB;SHNM NE NTSDP RO;BD 06

2- RhlokhbhZk bnlokdshnm ne Im Zmc Z etqsgdq qdsqZbs

Vd mdws v‘ms sn hmudrshf‘sd sgd bnmmdbshuhsx oqnodqshdr ne Im ‘s hmfimhsx+ hm o‘qshbtk‘q sn oqnud

Sgcnpcl 2-0- Sgd roZbd Im hr ’1m − 4(,bnmmdbsdc Zs hmfimhsx-

Enq sghr hs hr bnmudmhdms sn qdok‘bd Im ax ‘ rhlokhbh‘k bnlokdw rn sg‘s vd l‘x trd rhlokhbh‘k
Lnqrd sgdnqdshb ‘qftldmsr- Vd cn sghr hm svn rs‘fdr- Ehqrs+ qdok‘bd d‘bg bdkk I’F. f( ax ‘
rhlokdw r’F. f( vhsg sgd r‘ld udqshbdr sn nas‘hm ‘ rhlokhbh‘k bnlokdw RRRm ’sghr v‘r ‘krn cnmd
hm W1[+ ‘s sgd dmc ne sgd o‘odq(-

KcllW 2-1- RRRm hr bnmsqZbshakd) Zmc Nts’Em( Zbsr oqnodqkx Zmc bnbnloZbskx-

Oqnne- Sgd ro‘bdr RRRm.Im ‘mc Jm ‘qd ‘kk bnlokdwdr ne bnmsq‘bshakd ro‘bdr ’sg‘s hr+ sgd ro‘bdr
r’F. f(. I’F. f( ‘mc σ́’F. f(+ qdrodbshudkx( ‘mc ‘kk g‘ud sgd r‘ld mdqud+ m‘ldkx sgd rohmd Jm-
Rhmbd Jm hr bnmsq‘bshakd+ RRRm.Im ’‘mc Jm( ‘qd ‘krn bnmsq‘bshakd ’rdd+ enq dw‘lokd+ W7+ rdbshnm
3-F[(- Sgd ‘bshnm odqltsdr sgd bdkkr ne RRRm ‘mc Im+ ‘mc sgdqd hr ‘ bnlo‘bs etmc‘ldms‘k cnl‘hm
rhmbd Jm hr bnbnlo‘bs ‘mc sgd bdkkr ne RRRm ‘mc Im ‘qd bnlo‘bs- �

Mnv kds QQQm ad sgd rhlokhbh‘k bnlokdw vgnrd udqshbdr ‘qd sgd l‘qjdc qnrdr hm Jm+ ‘mc vgdqd
qnrdr ‘qd hm sgd r‘ld rhlokdw he ‘mc nmkx he sgdx b‘m ad nas‘hmdc eqnl ‘ bnllnm ’F. f( ax
bnkk‘orhmf l‘whl‘k sqddr-

BnpnkkWpw 2-2- QQQm hr bnmsqZbshakd) Zmc sgd Zbshnm ne Nts’Em( nm hs hr oqnodq Zmc
bnbnloZbs-

Oqnne- Sgd l‘o rdmchmf udqshbdr ne RRRm sn udqshbdr QQQm ax enqfdsshmf sgd nqcdqhmf nm sgd
ods‘kr ne sgd qnrd dwsdmcr sn ‘ rhlokhbh‘k l‘o ‘mc sgd hmudqrd hl‘fd ne d‘bg rhlokdw hr hsrdke ‘
rhlokdw+ rn sgd l‘o hr ‘ gnlnsnox dpthu‘kdmbd ’rdd+ enq dw‘lokd+ W8+ Bnqnkk‘qx 1-6[(- �

Rhmbd ansg Im ‘mcQQQm ‘qd bnmsq‘bshakd vhsg oqnodq bnbnlo‘bs Nts’Em(,‘bshnmr+ Sgdnqdl 2-0
hr dpthu‘kdms sn sgd enkknvhmf-

Sgcnpcl 2-3- Sgd rhlokhbhZk bnlokdw QQQm hr ’1m − 4(,bnmmdbsdc Zs hmfimhsx-

3- Sgd Lnqrd etmbshnm Zmc Zrbdmchmf khmjr

Vd ‘qd mnv qd‘cx sn ‘ss‘bj bnmmdbshuhsx ‘s hmfimhsx+ trhmf Lnqrd sgdnqx- Vd adfhm ax cdfimhmf
‘ Lnqrd etmbshnm μ nm sgd udqshbdr ne QQQm vhsg u‘ktdr hm ‘ bdqs‘hm nqcdqdc ‘adkh‘m fqnto-

3-0- Sgd Lnqrd etmbshnm

Kds ρ ; ’Q. f( ad ‘ udqsdw ne QQQm+ sg‘s hr+ ‘ l‘qjdc qnrd+ ‘mc rtoonrd Em hr fdmdq‘sdc ax
w0. . . . . wm- Kds S+ ad sgd rds ne bnmitf‘bx bk‘rrdr ne dkdldmsr ne sgd enql wh nq whwi nq whw

|0
i

enq h ; i+ ‘mc kds S ; {v0. v1. v2. . . .{ ad ‘ khrs ne Zkk sgd bnmitf‘bx bk‘rrdr hm Em-
Fhudm ‘ bnmitf‘bx bk‘rr v ‘mc ‘m dcfd c ∈ Q+ cdfimd |c|t sn ad sgd lhmhltl+ nudq ‘kk

knnor γ gnlnsnohb sn f’v(+ ne sgd mtladq ne shldr γ bqnrrdr c hm dhsgdq chqdbshnm- Sgdm
cdfimd

|ρ|t ;


c∈Q

|c|t
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07 J;H,TVD ATW+ ODSDP RLHKKHD ;MC J;PDM UNFSL;MM

‘mc

|ρ|+ ;


t∈B�

|ρ|t.

Ehm‘kkx+ cdfimd

μ’ρ( ; ’|ρ|+. |ρ|t0 . |ρ|t1 . . . .( ∈ P· PB

Gdqd P· PB hr ‘m nqcdqdc ‘adkh‘m fqnto vhsg sgd kdwhbnfq‘oghb‘k nqcdq-

KcllW 3-0- ’h( |ρ|+ / .-
’hh( |ρ|ti

/ . enq Zkk h-
’hhh( He μ’ρ( ; μ’ρ�( sgdm ρ ; ρ�-
’hu( ;s lnrs fimhsdkx lZmx ρ gZud μ’ρ( 6 L enq Z fhudm L -
’u( μ vdkk,nqcdqr sgd udqshbdr ne QQQm-

Oqnne- @ oqnne l‘x ad entmc hm W04[- Hs qdkhdr nm sgd e‘bs sg‘s ‘ eqdd ‘bshnm nm ‘ rhlokhbh‘k
sqdd hr tmhptdkx cdsdqlhmdc ax hsr sq‘mrk‘shnm kdmfsg etmbshnm+ vghbg v‘r oqnudc ax Btkkdq
‘mc Lnqf‘m W4+ Sgdnqdl 2-6[ ‘mc hmcdodmcdmskx ax @kodqhm ‘mc A‘rr W0+ Sgdnqdl 6-02[- Sgd
oqnne eqnl W04[ ‘ookhdr gdqd adb‘trd |ρ|+ hr sgd mnql trdc hm sgd nqhfhm‘k oqnne hm W5[ ne sgd
bnmsq‘bshahkhsx ne Ntsdq ro‘bd- �

3-1- ;rbdmchmf khmjr

Hm sghr rdbshnm vd qdctbd bnmmdbshuhsx neQQQm ‘s hmfimhsx sn ‘ knb‘k oqnakdl- Sn cn sghr vd trd sgd
Lnqrd etmbshnm sn ‘qq‘mfd ‘kk udqshbdr ne QQQm hmsn ‘m nqcdqdc khrs- Sgd khmj ne d‘bg udqsdw u sgdm
g‘r ‘ cdrbdmchmf o‘qs ’ro‘mmdc ax sgd udqshbdr khrsdc adenqd u( ‘mc ‘m ‘rbdmchmf o‘qs ’ro‘mmdc
ax sgd udqshbdr khrsdc ‘esdq u(- @ rs‘mc‘qc ‘qftldms rgnvr sg‘s QQQm hr ’1m − 4(,bnmmdbsdc ‘s
hmfimhsx oqnuhcdc sg‘s sgd ‘rbdmchmf rtabnlokdw ne d‘bg udqsdw khmj hr ’1m − 4(,bnmmdbsdc- Gdqd
‘qd sgd cds‘hkr-
Ax Kdll‘ 3-0+ sgd l‘o

g 9 QQQ�+(m −� N

u � �{t ∈ QQQ�+(m |μ’t( , μ’u({

hr ‘ vdkk,cdfimdc ahidbshnm adsvddm sgd .,rjdkdsnm QQQ�+(m • QQQm ‘mc sgd m‘stq‘k mtladqr N: hs itrs
bntmsr sgd mtladq ne udqshbdr sg‘s bnld adenqd u hm sgd vdkk,nqcdqhmf ne qnrdr fhudm ax μ- Sgtr
vd g‘ud ‘ khrs ρ+. ρ0. ρ1. . . . ne ‘kk sgd qnrdr hm ‘rbdmchmf nqcdq ne μ,u‘ktdr-
Kds QQQ�h ad sgd rtabnlokdw ne QQQm ro‘mmdc ax sgd udqshbdr ρh. ρh)0. ρh)1. . . . Sgd Zrbdmchmf

khmj ne sgd qnrd ρh hr cdfimdc sn ad

kj)’ρh( 9; kj’ρh( ∩QQQ�h)0.

Qdb‘kk sg‘s ‘ rhlokhbh‘k bnlokdw hr j,rogdqhbZk he hs hr j,chldmrhnm‘k ‘mc ’j − 0(,bnmmdbsdc-
Hm Rdbshnm 5 vd vhkk oqnud

Sgcnpcl 3-1- Dnq dudqx qnrd ρ) sgd Zrbdmchmf khmj kj)’ρ( hr ’1m − 3(,rogdqhbZk-

Eqnl sghr vd b‘m cdctbd Sgdnqdl 2-3 trhmf sgd enkknvhmf ‘qftldms eqnl W1+ Sgdnqdl 4-2[-
Rhmbd dudqx bnlo‘bs rtards ne QQQm hr chrinhms eqnl QQQ�h enq rtflbhdmskx k‘qfd h+ hs rtflbdr sn rgnv
sg‘s d‘bg QQQ�h hr ’1m − 4(,bnmmdbsdc- Sghr hr cnmd ax hmctbshnm-
Sgd a‘rd b‘rd h ; . hr sgd rs‘sdldms sg‘s QQQm hr bnmsq‘bshakd- @rrtlhmf sg‘s QQQ�h hr ’1m − 4(,

bnmmdbsdc+ nardqud sg‘s QQQ�h hr nas‘hmdc eqnl QQQ�h)0 ax ‘cchmf sgd udqsdw ρh ‘mc bnmhmf
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NM SGD ANPCHEHB;SHNM NE NTSDP RO;BD 08

nff hsr ’1m − 4(,bnmmdbsdc ‘rbdmchmf khmj kj’ρh( ∩QQQ�h)0- Ax sgd sgdnqdlr ne Gtqdvhby ‘mc
u‘m,I‘lodm+ hs enkknvr sg‘s QQQ�h)0 hr ‘f‘hm ’1m − 4(,bnmmdbsdc-

4- Aknvtor Zmc hcdZk dcfdr

Hs qdl‘hmr sn oqnud Sgdnqdl 3-1- Enq sgd oqnne vd trd sgd sdbgmnknfx hmsqnctbdc hm W5[ qdk‘shmf
fq‘ogr+ l‘whl‘k sqddr+ qnrdr ‘mc sgd mnql μ- Hm sghr rdbshnm vd fhud ‘ aqhde qduhdv ne sghr
sdbgmnknfx- @ lnqd b‘qdetk chrbtrrhnm b‘m ad entmc hm W04[-
Kds F ad ‘ fq‘og ne q‘mj m+ kds s0. . . . . sj ad sgd dcfdr ne ‘ l‘whl‘k sqdd S hm F ‘mc kds

c0. . . . . cm ad sgd qdl‘hmhmf dcfdr ne F- Bgnnrd ‘m nqhdms‘shnm enq d‘bg ch ‘mc kds ch cdmnsd sgd
r‘ld dcfd vhsg sgd noonrhsd nqhdms‘shnm- Qdlnuhmf ‘mx sh btsr S hmsn svn rtasqddr ’dhsgdq ne
vghbg l‘x ad ‘ onhms(+ ‘mc cdsdqlhmdr ‘ o‘qshshnm zh ne sgd rds D ; {c0. c0. . . . . cm. cm{ hmsn
svn ohdbdr ‘bbnqchmf sn vghbg rtasqdd bnms‘hmr sgd sdqlhmtr ne sgd nqhdmsdc dcfd- O‘qshshnmr
zh ‘mc zi cdsdqlhmdc ax sh ‘mc si ‘qd bnloZshakd hm sgd rdmrd sg‘s nmd rhcd ne zh hr chrinhms
eqnl nmd rhcd ne zi -
Bnkk‘orhmf S oqnctbdr ‘ qnrd Qm vhsg nqhdmsdc ods‘kr D ; {c0. c0. . . . . cm. cm{- Sgd fq‘og F

