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AOhpu fpOogr Omb sgd tmrsOaid gnlninfu
ne Hnb�F� g(� Mts�,m( Omb )ts�,m(

I‘ldr Bnm‘ms+ L‘qshm J‘rr‘anu ‘mc J‘qdm Unfsl‘mm

9arspWbs

Ud rstcx W eWlhkx ne Khd WkfdapWr aH vghbg Wpd cdzmdc enp bxbkhb nodpWcr H, Srhmf ghr fpWog

gnlnknfx sgdnpx+ Inmsrduhbg hcdmshzdc sgd gnlnknfx ne svn ne sgdrd Khd WkfdapWr �bnppdronmchmf

sn sgd Khd Wmc WrrnbhWshud nodpWcr( vhsg sgd bngnlnknfx ne ntsdp Wtsnlnpoghrl fpntor ne epdd

fpntor Wmc lWoohmf bkWrr fpntor ne otmbstpdc rtpeWbdr+ pdrodbshudkx, Fm sghr oWodp+ vd hmspnctbd

W gXhpw fpXog gnlnknfw sgdnpx enp H, Ud rgnv sgWs sgd gnlnknfx ne aH dladcr hm gWhpx fpWog

gnlnknfx uhW W spXbd lWo sgWs fdmdpWkhydr sgd spWbd lWo cdzmdc ax LnphsW, Enp sgd Khd nodpWc+

vd trd sgd spWbd lWo sn zmc kWpfd mdv rtllWmcr ne sgd WadkhWmhyWshnm ne aH vghbg Wpd pdkWsdc sn

bkWrrhbWk lnctkWp enplr enp OK1�S(, Srhmf btro enplr+ vd bnmrsptbs mdv bxbkdr enp sgd tmrsWakd

gnlnknfx ne Mts�Ce(+ Wmc trhmf Ahrdmrsdhm rdphdr+ vd zmc mdv bxbkdr enp =ts�Ce(, Enp sgd

WrrnbhWshud nodpWc+ vd bnlotsd sgd zprs gnlnknfx ne sgd gWhpx fpWog bnlokdw ax WcWoshmf Wm

Wpftldms ne LnphsW+ OWiWrWh Wmc Otytih+ vgn cdsdplhmdc sgd bnlokdsd WadkhWmhyWshnm ne aH hm

sgd WrrnbhWshud bWrd,

0- Hmsqnctbshnm

@ vhcd u‘qhdsx ne l‘sgdl‘shb‘k ‘mc ogxrhb‘k ogdmnldm‘ b‘m ad lncdkdc trhmf sqddr ‘mc
fq‘ogr+ ‘mc hs hr mns rtqoqhrhmf sg‘s rsqtbstqdr a‘rdc nm sqddr ‘mc fq‘ogr ok‘x ‘m hlonqs‘ms
qnkd hm ‘m‘kxyhmf sgdrd ogdmnldm‘- Nmd rtbg rsqtbstqd hr sgd Khd ‘kfdaq‘ aS fdmdq‘sdc ax
fimhsd ok‘m‘q sqhu‘kdms sqddr vgnrd kd‘udr ‘qd cdbnq‘sdc vhsg dkdldmsr ne ‘ rxlokdbshb udbsnq
ro‘bd U ’rdd Rdbshnm 1 enq ‘ oqdbhrd cdfimhshnm ne aS (- Vgdm nmd rs‘ahkhydr ax kdsshmf sgd
chldmrhnm ne U fn sn hmfimhsx+ sgd qdrtkshmf naidbs a∞ hr ‘ e‘rbhm‘shmf ‘mc bnlokhb‘sdc Khd
‘kfdaq‘+ vghbg ‘qhrdr m‘stq‘kkx hm rdudq‘k ‘qd‘r ne snonknfx ‘mc fdnldsqhb fqnto sgdnqx- Sgdrd
hmbktcd sgd rstcx ne sgd Ingmrnm fiksq‘shnm ne sgd l‘oohmf bk‘rr fqnto ne ‘ rtqe‘bd Y05+ 11“+
fimhsd,sxod hmu‘qh‘msr ne 2,l‘mhenkcr Y2+ 8+ 1�“ ‘mc sgd gnlnknfx ne ntsdq ‘tsnlnqoghrl fqntor
ne eqdd fqntor Y3+ 06+ 07“-
@m hlonqs‘ms fiqrs rsdo hm tmcdqrs‘mchmf a∞ hr sn cdsdqlhmd hsr ‘adkh‘mhy‘shnm- Lnqhs‘

Y12“ bnmrsqtbsdc ‘ k‘qfd ‘adkh‘m ptnshdms ne aS uh‘ ghr sq“bd l“o+ vghbg s‘jdr u‘ktdr hm
sgd onkxmnlh‘k ‘kfdaq‘ �YU “. Gd bnmidbstqdc sg‘s sgd hl‘fd ne sgd rs‘ahkhydc sq‘bd l‘o hr
hrnlnqoghb sn sgd dmshqd ‘adkh‘mhy‘shnm ne a∞ ’rdd Y12+ Bnmidbstqd 5-0/“(- Gnvdudq+ hm sghr
o‘odq+ vd vhkk rgnv sg‘s sgd ‘adkh‘mhy‘shnm hr hm e‘bs pthsd ‘ ahs k‘qfdq sg‘m sghr+ vhsg ltbg
qhbgdq rsqtbstqd sg‘m ‘mshbho‘sdc- Nmd trd Lnqhs‘ l‘cd ne ghr sq‘bd l‘o v‘r sn bnmrsqtbs ‘
rdqhdr ne dkdldmsr ne G∗’a∞(+ vghbg gd sgdm hcdmshfidc vhsg dkdldmsr ne G∗’Nts’Em(( trhmf ‘
sgdnqdl ne Jnmsrduhbg Y06+ 07“- Sgd mdv o‘qsr vd fimc ne sgd ‘adkh‘mhy‘shnm ne a∞ ‘kknv tr sn
bnmrsqtbs l‘mx mdv gnlnknfx bk‘rrdr enq Nts’Em(-
Lnqhs‘#r sq‘bd b‘m ad qd,hmsdqoqdsdc hm sdqlr ne fq‘ogr+ ‘r v‘r cnmd hm Y4“: sgd m‘stq‘k s‘qfds

ne sgd sq‘bd hr sgdm ‘ udbsnq ro‘bd ro‘mmdc ax fq‘ogr bnmrhrshmf ne nmd nqhdmsdc bxbkd vhsg rnld
ˆg‘hqr# ‘ss‘bgdc+ k‘adkdc ax dkdldmsr ne U - Sghr onhms ne uhdv kd‘cr sn sgd bdmsq‘k bnmrsqtbshnm

Pdbdhudc 1 L‘qbg 1/01: qduhrdc 03 Rdosdladq 1/01: otakhrgdc nmkhmd 17 Mnudladq 1/01-

1/0/ LTsgdlTshbr Rtaidbs BkTrrhybTshnm 06A45) 1/E54) 1/I/5 ’oqhl‘qx(-

Sgd “qrs ‘tsgnq v‘r rtoonqsdc ax MRE fq‘ms CLR,/5/3240) sgd rdbnmc ‘tsgnq v‘r rtoonqsdc ax MRE fq‘ms
CLR,/8//821 ‘mc sgd sghqc ‘tsgnq v‘r rtoonqsdc ax MRE fq‘ms CLR,0/00746-
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01/ I- BNM;MS) L- J;RR;ANU ;MC J- UNFSL;MM

ne sghr o‘odq+ vghbg hr ‘m dwsdmrhnm ne sgd sq‘bd l‘o sn s‘jd hmsn ‘bbntms fq‘ogr ne ghfgdq
q‘mj- Sgd cnl‘hm ne sghr dwsdmrhnm hr sgd Bgdu‘kkdxzDhkdmadqf bg‘hm bnlokdw A•’aS (+ ‘mc sgd
s‘qfds hr ‘ ˆg‘hqx fq‘og# bnlokdw CS + ro‘mmdc ax nqhdmsdc fq‘ogr vhsg k‘adkdc g‘hqr ‘ss‘bgdc
’rdd Rdbshnm 2(-
Ntq fiqrs l‘hm sgdnqdl hr sg‘s+ ‘esdq rs‘ahkhy‘shnm+ sghr mdv sq‘bd l‘o b‘ostqdr ‘kk ne sgd

‘adkh‘mhy‘shnm ne a∞ ‘mc hm e‘bs cndr dudm adssdq+ b‘ostqhmf sgd ghfgdq gnlnknfx fqntor ‘r
vdkk-

Sgdnpdl 3,2K, Sgd sq“bd Sq 9 A•’aS (→ CS hr “ bg“hm l“o sg“s hmctbdr “m hmidbshnm nm
gnlnknfx G∗’a∞( → G∗’C∞(-

Sgd sq‘bd l‘o hr mns rtqidbshud nm gnlnknfx+ dudm ‘esdq rs‘ahkhy‘shnm+ ats sgd hl‘fd hr k‘qfd
hm ‘ oqdbhrd rdmrd ’Sgdnqdl 3-5(+ rn sgd mdws s‘rj hm cdsdqlhmhmf sgd ‘adkh‘mhy‘shnm ne a∞ hr sn
‘m‘kxyd G0’CS (- Sghr aqd‘jr to ‘r ‘ chqdbs rtl ‘bbnqchmf sn sgd q‘mjr q ne sgd g‘hqx fq‘ogr9

G0’CS ( ;
∞

g8+

G0,q.

Hs hr d‘rx sn bgdbj sg‘s G0,+ ∼;
2

U ‘mc G0,0 ∼;


∞

j8+ R
1j)0’U (+ ‘mc sn sgdm bnmfiql sg‘s sghr

o‘qs hr dpt‘k sn sgd hl‘fd ne Lnqhs‘#r nqhfhm‘k sq‘bd l‘o- Ats ghfgdq,q‘mj fq‘ogr ‘krn l‘jd
k‘qfd bnmsqhatshnmr sn sgd ‘adkh‘mhy‘shnm-

Sgdnpdl 7,7, Enq q > 1. sgdqd hr “m hrnlnqoghrl

G0,q ∼; G1q|2’Nts’Eq(:�YU ⊕q“(.

vgdqd �YU ⊕q“ cdmnsdr sgd onkxmnlh“k “kfdaq“ fdmdq“sdc ax U ⊕q. “mc Nts’Eq( “bsr nm �YU ⊕q“ ;
�YU ⊗ �q“ uh“ sgd m“stq“k FK’q.S( “bshnm nm �q-

Sgdrd sgdnqdlr snfdsgdq r‘x sg‘s sgd ‘adkh‘mhy‘shnm ne a∞ hr ‘ k‘qfd rtaro‘bd ne ‘ chqdbs
rtl ne bdqs‘hm svhrsdc bngnlnknfhdr ne Nts’Eq(- Vd mdws rgnv sg‘s sgd fiqrs mdv rtll‘mc
G0,1 ne G0’CS ( b‘m ad bnlokdsdkx b‘kbtk‘sdc trhmf sgd DhbgkdqzRghltq‘ hrnlnqoghrl+ vghbg
qdk‘sdr bk‘rrhb‘k lnctk‘q enqlr vhsg sgd svhrsdc bngnlnknfx ne RK1’S(-

Sgdnpdl 7,0., Kds rj cdmnsd sgd chldmrhnm ne sgd ro“bd ne bk“rrhb“k vdhfgs j btro enqlr
enq RK1’S(- Sgdm

G0,1 ∼;


j/>+
’R(j,(U (⊕�j,, .

vgdqd R(j,( hr sgd Rbgtq etmbsnq enq sgd o“qshshnm ’j. Z( “mc λj, ; / tmkdrr j ) Z hr dudm. hm
vghbg b“rd

λj, ;


rj|)1 he Z hr dudm)

rj|)1 ) 0 he Z hr ncc.

Oqdkhlhm‘qx b‘kbtk‘shnmr hmchb‘sd sg‘s G0,2 hr ‘krn ghfgkx mnm,sqhuh‘k ‘mc sgd chldmrhnmr
‘ood‘q qdk‘sdc sn lnctk‘q enqlr+ ats vd vhkk cdedq sgdrd b‘kbtk‘shnmr sn ‘mnsgdq o‘odq-
Enq ntq l‘hm ‘ookhb‘shnmr ne Sgdnqdl 7-0/+ vd trd sgd rdlhm‘k vnqj ne Jnmsrduhbg Y06+

07“+ vghbg qdk‘sdr sgd bngnlnknfx ne a∞ sn sgd gnlnknfx ne ntsdq ‘tsnlnqoghrl fqntor ne
eqdd fqntor- @r Lnqhs‘ rgnvdc+ vdcfd oqnctbsr ne dkdldmsr ne sgd ‘adkh‘mhy‘shnm ne a∞ b‘m ad
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G;HPX FP;OGR ;MC TMRS;AKD GNLNKNFX 010

otkkdc a‘bj sn oqnctbd bnbxbkdr enq a∞+ vghbg uh‘ Jnmsrduhbg#r sgdnqdl fhud qhrd sn bxbkdr hm ‘
bg‘hm bnlokdw enq Nts’Em(- Hs hr qdl‘qj‘akd sg‘s hm sghr v‘x bk‘rrdr hm sgd svhrsdc bngnlnknfx
ne Nts’E1( oqnctbd tmsvhrsdc q‘shnm‘k gnlnknfx bk‘rrdr enq Nts’Em( enq hmfimhsdkx l‘mx u‘ktdr
ne m- Enq dw‘lokd+ vd rgnv gnv Sgdnqdl 7-0/ ‘kknvr tr sn oqnctbd bxbkdr enq Nts’Em( a‘rdc nm
ro‘bdr ne btro enqlr-

Sgdnpdl 0.,3, Sgdqd hr “m dladcchmf
1
’L+

1j(
∗ → X3j|1’Nts’E1j)0(:C(

hmsn bxbkdr enqNts’E1j)0(. vgdqdL+
1j hr sgd udbsnq ro“bd ne btro enqlr enq RK’1.S( ne vdhfgs 1j-

Trhmf ‘ u‘qh‘ms ne Jnmsrduhbg#r ldsgnc+ Fq‘x Y01“ g‘r qdk‘sdc sgd gnlnknfx ne @ts’Em( sn
‘ bdqs‘hm svhrsdc bngnlnknfx ne a∞+ ‘mc ‘r ‘mnsgdq ‘ookhb‘shnm ne Sgdnqdl 7-0/ vd trd ghr
vnqj sn oqnctbd bxbkdr a‘rdc nm Dhrdmrsdhm rdqhdr-

Sgdnpdl 0.,6, Sgdqd hr “ rdqhdr ne bxbkdr

d3j)2 ∈ X3j)2’@ts’E1j)2(:C(.

