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;arsqZbs

Vd bnmrsqtbs eqdd ]adkh]m rtafqntor ne sgd fqnto T (;)( ne tmsvhrsdc ntsdq ]tsnlnq,
oghrlr ne ] qhfgs,]mfkdc @qshm fqnto) sgtr fhuhmf knvdq antmcr nm sgd uhqst]k bngnlnknfhb]k
chldmrhnm- Sgd fqnto T (;)(v]r rstchdc hm Z4[ ax bnmrsqtbshmf ] bnmsq]bshakd btad bnlokdw
nm vghbg hs ]bsr oqnodqkx ]mc bnbnlo]bskx) fhuhmf ]m toodq antmc enq sgd uhqst]k bngnln,
knfhb]k chldmrhnm- Sgd q]mjr ne ntq eqdd ]adkh]m rtafqntor ]qd dpt]k sn sgd chldmrhnmr ne
oqhmbhoZk btadr hm sghr bnlokdw- Sgdrd ]qd nesdm ne l]whl]k chldmrhnm) rn sg]s sgd toodq ]mc
knvdq antmcr ]fqdd- Hm l]mx b]rdr vgdm sgd oqhmbho]k btadr ]qd mns ne l]whl]k chldmrhnm
vd rgnv sgdqd hr ]m hmu]qh]ms bnmsq]bshakd rtabnlokdw ne rsqhbskx knvdq chldmrhnm-

1/0/ L]sgdl]shbr Rtaidbs Bk]rrh“b]shnm9 1/E54 �Oqhl]qx(: 1/E17) 1/E25 �Rdbnmc]qx(

0- Hmsqnctbshnm

Sgd bk]rr ne qhfgs,]mfkdc @qshm fqntor �bnllnmkx b]kkdc P@@Fr( bnms]hmr sgd e]lhkh]q
dw]lokdr ne “mhsdkx fdmdq]sdc eqdd fqntor ]mc eqdd ]adkh]m fqntor- Sgntfg tmbnlokhb]sdc
sgdlrdkudr) ansg dw]lokdr g]ud bnlokdw ]mc hmsdqdrshmf ]tsnlnqoghrl fqntor- Hm qdbdms
xd]qr sgdrd ]tsnlnqoghrl fqntor g]ud addm rgnvm sn rg]qd l]mx oqnodqshdr) ats ]krn
sn cheedq hm rhfmh“b]ms v]xr �rdd d-f- sgd rtqudx ]qshbkdr Z1) 05[(- Hm sghr o]odq vd rstcx
]tsnlnqoghrl fqntor ne fdmdq]k P@@Fr) bnmbdmsq]shmf nm sgd ]rodbsr sgdx rg]qd vhsg ]tsn,
lnqoghrl fqntor ne eqdd fqntor- Sgdrd ]rodbsr ]qd k]qfdkx b]ostqdc ax sgd rtafqnto ne
tmsvhrsdc ]tsnlnqoghrlr) ]r oqduhntrkx rstchdc hm Z4[- Kds tr qdb]kk sgd cd“mhshnm-

@ fdmdq]k P@@F hr bnmudmhdmskx cdrbqhadc ax cq]vhmf ] “mhsd rhlokhbh]k fq]og )- Sgd
P@@F hr sgdm sgd fqnto ;) fdmdq]sdc ax sgd udqshbdr ne )) vhsg cd“mhmf qdk]shnmr sg]s
svn fdmdq]snqr bnlltsd he ]mc nmkx he sgd bnqqdronmchmf udqshbdr ]qd bnmmdbsdc ax ]m dcfd
ne )- Ax sgdnqdlr ne K]tqdmbd Z02[ ]mc Rdqu]shtr Z03[) sgd ]tsnlnqoghrl fqnto ne ;) hr
fdmdq]sdc ax hmudqrhnmr ne sgd fdmdq]snqr) fq]og ]tsnlnqoghrlr) ]clhrrhakd sq]mrudbshnmr
�ltkshokxhmf nmd fdmdq]snq ax ]mnsgdq( ]mc ]clhrrhakd o]qsh]k bnmitf]shnmr �bnmitf]shmf
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rnld rtards ne fdmdq]snqr ax ]mnsgdq fdmdq]snq(- Gdqd sq]mrudbshnmr ]mc o]qsh]k bnmitf]shnmr
]qd Zclhrrhakd he sgdx qdrodbs sgd bnllts]shnm qdk]shnmr- @ sq]mrudbshnm hr b]kkdc ] svhrs he
sgd fdmdq]snqr hmunkudc bnlltsd- Sgd rtafqnto ne Nts (;)( fdmdq]sdc ax svhrsr hmidbsr hmsn
] o]q]ankhb rtafqnto ne RK(m.F() vgdqd m hr sgd mtladq ne udqshbdr ne )) ]mc hr vdkk tmcdq,
rsnnc- Sgd rtafqnto fdmdq]sdc ax ]kk fdmdq]snqr nsgdq sg]m svhrsr hr sgd tmsvhrsdc rtafqnto
T (;)(- Sghr rtafqnto b]ostqdr sgd o]qs ne Nts (;)( lnrs bknrdkx qdk]sdc sn Nts (Em(- Enq
dw]lokd) he ;) + Em sgdm T (;)(+ Nts (Em() ]mc T (;)( ]kv]xr bnms]hmr sgd jdqmdk ne sgd
l]o Nts (;)(→ FK(m.F( hmctbdc ax ]adkh]mhr]shnm ;) →Fm -

Enq eqdd fqntor) sgd uhqst]k bngnlnknfhb]k chldmrhnm �UBC( ne Nts (Em( hr dpt]k sn sgd
l]whl]k q]mj ne ] eqdd ]adkh]m rtafqnto- Sgd knvdq antmc hr drs]akhrgdc ax dwghahshmf ]m
dwokhbhs eqdd ]adkh]m rtafqnto- Enq sgd toodq antmc) nmd bnmrhcdqr sgd ]bshnm ne Nts (Em(

nm ] bnmsq]bshakd ro]bd �m jmnvm ]r Ntsdq roZbd- Sghr ]bshnm hr oqnodq) ]mc �m bnms]hmr ]m
dpthu]qh]ms cdenql]shnm qdsq]bs Jm jmnvm ]r sgd rohmd ne Ntsdq ro]bd) vgnrd chldmrhnm hr
dpt]k sn sgd knvdq antmc �rdd Z7[(-

Enq sgd rtafqnto T (;)( ]rrnbh]sdc sn ] fdmdq]k P@@F) ]m ]m]knfntr ntsdq ro]bd �)

]mc rohmd J) vdqd cd“mdc hm Z4[- Sgd chldmrhnm ne J) fhudr ]m nauhntr toodq antmc nm
sgd UBC ne T (;)(- Knvdq antmcr vdqd nas]hmdc hm Z2[ ax dwghahshmf eqdd ]adkh]m rtafqntor
�Z2[ ]bst]kkx dwghahsdc eqdd ]adkh]m rtafqntor hm sgd dmshqd fqnto Nts (;)() ats sgdrd bnms]hm
hcdmsh“]akd rtafqntor ne T (;)((- Gnvdudq) sgdqd v]r mn bkd]q qdk]shnmrgho adsvddm sgd q]mj
ne sgdrd rtafqntor ]mc sgd chldmrhnm ne J) ) ]mc sgdqd v]r nesdm ] k]qfd f]o adsvddm sgd
toodq antmc ]mc knvdq antmcr-

Hm sghr o]odq vd ]ccqdrr sghr oqnakdl- Sgd rohmd J) g]r sgd rsqtbstqd ne ] btad bnl,
okdw) ]mc vd oqnctbd eqdd ]adkh]m rtafqntor hm T (;)( ne q]mj dpt]k sn sgd chldmrhnm ne
bdqs]hm oqhmbhoZk btadr hm J) - Hm sgd ]ardmbd ne ] rodbh“b bnm“ftq]shnm hm ) vd “mc oqhm,
bho]k btadr ne chldmrhnm dpt]k sn sgd chldmrhnm ne J) ) sgtr cdsdqlhmhmf sgd dw]bs UBC ne
T (;)(-

Sgd eqdd ]adkh]m rtafqntor vd oqnctbd ]qd fdmdq]sdc ax ] rodbh]k sxod ne ]tsnlnq,
oghrlr b]kkdc ),VghsdgdZc Ztsnlnqoghrlr- Sgdrd fdmdq]khrd sgd fdmdq]shmf rds trdc ax
I-G-B- Vghsdgd]c hm ghr vnqj nm ]tsnlnqoghrlr ne eqdd fqntor Z06[- Vd rgnv sg]s enq ]mx
fq]og )) ntq eqdd ]adkh]m rtafqntor g]ud sgd k]qfdrs onrrhakd q]mj ]lnmf sgnrd fdmdq]sdc
ax ),Vghsdgd]c ]tsnlnqoghrlr) vghbg vd b]kk sgd oqhmbhoZk qZmj ne T (;)(-

Adb]trd T (;)( hr ]m]knfntr sn Nts (Em( hs hr sdloshmf sn bnmidbstqd sg]s sgd UBC ne
T (;)( hr dpt]k sn sgd oqhmbho]k q]mj- Hs hr ]krn sdloshmf sn bnmidbstqd sg]s sgd oqhmbho]k q]mj
hr ]kv]xr dpt]k sn sgd chldmrhnm ne J) - - - ats ntq qdrtksr rgnv sg]s he sgd fq]og bnms]hmr
] rodbh“b bnm“ftq]shnm sgdm sgd chldmrhnm ne J) hr rsqhbskx k]qfdq sg]m sgd oqhmbho]k q]mj-
Sgd “qrs bnmidbstqd hr rshkk ok]trhakd) gnvdudq) adb]trd ]s kd]rs hm rnld b]rdr vgdm sgd
chldmrhnm ne J) hr snn k]qfd vd b]m rgnv sg]s J) dpthu]qh]mskx cdenql]shnm qdsq]bsr nmsn ]
rsqhbskx knvdq,chldmrhnm]k btad bnlokdw-

Enq FK(m.F() ne bntqrd) sgd UBC hr mns dpt]k sn sgd q]mj ne ] eqdd ]adkh]m rtafqnto) ats
q]sgdq hr dpt]k sn sgd Ghqrbg q]mj ne ] bdqs]hm �mnm,]adkh]m( onkxbxbkhb rtafqnto- Hm khfgs
ne sgd ]anud bnmidbstqd) hs hr m]stq]k sn ]rj vgdsgdq T (;)( b]m bnms]hm ] snqrhnm,eqdd) mnm,
]adkh]m rnku]akd rtafqnto- Enq l]mx fq]ogr sgd ]mrvdq hr mn- Sghr v]r oqnudc hm Z5[ enq
fq]ogr vhsg mn sqh]mfkdr) ]mc lnqd fdmdq]kkx enq fq]ogr vgdqd sgd khmj ne dudqx udqsdw hr
dhsgdq chrbqdsd nq bnmmdbsdc- He khmjr ]qd chrbnmmdbsdc ats mns chrbqdsd) vd cn mns jmnv sgd
]mrvdq-
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;tsnlnqoghrl fqntor ne Q;;Fr 414

Vd qdl]qj sg]s rdudq]k ]tsgnqr g]ud drs]akhrgdc toodq ]mc knvdq antmcr nm sgd UBC ne
sgd etkk fqnto Nts (;)(- Hm o]qshbtk]q antmcr enq fq]ogr vhsg mn sqh]mfkdr vdqd fhudm hm Z6[)
sgd dw]bs UBC enq ) ] sqdd v]r drs]akhrgdc hm Z2[ ]mc nsgdq rodbh]k b]rdr vdqd cdsdqlhmdc
dw]bskx hm Z0�[-

Sgd o]odq hr nqf]mhrdc ]r enkknvr- Hm Rdbshnm 1 vd qduhdv a]rhb e]bsr ]mc mns]shnm ]ants
qhfgs,]mfkdc @qshm fqntor ]mc sgdhq ]tsnlnqoghrlr) ]mc cd“md sgd rtafqnto T (;)(- Hm
Rdbshnm 2 vd qduhdv sgd cd“mhshnmr ]mc qdrtksr eqnl Z4[ sg]s vd vhkk mddc hm sghr o]odq- Hm
Rdbshnm 3 vd bnmrsqtbs eqdd ]adkh]m rtafqntor ne T (;)( trhmf ),Vghsdgd]c ]tsnlnqoghrlr)
]mc rgnv sg]s sgdrd rtafqntor g]ud l]whl]k onrrhakd q]mj ]lnmf ]kk rtbg rtafqntor-
Rdbshnm 4 rstchdr sgd chldmrhnm ne J) ]mc fhudr ] bnmchshnm enq sghr chldmrhnm sn dpt]k
sgd oqhmbho]k q]mj- Rdbshnm 5 vnqjr nts rnld bnmbqdsd dw]lokdr- Ehm]kkx) hm Rdbshnm 6 vd
rgnv hm bdqs]hm b]rdr gnv sn “mc ]m hmu]qh]ms cdenql]shnm qdsq]bs ne J) ne rsqhbskx knvdq
chldmrhnm-

1- Qhfgs,Zmfkdc ;qshm fqntor Zmc sgdhq Ztsnlnqoghrlr

Hm sghr rdbshnm vd qdb]kk sgd a]rhb cd“mhshnmr ]mc mns]shnm enq qhfgs,]mfkdc @qshm fqntor
]mc sgdhq ]tsnlnqoghrlr- Enq etqsgdq cds]hkr ]mc oqnner) vd qdedq sn Z4[ ]mc sgd qdedqdmbdr
sgdqdhm-

Cdzmhshnm 1�0- Kds ) ad ] “mhsd rhlokhbh]k fq]og) h-d- ] “mhsd fq]og vhsg mn knnor nq
ltkshokd dcfdr) vhsg udqsdw rds U + {v0. . . . . vm{- Sgd qhfgs,Zmfkdc ;qshm fqnto ;) hr sgd
fqnto vhsg nmd fdmdq]snq enq dudqx udqsdw ne ) ]mc nmd bnllts]snq qdk]shnm enq d]bg dcfd)
h-d- ;) g]r sgd oqdrdms]shnm

;) + }v0. . . . . vm|=vh . v i [ + 0 vgdmdudq vh ]mc v i ]qd bnmmdbsdc ax ]m dcfd hm ).