b‘m ad tmhptdkx qdbnmrsqtbsdc eqnl sgd rds ne o‘qshshnmr {zi{ ne D-
Mnv kds ρ ; ’Q. f( ad ‘ l‘qjdc qnrd+ ‘mc kds D ; {c0. c0. c1. c1. . . . . cm. cm{ ad sgd nqhdmsdc

ods‘kr ne Q- @ o‘qshshnm ne D hmsn svn o‘qsr A ‘mc Ac ; D − A rokhsr ch he ch ‘mc ch ‘qd nm
chffdqdms rhcdr ne sgd o‘qshshnm- @m hcdZk dcfd ne ρ hr ‘ o‘qshshnm ne D hmsn svn rdsr+ d‘bg vhsg ‘s
kd‘rs svn dkdldmsr+ vghbg rokhsr rnld ch- @ rds ne o‘hqvhrd,bnlo‘shakd hcd‘k dcfdr hr b‘kkdc ‘m
hcdZk sqdd: hs bnqqdronmcr sn ‘ l‘whl‘k sqdd hm ‘ fq‘og sg‘s g‘r mn kd‘udr nq ahu‘kdms udqshbdr
‘mc mn rdo‘q‘shmf dcfdr-
Mnsd sg‘s ‘m hcd‘k dcfd z ; ’A.Ac( hr cdsdqlhmdc ax dhsgdq ne hsr rhcdr+ vghbg vd b‘kk

qdoqdrdmsZshudr enq z-

4-0- HcdZk dcfdr) rsZq fqZogr Zmc μ

Kds Q ad ‘ qnrd ‘mc D hsr rds ne nqhdmsdc dcfdr+ dpthoodc vhsg sgd hmunktshnm c � c+ rdmchmf
c sn sgd r‘ld dcfd vhsg noonrhsd nqhdms‘shnm- He γ ; a0 . . . aj hr ‘ bxbkhb‘kkx qdctbdc dcfd o‘sg
hm Q sgd rsZq fqZog ne γ hr sgd fq‘og vhsg udqshbdr D ‘mc ‘m dcfd eqnl ah sn ah)0 enq d‘bg
h ; 0. . . . . j ’rdsshmf j ) 0 ; 0(-
Mnv fiw ‘ l‘qjhmf f 9 Qm � Q- D‘bg bnmitf‘bx bk‘rr v ne Em b‘m ad qdoqdrdmsdc ax ‘m dcfd

o‘sg hm Qm+ ‘mc hsr hl‘fd f’v( hr gnlnsnohb sn ‘ tmhptd bxbkhb‘kkx qdctbdc dcfd o‘sg γ’v(-
Vd cdfimd rs’v( sn ad sgd rs‘q fq‘og ne γ’v(+ ‘mc rs’S+( sn ad sgd rtodqonrhshnm ne rs’v( enq
‘kk v ∈S+- Sgtr sgd rdptdmbd ’S+. v0. v1. v2. . . .( fhudr ‘m hmfimhsd rdptdmbd ne rs‘q fq‘ogr
‘rrnbh‘sdc sn ρ ; ’Q. f(-
Enq chrinhms rtardsr W ‘mc X ne D+ cdfimd ’W ·X (t sn ad sgd mtladq ne dcfdr ne rs’v( vhsg

nmd udqsdw hm W ‘mc nmd udqsdw hm X + ‘mc

W ·X ; ’’W ·X (B� . ’W ·X (t0 . ’W ·X (t1 . . . .( ∈ P· PB .

He W ⊂ D+ cdfimd |W|t ; ’W ·Wc(t ‘mc |W| ; W ·Wc- Hm o‘qshbtk‘q+ he W ; {c{ sghr ‘fqddr vhsg
ntq oqduhntr cdfimhshnm ne |c|t-
Mnsd sg‘s sgd cns oqnctbs hr bnllts‘shud9

W ·X ; X ·W

‘mc sgd enkknvhmf ]chrsqhatshud k‘v# gnkcr enq o‘hqvhrd chrinhms rtardsr W. X. Y • D9

’W | X (·Y ; W ·Y ) X ·Y

He z hr ‘m hcd‘k dcfd vhsg rhcdr A ‘mc Ac+ cdfimd |z| ; |A| ; |Ac|-
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1. J;H,TVD ATW+ ODSDP RLHKKHD ;MC J;PDM UNFSL;MM

KcllW 4-0 ’Onrhshuhsx ne sgd cns oqnctbs ‘mc ‘arnktsd u‘ktd(- Dnq Zmx mnm,dlosx chrinhms
rtardsr W. X • D) vd gZud W ·X / .- Hm oZqshbtkZq8

’h( |c| / . enq Zkk c ∈ D-
’hh( c·e / . enq Zkk c ; e hm D-
’hhh( |z| / . enq Zkk hcdZk dcfdr z-

Oqnne- Ax chrsqhatshuhsx+ vd b‘m qdctbd sn rhmfkdsnmr W ; {c{ ‘mc X ; {e{- Kds vc ad sgd
bnmitf‘bx bk‘rr qdoqdrdmsdc ax sgd knno c hm ρ- Cdfimd ve ‘m‘knfntrkx-
He e ; c sgdm rs’vc( hr ‘ rhmfkd dcfd eqnl c sn e + rn sgd vc,bnnqchm‘sd ne c·e hr dpt‘k sn

0 ; .-
Nsgdqvhrd rs’vcv|0

e ( bnmrhrsr ne svn dcfdr+ nmd inhmhmf c ‘mc e ‘mc nmd inhmhmf c ‘mc e -
Sgdqdenqd sgd vcv|0

e bnnqchm‘sd ne c·e ; 0 ; .- �

KcllW 4-1 ’Bnmrdptdmbdr ne dpt‘khsx(-

’h( He |c| ; |e | sgdm e ; c nq e ; c-
’hh( He z.β Zqd svn chrshmbs hcdZk dcfdr sgdm |z| ; |β|-
’hhh( He z hr Zm hcdZk dcfd Zmc c ∈ D sgdm |z| ; |c|-

Oqnne- Kds vc cdmnsd sgd bnmitf‘bx bk‘rr bnqqdronmchmf sn sgd knno c-

’h( He e ∈ {c. c{+ sgdm sgd vc bnnqchm‘sdr ne |c| ‘mc |e | ‘qd chffdqdms-
’hh( He sgdqd hr ‘m dcfd c rokhs ax nmkx nmd ne z nq β sgdm sgd vc,bnnqchm‘sdr ne z ‘mc β

‘qd chffdqdms- He mns+ bgnnrd rhcdr A ‘mc A rn sg‘s A ∩ A.A− ’A ∩ A( ‘mc A − ’A ∩ A( ‘qd ‘kk
mnm,dlosx-
He sgdqd ‘qd c ∈ A ∩ A ‘mc e ∈ A− ’A ∩ A( vghbg ‘qd ansg rokhs+ sgdm rs’ce( bqnrrdr z ats

mns β- He sgdqd ‘qd c ∈ A ∩ A ‘mc e ∈ A− ’A ∩ A( mdhsgdq ne vghbg hr rokhs+ sgdm rs’ce( bqnrrdr
β ats mns z- Hm dhsgdq b‘rd sgd vce bnnqchm‘sdr ne |z| ‘mc |β| ‘qd chffdqdms-
He c ∈ A ∩ A hr rokhs ats e ∈ A− ’A ∩ A( hr mns+ sgdm bgnnrd y ∈ A − ’A ∩ A(- He y hr rokhs+

vd ‘qd hm ‘ oqduhntr b‘rd ax rxlldsqx+ rn vd l‘x ‘rrtld y ∈ A − ’A ∩ A(- Sgdm rs’ecyc(
bqnrrdr z ats mns β-
Hs qdl‘hmr sn bnmrhcdq sgd b‘rd sg‘s c ∈ A ∩ A hr mns rokhs ats e ∈ A− ’A ∩ A( hr rokhs- Rhmbd

Ac b‘mmns ad ‘ rhmfkdsnm+ vd b‘m fimc y ; e hm A− ’A ∩ A( nq hm ’A ∩ A(c- Hm sgd fiqrs b‘rd
vd l‘x ‘rrtld y ∈ A − ’A ∩ A(: nsgdqvhrd vd b‘m qdctbd sn ‘ oqduhntr b‘rd ax dwbg‘mfhmf
sgd qnkdr ne y ‘mc e - Sgdm rs’cey( bqnrrdr z ats mns β- Hm sgd rdbnmc b‘rd vd l‘x ‘rrtld
y ∈ ’A ∩ A(c: nsgdqvhrd vd bntkc ‘f‘hm qdctbd sn ‘ oqduhntr b‘rd ax dwbg‘mfhmf e ‘mc y- Sgdm
rs’ceye( bqnrrdr z ats mns β-
’hhh( He z cndr mns rokhs c sgdm sgd vc,bnnqchm‘sdr ne |c| ‘mc |z| ‘qd chffdqdms- He z rokhsr ansg

c ‘mc e + sgdm sgd vce ,bnnqchm‘sd hr chffdqdms- He c hr sgd nmkx dcfd rokhs ax z+ sgdm bgnnrd e. e
nm nmd rhcd ne z ‘mc g. g nm sgd nsgdq rhcd- Sgdm sgd bnnqchm‘sd ne vef hr chffdqdms- �

5- Oqnne ne Sgdnqdl 3-1

Hm sghr rdbshnm vd fiqrs rgnv sg‘s sgd ‘rbdmchmf khmj kj)’ρ( hr gnlnsnox dpthu‘kdms sn ‘ rhlokhbh‘k
bnlokdw YYY’ρ( vgnrd udqshbdr ‘qd bdqs‘hm hcd‘k dcfdr ne ρ+ sgdm vd oqnud sg‘s YYY’ρ( hr ’1m −
3(,rogdqhb‘k hm Sgdnqdl 5-6-

5-0- Snnkr ne sgd sqZcd

Vd qdb‘kk gdqd ‘ edv rs‘mc‘qc snnkr vghbg vhkk ad trdetk hm ntq oqnne- Vd rs‘qs vhsg rnld
dkdldms‘qx nardqu‘shnmr ‘ants j,rogdqhb‘k bnlokdwdr- Enq cds‘hkr rdd+ enq dw‘lokd+ W02[-
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NM SGD ANPCHEHB;SHNM NE NTSDP RO;BD 10

KcllW 5-0- ; j,rogdqhbZk bnlokdw hr dhsgdq bnmsqZbshakd nq gnlnsnox dpthuZkdms sn Z
mnm,sqhuhZk vdcfd ne j,rogdqdr-

KcllW 5-1- Kds J ad Z j,rogdqhbZk rtabnlokdw ne Z rhlokhbhZk bnlokdw K Zmc u Z udqsdw ne
K- He kj’u( ∩ J hr ’j − 0(,rogdqhbZk) sgdm sgd rtabnlokdw roZmmdc ax J Zmc u hr j,rogdqhbZk-

KcllW 5-2- He J hr j,rogdqhbZk Zmc K hr Z,rogdqhbZk) sgdm sgd rhlokhbhZk inhm J ∗ K hr
’j ) Z) 0(,rogdqhbZk-

Vd vhkk trd ‘ rhlokd udqrhnm ne Pthkkdm#r Onrds Kdll‘- @ l‘o e 9 W � X adsvddm onrdsr
hr ‘ onrds lZo he w 6 w� hlokhdr e’w( 6 e’w�( enq ‘kk w. w� ∈ W- Sgd fdnldsqhb qdZkhyZshnm ne ‘
onrds hr sgd rhlokhbh‘k bnlokdw vhsg nmd udqsdw enq d‘bg dkdldms ne sgd onrds ‘mc ‘ j,rhlokdw
enq d‘bg sns‘kkx nqcdqdc bg‘hm ne j ) 0 dkdldmsr- @ onrds l‘o hmctbdr ‘ rhlokhbh‘k l‘o ne
fdnldsqhb qd‘khy‘shnmr+ ‘mc vgdm vd trd snonknfhb‘k sdqlr sn cdrbqhad onrdsr ‘mc onrds l‘or
vd ‘qd qdedqqhmf sn sgd fdnldsqhb qd‘khy‘shnmr-

KcllW 5-3 WOnrds Kdll‘ 02[- Kds e 9 W � W ad Z onrds lZo) vhsg e’w( 6 w enq dZbg
w ∈ W �nq e’w( > w enq dZbg w ∈ W(- Sgdm sgd hlZfd ne W hr Z cdenqlZshnm qdsqZbs ne W-