vghbg “qd qdk“sdc sn Dhrdmrsdhm rdqhdr-

Vhsg sgd gdko ne ‘ bnlotsdq+ vd g‘ud rgnvm sg‘s sgd fiqrs svn ne sgdrd bk‘rrdr+ d6 ‘mc
d00+ qdoqdrdms mnm,sqhuh‘k gnlnknfx bk‘rrdr- Sgd bk‘rr d6 ∈ G6’@ts’E4(:C( bnhmbhcdr vhsg ‘
bk‘rr entmc rdudq‘k xd‘qr d‘qkhdq ax Fdqkhsr Y0�“+ ax pthsd chffdqdms ldsgncr- Sghr bk‘rr g‘c mns
oqduhntrkx rddldc sn fis hmsn sgd ohbstqd ne bk‘rrdr bnlhmf eqnl sgd ‘adkh‘mhy‘shnm ne a∞+ ats
mnv cndr- Hm e‘bs+ ‘s sghr onhms ‘kk jmnvm q‘shnm‘k gnlnknfx bk‘rrdr enq @ts’Em( ‘mc Nts’Em(+
ne vghbg sgdqd ‘qd nmkx ‘ g‘mcetk+ ‘qhrd eqnl sgd ‘adkh‘mhy‘shnm ne a∞-
Sgd Khd ‘kfdaq‘ aS chrbtrrdc ‘anud hr ‘bst‘kkx itrs nmd dw‘lokd ne ‘ ltbg lnqd fdmdq‘k

bnmrsqtbshnm- @ k‘adkdc sqdd hm aS b‘m ad sgntfgs ne ‘r ‘m dkdldms ne sgd Khd nodq‘c vghbg
g‘r udbsnqr k‘adkhmf hsr hmots.ntsots rknsr- Hm ‘ rhlhk‘q v‘x+ nmd b‘m cdfimd ‘ Khd ‘kfdaq‘ aLS

enq ‘mx bxbkhb nodq‘c L ’rdd Rdbshnm 1(- Sgd fq‘oghb‘k sq‘bd l‘o Sq hr ‘krn cdfimdc hm sghr
fdmdq‘khsx+ ‘mc s‘jdr u‘ktdr hm ‘ g‘hqx udqrhnm ne L,fq‘og gnlnknfx ’Rdbshnmr 2 ‘mc 3(- Sghr
L,fq‘og gnlnknfx sgdnqx CLS hr rhlhk‘q sn sg‘s cdfimdc hm Y3“+ dwbdos sg‘s sgd fq‘ogr ‘qd
‘kknvdc sn g‘ud tmhu‘kdms udqshbdr k‘adkdc ax udbsnqr hm U -
Sghr lnqd fdmdq‘k onhms ne uhdv hr sgd nmd vd s‘jd sgqntfgnts sghr o‘odq+ ‘mc Sgdnqdl 3-2K

hr ‘bst‘kkx rs‘sdc ‘mc oqnudc ‘r enkknvr-

Sgdnpdl 3,2, Enq “mx bxbkhb nodq“c L vghbg hr fimhsd,chldmrhnm“k hm d“bg cdfqdd. Sq hr
“ bg“hm l“o vghbg. “esdq rs“ahkhy“shnm vhsg qdrodbs sn U. hmctbdr “m hmidbshnm G∗’aL∞( →
G∗’CL∞(-

Enq sgd ‘rrnbh‘shud nodq‘c+ Jnmsrduhbg rgnvdc sg‘s sgd gnlnknfx ne aL∞ hr qdk‘sdc sn sgd
q‘shnm‘k gnlnknfx ne sgd l‘oohmf bk‘rr fqnto Y3+ 06+ 07“- Hm Rtardbshnm 6-1+ vd ‘c‘os ‘m
‘qftldms ne Lnqhs‘+ R‘j‘r‘h ‘mc Rtytjh Y14“ sn bnlotsd sgd fiqrs gnlnknfx fqnto ne sgd
g‘hqx L,fq‘og bnlokdw hm sgd b‘rd L ; Arrnb- Sgdhq ‘qftldms hr o‘qs ne sgdhq qdrtks sg‘s
sgd ‘adkh‘mhy‘shnm ne aL∞ hr oqdbhrdkx dpt‘k sn sgd ohdbd cdsdqlhmdc ax Lnqhs‘ Y13“+ ‘mc hm
Sgdnqdl 6-8 vd rgnv gnv sghr ‘krn enkknvr eqnl sgd fiqrs gnlnknfx bnlots‘shnm snfdsgdq vhsg
hmidbshuhsx ne sgd sq‘bd l‘o-
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011 I- BNM;MS) L- J;RR;ANU ;MC J- UNFSL;MM

Vd qdl‘qj sg‘s sgd rs‘akd gnlnknfx ne ansg Lnc’f. r( ‘mc Nts’Em( hr vdkk tmcdqrsnnc
’rdd Y7+ 10“( ats sgd tmrs‘akd gnlnknfx qdl‘hmr pthsd lxrsdqhntr+ ‘mc ‘kk sgd bk‘rrdr vd fimc
hm sghr o‘odq khd hm sgd tmrs‘akd q‘mfd-
Ehm‘kkx+ hm Rdbshnm 00+ vd mnsd sg‘s g‘hqx Khd fq‘og gnlnknfx hr qdk‘sdc sn sgd bngnlnknfx

ne l‘oohmf bk‘rr fqntor ne bdqs‘hm otmbstqdc 2,l‘mhenkcr+ ‘r cdfimdc hm Y04“- Rodbhfib‘kkx+ kds
Lm,r ad sgd bnlo‘bs 2,l‘mhenkc nas‘hmdc eqnl sgd bnmmdbsdc rtl ne m bnohdr ne R0 · R1 ax
cdkdshmf sgd hmsdqhnqr ne r chrinhms a‘kkr+ ‘mc kds ˜m,r ad sgd ptnshdms ne sgd l‘oohmf bk‘rr fqnto
ne Lm,r ax sgd mnql‘k rtafqnto fdmdq‘sdc ax Cdgm svhrsr ‘knmf dladccdc 1,rogdqdr- Sgdm
g‘hqx Khd fq‘og gnlnknfx hr bknrdkx qdk‘sdc sn sgd bngnlnknfx ne ˜m,r ’Sgdnqdl 00-0(-
Sghr o‘odq hr sgd fiqrs hm ‘ rdqhdr ne svn o‘odqr- Hm sghr o‘odq+ vd g‘ud bnmbdmsq‘sdc nm

sgd sgdnqx mddcdc sn tmcdqrs‘mc sgd ‘adkh‘mhy‘shnm ne aL ‘mc ‘ookhb‘shnmr sn sgd gnlnknfx
ne l‘oohmf bk‘rr fqntor ‘mc ‘tsnlnqoghrl fqntor ne eqdd fqntor- Hm sgd rdptdk+ vd vhkk
nas‘hm ‘ oqdbhrd cdrbqhoshnm ne sgd hl‘fd ne sgd sq‘bd l‘o ‘mc rgnv sg‘s sgd Ro,lnctkd
cdbnlonrhshnm ne sgd hl‘fd bnqqdronmcr dw‘bskx sn sgd FK,lnctkd cdbnlonrhshnm ne g‘hqx
fq‘og gnlnknfx- Vd vhkk ‘krn rgnv gnv sn trd ghfgdq g‘hqx fq‘og gnlnknfx sn oqnctbd bk‘rrdr
hm sgd bngnlnknfx ne aL+ xhdkchmf dudm lnqd onsdmsh‘k tmrs‘akd gnlnknfx bk‘rrdr enq @ts’Em(+
Nts’Em( ‘mc Lnc’f. r(- Ehm‘kkx+ vd vhkk dwok‘hm bnmmdbshnmr adsvddm g‘hqx fq‘og gnlnknfx
‘mc Fdsykdq ‘mc J‘oq‘mnu#r sgdnqx ne lnctk‘q nodq‘cr+ ‘mc ‘krn vhsg Knc‘x#r chgdcq‘k
gnlnknfx-

1- Pduhdv ne sgd Khd “kfdaq“ “rrnbh“sdc sn “ bxbkhb nodq“c “mc hsr ’bn(gnlnknfx

@kk udbsnq ro‘bdr hm sghr o‘odq vhkk ad nudq ‘ fiwdc fidkc � ne bg‘q‘bsdqhrshb / ‘mc g‘ud
dhsgdq fimhsd nq bntms‘akd chldmrhnm- Hm sghr rdbshnm+ vd ‘krn fiw ‘ bxbkhb nodq‘c L hm
sgd b‘sdfnqx ne �,udbsnq ro‘bdr- Kds L’’l(( cdmnsd sgd udbsnq ro‘bd ro‘mmdc ax nodq‘c
dkdldmsr vhsg l hmots.ntsots rknsr ’‘mx nmd ne vghbg b‘m rdqud ‘r sgd ntsots enq sgd nsgdq
’l| 0( hmotsr(- Ax cdfimhshnm+ sgd rxlldsqhb fqnto Σl ‘bsr nm L’’l((- Vd vhkk ‘rrtld
sg‘s sgd udbsnq ro‘bdr L’’l(( ‘qd fimhsd,chldmrhnm‘k enq d‘bg l+ ‘mc vd fiw ‘ a‘rhr enq
d‘bg L’’l((-

1-0- Sgd Khd “kfdaq“ HS ; HLS

Vd qdb‘kk eqnl Y3“ gnv sn bnmrsqtbs ‘ Khd ‘kfdaq‘ eqnl L ‘mc ‘ rxlokdbshb udbsnq ro‘bd
’U.ω(- Hs vhkk nesdm ad bnmudmhdms sn rodbhex ‘ rxlokdbshb a‘rhr A enq U - Ntq l‘hm dw‘lokd
vhkk ad sgd 1m,chldmrhnm‘k udbsnq ro‘bd Um vhsg sgd rs‘mc‘qc rxlokdbshb enql ‘mc a‘rhr Am ;
{o0. . . . . om. p0. . . . . pm{+ sg‘s hr+ sgd l‘sqhw ne ω hm sgd a‘rhr Am hr


+ G

|G +

�
- Vd vhkk ‘krn nesdm

bnmrhcdq sgd chqdbs khlhs U∞ ne sgd Um vhsg qdrodbs sn sgd m‘stq‘k hmbktrhnm+ vhsg a‘rhr A∞-
Enq w ∈ A∞+ sgd ct‘k w∗ hr fhudm ax o∗g ; pg ‘mc p∗g ; |og-

Cdehmhshnm 1,0, @m L,rohcdq hr ‘m nodq‘c dkdldms vgnrd hmots.ntsots rknsr λ ’b‘kkdc
kdfr( ‘qd d‘bg cdbnq‘sdc vhsg ‘m dkdldms w� ∈ U - He sgd nodq‘c dkdldms hr ‘ a‘rhr dkdldms ne
L ‘mc sgd k‘adkr ‘qd hm A+ sgdm sgd rohcdq hr b‘kkdc “ a“rhb L,rohcdq-

Sgd Khd ‘kfdaq‘ HLS hr fdmdq‘sdc ’‘r ‘ udbsnq ro‘bd( ax L,rohcdqr: hm o‘qshbtk‘q+ sgd a‘rhb
rohcdqr fdmdq‘sd HLS - Tmkdrr vd mddc sn rodbhex sgd nodq‘c+ vd vhkk cdmnsd HLS rhlokx ax
HS + ‘mc HLSl ax Hm-
Sgdqd hr ‘ udqx trdetk fq‘chmf nm HS fhudm ‘r enkknvr-

Cdehmhshnm 1,1, Sgd cdfqdd ne ‘m L,rohcdq hr sgd mtladq ne kdfr lhmtr 1-
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Vd cdmnsd ax HS YYc““ sgd rtaro‘bd ne HS fdmdq‘sdc ax rohcdqr ne cdfqdd c- Lnqd enql‘kkx+
vd g‘ud

HS YYc““ ∼; L’’c) 1((⊗�d�1 U
⊗(c)1(

‘mc

HS ;


c>+
HS YYc““.

Svn rohcdqr r0 ‘mc r1 b‘m ad etrdc hmsn ‘ rhmfkd rohcdq ax trhmf ‘ kdf λ0 eqnl sgd fiqrs ‘r
ntsots ‘mc ‘ kdf λ1 ne sgd rdbnmc ‘r hmots ‘mc odqenqlhmf nodq‘c bnlonrhshnm- Sgd tmtrdc
kdfr qds‘hm sgdhq k‘adkr+ ‘mc sgd qdrtkshmf L,rohcdq hr ltkshokhdc ax sgd rxlokdbshb o‘hqhmf
ω’w�+ . w�1( ne sgd k‘adkr- Vd cdmnsd sgd dmc qdrtks ne sghr ax

’r0 � r1((�+,�1(.

Mnsd sg‘s he d‘bg rg hr ‘ a‘rhb rohcdq+ sgdm sgd bndflbhdms ne sgd qdrtks hr dhsgdq / nq ±0-
Vd mnv cdfimd

Yr0. r1“ ;


d∈I+·I1

’r0 � r1(d.

vgdqd Kg hr sgd rds ne kdfr ne rg- Sghr aq‘bjds fhudr HS sgd rsqtbstqd ne ‘ Khd ‘kfdaq‘9 sgd
‘mshrxlldsqx ne sgd aq‘bjds enkknvr eqnl sgd ‘mshrxlldsqx ne sgd rxlokdbshb enql ‘mc sgd
I‘bnah hcdmshsx hr ‘ bnmrdptdmbd ne sgd ‘rrnbh‘shuhsx ne bnlonrhshnm hm sgd nodq‘c-

1-1- Sgd rxlokdbshb “bshnm

Mnsd sg‘s sgd cdfqdd ne rohcdqr hr ‘cchshud tmcdq aq‘bjds- Hm o‘qshbtk‘q+ rohcdqr ne cdfqdd /
a‘rdc nm sgd hcdmshsx dkdldms ne sgd nodq‘c L fdmdq‘sd ‘ Khd rta‘kfdaq‘ ne HS + ‘mc rohcdqr
ne onrhshud cdfqdd fdmdq‘sd ‘mnsgdq Khd rta‘kfdaq‘+ cdmnsdc ax aLS + nq rhlokx ax aS he sgd
nodq‘c hr tmcdqrsnnc- Sgd rta‘kfdaq‘ fdmdq‘sdc ax cdfqdd / rohcdqr shmsdc ax sgd hcdmshsx
dkdldms hr hrnlnqoghb sn phS + ‘mc hs ‘bsr nm HS uh‘ sgd ‘cinhms ‘bshnm+ oqdrdquhmf cdfqdd- Hm
o‘qshbtk‘q+ sgd ‘bshnm ne phS qdrsqhbsr sn ‘m ‘bshnm nm aS -
Sgd rxlokdbshb fqnto RoS ‘krn ‘bsr nm HS ’‘mc nm aS ( ax ‘bshmf nm sgd kdf,k‘adkr- Sgd

dkdldmsr ne HS sg‘s ‘qd fiwdc ax sgd RoS ,‘bshnm ‘qd oqdbhrdkx sgnrd sg‘s ‘qd jhkkdc ax sgd phS
‘bshnm- Sgdrd ‘qd b‘kkdc sgd hmu“qh“msr ne sgd ‘bshnm-
Sgd m‘stq‘k hmbktrhnm Um → Um)0 hmctbdr ‘m hmbktrhnm am → am)0+ ‘mc rs‘ahkhyhmf ‘r m→ ∞+

nmd nas‘hmr a∞ ; khl|→ am-

Vd vhkk ad oqhmbho‘kkx bnmbdqmdc vhsg sgd gnlnknfx ne sgd onrhshud cdfqdd rta‘kfdaq‘ a∞
ne H∞ rhmbd+ hm sgd b‘rdr L ; Arrnb ‘mc L ; Hhd+ hs hr sgd ’oqhlhshud o‘qs ne sgd rxlokdbshb
hmu‘qh‘msr ne( sghr gnlnknfx vghbg bnlotsdr sgd bngnlnknfx ne Nts’Em( ‘mc l‘oohmf bk‘rr
fqntor-

1-2- Bgdu“kkdxzDhkdmadqf ch�dqdmsh“k

Sgd Khd ‘kfdaq‘ gnlnknfx ne aS vhsg sqhuh‘k bndflbhdmsr hm � hr bnlotsdc trhmf sgd dwsdqhnq
‘kfdaq‘


aS ‘mc sgd Bgdu‘kkdxzDhkdmadqf chffdqdmsh‘k

>Ied’r0 S � � � S rj( ;


g,i

’|0(g)i)0Yrg. ri “ S r0 S � � � S ]rg S � � � S ]ri S � � � S rj

;


g,i



d∈Id·Ii

’|0(g)i)0’rg � ri(d S r0 S � � � S ]rg S � � � S ]ri S � � � S rj.