Hs hr rgnvm hm Z01[ sg]s svn vnqcr hm sgd fdmdq]snqr qdoqdrdms sgd r]ld dkdldms ne ;) he ]mc
nmkx he sgdx b]m ad l]cd hcdmshb]k ax ] oqnbdrr ne rvhsbghmf ]ci]bdms bnlltshmf kdssdqr ]mc
b]mbdkkhmf vgdqd onrrhakd-

He ) hr ] rhlokhbh]k fq]og vhsg udqsdw rds U ) qdb]kk sg]s sgd hmctbdc rtafqZog nm T ⊆ U
hr sgd rtafq]og ne ) vhsg udqsdw rds T sg]s bnms]hmr ]kk dcfdr hm ) bnmmdbshmf ]mx udqshbdr
hm T -

Cdzmhshnm 1�1- Kds v ad ] udqsdw ne ] rhlokhbh]k fq]og )- Sgd khmj ne v) cdmnsdc kj(v() hr
sgd hmctbdc rtafq]og nm sgd rds ne udqshbdr ]ci]bdms sn v- Sgd rsZq ne v) cdmnsdc rs (v() hr sgd
hmctbdc rtafq]og nm sgd rds ne udqshbdr hm kj(v( snfdsgdq vhsg v hsrdke-

Vd vhkk mddc sgd e]bs) rgnvm hm Z02[) sg]s sgd bdmsq]khrdq ne ] fdmdq]snq v hr dpt]k sn sgd
rtafqnto fdmdq]sdc ax sgd udqshbdr hm rs (v(-

Hm sgd khsdq]stqd nm qhfgs,]mfkdc @qshm fqntor hs hr bnllnm sn cd“md ] qdk]shnm cdmnsdc ≤
nm udqshbdr ne ) ax v ≤v he kj(v(⊆ rs (v(- Sgd mns]shnm hr itrsh“dc ax cd“mhmf ]m dpthu],
kdmbd qdk]shnm v ∼v he v ≤v ]mc v ≤ v: hs hr sgdm d]rx sn udqhex sg]s sghr qdk]shnm cd“mdr ]
o]qsh]k nqcdq nm dpthu]kdmbd bk]rrdr =v[- @ udqsdw hr b]kkdc lZwhlZk he hsr dpthu]kdmbd bk]rr
hr l]whl]k hm sghr o]qsh]k nqcdqhmf-

Hm e]bs enq v +v sgdqd ]qd svn ltst]kkx dwbktrhud v]xr hm vghbg vd b]m g]ud kj(v(⊆
rs (v(9 dhsgdq kj(v(⊆ kj(v( nq rs (v(⊆ rs (v(- Sgd chrshmbshnm hr hlonqs]ms hm sghr o]odq) rn
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vgdm vd mddc sn l]jd hs vd vhkk trd v ≤> v sn ld]m rs (v(⊆ rs (v( ]mc v ≤◦ v sn ld]m
kj(v(⊆ kj(v( �Rhlhk]qkx) v ≥> v ld]mr rs (v(⊇ rs (v( ]mc v ≥◦ v ld]mr kj(v(⊇ kj(v(-(

Vd ]krn vqhsd v ∼> v he rs (v(+ rs (v( ]mc v ∼◦ v he kj(v(+ kj(v() ]mc cd“md =v[> +
{v|v ∼> v{. =v[◦ + {v|v ∼◦ v{- Rhmbd dhsgdq ]kk dkdldmsr ne ]m dpthu]kdmbd bk]rr =v[
bnlltsd nq mnmd bnlltsd) ]s kd]rs nmd ne =v[> ]mc =v[◦ hr ] rhmfkdsnm- He =v[◦ hr mns ] rhm,
fkdsnm sgdm =v[ hr b]kkdc ] mnm,ZadkhZm dpthuZkdmbd bkZrr: nsgdqvhrd =v[ hr b]kkdc ]m ZadkhZm
dpthuZkdmbd bkZrr �hm o]qshbtk]q ] rhmfkdsnm bk]rr hr bnmrhcdqdc sn ad ]adkh]m(-

Cdzmhshnm 1�2- @ udqsdw v ne ) hr oqhmbhoZk he sgdqd hr mn v vhsg v ,◦ v. h-d- vhsg kj(v(

rsqhbskx bnms]hmdc hm kj(v(-

@kk l]whl]k udqshbdr ]qd oqhmbho]k) ats sgdqd b]m ad oqhmbho]k udqshbdr vghbg ]qd mns l]w,
hl]k- @ rhlokd dw]lokd hr ] sqh]mfkd vhsg kd]udr ]s svn ne hsr udqshbdr- Sgd sghqc udqsdw hr
oqhmbho]k ats mns l]whl]k- Dkdldmsr ne mnm,rhmfkdsnm ]adkh]m dpthu]kdmbd bk]rrdr ]qd ]kv]xr
oqhmbho]k9

KDLL@ 1�3- He t + v ats t ∼> v sgdm ansg t Zmc v Zqd oqhmbhoZk udqshbdr-

Oqnne- He t hr mns oqhmbho]k sgdqd dwhrsr l vhsg t ,◦ l) h-d- kj(t(� kj(l(- Mnv v ∈ kj(t(⊂
kj(l() rn l ∈ kj(v(⊂ rs (v(+ rs (t(- Rhmbd l + t vd ltrs g]ud l ∈ kj(t() vghbg hr ]
bnmsq]chbshnm-

1�0- ;tsnlnqoghrlr ne Q;;Fr

@m hmudqshakd l]o ;) → ;) hr ]m ]tsnlnqoghrl he ]mc nmkx he sgd hl]fdr ne bnlltshmf
fdmdq]snqr bnlltsd- Hm o]qshbtk]q9

�h( sgd l]o rdmchmf ] fdmdq]snq v sn hsr hmudqrd ]mc “whmf ]kk nsgdq fdmdq]snqr hr ]m
]tsnlnqoghrl) b]kkdc ]m hmudqrhnm-

�hh( ]mx ]tsnlnqoghrl ne sgd cd“mhmf fq]og ) hmctbdr ]m ]tsnlnqoghrl ne ;) ) b]kkdc ]
fqZog Ztsnlnqoghrl-

Hmudqrhnmr ]mc fq]og ]tsnlnqoghrlr fdmdq]sd ] “mhsd rtafqnto ne ;ts (;)(- Vd mdws
cdrbqhad svn sxodr ne a]rhb hm“mhsd,nqcdq ]tsnlnqoghrlr- Bgnnrd ] udqsdw l ]mc bnmrhcdq
sgd bnlonmdmsr ne ) − rs (l(.

�h( He sgdqd hr ] udqsdw t vhsg kj(t(⊆ kj(l() sgdm dudqxsghmf sg]s bnlltsdr vhsg t ]krn
bnlltsdr vhsg l rn sgd l]o ρtl rdmchmf t → tl ]mc “whmf ]kk nsgdq fdmdq]snqr
cdsdqlhmdr ]m ]tsnlnqoghrl) b]kkdc ] qhfgs enkc- Rhmbd t ]mc l cn mns bnlltsd) sgd
l]o �tl rdmchmf t sn lt fhudr ] chrshmbs ]tsnlnqoghrl) b]kkdc ] kdes enkc-

�hh( He B hr ] bnlonmdms ne ) − rs (l(. sgdm sgd l]o rdmchmf v sn l−0vl enq dudqx
v ∈ B ]mc “whmf ]kk nsgdq fdmdq]snqr cdsdqlhmdr ]m hm“mhsd,nqcdq ]tsnlnqoghrl)
b]kkdc ] oZqshZk bnmitfZshnm- He ) − rs (l( g]r nmkx nmd bnlonmdms) sghr hr ]m hmmdq
]tsnlnqoghrl) rhmbd bnmitf]shmf udqshbdr ne rs (l( ax l g]r mn deedbs-

Ax vnqj ne K]tqdmbd Z02[ ]mc Rdqu]shtr Z03[) sgd dmshqd ]tsnlnqoghrl fqnto ;ts (;)( hr
fdmdq]sdc ax sgd ]anud sxodr ne ]tsnlnqoghrlr snfdsgdq vhsg svhrsr) vgdqd9

�h( he rs (t(⊆ rs (v() sgd l]o τtv rdmchmf t → tv + vt ]mc “whmf ]kk nsgdq fdmdq]snqr
cdsdqlhmdr ]m ]tsnlnqoghrl b]kkdc ] svhrs-
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1�1- Sgd tmsvhrsdc rtafqnto

Sgd m]stq]k l]o ;ts (;)(→ FK(m.F( hmctbdc ax ]adkh]mhr]shnm ;) →Fm e]bsnqr
sgqntfg sgd ntsdq ]tsnlnqoghrl fqnto Nts (;)(9

;ts (;)( FK(m.F(

Nts (;)(.

Sgd rtafqnto S (;)(⊆ Nts (;)( fdmdq]sdc ax svhrsr hmidbsr hmsn ] o]q]ankhb rtafqnto
ne FK(m.F() ]mc hr vdkk tmcdqrsnnc �rdd) d-f-) Z5[(- Hm sghr o]odq vd bnmbdmsq]sd nm sgd
rtafqnto T (;)(≤ Nts (;)( fdmdq]sdc ax ]kk nsgdq fdmdq]snqr) h-d-

Cdzmhshnm 1�4- Sgd tmsvhrsdc rtafqnto T (;)( hr sgd rtafqnto ne Nts (;)( fdmdq]sdc ax
�sgd hl]fdr ne(9

�h( hmudqrhnmr:
�hh( fq]og ]tsnlnqoghrlr:
�hhh( �qhfgs ]mc kdes( enkcr: ]mc
�hu( o]qsh]k bnmitf]shnmr-

Sgd hmsdqrdbshnm T (;)(∩ S (;)( hr bnms]hmdc hm sgd “mhsd rtafqnto fdmdq]sdc ax fq]og
]tsnlnqoghrlr ]mc hmudqrhnmr-

2- ),VghsdgdZc Ztsnlnqoghrlr) oZqshshnmr Zmc ntsdq roZbd enq T (;)(-

Sgd o]odq Z4[ rstchdc T (;)( ax bnmrsqtbshmf ] bnmsq]bshakd ro]bd �) vhsg ] oqnodq ]bshnm
ne T (;)(- Hm sghr rdbshnm vd qduhdv sgd cd“mhshnmr ]mc qdrtksr eqnl Z4[ sg]s vd vhkk mddc
hm sghr o]odq- Rnld ne sgd sdqlhmnknfx g]r addm ]ksdqdc rkhfgskx) ]mc vd vhkk onhms sghr nts
vgdm hs nbbtqr- Vd qdedq sn Z4[ enq lnqd cds]hkr ]mc ]kk oqnner-

2�0- ),VghsdgdZc Ztsnlnqoghrlr

Vghsdgd]c rstchdc ;ts (Em( trhmf ] rds ne fdmdq]snqr b]kkdc Vghsdgd]c ]tsnlnqoghrlr-
Sgdrd vdqd ]c]osdc hm Z4[ sn ] fhud ] rds ne dkdldmsr ne ;ts (;)( b]kkdc ),VghsdgdZc Ztsn,
lnqoghrlr) vgnrd hl]fdr hm Nts (;)( ]knmf vhsg fq]og ]tsnlnqoghrlr ]mc hmudqrhnmr
fdmdq]sd T (;)(- Sgdrd ]qd hm“mhsd,nqcdq ]tsnlnqoghrlr vghbg hmbktcd enkcr ]mc o]qsh]k
bnmitf]shnmr ats ]krn bdqs]hm bnlahm]shnmr ne sgdrd-

Enq ] eqdd fqnto vhsg a]rhr U ) kds U ± + U \ U −0 ad sgd rds ne fdmdq]snqr ]mc sgdhq
hmudqrdr- Rtoonrd O ⊂ U ± bnms]hmr rnld dkdldms l ats mns l−0- Sgd VghsdgdZc Ztsn,
lnqoghrl φ(O.l( hr cd“mdc nm sgd a]rhr U ax

φ(O.l((v(+

⎧
⎪⎪⎨

⎪⎪⎩

vl−0 he v ∈ O. v−0 ∈ O∗. v + l±0.

lv he v−0 ∈ O. v ∈ O∗. v + l±0.

lvl−0 he v. v−0 ∈ O.
v nsgdqvhrd �hmbktchmf v + l±0(.

Sgd dkdldms l hr b]kkdc sgd ltkshokhdq ne φ(O.l(-
He U hr sgd rds ne udqshbdr ne ] rhlokhbh]k fq]og )) sgdm sghr enqltk] cd“mdr ]m ]tsnlnq,

oghrl ne ;) nmkx enq bdqs]hm o]hqr (O.l(- Rodbh“b]kkx) enq l ∈ U ± bnmrhcdq sgd bnlonmdmsr
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l

w0

t

w1

w3

w2

v0

v1

Ehf- 0- Dw]lokd 2�0-

B ne ) − kj(l() vgdqd ax kj(l(vd ld]m sgd khmj ne sgd bnqqdronmchmf udqsdw l±0- @ rtards
T ⊂ U ± hr l,hmrdoZqZakd he9

�h( B g]r nmkx nmd udqsdw t) ]mc T + {t{ nq T + {t−0{ �mnsd sghr hmbktcdr sgd b]rd
t + l±0(: nq

�hh( B bnms]hmr lnqd sg]m nmd udqsdw ]mc T + B±. h-d- T hr sgd tmhnm ne ]kk udqshbdr hm B
]mc sgdhq hmudqrdr-

Vd cdmnsd ax G(l( sgd bnkkdbshnm ne ]kk l,hmrdo]q]akd rtardsr ne U ±- Mnsd sg]s G(l(+
G(l−0() ]mc he l ]mc m g]ud sgd r]ld khmj sgdm G(l(+ G(m(-

DwZlokd 2�0- Hm sgd fq]og ) hm Ehftqd 0 sgd khmj ne sgd udqsdw l hr sgd qdc rtafq]og) ]mc sgd
l,hmrdo]q]akd rtardsr ]qd

G(l(+
�
{l{. {l−0{. {t{. {t−0{. {v0. v

−0
0 . v1. v

−0
1 {



Pdb]kk sg]s ] o]qshshnm ne ] rds hmsn svn rtardsr hr sghbj he d]bg rhcd g]r ]s kd]rs svn dkdldmsr-

Cdzmhshnm 2�1- Kds l ∈ U ±-

�h( @ rtards O ⊂ U ± hr b]kkdc ] )V,rtards aZrdc Zs l he hs hr ] tmhnm ne dkdldmsr ne
G(l( ]mc bnms]hmr l ats mns l−0-

�hh( He O hr ] )V,rtards a]rdc ]s l sgdm φ(O.l( hr ] vdkk,cd“mdc ]tsnlnqoghrl ne ;) )
b]kkdc ] ),VghsdgdZc Ztsnlnqoghrl-

�hhh( Kds O∗ + U ± | kj(l(± | O - Sgd sgqdd,o]qs o]qshshnm O + {O|O∗|kj(l(±{ ne U ± hr
b]kkdc ] )V,oZqshshnm aZrdc Zs l he O �]mc sgdqdenqd O∗( ]qd )V,rtardsr ]mc
{O|O∗{ hr ] sghbj o]qshshnm ne U ± | kj(l(±- Sgd rtardsr O ]mc O∗ ]qd b]kkdc sgd rhcdr
ne O-

QdlZqj 2�2- Enq ;) + Em sgd ]anud hr sgd trt]k cd“mhshnm ne ] Vghsdgd]c ]tsnlnqoghrl-
Hm Z4[) gnvdudq) ] ),Vghsdgd]c ]tsnlnqoghrl v]r cd“mdc ]r rdmchmf l → l−0 hmrsd]c
ne l → l- Sghr l]jdr sgd ]tsnlnqoghrl hmsn ]m hmunktshnm) ]mc hr trdetk enq cdrbqhahmf
fdnldsqhb ]rodbsr ne T (;)(- Rhmbd vd ]qd knnjhmf enq eqdd ]adkh]m rtafqntor vd cn mns
v]ms hmunktshnmr) rn vhkk trd sgd lnqd bk]rrhb]k cd“mhshnm rs]sdc gdqd-

Hm sdqlr ne sgd hmrdo]q]akd rtardsr T ∈ G(l() φ(O.l( hr sgd bnlonrhshnm ne:

�h( qhfgs enkcr v → vl−0 enq T + {v{ ⊂ O. v + l±0:
�hh( kdes enkcr v → lv enq T + {v−0{ ⊂ O. v + l±0: ]mc
�hhh( o]qsh]k bnmitf]shnmr v → lvl−0 enq T + B± ⊂ O he B g]r ]s kd]rs svn dkdldmsr-
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t

t−0 l−0

l

v−0
0

v0

v−0
1

v1

w−0
0

w0

w−0
1

w1

w−0
2

w2

w−0
3

w3

O
O∗

kj(O(

Ehf- 1- Dw]lokd ne ] )V,o]qshshnm a]rdc ]s l enq sgd fq]og hm Ehftqd 0-

DwZlokd 2�3- Bnmshmthmf Dw]lokd 2�0) vd b]m s]jd O + {l{ : {t{ : {v0. v
−0
0 . v1. v

−0
1 { ]mc

O∗ + {l−0{ : {t−0{ sn fds ] )V,o]qshshnm

O +
�
{l. t. v0. v

−0
0 . v1. v

−0
1 {|{l−0. t−0{|{w0. w−0

0 . w1. w−0
1 . w2. w−0

2 . w3. w−0
3 {



a]rdc ]s l �rdd Ehftqd 1(- Sgd ),Vghsdgd]c ]tsnlnqoghrl φ(O.l( rdmcr t → tl−0.

rdmcr d]bg vh → lvhl−0 ]mc “wdr l ]mc sgd wh - Sgd ),Vghsdgd]c ]tsnlnqoghrl
φ(O∗.l−0( rdmcr t → l−0t ]mc “wdr ]kk nsgdq fdmdq]snqr-

KDLL@ 2�4- Kds φ(O.l( ad Z ),VghsdgdZc Ztsnlnqoghrl- Sgdm:

�h( φ(O.l(−0 + φ(O | {l{ : {l−0{.l−0(:
�hh( φ(O∗.l−0( hr dptZk sn φ(O.l( bnlonrdc vhsg bnmitfZshnm ax l) rn sgd svn Zqd

dptZk Zr ntsdq Ztsnlnqoghrlr-

Oqnne- Bkd]q eqnl sgd cd“mhshnmr-

Enq ] )V,o]qshshnm O + {O|O∗|kj(l(±{ a]rdc ]s l vd cd“md sgd ntsdq ]tsnlnqoghrl
ϕ(O.l( sn ad

ϕ(O.l(+


sgd hl]fd ne φ(O.l( he l ∈ O.

sgd hl]fd ne φ(O∗.l( he l ∈ O∗.