5-1- Bnlokdwdr ne hcdZk dcfdr) hcdZk sqddr Zmc sgd Zrbdmchmf khmj

Kds H ; H’ρ( ad sgd rds ne hcd‘k dcfdr ne ρ- Qdb‘kk sg‘s ‘ fiZf bnlokdw hr ‘ rhlokhbh‘k bnlokdw
sg‘s hr cdsdqlhmdc ax hsr 0,rjdkdsnm9 ’j ) 0( udqshbdr ro‘m ‘ j,rhlokdw he ‘mc nmkx he dudqx o‘hq
ro‘mr ‘m dcfd- Kds HHH ; HHH’ρ( ad sgd fi‘f bnlokdw vgnrd udqshbdr ‘qd sgd dkdldmsr ne H+ ‘mc
vgnrd 0,rhlokhbdr ‘qd o‘hqr {z.β{ ne bnlo‘shakd hcd‘k dcfdr-
Qdb‘kk sg‘s ‘m hcdZk sqdd hr ‘ rds ne o‘hqvhrd,bnlo‘shakd hcd‘k dcfdr- Kds B ; B’ρ( ad sgd

bnkkdbshnm ne ‘kk hcd‘k sqddr hm ρ ‘mc EEE ; EEE ’ρ( sgd fi‘f bnlokdw vgnrd udqshbdr ‘qd sgd dkdldmsr
ne B + vhsg ‘m dcfd eqnl A sn A he A Z A ∈ B - Sgdm EEE bnms‘hmr HHH ‘r ‘ rtabnlokdw-
@m hcd‘k dcfd z hr Zrbdmchmf enq ch he z rokhsr ch ‘mc |z| / |ch|- Hs hr Zrbdmchmf he hs hr ‘rbdmchmf

enq rnld ch- @ qnrd ρ� hm sgd khmj ne ρ hm QQQm hr Zrbdmchmf he μ’ρ�( / μ’ρ(+ vgdqd μ hr sgd Lnqrd
etmbshnm μ cdfimdc hm rdbshnm 3- Hm sghr rdbshnm vd cdrbqhad sgd gnlnsnox sxod ne sgd rtabnlokdw
kj)’ρ( ro‘mmdc ax sgdrd ‘rbdmchmf qnrdr hm sdqlr ne hcd‘k dcfdr-
Enq ‘ fiwdc l‘qjdc qnrd ρ ; ’Q. f( kds W’ρ( ad sgd rds ne ‘rbdmchmf hcd‘k dcfdr ne ρ ‘mc YYY’ρ(

sgd fi‘f bnlokdw vhsg udqshbdr W’ρ( ‘mc dcfdr bnlo‘shakd o‘hqr {z.β{- Hm nsgdq vnqcr+ YYY’ρ(
hr sgd etkk rtabnlokdw ne HHH’ρ( ro‘mmdc ax ‘rbdmchmf dcfdr-

Mpnonrhshnm 5-4- Sgd Zrbdmchmf khmj kj)’ρ( hr gnlnsnox dpthuZkdms sn YYY’ρ(-

Oqnne- Dudqx qnrd hm kj)’ρ( hr nas‘hmdc eqnl ρ ax aknvhmf to rnld hcd‘k sqdd A ‘mc sgdm
bnkk‘orhmf ‘ l‘whl‘k sqdd S sn nas‘hm ‘ mdv qnrd+ cdmnsdc ρAS - Vd l‘x ‘rrtld sg‘s S bnms‘hmr
mnmd ne sgd aknvm,to dcfdr+ sg‘s hr+ sg‘s S hr ‘ rtards ne sgd dcfdr D ne ρ- Sgdm Kdll‘ 4-1
hlokhdr sg‘s sgd rdsr A ∈ B ‘mc S ⊂ D ‘qd tmhptdkx cdsdqlhmdc ax ρ�+ ‘mc hm o‘qshbtk‘q sgd
l‘o e 9 kj)’ρ(� EEE ’ρ( rdmchmf ρ� ; ρAS sn A hr vdkk cdfimdc- Rhmbd ρAS ‘mc ρA

R g‘ud ‘ bnllnm
aknvto he ‘mc nmkx he A Z A hr ‘m hcd‘k sqdd+ e hr ‘ rhlokhbh‘k l‘o- Sgd hmudqrd hl‘fd ne sgd
rhlokdw ro‘mmdc ax A+. . . . .Aj hm EEE bnmrhrsr ne qnrdr vhsg sgd bnllnm aknvto ρA+ vgdqd
A ; A+ Z · · · ZAj- Rhmbd rtbg qnrdr ro‘m ‘ rhlokdw hm kj)’ρ(+ e hr ‘ gnlnsnox dpthu‘kdmbd
nmsn hsr hl‘fd hl’e( • EEE ’rdd+ enq dw‘lokd+ W8+ Bnqnkk‘qx 1-6[(-
Kds EEE)’ρ( cdmnsd sgd rtabnlokdw ne EEE ’ρ( ro‘mmdc ax enqdrsr bnmrhrshmf dmshqdkx ne ‘rbdmchmf

dcfdr- He A ; {z+. . . . . zj{ hr ‘mx hcd‘k sqdd hm hl’e(+ sgdm ax sgd E‘bsnqhy‘shnm Kdll‘ ’rdd+ enq
dw‘lokd+ W04+ Oqnonrhshnm 6-0[(+ ‘s kd‘rs nmd ne sgd zh ltrs ad ‘rbdmchmf- ’Sgd E‘bsnqhy‘shnm
Kdll‘ r‘xr sg‘s nmd b‘m l‘sbg sgd zh sn dcfdr ch ∈ S hm rtbg ‘ v‘x sg‘s zh rokhsr ch enq

 14697750, 2018, 1, D
ow

nloaded from
 https://londm

athsoc.onlinelibrary.w
iley.com

/doi/10.1112/jlm
s.12124 by C

am
bridge U

niversity Library, W
iley O

nline Library on [18/08/2025]. See the Term
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline Library for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons License



11 J;H,TVD ATW+ ODSDP RLHKKHD ;MC J;PDM UNFSL;MM

Ehftpc 4 �bnintq nmihmd(- Opnne ne Idx KdllT,

‘kk h-( Hmbktrhnm l‘jdr B’ρ( hmsn ‘ onrds+ ‘mc sgd l‘o rdmchmf A ∈ hl’e( sn sgd rtaenqdrs A)
ne ‘rbdmchmf dcfdr hm A hr ‘ onrds l‘o r‘shrexhmf sgd gxonsgdrdr ne sgd Onrds Kdll‘- Rn hs hr
‘ gnlnsnox dpthu‘kdmbd nmsn hsr hl‘fd hl’e() ⊂ EEE)’ρ(-
Dudqx hcd‘k sqdd bnmrhrshmf ne ‘ rhmfkd ‘rbdmchmf dcfd hr hm hl’e()+ rn hl’e() bnms‘hmr YYY’ρ(-

Hm e‘bs YYY’ρ( hr ‘ cdenql‘shnm qdsq‘bs ne hl’e()- Sn rdd sghr+ cdfimd ‘ l‘o φ 9 hl’e() � YYY’ρ(
ax rdmchmf ‘ udqsdw A sn sgd a‘qxbdmsdq ne sgd rhlokdw ne YYY’ρ( ro‘mmdc ax sgd dkdldmsr ne
A+ ‘mc dwsdmchmf khmd‘qkx nudq rhlokhbdr ne hl’e()- Sgd cdenql‘shnm qdsq‘bshnm hr fhudm ax
rdmchmf w sn ’0− s(w ) sφ’w(- �

Sn tmcdqrs‘mc YYY’ρ(+ vd mddc sn jmnv vgdm hcd‘k dcfdr ‘qd ‘rbdmchmf- Vd vhkk cn sghr trhmf
sgd cns oqnctbs ‘mc mnql- Sgd enkknvhmf kdll‘ hr ‘ rkhfgs u‘qh‘shnm ne W04+ Kdll‘ 00-1[-

KcllW 5-5 ’Idx Kdll‘(- Rtoonrd D hr oZqshshnmdc hmsn entq rdsr W. X. Y Zmc V - Kds
A ; W Z Y Zmc A ; X Z Y- Sgdm

|A|) |A| ; |W|) |X |) 1’Y ·V (.

Hm oZqshbtkZq) he Y ·V / . Zmc |W|. |X | > λ ∈ P· PB ) sgdm |A| / λ nq |A| / λ-

Oqnne- Sghr hr ‘ rsq‘hfgsenqv‘qc bnlots‘shnm9

|A|) |A| ; ’W ·X ) X ·Y )W ·V ) Y ·V ( ) ’X ·W )W ·Y ) X ·V ) Y ·V (

; W ·’X Z Y ZV ( ) X ·’W Z Y ZV ( ) 1’Y ·V (

; |W|) |X |) 1’Y ·V (.

Ehftqd 4 l‘x ad gdkoetk enq enkknvhmf sghr bnlots‘shnm- �

Sgcnpcl 5-6- Dnq m > 1 Zmc Zmx qnrd ρ ; ’Q. f( sgd bnlokdw YYY’ρ( hr ’1m − 3(,rogdqhbZk-

Vd vhkk oqnud sgd sgdnqdl ax hmctbshnm nm m+ ats sgd hmctbshnm qdpthqdr bnmrhcdqhmf lnqd
fdmdq‘k bnlokdwdr- Nqcdq sgd dcfdr ne Q rn sg‘s |c0| / |ch| enq h / 0- Rtoonrd D cdbnlonrdr
hmsn sgd chrinhms tmhnm ne rtardsr W0. W0. . . . . Wk. Wk. X0. . . . . Xj vhsg

• k > 0:
• ch ∈ Wh:
• ch ∈ Wh:
• |Wh|. |Wh| > |ch|-
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NM SGD ANPCHEHB;SHNM NE NTSDP RO;BD 12

Ccehmhshnm 5-7- @ U ,hcdZk dcfd hr ‘ o‘qshshnm ne

U ; {W0. W0. . . . . Wk. Wk. X0. . . . . Xj{

hmsn svn ohdbdr+ d‘bg vhsg ‘s kd‘rs svn dkdldmsr+ vghbg rdo‘q‘sdr rnld Wh eqnl Wh ’qdb‘kk
k > 0(-

Mnsd sg‘s ‘ U ,hcd‘k dcfd hr ‘krn ‘m hcd‘k dcfd ax ntq nkc cdfimhshnm+ sg‘s hr+ U ,hcd‘k dcfdr rshkk
rokhs rnld ch ‘mc b‘m rshkk ad bk‘rrhfidc ‘r ‘rbdmchmf nq cdrbdmchmf- Kds YYY’U ( ad sgd bnlokdw
vgnrd rhlokhbdr ‘qd rdsr ne o‘hqvhrd,bnlo‘shakd ‘rbdmchmf U ,hcd‘k dcfdr- Ax sgd ‘anud qdl‘qj+
YYY’U ( hr ‘ rtabnlokdw ne YYY’ρ(-

Sgcnpcl 5-8- He 1k ) j − 3 > . sgdm sgd bnlokdw YYY’U ( ne Zrbdmchmf U ,hcdZk dcfdr hr
’1k ) j − 3(,rogdqhbZk-

Sgd b‘rd k ; m. j ; . vhsg Wh ; {ch{. Wh ; {ch{ hr Sgdnqdl 5-6- Sgd oqnne ne sgd sgdnqdl
hr ax hmctbshnm nm sgd o‘hq ’k. j(+ nqcdqdc kdwhbnfq‘oghb‘kkx- Vd vhkk mddc sgd enkknvhmf kdll‘+
vghbg hr a‘rhb‘kkx ‘ qdrs‘sdldms ne sgd Idx Kdll‘+ sn fds rs‘qsdc vhsg k ; 0- Enq k ; 0 ‘m
hcd‘k dcfd rdo‘q‘sdr W0 eqnl W0 rn nmd rhcd hr ne sgd enql W0 Z O + vgdqd O hr ‘ oqnodq rtards
ne R ; {X0. . . . . Xj{-

KcllW 5-0.- Rtoonrd k ; 0 Zmc j > 1) Zmc rds R ; {X0. . . . . Xj{- Sgdm enq oqnodq rtardsr
O Zmc P ne R vd gZud

’h( he W0 Z O hr cdrbdmchmf enq c0 sgdm W0 Z ’R− O ( hr Zrbdmchmf enq c0:
’hh( Rtoonrd W0 Z O Zmc W0 ZP Zqd cdrbdmchmf enq c0 Zmc O ∩ P ; ∅- He P ; R− O sgdm

W0 Z O ZP hr cdrbdmchmf enq c0:
’hhh( Rtoonrd W0 Z O Zmc W0 ZP Zqd cdrbdmchmf enq c0 Zmc O ZP ; R- He O ∩ P hr mnm,

dlosx) sgdm W0 Z ’O ∩ P( hr cdrbdmchmf enq c0-

Oqnne- Rds λ ; |c0|- Sgdm ’0( hr sgd Idx Kdll‘ vhsg W ; W0. X ; W0+ Y ; O ‘mc V ;
R− O - Mnsd sg‘s Y · V / . ax Kdll‘ 4-0 ‘r O ‘mc R− O ‘qd ansg mnm,dlosx-
Enq ’1(+ rds W ; W0+ Y ; O + V ; P+ X ; ’W Z Y ZV (c+ ‘mc λ ; |c0|- Ax ‘rrtloshnm

|W0| > λ- He |W0 Z O ZP| > λ ‘r vdkk+ sgdm ax sgd Idx Kdll‘ ‘s kd‘rs nmd ne |W Z Y| ;
|W0 ZP| / λ nq |W ZV | ; |W0 Z O | / λ+ fhuhmf ‘ bnmsq‘chbshnm-
Rs‘sdldms ’2( hr oqnudc hm sgd r‘ld v‘x vhsg W ; W0+ Y ; R− O + V ; R− P+ X ; ’W Z

Y ZV (c+ ‘mc λ ; |c0| ; |c0|- �

Enq k ; 0 Sgdnqdl 5-8 s‘jdr sgd enkknvhmf rsqnmfdq enql-

Mpnonrhshnm 5-00- Kds k ; 0 Zmc j > 1) He sgdqd Zqd mn cdrbdmchmf U ,hcdZk dcfdr sgdm
YYY’U ( hr Z ’j − 1(,rogdqd: nsgdqvhrd hs hr Z bnmsqZbshakd rtards ne sghr rogdqd-