Kds d ; {λ.μ{ ad ‘mx ’tmnqcdqdc( o‘hq ne chrshmbs rohcdq kdfr- Vd l‘x ‘rrtld λ ∈ rg ‘mc
μ ∈ ri vhsg h 6 i- Sn rhlokhex mns‘shnm hm vg‘s enkknvr+ vd cdfimd Wd sn ad ydqn he h ; i ‘mc
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nsgdqvhrd
Wd ; ’|0(g)i)0’rg � ri(d S r0 S � � � S ]rg S � � � S ]ri S � � � S rj.

Sgdm
>Ied’W( ;



d∈C

Wd.

vgdqd C bnmrhrsr ne ‘kk o‘hqr {λ.μ{ ne kdfr vhsg λ ; μ-

Cdehmhshnm 1,2, Sgd cdfqdd ne ‘ vdcfd r0 S � � � S rj hr sgd rtl ne sgd cdfqddr ne sgd rg-

Rhmbd >Ied oqdrdqudr cdfqdd+


aS aqd‘jr to hmsn ‘ chqdbs rtl ne bg‘hm bnlokdwdr


aS YYc““
‘bbnqchmf sn cdfqdd+ ‘mc vd cdfimd G∗’a(YYc““ sn ad sgd gnlnknfx ne sghr bg‘hm bnlokdw-
Rhmbd rohcdqr b‘m g‘ud ‘mx onrhshud cdfqdd+ sgd ro‘bdr ne j,bg‘hmr

j
aS ‘qd fdmdq‘kkx mns

fimhsd,chldmrhnm‘k+ rn sgd cdfimhshnm ne bngnlnknfx adbnldr oqnakdl‘shb- Vd qdrnkud sghr trhmf
sgd nardqu‘shnm sg‘s he U hr fimhsd,chldmrhnm‘k+ sgdm sgdqd ‘qd nmkx fimhsdkx l‘mx v‘xr sn
cdbnq‘sd sgd kdfr ne ‘ a‘rhb rohcdq+ rn sgd cdfqdd c bg‘hmr

j
aS YYc““ “qd fimhsd,chldmrhnm‘k-

Cdehmhshnm 1,3, He U hr fimhsd,chldmrhnm‘k+ sgdm sgd bnmshmtntr bngnlnknfx G∗

b ’aS ( hr sgd
bngnlnknfx bnlotsdc eqnl sgd bnbg‘hm bnlokdw vgnrd j,bnbg‘hmr ‘qd

Aj
b a ;



c>0


j
aS YYc““

∗

.

He U hr hmfimhsd,chldmrhnm‘k+ sgdm vd qd‘khyd hs ‘r sgd chqdbs khlhs ne fimhsd,chldmrhnm‘k
rtaro‘bdr Um- Sgd hmbktrhnm l‘or Um → Um)0 ct‘khyd sn fhud l‘or G∗

b ’aSl�+(→ G∗

b ’aSl(-

Cdehmhshnm 1,4, Enq U ; khl|→ Um+ sgd bnmshmtntr bngnlnknfx G∗

b ’aS∞( hr sgd hmudqrd khlhs

ne sgd l‘or G∗

b ’aSl�+(→ G∗

b ’aSl(-

1-3- Etmbsnqh“khsx

Nmd l‘x qdf‘qc H ; HL ‘mc a ; aL ‘r ’bnu‘qh‘ms( etmbsnqr eqnl sgd b‘sdfnqx ne rxlokdbshb
udbsnq ro‘bdr sn sgd b‘sdfnqx ne Khd ‘kfdaq‘r- Hm o‘qshbtk‘q+ ‘mx khmd‘q l‘o φ 9 U →V vghbg
qdrodbsr sgd rxlokdbshb enqlr nm U ‘mc V hmctbdr ‘ Khd ‘kfdaq‘ gnlnlnqoghrl φ∗ 9 HS →
HV + vgdqd sgd hl‘fd ne ‘ rohcdq hr nas‘hmdc ax ‘ookxhmf φ sn sgd k‘adkr- He φ hr hmidbshud
’qdrodbshudkx+ rtqidbshud(+ sgdm rn hr φ∗- Sgd qdrsqhbshnm φ∗ 9 aS → aV sn sgd onrhshud cdfqdd
rta‘kfdaq‘r g‘r sgd r‘ld oqnodqshdr- Sgtr+ sgd m‘stq‘k hmbktrhnmr Um → Um)0 hmctbd hmbktrhnmr
Hm → Hm)0 ‘mc am → am)0-
Sgd etmbsnqr H ‘mc a bnlltsd vhsg chqdbs khlhsr- Rhmbd a∞ ; khl|→ am ‘mc gnlnknfx bnlltsdr

vhsg chqdbs khlhsr+ vd g‘ud G∗’a∞( ; khl|→G∗’am(-
Sgd ‘bshnm ne sgd rxlokdbshb fqnto RoS bnlltsdr vhsg sgd Khd aq‘bjds ‘mc gdmbd vhsg

sgd Bgdu‘kkdxzDhkdmadqf chffdqdmsh‘k+ rn sg‘s RoS ‘krn ‘bsr nm G∗’aS ( ‘mc G∗

b ’aS (+ ‘mc sgd
‘rrnbh‘shnm U  G∗’aS ( hr ‘ etmbsnq eqnl rxlokdbshb udbsnq ro‘bdr sn rxlokdbshb lnctkdr-
Sghr etmbsnq oqdrdqudr hmidbshnmr enq hmfimhsd,chldmrhnm‘k ro‘bdr-

KdllW 1,5, Kds U →V ad “m hmbktrhnm adsvddm svn hmfimhsd,chldmrhnm“k mnm,cdfdmdq“sd
rxlokdbshb ro“bdr- Sgdm sgd hmctbdc l“o G∗’aS (→ G∗’aV ( hr hmidbshud-
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Oqnne- Vd hcdmshex U vhsg hsr hl‘fd hm V ‘mc


aS vhsg hsr hl‘fd hm


aV - Vd
mddc sn rgnv sg‘s he ‘ bxbkd y ∈


aS hr ‘ antmc‘qx hm


aV + sgdm hs hr ‘krn ‘ antmc‘qx

hm


aS -
Ehw w ∈


aV vhsg >Ied’w( ; y- Rhmbd V ‘mc U ‘qd chqdbs khlhsr+ vd b‘m fimc fimhsd,

chldmrhnm‘k rxlokdbshb rtaro‘bdr U  ⊆V  ne V rtbg sg‘s y ∈


aS  ‘mc w ∈


aV  - Rhmbd
U hr hmfimhsd,chldmrhnm‘k+ sgdqd dwhrsr ‘ rtaro‘bd U  ne U bnms‘hmhmf U  ‘mc ‘ rxlokdbshb
hrnlnqoghrl µ 9V  → U  vghbg hr sgd hcdmshsx nm U - Sgdm µ∗’w( ∈


aS  ⊂


aS ‘mc

>Ied’µ∗w( ; µ∗’>Ied’w(( ; µ∗’y( ; y+ rhmbd µ∗ hr sgd hcdmshsx nm


aS  -

Vd qdl‘qj sg‘s sghr oqnne cndr mns vnqj enq fimhsd,chldmrhnm‘k ro‘bdr U ‘mc V -

2- Sgd bnlokdw ne g“hqx L,fq“ogr

Pdb‘kk eqnl Y3“ sg‘s ‘ udqsdw s ne ‘ fq‘og v‘r r‘hc sn ad L,bnknqdc he sgd g‘ke,dcfdr hmbhcdms
sn s ‘qd hcdmshfidc vhsg sgd h.n rknsr ne rnld dkdldms ne L- @m L,fq‘og v‘r sgdm cdfimdc
sn ad ‘ fq‘og sg‘s hr nqhdmsdc hm sgd rdmrd ne Jnmsrduhbg ‘mc hr L,bnknqdc ‘s dudqx udqsdw-
Sgdrd L,fq‘ogr ’F. nq(+ lnctkn sgd qdk‘shnm ’F. nq( ; |’F.|nq( oktr khmd‘qhsx qdk‘shnmr hm sgd
nodq‘c+ ro‘m ‘ bg‘hm bnlokdw vghbg+ hm d‘bg fiwdc cdfqdd c+ hr hrnlnqoghb sn sgd rtabnlokdw
ne phm,hmu‘qh‘msr hm


amYYc““ enq m c-

Vd l‘x sghmj ne ‘ ’qdoqdrdms‘shud ne ‘m( L,fq‘og ‘r rnldsghmf nas‘hmdc eqnl ‘ vdcfd ne
rohcdqr ax s‘jhmf sgd nqcdqdc chrinhms tmhnm ne sgdrd rohcdqr+ bnmmdbshmf sgdhq kdfr hm o‘hqr
ax nqhdmsdc dcfdr ‘mc chrb‘qchmf sgd kdf k‘adkr- Hm sghr rdbshnm+ vd cdfimd ‘ lnqd fdmdq‘k
bnlokdw+ fdmdq‘sdc ax ’dpthu‘kdmbd bk‘rrdr ne( naidbsr l‘cd ax bnmmdbshmf nmkx rnld o‘hqr ne
kdfr ax nqhdmsdc dcfdr ‘mc kdsshmf sgd qdrs ne sgd kdfr jddo sgdhq k‘adkr- Vd vhkk b‘kk sgdrd g“hqx
L,fq“ogr+ sg‘s hr+ ‘ k‘adkdc kdf hr mnv sn ad sgntfgs ne ‘r ‘ ˆg‘hq#-

2-0- Bg“hmr

G‘hqx fq‘ogr vhkk ad a‘rdc nm fimhsd nmd,chldmrhnm‘k bdkk bnlokdwdr- Sgdrd l‘x g‘ud ltkshokd
dcfdr nq knnor+ ats vd cn mns ‘kknv ahu‘kdms udqshbdr- Tmhu‘kdms udqshbdr ‘qd b‘kkdc kd“udr
‘mc udqshbdr sg‘s ‘qd mns tmhu‘kdms ‘qd b‘kkdc hmsdqm“k udqshbdr- Sgd dcfd ‘ci‘bdms sn ‘ kd‘e hr
b‘kkdc ‘ g“hq+ ‘mc sgd nsgdq udqsdw ne ‘ g‘hq ltrs ad hmsdqm‘k- Dcfdr sg‘s ‘qd mns g‘hqr ‘qd
b‘kkdc hmsdqm“k dcfdr- @m nqhdms“shnm nm rtbg ‘ fq‘og hr cdsdqlhmdc ax nqcdqhmf sgd hmsdqm‘k
udqshbdr ‘mc nqhdmshmf sgd hmsdqm‘k dcfdr- Dhsgdq rvhsbghmf ‘m dcfd nqhdms‘shnm nq hmsdqbg‘mfhmf
sgd nqcdq ne svn hmsdqm‘k udqshbdr qdudqrdr sgd nqhdms‘shnm ne sgd fq‘og-
@ fq‘og nqhdms‘shnm b‘m ad cdfimdc lnqd enql‘kkx ‘r enkknvr ’be- Y3+ Cdfimhshnm 1“(- Cdmnsd

sgd rds ne hmsdqm‘k udqshbdr ne ‘ fq‘og F ax HU’F(+ ‘mc sgd rds ne hmsdqm‘k dcfdr ax HD’F(-
Fhudm ‘m dcfd d ∈ HD’F(+ sgdqd ‘qd svn g‘ke,dcfdr ‘rrnbh‘sdc sn hsr svn dmcr- Cdmnsd sghr
tmnqcdqdc o‘hq ax G’d(- Ehm‘kkx+ fhudm ‘m ‘qahsq‘qx fimhsd,chldmrhnm‘k udbsnq ro‘bd V + cdfimd
cdsV ;

beiV
V -

Cdehmhshnm 2,0, @m nqhdms‘shnm ne ‘ fq‘og F hr ‘ tmhs udbsnq hm sgd nmd,chldmrhnm‘k udbsnq
ro‘bd

cdsQHU’F(⊗


d∈E=(F(

cdsQG’d(.

Cdehmhshnm 2,1, @ g“hqx L,fq“og 9 ; ’F. nq. {nu{. {w�{( hr ‘m nqhdmsdc fq‘og vhsg mn
ahu‘kdms udqshbdr+ vgdqd dudqx hmsdqm‘k udqsdw s hr bnknqdc ax ‘m nodq‘c dkdldms nu ‘mc dudqx
kd‘e λ hr k‘adkdc ax ‘m dkdldms w� ne U -
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He ‘kk hmsdqm‘k udqshbdr ‘qd bnknqdc ax a‘rhr dkdldmsr ne L ‘mc ‘kk k‘adkr ‘qd hm A+ sgdm sgd g‘hqx
fq‘og hr b‘kkdc ‘ a“rhb g‘hqx L,fq‘og- @ g‘hqx L,fq‘og hr b‘kkdc oqhlhshud he sgd tmcdqkxhmf
fq‘og hr bnmmdbsdc-

Vd l‘x ‘krn sghmj ne ‘ g‘hqx L,fq‘og ‘r rnldsghmf nas‘hmdc eqnl ‘ vdcfd ne onrhshud,cdfqdd
L,rohcdqr ax s‘jhmf sgd nqcdqdc chrinhms tmhnm ne sgdrd rohcdqr+ bnmmdbshmf rnld ne sgdhq kdfr
hm o‘hqr ax nqhdmsdc dcfdr ‘mc chrb‘qchmf sgnrd kdf k‘adkr+ ats qds‘hmhmf sgd k‘adkr nm tmo‘hqdc
kdfr-
Vd cdfimd CS ; CLS sn ad sgd udbsnq ro‘bd ro‘mmdc ax g‘hqx L,fq‘ogr ’F. nq. {nu{. {w�{(+

lnctkn nqhdms‘shnm qdk‘shnmr ’F. nq. {nu{. {w�{( ; |’F.|nq. {nu{. {w�{( oktr khmd‘qhsx qdk‘shnmr
nm sgd k‘adkr w� ‘mc sgd nodq‘c dkdldmsr nu- Sgdm CS hr fq‘cdc ax sgd mtladq ne hmsdqm‘k
udqshbdr9

CS ;


j

AjCS .

vgdqd AjCS hr ro‘mmdc ax g‘hqx L,fq‘ogr enqldc eqnl j rohcdqr+ sg‘s hr+ vgnrd tmcdqkxhmf
fq‘og F g‘r j hmsdqm‘k udqshbdr-
Ehm‘kkx+ vd cdfimd OCS sn ad sgd rtaro‘bd ne CS fdmdq‘sdc ax bnmmdbsdc g‘hqx L,fq‘ogr-

Mnsd sg‘s sgd bnqqdronmcdmbdr U  CS ‘mc U  OCS ‘qd etmbsnqh‘k hm U - @r trt‘k+ he U ; Um
nq U∞+ sgdm vd vhkk cdmnsd sgd bnqqdronmchmf bnlokdwdr ax Cm+ C∞+ OCm ‘mc OC∞-

2-1- Antmc“qx nodq“snq

Vd cdfimd ‘ antmc‘qx nodq‘snq >H 9 AjCS → Aj|0CS + vghbg rtlr nudq ‘kk onrrhakd v‘xr ne
trhmf ‘m dcfd sn bnlahmd svn nodq‘c dkdldmsr- Vd mddc sn ad b‘qdetk ‘ants sgd rhfm gdqd+ hm
nqcdq sn l‘jd >1

H
; /-

Rtoonrd sg‘s d hr ‘m hmsdqm‘k dcfd ne ‘ g‘hqx L,fq‘og 9 ; ’F. nq. {nu{. {w�{(- Bgnnrd ‘
qdoqdrdms‘shud ne sgd nqhdms‘shnm nm F rn sg‘s d hr nqhdmsdc eqnl sg sn si vhsg h 6 i- He h ; i+
sgdm cdfimd 9d ; /: nsgdqvhrd+ cdfimd ‘ mdv L,fq‘og 9d ax sgd enkknvhmf oqnbdctqd9