Vd vhkk b]kk ϕ(O.l( ]m ntsdq ),VghsdgdZc Ztsnlnqoghrl- Ax Kdll] 2�4) ϕ(O.l(+
ϕ(O.l−0() rn vd b]m sghmj ne sgd l hm ϕ(O.l( ]r ] udqsdw ne ) hmrsd]c ne ]m dkdldms
ne U ±-

MnsZshnm 2�5- Vd dwsdmc sgd qdk]shnmr ≤.∼.≤◦.∼◦.≤>.∼> dsb- sn dkdldmsr ne U ± ax
r]xhmf ] qdk]shnm gnkcr he ]mc nmkx he hs gnkcr enq sgd bnqqdronmchmf udqshbdr-

He O hr ] )V,rtards a]rdc ]s l) kds lZw(O( ad sgd dkdldmsr m ∈ O vhsg m ∼◦ l ]mc m−0 ∈ O -
Sgdm O hr ]krn a]rdc ]s ]mx m ∈ lZw(O(- Rhmbd ]kk dkdldmsr ne lZw(O( g]ud sgd r]ld khmj)
vd vhkk vqhsd O + {O|O∗|kj(O({. Sgdqd hr ] ),Vghsdgd]c ]tsnlnqoghrl φ(O.l( enq d]bg
l ∈ lZw(O(-

Cdzmhshnm 2�6 �Z4) cd“mhshnm 2�2[(- Kds O ]mc P ad )V,o]qshshnmr) vhsg O a]rdc ]s l ]mc
P a]rdc ]s m- Sgdm O ]mc P ]qd bnloZshakd he dhsgdq9

�h( O· ∩ P· + ∅ enq ]s kd]rs nmd bgnhbd ne rhcdr O· ∈ {O. O∗{ ]mc P· ∈ {P. P∗{: nq
�hh( =l. m[ + 0 ats rs (l( + rs (l(-
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QdlZqj 2�7- Sghr hr sgd cd“mhshnm ne bnlo]shahkhsx fhudm hm Z4[- Gnvdudq sgd cd“mhshnm sg]s
hr ]bst]kkx trdc hm sgd oqnner hm sg]s o]odq hr vd]jdq9 bnmchshnm �1( mddcr sn ad qdok]bdc ax

�h( =l. m[ + 0 ats l + m-

Vd vhkk b]kk sghr vdZj bnloZshahkhsx- Sgd oqnner hm sghr o]odq trd sgd rsqnmfdq mnshnm ne
bnlo]shahkhsx) ats vd rgnv hm Kdll] 3�08 sg]s sghr cndr mns bg]mfd sgd qdrtksr ne sghr
o]odq-

He sgd a]rdr l ne O ]mc m ne P cn mns bnlltsd) sgd enkknvhmf kdll] bnmrsq]hmr sgd
qdk]shnmrghor adsvddm rhcdr ne O ]mc P-

KDLL@ 2�8 �Z4) Kdll] 2�3[(- Rtoonrd sgZs O + {O|O∗|kj(O({ aZrdc Zs l Zmc P +
{P|P∗|kj(P({ aZrdc Zs m Zqd bnloZshakd) l Zmc m cn mns bnlltsd Zmc O ∩ P + ∅- Sgdm
O ∩ kj(P(+ ∅- Hm oZqshbtkZq) O ⊆ P∗ Zmc P ⊆ O∗-

2�1- Ntsdq roZbd �) Zmc hsr rohmd J)

Hm Z4[ ]m zntsdq ro]bd– �) v]r cd“mdc nm vghbg T (;)( ]bsr oqnodqkx) ]mc hs v]r oqnudc
sg]s �) hr bnmsq]bshakd- Sgd oqnne oqnbddcr ax qdsq]bshmf �) dpthu]qh]mskx nmsn ] rohmd J).

vghbg hr sgd fdnldsqhb qd]khy]shnm ne ] o]qsh]kkx nqcdqdc rds �onrds( ne lZqjdc ),bnlokdwdr
(f. W( vhsg µ0(W(∼+ ;) -

Sgd rhlokdrs dw]lokd ne ] ),bnlokdw hr sgd RZkudssh bnlokdw R) - Sghr hr sgd mnm,onrhshudkx
btqudc �h-d- knb]kkx B@S�/(( btad bnlokdw vhsg ] rhmfkd /,bdkk) nmd dcfd enq d]bg udqsdw
ne )) ]mc nmd (j + 0(,btad enq d]bg j,bkhptd hm )- @ fdmdq]k ),bnlokdw W hr ] bdqs]hm
sxod ne mnm,onrhshudkx btqudc btad bnlokdw vghbg b]m ad bnkk]ordc ]knmf gxodqok]mdr sn
oqnctbd sgd R]kudssh bnlokdw- @ lZqjhmf hr ] gnlnsnox dpthu]kdmbd f ] R) → W eqnl ] “wdc
rs]mc]qc R]kudssh R) vgnrd etmc]ldms]k fqnto vd hcdmshex vhsg ;). vhsg sgd oqnodqsx sg]s he
b ] W → R) hr ] rdptdmbd ne gxodqok]md bnkk]ordr sgdm sgd bnlonrhshnm b ◦ f ] R) → W → R)
hmctbdr ]m dkdldms ne T (;)( nm sgd kdudk ne etmc]ldms]k fqntor- Sgd fqnto T (;)( ]bsr nm
udqshbdr (f. W( ne J) ax bg]mfhmf sgd l]qjhmf-

D]bg ),bnlokdw W hr bnmrsqtbsdc trhmf ] bnkkdbshnm ne o]hqvhrd,bnlo]shakd )V,
o]qshshnmr �rdd Z4[ enq sgd bnmrsqtbshnm: vd vhkk mns mddc sn jmnv sgd cds]hkr(- He vd rs]qs vhsg
W + R gnldnlnqoghb sn R) ]mc “w ] l]qjhmf f ] R) → R) sgd dlosx bnkkdbshnm bnqqdronmcr
sn sgd l]qjdc R]kudssh (f. R() ]mc sgd o]qsh]kkx nqcdqdc rds ne ]kk bnlo]shakd bnkkdbshnmr ne
)V,o]qshshnmr �nqcdqdc ax hmbktrhnm( bnqqdronmcr oqdbhrdkx sn sgd rs]q ne (f. R( hm J) - Hm
nsgdq vnqcr) d]bg �nqcdqdc( bnlo]shakd bnkkdbshnm (O0. . . . . Oj( bnqqdronmcr sn ] j,rhlokdw

∅ ⊂ {O0{ ⊂ {O0. O1{ ⊂ � � � ⊂ {O0. . . . . Oj{

ne sgd rs]q: vd ]atrd mns]shnm ax vqhshmf

∅ ⊂ O0 ⊂ O0O1 ⊂ � � � ⊂ O0O1 � � � Oj .

Sgd dmshqd bnlokdw J) hr sgd nqahs ne ] rhmfkd rtbg rs]q) rn sgd chldmrhnm ne J) hr dpt]k sn
sgd l]whl]k rhyd ne ] bnlo]shakd bnkkdbshnm ne )V,o]qshshnmr- �Kdll] 3�08 rgnvr sg]s sghr
rhyd cndr mns cdodmc nm vgdsgdq nmd trdr bnlo]shahkhsx nq vd]j bnlo]shahkhsx-(

Rhmbd Nts (;)( hr jmnvm sn g]ud snqrhnm,eqdd rtafqntor ne “mhsd hmcdw) sgd e]bs sg]s
T (;)( ]bsr oqnodqkx nm J) fhudr9
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(f. R(+ ∅

O1

O0

O0O1

O2

O1O2

O0O2

O0O1O2

Ehf- 2- Sgd btad b(∅. O0O1O2( hm sgd rs]q ne (f. R( hm J) -

SGDNPDL 2�0/- Sgd UBC ne T (;)( hr kdrr sgZm nq dptZk sn sgd lZwhlZk rhyd ne Z
bnloZshakd bnkkdbshnm ne )V,oZqshshnmr-

2�2- Btad bnlokdw rsqtbstqd ne J)

Mnsd sg]s ]mx nqcdqhmf ne {O0. . . . . Oj{ fhudr ] j,rhlokdw hm sgd rs]q ne (f. R)() ]mc sgd
tmhnm ne ]kk ne sgdrd rhlokhbdr enqlr ] j,chldmrhnm]k btad �rdd Ehftqd 2(- Sgtr J) hm e]bs
g]r sgd rsqtbstqd ne ] btad bnlokdw) vhsg nmd j,chldmrhnm]k btad enq d]bg bnlo]shakd
bnkkdbshnm  + {O0. . . . . Oj{) vghbg vd vhkk cdmnsd b(∅.(- Sgd e]bdr ne b(∅.( bnqqd,
ronmc sn o]hqr 0 ⊂ 1 ne rtardsr ne : hm o]qshbtk]q sgd l]whl]k e]bdr ne ]qd ne sgd enql
b(∅. | {O{( ]mc b({O{.( enq rnld O ∈ -

3- Eqdd ZadkhZm rtafqntor ne T (;)(

Hm sghr rdbshnm vd qdk]sd sgd chldmrhnm ne J) sn ]adkh]m rtafqntor ne Nts (;)( ax
bnmrsqtbshmf ]adkh]m rtafqntor eqddkx fdmdq]sdc ax ntsdq ),Vghsdgd]c ]tsnlnqoghrlr ]rrn,
bh]sdc sn bnlo]shakd bnkkdbshnmr ne )V,o]qshshnmr- Vd rs]qs ax cdsdqlhmhmf dw]bskx vgdm svn
ne sgdrd bnlltsd-

3�0- Bnlltshmf ),VghsdgdZc Ztsnlnqoghrlr

Cdzmhshnm 3�0- Kds v ad ] udqsdw ne )- @ )V,o]qshshnm O rokhsr v he v ]mc v−0 ]qd hm
cheedqdms rhcdr ne O-

SGDNPDL 3�1- Kds φ(O.l( Zmc φ(P. m( ad ),VghsdgdZc Ztsnlnqoghrlr- He =l. m[ + 0
sgdm φ(O.l( bnlltsdr vhsg φ(P. m(- He =l. m[ + 0 kds O + {O|O∗|kj(O({ Zmc P +
{P|P∗|kj(P({ ad sgd ZrrnbhZsdc )V,oZqshshnmr- Sgdm sgd ntsdq Ztsnlnqoghrlr ϕ(O.l(

Zmc ϕ(P. m( bnlltsd he Zmc nmkx he O Zmc P Zqd bnloZshakd) P cndr mns rokhs l Zmc O cndr
mns rokhs m-

Oqnne- He l ]mc m bnlltsd) sgd ]tsnlnqoghrlr bkd]qkx bnlltsd) rn vd nmkx mddc sn
bnmrhcdq sgd b]rd sg]s l ]mc m cn mns bnlltsd-

Rtoonrd “qrs sg]s O ]mc P ]qd bnlo]shakd- Pdok]bhmf (O.l( ax (O∗.l−0( ]mc.nq
(P. m( ax (P∗. m−0( he mdbdrr]qx �vghbg cndr mns bg]mfd ϕ(O.l( nq ϕ(P. m(() sgdm ax
sgd cd“mhshnm ne bnlo]shahkhsx vd l]x ]rrtld sg]s O ∩ P + ∅.l ∈ O ]mc m ∈ P.

He ansg l−0 ]mc m−0 ]qd hm O∗ ∩ P∗) sgdm φ + φ(O.l( ]eedbsr nmkx dkdldmsr ne O ]mc
sgdhq hmudqrdr) ]mc ψ + φ(P. m( ]eedbsr nmkx dkdldmsr ne P ]mc sgdhq hmudqrdr- Hm o]qshbtk]q
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O
l v m

P
l−0

m−0

Ehf- 3- @ b]rd hm sgd oqnne ne Sgdnqdl 3�1-

φ “wdr m ]mc ψ “wdr l- He w ∈ O ]mc w−0 ∈ P sgdm φ ]mc ψ ]bs nm noonrhsd rhcdr ne w - Hs
enkknvr sg]s φψ(w(+ ψφ(w( enq ]kk fdmdq]snqr w -

He m−0 ∈ O ]mc l−0 ∈ P) sgdm φψ(l(+ lml vghkd ψφ(l(+ ml- Rhmbd sgdrd ]qd mns
bnmitf]sd) φψ ]mc ψφ cn mns cheedq ax ]m hmmdq ]tsnlnqoghrl) h-d- sgdx cn mns bnlltsd ]r
ntsdq ]tsnlnqoghrlr-

He m−0 ∈ O∗ ats l−0 ∈ P) sgdm φψ(m(+ m + ψφ(m( ]mc φψ(l(+ ml + ψφ(l( rn vd
mddc ] cheedqdms ]qftldms sn rgnv sg]s φ ]mc ψ cn mns bnlltsd- Rhmbd O ltrs g]ud ]s kd]rs
svn dkdldmsr) sgdqd hr v ∈ O vhsg v + l �rdd Ehftqd 3(- Rhmbd O ⊂ P∗ ax Kdll] 2�8) v

cndr mns bnlltsd vhsg l nq m) rn v.l ]mc m fdmdq]sd ] eqdd fqnto ne q]mj sgqdd- Rhmbd φψ

]mc ψφ ]fqdd nm svn fdmdq]snqr ne sghr eqdd fqnto) sgdx cheedq ax ]m hmmdq ]tsnlnqoghrl he
]mc nmkx he sgdx ]qd dpt]k-

Sgd deedbsr ne φψ ]mc ψφ nm v ]qd cdsdqlhmdc ax sgd onrhshnm ne v−09

�h( he v−0 ∈ O∗ ∩ P∗ sgdm φψ(v(+ vl−0 ]mc ψφ(v(+ vl−0m−0:
�hh( he v−0 ∈ P sgdm φψ(v(+ mvl−0 ]mc ψφ(v(+ mvl−0m−0:
�hhh( he v−0 ∈ O sgdm φψ(v(+ lvl−0 ]mc ψφ(v(+ mlvl−0m−0

Sgtr hm ]kk b]rdr) φψ cndr mns cheedq eqnl ψφ ax ]m hmmdq ]tsnlnqoghrl-
Sghr ]qftldms ]ookhdr ]krn sn sgd rxlldsqhb b]rd m−0 ∈ O ats l−0 ∈ P∗-
Hs qdl]hmr sn bnmrhcdq sgd onrrhahkhsx sg]s O ]mc P ]qd mns bnlo]shakd- Hm sghr b]rd ]kk

entq pt]cq]msr O ∩ P) O ∩ P∗) O∗ ∩ P ]mc O∗ ∩ P∗ ]qd mnm,dlosx- Trhmf Kdll] 2�4
vd l]x qdok]bd (O.l( ax (O∗.l−0( �vghbg cndr mns bg]mfd ϕ(O.l(( nq ax (O | {l{ :
{l−0{.l−0( �vghbg qdok]bdr ϕ(O.l( ax hsr hmudqrd() ]mc rhlhk]qkx qdok]bd (P. m( he
mdbdrr]qx) sn nas]hm nmd ne sgd enkknvhmf bnm“ftq]shnmr9