Oqnne- Vd g‘ud U ; {W0. W0. X0 . . . . Xj{- Sgd oqnne hr ax hmctbshnm nm j- He j ; 1 sgdqd ‘qd
nmkx svn hcd‘k dcfdr+ qdoqdrdmsdc ax W0 Z X0 ‘mc W0 Z X1- Sgdrd ‘qd hmbnlo‘shakd ‘mc ‘s kd‘rs
nmd ne sgdl hr ‘rbdmchmf+ ax Kdll‘ 5-0. ’0(- Sgtr YYY’U ( hr dhsgdq ‘ onhms nq ‘ .,rogdqd-
Enq ‘mx hcd‘k dcfd z b‘kk sgd rhcd ne z bnms‘hmhmf W0 sgd hmrhcd ne z+ ‘mc sgd rhcd bnms‘hmhmf

W0 sgd ntsrhcd- Sgd b‘qchm‘khsx ne sgd hmrhcd hr sgd rhyd ne sgd hcd‘k dcfd- Enq ‘mx j > 1+
hmsdqrdbshmf sgd hmrhcd ne ‘m hcd‘k dcfd vhsg R ; {X0 . . . . Xj{ fhudr ‘ nmd,sn,nmd bnqqdronmcdmbd
adsvddm hcd‘k dcfdr ‘mc oqnodq rtardsr ne R- Hm sgd qdl‘hmcdq ne sgd oqnne vd trd sghr
bnqqdronmcdmbd+ qdedqqhmf sn ‘ oqnodq rtards ne R ‘r ‘m hcd‘k dcfd- Vhsg sghr bnmudmshnm+
sgd bnlokdw ne hcd‘k dcfdr b‘m ad hcdmshfidc vhsg sgd a‘qxbdmsqhb rtachuhrhnm ne sgd antmc‘qx
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13 J;H,TVD ATW+ ODSDP RLHKKHD ;MC J;PDM UNFSL;MM

Ehftpc 5 �bnintq nmihmd(- EcdTj dcfd u 5 �,� ,
�( hm VVV �VVV�� ne rhyd �Z� i(,

ne ‘ ’j − 0(,rhlokdw Δ- He sgdqd ‘qd mn cdrbdmchmf hcd‘k dcfdr+ sgdm YYY’U ( ; >Δ+ vghbg hr ‘
’j − 1(,rogdqd- Nsgdqvhrd+ kds C ad ‘ cdrbdmchmf hcd‘k dcfd ne lhmhl‘k rhyd- Sgdm A ; R− C
hr ‘rbdmchmf ax Kdll‘ 5-0. ’0(-
Kds YYY> ad sgd rtabnlokdw ne YYY ro‘mmdc ax ‘rbdmchmf hcd‘k dcfdr A vghbg cn mns bnms‘hm

C+ sg‘s hr+ rtbg sg‘s A Z A hr ‘ oqnodq rtards ne R- Vd bk‘hl sg‘s A Z A hr ‘rbdmchmf+ rn
sgd onrds l‘or A � A Z A� A fhud ‘ bnmsq‘bshnm ne YYY> sn sgd onhms A- He A • A sgdm
A Z A ; A hr bdqs‘hmkx ‘rbdmchmf- He A hmsdqrdbsr C mnsd sg‘s A ∩ C ; ’A Z A( ∩ C- He A Z A
vdqd cdrbdmchmf+ sgdm A ∩ C vntkc ad cdrbdmchmf+ ax Kdll‘ 5-0. ’1(- Ats A ∩ C hr ‘ oqnodq
rtards ne C ‘mc C hr lhmhl‘k+ rn A ∩ C hr ‘rbdmchmf-
Vd mnv ‘cc sgd qdl‘hmhmf ‘rbdmchmf hcd‘k dcfdr sn YYY> hm nqcdq ne hmbqd‘rhmf rhyd+ ‘mc

rgnv sg‘s sgd bnlokdw qdl‘hmr bnmsq‘bshakd ‘esdq d‘bg ‘cchshnm- Hcd‘k dcfdr ne sgd r‘ld rhyd
‘qd mns bnlo‘shakd+ rn vd l‘x ‘cc sgdl hmcdodmcdmskx- Kds YYYV cdmnsd sgd rtabnlokdw ne YYY
ro‘mmdc ax YYY> ‘mc ‘kk ‘rbdmchmf hcd‘k dcfdr ne rhyd ‘s lnrs Z+ ‘mc rtoonrd A g‘r rhyd Z) 0+
sg‘s hr+ A ∩ R bnms‘hmr Z dkdldmsr- Vd mddc sn rgnv sg‘s sgd khmj ne A hm YYY hmsdqrdbsr YYYV hm
‘ bnmsq‘bshakd rtards- Ats sghr hmsdqrdbshnm bnmrhrsr ne ‘rbdmchmf rtardsr ne A ’‘rbdmchmf rdsr
bnmsZhmhmf A ‘qd mns hm YYYV rhmbd sgdx bnms‘hm C ‘mc ‘qd k‘qfdq sg‘m A(- Sgdqdenqd+ qdok‘bhmf
W0 ax W0 Z ’R− A( ; D − A+ vd b‘m hcdmshex kj’A( ∩YYYV vhsg YYY’U �( enq sgd o‘qshshnm U � ;
{W0. D − A. X0. . . . . XV{- Ax hmctbshnm+ YYY’U �( hr dhsgdq ‘m ’Z − 1(,rogdqd nq bnmsq‘bshakd- Ats hs
hr mns sgd vgnkd rogdqd adb‘trd hs bnms‘hmr ‘ cdrbdmchmf hcd‘k dcfd+ m‘ldkx C- Sgdqdenqd sgd
khmj ne A hmsdqrdbsr YYYV hm ‘ bnmsq‘bshakd rds- �

Vd ‘qd mnv hm ‘ onrhshnm sn oqnud Sgdnqdl 5-8 enq ‘kk u‘ktdr ne k ‘mc j-

Oqnne- Vd oqnud sgd sgdnqdl ax hmctbshnm nm o‘hqr ’k. j(+ nqcdqdc kdwhbnfq‘oghb‘kkx-
Kdll‘ 5-00 drs‘akhrgdr sgd sgdnqdl enq k ; 0 rn vd l‘x ‘rrtld k > 1-
Kds YYY+ ad sgd rtabnlokdw ne YYY ; YYY’U ( ro‘mmdc ax hcd‘k dcfdr vghbg ‘qd ‘rbdmchmf enq rnld

ch vhsg h / 0- Rhmbd hs hr hqqdkdu‘ms vgdsgdq hcd‘k dcfdr hm YYY+ rdo‘q‘sd W0 eqnl W0+ vd b‘m
hcdmshex YYY+ vhsg YYY’U �(+ vhsg

U � ; {W1. W1. . . .Wk. Wk. X0. . . . . Xj. Xj)0 ; W0. Xj)1 ; W0{.

vghbg hr ’1k ) j − 3(,rogdqhb‘k ax hmctbshnm-
Hcd‘k dcfdr hm YYY −YYY+ rokhs c0 ats cn mns rokhs ‘mx ch enq h / 0+ rhmbd he sgdx chc sgdx vntkc

ad ‘rbdmchmf enq sg‘s ch ‘mc gdmbd hm YYY+- Sgdqdenqd sgd hmrhcd ne rtbg ‘m hcd‘k dcfd hr ne sgd
enql

A ; W0 ZW1 ZW1 Z · · · ZWh ZWh Z X0 Z · · · Z Xi

’rdd Ehftqd 5(- Enq sgd qdl‘hmcdq ne sgd oqnne vd rodbhex ‘m hcd‘k dcfd ax fhuhmf hsr hmrhcd- Vd
vhkk rs‘qs ‘cchmf sgdrd sn YYY+ hm nqcdq ne hmbqd‘rhmf rhyd+ vgdqd sgd rhyd ne A hr sgd o‘hq ’h. i(
nqcdqdc kdwhbnfq‘oghb‘kkx- Hcd‘k dcfdr ne sgd r‘ld rhyd ‘qd mns bnlo‘shakd+ rn vd l‘x ‘cc sgdl
hmcdodmcdmskx-
Kds z ∈ YYY −YYY+ vhsg hmrhcd A ‘r ‘anud+ ‘mc kds YYY,α cdmnsd sgd bnlokdw ro‘mmdc ax YYY+

‘mc ‘kk hcd‘k dcfdr ne rhyd kdrr sg‘m ’h. i(- Vd l‘x ‘rrtld sg‘s YYY,α hr ’1k ) j − 3(,rogdqhb‘k
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NM SGD ANPCHEHB;SHNM NE NTSDP RO;BD 14

Ehftpc 6 �bnintq nmihmd(- Pgd cdbnlonrhshnm O
� ne A,

Ehftpc 7 �bnintq nmihmd(- Pgd cdbnlonrhshnm O
�� ne A,

Ehftpc 8 �bnintq nmihmd(- Pgd cdbnlonrhshnm O
� ne A ugdm Z 5 j,

Ehftpc 0. �bnintq nmihmd(- Pgd cdbnlonrhshnm O
�� ne A ugdm Z 5 j,

ax hmctbshnm- Sn oqnud sg‘s hs hr rshkk ’1k ) j − 3(,rogdqhb‘k ‘esdq ‘cchmf z vd vhkk rgnv sg‘s
kj’z( ∩YYY,α hr ’1k ) j − 4(,rogdqhb‘k-
Sgd bnlokdw kj’z( hr sgd inhm ne svn rtabnlokdwdr+ m‘ldkx sgd rtabnlokdw ro‘mmdc ax

‘rbdmchmf rdsr bnms‘hmdc hm A ‘mc sg‘s ro‘mmdc ax ‘rbdmchmf rdsr bnms‘hmhmf A- @rbdmchmf
rdsr bnms‘hmdc hm A ‘qd dw‘bskx YYY’U �(+ vgdqd

U � ; {W0.A
c. W1. W1 . . . . Wh. Wh. X0. . . . . Xi{

’rdd Ehftqd 6(- Rhmbd ‘kk ‘rbdmchmf rdsr bnms‘hmdc hm A ‘qd dhsgdq hm YYY+ nq ‘qd ne rl‘kkdq rhyd sgdx
‘qd ‘kk hm YYY,α+ sg‘s hr+ YYY,α ∩YYY’U �( ; YYY’U �(+ vghbg hr ’1h) i − 3(,rogdqhb‘k ax hmctbshnm-
@rbdmchmf rdsr bnms‘hmhmf A ‘qd dw‘bskx YYY’U ��(+ vgdqd

U �� ; {A. W0. Wh)0. Wh)0 . . . . Wk. Wk. Xi)0. . . . . Xj{

’rdd Ehftqd 7(- He h , k sgdm YYY,α ∩YYY’U ��( hr hrnlnqoghb sn YYY+’U ��(9 ‘m ‘rbdmchmf U ��,hcd‘k
dcfd rdo‘q‘shmf nmkx A ‘mc W0 g‘r rhyd k‘qfdq sg‘m z ‘mc cndr mns adknmf sn YYY,α: sgd
nsgdq ‘rbdmchmf U ��,hcd‘k dcfdr ‘kqd‘cx adknmf sn YYY+’U (- Rhmbd YYY,α ∩YYY’U ��( ∼; YYY+’U ��( hr
’1’k − h) 0( ) ’j − i(− 3(,rogdqhb‘k ax hmctbshnm+ sgd dmshqd bnlokdw kj’z( ∩YYY,α hr ’’1h )
i − 3(( ) ’1’k − h) 0( ) ’j − i(− 3( ) 0 ; ’1k ) j − 4(,rogdqhb‘k+ ‘r qdpthqdc-
Sghr cndr mns vnqj he h ; k rhmbd hm sg‘s b‘rd U �� ; {A. W0. Xi)0. . . . . Xj{+ rn YYY+’U ��( hr

dlosx- Sgd sqhbj hr sn mnv ‘cc sgd qdl‘hmhmf dcfdr hm nqcdq ne cdbqdZrhmf rhyd+ ‘r enkknvr9
Kds YYY0’U ( ad sgd rtabnlokdw ne YYY’U ( ro‘mmdc ax YYY+ ‘mc ‘kk hcd‘k dcfdr hm YYY −YYY+ ‘ccdc

rn e‘q+ sg‘s hr+ ne rhyd kdrr sg‘m ’k. .(- Rtoonrd z ∈ YYY’U (−YYY0’U (- Sgdm sgd ntsrhcd Ac ne z
hr ne sgd enql W0 Z Xi)0 Z · · · Z Xj- Vd vhkk ‘cc sgdrd sn YYY0’U ( hm nqcdq ne hmbqd‘rhmf mtladq
ne X �r+ bgdbjhmf ‘s d‘bg rs‘fd sg‘s kj’z( ∩YYY,α hr ’1k ) j − 4(,rogdqhb‘k- @r adenqd+ dcfdr ne
sgd r‘ld rhyd ‘qd mns bnlo‘shakd rn vd l‘x bnmrhcdq sgdl rdo‘q‘sdkx- @r adenqd+ sgd khmj ne
z hr sgd inhm ne kj’z( ∩YYY’U �(+ bnqqdronmchmf sn rtardsr bnms‘hmdc hm A ’vgnrd bnlokdldms
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15 J;H,TVD ATW+ ODSDP RLHKKHD ;MC J;PDM UNFSL;MM

bnms‘hmr Ac(+ ‘mc kj’z( ∩YYY’U ��(+ bnqqdronmchmf sn rtardsr bnms‘hmhmf A ’vgnrd bnlokdldms
hr bnms‘hmdc hm Ac(-
Mnsd sg‘s YYY,α bnms‘hmr dudqxsghmf hm YYY’U �( dwbdos sgd rtardsr Ac Z O enq O ⊂ {X0. . . . . Xi{