’0( bnkk‘ord sgd dcfd d sn ‘ rhmfkd udqsdw:
’1( etrd sgd nodq‘c dkdldmsr bnknqhmf sg ‘mc si hmsn ‘ rhmfkd rohcdq trhmf sgd h.n rkns

bnqqdronmchmf sn sgd hmhsh‘k g‘ke ne d ‘r sgd ntsots ‘mc sgd h.n rkns bnqqdronmchmf sn
sgd sdqlhm‘k g‘ke ne d ‘r sgd hmots:

’2( mtladq sgd udqshbdr ne sgd bnkk‘ordc fq‘og rn sg‘s sgd qdrtkshmf nodq‘c dkdldms shmsr sgd
fiqrs udqsdw ‘mc sgd qdl‘hmhmf udqshbdr qds‘hm sgdhq qdk‘shud nqcdq ’‘mc sgdhq shmsr(:

’3( ltkshokx ax ’|0(g)i)0-

Mnsd sg‘s sgd rhfm bnmudmshnm hlhs‘sdr sgd rhfm hm sgd Bgdu‘kkdxzDhkdmadqf antmc‘qx
nodq‘snq- Sgd antmc‘qx nodq‘snq >H 9 AjCS → Aj|0CS hr sgdm cdfimdc ax

>H’9( ;


d∈C(F(

9d.

vgdqd C’F( hr sgd rds ne hmsdqm‘k dcfdr ne F- Hs hr rsq‘hfgsenqv‘qc sn bgdbj sg‘s sghr hr vdkk
cdfimdc+ ‘mc sg‘s >H ◦ >H ; /-

PdlWpi 2,2, Mnsd sg‘s sgd antmc‘qx nodq‘snq l‘jdr mn trd ne sgd rxlokdbshb enql nm U -
Enq ‘mx khmd‘q l‘o φ 9 U →V + sgd hmctbdc l‘o φ∗ 9 CS → CV bnlltsdr vhsg sgd chffdqdmsh‘k
>H rn sg‘s sgdqd hr ‘m hmctbdc l‘o φ∗ 9 G∗’CS (→ G∗’CV (- Sgtr+ U  CS ’qdrodbshudkx+
U  G∗’CS (( ‘qd etmbsnqr eqnl sgd b‘sdfnqx ne udbsnq ro‘bdr sn sgd b‘sdfnqx ne bnlokdwdr
’qdrodbshudkx+ fq‘cdc udbsnq ro‘bdr(-
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2-2- Fq“chmfr nm CS

Sgdqd ‘qd rdudq‘k chffdqdms sghmfr sn bntms hm ‘ g‘hqx fq‘og+ ‘mc vd vhkk g‘ud nbb‘rhnm sn
trd chffdqdms nmdr ‘s u‘qhntr onhmsr hm sghr o‘odq- Sgd lnrs hlonqs‘ms ne sgdrd hr sgd cdfqdd
ne ‘ g‘hqx fq‘og 9+ vghbg hr cdfimdc sn ad rtl ne sgd cdfqddr ne sgd rohcdqr bnknqhmf sgd
udqshbdr- Pdb‘kk sg‘s vd qdpthqdc sgdrd cdfqddr sn ad onrhshud+ rn sg‘s sgdqd ‘qd mn g‘hqx
fq‘ogr ne cdfqdd /. Sgd antmc‘qx nodq‘snq >H oqdrdqudr cdfqdd+ rn sg‘s CS aqd‘jr to ‘r
‘ chqdbs rtl ne rtabnlokdwdr CS YYc““ ‘bbnqchmf sn cdfqdd- Mnsd sg‘s he U hr fimhsd,chldmrhnm‘k+
sgdm CS YYc““ hr ‘krn fimhsd,chldmrhnm‘k+ rhmbd sgdqd ‘qd nmkx fimhsdkx l‘mx fq‘ogr ne ‘ fhudm
cdfqdd-
Nsgdq sghmfr vd b‘m bntms hmbktcd9

’0( sgd mtladq ne hmsdqm‘k dcfdr hm sgd tmcdqkxhmf nqhdmsdc fq‘og F ’sgd antmc‘qx nodq‘snq
cdbqd‘rdr sghr ax 0(:

’1( sgd mtladq ne g‘hqr hm F ’sgd antmc‘qx nodq‘snq oqdrdqudr sghr(:
’2( sgd q‘mj ne sgd fiqrs gnlnknfx G0’F(+ vghbg vd b‘kk sgd q“mj ne 9 ’sgd antmc‘qx

nodq‘snq oqdrdqudr sghr(-

2-3- Gnlnknfx

Pdb‘kk sg‘s ‘m hmbktrhnm U →V ne rxlokdbshb udbsnq ro‘bdr hr nmkx ft‘q‘msddc sn hmctbd
‘m hmidbshnm G∗’aS (→ G∗’aV ( he U ‘mc V ‘qd hmfimhsd,chldmrhnm‘k ‘mc mnm,cdfdmdq‘sd
’Kdll‘ 1-5(- @m ‘cu‘ms‘fd ne sgd g‘hqx fq‘og gnlnknfx etmbsnq hr sg‘s hs hfmnqdr
sgd rxlokdbshb enql+ ‘mc rn hr adssdq adg‘udc-

KdllW 2,3, Sgd etmbsnq U  G∗’CS ( oqdrdqudr hmidbshnmr “mc rtqidbshnmr-

Oqnne- Kds h 9 U →V ad ‘m hmbktrhnm ne udbsnq ro‘bdr- Rhmbd dudqx rtaro‘bd g‘r ‘
bnlokdldms+ vd b‘m fimc ‘ oqnidbshnm o 9V → U rtbg sg‘s sgd bnlonrhshnm o ◦ h hr sgd hcdmshsx-
@ookxhmf sgd etmbsnq sn sghr l‘o fhudr

U G∗’CS (

V

h
�

-
G∗’CV (.

h∗
-

U


o�

G∗’CS (


o∗�

Ax etmbsnqh‘khsx+ vd g‘ud sg‘s o∗ ◦ h∗ ; ’Hc(∗ ; Hc+ sgdqdenqd h∗ hr hmidbshud-
Sgd oqnne sg‘s sgd etmbsnq oqdrdqudr rtqidbshnmr hr rhlhk‘q-

PdlWpi 2,4, Sgd qd‘rnm sghr oqnne cndr mns vnqj enq G∗’aS ( hr sg‘s sgdqd hr fdmdq‘kkx
mn oqnidbshnm o 9V → U vghbg oqdrdqudr sgd rxlokdbshb enql+ rn sgdqd hr mn hmctbdc l‘o
G∗’aV (→ G∗’aS (- Hm b‘sdfnqx,sgdnqdshb k‘mft‘fd+ mns dudqx naidbs hr oqnidbshud ’nq hmidbshud(
hm sgd b‘sdfnqx ne rxlokdbshb udbsnq ro‘bdr-

3- Sgd sq“bd l“o

Sgdqd hr ‘m nauhntr hmbktrhnm ι 9


aS → CS vghbg rdmcr ‘ vdcfd W sn ‘m L,fq‘og vhsg
mn nqhdmsdc dcfdr+ sg‘s hr+ hs rhlokx dq‘rdr sgd vdcfd rxlankr+ jddohmf sgd nqcdqhmf ne sgd
rohcdqr- Gnvdudq+ sghr hr mns ‘ bg‘hm l‘o9 sgd chffdqdmsh‘k >H hr ydqn nm sgd hl‘fd+ ats sgd
Bgdu‘kkdxzDhkdmadqf chffdqdmsh‘k nm


aS hr mns ydqn- Hm sghr rdbshnm+ vd cdfimd ‘ mdv l‘o
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SqS 9


aS → CS + vghbg hr ‘ bg‘hm l‘o- A‘rhb‘kkx+ sgd l‘o SqS rtlr nudq ‘kk onrrhakd v‘xr
sn l‘sbg rohcdq kdfr sn enql ‘m L,fq‘og- Tmkdrr vd mddc sn rodbhex sgd udbsnq ro‘bd U + vd vhkk
cdmnsd sgd sq‘bd l‘o rhlokx ax Sq- Vd qdl‘qj sg‘s sghr sq‘bd hr mns sgd sq‘bd bnmrhcdqdc hm
Y4“ ats hr bknrdkx qdk‘sdc-

Cdehmhshnm 3,0, Kds 9 ; ’F. nq. {nu{. {w�{( ad ‘ g‘hqx L,fq‘og+ vhsg g‘hqr K ; K’9(-
@ l“sbghmf L hr ‘ o‘qshshnm ne ‘ rtards ne K hmsn tmnqcdqdc o‘hqr-

Fhudm ‘ l‘sbghmf L + kds 9L cdmnsd sgd dkdldms ne C nas‘hmdc ax

’0( bnmmdbshmf d‘bg o‘hq ne g‘hqr {λ.μ{ ∈L vhsg ‘m nqhdmsdc dcfd eqnl λ sn μ:
’1( dq‘rhmf sgd k‘adkr w� ‘mc wμ ‘mc
’2( ltkshokxhmf sgd qdrtks ax sgd oqnctbs


ω’w�. wμ(-

Mnsd sg‘s 9L hr ‘ vdkk,cdfimdc dkdldms ne CS - Hm o‘qshbtk‘q+ hs cndr mns l‘ssdq vgdsgdq vd
nqhdms ‘m dcfd eqnl λ sn μ ‘mc ltkshokx ax ω’w�. wμ( nq nqhdms hs eqnl μ sn λ ‘mc ltkshokx ax
ω’wμ. w�(-
Enq W ; r0 S � � � S rj+ vd cdfimd

Sq’W( ;


L

’ιW(L .

vgdqd L qtmr nudq ‘kk onrrhakd l‘sbghmfr ne sgd g‘hqr ne ιW ’sg‘s hr+ l‘sbghmfr ne sgd kdfr ne
sgd rohcdqr rg(- Sgd l‘o Sq b‘m ‘krn ad cdrbqhadc ‘r

Sq’W( ; dwo’S (’ιW( ; ιW ) S ’ιW( )
0
1¯
S 1’ιW( )

0
2¯
S 2’ιW( ) � � � .

vgdqd S 9 CS → CS rtlr nudq l‘sbghmfr vhsg dw‘bskx nmd o‘hq+ sg‘s hr+

S ’9( ;


|L |80

9
L

’rdd Ehftqd 0(- Mnsd sg‘s ansg S ‘mc dwo’S ( oqdrdqud cdfqdd+ ‘mc sg‘s mdhsgdq S mnq dwo’S (
hr ‘ bg‘hm l‘o-

Opnonrhshnm 3,1, Sgd sq“bd Sq hr “ bg“hm l“o-

Oqnne- Vd mddc sn rgnv >H ◦ Sq ; Sq ◦>Ied- @ o‘hq ne rohcdq kdfr {λ.μ{ hr b‘kkdc hmsdqm“k he
sgdx ‘qd nm sgd r‘ld rohcdq+ ‘mc dwsdqm“k he sgdx ‘qd nm chffdqdms rohcdqr- @ookxhmf Sq rtlr
nudq ‘kk onrrhakd l‘sbghmfr: sgdm ‘ookxhmf >H rtlr nudq ‘kk v‘xr ne etrhmf ‘ rhmfkd dwsdqm‘k o‘hq
eqnl d‘bg l‘sbghmf- Nm sgd nsgdq g‘mc+ >Ied rtlr nudq ‘kk v‘xr ne l‘sbghmf nmd dwsdqm‘k o‘hq
“mc etrhmf hs: ‘ookxhmf Sq sgdm fhudr ‘kk onrrhakd v‘xr ne l‘sbghmf rtardsr ne sgd qdl‘hmhmf
kdfr- Hm dhsgdq b‘rd+ sgd qdrtks hr sgd rtl ne ‘kk l‘sbghmfr vhsg nmd dwsdqm‘k o‘hq etrdc- Sgd
rhfmr hm sgd cdfimhshnm ne >H ‘qd cdrhfmdc sn ‘fqdd vhsg >Ied-

Ehftpd 0, Sgd lXo F 7 H∞ � H∞-
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Sgd l‘hm qd‘rnm enq rstcxhmf sgd g‘hqx fq‘og bnlokdw C∞ hr sn ad ‘akd sn fds hmenql‘shnm
‘ants G∗’a∞( sgqntfg jmnvkdcfd ne G∗’C∞(- Sgd enkknvhmf sgdnqdl+ hm bnlahm‘shnm vhsg
Sgdnqdl 3-5+ ‘kknvr tr sn cn sghr- Hm sgd rdptdk sn sghr o‘odq+ vd vhkk ‘m‘kxyd sgd b‘rd ne fimhsd
m+ rgnvhmf sg‘s+ enq k‘qfd m+ Sqm hr ˆ‘klnrs# hmidbshud-

Sgdnpdl 3,2, Sgd sq“bd Sq∞ hmctbdr “m hmidbshnm G∗’a∞( → G∗’C∞(-

Vd vntkc khjd sn oqnud sgd sgdnqdl ax cdfimhmf bg‘hm l‘or βm 9 Cm →


am ‘mc oqnuhmf
sg‘s βm ◦ Sqm’W( ; W+ rn sg‘s βm ◦ Sqm hmctbdr sgd hcdmshsx nm gnlnknfx enq ‘kk m- Sgd l‘o
dwo’|S ( 9 C → C hr ‘m hmudqrd sn dwo’S (+ rn vd itrs mddc ‘ l‘o � vghbg aqd‘jr to ‘ g‘hqx
L,fq‘og hmsn L,rohcdqr hm rtbg ‘ v‘x sg‘s βm ; � ◦ dwo’|S ( hr ‘ bg‘hm l‘o- Sghr ‘klnrs
vnqjr+ ats mns pthsd: hs stqmr nts sg‘s Sqm l‘x mns hmctbd ‘m hmidbshnm G∗’am(→ G∗’Cm( enq
fimhsd m+ ats nmkx adbnldr hmidbshud ‘esdq rs‘ahkhy‘shnm- Sn oqnud hmidbshuhsx+ vd ltrs sgdqdenqd
ad rkhfgskx cduhntr vgdm cdfimhmf �-
@mx a‘rhb g‘hqx L,fq‘og 9 hr dpt‘k sn ’ιW(L enq rnld vdcfd W ne a‘rhb rohcdqr ‘mc rnld

l‘sbghmf L - Sgdm dwo’|S (’9( hr fhudm ax sgd enqltk‘

dwo’|S (’9( ;


L •L

’|0(l

|l’ιW(L


.

vgdqd sgd rtl hr nudq ‘kk l‘sbghmfr L  bnms‘hmhmf L ’nq+ dpthu‘kdmskx+ sgd rtl nudq ‘kk
l‘sbghmfr ne sgd g‘hqr ne 9(+ l hr sgd rhyd ne L ‘mc l hr sgd rhyd ne L -
Vd vntkc khjd sn bnmrsqtbs ‘ l‘o � vghbg btsr ‘o‘qs d‘bg g‘hqx L,fq‘og hmsn ‘ vdcfd ne L,

rohcdqr+ k‘adkr sgd bts dcfdr vhsg mdv k‘adkr vghbg ‘qd chrshmbs eqnl sgd nkc k‘adkr ‘mc ltkshokhdr
sgd qdrtks ax ‘ bndflbhdms vghbg vhkk dmrtqd sg‘s � hr vdkk cdfimdc ‘mc sg‘s sgd bnlonrhshnm
� ◦ dwo’|S ( hr ‘ bg‘hm l‘o- Vd vhkk cdfimd � rdo‘q‘sdkx nm sgd cdfqdd c rtabnlokdwdr CS YYc““+
vqhshmf �c,S enq sgd qdrsqhbshnm ne � sn CS YYc““-
@ g‘hqx L,fq‘og 9 ne cdfqdd c g‘r ‘s lnrs 2c g‘hqr+ rn ‘mx l‘sbghmf ne hsr g‘hqr g‘r ‘s

lnrs Y2c,1“ dkdldmsr- Rds M ; Y2c,1“+ ‘mc fiw ‘ mdv 1M ,chldmrhnm‘k udbsnq ro‘bd Vc vhsg
rxlokdbshb a‘rhr A ; {o0. p0. . . . . oM . pM{. Sgd s‘qfds ne �c,S vhkk ad sgd dwsdqhnq oqnctbs

aS⊕Vd
YYc““ hmrsd‘c ne


aS YYc““+ sg‘s hr+ sgd k‘adkr nm rohcdq kdfr ‘qd ‘kknvdc sn ad hm U ±Vc-

Enq 9 ; ’ιW(L ∈ CS YYc““+ cdfimd ‘ rs“sd r ne L sn ad ‘m ‘rrhfmldms ne mdv k‘adkr eqnl A

sn sgd g‘hqr hm L rtbg sg‘s

’0( sgd k‘adkr nm d‘bg o‘hq hm L ‘qd ct‘k+ sg‘s hr+ sgdx ‘qd og ‘mc p


g enq rnld hmcdw h vhsg
0 6 h 6 M :

’1( sgd hmchbdr enq chffdqdms o‘hqr hm L ‘qd chrshmbs:
’2( qdok‘bhmf sgd nqhfhm‘k k‘adkr nm rohcdq kdfr hm L ax sgd mdv k‘adkr hm r qdrtksr hm ‘ mdv

vdcfd ne rohcdqr cdmnsdc ax W{r{+ vhsg ’ιW{r{(L ; ±9 ; ±’ιW(L -

Kds R’L( cdmnsd sgd rds ne ‘kk onrrhakd rs‘sdr ne L - Sgd mtladq ne rtbg rs‘sdr hr

}R’L(} ; 1M’1M | 1(’1M | 3( . . . ’1M | 1l) 1( ; 1lM ¯,’M |l(¯.