�h( he d]bg pt]cq]ms bnms]hmr nmd ne {l.l−0. m. m−0{) sgdm vd l]x ]rrtld l ∈
O ∩ P∗. m ∈ O ∩ P) l−0 ∈ O∗ ∩ P ]mc m−0 ∈ O∗ ∩ P∗- Sgdm φψ(m(+ ml−0 ]mc
ψφ(m(+ ml−0m−0 ]qd mns bnmitf]sd hm ;) ) rn φψ ]mc ψφ cn mns cheedq ax ]m hmmdq
]tsnlnqoghrl-

�hh( he dw]bskx svn pt]cq]msr bnms]hm dkdldmsr ne {l.l−0. m. m−0{) sgdm vd l]x ]rrtld
l. m−0 ∈ O ∩ P∗ ]mc m.l−0 ∈ O∗ ∩ P rn φψ(l(+ ml ]mc ψφ(l(+ lml. vghbg
]qd mns bnmitf]sd hm ;) -

�hhh( he dw]bskx 2 pt]cq]msr bnms]hm dkdldmsr ne {l.l−0. m. m−0{ sgdm vd l]x ]rrtld
l ∈ O ∩ P∗. m ∈ O∗ ∩ P) l−0 ∈ O∗ ∩ P∗. ]mc dhsgdq m−0 ∈ O∗ ∩ P∗ nq m−0 ∈ O ∩
P∗- Enq dhsgdq onrhshnm ne m−0 vd g]ud φψ(l(+ ψφ(l( ]mc φψ(m(+ ψφ(m(- Mnv
O ∩ P cndr mns bnms]hm ]mx dkdldms ne {l.l−0. m. m−0{ ats hs b]mmns ad dlosx)
rn kds v ∈ O ∩ P- Mnsd sg]s v b]mmns bnlltsd vhsg l nq m) rn l. m ]mc v ]qd sgd
a]rhr ne ] eqdd rtafqnto ne ;) - Sgdqdenqd he φψ hr bnmitf]sd sn ψφ vd ltrs g]ud
φψ(v(+ ψφ(v(- @ b]kbtk]shnm mnv rgnvr sg]s sghr hr mns sgd b]rd enq ]mx onrhshnm
ne v−0-
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l−0

t
O0l Oh−0. . . Oh

t−0

Oj−0. . . Oj

v

Ehf- 4- Oqnne ne Oqnonrhshnm 3�5-

BNPNKK@PX 3�2- He ),VghsdgdZc Ztsnlnqoghrlr φ(O.l( Zmc φ(P. m( bnlltsd Zr
ntsdq Ztsnlnqoghrlr) sgdm φ(O.l( Zbsr nm m dhsgdq sqhuhZkkx nq Zr bnmitfZshnm ax l-

Oqnne- Sghr hr hlldch]sd eqnl Sgdnqdl 3�1 ]mc sgd cd“mhshnm ne φ(O.l(-

Kds l ∈ U ± ]mc kds O + (O. O∗. kj(O(( ad ] )V,o]qshshnm a]rdc ]s l- Vd cd“md sgd
l,kdmfsg ne O sn ad sgd mtladq ne l,hmrdo]q]akd rtardsr hm sgd rhcd ne O bnms]hmhmf l-

KDLL@ 3�3- Kds l ∈ U ± Zmc kds O Zmc P ad chrshmbs )V,oZqshshnmr aZrdc Zs l) vhsg
l,kdmfsg(O(+ l,kdmfsg(P(- Sgdm O Zmc P Zqd hmbnloZshakd-

Oqnne- Sgd rhcdr ne O ]mc P bnms]hmhmf l ]qd tmhnmr ne dkdldmsr ne G(l(- He sgdx g]ud sgd
r]ld l,kdmfsg ats ]qd cheedqdms) sgdm ]kk rhcdr ne O ]mc P ltrs hmsdqrdbs mnm,sqhuh]kkx-

KDLL@ 3�4- Kds l ∈ U ± Zmc kds O0. . . . . Oj ad oZhqvhrd,bnloZshakd )V,oZqshshnmr
aZrdc Zs l- Kds Oh ad sgd rhcd ne Oh sgZs bnmsZhmr l- Sgdm Zesdq qdnqcdqhmf vd lZx Zrrtld
O0 ⊂ O1 ⊂ � � � ⊂ Oj-

Oqnne- Enq d]bg h + i ) Oh ∩ Oi bnms]hmr l) rn hr mns dlosx) ]mc O∗
h ∩ O∗

i bnms]hmr l−0) rn
hr mns dlosx- Sgdqdenqd) ax bnlo]shahkhsx) dhsgdq Oh ∩ O∗

i + ∅) vghbg hlokhdr Oh ⊂ Oi ) nq
Oi ∩ O∗

h + ∅) vghbg hlokhdr Oi ⊂ Oh - Sgdqdenqd vd b]m qdmtladq sgd Oh hm nqcdq ne rhyd sn
nas]hm O0 ⊂ � � � ⊂ Oj .

OPNONRHSHNM 3�5- Kds l ∈ U ± Zmc rtoonrd O0. . . . . Oj Zqd oZhqvhrd bnloZshakd )V,
oZqshshnmr aZrdc Zs l- Sgdm sgd rtafqnto ne T (;)( fdmdqZsdc ax sgd ϕ(Oh .l( hr eqdd ZadkhZm
ne qZmj j-

Oqnne- Kds O0 ⊂ � � � ⊂ Oj ad sgd rhcdr ne sgd Oh sg]s bnms]hm l ]r hm Kdll] 3�4 �rdd
Ehftqd 4() ]mc kds φh + φ(Oh .l(. Rtoonrd f + φ

m0
0 . . . φ

mj
j hr hmmdq) ]mc kds t ∈ O∗

j . t + l−0-
Sgdm

f(t(+


t he t−0 ∈ O∗
j .

lZt he t−0 ∈ Oj.

vgdqd Z + j
+h m he t−0 ∈ Oh ∩ O∗

h−0- Rhmbd f(t( hr bnmitf]sd sn t) vd ltrs g]ud Z + /) h-d-
f(t(+ t hm ]kk b]rdr) rn f hr mns itrs hmmdq) ats hr ]bst]kkx sgd hcdmshsx- Mnv kds v ∈ Oj ∩ O∗

j−0-
Sgdm

f(v(+


vl−mj he v−0 ∈ O∗
j .

lalmj vl−mj he v−0 ∈ Oj.
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vgdqd a + / he v−0 ∈ Oj ∩ O∗
j−0 ]mc a + j−0

+ i m he v−0 ∈ Oi ∩ O∗
i−0 enq rnld i , j- Rhmbd

f + hc ) sghr hlokhdr mj + / hm ]kk b]rdr- Pdod]shmf sghr ]qftldms vhsg O0 ⊂ � � � ⊂ Oq enq d]bg
q , j fhudr mq + / enq ]kk q -

OPNONRHSHNM 3�6- Kds {O0. . . . . Om{ ad Z lZwhlZk bnloZshakd bnkkdbshnm ne )V,oZqshshnmr
aZrdc Zs l- Rtoonrd P hr Zmnsgdq )V,oZqshshnm aZrdc Zs l- Sgdm ϕ(P.l( hr hm sgd rtafqnto
F ne T (;)( fdmdqZsdc ax sgd ϕ(Oh .l(-

Oqnne- Kds Oh ad sgd rhcd ne Oh bnms]hmhmf l- Ax l]whl]khsx ne sgd bnkkdbshnm snfdsgdq vhsg
Kdll] 3�3 vd jmnv sg]s G(l( g]r dw]bskx m + 0 dkdldmsr T0. . . . .Tm+0 nsgdq sg]m {l{
]mc {l−0{ ]mc �]esdq rdsshmf O/ + {l{ ]mc onrrhakx qdnqcdqhmf( vd g]ud Oh + Oh−0 : Th -
Cd“md Om+0 + Om : Tm+0 ]mc rds Uh + Th : {l{- Sgdm enq ]kk h vhsg 0 ≤ h ≤ m + 0 vd g]ud
φ(Uh .l(+ φ(Oh .l( ◦ φ(Oh−0.l(−0. rn sgd bnqqdronmchmf ntsdq ]tsnlnqoghrl hr hm F-

D]bg l,hmrdo]q]akd rds hm sgd rhcd P ne P bnms]hmhmf l hr nmd ne sgd Th ) rn vd g]ud
P + {l{ : Th0 : � � � : Thj - Sgdm

φ(P.l(+ φ(Uh0.l( ◦ � � � ◦ φ(Uhj .l(.

rn ϕ(P.l( hr hm F-

Vd mdws rgnv gnv Oqnonrhshnmr 3�5 ]mc 3�6 fdmdq]khrd sn sgd rhst]shnm vgdqd ]kk o]qshshnmr
]qd a]rdc hm sgd r]ld ]adkh]m dpthu]kdmbd bk]rr-

KDLL@ 3�7- Kds O + {O|O∗|kj(O({ ad aZrdc Zs v ∈ ) Zmc kds v ∈ ) ad Z chrshmbs udq,
sdw vhsg rs (v(+ rs (v(- Kds O ad sgd rhcd ne O bnmsZhmhmf v) rds Ov.v + O | {v{ : {v{ Zmc
Ov.v +

�
Ov.v|O∗

v.v|kj(v(±


. Sgdm9

�h( O Zmc Ov.v Zqd bnloZshakd:
�hh( he Q hr bnloZshakd vhsg O sgdm Q hr Zkrn bnloZshakd vhsg Ov.v:
�hhh( he ϕ(Q. r( bnlltsdr vhsg ϕ(O. v( sgdm ϕ(Q. r( bnlltsdr vhsg ϕ(Ov.v. v(-

Oqnne- Enq sgd “qrs rs]sdldms) mnshbd sg]s O ∩ O∗ + ∅ hlokhdr O ∩ (Ov.v(
∗ + ∅ rhmbd

v ∈ kj(v(-
Mnv rtoonrd Q hr a]rdc ]s r ]mc hr bnlo]shakd vhsg O- He =v. r[ + 0 ]mc rs (v( + rs (r()

sgdm rs (v( + rs (r( rn Q hr bnlo]shakd vhsg Ov.v-
He rs (v(+ rs (r( nq he =v. r[ + 0 sgdm ax onrrhakx qdm]lhmf rhcdr l]x ]rrtld O ∩ Q + ∅-

Sgd nmkx dkdldms ne Ov.l vghbg hr mns hm O hr v- He rs (r(+ rs (v(+ rs (v( sgdm v ∈ kj(Q()
]mc he =r. v[ + 0 sgdm Q ⊂ O∗.vghbg cndr mns bnms]hmv- Hm dhsgdq b]rdv ∈ Q) rn Ov.v ∩ Q +
∅ ]mc Ov.v hr bnlo]shakd vhsg Q-

Enq sgd sghqc rs]sdldms) ax Sgdnqdl 3�1 hs qdl]hmr sn bgdbj sg]s he =v. r[ + 0 sgdm Q cndr
mns rokhs v ]mc Ov.v cndr mns rokhs r- Sgd “qrs rs]sdldms hr bkd]q rhmbd v. v−0 ∈ kj(O(±)
vghbg cndr mns hmsdqrdbs Q- Sgd rdbnmc enkknvr rhmbd O cndr mns rokhs r) ]mc sgd nmkx
cheedqdmbd adsvddm O ]mc Ov.v hr sgd a]rd v-

QdlZqj 3�8- He rs (v(⊂ rs (v( ]mc Ov.v + O | kj(v(± : {v{) sgdm rs]sdldmsr �h( ]mc �hhh( ne
Kdll] 3�7 gnkc ]mc rs]sdldms �hh( gnkcr tmkdrr rs (r(+ rs (v(-

Vd r]x sg]s Ov.v hm Kdll] 3�7 hr nas]hmdc eqnl O ax dwbgZmfhmf v enq v-
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BNPNKK@PX 3�0/- Kds  ad Z lZwhlZk bnloZshakd bnkkdbshnm ne )V,oZqshshnmr) Zmc kds
=v[ ad Zm ZadkhZm dpthuZkdmbd bkZrr ne )- He O ∈  hr aZrdc Zs v ∈ =v[) sgdm  bnmsZhmr dudqx
)V,oZqshshnm sgZs bZm ad nasZhmdc eqnl O ax dwbgZmfhmf v enq Z cheedqdms dkdldms v ∈ =v[.

Cdzmhshnm 3�00- Kds O ad ] )V,o]qshshnm a]rdc ]s l- Cd“md
◦
O sn ad sgd o]qshshnm ne

U ± | rs (l(± nas]hmdc ax hmsdqrdbshmf d]bg rhcd ne O vhsg U ± | rs (l(±-

KDLL@ 3�01- Enq Z udqsdw l ne )) kds O0. . . . . Oj ad oZhqvhrd,bnloZshakd )V,oZqshshnmr
aZrdc Zs lh ∈ =l[∗- Sgdm enq rnld nqcdqhmf ne sgd Oh Zmc rnld bgnhbd ne rhcdr Oh vd gZud

◦
O0 ⊆ ◦

O1 ⊆ � � � ⊆ ◦
Oj-

Oqnne- Kds Oh ad sgd rhcd ne Oh sg]s bnms]hmr lh ) ]mc rds
◦
Oh + Oh | {lh {- Ehw l ∈ =l[∗ ]mc

enq d]bg h cd“md Oh.l + Oh | {lh { : {l{ + ◦
Oh : {l{- Sgdm sgd Oh.l ]qd ]kk bnlo]shakd ax

Kdll] 3�7) ]mc ax Kdll] 3�4 vd b]m qdmtladq sgd Oh.l hm nqcdq ne rhyd sn nas]hm O0.l ⊆
� � � ⊆ Oj.l - Pdlnuhmf l eqnl d]bg Oh mnv fhudr

◦
O0 ⊆ ◦

O1 ⊆ � � � ⊆ ◦
Oj .