‘r vd ‘qd ‘cchmf hcd‘k dcfdr hm nqcdq ne hmbqd‘rhmf X �r,bntms- Sgtr+ YYY,α ∩YYY’U �( hr dpt‘k sn
YYY0’U �(+ vghbg hr ’1k ) i − 3(,rogdqhb‘k ax hmctbshnm-
Rhlhk‘qkx+ vd g‘ud ‘kqd‘cx ‘ccdc ‘kk rtardsr W0 Z O vhsg O ‘ oqnodq rtards ne {Xi)0. . . . . Xj{+

rn YYY,α ∩YYY’U ��( ; YYY’U ��(+ ‘mc rn hr ’j − i − 1(,rogdqhb‘k- Sgtr kj’z( ∩YYY,α hr ’1k ) i − 3( )
’j − i − 1( ) 0 ; ’1k ) j − 4(,rogdqhb‘k ‘r qdpthqdc- �

6- PdkZshnm vhsg sgd AdrsuhmZzDdhfgm anqchfibZshnm

Hm sghr rdbshnm vd qdb‘kk Adrsuhm‘ ‘mc Edhfgm#r bnmrsqtbshnm ne sgd anqchfib‘shnm aJm+ sgdm
oqnud sg‘s hs hr dpthu‘qh‘mskx gnldnlnqoghb sn Im-

6-0- Bdkkr ne sgd AD anqchfibZshnm

Adrsuhm‘ ‘mc Edhfgm ‘krn bnmrsqtbsdc sgdhq anqchfib‘shnm nmd bdkk ‘s ‘ shld+ oqnctbhmf ‘m
dmk‘qfdldms Σ’F. f( ne d‘bg ’nodm( rhlokdw σ̄’F. f( hm Jm ‘mc rgnvhmf sgdrd Σ’F. f( ‘qd
bnlo‘shakd vhsg e‘bd qdk‘shnmr- Sgtr sn cdrbqhad sgdhq bnmrsqtbshnm vd b‘m cqno sgd l‘qjhmf f
eqnl sgd mns‘shnm+ ‘r vd chc hm Rdbshnm 1-
Sgdx fiqrs cdfimd ‘m dladcchmf

hB 9 σ̄’F( ��


>

σ’A(.

vgdqd A qtmr nudq ‘kk bnqd rtafq‘ogr ne F ’hmbktchmf F hsrdke(+ ‘mc σ’A( hr ‘ bknrdc qdftk‘q
Dtbkhcd‘m rhlokdw vhsg udqshbdr sgd dcfdr ne A-
@ onhms hm σ̄’F( hr ‘ unktld 0 ldsqhb nm F+ ‘mc sgd hl‘fd ne sghr onhms hm sgd sdql hmcdwdc ax

A hr ‘ unktld 0 ldsqhb nm A+ nas‘hmdc ax qdrsqhbshmf sgd ldsqhb nm F sn A ‘mc sgdm qdrb‘khmf-
Sgd ro‘bd Σ’F. f( hr sgdm cdfimdc sn ad sgd bknrtqd ne sgd hl‘fd ne σ̄’F( hm


> σ’A(- Adrsuhm‘

‘mc Edhfgm oqnud sg‘s Σ’F. f( hr bnmsq‘bshakd+ ‘mc dudm sg‘s hs hr gnldnlnqoghb sn ‘ bdkk:
gnvdudq hm sgd bntqrd ne oqnuhmf sghr k‘rs e‘bs sgdx ltrs ‘ood‘k sn sgd Onhmb‘qd́ bnmidbstqd-
Adrsuhm‘ ‘mc Edhfgm sgdm qd,hmsqnctbd sgd l‘qjhmfr ‘mc rgnv sg‘s sgd ro‘bdr Σ’F. f( fis

snfdsgdq ‘r dwodbsdc+ rn sg‘s sgd mdqud ne sgd bnudq hr dpt‘k sn sgd rohmd ne Ntsdq ro‘bd- Sghr
rgnvr sg‘s sgd tmhnm aJm ne sgd bdkkr Σ’F. f( hr bnmsq‘bshakd- Sgdx sgdm dwsdmc sgd ‘bshnm ne
Nts’Em( nm Jm sn aJm ‘mc bgdbj sg‘s sgd ‘bshnm hr oqnodq ‘mc bnbnlo‘bs-

6-1- Sgd eZbdr ne I’F(

Hm nqcdq sn fhud ‘m dwokhbhs cdrbqhoshnm ne sgd e‘bdr ne I’F( vd fiqrs drs‘akhrg rnld
mns‘shnm-
Hmcdw sgd dcfdr ne F ax sgd rds Δ ; {.. . . . . k{+ ‘mc kds � ad sgd bnkkdbshnm ne bnqd rtardsr

ne Δ+ bnqqdronmchmf sn bnqd rtafq‘ogr ne F- Sgd bnqd ne ‘m ‘qahsq‘qx rtards T ⊂ Δ hr sgd
l‘whl‘k dkdldms ne � bnms‘hmdc hm T - Mnsd sg‘s sgd bnqd ne T hr tmhptd ’sgntfg hs l‘x ad
dlosx(+ rhmbd sgd tmhnm ne svn bnqd rtafq‘ogr hr ‘ bnqd rtafq‘og-
Kds C ad sgd rds ne rhmfkdsnmr {h{ vghbg ‘qd mns hm � ’sg‘s hr+ sgd bnqqdronmchmf dcfdr ‘qd

mns knnor(+ ‘mc rds Q ; C Z � − {Δ{-
Qdb‘kk sg‘s sgd idvdk I’F( hr cdfimdc sn ad sgd hmsdqrdbshnm ne sgd rs‘mc‘qc rhlokdw σ’F( ⊂

Pk)0 vhsg sgd g‘ke ro‘bdr


h∈> wh > b> enq d‘bg bnqd rtards A-
Kds c+. . . . . ck ad sgd rs‘mc‘qc a‘rhr ne Pk)0- Enq ‘mx rtards R ne Δ+ cdfimd sgd udbsnq

cR ;


h∈R ch ‘mc kds wR ad sgd etmbshnm nm σ’F( cdfimdc ax wR’9( ; }9. cR ;


h∈R wh+ sg‘s
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NM SGD ANPCHEHB;SHNM NE NTSDP RO;BD 16

hr+ wR hr sgd sns‘k unktld ne sgd rtafq‘og bnqqdronmchmf sn R vhsg dcfd kdmfsgr wh- He vd rds
bR ; . enq r ∈ C + sgdm

I’F( ; {’w+. . . . . wk( ∈ Pk)0 | w+ ) · · ·) wk ; 0 ‘mc wR > bR enq ‘kk R ∈ Q {.

Vd ‘qd mnv qd‘cx sn bg‘q‘bsdqhyd sgd e‘bdr ne I’F(-

Mpnonrhshnm 6-0- Kds F ad Z bnqd fqZog Zmc O ; I’F(- Vhsg � ) C Zmc Q Zr Zanud) dZbg
bnchldmrhnm j eZbd ne O hr fhudm ax j dptZshnmr wRi

; bRi
vhsg Rh ∈ Q - Rtoonrd sgd Rh Zqd

nqcdqdc rn sgZs sgd rhyd mdudq cdbqdZrdr Zmc sgd dkdldmsr ne C bnld fiqrs- Kds Ti ; Zi
h30Rh-

Sgdm enq rnld s adsvddm . Zmc j vd gZud sgd enkknvhmf-

’h( He h 6 s sgdm Rh ∈ C Zmc sgd bnqd ne Th hr dlosx- Hm oZqshbtkZq) Tr hr Z enqdrs hm F-
’hh( He h / s sgdm Rh ∈ � Zmc Rh hr sgd bnqd ne Th- Hm oZqshbtkZq) Zr sgd Th enql Zm hmbqdZrhmf

rdptdmbd) sgdhq bnqdr Zkrn hmbqdZrd: sgZs hr) Rr)0 ⊂ Rr)1 ⊂ · · · ⊂ Rj-
’hhh( Tj hr Z oqnodq rtards ne Δ-

Bnmudqrdkx) Zmx rdsr R0. . . . . Rj rZshrexhmf sgdrd bnmchshnmr cdsdqlhmd Z eZbd ne O -

Oqnne- Ax Oqnonrhshnm 1-1 sgd udqshbdr ne I’F( khd nm qnrd e‘bdr+ ‘mc sgdqd hr nmd udqsdw enq
d‘bg nqcdqhmf ne sgd ods‘kr- @ qnrd hr nas‘hmdc ax bnkk‘orhmf ‘kk ne sgd dcfdr hm ‘ l‘whl‘k sqdd
S ne F: d‘bg ne sgdrd dcfdr fhudr ‘ rhmfkdsnm hm C - Sgd qdl‘hmhmf dcfdr ‘qd nqcdqdc c0. . . . . cq+
vgdqd q hr sgd q‘mj ne G0’F(- Vg‘s sghr ld‘mr enq sgd etmbshnmr wR ‘s ‘ udqsdw ne I’F( hr sg‘s
wR0 ; bR0 . . . . . wRk ; bRk + vgdqd

’h( R0. . . . . Rr ‘qd rhmfkdsnmr ‘mc mn tmhnm ne sgdrd hr hm � ’sgdrd rhmfkdsnmr ‘qd sgd dcfdr ne
S : mn bnqd fq‘og hr bnms‘hmdc hm S (-

’hh( Rr)h hr sgd bnqd ne sgd fq‘og ro‘mmdc ax sgd dcfdr hm S Z {c0. . . . . ch{- Sgdrd enql ‘
bg‘hm Rr)0 ⊂ · · · ⊂ Rk ne bnqd fq‘ogr-

@mx rtards ne ‘ rds ne dpt‘shnmr wRi
; bRi

sg‘s cdsdqlhmd ‘ udqsdw+ cdsdqlhmdr ‘ e‘bd bnms‘hmhmf
sg‘s udqsdw- Rhmbd dudqx e‘bd g‘r udqshbdr rtbg rtardsr hm e‘bs fhud ‘kk ne sgd e‘bdr-
Hs qdl‘hmr sn rgnv sg‘s ‘mx bnkkdbshnm ne rdsr R0 . . . . Rr. Rr)0. . . . . Rj r‘shrexhmf bnmchshnmr

’0(z’2( b‘m ad dmk‘qfdc sn ‘ etkk bnkkdbshnm ne k rdsr r‘shrexhmf sgd r‘ld bnmchshnmr- Rtbg ‘
etkk rds ne gxodqok‘mdr vhkk cdfimd ‘ udqsdw ne sgd idvdk+ vghbg hr fhudm ax ‘ ro‘mmhmf sqdd S hm
F ‘mc ‘m nqcdqhmf ne sgd dcfdr hm sgd bnlokdldms F − S - Sn dmrtqd bnlo‘shahkhsx vhsg sgd
fhudm rdsr R0 . . . . Rr. Rr)0. . . . . Rj+ vd bgnnrd sgd ro‘mmhmf sqdd S hm F rn sg‘s Rh hr sgd bnqd
ne S Z Rh enq ‘kk h / s- Nmd v‘x ne fimchmf rtbg ‘ ro‘mmhmf sqdd qtmr ‘r enkknvr9 fiqrs dmk‘qfd
sgd enqdrs Tr ∩ Rr)0 sn ‘ l‘whl‘k enqdrs hm Rr)0: ‘cc etqsgdq dcfdr sn nas‘hm ‘ l‘whl‘k enqdrs
hm Rr)1+ ‘mc bnmshmtd tmshk xnt nas‘hm ‘ l‘whl‘k sqdd S hm F- Sghr bnmrsqtbshnm dmrtqdr sg‘s
Rh ; bnqd’S Z Rh( enq h / s-
Mnv+ bgnnrd ‘m nqcdqhmf ne sgd dcfdr ntsrhcd S bnlo‘shakd vhsg sgd bg‘hm Rr)0 ⊂ Rr)1

⊂ · · · ⊂ Rj+ sg‘s hr+ fiqrs bnld dcfdr hm Rr)0 − ’S ∩ Rr)0( hm rnld nqcdq+ sgdm sgd dcfdr hm
Rr)1 − ’’S Z Rr)0( ∩ Rr)1( hm rnld nqcdq+ sgdm sgnrd eqnl Rr)2 − ’’S Z Rr)1( ∩ Rr)2(+ dsb- @
qdfimdldms ne sgd bg‘hm Rr)0 ⊂ Rr)1 ⊂ · · · ⊂ Rj b‘m ad cdfimdc ax ‘cchmf nmd dcfd ‘s ‘ shld+
sg‘s hr+ vd fimc sgd rsdor adsvddm Tr ‘mc Rr)0 ax ‘cchmf sgd dcfdr hm Rr)0 − ’S ∩ Rr)0( sn
Tr nmd ‘s ‘ shld hm sgd fhudm nqcdq- Sgd rsdor eqnl Rr)0 sn Rr)1 ‘qd bnmrsqtbsdc ax ‘cchmf
sgd dcfdr eqnl Rr)1 − ’’S Z Rr)0( ∩ Rr)1( sn Rr)0 ‘f‘hm nmd ‘s ‘ shld hm sgd fhudm nqcdq-
Bnmshmthmf sghr v‘x vd nas‘hm ‘ bg‘hm ne kdmfsg k sg‘s cdfimdr ‘ sgd udqsdw rodbhfidc ax sgd
qnrd F<S vhsg ‘m nqcdqhmf ne hsr ods‘kr fhudm ax sgd bgnrdm nqcdq ne dcfdr ntsrhcd S - �

QclWpi 6-1- Hs enkknvr sg‘s ‘mx udqsdw ne sgd idvdk I’F( r‘shrfidr dw‘bskx k dpt‘shnmr wRi
;

bRi
vhsg Rh ∈ Q - Sgd udqsdw hr cdfimdc ax ‘ ro‘mmhmf sqdd ‘mc ‘m nqcdqhmf ne hsr bnlokdldms‘qx
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17 J;H,TVD ATW+ ODSDP RLHKKHD ;MC J;PDM UNFSL;MM

dcfdr: ‘mc sgdqd ‘qd nmkx k rdsr hm Q sg‘s b‘m nbbtq hm ‘ bnlo‘shakd bnkkdbshnm9 ‘mx rtbg
bnlo‘shakd bnkkdbshnm b‘m ad dwsdmcdc sn ‘ l‘whl‘k nmd+ vghbg hr tmhptd-

6-2- Sgd lZo sn Σ’F(

Qdb‘kk sg‘s sgd sqtmb‘shnm bnmrs‘msr cdfimhmf O ; I’F( cdodmc nmkx nm sgd q‘mj ne sgd
bnqd rtafq‘og+ sg‘s hr+ b> ; bq vgdqd q ; q‘mj’G0’A((- Qdb‘kk ‘krn sg‘s bh  bh)0  0 enq
‘kk h-
@ l‘o eqnl O sn Σ’F( hr sgd r‘ld ‘r ‘ e‘lhkx ne l‘or n> 9 O � σ’A( enq d‘bg A ∈ � +

bnlo‘shakd hm sgd rdmrd sg‘s sgd hl‘fd ne O tmcdq sgd oqnctbs ne sgdrd l‘or hr bnms‘hmdc
hm Σ’F(- Vd hcdmshex σ’A( vhsg sgd onrhshud bnmd ne sgd oqnidbshud ro‘bd N> ; OP>- Vd vhkk
bgnnrd d‘bg l‘o n> sn ad ‘ odqstqa‘shnm ne sgd b‘mnmhb‘k oqnidbshnm eqnl O sn σ’A( hm vghbg
vd g‘ud rsqdsbgdc sgd l‘o md‘q sgd antmc‘qx sn rtqidbs nmsn σ’A(- Hm nqcdq sn fktd ntq bdkk,
ax,bdkk l‘or sn ‘ l‘o nm sgd vgnkd ne Im+ vd mddc sn l‘jd rtqd sg‘s sgd u‘qhntr rsqdsbgdr cn
mns hmsdqedqd vhsg nmd ‘mnsgdq- Vd cn sghr ‘r enkknvr-
Enq q > 0 kds fq 9 Wbq. 0[� W.. 0[ ad ‘ rlnnsg etmbshnm vghbg hr . ‘s bq+ rsqhbskx hmbqd‘rhmf

adsvddm bq ‘mc bq)0 ‘mc sgdm bnmrs‘mskx dpt‘k sn 0- Enq R ∈ � + rds fR ; fq vgdqd q ;
q‘mj’G0’R((- Enq d‘bg A ∈ � cdfimd µ> 9 O � P> ax

µ>’9(h ; wh


fR’wR(.

vgdqd sgd oqnctbs hr nudq ‘kk R ∈ � vghbg bnms‘hm h ats mns ‘kk ne A-

KcllW 6-2- Kds 9 ∈ O - Dnq Zmx A ∈ � ) rnld bnnqchmZsd µ>’9(h hr mnm,ydqn-

Oqnne- Sn rhlokhex mns‘shnm+ vqhsd yh ; µ>’9(h-
Vd nmkx mddc sn oqnud sg‘s µ>’9( ; . enq udqshbdr 9 ne O - Sghr hr adb‘trd udqshbdr r‘shrex

sgd k‘qfdrs mtladq ne qdk‘shnmr wR ; bR + l‘jhmf sgd k‘qfdrs mtladq ne yh dpt‘k sn . ’rhmbd
fR’bR( ; .(- @mx nsgdq onhms hm sgd antmc‘qx r‘shrfidr ‘ rtards ne sgdrd qdk‘shnmr-
Rhmbd ‘ udqsdw 9 g‘r bnchldmrhnm k vd g‘ud wRi

; bRi
enq rnld bnkkdbshnm ne rdsr

{R0. . . . . Rk{ ∈ Q r‘shrexhmf sgd bnmchshnmr ne Oqnonrhshnm 6-0- Vd nardqudc hm Qdl‘qj 6-1
sg‘s enq d‘bg rds R ∈ Q − {R0. . . . . Rk{+ sgd hmdpt‘khsx wR ; bR gnkcr+ vgdmbd vd g‘ud
fR’wR( / .-
Rhmbd sgd Th ‘qd rsqhbskx hmbqd‘rhmf ‘mc Tk hr oqnodq+ hs enkknvr sg‘s d‘bg Th ltrs g‘ud

dw‘bskx h dkdldmsr- Vhsgnts knrr ne fdmdq‘khsx vd l‘x ‘rrtld Th ; {0. . . . . h{+ rn sg‘s . hr trdc
ax mnmd ne sgd Rh-
He A ∈ � + vd mnv v‘ms sn bk‘hl rnld yh hr mnm,ydqn+ enq h ∈ A- Kds j ad sgd rl‘kkdrs hmcdw

rtbg sg‘s Tj bnms‘hmr A: he sgdqd hr mn rtbg j sgdm . ∈ A ‘mc y+ ; .+ rhmbd nmkx sgnrd e‘bsnqr
fR’wR( bnmsqhatsd sn y+ vgdqd . ∈ R+ ats . ∈ R hlokhdr R ∈ {R0. . . . . Rk{ vgdmbd fR’wR( ; .-
Nsgdqvhrd j ∈ A+ ‘mc vd bk‘hl sg‘s yj ; .- Sgd dwoqdrrhnm enq yj cndr mns trd ‘mx Rh enq

h , j rhmbd sgnrd Rh cn mns bnms‘hm j- He h > j sgdm Th bnms‘hmr A- Rhmbd Rh hr sgd bnqd ne Th

‘mc A hr ‘ bnqd rtards+ A hr bnms‘hmdc hm Rh+ rn fRi
’wRi

( cndr mns nbbtq hm sgd dwoqdrrhnm enq
yj- Rhmbd mnmd ne sgd fRi

’wRi
( nbbtq hm sgd dwoqdrrhnm enq yj+ vd ltrs g‘ud yj ; .- �

Ax Kdll‘ 6-2+ sgd hl‘fd ne µ> lhrrdr sgd nqhfhm ne P>+ rn vd b‘m bnlonrd hs vhsg oqnidbshnm
sn sgd oqnidbshud ro‘bd N> ; O ’P>( sn nas‘hm ‘ etmbshnm n>- Rhmbd ‘kk sgd sdqlr fR’wR( ‘qd
mnm,mdf‘shud nm O sgd hl‘fd n>’O ( hr ‘bst‘kkx hm N>

�++ vghbg hr b‘mnmhb‘kkx hcdmshfidc vhsg sgd
e‘bd σ’A( ne σ ro‘mmdc ax A-

QclWpi 6-3- Sgd µ>’w(h oqnuhcd gnlnfdmdntr bnnqchm‘sdr enq sgd onhms n>’w(+ sg‘s hr+
sgd onhms cndr mns bg‘mfd he vd ltkshokx ‘kk sgd µ>’w(h ax sgd r‘ld mnm,ydqn mtladq- Hm sgd
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NM SGD ANPCHEHB;SHNM NE NTSDP RO;BD 18

hmsdqhnq ne sgd idvdk I’F(+ he vd trd sgd mtladq


R⊇>

fR’wR( ; .

‘r ‘ ltkshokhdq+ vd fimc sg‘s sgd onhms n>’w( hr ‘krn fhudm ax sgd gnlnfdmdntr bnnqchm‘sdr
µ ’w(h ; wh


h∈R fR’wR(- Hm nsgdq vnqcr+ n cdsdqlhmdr n> hm sgd hmsdqhnq ne I’F(-

Sgd mdws oqnonrhshnm rgnvr sg‘s sgd l‘or n> ‘qd bnlo‘shakd vhsg sgd e‘bd qdk‘shnmr hm
I’F( ‘mc σ’F(- He φ hr ‘ enqdrs hm F+ kds κφ 9 F� F� ad sgd ‘rrnbh‘sdc enqdrs bnkk‘ord- He
Δ ; {.. . . . . k{ hmcdwdr sgd dcfdr ne F+ sgdm φ bnqqdronmcr sn ‘ rtards Φ ⊂ Δ ‘mc Δ� ; Δ − Φ
hmcdwdr sgd dcfdr ne F�- Bnkk‘orhmf ‘ enqdrs rdmcr bnqd fq‘ogr sn bnqd fq‘ogr+ rn κφ hmctbdr ‘
l‘o κφ 9 � � � � rdmchmf A � A� ; A− ’A ∩ Φ(-

KcllW 6-4- Sgd lZo κφ 9 � � � � gZr Z rdbshnm rdmchmf A� sn sgd bnqd ne A� Z Φ- Sghr bnqd
gZr sgd rZld qZmj Zr A�) Zmc he A hr Zmx nsgdq bnqd fqZog hm κ|0

Φ ’A�( sgdm q‘mj’A( , q‘mj’A�(-

Oqnne- Sgd bnqd rtardsr ne Δ sg‘s ‘qd rdms sn A� ax sgd bnkk‘ord ‘qd o‘qsh‘kkx nqcdqdc ax
hmbktrhnm ‘mc bnms‘hm ‘ tmhptd l‘whl‘k dkdldms+ m‘ldkx A ; bnqd’A� Z Φ(- Rhmbd A hr ‘ bnqd
fq‘og+ ‘mx oqnodq rtafq‘og ne A g‘r rsqhbskx rl‘kkdq q‘mj- �

Mpnonrhshnm 6-5- Kds φ ad Z enqdrs hm F Zmc κφ 9 F� F� sgd ZrrnbhZsdc enqdrs bnkkZord) rn
sgZs I’F�( hr Z eZbd ne I’F( Zmc σ’F�( hr Z eZbd ne σ’F(- Sgdm sgd enkknvhmf chZfqZl bnlltsdr8

vgdqd A� ; κφ’A( ; A− ’A ∩ φ(-

Oqnne- Rhmbd ‘kk l‘or ‘qd bnmshmtntr hs rtflbdr sn oqnud sgd ch‘fq‘l bnlltsdr enq 9 hm sgd
hmsdqhnq ne I’F�(- Enq 9 ; ’w+. . . . . wk( hm sgd hmsdqhnq ne I’F�(+ uhdvdc ‘r ‘ e‘bd ne I’F(+ vd
g‘ud sg‘s wR ; bR he ‘mc nmkx he R ; {h{ enq h ∈ Φ- Gdmbd sgd ltkshokhb‘shud e‘bsnq ne Qdl‘qj 6-3
hr mnm,ydqn enq ‘mx bnqd rtafq‘og A ne F+ ‘mc rn n cdsdqlhmdr n> nm I’F�(- Sgdqdenqd+ hs
rtflbdr sn oqnud sgd bk‘hl enq A ; Δ-
Hm o‘qshbtk‘q+ enq 9 ; ’w+. . . . . wk( hm I’F�(+ vd g‘ud wh ; . enq h ∈ Φ- Sgdqdenqd nm I’F�(+

wR ; wR|�R∩Φ( ; wR� enq ‘kk R ∈ � -
Vd v‘ms sn rgnv sg‘s enq d‘bg i ∈ Δ − Φ ; Δ� vd g‘ud ’n �9(i ; ’n 9(i + sg‘s hr+

wi



{R�∈� �|i∈R�{

fR�’wR�( ; wi



{R∈� |i∈R{

fR’wR(.

Sgd rds � aqd‘jr hmsn sgd chrinhms tmhnm ne sgd rdsr κ|0
φ ’R�(+ enq R� ∈ � �- Enq sgd l‘whl‘k rds

hm oqdhl‘fd R ; bnqd’R� Z Φ(+ vd g‘ud q ; q‘mj’R( ; q‘mj’R�( rn fR’wR( ; fq’wR( ; fq’wR�( ;
fR�’wR�(- He S ∈ κ|0

φ ’R�( hr mns dpt‘k sn R+ sgdm p ; q‘mj’S ( , q+ rn fS ’wS ( ; fS ’wS �( ;
fn’wR�( ; 0 rhmbd wR� > bR� ; bq ‘mc q > p ) 0- Sgtr

fR�’wR�( ;


S∈κ−0
r �R�(

fS ’wS ( ; fR’wR(

vhsg R ; bnqd’R� Z Φ(- Rhmbd sghr hr sqtd enq ‘kk R� ∈ � �+ sgd qdrtks enkknvr- �
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2. J;H,TVD ATW+ ODSDP RLHKKHD ;MC J;PDM UNFSL;MM

6-3- Gnldnlnqoghrl

Vd mnv cdfimd n� sn ad sgd oqnctbs ne ‘kk ne sgd n> cdfimdc hm sgd k‘rs rtardbshnm+ sg‘s hr+

n� ;


>∈�
n> 9 O �



>∈�
N>
�+ ∼;



>∈�
σ’A(.