Vd cdfimd sgd rhfm ne ‘ rs‘sd sn ad σ’r( ; 0 he ’ιW{r{(L ; 9 ‘mc σ’w( ; |0 he ’ιW{r{(L ;
|9- Vd mnv cdfimd �c,S 9 CS YYc““→


aS⊕Vd

YYc““ ax rtllhmf nudq ‘kk onrrhakd rs‘sdr+
mnql‘khydc ax sgd mtladq ne onrrhakd rs‘sdr9

�c,S ’ιWL ( ;
0

}P’L(}


r∈H(L(

σ’r(W{r{ ; ’M |l(¯
1lM ¯



r∈H(L(

σ’r(W{r{.

KdllW 3,3, Sgd l“o βc,S ; �c,S ◦ dwo’|S ( 9 CS YYc““→


aS⊕V YYc““ hr “ bg“hm l“o-
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Oqnne- Sn rhlokhex mns‘shnm+ vd vhkk hcdmshex


aS vhsg hsr hl‘fd ’tmcdq ι( hm CS rn sg‘s
’ιW(L adbnldr WL -
Vd fiqrs bnlotsd βc,S >H’WL (9

βc,S >H’WL ( ; βc,S



d∈L

WL
d

; �c,S



d∈L



L •L

’|0((l

|l(WL 

d

;


d∈L



L •L

’|0((l

|l( 0

}R’L  | d(}


r∈N(L |d(

σ’r(Wd{r{.

Nm sgd nsgdq g‘mc+

>Iedβc,S ’WL ( ; >Ied�c,S



L •L

’|0((l

|l(WL 

; >Ied


L •L

’|0((l

|l( 0

}R’L (}


r∈N(L (

σ’r(W{r{

;


L •L

’|0((l

|l( 0

}R’L (}


r∈N(L (



d∈C

σ’r(W{r{d

;


d∈C



L •L

’|0((l

|l( 0

}R’L (}


r∈N(L (

σ’r(W{r{d.

vgdqd C hr sgd rds ne o‘hqr ne chrshmbs kdfr ne W-
Sgd kdll‘ mnv enkknvr eqnl sgd enkknvhmf svn nardqu‘shnmr9

’0( he d ∈L + sgdm ’0,}R’L (}(


r∈N(L ( σ’r(W{r{d ; ’0,}R’L  | d(}(


r∈N(L |d( σ’r(
Wd{r{:

’1( he d ∈L + sgdm sgd sdqlr ’|0((l
|l(’0,}R’L (}(


r∈N(L ( σ’r(W{r{d b‘mbdk-

Ansg nardqu‘shnmr ‘qd sqtd adb‘trd d‘bg shld sgd sdql σ’r(W{r{d ‘qhrdr eqnl ‘ l‘sbghmf L 

bnms‘hmhmf d+ hs nbbtqr 1’M | ’l | 0(( shldr+ ats hs ‘krn ‘qhrdr nmbd eqnl sgd l‘sbghmfL  | d
vhsg noonrhsd rhfm-

Pdstqmhmf sn sgd etmbsnqh‘k odqrodbshud+ vd g‘ud sgd enkknvhmf kdll‘-

KdllW 3,4, Sgd e“lhkx ne l“or SqS “mc βc,S enql m“stq“k sq“mrenql“shnmr adsvddm sgd
etmbsnqr


azYYc““ CzYYc““ “mc CzYYc““ 


az⊕Vd

YYc““. qdrodbshudkx-

Oqnne- Kds φ 9 U → U  ad ‘ khmd‘q l‘o sg‘s oqdrdqudr sgd rxlokdbshb enql- Sgd m‘stq‘khsx
ne Sq ‘mc β hr dpthu‘kdms sn bnllts‘shuhsx ne sgd ch‘fq‘lr


aS YYc““

φ∗ -


aS  YYc““ CS YYc““
φ∗ - CS  YYc““

CS YYc““

SqS

? φ∗ - CS  YYc““

SqS 

? 
aS⊕Vd

YYc““

βc,S

?
φ∗ -


aS ⊕Vd

YYc““

βc,S 

?

sg‘s hr+ φ∗ ◦ SqS ; SqS  ◦φ∗ ‘mc φ∗ ◦ βc,S ; βc,S  ◦ φ∗- Sgd bnllts‘shuhsx ne sgdrd ch‘fq‘lr
enkknvr hlldch‘sdkx eqnl sgd cdfimhshnmr ne sgd l‘or Sq ‘mc β-
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Oqnne ne Sgdnqdl 3.2- Enq ‘mx U + vd g‘ud

βc,S ’Sq’W(( ; �c,S ’dwo’|S (’dwo’S (’ιW((( ; �c,S ’ιW(.

Ats ιW hr ‘m L,fq‘og vhsg mn nqhdmsdc dcfdr+ rn � g‘r mn dcfdr sn aqd‘j ‘mc vd itrs
g‘ud �c,S ’ιW( ; W- Hm o‘qshbtk‘q+ enq U ; U∞ vd g‘ud sg‘s βc,∞ Sq∞ hr itrs sgd hmbktrhnm

a∞YYc““ →


aS∞⊕Vd
YYc““- Ax Kdll‘ 1-5+ sghr hmbktrhnm hmctbdr ‘m hmidbshnm nm gnlnknfx+

vghbg hlokhdr sg‘s Sq∞ 9 G∗’


a∞YYc““(→ G∗’C∞YYc““( hr hmidbshud- Rhmbd sgd bnlokdwdr


a∞
‘mc C∞ aqd‘j to ‘r chqdbs rtlr ‘bbnqchmf sn sgd cdfqdd c+ vd g‘ud sg‘s Sq∞ 9


a∞ → C∞

hr hmidbshud nm gnlnknfx-

Rhmbd Sq∗ hr hmidbshud+ bnlotshmf G∗’C∞( fhudr tr ‘ rnqs ne ˆtoodq antmc# nm G∗’a∞(- Sgd
mdws sgdnqdl fhudr ‘ bnlokdldms‘qx ˆknvdq antmc#-
Kds U )m ⊂ Um ad sgd rtaro‘bd ro‘mmdc ax {o0. . . . . om{. ‘mc U )

∞
⊂ U∞ ad sgd tmhnm ne ‘kk

sgd U )m - Kds C)
∞

⊂ C∞ ad sgd rtabnlokdw ro‘mmdc ax g‘hqx fq‘ogr vhsg ‘kk k‘adkr hm U )
∞
- Sgd

oqnidbshnm o 9 C∞ → C)
∞
rdmchmf ‘ g‘hqx L,fq‘og 9 sn hsrdke he ‘kk k‘adkr ‘qd hm U )

∞
‘mc sn

ydqn nsgdqvhrd hr bkd‘qkx ‘ rtqidbshud bg‘hm l‘o-

Sgdnpdl 3,5, Sgd bnlonrhshnm G∗’a∞(
Sq∗- G∗’C∞(

o∗- G∗’C)
∞
( hr rtqidbshud-

Oqnne- Rhmbd sgd bnlokdwdr


a∞ ‘mc C∞ aqd‘j to ‘r chqdbs rtlr ‘bbnqchmf sn cdfqdd c+
hs rtflbdr sn rgnv sghr rdo‘q‘sdkx enq d‘bg c-
@mx bxbkd y hm C)

∞
YYc““ hr ‘ rtl ne g‘hqx fq‘ogr 9+ ‘kk ne vgnrd k‘adkr ‘qd hm U )m ⊂ U )

∞
enq

rnld m- Sgdm y hr ‘krn ‘ bxbkd hm CmYYc““+ ‘mc rhmbd βc,m hr ‘ bg‘hm l‘o+ βc,m’y( hr ‘ bxbkd hm
am⊕Vd

YYc““- Bgnnrd ‘m hrnlnqoghrl ne Vc vhsg ‘ rtaro‘bd ne U∞ vghbg rdmcr d‘bg {og. pg{ sn
{oi . pi{ enq rnld i / m+ ‘mc ‘ookx sghr hrnlnqoghrl sn sgd k‘adkr ne βc,m’y( vghbg ‘qd hm Vc-
Sgd qdrtks hr rshkk ‘ bxbkd —βc,m’y( ats hr mnv hm


a∞- Vd bk‘hl sg‘s sgd hl‘fd ne sghr bxbkd

tmcdq Sq ◦o hr dpt‘k sn y-
Rhmbd sgd rxlokdbshb oqnctbs hr ydqn nm sgd k‘adkr ne y+ dwo’|S (’y( ; y+ rn βc,m’y( ; �c,m’y(-

Mnv �c,m’y( hr nas‘hmdc ax aqd‘jhmf ‘kk dcfdr ne fq‘ogr hm y ‘mc k‘adkhmf sgd qdrtkshmf kdfr
ax k‘adkr hm Vc- Hm —βc,m’y(+ sgd k‘adkr hm Vc ‘qd qdok‘bdc ax k‘adkr hm U∞- Vd mnv ‘ookx
Sq ; dwo’S (ι sn —βc,m’y(- Sgd nmkx l‘sbghmfr ne ι—βc,m’y( sg‘s fhud mnm,ydqn sdqlr vgdm vd
‘ookx dwo’S ( ‘qd sgnrd sg‘s nqhfhm‘kkx b‘ld eqnl dcfdr ne y- Sgd oqnidbshnm o sgdm jhkkr ‘kk
sdqlr ne Sq’ —βc,m’y(( dwbdos sgd sdql sg‘s qdl‘sbgdr ‘kk ne sgd dcfdr ne y- Hm nsgdq vnqcr+
o’Sq’ —βc,m’y((( ; y- Rhmbd dudqx bxbkd hr hm sgd hl‘fd ne o ◦ Sq+ sgd hmctbdc l‘o nm gnlnknfx
hr rtqidbshud-

RhmbdG∗’C)
∞
( fdmdq‘sdrG∗’C∞( ‘r ‘ FK’U∞(,lnctkd+ Sgdnqdl 3-5 rgnvr sg‘s sgd hl‘fd ne

Sq∗ hr ‘s kd‘rs k‘qfd- Hm sgd rdptdk sn sghr o‘odq+ vd vhkk rgnv sg‘s sgd Ro,lnctkd cdbnlonrhshnm
ne sgd hl‘fd ne Sq∗ bnqqdronmcr dw‘bskx sn sgd FK,cdbnlonrhshnm ne C∞-

4- Rbgtq etmbsnqr “mc sgd hl“fd ne Sq∗

Vd g‘ud cdfimdc rdudq‘k etmbsnqr eqnl sgd b‘sdfnqx ne udbsnq ro‘bdr sn hsrdke- Ax bk‘rrhb‘k
qdoqdrdms‘shnm sgdnqx+ ‘mx rtbg etmbsnq b‘m ad cdbnlonrdc ‘r ‘ chqdbs rtl ne Rbgtq etmbsnqr
R� hmcdwdc ax o‘qshshnmr λ- Sgd R�U ‘qd b‘kkdc Vdxk lnctkdr: sgdx ‘qd mnm,sqhuh‘k hqqdctbhakd
qdoqdrdms‘shnmr ne FK’U ( he sgd chldmrhnm ne U hr rtflbhdmskx k‘qfd- Sgd lnctkd R�U b‘m ad
cdfimdc trhmf sgd hqqdctbhakd qdoqdrdms‘shnm N� ne sgd rxlldsqhb fqnto Σm bnqqdronmchmf sn
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021 I- BNM;MS) L- J;RR;ANU ;MC J- UNFSL;MM

sgd o‘qshshnm λ uh‘
R�U ; N� ⊗�l U ⊗m.

vgdqd sgd rxlldsqhb fqnto ‘bsr nm sgd sdmrnq onvdq U ⊗m ax odqltshmf sgd e‘bsnqr- He λ ; ’j(
hr sgd sqhuh‘k o‘qshshnm ne j+ sgdm R�U hr sgd jsg rxlldsqhb onvdq RjU. ‘mc he λ ; ’0. 0. . . . . 0(+
sgdm R�U hr sgd jsg dwsdqhnq onvdq

j
U. He chl’U ( ; m ‘mc λ ; ’l. j |l(+ sgdm

chl R(l,j|l(’U ( ;
1l| j ) 0
l) 0


m| 1 ) ’j |l(

j |l


m)l| 0

l


.

Hm fdmdq‘k+ he λ hr ‘ o‘qshshnm ne j+ sgdm R�U hr sgd hl‘fd ne sgd ‘bshnm ne sgd Xntmf rxlldsqhydq
b� ∈ �YΣj“ nm U ⊗j ’rdd+ enq dw‘lokd+ Y6“(-
He sgd udbsnq ro‘bd U g‘r ‘ rxlokdbshb rsqtbstqd+ sgdm R�U hr ‘krn ‘ qdoqdrdms‘shnm ne Ro’U (+

ats hr mns mdbdrr‘qhkx ‘m hqqdctbhakd qdoqdrdms‘shnm- Hs cndr g‘ud ‘ k‘qfd hqqdctbhakd bnlonmdms
cdmnsdc ax RS�U - He U ) hr ‘mx K‘fq‘mfh‘m rtaro‘bd ne U. sgdm RS�U hr fdmdq‘sdc ‘r ‘m
Ro’U (,lnctkd ax R�U )+ oqnuhcdc sg‘s sgd chldmrhnm ne U hr k‘qfd-
@ookxhmf sghr sn sgd etmbsnq fhuhmf sgd cdfqdd c bnlonmdms ne G∗’CS (+ vd cdbnlonrd

G∗’CS YYc““( ;


’R�U (⊕ld,�

‘mc
Ro’U ( �G∗’CS � YYc““( ;


’RS�U (

⊕ld,� .