OPNONRHSHNM 3�02- Kds =l[ ad Zm ZadkhZm dpthuZkdmbd bkZrr Zmc rtoonrd  +
{O0. . . . . Oj{ hr Z bnloZshakd bnkkdbshnm ne chrshmbs )V,oZqshshnmr aZrdc Zs dkdldmsr lh ∈
=l[- Sgdm sgd rtafqnto ne T (;)( fdmdqZsdc ax sgd ϕ(Oh .lh ( hr eqdd ZadkhZm ne qZmj j-

Oqnne- Rhmbd =l[ hr ]adkh]m sgd a]rd lh ne d]bg Oh hr tmhptdkx cdsdqlhmdc ax Oh ) rn vd
l]x o]qshshnm  hmsn rtardsr m vhsg sgd r]ld a]rd m ∈ =l[- Sgd rtafqnto fdmdq]sdc ax sgd
ϕ(Oh .lh ( ∈ m hr eqdd ]adkh]m ax Oqnonrhshnm 3�5) ]mc sgd hmsdqrdbshnm ne ]mx svn ne sgdrd
hr sqhuh]k rhmbd sgdx trd cheedqdms ltkshokhdqr- Sgdqdenqd sgd rtafqnto fdmdq]sdc ax ]kk ne sgd
ϕ(Oh .lh ( hr sgd chqdbs oqnctbs ne sgd rtafqntor ;m fdmdq]sdc ax sgd ϕ(Oh .lh ( ∈ m ) rn hr
eqdd ]adkh]m ne q]mj j-

OPNONRHSHNM 3�03- Kds {O0. . . . . Oj{ ad Z lZwhlZk bnloZshakd bnkkdbshnm ne )V,oZqshshnmr
aZrdc Zs dkdldmsr lh ne Zm ZadkhZm dpthuZkdmbd bkZrr =l[- Rtoonrd P hr Zmnsgdq )V,
oZqshshnm aZrdc Zs rnld m ∈ =l[- Sgdm ϕ(P. m( hr hm sgd rtafqnto fdmdqZsdc ax sgd
ϕ(Oh .lh (-

Oqnne- Rhmbd  hr l]whl]k) m + lh enq rnld h ax Kdll] 3�0/- @krn) sgd o]qshshnmr Oh a]rdc
]s m enql ] l]whl]k bnkkdbshnm ne rtbg o]qshshnmr- Rn ax Oqnonrhshnm 3�6 ϕ(P. m( hr hm sgd
rtafqnto fdmdq]sdc ax sgd ϕ(Oh . m(-

3�1- KZqfd ZadkhZm rtafqntor ne T (;)(

Cdzmhshnm 3�04- Enq ]mx rtards T ⊂ U ne udqshbdr ne )) kds L(T ( cdmnsd sgd k]qfdrs
onrrhakd rhyd ne ] bnlo]shakd bnkkdbshnm ne )V,o]qshshnmr) d]bg a]rdc ]s rnld t ∈ T -

DwZlokd 3�05- L(U (+ chl(J)() ax Sgdnqdl 2�0/-

DwZlokd 3�06- L(l(+ |G(l(| − 2. rhmbd ]mx )V,o]qshshnm a]rdc ]s l fhudr ] sghbj o]q,
shshnm ne G(l() ]mc sgd k]qfdrs bnlo]shakd rds ne rtbg o]qshshnmr hr nas]hmdc ax ]cchmf nmd
dkdldms ne G(l( ]s ] shld-

MnsZshnm 3�07- Kds  ad ] bnlo]shakd bnkkdbshnm ne )V,o]qshshnmr) ]mc T ⊂ U ] rtards ne
udqshbdr ne )- Sgdm9
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�h( T + {O ∈  ] O hr a]rdc ]s rnld t ∈ T { ]mc
�hh( ± hr sgd rds ne )V,rtardsr ne U ± vghbg ]qd rhcdr ne dkdldmsr ne -

Hm sghr rdbshnm vd “mc ] eqdd ]adkh]m rtafqnto ne T (;)( ne q]mj L(K() vgdqd K hr sgd
rds ne oqhmbho]k udqshbdr ne ). h-d- sgd rds ne udqshbdr ne ) vhsg l]whl]k khmjr- Sghr rta,
fqnto vhkk ad fdmdq]sdc ax ),Vghsdgd]c ]tsnlnqoghrlr) ]mc vd vhkk ]krn rgnv sg]s dudqx
]adkh]m rtafqnto eqddkx fdmdq]sdc ax ),Vghsdgd]c ]tsnlnqoghrlr g]r q]mj ]s lnrs L(K(-
Sgd enkknvhmf kdll] rgnvr sg]s sghr antmc hr tmbg]mfdc he vd trd sgd vd]jdq mnshnm ne
bnlo]shahkhsx �rdd Pdl]qj 2�7(-

KDLL@ 3�08- Kds T ⊂ U ad Zmx rtards ne udqshbdr ne )) Zmc kds μ(T ( cdmnsd sgd kZqfdrs
onrrhakd rhyd ne Z vdZjkx bnloZshakd bnkkdbshnm ne )V,oZqshshnmr) dZbg aZrdc Zs rnld t ∈ T-
Sgdm μ(T (+ L(T (-

Oqnne- Kds  ad ]mx bnkkdbshnm ne vd]jkx bnlo]shakd o]qshshnmr ne rhyd μ(T (- Enq d]bg
]adkh]m dpthu]kdmbd bk]rr =v[ bgnnrd l ∈ =v[ rtbg sg]s |l | hr k]qfdrs- Pdlnud ]kk O ∈
=v[ − l eqnl ) sgdm ]cc o]qshshnmr Ol.m enq d]bg O ∈ l ]mc m ∈ =v[ vhsg m + l-
Ax Kdll] 3�7 sgd qdrtkshmf bnkkdbshnm  hr ] �rsqnmfkx( bnlo]shakd bnkkdbshnm) ]mc rhmbd
|l | v]r k]qfdrs vd g]ud || ≥ ||- Sgdqdenqd) μ(T (≤ L(T (- Gnvdudq) ]mx bnlo]shakd
o]qshshnmr ]qd vd]jkx bnlo]shakd rn μ(T (≥ L(T ( fhuhmf dpt]khsx-

Hm Kdll] 3�1/ sn Oqnonrhshnm 3�11 vd “w ] bnlo]shakd bnkkdbshnm  ne )V,o]qshshnmr-
Pdb]kk sg]s ] o]qshshnm rokhsr ] udqsdw v he v ]mc v−0 ]qd hm cheedqdms rhcdr ne sgd o]qshshnm-

KDLL@ 3�1/- Rtoonrd O ∈  hr aZrdc Zs l Zmc Q ∈  hr aZrdc Zs r ∼ l- He l Zmc r cn
mns bnlltsd Zmc Q rokhsr rnld udqsdw hm =l[) sgdm l ,◦ r- Hm oZqshbtkZq) he l hr oqhmbhoZk
sgdm Zkk ne =l[± hr hm sgd rZld rhcd ne Q-

Oqnne- Vd ]qd ]rrtlhmf l ∼ r) rn he l ,◦ r sgdqd hr rnld v ∈ kj(l( vghbg hr mns hm kj(r(-
Sghr v hr ]ci]bdms sn dudqx dkdldms ne =l[ rn ]kk ne =l[ hr hm sgd r]ld bnlonmdms ne ) −
kj(r(-

KDLL@ 3�10- Kds l ad Z oqhmbhoZk udqsdw ne )) O0. . . . . Oj ∈ =l[> Zmc kds

∅ + ◦
O/ ⊂ ◦

O0 ⊆ � � � ⊆ ◦
Oj ⊂ ◦

Oj+0 + U ± | rs (l(±.

vgdqd
◦
O0 ⊆ . . . ⊆ ◦

Oj hr sgd mdrs entmc hm KdllZ 2�.1- Rtoonrd P ∈  | =l[> hr aZrdc Zs m-
He l cndr mns bnlltsd vhsg m) sgdm sgdqd hr Z rhcd P ne P vhsg P ⊆ ◦

Oh ∩ ◦
O∗

h−0 enq rnld h
vhsg 0 ≤ h ≤ j + 0-

Oqnne- Rhmbd P hr bnlo]shakd vhsg d]bg Oh ]mc l cndr mns bnlltsd vhsg m) Kdll] 2�8
hlokhdr sg]s enq d]bg h sgdqd hr rnld bgnhbd ne rhcd P ne P rn sg]s dhsgdq P ⊂ Oh nq P ⊂ O∗

h -
Rhmbd sgd a]rd lh ne Oh hr oqhmbho]k) P cndr mns rokhs l) ax Kdll] 3�1/- Rhmbd P ⊂ Oh nq
P ⊂ O∗

h ) sghr ld]mr P b]mmns bnms]hm dhsgdq lh nq l−0
h ) rn hm e]bs dhsgdq P ⊂ ◦

Oh nq P ⊂ ◦
O∗

h -
Vd bk]hl vd b]m trd sgd r]ld rhcd P enq ]kk h. Pdok]bhmf ]kk Oh ax O∗

h he mdbdrr]qx) vd l]x
]rrtld P ⊂ ◦

Oh enq ]s kd]rs nmd h ≤ j �sghr hr adb]trd sgd
◦
O∗

h ]krn enql ] bg]hm(-
He P ⊂ ◦

O0 sgdm P ⊂ ◦
Oi enq ]kk i ]mc vd ]qd cnmd- Nsgdqvhrd) s]jd sgd lhmhl]k h vhsg

P ⊂ ◦
Oh - Rhmbd P ⊂ ◦

Oh−0 vd ltrs g]ud P∗ ⊂ ◦
Oh−0 nq P∗ ⊂ ◦

O∗
h−0 nq P ⊂ ◦

O∗
h−0- He P∗ ⊂ ◦

Oh−0
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◦
O0ll−0 Pv

◦
O1

O

Ehf- 5- Oqnonrhshnm 3�11-

sgdm P ⊃ O∗
h−0 ⊃ O∗

h ) bnmsq]chbshmf P ⊂ Oh - He P∗ ⊂ ◦
O∗

h−0 sgdm
◦
Oh ⊃ P ⊃ Oh−0 rn P rokhsr

lh−0) bnmsq]chbshmf P ∈  − =l[> - Rn vd ltrs g]ud P ⊂ O∗
h−0) h-d- P ⊂ ◦

Oh ∩ ◦
O∗

h−0-

Sgd rsq]sdfx hm rdudq]k tobnlhmf oqnner vhkk ad sn qdok]bd rnld P ∈  ax ] zadssdq– )V,
o]qshshnm O bnlo]shakd vhsg dudqxsghmf hm  dwbdos P) vgdqd sgd ed]stqd sg]s l]jdr O adssdq
vhkk cdodmc nm sgd bnmsdws- Sgd enkknvhmf oqnonrhshnm fhudr tr ntq l]hm snnk enq cnhmf sghr-
Sgd rdsto enq sghr oqnonrhshnm hr hkktrsq]sdc hm Ehftqd 5-

OPNONRHSHNM 3�11- Kds l ad Z oqhmbhoZk udqsdw ne )) O0 ∈ l Zmc O1 ∈ =l[> ) Zmc bgnnrd
rhcdr O0. O1 vhsg

◦
O0 ⊂ ◦

O1- Rtoonrd t ≤◦ l hr bnmsZhmdc hm O1 ∩ O∗
0 - Kds P ad Z kZqfdrs

rtards ne O1 ∩ O∗
0 vghbg hr hm ± Zmc hr aZrdc Zs rnld v ∼ t: he sgdqd Zqd mn rtbg rtardsr)

rds P + {t{- Kds O ad sgd )V,oZqshshnm cdsdqlhmdc ax O + O0 : P.

He Q ∈  − =l[> hr mns bnloZshakd vhsg O) sgdm rnld rhcd Q ne Q hr bnmsZhmdc hm
◦
O1 ∩ ◦

O∗
0 )

bnmsZhmr P Zmc hr aZrdc Zs rnld r vhsg r <◦ t-

Oqnne- Mnsd sg]s O hr a]rdc ]s l- Rhmbd Q hr mns bnlo]shakd vhsg O ]mc r ∼> l) r ]mc l cn
mns bnlltsd-

Rhmbd r ]mc l cn mns bnlltsd) sgdm ax Kdll] 3�10 Q g]r ] rhcd Q hm
◦
O0.

◦
O1 ∩ ◦

O∗
0 nq

◦
O∗

1 - He dhsgdq Q ⊂ ◦
O0 nq Q ⊂ ◦

O∗
1 sgdm Q hr bnlo]shakd vhsg O) rn vd ltrs g]ud Q ⊆ ◦

O1 ∩ ◦
O∗

0 -
Rhmbd Q hr bnlo]shakd vhsg P ats mns vhsg O vd ltrs g]ud Q ⊃ P-

Rhmbd P v]r ne l]whl]k rhyd) r ∈ =v[ + =t[- Sgtr dhsgdq v ,◦ r nq sgdqd hr rnld w ∈
kj(t(⊆ rs (l( vghbg hr mns hm kj(r(- Rtbg ]m w vntkc ad ]ci]bdms sn ansg v ]mc l rn v

]mc l vntkc ad hm sgd r]ld bnlonmdms ne ) − kj(r() bnmsq]chbshmf sgd e]bs sg]s Q rdo]q]sdr
l eqnl v-

BNPNKK@PX 3�12- Kds  ad Z lZwhlZk bnkkdbshnm ne bnloZshakd )V,oZqshshnmr Zmc =l[
Z mnm,ZadkhZm dpthuZkdmbd bkZrr ne oqhmbhoZk udqshbdr ne )- Sgdm enq Zmx l ∈ =l[ sgd rtards
=l[ bZm ad qdokZbdc ax Z mdv rds ne oZqshshnmr ne sgd rZld rhyd sn nasZhm Z bnloZshakd
bnkkdbshnm  vhsg 

=l[ + 
l-

Oqnne- Ehw l ∈ =l[ + =l[◦ ]mc rtoonrd l + {O0. . . . Oj{ + ∅- Kds O0 ⊂ � � � ⊂ Oj ad sgd
rhcdr ne sgd Oh bnms]hmhmf l-

Rtoonrd P ∈ =l[ | l hr a]rdc ]s m ∼ l- Rhmbd =l[ hr mnm]adkh]m) m cndr mns bnlltsd
vhsg l) rn hs ltrs g]ud ] rhcd P bnms]hmdc hm Oh ∩ O∗

h−0 enq rnld h - S]jd P l]whl]k vhsg
qdrodbs sn hmbktrhnm ]lnmf ]kk rtbg rhcdr hm Oh ∩ Oh−0- Mnv s]jd L l]whl]k ]lnmf ]kk rtbg
rhcdr oqnodqkx bnms]hmdc hm P: he sgdqd hr mn rtbg L ) rds L + {m{- Ax Oqnonrhshnm 3�11
�]ookhdc sn =l[> + {l{() he rnld o]qshshnm Q ∈  | l hr mns bnlo]shakd vhsg sgd )V,
o]qshshnm O cdsdqlhmdc ax Oh : L ) sgdm dhsgdq hs hr dpt]k sn P nq hs hr a]rdc ]s rnld r
vhsg m ,◦ r- h-d- kj(m(� kj(r(- Ats m hr oqhmbho]k) rn sgdqd hr mn rtbg r- Rhmbd P hr sgd nmkx
o]qshshnm hm  mns bnlo]shakd vhsg O) vd l]x qdok]bd P ax O sn nas]hm ] mdv bnkkdbshnm ne
sgd r]ld rhyd- Vd b]m bnmshmtd sghr oqnbdrr tmshk =l[ + l -
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Cdzmhshnm 3�13- @ )V,o]qshshnm O a]rdc ]s l hr oqhmbhoZk he l hr ] oqhmbho]k udqsdw ne )-

SGDNPDL 3�14- Kds K ad sgd rds ne oqhmbhoZk udqshbdr ne )- Sgdm T (;)( bnmsZhmr Z eqdd
ZadkhZm rtafqnto ne qZmj L(K(-

Oqnne- Kds  ad ] l]whl]k bnlo]shakd bnkkdbshnm ne oqhmbho]k )V,o]qshshnmr) h-d- ]
bnkkdbshnm ne rhyd L(K(-

Ax Bnqnkk]qx 3�12 vd l]x ]rrtld =l[ + l enq ]kk mnm]adkh]m dpthu]kdmbd bk]rrdr =l[-
Trhmf l ]r ltkshokhdq enq d]bg O ∈ =l[) sgd ]rrnbh]sdc ntsdq ),Vghsdgd]c ]tsnlnqoghrlr
ϕ(O.l( o]hqvhrd bnlltsd-

He O ]mc P hm  ]qd a]rdc ]s l ]mc m vhsg =l. m[ + 0 sgdm ϕ(O.l( ]mc ϕ(P. m( bnlltsd-
He O ]mc P hm  ]qd a]rdc ]s l ]mc m vhsg =l. m[ + 0 sgdm Kdll] 3�1/ hlokhdr sg]s O

cndr mns rokhs m ]mc P cndr mns rokhs l) rn ϕ(O.l( ]mc ϕ(P. m( bnlltsd ax Sgdnqdl 3�1-
Vd mnv g]ud ] bnkkdbshnm ne o]hqvhrd,bnlltshmf hm“mhsd,nqcdq ntsdq ]tsnlnqoghrlr

ϕ(Oh .lh ( ne rhyd dpt]k sn L(K() ]mc vd mddc sn rgnv sgdx ]qd hmcdodmcdms- Bgnnrd rhcdr
Oh enq Oh bnms]hmhmf lh ) ]mc rds

 + φ(O0.l0(
m0 � � � φ(Oj.lj(

mj .