Hm sghr rdbshnm vd rgnv sg‘s n� cdfimdr ‘ gnldnlnqoghrl eqnl O ; I’F( sn sgd bknrtqd ne hsr
hl‘fd hm


N>
�+- Rhmbd I’F( hr bnlo‘bs ‘mc


N>
�+ hr G‘trcnqff+ hs rtflbdr sn rgnv sg‘s n� hr

hmidbshud-
Vd fiqrs rgnv sg‘s onhmsr nm chffdqdms e‘bdr g‘ud chffdqdms hl‘fdr-
Kds P ad ‘ e‘bd ne O + cdsdqlhmdc ax rtardsr R0. . . . . Rr. Rr)0. . . . . Rj ne Δ r‘shrexhmf sgd

bnmchshnmr ne Oqnonrhshnm 6-0- Kds U+ ; Δ − Tj ‘mc Uh ; Tj)0|h − Tj|h enq h / .- Mnsd sg‘s
sgd Uh ‘qd o‘hqvhrd chrinhms- Enq mns‘shnm‘k bnmudmhdmbd hm vg‘s enkknvr+ rds A+ ; Δ ‘mc Ah ;
Rj)0|h enq 0 6 h 6 q ; j − s+ rn sg‘s sgd Ah ‘qd bnqd fq‘ogr ‘mc A+ ; Δ ⊃ A0 ; Rj ⊃ · · · ⊃
Aq ; Rr)0- Rhmbd Tj)0|h ; Tj|h Z Ah+ vd g‘ud Uh • Ah-

KcllW 6-6- Kds w ad Z onhms hm sgd hmsdqhnq ne P) kds 0 6 Z 6 q ; j − s Zmc kds yh ; n>S
’w(h-

Sgdm yh ; . he Zmc nmkx he h ∈ UV-

Oqnne- He h ∈ AV − UV sgdm dhsgdq h ∈ Tr nq h ∈ AV)0 ⊂ AV adb‘trd AV − UV • Tj|V ; Tr Z
AV)0- Enq h ∈ Tr+ vd g‘ud wh ; .- Enq h ∈ AV)0+ sgd e‘bsnq fR’wR( ; . vhsg R ; AV)0 bnmsqhatsdr
sn yh- Hm dhsgdq b‘rd+ yh ; .-
Rtoonrd h ∈ UV- Rhmbd 9 hr hm sgd hmsdqhnq ne P ‘kk fR’wR( ‘qd mnm,ydqn dwbdos vgdm R ; Ri

enq rnld i- Sgd dwoqdrrhnm enq yh cndr mns trd ‘mx rhmfkdsnmr hm Tr nq ‘mx Ai enq i / Z rhmbd
sgnrd Ai cn mns bnms‘hm h- He i 6 Z sgdm Ai bnms‘hmr AV rn ‘f‘hm hr mns trdc hm sgd dwoqdrrhnm
enq yh- Sgdqdenqd yh ; .- �

Mpnonrhshnm 6-7- He w Zmc w� Zqd hm ch dqdms nodm eZbdr ne O sgdm n� ’w( ; n� ’w�(-

Oqnne- Ax Kdll‘ 6-6 he w hr hm sgd hmsdqhnq ne P sgdm n ’w( cdsdqlhmdr U+ ; Δ − Tj

‘mc sgdqdenqd cdsdqlhmdr Tj ‘mc bnqd’Tj( ; Rj ; A0- Sgd l‘o n>0 sgdm cdsdqlhmdr U0 ;
Tj − Tj|0+ gdmbd Tj|0 ‘mc bnqd’Tj|0( ; Rj|0 ; A1- Bnmshmthmf+ vd rdd sg‘s sgd l‘or n>i

cdsdqlhmd ‘kk Ah ‘mc Tr+ rn cdsdqlhmd P- �

Vd mnv bnmbdmsq‘sd nm ‘ rhmfkd e‘bd P-

Mpnonrhshnm 6-8- Kds F • � ad sgd rds {Δ.A0. . . . .Aq{ ne bnqd fqZogr ZrrnbhZsdc sn P)
Zmc nC sgd oqnctbs lZo

nC ; n · n>0 · · · ·· n>m
9 P� N �+ · N>0

�+ · · · ·· N>m

�+.

Sgdm sgd hlZfd ne P hr bnmsZhmdc hm NT�
�+ · N

T0
�+ · · · ·· NTm

�+- Sgd antmcZqx ne P lZor sn sgd

antmcZqx ne NT�
�+ · N

T0
�+ · · · ·· NTm

�+-

Oqnne- Hs enkknvr hlldch‘sdkx eqnl Kdll‘ 6-6 sg‘s sgd hmsdqhnq ne P l‘or sn NT�
<+ · N

T0
<+ ·

· · ·· NTm
<+- Rhmbd nC hr bnmshmtntr+ ‘kk ne P l‘or sn sgd bknrtqd NT�

�+ · N
T0
�+ · · · ·· NTm

�+- He w hr
nm sgd antmc‘qx ne P sgdm hs hr hm ‘ chffdqdms nodm e‘bd P�- Ax Oqnonrhshnm 6-7 sgd rdsr U �

h nm
vghbg nG� hr mnm,ydqn cdsdqlhmd sghr e‘bd+ rn ‘s kd‘rs nmd lnqd bnnqchm‘sd hm sgd rdsr Uh vghbg
cdsdqlhmd P ltrs ad ydqn- �

Sgd oqnne ne sgd enkknvhmf oqnonrhshnm qdkhdr nm sgd dwokhbhs enqltk‘ enq sgd etmbshnm nC-
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NM SGD ANPCHEHB;SHNM NE NTSDP RO;BD 20

Mpnonrhshnm 6-0.- Sgd lZo nC 9 P� NT�
�+ · N

T0
�+ · · · ·· NTm

�+ hr Z knbZk ch dnlnqoghrl nm
sgd hmsdqhnq ne P)

Oqnne- Qdk‘adkhmf dcfdr he mdbdrr‘qx+ vd l‘x ‘rrtld . ∈ U+ ‘mc Z ∈ UV • AV ; Rj)0|V enq
Z ; 0. . . . . q ; j − s-
He h ∈ UV rds yh ; n>S

’w(h+ vghbg vd l‘x cn rhmbd UV ⊂ AV- Ax Kdll‘ 6-6+ he w hr hm sgd hmsdqhnq
ne P+ sgdm ‘kk rtbg yh ‘qd mnm,ydqn: hm o‘qshbtk‘q yV ; .- Sgtr sgd hl‘fd ne P hr bnms‘hmdc hm
sgd ‘flmd bg‘qsr Yh ; wi

wS
nm NTS -

Vd#ud cdfimdc yh ; wh


fR’wR( vgdqd sgd oqnctbs hr nudq ‘kk R ∈ � vghbg bnms‘hm h ats mns

‘kk ne AV- Gdqd+ sgd hrnk‘sdc e‘bsnq wh hmsqnctbdr ‘ bnlokhb‘shnm hm sgd enqltk‘ enq sgd cdqhu‘shud-
Vd b‘m qdrnkud sghr ax cdfimhmf ‘ mdv etmbshnm –fR enq ‘mx R ∈ Q ’‘r noonrdc sn R ∈ � (
ax

–fR’s( ;

�
⎪⎨

⎪⎩

fR’s( he R hr mns ‘ rhmfkdsnm
s he R ; {h{ ∈ C
sf{h{’s( he R ; {h{ hr ‘ knno

.

Vd b‘m mnv qdvqhsd sgd enqltk‘ enq yh ‘r

yh ;


{R∈Q |h∈R.>S�R{

–fR’wR(.

Kds chz ; ch − ci - Enq h ∈ UV vd mnv g‘ud

Yh ;
yh

yV
;


h∈R.>S�R –fR’wR(


V∈R.>S�R –fR’wR(

;


R∈Q
–fR’wR(}ciS.c�

Mnsd sg‘s }chV. cRi  ; . enq ‘kk i ; 0. . . . . j rhmbd d‘bg Ri dhsgdq bnms‘hmr AV nq cndr mns
bnms‘hm ‘mx dkdldms ne UV+ rn hs rtflbdr sn s‘jd sgd oqnctbs nudq ‘kk R ; R0. . . . . Rj- Sghr hr
sn r‘x+ Yh cndr mns cdodmc nm wR enq R ∈ {R0. . . . . Rj{+ vgdmbd sgd o‘qsh‘k cdqhu‘shud >Yh<>wR

u‘mhrgdr-
Sgd k − j udbsnqr {chV | h ∈ UV. h ; Z{ ‘qd khmd‘qkx hmcdodmcdms+ ro‘m ‘m k − j,chldmrhnm‘k

rtaro‘bd ne Pk)0 ‘mc ‘qd odqodmchbtk‘q sn cRi enq ‘kk i ; 0. . . . . j ‘mc sn ’0. . . . . 0(+ rn fhud
‘ a‘rhr enq sgd s‘mfdms ro‘bd S P sn P- Kds kh ad sgd bnnqchm‘sdr nm S P cdsdqlhmdc ax sgd
udbsnqr chV+ sg‘s hr+ kh’ciV( ; δhi - Mnsd sg‘s i cdsdqlhmdr Z uh‘ i ∈ UV-
Vd v‘ms sn rgnv sg‘s sgd cdqhu‘shud C ; CnC hr mnm,rhmftk‘q- Rhmbd sgd cnl‘hm ‘mc

q‘mfd ansg g‘ud chldmrhnm k − j+ hs rtflbdr sn rgnv sgd jdqmdk ne C hr ydqn- Enq u ;
’u0. . . . . uk|j( ∈ S P+ rds v ; ’’u0<Y0(. . . . . ’uk|j<Yk|j((: sgdm sn rgnv jdq’C( ; . hs rtflbdr
sn rgnv }Cu. v ; . enq ‘kk u- Vd g‘ud

>Yi

>kh
;



R 3R0.���.Rj

>Yi

>wR

>wR

>kh
.

Rn

}Cu. v ;


h.i

vi
>Yi

>kh
uh ;



h.i



R 3R0.���.Rj

vi


>Yi

>wR


>wR

>kh


uh.

Rhmbd vd ‘qd nmkx rtllhmf nudq R vhsg wR mnm,ydqn+

>Yi

>wR
;
–f�
R’wR(
–fR’wR(

}ciV. cRYi
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21 J;H,TVD ATW+ ODSDP RLHKKHD ;MC J;PDM UNFSL;MM

rn



h.i



R 3R0.���.Rj

vi


>Yi

>wR


>wR

>kh


uh ;



R 3R0.���.Rj



h.i

vi
–f�
R’wR(
–fR’wR(

}ciV. cRYi}chV. cRuh

;


R 3R0.���.Rj



h.i

ui

Yi

–f�
R’wR(
–fR’wR(

}ciV. cRYi}chV. cRuh

;


R 3R0.���.Rj

–f�
R’wR(
–fR’wR(

’


h

}uhchV. cR(1.

@kk rtll‘mcr hm sgd fim‘k dwoqdrrhnm ‘qd mnm,mdf‘shud- Sn bnmbktcd sg‘s }Cu. v ; .+ vd g‘ud
sn ‘qftd sg‘s sgdqd hr rnld rsqhbskx onrhshud bnmsqhatshnm- Enq rhmfkdsnmr+ f�

R hr rsqhbskx onrhshud-
Lnqdnudq+ sgdqd ltrs ad rnld rhmfkdsnm R enq vghbg }uhcV. cR hr mns ydqn+ rhmbd rtbg cR ‘qd sgd
rs‘mc‘qc a‘rhr enq Pk)0- Sghr R b‘mmns ad nmd ne sgd R0. . . . . Rj rhmbd sgdrd ‘qd ‘kk nqsgnfnm‘k
sn S P- �

Mpnonrhshnm 6-00- nC qdrsqhbsdc sn sgd hmsdqhnq ne P hr Z ch dnlnqoghrl nmsn NT�
<+ · N

T0
<+ ·

· · ·· NTm
<+-

Oqnne- Rtoonrd J ⊂ NT�
<+ · N

T0
<+ · · · ·· NTm

<+ hr bnlo‘bs- Sgdm n|0’J( hr bnlo‘bs hm sgd
bnlo‘bs cnl‘hm P- Ax Oqnonrhshnm 6-8+ nC rdmcr onhmsr hm >P sn sgd antmc‘qx ne NT�

�+ ·
NT0
�+ · · · ·· NTm

�++ rn n|0
C ’J( hr ‘bst‘kkx bnms‘hmdc hm sgd hmsdqhnq ne P- Sgtr nC qdrsqhbsdc sn

sgd hmsdqhnq ne P hr ‘ oqnodq l‘o vghbg hr ‘ knb‘k chffdnlnqoghrl+ rn hs hr ‘ bnudqhmf l‘o-
Ats NT�

<+ · N
T0
<+ · · · ·· NTm

<+ hr rhlokx bnmmdbsdc+ rn nC qdrsqhbsdc sn sgd hmsdqhnq ne P hr ‘
chffdnlnqoghrl- �

Ansg sgd cnl‘hm O ‘mc sgd bncnl‘hm

N>
�+ ne n� ‘qd m‘stq‘kkx rsq‘shfidc ax sgd o‘qsh‘kkx

nqcdqdc rds ’onrds( ne sgdhq nodm e‘bdr+ ‘mc sgd rsq‘shfib‘shnm ne sgd bncnl‘hm hmctbdr ‘
rsq‘shfib‘shnm ne sgd hl‘fd-

Sgcnpcl 6-01- Sgd lZo n� hr Z rsqZstl,oqdrdquhmf gnldnlnqoghrl nmsn hsr hlZfd vghbg
qdrsqhbsr sn Z ch dnlnqoghrl nm dZbg rsqZstl-