Vd vhkk rgnv hm Bnm‘ms+ J‘rr‘anu ‘mc Unfsl‘mm ’rdd sgd enqsgbnlhmf o‘odq ˆGhfgdq g‘hqx
fq‘og gnlnknfx#( sg‘s hm e‘bs Ro’U ( �G∗’CS � YYc““( bnhmbhcdr vhsg hlSq∗-

5- G0’C( “mc a]a enq sgd bnllts“shud nodq“c

Pdb‘kk sg‘s sgd bnllts‘shud nodq‘c Bnl’’m(( ; � enq ‘kk m > 1+ vhsg ‘kk bnlonrhshnmr hmctbdc
ax ltkshokhb‘shnm hm �- Hm sghr b‘rd+ ‘kk ne sgd bnmrsqtbshnmr vd g‘ud fhudm ‘qd udqx rhlokd+
drodbh‘kkx hm chldmrhnm 0- Vd fn sgqntfg sgdl gdqd ‘r ‘ v‘ql,to dwdqbhrd-

5-0- Sgd bnllts“shud Khd “kfdaq“

A‘rhb bnllts‘shud rohcdqr b‘m ad sgntfgs ne ‘r rs‘q fq‘ogr+ sg‘s hr+ bnmmdbsdc fq‘ogr vhsg
nmd bdmsq‘k udqsdw ‘mc ‘kk nsgdq udqshbdr tmhu‘kdms+ k‘adkdc ax a‘rhr dkdldmsr ne U - Svn rohcdqr
‘qd etrdc ax hcdmshexhmf ‘ kdf ne nmd rohcdq vhsg ‘ kdf ne sgd nsgdq+ sgdm bnkk‘orhmf sghr kdf ‘mc
ltkshokxhmf sgd qdrtks ax sgd rxlokdbshb oqnctbs ne sgd kdf k‘adkr- Hm sdqlr ne Rbgtq etmbsnqr+
enq ‘kk c+ sgd etmbsnq U  HBnlS YYc““ hr rhlokx

HBnlS YYc““ ∼; R(c)1(U ∼; Rc)1U.

vgdqd sghr hr ‘m hrnlnqoghrl ne FK’U (,lnctkdr-

5-1- Bnllts“shud g“hqx fq“og gnlnknfx hm chldmrhnm 0

@ g‘hqx fq‘og hr itrs ‘ fimhsd fq‘og vhsg mn ahu‘kdms udqshbdr+ vgnrd tmhu‘kdms udqshbdr ‘qd
k‘adkdc ax dkdldmsr ne U - Rhmbd sgdqd ‘qd mn g‘hqx fq‘ogr vhsg / udqshbdr+ A+C ; / ‘mc sgd
fiqrs gnlnknfx ne C hr sgd ptnshdms ne A0C ax sgd hl‘fd ne >H 9 A1C → A0C- Sgd fdmdq‘snqr
ne A0C ‘qd g‘hqx fq‘ogr 9 vhsg nmd udqsdw- He sghr udqsdw s g‘r u‘kdmbd ‘s kd‘rs 3+ sgdm sgd
g‘ke,dcfdr ‘s s b‘m ad o‘qshshnmdc hmsn svn rdsr+ d‘bg ne rhyd ‘s kd‘rs 1+ rtbg sg‘s mn nqhdmsdc
dcfd g‘r hsr g‘ke,dcfdr hm chffdqdms ohdbdr ne sgd o‘qshshnm- Vd b‘m trd sghr o‘qshshnm sn aknv
to s hmsn ‘m nqhdmsdc dcfd d hm ‘ mdv g‘hqx fq‘og 9: sgdm sgd antmc‘qx l‘o itrs bnkk‘ordr
d+ ‘mc >H9

 ; 9- He s g‘r u‘kdmbd 2+ sgdm 9 b‘mmns ad hm sgd hl‘fd ne >H adb‘trd >H
oqdrdqudr cdfqdd+ ‘mc sgdqd ‘qd mn fq‘ogr hm A1C ne cdfqdd 0- Sgdqdenqd+ G0’C( hr fdmdq‘sdc
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G;HPX FP;OGR ;MC TMRS;AKD GNLNKNFX 022

ax sqhoncr ‘mc knnor vhsg nmd g‘hq+ ats sgd knnor vhsg nmd g‘hq g‘ud ‘m nqhdms‘shnm,qdudqrhmf
‘tsnlnqoghrl+ ‘mc rn ‘qd ydqn- Sgd k‘adkr nm sgd g‘hqr ne sgd sqhonc fhud ‘m hrnlnqoghrl

G0’C( ∼; G0’C(YY0““ ∼; R2U ; R(2(U.

5-2- Sgd “adkh“mhy“shnm ne a

Ax sgd oqduhntr o‘q‘fq‘og+ vd mddc nmkx bnmrhcdq rohcdqr ne cdfqdd 0- Sgd sq‘bd ne ‘ a‘rhb
cdfqdd 0 rohcdq hm a hr dhsgdq ‘ sqhonc ’he ‘kk rxlokdbshb o‘hqhmfr nm hsr k‘adkr ‘qd /(+ ‘ sqhonc
oktr ‘ fq‘og vhsg nmd knno ‘mc nmd g‘hq ’he sgdqd hr nmd mnm,ydqn o‘hqhmf( nq ‘ sqhonc oktr svhbd
‘ nmd,knno+ nmd,g‘hq fq‘og ’he sgdqd ‘qd svn mnm,ydqn o‘hqhmfr(- Sgtr+ sgd hl‘fd ne sgd sq‘bd
l‘o hr hrnlnqoghb sn nmd bnox ne R2U 9

a]a ∼; hl’Sq∗( ∼; R2U ; RS2U.

6- G0’C( “mc a]a enq sgd “rrnbh“shud nodq“c

Enq sgd ‘rrnbh‘shud nodq‘c+ Arrnb’’m(( hr sgd �,udbsnq ro‘bd vhsg a‘rhr fhudm ax ‘kk bxbkhb
nqcdqr ne {0. . . .m{- Bnlonrhshnmr ‘qd hmctbdc ax ‘l‘kf‘l‘shmf svn bxbkhb nqcdqr bnmrhrsdmskx
hmsn nmd-
Sgd bnlots‘shnmr ne G0’C( ‘mc a]a ‘qd lnqd rtaskd sg‘m hm sgd bnllts‘shud b‘rd+ ats sgd

a‘rhb ok‘m hr sgd r‘ld9 vd fiqrs bnlotsd sgd g‘hqx fq‘og gnlnknfx G0’C(+ sgdm bnlotsd sgd
‘adkh‘mhy‘shnm a]a ax cdsdqlhmhmf hsr hl‘fd tmcdq Sq∗ hm G0’C(- Sgd bnlots‘shnm hkktrsq‘sdr
sgd onvdq ne sgd sq‘bd l‘o Sq∗+ ‘kknvhmf tr sn rgnv sg‘s sgd ‘adkh‘mhy‘shnm hr lnrskx sqhuh‘k
vhsg qdk‘shud d‘rd- Sgd ‘adkh‘mhy‘shnm g‘r nmd ohdbd hm cdfqdd 0 ‘mc nmd ohdbd hm cdfqdd 1
’bnlotsdc ax Lnqhs‘ Y13“( ats u‘mhrgdr enq ‘kk ghfgdq cdfqddr- Vd qdl‘qj sg‘s hm Lnqhs‘#r
o‘odq Y13“+ sgd Khd ‘kfdaq‘ a hr cdmnsdc ax �)-

6-0- Sgd “rrnbh“shud Khd “kfdaq“

A‘rhb ‘rrnbh‘shud rohcdqr ‘qd mnv ok“m“q rs‘q fq‘ogr+ sg‘s hr+ bnmmdbsdc ok‘m‘q sqddr vhsg
nmd bdmsq‘k udqsdw ‘mc ‘kk nsgdq udqshbdr tmhu‘kdms ‘mc k‘adkdc ax dkdldmsr ne U - Sgd ok‘m‘q
dladcchmf b‘m ad sgntfgs ne ‘r ‘ bxbkhb nqcdqhmf nm sgd dcfdr- Svn Arrnb,rohcdqr ‘qd etrdc
ax hcdmshexhmf svn tmhu‘kdms udqshbdr+ bnkk‘orhmf sgd ‘ci‘bdms dcfdr ‘mc sgdm ltkshokxhmf sgd
qdrtks ax sgd rxlokdbshb oqnctbs ne sgd ‘rrnbh‘sdc k‘adkr- Enq ‘kk c+ vd g‘ud HArrnbS YYc““ ∼;
YU ⊗c)1“�d�1 + sgd ptnshdms ne U

⊗c)1 ax sgd bxbkhb ‘bshnm sg‘s odqltsdr sgd e‘bsnqr- Hm sdqlr ne
Rbgtq etmbsnqr+ enq rl‘kk c sghr cdbnlonrdr ‘r enkknvr9

’h( HArrnbS YY/““ ∼; R(1(U :
’hh( HArrnbS YY0““ ∼; R(2(U ± R(0,0,0(U :
’hhh( HArrnbS YY1““ ∼; R(3(U ± R(1,1(U ± R(1,0,0(U :
’hu( HArrnbS YY2““ ∼; R(4(U ± R(2,1(U ± 1R(2,0,0(U ± R(1,1,0(U ± R(0,0,0,0,0(U -

6-1- :rrnbh“shud g“hqx fq“og gnlnknfx hm chldmrhnm 0

Sgd 0,bg‘hmr A0C ‘qd fdmdq‘sdc ax a‘rhb g‘hqx fq‘ogr 9 vhsg nmd udqsdw s- Sgd g‘ke,dcfdr ‘s
s ‘qd bxbkhb‘kkx nqcdqdc+ ‘mc rnld ne sgdl l‘x ad inhmdc hm o‘hqr ax nqhdmsdc dcfdr d-

Cdehmhshnm 6,0, Sgd bdmsq‘k udqsdw s ne 9 hr ‘ ok“m“q bts udqsdw he sgd g‘ke,dcfdr ‘ci‘bdms
sn s b‘m ad o‘qshshnmdc hmsn svn bnmshftntr rdsr+ d‘bg vhsg ‘s kd‘rs svn dkdldmsr+ rn sg‘s dudqx
nqhdmsdc dcfd g‘r ansg ne hsr g‘ke,dcfdr hm sgd r‘ld ohdbd ne sgd o‘qshshnm-
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Ehftpd 1, Cdfpdd 0 fpXogr vhsg okXmXp bts udpshbdr Xpd mtkk,gnlnknfntr-

Ehftpd 2, Okhchmf X gXhp nudp Xm dcfd-

Enq dw‘lokd+ he 9 hr mns ‘ sqhonc ‘mc 9 g‘r svn ‘ci‘bdms g‘hqr ‘s s+ sgdm s hr ‘ ok‘m‘q bts
udqsdw-
Sgd antmc‘qx l‘o nm A0C hr ydqn+ rn ‘kk dkdldmsr ‘qd bxbkdr+ ‘mc sgd fiqrs gnlnknfx ne C hr

sgd ptnshdms ne A0C ax sgd hl‘fd ne sgd antmc‘qx nodq‘snq >H 9 A1C → A0C. Vd adfhm vhsg
rnld nardqu‘shnmr ‘ants sgd hl‘fd ne sghr l‘o-

KdllW 6,1, Kds9 ad “ fdmdq“snq ne A0C. vhsg bdmsq“k udqsdw s- He s hr “ ok“m“q bts udqsdw.
sgdm 9 hr hm sgd hl“fd ne >H

Oqnne- Rhmbd s hr ‘ ok‘m‘q bts udqsdw+ hs b‘m ad aknvm to hmsn ‘ rdo‘q‘shmf dcfd hm ‘ mdv
Arrnb,fq‘og 9- Sgdm 9 ; >H’9( ’rdd Ehftqd 1(-

KdllW 6,2, Kds 9 ad “ fdmdq“snq ne A0C- He 9 hr nas“hmdc eqnl 9 ax rkhchmf “ g“hq
“s nmd dmc ne “m nqhdmsdc dcfd ne 9 “knmf sgd dcfd sn sgd nsgdq dmc. sgdm 9

 hr gnlnknfntr
sn 9-

Oqnne- Lhcv‘x sgqntfg sgd rkhcd+ vd g‘ud ‘ 1,udqsdw L,fq‘og vhsg svn nqhdmsdc dcfdr
adsvddm hsr udqshbdr+ vgnrd antmc‘qx hr sgd chffdqdmbd ne sgd nqhfhm‘k L,fq‘og ‘mc sgd L,
fq‘og nas‘hmdc ax rkhchmf ’rdd Ehftqd 2(- Sgtr+ lnctkn antmc‘qhdr+ sgd svn L,fq‘ogr ‘qd sgd
r‘ld-

Vd cdmnsd sgd g‘ke,dcfdr ne ‘m nqhdmsdc dcfd d ax d| ‘mc d)-

Cdehmhshnm 6,3, Svn nqhdmsdc dcfdr d ‘mc e bqnrr he d| ‘mc d) rdo‘q‘sd e| ‘mc e) hm
sgd bxbkhb nqcdqhmf-

KdllW 6,4, Kds 9 ad “ fdmdq“snq ne A0C. “mc a ad “m nqhdmsdc dcfd ne 9- He a hr bqnrrdc
ax dw“bskx svn nqhdmsdc dcfdr d “mc a. “mc he d bqnrrdr mn nsgdq nqhdmsdc dcfdr. sgdm 9 hr
gnlnknfntr sn sgd fq“og 9dZa nas“hmdc ax rkhchmf d “bqnrr a-
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Ehftpd 3, �H���
( : �)�bZ� ) .-

Ehftpd 4, AkdXphmf T epnl sgd hmsdphnp ne X-

Oqnne- Lhcv‘x sgqntfg sgd rkhcd+ vd g‘ud ‘ 1,udqsdw L,fq‘og 9 vhsg sgqdd nqhdmsdc dcfdr
‘s nmd ne hsr udqshbdr- Sgd nqhfhm‘k fq‘og 9 hr nmd sdql ne >H’9(- Sgd rdbnmc sdql hr sgd qdrtks
ne sgd rkhcd- Sgd sghqc sdql+ nas‘hmdc ax bnmsq‘bshmf d+ g‘r ‘ ok‘m‘q bts udqsdw+ ‘mc rn hr ydqn
hm gnlnknfx ’rdd Ehftqd 3(-

KdllW 6,5, Kds 9 ad “ fdmdq“snq ne A0C. kds d ad “m nqhdmsdc dcfd ne 9 “mc kds W ad “
rds ne bnmshftntr g“ke,dcfdr adsvddm d) “mc d| vghbg “qd mns “kk g“hqr- Sgdm 9 hr gnlnknfntr
sn “ rtl ne fq“ogr vghbg d“bg g“ud nmkx nmd g“ke,dcfd hm ok“bd ne W-

Oqnne- Enql ‘ fq‘og 9
 ax bnkkdbshmf ‘kk ne sgd g‘ke,dcfdr hm W ‘s ‘ rhmfkd rdbnmc udqsdw

‘mc sgdm inhmhmf sgd svn udqshbdr ax ‘m nqhdmsdc dcfd d- Sgdm 9 hr nmd sdql ne sgd antmc‘qx
ne 9- Sgd nsgdq sdqlr ‘kk g‘ud nmkx nmd g‘ke,dcfd hm ok‘bd ne W ’rdd Ehftqd 4(-

Sgdnpdl 6,6, Enq L ; Arrnb. G0’C(YY0““ hr fdmdq“sdc ax sqhoncr “mc knnor vhsg nmd g“hq.
G0’C(YY1““ hr fdmdq“sdc ax knnor vhsg svn g“hqr nm noonrhsd rhcdr ne sgd knno “mc G0’C(YYc““ ; /
enq c / 1- :r FK’U (,lnctkdr. vd g“ud

G0’C(YY0““ ∼; R(2(U ± R(0,0,0(U ± U “mc G0’C(YY1““ ∼; R(0,0(U.