Vd ltrs rgnv sg]s he  hr hmmdq sgdm ]kk mh + /-
Kds {v0. . . . . v{ ad sgd chrshmbs lh ]mc cd“md

 i +


lh +v i

φ(Oh .lh (
mh .

rn  + 0 . . . - Ax Oqnonrhshnm 3�5 he ]mx ne sgd  i ]qd hmmdq sgdm sgd ]rrnbh]sdc mh ]qd
ydqn: hm o]qshbtk]q) he  + 0 vd ]qd cnmd- Rn vd l]x ]rrtld mn h hr sqhuh]k ]mc < 0-

He ]kk vh g]ud sgd r]ld rs]q) sgdm vd ]qd cnmd ax Oqnonrhshnm 3�02- Nsgdqvhrd vhsgnts knrr
ne fdmdq]khsx vd l]x ]rrtld sgdqd hr w ∈ rs (v1( vhsg w ∈ rs (v0(-

Pdok]bhmf φ(Oh .lh ( ax φ(O∗
h .l

−0
h ( vgdmdudq w ∈ Oh �vghbg cndr mns ]eedbs sgdhq hl]fdr

hm T (;)(( vd l]x ]rrtld (w(+ wT enq rnld vnqc T hm sgd lh - Rhmbd  hr bnmitf]shnm
ax rnld dkdldms V ) sghr hlokhdr T + 0) rn V hr hm sgd bdmsq]khydq ne w ) vghbg hr fdmdq]sdc
ax rs (w(- Rhmbd v0 ∈ rs (w(. v0 cndr mns ]ood]q hm ]mx qdctbdc dwoqdrrhnm enq V.

Rhmbd 0 hr mns sqhuh]k sgdqd hr rnld udqsdw x vhsg 0(x(+ vZ
0 xva

0 ) vgdqd Z ]mc a ]qd mns
ansg ydqn- He vd rds  + 1 � � �  sgdm (x(+ 0(x(+ (v0(

Z(x((v0(
a.

Ax Bnqnkk]qx 3�2) d]bg φ(Oh .l i ( ]bsr dhsgdq sqhuh]kkx nq ]r bnmitf]shnm ax lh nm d]bg
l i - Sgtr (v0( hr bnmitf]sd sn v0 ax ] vnqc T hm v1. . . . . v- Rn vd g]ud

(x(+ 0(x(

+ (v0(
Z(x((v0(

a

+ T−0vZ
0T(x(T−0va

0T.

Vd ]krn jmnv sg]s (x(+ V−0xV enq rnld V sg]s cndr mns bnms]hm sgd kdssdq v0. Ats v0

cndr mns bnlltsd vhsg x rn hm nqcdq enq sgd onvdqr ne v0 hm sgd dwoqdrrhnm enq (x( ]anud
sn b]mbdk hs ltrs ad sqtd sg]s ] qdctbdc vnqc qdoqdrdmshmf (x( cndr mns bnms]hm x- Hm nqcdq
enq sghr sn g]oodm rnld φ(Oh .lh ( ltrs g]ud ltkshokhdq lh + x- Ats he x + lh sgdm (x(
hr bnmitf]sd sn x ax Bnqnkk]qx 3�2 rn sgd qdctbdc vnqc qdoqdrdmshmf (x( cndr bnms]hm x)
fhuhmf ] bnmsq]chbshnm-
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Ohmm−0
Oh+0

Bh+0

Oi−0

B i−0

� � � Oi

B i

Ehf- 6- Oqnne ne Kdll] 3�16-

Cdzmhshnm 3�15- Rtoonrd ϕ(O0.l0(. . . . . ϕ(Oj.lj( fdmdq]sd ] eqdd ]adkh]m rtafqnto ne
T (;)() ]mc kds  + {O0. . . . . Oj{- Rtoonrd =l[ hr ]adkh]m ]mc =l[ + ∅- Sgdm  hr =l[,
bnlokdsd he hs bnms]hmr dudqx )V,o]qshshnm P rtbg sg]s9

�h( P hr a]rdc ]s rnld m ∈ =l[ ]mc
�hh( ϕ(P. m( bnlltsdr vhsg ]kk ϕ(Oh .lh (-

He  hr mns =l[,bnlokdsd) hs b]m ad bnlokdsdc ax ]cchmf ]kk onrrhakd P r]shrexhmf sgd ]anud
bnmchshnmr- Sgd a]rd m ne ]mx rtbg P hr tmhptd rhmbd =l[ + =l[>) rn ϕ(P. m( hr cdsdqlhmdc
ax P- @kk ne sgdrd ϕ(P. m( b]m ad ]ccdc sn {ϕ(Oh .lh ({ sn fdmdq]sd ]m ]adkh]m rtafqnto ne
onrrhakx k]qfdq q]mj-

KDLL@ 3�16- Rtoonrd ϕ(O0.l0(. . . . . ϕ(O.l( fdmdqZsd Z eqdd ZadkhZm rtafqnto F
Zmc kds  + {O0. . . . . O{ ad =l[,bnlokdsd enq rnld ZadkhZm =l[- Sgdm  bnmsZhmr Z rta,
bnkkdbshnm b rtbg sgZs b

=l[ hr Z bnloZshakd bnkkdbshnm ne )V,oZqshshnmr Zmc sgd ϕ(Oh .lh (

enq Oh ∈ b fdmdqZsd sgd rZld ZadkhZm rtafqnto F-

Oqnne- Kds / ad ] l]whl]k bnlo]shakd rtabnkkdbshnm ne =l[- He O ∈ / hr a]rdc ]s v ∈ =l[
sgdm ax Kdll] 3�7 Ov.v hr ]krn hm / enq dudqx v ∈ =l[) rhmbd  hr =l[,bnlokdsd-

Mnv bnmrhcdq P ∈ =l[ | /) a]rdc ]s rnld m ∈ =l[- Ax Kdll] 3�4 vd l]x bgnnrd rhcdr
Oh ne sgd O ∈ / a]rdc ]s m rtbg sg]s

{m{ + O/ ⊂ O0 ⊂ � � � ⊂ Oj ⊂ Oj+0 + U ± | kj(m(± | {m−0{.

S]jd sgd k]qfdrs h ≥ / rtbg sg]s sgd rhcd P ne P bnms]hmhmf m ]krn bnms]hmr Oh ) ]mc sgd
rl]kkdrs i ≤ j + 0 rtbg sg]s P ⊂ Oi - Enq d]bg  vhsg h + 0 ≤  ≤ i kds B + O ∩ P �rdd
Ehftqd 6(-

Sgdm O 
 + O−0 : B hr ] )V,rtards) ]mc sgd )V,o]qshshnm O 

 hs cdsdqlhmdr hr bnlo]sh,
akd vhsg ]kk O ∈ /- Etqsgdqlnqd) rhmbd ϕ(P. m( bnlltsdr vhsg ]kk ϕ(O i .l i ( hs enkknvr
sg]s ϕ(O 

. m( cndr ]r vdkk) rn O

 ltrs ad hm / rhmbd  hr =l[,bnlokdsd ]mc / hr

l]whl]k- Mnv

ϕ(P. m(+


i

+h+1

ϕ(O 
. m(ϕ(O−0. m(

−0



ϕ(O 
h+0. m(

rn vd l]x dkhlhm]sd P eqnl =l[ vhsgnts ]eedbshmf sgd ]adkh]m rtafqnto F- Bnmshmthmf) vd
dkhlhm]sd ]kk o]qshshnmr hm =l[ sg]s ]qd mns hm /- Sgdm b +  | =l[ : / hr sgd qdpthqdc
bnkkdbshnm-
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SGDNPDL 3�17- ;mx eqdd ZadkhZm rtafqnto ne T (;)( fdmdqZsdc ax ),VghsdgdZc
Ztsnlnqoghrlr gZr qZmj Zs lnrs L(K(-

Oqnne- Rtoonrd ϕ(O0.l0(. . . . . ϕ(Oj.lj( fdmdq]sd ] eqdd ]adkh]m rtafqnto F ne q]mj
q < L(K() ]mc kds  + {O0. . . . . Oj{- He =lh .l i [ + 0 sgdm Oh hr bnlo]shakd vhsg O i ax
Sgdnqdl 3�1- He =lh .l i [ + 0 ats lh ∼> l i sgdm Oh hr bnlo]shakd vhsg O i ax sgd cd“mhshnm
ne bnlo]shahkhsx- Rn sgd nmkx hmbnlo]shakd o]hqr hm  khud hm sgd r]ld =l[ enq rnld l vhsg
=l[ + =l[>-

Ehw rtbg ]m l ]mc ]cc ]kk mdbdrr]qx o]qshshnmr sn =l[ rn sg]s  hr =l[,bnlokdsd- Sgd
bnqqdronmchmf eqdd ]adkh]m fqnto bnms]hmr F ]r ] rtafqnto- Ax Kdll] 3�16 sgdqd hr ]
rtabnkkdbshnm b ne  rtbg sg]s b

=l[ hr ] bnlo]shakd bnkkdbshnm ]mc sgd bnqqdronmchmf fqnto
fdmdq]sdc hr sgd r]ld) h-d- hs rshkk bnms]hmr F ]r ] rtafqnto- @esdq qdod]shmf sghr enq d]bg
dpthu]kdmbd bk]rr vhsg =l[ + =l[> vd l]x ]rrtld sg]s  hr ] bnlo]shakd bnkkdbshnm-

Mnv bgnnrd sgd ϕ(Oh .lh ( rn sg]s  g]r sgd rl]kkdrs onrrhakd mtladq ne mnm,oqhmbho]k
o]qshshnmr enq ] rtbg ] bnkkdbshnm- Ax Bnqnkk]qx 3�12 vd l]x ]rrtld =l[ + l enq d]bg
oqhmbho]k mnm]adkh]m dpthu]kdmbd bk]rr =l[ ]mc ] bgnhbd ne qdoqdrdms]shud l- Kds P ∈  ad ]
mnm,oqhmbho]k o]qshshnm) a]rdc ]s ] udqsdw t vghbg g]r l]whl]k khmj ]lnmf sgd mnm,oqhmbho]k
a]rdr- Rhmbd t hr mnm,oqhmbho]k) t ,◦ l enq rnld l ∈ K - Kds =l[ + {O0. . . . . O{ � ≥ /(
]mc bgnnrd rhcdr Oh ne Oh rn sg]s sgd

◦
Oh ]qd mdrsdc- Ax Kdll] 3�10) sgdqd hr ] rhcd P ne

P rtbg sg]s P ⊂ ◦
Oh ∩ ◦

O∗
h−0 enq rnld h ≤  + 0- L]whlhrd P vhsg qdrodbs sn hmbktrhnm nudq

]kk mnm,oqhmbho]k o]qshshnmr hm =t[ vhsg rhcdr hm
◦
Oh ∩ ◦

O∗
h−0- Ax Oqnonrhshnm 3�11 he ] o]qshshnm

Q a]rdc ]s r ∼ l hr hmbnlo]shakd vhsg Oh−0 : P) sgdm Q g]r ] rhcd Q ⊂ ◦
Oh ∩ ◦

O∗
h−0 vhsg

Q ⊃ P ]mc t ,◦ r- L]whl]khsx ne t sdkkr tr sg]s Q ltrs hm e]bs ad ] oqhmbho]k o]qshshnm) rn ax
qdok]bhmf l vhsg r ]mc qdod]shmf sgd ]anud ]qftldmsr vd vhkk qd]bg ] onhms vgdqd mn rtbg
hmbnlo]shakd Q dwhrsr- @s sghr onhms vd bk]hl sg]s Oh−0 : P + Oh 9 he Oh−0 : P v]r mns hm 

vd bntkc qdok]bd P vhsg sgd o]qshshnm cdsdqlhmdc ax Oh : P sn ]qqhud ]s ] bnkkdbshnm ne sgd
r]ld rhyd j ats nmd edvdq mnm,oqhmbho]k o]qshshnm-

Rhmbd ϕ(Oh .l( bnlltsdr vhsg ϕ(P. m() Oh + Oh−0 : P ltrs bnms]hm ansg t ]mc t−0) h-d-
t−0 ∈ Oh−0- Sghr hlokhdr sg]s Oh−0 rokhsr t) bnmsq]chbshmf sgd bnllts]shuhsx bnmchshnmr ne
Sgdnqdl 3�1-

BNPNKK@PX 3�18- Kds F ad Zm ZadkhZm rtafqnto ne T (;)( ne qZmj L(K(. eqddkx fdmdq,
Zsdc ax {ϕ(Oh .lh ({ vhsg lh oqhmbhoZk- Rtoonrd lh hr mns lZwhlZk enq rnld h ) rZx lh ,> v-
Sgdm ϕ(O. v( ∈ F) vgdqd O hr sgd oZqshshnm nasZhmdc eqnl Oh ax dwbgZmfhmf lh enq v) Zr
cdzmdc hm QdlZqj 2�4-

Oqnne- Kds  + {Oh {) ]mc kds  ad sgd =v[,bnlokdshnm ne - Pdl]qj 3�8 rgnvr sg]s

O + Oh | kj(v(± : {v{

hr bnms]hmdc hm - He F  hr sgd bnqqdronmchmf eqdd ]adkh]m rtafqnto sgdm F ≤ F -
Sgdnqdl 3�17 sdkkr tr sg]s qZmj(F(+ qZmj(F ( rn F + F ) sgtr ϕ(O. v( ∈ F-

4- UhqstZk bngnlnknfhbZk chldmrhnm

Ax Sgdnqdl 2�0/ vd jmnv chl(J)(+ L(U ( hr ]m toodq antmc nm sgd UBC ne T (;)(

]mc L(K( hr ] knvdq antmc ax Sgdnqdl 3�14- Hm sghr rdbshnm vd fhud bnmchshnmr tmcdq vghbg
L(U (+ L(K(-
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KDLL@ 4�0- Kds ) ad Z bnmmdbsdc fqZog Zmc t ∼ v udqshbdr vhsg c)(t. v( + 1 �vgdqd c)
hr sgd kdmfsg ne Z rgnqsdrs oZsg hm )(- Sgdm Zmx oZqshshnm aZrdc Zs t hr bnloZshakd vhsg Zmx
oZqshshnm aZrdc Zs v- Hm oZqshbtkZq)

L(t. v(+ L(t(+ L(v(.