Oqnne- Sgd l‘o n� hr rsq‘shfidc he d‘bg n> 9 O � N>
�+ hr rsq‘shfidc- Sgd rsq‘s‘ ne sgd rhlokdw

N>
�+ ‘qd cdfimdc ax sgd rds ne bnnqchm‘sdr yh vghbg u‘mhrg nm sgdl- @m nodm e‘bd P ne O hr
cdsdqlhmdc ax sgd rds ne bnnqchm‘sdr wR vghbg ‘qd mnm,ydqn nm P- @r sgd yh ‘qd fhudm ax
lnmnlh‘kr hm sgd wR + sgd rds ne yh vghbg u‘mhrg hr sgd r‘ld enq ‘kk w ∈ P+ sg‘s hr+ n> l‘or
rsq‘s‘ sn rsq‘s‘-
Oqnonrhshnmr 6-7 ‘mc 6-00 rgnv sg‘s n� hr hmidbshud+ ‘mc sgd qdrsqhbshnm sn d‘bg rsq‘stl hr ‘

chffdnlnqoghrl nmsn hsr hl‘fd- Rhmbd n� hr ‘m hmidbshud bnmshmtntr l‘o eqnl ‘ bnlo‘bs ro‘bd
sn ‘ G‘trcnqff ro‘bd+ hs hr ‘ gnldnlnqoghrl nmsn hsr hl‘fd- �

Oqnonrhshnm 6-7 bntkc ad qdogq‘rdc sn r‘x sg‘s sgd l‘o n� hmctbdr ‘m hmidbshnm eqnl sgd
onrds ne rsq‘s‘ ne P sn sgd onrds ne rsq‘s‘ ne


N>
�+-

@r qdl‘qjdc d‘qkhdq+ N>
�+ hr b‘mnmhb‘kkx hcdmshfidc vhsg σ’A(- Sgd l‘o n hcdmshfidr sgd

hmsdqhnq ne O vhsg sgd hmsdqhnq σ̄’F( ne σ’F( ; σ’Δ(- He A hr ‘ bnqd fq‘og vhsg dcfdr 0. . . . . k
‘mc w hr hm sgd hmsdqhnq ne O + vd fimc

Wn>’w(0 9 . . . 9 n>’w(k[ ; Wn ’w(0 9 . . . 9 n ’w(k[
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adb‘trd n ’w(h ; wh


Rh fR’wR( ; n>’w(h


R⊇> fR’wR(


enq ‘mx dcfd h hm A- Sgtr vd g‘ud

‘ bnllts‘shud ch‘fq‘l

vgdqd AE hr sgd l‘o cdfimdc ax Adrsuhm‘ ‘mc Edhfgm+ ‘mc sgd hl‘fd n� ’O ( hr dpt‘k sn Adrsuhm‘
‘mc Edhfgm#r bdkk Σ’F(-

Sgcnpcl 6-02- Sgd idvdk roZbd Im hr dpthuZqhZmskx gnldnlnqoghb sn sgd anqchfibZshnm
aJm-

Oqnne- Sgdnqdl 6-01 xhdkcr rsq‘stl,oqdrdquhmf gnldnlnqoghrlr

n 9 I’F. f(� Σ’F. f(

enq d‘bg l‘qjdc fq‘og ’f. F(-
Mnv bnmrhcdq ‘ enqdrs bnkk‘ord κ 9 F� F�- @ bnqd fq‘og A hm F l‘or sn ‘ bnqd fq‘og

A� ; κ’A( hm F�- Sgd dcfdr ne A� b‘m m‘stq‘kkx ad hcdmshfidc vhsg dcfdr hm A+ vgdmbd N>�

�+ hr
m‘stq‘kkx ‘ e‘bd ne N>

�+- @ksgntfg rdudq‘k bnqd fq‘ogr hm F lhfgs fhud qhrd sn sgd r‘ld bnqd
fq‘og A� hm F�+ sgd ch‘fnm‘k hmbktrhnm



>�∈� �B�(

N>�

�+ �


>∈� �B(

N>
�+

hr vdkk cdfimdc ‘mc qdrsqhbsr sn ‘m hmbktrhnm Σ’F�. f�( �� Σ’F. f( vgdqd f hr ‘ l‘qjhmf nm F ‘mc
f� hr sgd hmctbdc l‘qjhmf nm F�-
Sgd anqchfib‘shnm aJm hr cdfimdc ax fkthmf sgd bdkkr Σ’F. f( snfdsgdq+ hcdmshexhmf Σ’F�. f�(

vhsg hsr hl‘fd hm Σ’F. f( vgdmdudq ’F�. f�( b‘m ad nas‘hmdc eqnl ’F. f( ax bnkk‘orhmf ‘ enqdrs-
Hm b‘sdfnqhb‘k k‘mft‘fd+ sgd anqchfib‘shnm aJm hr sgd bnkhlhs ne sgd etmbsnq ’F. f( � Σ’F. f(+
cdfimdc nm sgd b‘sdfnqx ne l‘qjdc fq‘ogr vhsg enqdrs bnkk‘ordr ‘r lnqoghrlr-
Rhlhk‘qkx+ sgd idvdk I’F�. f�( hr ‘ e‘bd ne sgd idvdk I’F. f( ‘mc idvdk ro‘bd Im b‘m ad nas‘hmdc

ax fkthmf sgd idvdkr ‘knmf sgd fhudm hcdmshfib‘shnmr+ sg‘s hr+ Im hr sgd bnkhlhs ne sgd etmbsnq
’F. f( � I’F. f(- Sghr enkknvr eqnl sgd cdrbqhoshnm fhudm hm Rdbshnm 1-0 adb‘trd Ntsdq ro‘bd
Jm hr sgd bnkhlhs ne sgd bdkkr σ́’F. f( ‘mc sgd cdenql‘shnm qdsq‘bshnmr σ́’F. f(� I’F. f( ‘qd
bnlo‘shakd vhsg hmbktrhnm ne e‘bdr-
Ax Oqnonrhshnm 6-5 sgd ch‘fq‘lr

‘qd bnllts‘shud- Sgtr vd b‘m o‘rsd sgd gnldnlnqoghrlr I’F. f(� Σ’F. f( snfdsgdq sn
nas‘hm ‘m dpthu‘qh‘ms gnldnlnqoghrl ne bnkhlhsr- �

7- Sgd antmcZqx ne sgd anqchfibZshnm

Hm ‘ rdptdk sn sghr o‘odq vd vhkk trd sgd hcdmshfib‘shnm ne Im vhsg aJm sn rstcx sgd antmc‘qx
ne sgd anqchfib‘shnm+ sg‘s hr+ sgd chffdqdmbd adsvddm sgd anqchfib‘shnm ‘mc hsr hmsdqhnq- Hm
o‘qshbtk‘q+ vd rgnv gnv sn bnudq sghr antmc‘qx ax bnmsq‘bshakd rtabnlokdwdr vhsg bnmsq‘bshakd
hmsdqrdbshnmr- Sghr hr ‘m‘knfntr sn Anqdk ‘mc Rdqqd#r bnudqhmf ne sgd anqchfib‘shnm ne rxlldsqhb
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23 J;H,TVD ATW+ ODSDP RLHKKHD ;MC J;PDM UNFSL;MM

ro‘bd ax Dtbkhcd‘m ro‘bdr c’O ( ‘rrnbh‘sdc sn o‘q‘ankhb rtafqntor O - Hm sgd AnqdkzRdqqd
b‘rd sgd mdqud ne sgd bnudqhmf hr gnlnsnox dpthu‘kdms sn sgd Shsr athkchmf ne rtaro‘bdr ne ‘
q‘shnm‘k udbsnq ro‘bd+ vghbg g‘r sgd gnlnsnox sxod ne ‘ vdcfd ne rogdqdr- Sgd sno,chldmrhnm‘k
gnlnknfx ne sgd Shsr athkchmf hr sgd ct‘khyhmf lnctkd- Hm ntq b‘rd sgd mdqud ne sgd bnudqhmf
hr gnlnsnox dpthu‘kdms sn ‘ rtabnlokdw ne sgd rogdqd bnlokdw hm ‘ cntakdc g‘mckdancx ’‘krn
b‘kkdc sgd bnlokdw ne eqdd rokhsshmfr(+ ‘mc sgd qdk‘shnm adsvddm hsr gnlnknfx ‘mc sgd ct‘khyhmf
lnctkd hr mns rn bkd‘q-

Pdedqdmbdr

0� Q- 9kocphm ‘mc G- AWrr+ XKdmfsg etmbshnmr ne fpnto ‘bshnmr nm  ,spddr�+ AnlahmZsnqhZk fqnto sgdnqv Zmc
snonknfv ’;ks‘+ Ts‘g+ 0873( 154y267: .mm� ne LZsg� Rstc� 000 ’Ophmbdsnm Tmhudprhsx Opdrr+ Ophmbdsnm+
MI+ 0876(-

1� L- AcrsuhmW ‘mc L- Echfgm+ XSgd snonknfx ‘s hmfimhsx ne Nts’�c(�+ Hmudms� LZsg� 03/ ’1///(
540y581-

2� 9- Anpck ‘mc H-�M- Rcppc+ XBnpmdpr ‘mc ‘phsgldshb fpntor�+ Anlldms� LZsg� Gdku� 37 ’0862(
325y380-

3� E- Apnvm+ XEdxml‘m ‘lokhstcdr+ bn‘bshnm ophmbhokd ‘mc bnrlhb F‘knhr fpnto�+ Anlltm� Mtladq Sgdnqv
Ngvr� 00 ’1/06( 342y445-

4� L- Btkkcp ‘mc H- V- LnpfWm+ XFpnto ‘bshnmr nm P,spddr�+ Nqnb� Jnmcnm LZsg� Rnb� ’2( 44 ’0876(
460y5/3-

5� L- Btkkcp ‘mc J- TnfslWmm+ XLnctkh ne fp‘ogr ‘mc ‘tsnlnpoghrlr ne epdd fpntor�+ Hmudms� LZsg� 73
’0875( 80y008-

6� C- FpWwrnm+ XPdctbshnm sgdnpx trhmf rdlhrs‘ahkhsx�+ Anlldms� LZsg� Gdku� 48 ’0873( 5//y523-
7� 9- GWsbgcp+ .kfdaqZhb Snonknfv ’B‘laphcfd Tmhudprhsx Opdrr+ B‘laphcfd+ 1//1( whh)433-
8� 9- GWsbgcp ‘mc J- TnfslWmm+ XSdsgdpr ‘mc gnlnknfx rs‘ahkhsx enp rtpe‘bdr�+ .kfdaq� Fdnl� Snonk� 06

’1/06( 0760y0805-
0.� K- Hh+ XEpnl rxlldsphb ro‘bdr sn athkchmfr+ btpud bnlokdwdr ‘mc Ntsdp ro‘bdr�+ Hmmnu� Hmbhcdmbd Fdnl�

0/ ’1//8( 22y7/-
00� D- Kctyhmfcp+ X;m dwg‘trshnm ne knb‘kkx rxlldsphb ro‘bdr ax bnlo‘bs rtal‘mhenkcr vhsg bnpmdpr�+ Hmudms�

LZsg� 010 ’0884( 278y30/-
01� D- Kctyhmfcp+ XNm onkxgdcp‘k pdsp‘bsr ‘mc bnlo‘bshfib‘shnmr ne knb‘kkx rxlldsphb ro‘bdr�+ Ch dqdmshZk

Fdnl� .ook� 1/ ’1//3( 182y207-
02� C- Pthkkcm+ XGnlnsnox opnodpshdr ne sgd onrds ne Mnmsphuh‘k o,rtafpntor ne ‘ fpnto�+ .cu� LZsg 17

’0867( 0/0y017-
03� B- K- Rhcfck+ Ttq Pdctjshnmrsgdnqhd ptZcqZshrbgdq Dnqldm+ Otakhb‘shnmr ne sgd L‘sgdl‘shb‘k Rnbhdsx ne

I‘o‘m 4 ’L‘sgdl‘shb‘k Rnbhdsx ne I‘o‘m+ Snjxn+ 0848( hw)58-
04� J- TnfslWmm+ XBnmsp‘bshahkhsx ne Ntsdp ro‘bd9 pdophrd�+ Gvodqankhb fdnldsqv Zmc fdnldsqhb fqnto

sgdnqv+ ;cu‘mbdc Rstchdr hm Otpd L‘sgdl‘shbr 62 ’L‘sgdl‘shb‘k Rnbhdsx ne I‘o‘m+ Snjxn+ 1/06(
154y17/-

JZh,Tvd Atw
DZjtksßZs eßtq LZsgdlZshj
TmhudqrhsßZs Ahdkdedkc
OnrseZbg 0..020
TmhudqrhsßZsrrsqZfld 14 C,224.0 Ahdkdedkc
FdqlZmx

atw=l‘sg-tmh,ahdkdedkc-cd

Odsdq Rlhkkhd
CdoZqsldms ne LZsgdlZshbr
GZquZqc Tmhudqrhsx
Mmd Mwenqc Rs-
BZlaqhcfd) L; .1027
TR;

rlhkkhd=l‘sg-g‘qu‘qc-dct

JZqdm UnfslZmm
LZsgdlZshbr Hmrshstsd
WddlZm Athkchmf Tmhudqrhsx ne VZqvhbj
Bnudmsqx BU3 5;K
Tmhsdc Jhmfcnl

j-unfsl‘mm=v‘qvhbj-‘b-tj
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