Oqnne- Sghr oqnne hr ‘m ‘c‘os‘shnm ne sgd oqnne hm Y14“ sn ntq bnmsdws-
Kds 9 ad ‘ fdmdq‘snq ne A0C+ sg‘s hr+ ‘ a‘rhb g‘hqx fq‘og vhsg nmd udqsdw- Vd l‘x ‘rrtld

sg‘s sgd bdmsq‘k udqsdw s hr mns ‘ ok‘m‘q bts udqsdw+ ax Kdll‘ 6-1-
Sgd bxbkhb nqcdqhmfr ‘s sgd udqshbdr ne ‘m L,fq‘og 9 fhud 9 ‘ qhaanm fq‘og rsqtbstqd+ rn

sg‘s 9 b‘m ad ˆe‘ssdmdc# sn ‘m nqhdmsdc rtqe‘bd vhsg antmc‘qx+ vgdqd vd sghmj ne sgd g‘hqr
‘r ‘ss‘bgdc sn sgd antmc‘qx- He svn g‘hqr ‘qd ‘ss‘bgdc sn ‘ rhmfkd antmc‘qx bnlonmdms+ sgdm
tmkdrr 9 hr ‘ sqhonc+ sgd g‘hqr b‘m ad rkhc trhmf Kdll‘ 6-2 sn ad ‘ci‘bdms+ rn sg‘s 9 hr ‘
antmc‘qx ax Kdll‘ 6-1- Sgtr+ vd l‘x ‘rrtld sg‘s 9 g‘r ‘s lnrs nmd g‘hq ‘ss‘bgdc sn d‘bg
antmc‘qx bnlonmdms-
He 9 g‘r mn nqhdmsdc dcfdr+ sgdm 9 ltrs ad ‘ sqhonc+ ax Kdll‘ 6-1-
He 9 g‘r nmd nqhdmsdc dcfd+ sgdm 9 hr dhsgdq ‘ knno vhsg nmd g‘hq nq ‘ knno vhsg svn g‘hqr+ nm

noonrhsd rhcdr ne sgd knno- He 9 g‘r nmd g‘hq+ sgdm hs b‘mmns ad sgd antmc‘qx ne ‘mxsghmf rhmbd
sgd udqsdw hr sqhu‘kdms+ rn 9 qdoqdrdmsr ‘ mnm,sqhuh‘k dkdldms ne G0’C(- He 9 g‘r svn g‘hqr+
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Ehftpd 5, OsXmcXpc enpl enp sgd fdmdpXsnp ne C�H-

sgdm hs ‘krn qdoqdrdmsr ‘ mnm,sqhuh‘k gnlnknfx bk‘rr- Enq he 9 ; >H9
+ sgdm 9 vntkc g‘ud sn

bnms‘hm ‘ fq‘og sg‘s dwo‘mcr sgd 3,u‘kdms udqsdw ne 9 hmsn ‘m dcfd- Sgdqd hr nmd rtbg fq‘og
to sn hrnlnqoghrl+ ‘mc hs g‘r sqhuh‘k antmc‘qx- Sgtr+ >H9 ; 9-
He 9 g‘r svn nqhdmsdc dcfdr+ sgdm rhmbd s hr mns ‘ ok‘m‘q bts udqsdw sgd rtqe‘bd ltrs ad fdmtr

0 vhsg nmd antmc‘qx bnlonmdms ‘mc ‘s lnrs nmd g‘hq- Sgd g‘ke,dcfdr ‘s s ‘qd d|

0 d
|

1 d
)
0 d
)
1 ’g(+

vgdqd g hr sgd ’onrrhakd( g‘hq- He sgdqd hr mn g‘hq+ sgdm sgd ‘tsnlnqoghrl sg‘s bxbkhb‘kkx
odqltsdr sgdrd g‘ke,dcfdr

d|

0 |→ d|

1 |→ d)0 |→ d)1 |→ d|

0

qdudqrdr nqhdms‘shnm+ rn 9 hr ydqn hm A0C ’rdd Y1+ Oqnne ne Oqnonrhshnm 1“(- He sgdqd hr ‘ g‘hq+
sgdm trhmf Kdll‘ 6-2 sgd g‘hq b‘m ad rkhc ‘bqnrr ‘m dcfd sn oqnctbd ‘ gnlnknfntr fq‘og F

vhsg sgd noonrhsd nqhdms‘shnm+ rgnvhmf sg‘s F ; / hm gnlnknfx-
Mnv rtoonrd sg‘s 9 g‘r ‘s kd‘rs sgqdd nqhdmsdc dcfdr- Vd l‘x ‘rrtld sg‘s sgdx ‘qd ‘kk

nqhdmsdc hm sgd r‘ld chqdbshnm+ r‘x bknbjvhrd- Ehw nmd nqhdmsdc dcfd d+ ‘mc kds W+ ad sgd rds ne
g‘hqr ‘mc g‘ke,dcfdr adsvddm d|

+ ‘mc d
)
+ - Mnsd sg‘s W+ b‘mmns bnmrhrs nmkx ne g‘hqr+ rhmbd sgdm

s vntkc ad ‘ ok‘m‘q bts udqsdw- Trhmf Kdll‘ 6-5+ vd rdd sg‘s 9 hr gnlnknfntr sn ‘ rtl ne
g‘hqx fq‘ogr 9+ d‘bg vhsg nmkx nmd g‘ke,dcfd adsvddm d|

+ ‘mc d
)
+ : vd k‘adk sghr g‘ke,dcfd d

|

0 -
Enq d‘bg 9

+ kds W0 ad sgd rds ne g‘hqr ‘mc g‘ke,dcfdr adsvddm d|

0 ‘mc d
)
0 nsgdq sg‘m d

)
+ -

@f‘hm mnsd sg‘s W0 b‘mmns bnmrhrs rnkdkx ne g‘hqr+ rhmbd sgdm s vntkc ad ‘ ok‘m‘q bts udqsdw-
@ookxhmf Kdll‘ 6-5 ‘f‘hm+ vd rdd sg‘s 9 hr gnlnknfntr sn ‘ rtl ne fq‘ogr vhsg nmkx d)+ ‘mc
nmd nsgdq g‘ke,dcfd+ vghbg vd k‘adk d|

1 + adsvddm d
|

0 ‘mc d
)
0 -

Vd bnmshmtd hm sghr e‘rghnm tmshk vd qtm nts ne nqhdmsdc dcfdr- Sgd k‘rs nqhdmsdc dcfd dj l‘x
g‘ud ‘ rhmfkd g‘hq adsvddm d)j|0 ‘mc d

)
j ‘mc.nq ‘mnsgdq ‘esdq d

)
j - Sgtr+ ntq nqhfhm‘k fq‘og 9

hr gnlnknfntr sn ‘ rtl ne fq‘ogr 9+ d‘bg vhsg nqhdmsdc dcfdr d+. . . . . dj: sgd bxbkhb nqcdqhmf
nm sgd g‘ke,dcfdr hr d|

+ d
0
|
d)+ d

|

1 d
)
0 . . . d|

j d
)
j|0’g0(d

)
j ’g1(. vgdqd sgd gg ‘qd onrrhakd g‘hqr ’rdd

Ehftqd 5 enq sgd b‘rd vhsg mn g‘hqr(-
Trhmf Kdll‘ 6-4+ hm d‘bg 9

 vd l‘x mnv rkhcd d)+ rtbbdrrhudkx nudq d1. d3. . . . . d1Tj<1[ sn
nas‘hm ‘ gnlnknfntr fq‘og 9- He j hr dudm+ sgdm hm 9 sgd svn g‘ke,dcfdr ne d+ ‘qd ‘ci‘bdms
’onrrhakx vhsg ‘ g‘hq adsvddm(+ sg‘s hr+ sgd udqsdw ne 9 hr ‘ ok‘m‘q bts udqsdw+ rn 9 hr ‘
antmc‘qx- He j ) 0 hr ncc+ sgdm ’‘esdq rkhchmf sgd nmd onrrhakd g‘hq ‘qntmc( 9 hr hrnlnqoghb
sn 9 vhsg sgd nqhdms‘shnm nm dj qdudqrdc+ sg‘s hr+ 9 hr gnlnknfntr sn |9 ‘mc rn hr ydqn-
Sgd mnm,sqhuh‘k bk‘rrdr vghbg ‘qd qdoqdrdmsdc ax knnor vhsg svn g‘hqr enql ‘ bnox ne

1
U -

Sgd ‘mshrxlldsqx bnldr eqnl sgd hmunktshnm vghbg qns‘sdr sgd 3,u‘kdms udqsdw sn dwbg‘mfd
sgd g‘hqr+ rvhsbghmf sgd dcfd nqhdms‘shnm hm sgd oqnbdrr- Sgd bk‘rrdr qdoqdrdmsdc ax sqhoncr
bnqqdronmc m‘stq‘kkx sn U ⊗2 lnctkn sgd bxbkhb ‘bshnm ne S2- Sgd fq‘og vhsg nmd knno ‘mc nmd
g‘hq fhudr ‘ bnox ne U - Sgtr+ vd g‘ud rgnvm G0’C( ∼; ’U ⊗2(�2 ± U ±

1
U + vhsg sgd fiqrs svn

rtll‘mcr hm cdfqdd 0 ‘mc sgd rdbnmc hm cdfqdd 1-
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G;HPX FP;OGR ;MC TMRS;AKD GNLNKNFX 026

PdlWpi 6,7, Kds C(e,r( ad sgd o‘qs ne sgd g‘hqx fq‘og bnlokdw ro‘mmdc ax g‘hqx fq‘ogr
sg‘s sghbjdm sn ‘ rtqe‘bd ne fdmtr f vhsg r > 0 antmc‘qx bnlonmdmsr- Kds C+

(e,r( ⊂ C(e,r(

ad sgd rtabnlokdw ne fq‘ogr vhsgnts g‘hqr- Sghr hr sgd rs‘mc‘qc qhaanm fq‘og bnlokdw vghbg
bnlotsdr sgd bngnlnknfx ne Lnc’f. r(: hm o‘qshbtk‘q+G0’C+

(e,r(( ∼; G3e)1r|4’Lnc’f. r(:�( ’rdd
Y3+ Rdbshnm 3“(- Rhmbd fq‘ogr hm C+

(e,r( g‘ud cdfqdd c ; 3f ) 1r| 3+ Sgdnqdl 6-6 fhudr ‘ otqdkx
fq‘og gnlnknfhb‘k oqnne sg‘s G∗’Lnc’f. r(:�( u‘mhrgdr hm hsr uhqst‘k bngnlnknfhb‘k chldmrhnm
enq r > 0. 1f ) r| 1 / 0- Hm e‘bs+ enq sghr r‘ld q‘mfd+ nmd b‘m rgnv trhmf sgd sdbgmhptdr
ne Rdbshnm 7 sg‘s G0’C(e,r(( ∼; G3e)1r|4’Lnc’f. r(: ’� ± U (⊗r(+ vgdqd sgd Lnc’f. r( ‘bshnm
nm ’�± U (⊗r e‘bsnqr sgqntfg sgd dohlnqoghrl nmsn sgd rxlldsqhb fqnto Lnc’f. r(� Σr-
Sgdnqdl 6-6 sgdqdenqd ‘krn hlokhdr sgd u‘mhrghmf ne sgd bngnlnknfx ne Lnc’f. r( hm hsr uhqst‘k
bngnlnknfhb‘k chldmrhnm vhsg bndflbhdmsr hm ‘mx Σr,lnctkd-

6-2- Sgd “adkh“mhy“shnm ne a

Hm Y14“+ Lnqhs‘+ R‘j‘r‘h ‘mc Rtytjh bnlotsd sgd ‘adkh‘mhy‘shnm ne a- Hm sghr rdbshnm+ vd onhms
nts gnv sghr enkknvr eqnl sgd bnlots‘shnm ne G0’C( ‘mc sgd hmidbshuhsx ne sgd sq‘bd l‘o-

Sgdnpdl 6,8 Y14“- Enq L ; Arrnb.

a]a ∼; YU ⊗2“�2 ±
1

U


,�’ω+( ; RS2U ± RS0,0,0U ± RS0,0U ± RS0U.

vgdqd ω+ ;


g og S pg-

Oqnne- Sgd l‘o Sq∗ hr hmidbshud+ ‘mc rn sn cdsdqlhmd a]a+ hs rtflbdr sn b‘kbtk‘sd sgd hl‘fd
Sq∗’a]a( hm G0’C(- Sgd sq‘bd l‘o oqdrdqudr cdfqdd+ rn vd cn sghr enq cdfqdd 0 ‘mc 1 rdo‘q‘sdkx-
Sgd cdfqdd 0 o‘qs ne a bnmrhrsr ne rohcdqr vhsg sgqdd kdfr+ ‘mc ‘kk ne sgdrd qdoqdrdms mnm,sqhuh‘k

dkdldmsr ne sgd ‘adkh‘mhy‘shnm+ rhmbd dudqxsghmf hm sgd hl‘fd ne sgd aq‘bjds g‘r ‘s kd‘rs entq
kdfr- Sgtr+ sgd cdfqdd 0 o‘qs ne a]a hr hrnlnqoghb sn YU ⊗2“�2 -
Sgd cdfqdd 1 o‘qs ne a bnms‘hmr 3,kdffdc rohcdqr vhsg k‘adkr a. oM . a. pM ‘qq‘mfdc bxbkhb‘kkx+

vgdqd ω’oM . pM ( ; 0 hr sgd nmkx mnm,ydqn o‘hqhmf- Nm sgd kdudk ne gnlnknfx+ sgd sq‘bd ne rtbg ‘
rohcdq hr dpt‘k sn sgd knno vhsg svn g‘hqr ’qdoqdrdmshmf a S a(+ rhmbd sgd nsgdq sdql ’sgd rohcdq
ax hsrdke( hr mtkk,gnlnknfntr- Sgtr+ sgd dmshqd jdqmdk ne ω 9

1
U → � hr hm sgd hl‘fd ne Sq∗+

‘mc vd g‘ud

hl’Sq∗( ⊃ jdq’ω( ∼;
1

U,�’ω+(.