Oqnne- He c)(t. v(+ 0 sgdm t ]mc v bnlltsd- Rhmbd vd ]qd ]rrtlhmf t ∼ v) sgd o]qshshnmr
]qd bnlo]shakd- He c)(t. v(≥ 2. kds Bv cdmnsd sgd dkdldms ne G(t( bnms]hmhmf v �]mc v−0(
]mc Bt sgd dkdldms ne G(v( bnms]hmhmf t- Sgdm Bv bnms]hmr ]kk dkdldmsr ne G(v( nsgdq sg]m
Bt ]mc Bt bnms]hmr ]kk dkdldmsr ne G(t( nsgdq sg]m Bv- Sghr hlokhdr sg]s ]mx sghbj o]qshshnm
ne G(v( rdo]q]shmf v eqnl v−0 hr bnlo]shakd vhsg ]mx sghbj o]qshshnm ne G(t( rdo]q]shmf t
eqnl t−0-

SGDNPDL 4�1- Kds ) ad Z fqZog Zmc K ⊆ U hsr rds ne oqhmbhoZk udqshbdr- Rtoonrd sgZs
dudqx t ∈ U | K rZshrzdr

;kk oqhmbhoZk l vhsg l <◦ t Zqd hm sgd rZld bnlonmdms ne ) − kj(t(. �4�0(

Sgdm L(U (+ L(K(-

Oqnne- Kds  ad ] l]whl]k o]hqvhrd,bnlo]shakd bnkkdbshnm ne )V,o]qshshnmr vhsg L(U ( dkd,
ldmsr- Vd vhkk oqnctbd ] mdv bnkkdbshnm ne sgd r]ld rhyd hm vghbg ]kk o]qshshnmr ]qd oqhmbho]k-
Ax Bnqnkk]qx 3�12 vd l]x ]rrtld =l[ + l enq d]bg oqhmbho]k mnm]adkh]m dpthu]kdmbd
bk]rr ]mc ] bgnhbd ne qdoqdrdms]shud l-

Kds t ad l]whl]k ]lnmf ]kk t ∈ U | K vhsg t + ∅- Ax Kdll] 3�01) enq ]mx oqhmbho]k
l <◦ t vd g]ud ] mdrs

◦
O/ + ∅ ⊂ ◦

O0 ⊆ � � � ⊆ ◦
Oj ⊂ ∅∗ + ◦

Oj+0.

vgdqd O0. . . . . Oj (j ≥ /( ]qd sgd dkdldmsr ne =l[ ]mc Oh hr ] rhcd ne Oh - Ax Kdll] 3�10)
d]bg P ∈ =t[ g]r ] rhcd P· ⊂ ◦

Oh ∩ ◦
O∗

h−0 enq rnld h - Enq d]bg l) kds h(l( ad sgd rl]kkdrs

hmcdw rtbg sg]s
◦
Oh(l( bnms]hmr nmd ne sgdrd P·- Bgnnrd l rtbg sg]s |Oh(l(| hr lhmhl]k-

@lnmf sgd P ∈ t vhsg P· ⊂ ◦
Oh(l( bgnnrd nmd vhsg P + P· l]whl]k-

Sgd tmhnm Oh−0 : P cdsdqlhmdr ] )V,o]qshshnm O a]rdc ]s l- He sgdqd hr rnld Q ∈  mns
bnlo]shakd vhsg O sgdm ax Oqnonrhshnm 3�11 Q g]r ] rhcd Q ⊂ ◦

Oh bnms]hmhmf P ]mc chrinhms
eqnl

◦
Oh−0) ]mc Q hr a]rdc ]s rnld r <◦ t- Ax ntq bgnhbd ne t sghr hlokhdr sg]s r hr oqhmbho]k)

rn dhsgdq P nq P∗ hr rnldvgdqd hm sgd mdrs ∅ ⊂ ◦
Q0 ⊂ � � � ⊂ ◦

Q ⊂ ∅∗ ]rrnbh]sdc vhsg r- Rhmbd
r <◦ t. P cndr mns bnms]hm r �he hs chc) hs vntkc rokhs r ]mc vd vntkc g]ud r ≤◦ t(- Sgdqdenqd
P hr hm sgd mdrs- Rhmbd Q + Q i enq rnld i ) vd g]ud P ⊂ Q i � Oh ) bnmsq]chbshmf lhmhl]khsx
ne |Oh |-

Mnv s]jd ] oqnodq rtards L � P hm ±
t ne l]whl]k rhyd- He sgdqd hr mn rtbg L ) s]jd

L + {t{- Oqnonrhshnm 3�11 ]ookhdc sn  | P rgnvr sg]s he Q hr mns bnlo]shakd vhsg sgd )V,
o]qshshnm O  cdsdqlhmdc ax Oh−0 : L sgdm dhsgdq Q + P nq Q g]r ] rhcd Q ⊂ ◦

Oh bnms]hmhmf L
]mc chrinhms eqnl

◦
Oh−0) ]mc Q hr a]rdc ]s rnld r <◦ t- Ax ntq bgnhbd ne t) r hr oqhmbho]k- Ats

r ]mc l ]qd nm cheedqdms rhcdr ne P) bnmsq]chbshmf ntq gxonsgdrhr sg]s ]kk oqhmbho]k v <◦ t ]qd
hm sgd r]ld bnlonmdms ne ) − kj(t(- Vd b]m mnv qdok]bd P ax O  sn fds ] mdv bnkkdbshnm
ne sgd r]ld rhyd) vhsg nmd edvdq mnm,oqhmbho]k o]qshshnm- Bnmshmthmf) vd b]m qdok]bd ]kk
mnm,oqhmbho]k o]qshshnmr ax oqhmbho]k o]qshshnmr) rgnvhmf L(U (+ L(K(-
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b/

Z0

a0

b0

Z1

a1

b1 bc−0

Z1

a1

bc. . .

Ehf- 7- Rsqhmf ne ch]lnmcr-

Sgd enkknvhmf hr ] rodbh]k b]rd ne Sgdnqdl 4�1 vghbg hr nesdm udqx d]rx sn bgdbj-

BNPNKK@PX 4�2- He dudqx mnm,oqhmbhoZk dpthuZkdmbd bkZrr ne udqshbdr hm ) hr ,◦ Zs lnrs
nmd oqhmbhoZk dpthuZkdmbd bkZrr) sgdm L(U (+ L(K(-

5- DwZlokdr

Hm sghr rdbshnm vd fhud ] edv dw]lokdr hkktrsq]shmf ansg sgd tshkhsx ]mc sgd khlhsr ne
Sgdnqdl 4�1-

DwZlokd 5�0- Kds ) ad sgd fq]og vhsg m udqshbdr ]mc mn dcfdr) h-d- ;) + Fm -

Gdqd sgdqd ]qd mn svhrsr rn T (;)(+ Nts (;)(- Rhmbd ]kk udqshbdr ]qd l]whl]k ]mc dpthu,
]kdms) Bnqnkk]qx 3�12 hlokhdr L(U (+ L(l( enq ]mx bgnhbd ne udqsdw l- Rhmbd L(l(+
1m − 2 �rdd Dw]lokd 3�06() sghr fhudr �sgd bnqqdbs( knvdq antmc ne 1m − 2 enq sgd UBC ne
Nts (Em(-

DwZlokd 5�1- Kds ) ad ] rsqhmf ne c ch]lnmcr) ]r rgnvm hm Ehftqd 7-

@f]hm sgdqd ]qd mn svhrsr) rn T (;)(+ Nts (;)(- Sgd nmkx mnm,oqhmbho]k udqshbdr ]qd b/ ]mc
bc ]mc sgdqd ]qd mn )V,o]qshshnmr a]rdc ]s dhsgdq ne sgdrd) rn L(U (+ L(K(- Kds  ad ]
bnkkdbshnm ne rhyd L(U (- Vd g]ud =Zh [ + {Zh . ah { enq d]bg 0 ≤ h ≤ c rn ax Bnqnkk]qx 3�12
vd l]x ]rrtld |{Zh .ah {| + |Zh | enq d]bg h - Vd g]ud L(Zh (+ 2 he 1 ≤ h ≤ c − 0) L(Zc(+
L(Z0(+ 1) L(bh (+ 0 he 1 ≤ h ≤ c − 1 ]mc L(b0(+ L(bc−0(+ 1- Sgdqdenqd)

L(U (≤ 2(c − 1(+ 3 + c − 2 + 3 + 3c − 0.

Hs hr d]rx sn “mc ] bnkkdbshnm ne )V,rtardsr vhsg 3c − 0 dkdldmsr �nmd hr fhudm dwokhbhskx hm
Z4[() rn hm e]bs L(U (+ 3c − 0 ]mc chl(J)(+ L(U (+ UBC(Nts (;)((-

DwZlokd 5�2- Kds ) ad sgd fq]og hm Ehftqd 8-

Rhmbd ) hr ] sqdd) sgd UBC ne Nts (;)( hr dpt]k sn d + 1 − 2 + 6 + 7 − 2 + 01 Z2[- Sgd nmkx
svhrsr ]qd fhudm ax sgd kd]e sq]mrudbshnmr- Sgdrd enql ] mnql]k eqdd ]adkh]m rtafqnto ne
q]mj 3 �sgd mtladq ne kd]udr() vhsg ptnshdms T (;)() rn hs hr m]stq]k sn dwodbs sg]s sgd UBC

ne T (;)( hr 7-
Sgdqd ]qd mn )V,o]qshshnmr a]rdc ]s ]mx ne sgd ah rhmbd ) | rs (ah ( g]r nmkx nmd bnlon,

mdms- @mx o]qshshnm a]rdc ]s v0 hr bnlo]shakd vhsg ]mx o]qshshnm a]rdc ]s ] cheedqdms udqsdw ax
Kdll] 4�0) rhmbd Zh . v/ ∈ rs (v0( enq d]bg h - Vd g]ud L(v0(+ |G(v0(| − 2 + 4- Mnv bnmrhcdq
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v/ v0

Z0 a0

Z1 a1

Z2 a2

Ehf- 8- ) hr ] sqdd vhsg L(U (+ 0/) ats sgdqd hr mn eqdd ]adkh]m rtafqnto ne q]mj 0/ fdmdq]sdc ax
bnlo]shakd bnkkdbshnmr ne Vghsdgd]c ]tsnlnqoghrlr-

v/ v0

Z0 a0

Z1 a1

Ehf- 0/- Enq sghr sqdd L(K(+ 4 ats chl�J)(+ 5-

o]qshshnmr a]rdc ]s Z0. Z1 nq Z2- Bgnnrd ]mx nmd rtbg o]qshshnm O) r]x a]rdc ]s Z0- Sgdm enq
d]bg Zh sgdqd ]qd ]s lnrs svn bgnhbdr ne o]qshshnm bnlo]shakd vhsg O rhmbd sgd rhcd ne O
mns bnms]hmhmf Zh ltrs ad chrinhms eqnl sgd rhcd ne P mns bnms]hmhmf Z0- R]x ] bgnhbd P hr
a]rdc ]s l) sgdm ax qdod]shmf sghr ]qftldms nm chrinhms rhcdr sgdqd hr ]s lnrs nmd bgnhbd
ne o]qshshnm bnlo]shakd vhsg ansg O ]mc P) rn L(Z0. Z1. Z2(+ 2 ]mc sgd k]qfdrs onrrhakd
mtladq ne )V,o]qshshnmr a]rdc ]s oqhmbho]k udqshbdr hr 4 + 2 + 7- Rhmbd L(v/(+ 1) vd g]ud
L(U (≤ 0/- Hm e]bs dpt]khsx gnkcr rhmbd sgd enkknvhmf khrs ne “ud )V,rtardsr cdsdqlhmdr ]
bnlo]shakd bnkkdbshnm ne chrshmbs )V,o]qshshnmr a]rdc hm {Z0. Z1. Z2. v/{±9

{Z0. v/{. {v/. Z0. Z
−0
0 . a0. a

−0
0 {. {Z1. v/. Z0. Z

−0
0 . a0. a

−0
0 {. {v−0

/ . Z2. Z
−0
2 . a2. a

−0
2 {. {Z−0

2 . v/{.

Sgtr L(K(+ 7 ≤ UBC(T (;)((≤ chlJ) + 0/-

DwZlokd 5�3- @ rhlhk]q ats rkhfgskx rhlokdq dw]lokd hr vgdm ) hr sgd sqdd hm Ehftqd 0/-

@ pthbj bgdbj xhdkcr L(U (+ L(v(+ L(t. Z0. Z1( ]mc L(v(+ 2- Etqsgdqlnqd) ]qfthmf
hm sgd r]ld e]rghnm sdkkr tr sg]s L(t. Z0. Z1(≤ 2) vhsg ] onrrhakd {t.Z0.Z1{ adhmf sgd )V,
o]qshshnmr cdsdqlhmdc ax9

{Z0. t{. {t. Z0. Z
−0
0 . a0. a

−0
0 {. {Z−0

1 . t−0{.

Sgtr) L(U (+ 5 rn chl(J)(+ 5 ats vd nmkx “mc ] rtafqnto F4 ≤ T (;)(- Hm sgd enkknvhmf
rdbshnm hs hr rgnvm sg]s sghr o]qshbtk]q ) g]r UBC(T (;)((+ 4-

6- Qdctbhmf sgd chldmrhnm ne J)

Hm sghr rdbshnm vd rgnv sg]s) hm rnld b]rdr vhsg L(U ( < L(K() vd b]m “mc ]m hmu]qh]ms
bnmsq]bshakd rtabnlokdw ne J) ne rl]kkdq chldmrhnm- Vd trd sgd vd]j mnshnm ne bnlo]sh,
ahkhsx sgqntfgnts rhmbd sg]s hr vg]s hr ]bst]kkx trdc hm Z4[ sn cd“md ]mc oqnud bnmsq]bshahkhsx
ne J) -

Cdzmhshnm 6�0- @ fq]og ) hr aZqadc he enq ]kk mnm,oqhmbho]k udqshbdr t) c)(t. v(+ 1
hlokhdr t ,◦ v-
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KDLL@ 6�1- He ) hr aZqadc sgdm dudqx mnm,oqhmbhoZk dpthuZkdmbd bkZrr hr lhmhlZk Zmc
gZr nmkx nmd dkdldms- Etqsgdqlnqd Zmx )V,oZqshshnm aZrdc Zs Z mnm,oqhmbhoZk dkdldms rokhsr
nmkx sgZs dkdldms-

Oqnne- Sghr hr hlldch]sd-

@kk ne sgd fq]ogr hm Rdbshnm 5 ]qd a]qadc- Dw]lokdr 5�2 ]mc 5�3 ]qd dw]lokdr ne a]qadc
fq]ogr vhsg L(U ( < L(K(- Vd bk]hl sg]s he ) hr a]qadc ]mc L(U ( < L(K() sgdm J) dpthu,
]qh]mskx cdenql]shnm qdsq]bsr sn ] rl]kkdq,chldmrhnm]k bnlokdw- Rodbh“b]kkx) dudqx btad hm
J) ne chldmrhnm L(U ( g]r ] eqdd e]bd) ]mc sgd rds ne sgdrd eqdd e]bdr hr hmu]qh]ms tmcdq sgd
]bshnm ne T (;)(-

Hm Kdll]r 6�2 sn 6�6 vd “w ] bnkkdbshnm  ne o]hqvhrd vd]jkx bnlo]shakd )V,o]qshshnmr
vhsg L(U ( < L(K( dkdldmsr- Pdb]kk sg]s ± cdmnsdr sgd bnkkdbshnm ne ]kk rhcdr ne dkdldmsr
ne -

KDLL@ 6�2- Kds P ∈ ± ad Z mnm,oqhmbhoZk )V rtards) aZrdc Zs rnld t ∈ P- He P
bnmsZhmr rnld l ≥◦ t nsgdq sgZm t) sgdm P oqnodqkx bnmsZhmr rnld M ∈ ± vhsg t ∈ M-

Oqnne- Rtoonrd sgd kdll] hr e]krd) h-d- mn M ∈ ± hr oqnodqkx bnms]hmdc hm P ]mc ]krn
bnms]hmr t-

He sgdqd ]qd mn dkdldmsr ]s ]kk ne ± oqnodqkx bnms]hmdc hm P) sgdm sgd )V,o]qshshnm cdsdq,
lhmdc ax {t.l{ hr �vd]jkx( bnlo]shakd vhsg ]kk dkdldmsr ne ) bnmsq]chbshmf l]whl]khsx
ne -

Mnv s]jd ] k]qfdrs O ∈ ± oqnodqkx bnms]hmdc hm P) a]rdc ]s rnld m ∈ O - He m ≥◦ t sgdm
sgdqd hr rnld v ∈ kj(m( vhsg v ∈ kj(t(⊂ kj(l() rn t. v ]mc l ]qd ]kk hm sgd r]ld bnlonmdms
ne ) − kj(m() rn t. v.l ]mc sgdhq hmudqrdr ]qd ]kk nm sgd r]ld rhcd ne O ) h-d- ]kk ]qd ntsrhcd
O - He sghr hr sqtd enq ]kk k]qfdrs O bnms]hmdc hm P vd b]m ]cc sgd o]qshshnm cdsdqlhmdc ax
{t.l{ sn ) ]f]hm bnmsq]chbshmf l]whl]khsx ne -

He rnld k]qfdrs O hr a]rdc ]s ] udqsdw m ≥◦ t sgdm O : {t{ hr ] )V,rtards ]mc sgd
bnqqdronmchmf )V,o]qshshnm hr �vd]jkx( bnlo]shakd vhsg ]kk dkdldmsr ne ) nmbd ]f]hm
bnmsq]chbshmf l]whl]khsx ne -

Cdzmhshnm 6�3- @ )V,o]qshshnm P ∈  hr hqqdokZbdZakd hm  he P hr sgd nmkx )V,o]qshshnm
bnlo]shakd vhsg ]kk dkdldmsr ne  | P-

Cdzmhshnm 6�4- @ )V,o]qshshnm P ∈  a]rdc ]s t hr rZmcvhbgdc hm  he sgdqd ]qd oqhmbho]k
l ∈ P ]mc m ∈ P∗ vhsg l. m <◦ t rtbg sg]s ansg Pl + P | ({l{ : kj(l(±( ]mc P∗

m + P∗ |
({m{ : kj(m(±( ]qd hm ± �Rdd Ehftqd 00(-

KDLL@ 6�5- He Z mnm,oqhmbhoZk oZqshshnm P ∈  hr rZmcvhbgdc hm  sgdm P hr hqqdokZbd,
Zakd hm -

Oqnne- He Pl ]mc P∗
m ]qd ansg hm ±) sgdm ]mx qdok]bdldms enq P b]mmns g]ud ] rhcd bnm,

s]hmdc hm Pl nq P∗
m �ax l]whl]khsx ne ( ]mc b]mmns rokhs ansg l ]mc m �rhmbd l ]mc m ]qd

nm cheedqdms rhcdr ne P rn ]qd mns dpthu]kdms(- Rhmbd P hr sgd nmkx )V,o]qshshnm sg]s r]shr“dr
sgdrd bnmchshnmr) P hr hqqdok]bd]akd-
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a1

a−0
1 Z−0

1

Z1

v−0
/

v/

Z−0
0

Z0

a−0
0

a0

v−0
0

v0

P

O0

O1
kj(P(

Ehf- 00- P cdsdqlhmdr ] )V,o]qshshnm enq sgd sqdd hm Ehftqd 0/ sg]s hr r]mcvhbgdc) vhsg PZ−0
0

+ O0 ]mc

P∗
Z1

+ O1-

KDLL@ 6�6- Kds ) ad Z aZqadc fqZog Zmc P ∈ ± hmmdqlnrs Zlnmf mnm,oqhmbhoZk
rhcdr) aZrdc Zs rnld t ∈ P- He P hr mns rZmcvhbgdc hm ) sgdm P hr qdokZbdZakd ax Z oqhmbhoZk
oZqshshnm-

Oqnne- Rhmbd ) hr a]qadc) sgdqd ]qd oqhmbho]k dkdldmsr ahffdq sg]m t nm ansg rhcdr ne P-
Ax Kdll] 6�2 sgdqd hr ] oqnodq rtards L ne P sg]s hr hm ± ]mc bnms]hmr t: s]jd ] k]qfdrs
rtbg L - Rhmbd P hr ]m hmmdqlnrs mnm,oqhmbho]k rtards) L ltrs ad oqhmbho]k a]rdc ]s rnld l)
vghbg ltrs ad<◦ t rhmbd L rdo]q]sdr t eqnl t−0- Tmkdrr L + Pl−0 + P | {l−0{ | kj(l(±)
sgd rds P∗ : L | kj(l(± g]r ]s kd]rs svn dkdldmsr nm d]bg rhcd rn cdsdqlhmdr ] oqhmbho]k
)V,o]qshshnm vghbg b]m qdok]bd P-

He L + Pl−0 + P | {l−0{ | kj(l(±) vd bnmrhcdq sgd nsgdq rhcd P∗ ne P- Ax Kdll] 6�2
sgdqd hr ]krn ] )V,rtards M � P∗ vhsg t−0 ∈ M - S]jd ] l]whl]k rtbg M - He M hr a]rdc ]s
t−0 sgdm M : Pl−0 hr oqhmbho]k) a]rdc ]s l) ]mc b]m qdok]bd P- Rn rtoonrd M hr a]rdc ]s
m + t−0- Rhmbd M rokhsr t vd ltrs g]ud t ≤◦ m) ]mc rhmbd ) hr a]qadc =t[ + {t{ rn hm e]bs
m <◦ t ]mc m ltrs ad l]whl]k- He M + P∗

m−0 + P∗ | {m−0{ | kj(m(±) sgdm P hr r]mcvhbgdc)
bnmsq]chbshmf ntq ]rrtloshnm- Sgdqdenqd sgd rds P : M | kj(m(± hr ] )V,rtards ]mc sgd
bnqqdronmchmf oqhmbho]k )V,o]qshshnm b]m qdok]bd P-

SGDNPDL 6�7- Kds ) ad Z aZqadc fqZog vhsg L(U ( < L(K(- Sgdm sgd chldmrhnm ne J)

hr rsqhbskx kZqfdq sgZm UBC(T (;)((-

Oqnne- Kds  ad ] l]whl]k bnkkdbshnm ne vd]jkx bnlo]shakd )V,o]qshshnmr vhsg L(U ( <
L(K( dkdldmsr- Sgdm  cdsdqlhmdr ] btad b(∅.( hm J) ne chldmrhnm L(U (- Vd vhkk “mc
] eqdd e]bd ne sghr btad) m]ldkx b(∅. | P( enq rnld mnm,oqhmbho]k P ]mc trd hs sn bnkk]ord
sgd btad- Vd b]m cn sghr dpthu]qh]mskx enq ]kk rtbg btadr hm ]kk ne J) ) sgdqdax qdctbhmf sgd
chldmrhnm ne J) ax 0-

Sgd btad b(∅. | P( hr ] eqdd e]bd ne b(∅.( he ]mc nmkx he P hr hqqdok]bd]akd- Rn vd ]qd
knnjhmf enq ]m hqqdok]bd]akd P hm - Kds Q ∈ ± ad ]m hmmdqlnrs mnm,oqhmbho]k )V,rtards-
He sgd bnqqdronmchmf )V,o]qshshnm Q hr r]mcvhbgdc) sgdm hs hr hqqdok]bd]akd) ax Kdll] 6�5
rn vd l]x s]jd P + Q- He hs hr mns r]mcvhbgdc) sgdm hs b]m ad qdok]bdc ax ] oqhmbho]k )V,
o]qshshnm O) ax Kdll] 6�6) sn enql ] mdv l]whl]k bnkkdbshnm - Sghr mdv bnkkdbshnm g]r
sgd r]ld rhyd) rn ltrs rshkk bnms]hm ] mnm,oqhmbho]k )V,o]qshshnm-

BkZhl- He ] mnm,oqhmbho]k R ∈  a]rdc ]s v hr r]mcvhbgdc adsvddm Rl ]mc R∗
m hm ) sgdm hs

v]r ]kqd]cx r]mcvhbgdc hm ) rn hr hqqdok]bd]akd hm  ax Kdll] 6�5-

Oqnne ne bkZhl- He R hr r]mcvhbgdc hm  ats mns hm  sgdm dhsgdq Rl nq R∗
m ltrs ad dpt]k sn

sgd )V,rtards vd trdc hm Kdll] 6�6 sn qdok]bd P- Hm ]kk b]rdr sghr g]r ] rhcd ne sgd enql
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R + S : L vgdqd S hr mnm,oqhmbho]k a]rdc ]s t ]mc L hr oqhmbho]k vhsg t ∈ L - Hs enkknvr
sg]s L hr a]rdc ]s l �he R + Rl( ]mc t. v ,◦ l �nq ]s m he R + R∗

m ]mc t. v ,◦ m( ]mc sg]s
t + v- Ats sgdm L rokhsr ansg t ]mc v) vghbg b]mmns g]oodm hm ] a]qadc fq]og-

Mnv kds R ad ]m hmmdqlnrs mnm,oqhmbho]k rhcd hm ±- He R hr r]mcvhbgdc hm  sgdm ax sgd
bk]hl hs v]r ]kqd]cx r]mcvhbgdc hm ) rn hr hqqdok]bd]akd hm  ]mc vd l]x s]jd P +R- He
hs hr mns r]mcvhbgdc) vd b]m qdok]bd hs ax ] oqhmbho]k o]qshshnm ax Kdll] 6�6- Vd bnmshmtd
qdok]bhmf hmmdqlnrs mnm,oqhmbho]k rhcdr tmshk vd dmbntmsdq nmd sg]s hr r]mcvhbgdc �vghbg
ltrs dwhrs rhmbd L(U ( < L(K(( ]mc gdmbd hqqdok]bd]akd-

@r rgnvm hm Z4[) sgd rs]q ne ] R]kudssh R) hm J) hr sgd tmhnm ne sgd btadr vhsg R) ]r ] udq,
sdw) ]mc sgdrd btadr ]qd hcdmsh“dc vhsg vd]jkx bnlo]shakd bnkkdbshnmr ne )V,o]qshshnmr- Sgd
rs]ahkhrdq R) tmcdq sgd ]bshnm ne T (;)( hr hrnlnqoghb sn sgd rtafqnto fdmdq]sdc ax fq]og
]tsnlnqoghrlr ]mc hmudqrhnmr- Sgd deedbs ne rtbg ]m ]tsnlnqoghrl nm sgd btadr hm sgd
rs]q hr sn odqltsd sgd k]adkr ne U ±- Rhmbd hmbhcdmbd qdk]shnmr ]qd oqdrdqudc) ]mx rtbg ]tsn,
lnqoghrl rdmcr ] )V,o]qshshnm sn sgd zr]ld– )V,o]qshshnm vhsg sgd k]adkr odqltsdc- Rhmbd
hqqdok]bd]akd o]qshshnmr ]qd bg]q]bsdqhydc ax adhmf r]mcvhbgdc) rtbg ]m ]tsnlnqoghrl rdmcr
r]mcvhbgdc o]qshshnmr sn r]mcvhbgdc o]qshshnmr) ]mc sgtr rdmcr eqdd e]bdr sn eqdd e]bdr- Sgtr
bnkk]orhmf sgdrd eqdd e]bdr hr ]m dpthu]qh]ms nodq]shnm) fhuhmf ]m dpthu]qh]ms cdenql]shnm
qdsq]bshnm ne J) -

;bjmnvkdcfdldmsr- Vd sg]mj Admi]lhm Aq—bj ]mc Phb V]cd enq dwsqdldkx trdetk
bnlldmsr nm sgd “qrs udqrhnm ne sghr o]odq- Sgd rdbnmc ]tsgnq v]r o]qsh]kkx rtoonqsdc ax ]
Pnx]k Rnbhdsx Vnkernm ]v]qc-

PDEDPDMBDR

Z0[ B- APDFL@M- @tsnlnqoghrlr ]mc gnlnknfx ne mnm,onrhshudkx btqudc btad bnlokdwdr-
]qWhu905/8-/25/1-

Z1[ L- P- APHCRNM ]mc J- UNFSL@MM- ;tsnlnqoghrlr ne eqdd fqntor) rtqeZbd fqntor Zmc eqdd
ZadkhZmfqntor- Oqnakdlr nm L]oohmf Bk]rr Fqntor ]mc Pdk]sdc Snohbr) dc- ax A- E]qa) Oqnb- Rxlo-
Otqd L]sg- 63 �@ldq- L]sg- Rnb-) Oqnuhcdmbd PH) 1//5(-

Z2[ J- ATW) P- BG@PMDX ]mc J- UNFSL@MM- @tsnlnqoghrl fqntor ne P@@Fr ]mc o]qsh]kkx
rxlldsqhb ]tsnlnqoghrlr ne eqdd fqntor- Fqntor Fdnl- Cxm- 2 �1//8() mn- 3) 430fi443-

Z3[ P- BG@PMDX- @m Hmsqnctbshnm sn Phfgs,]mfkdc @qshm Fqntor- Fdnl- CdchbZsZ 014 �1//6() 030fi047-
Z4[ P- BG@PMDX) M- RS@LA@TFG ]mc J- UNFSL@MM- Ntsdq Ro]bd enq Tmsvhrsdc @tsnlnqoghrlr ne

qhfgs,]mfkdc @qshm Fqntor- Fdnl- Snonk- 10 �1/06() mn- 1) 0020fi0067-
Z5[ P- BG@PMDX ]mc J- UNFSL@MM- Rtafqntor Zmc Ptnshdmsr ne ;tsnlnqoghrl Fqntor ne Q;;Fr-

Knv,chldmrhnm]k ]mc rxlokdbshb snonknfx) 8fi16) Oqnb- Rxlonr- Otqd L]sg-) 71 �@ldq- L]sg- Rnb-)
Oqnuhcdmbd) PH) 1/00(-

Z6[ I- BPHRO) P- BG@PMDX ]mc J- UNFSL@MM- @tsnlnqoghrl fqntor ne svn,chldmrhnm]k qhfgs,]mfkdc
@qshm fqntor- Fdnldsqx Zmc Snonknfx 00 �1//6() 1116fi1153-

Z7[ L- BTKKDP ]mc J- UNFSL@MM- Lnctkh ne fq]ogr ]mc ]tsnlnqoghrlr ne eqdd fqntor- Hmudms- LZsg-
73 �0875() mn- 0) 80fi008-

Z8[ L- A- C@X- Od]j qdctbshnm ]mc “mhsd oqdrdms]shnmr enq ]tsnlnqoghrl fqntor ne qhfgs,]mfkdc @qshm
fqntor- Fdnl- Snonk- 02 �1//8() mn- 1) 706fi744-

Z0/[ L- A- C@X ]mc P- C- V@CD- Pdk]shud ]tsnlnqoghrl fqntor ne qhfgs,]mfkdc @qshm fqntor- I- Snonknfx
01 �1/08() mn- 2) 648fi687-

Z00[ U- FTHP@PCDK ]mc @- R@KD- U]rsmdrr oqnodqshdr ne ]tsnlnqoghrl fqntor ne P@@Fr- I Snonk- 00
�1/07() mn- 0) 2/fi53-

Z01[ R- GDPLHKKDP ]mc I-LDHDP- @kfnqhsglr ]mc fdnldsqx enq fq]og oqnctbsr ne fqntor- I- ;kfdaqZ 060
�0884() mn- 0) 12/fi146-

Z02[ L- P- K@TPDMBD- @ fdmdq]shmf rds enq sgd ]tsnlnqoghrl fqnto ne ] fq]og fqnto- I- Knmcnm LZsg-
Rnb- �1( 41 �0884() mn- 1) 207fi223-

Z03[ G- RDPU@SHTR- @tsnlnqoghrlr ne fq]og fqntor- I- ;kfdaqZ 015 �0878() mn- 0) 23fi5/-
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Z04[ J- UNFSL@MM- FK�m)Y() Nts�Em( Zmc dudqxsghmf hm adsvddm9 Ztsnlnqoghrl fqntor ne Q;;Fr-
Knmcnm L]sgdl]shb]k Rnbhdsx Kdbstqd Mnsd Rdqhdr 311- Fqntor Rs @mcqdvr �1/02() 0/4fi016
�B]laqhcfd Tmhudqrhsx Oqdrr) 1/04(-

Z05[ J- UNFSL@MM- Sgd snonknfx Zmc fdnldsqx ne Ztsnlnqoghrl fqntor ne eqdd fqntor- Oqnbddchmfr ne
sgd 1/05 Dtqnod]m Bnmfqdrr ne L]sgdl]shbh]mr 070”1/1- �DLR Otakhrghmf Gntrd) Ytqhbg) 1/07(-

Z06[ I- G- B- VGHSDGD@C- Nm bdqs]hm rdsr ne dkdldmsr hm ] eqdd fqnto- Oqnb- Knmc- LZsg- Rnb- 1 �0825()
37fi45-

https://doi.org/10.1017/S0305004119000501 Published online by Cambridge University Press