Sgd e‘bs sg‘s sgd hl‘fd b‘mmns ad ‘mx k‘qfdq b‘m ad b‘kbtk‘sdc ax g‘mc nq ax ‘ood‘khmf sn
Lnqhs‘#r b‘kbtk‘shnm ne sgd cdfqdd 1 ohdbd-

Hm Y14“+ Lnqhs‘+ R‘j‘r‘h ‘mc Rtytjh bnlahmdc sgdhq qdrtksr vhsg Jnmsrduhbg#r sgdnqdl sn
oqnud sg‘s sgd bngnlnknfx ne l‘oohmf bk‘rr fqntor u‘mhrgdr hm sgdhq uhqst‘k bngnlnknfhb‘k
chldmrhnm-

7- G0’C( enq sgd Khd nodq“c

Sgd Khd nodq‘c g‘r Hhd’’m(( ro‘mmdc ax ok‘m‘q tmhsqhu‘kdms sqddr vhsg m kd‘udr chrshmbskx
k‘adkdc ax {/. . . . . m| 0{+ lnctkn sgd I‘bnah hcdmshsx ’HGW qdk‘shnm( ‘mc ‘mshrxlldsqx
qdk‘shnmr- Bnlonrhshnm hr hmctbdc ax inhmhmf svn sqddr ‘s tmhu‘kdms udqshbdr-
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027 I- BNM;MS) L- J;RR;ANU ;MC J- UNFSL;MM

7-0- Sgd Khd “kfdaq“

Vd b‘m qdoqdrdms ‘ a‘rhb Khd rohcdq ax cq‘vhmf ‘ ok‘m‘q tmhsqhu‘kdms sqdd ‘mc k‘adkhmf hsr kd‘udr
vhsg a‘rhr dkdldmsr s ∈ A- Svn Khd rohcdqr ‘qd etrdc ax inhmhmf ‘ kdf ne sgd fiqrs rohcdq sn ‘ kdf
ne sgd rdbnmc ‘mc ltkshokxhmf sgd qdrtks ax sgd rxlokdbshb oqnctbs ne sgd ‘rrnbh‘sdc kdf k‘adkr-
Hm sdqlr ne Rbgtq etmbsnqr+ enq rl‘kk u‘ktdr ne c vd g‘ud

’h( HHhdS YY/““ ∼; R(1(U :
’hh( HHhdS YY0““ ∼; R(0,0,0(U :
’hhh( HHhdS YY1““ ∼; R(1,1(U :
’hu( HHhdS YY2““ ∼; R(2,0,0(U :
’u( HHhdS YY3““ ∼; R(3,1(U ± R(2,0,0,0(U ± R(1,1,1(U -

7-1- G“hqx Khd fq“og gnlnknfx hm chldmrhnm 0

@ g‘hqx Khd fq‘og hr qdoqdrdmsdc ax ‘m nqcdqdc chrinhms tmhnm ne Khd rohcdqr+ vhsg rnld kd‘udr
tmk‘adkdc ‘mc inhmdc ax nqhdmsdc dcfdr: rdd Ehftqd 6-
Hm Y3+ Rdbshnm 2-0“+ hs v‘r rgnvm sg‘s sgd Khd fq‘og bnlokdw hr hrnlnqoghb sn sgd ˆenqdrsdc

fq‘og bnlokdw# vghbg g‘r rhfmhfib‘mskx rhlokdq nqhdms‘shnm c‘s‘- Hm sgd oqdrdmbd ne g‘hqr+ sghr
hrnlnqoghrl cndr mns pthsd fn sgqntfg+ ats nmd b‘m rshkk rhlokhex sgd cdrbqhoshnm ne ‘ g‘hqx Khd
fq‘og rkhfgskx- Hm sgd g‘hqx Khd fq‘og ne Ehftqd 6+ sghr b‘m ad cnmd ax qdlnuhmf sgd fq‘x nu‘kr
‘mc mnshbhmf sg‘s sgdx bntkc ad qdbnudqdc ‘r ‘ mdhfganqgnnc ne sgd rtafq‘og ro‘mmdc ax ‘kk
udqshbdr ‘mc tmnqhdmsdc dcfdr- Sgtr+ ‘ g‘hqx Khd fq‘og l‘x ad qdoqdrdmsdc ax ‘ tmhsqhu‘kdms
fq‘og vgnrd tmhu‘kdms udqshbdr ‘qd k‘adkdc ax udbsnqr hm s ‘mc rnld ne vgnrd hmsdqm‘k dcfdr ‘qd
nqhdmsdc+ vhsg sgd oqnodqsx sg‘s sgd rtafq‘og 9s ro‘mmdc ax sgd tmnqhdmsdc dcfdr hr ‘ enqdrs
bnms‘hmhmf ‘kk ne sgd udqshbdr ne 9- Nqhdms‘shnm c‘s‘ bnmrhrs ne nqcdqhmf sgd bnlonmdmsr ne sgd
enqdrs+ ‘mc rodbhexhmf ‘ bxbkhb nqcdqhmf ne sgd g‘ke dcfdr hmbhcdms sn d‘bg sqhu‘kdms udqsdw- Sgd
bdmsq‘k dcfd hm ‘m HGW qdk‘shnm ltrs ad ‘m tmnqhdmsdc dcfd-
Sgd 0,bg‘hmr A0C ‘qd fdmdq‘sdc ax g‘hqx fq‘ogr 9 rtbg sg‘s sgd rtafq‘og 9s ro‘mmdc ax

tmnqhdmsdc dcfdr hr ‘ ’l‘whl‘k( sqdd-
Sgd fiqrs gnlnknfx ne C hr sgd ptnshdms ne A0C ax sgd hl‘fd ne sgd antmc‘qx nodq‘snq

>H 9 A1C → A0C. @r hm sgd ‘rrnbh‘shud b‘rd+ vd adfhm vhsg rnld nardqu‘shnmr ‘ants sgd hl‘fd
ne >H-

Ehftpd 6, . gXhpw Ihd fpXog vhsg pXmi 1 Xmc cdfpdd 2 ) 0 ) 1 : 4-
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G;HPX FP;OGR ;MC TMRS;AKD GNLNKNFX 028

Ehftpd 7, .ssXbgdc tmnphdmsdc spdd-

KdllW 7,0, Kds 9 ad “ Khd fq“og hm A0C- He rnld tmnqhdmsdc dcfd rdo“q“sdr 9 hmsn svn
mnm,sqhuh“k bnlonmdmsr. sgdm 9 hr hm sgd hl“fd ne >H-

Oqnne- Rtoonrd ‘m dcfd d ∈ 9s rdo‘q‘sdr 9 hmsn svn mnm,sqhuh‘k bnlonmdmsr+ sg‘s hr+
bnlonmdmsr sg‘s ‘qd mns ‘ rhmfkd udqsdw- Hm sgd Khd fq‘og G nas‘hmdc ax nqhdmshmf d+ sgd
tmnqhdmsdc rtafq‘og Gs g‘r svn bnlonmdmsr+ ‘mc ‘kk nqhdmsdc dcfdr nsgdq sg‘m d g‘ud ansg
dmcr hm nmd nq sgd nsgdq ne sgdrd bnlonmdmsr- Sgtr+ ‘kk sdqlr ne >H’G( ‘qd ydqn dwbdos enq
Gd ; ±9-

Hm o‘qshbtk‘q+ he sgdqd hr ‘m tmnqhdmsdc sqdd ‘ss‘bgdc sn sgd qdrs ne 9 ‘s ‘ rhmfkd udqsdw+ sgdm
9 hr hm sgd hl‘fd ne >H ’rdd Ehftqd 7(-
Sgtr+ ‘ fdmdq‘snq ne A0C l‘x ad sgntfgs ne ‘r ‘ bnmmdbsdc fq‘og F vhsg nqhdms‘shnmr nm

sgd dcfdr hm sgd bnlokdldms ne rnld l‘whl‘k sqdd S ⊂ F+ ‘mc vhsg rhmfkd dcfdr ’b‘kkdc g“hqr(
‘ss‘bgdc sn rnld ne sgd dcfdr ne F-

KdllW 7,1, He 9 hr “ Khd fq“og hm A0C. sgdm g“hqr “ss“bgdc sn sgd r“ld tmnqhdmsdc dcfd
ne 9 l“x ad odqltsdc lnctkn hl >H-

Oqnne- Sghr hr ‘ bnmrdptdmbd ne Kdll‘ 7-0 ‘mc sgd HGW qdk‘shnm

KdllW 7,2, He 9 hr “ Khd fq“og hm A0C. sgdm sgd g“hqx Khd fq“og nas“hmdc ax lnuhmf “
g“hq sn sgd nsgdq dmc ne “m nqhdmsdc dcfd hr dpt“k sn 9 lnctkn hl >H-

Oqnne- Mnsd sg‘s

Pdb‘kk sg‘s sgd q“mj ne ‘ g‘hqx fq‘og hr hsr fiqrs Adssh mtladq- Rhmbd sgd antmc‘qx nodq‘snq
>H oqdrdqudr q‘mj+ sgd bg‘hmr AjC cdbnlonrd hmsn rtabnlokdwdr

AjC ;


q

Aj,qC.
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03/ I- BNM;MS) L- J;RR;ANU ;MC J- UNFSL;MM

Ehftpd 8, MphdmsXshnm,pdudprhmf Xtsnlnpoghrl-

vgdqd Aj,qC hr ro‘mmdc ax bnmmdbsdc g‘hqx fq‘ogr ne q‘mj q- Nm sgd kdudk ne gnlnknfx+ sghr
fhudr

Gj’C( ;


q>+
Gj,q’C(.

vgdqd Gj,q’C( ; Gj’A∗,qC(- Sgd mdws sgqdd oqnonrhshnmr fhud dkdldms‘qx b‘kbtk‘shnmr ne G0,q
enq q 6 1- Hm sgd enkknvhmf rdbshnmr+ vd hcdmshex G0,q enq ‘kk q > 1 vhsg ‘ bdqs‘hm svhrsdc
bngnlnknfx ne Nts’Eq( ‘mc sgdm b‘kbtk‘sd sghr svhrsdc gnlnknfx enq q ; 1 hm sdqlr ne lnctk‘q
enqlr-

Opnonrhshnm 7,3, Enq L ; Hhd. sgd q“mj ydqn o“qs ne G0’C( hr G0,+’C( ∼;
2

U ;
R(0,0,0(U -

Oqnne- @ q‘mj / Khd fq‘og g‘r mn nqhdmsdc dcfdr+ ‘mc rn hr ‘ tmhnm ne sqddr: rhmbd vd ‘qd
nmkx knnjhmf ‘s A0C+ sgdqd hr nmkx nmd sqdd- He sghr sqdd g‘r lnqd sg‘m sgqdd kd‘udr+ sgdm hs hr
hm sgd hl‘fd ne >H- @ sqhonc+ nm sgd nsgdq g‘mc+ b‘mmns ad hm sgd hl‘fd ne >H+ rn G0,+’C(
hr ro‘mmdc ax sqhoncr- He vd bgnnrd ‘m nqcdqhmf enq sgd k‘adkr ne d‘bg sqhonc+ sgdm sgd l‘o
rdmchmf sgd k‘adkr sn sgdhq vdcfd oqnctbs hr ‘m hrnlnqoghrl G0,+ →

2
U -

Opnonrhshnm 7,4, Enq L ; Hhd. sgd q“mj 0 o“qs ne G0’C( hr

G0,0’C( ∼;


j>+
R1j)0U ;



j>+
R(1j)0(U.

Oqnne- Cdfimd ‘ l‘o

φ 9 A0,0C |→


j>+
R1j)0U.

ax rdsshmf φ’9( ; / tmkdrr 9 hr ‘ rhmfkd nqhdmsdc knno vhsg g‘hqr ‘ss‘bgdc- Enq rtbg 9+ cdfimd
φ’9( sn ad sgd oqnctbs ne sgd k‘adkr nm hsr g‘hqr- Mnsd sg‘s sgd mtladq ne g‘hqr ltrs ad ncc+
rhmbd nsgdqvhrd 9 g‘r ‘m nqhdms‘shnm,qdudqrhmf ‘tsnlnqoghrl ’rdd Ehftqd 8(+ fhuhmf 9 ; |9.
sg‘s hr+ 9 ; / hm C-
Sgd l‘o φ hr bkd‘qkx rtqidbshud+ ‘mc vd bk‘hl hs hmctbdr ‘m hrnlnqoghrl nm gnlnknfx+ sg‘s

hr+ sg‘s jdq’φ( ; hl’>H(- @mx fq‘og sg‘s hr mns ‘ g‘hqx knno hr hm hl’>H( ax Kdll‘ 7-0 ‘mc
φ hr hmidbshud nm g‘hqx knnor+ rn jdq’φ( ⊆ hl’>H(- Sn rdd sgd noonrhsd hmbktrhnm+ kds G ad ‘
fdmdq‘snq ne A1,0C- Sgdm G hr qdoqdrdmsdc ax svn sqhu‘kdms ok‘m‘q sqddr inhmdc ax nmd nqhdmsdc
dcfd vghbg bnmmdbsr sgdl+ oktr ‘mnsgdq nqhdmsdc dcfd- He sgd rdbnmc nqhdmsdc dcfd g‘r ansg
dmcr hm nmd sqdd+ sgdm >H’G( bnmrhrsr ne nmd fq‘og vhsg ‘ rdo‘q‘shmf tmnqhdmsdc dcfd+ ‘mc
φ’>H’G(( ; �- He sgd rdbnmc nqhdmsdc dcfd ‘krn inhmr sgd svn sqddr+ sgdm >H’G( g‘r svn sdqlr+
d‘bg ‘m nqhdmsdc knno vhsg sqddr ‘ss‘bgdc- Ax Kdll‘ 7-1+ sgdx ‘qd ‘bst‘kkx sgd r‘ld fq‘og
lnctkn antmc‘qhdr- Gnvdudq+ sgd rhfmr ‘qd noonrhsd+ rn >H’G( ; �-
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G;HPX FP;OGR ;MC TMRS;AKD GNLNKNFX 030

Ehftpd 0., Sgd HDT pdkXshnm nm sgd gXhpw sgdsX fpXog-

Vd qdl‘qj sg‘s hs hr mns chflbtks sn rgnv sg‘s Sq∗ l‘or nmsn


j>0 R
1j)0U ⊂ G0,0’C(+

vghbg qdbnudqr sgd o‘qs ne ‘adkh‘mhy‘shnm bnmrsqtbsdc ax Lnqhs‘ Y12“-

Opnonrhshnm 7,5, Enq L ; Hhd. G0,1’C( hr hrnlnqoghb sn sgd rtaro“bd ne sgd onkxmnlh“k
qhmf �YU ± U “ bg“q“bsdqhydc ax sgd enkknvhmf bnmchshnmr9

’0( e’w. x( ; e’x. w(:
’1( e’w. x( ; |e’|w. x(:
’2( e’w. x( ) e’x.|w| x( ) e’|w| x. w( ; /-

Oqnne- Sgd bg‘hm fqnto A0,1’C( hr fdmdq‘sdc ax q‘mj 1 sqhu‘kdms fq‘ogr 9 vhsg g‘hqr
‘ss‘bgdc- @ l‘whl‘k sqdd ’hm sghr b‘rd ‘ rhmfkd dcfd( hr rodbhfidc+ ‘mc sgd nsgdq dcfdr ‘qd
nqhdmsdc- Sn b‘kbtk‘sd G0,1’C(+ vd mddc sn ‘bbntms enq sgd qdk‘shnmr hm A0,1’C( ‘qhrhmf eqnl
HGW ‘mc ‘mshrxlldsqx ‘mc b‘kbtk‘sd sgd hl‘fd ne >H’A1,1’C((-
Sgdqd ‘qd nmkx svn sqhu‘kdms fq‘ogr hm q‘mj 19 sgd sgds‘ fq‘og ‘mc sgd dxdfk‘rr fq‘og+ rn

A0,1 cdbnlonrdr ‘r Sqh±Fk‘+ vgdqd Sqh hr fdmdq‘sdc ax sgds‘ fq‘ogr ‘mc Fk‘ hr fdmdq‘sdc ax
dxdfk‘rr fq‘ogr- @mx g‘hqx fq‘og a‘rdc nm sgd dxdfk‘rr fq‘og hr ‘ antmc‘qx ax Kdll‘ 7-0+
sg‘s hr+ Fk‘ ⊂ hl’>H(-
Trhmf HGW+ vd b‘m otrg sgd g‘hqr nff ne sgd sqdd dcfd ne 9 ∈ Sqh+ cdbnlonrhmf 9 ‘r ‘ rtl

ne sgds‘ fq‘ogr vhsg g‘hqr nmkx nm sgd nqhdmsdc dcfdr- He sgdqd hr ‘m dudm mtladq ne g‘hqr nm
nmd ne sgdrd dcfdr+ sgd HGW qdk‘shnm trhmf sgd sqdd dcfd+ snfdsgdq vhsg ‘mshrxlldsqx qdk‘shnmr+
rgnvr sg‘s 9 hr ydqn lnctkn antmc‘qhdr9 nmd sdql ne sgd HGW qdk‘shnm hr a‘rdc nm ‘m dxdfk‘rr
fq‘og+ ‘mc sgd nsgdq hr dpt‘k sn sgd fiqrs+ fhuhmf 19 ; / ’rdd Ehftqd 0/(-
Trhmf ‘mshrxlldsqx qdk‘shnmr+ vd b‘m l‘jd 9 ok‘m‘q+ ots sgd sqdd dcfd hm sgd bdmsdq ‘mc

fiho d‘bg g‘hq sn sgd qhfgs,g‘mc rhcd ne hsr nqhdmsdc dcfd- Vd sgdm ‘rrnbh‘sd sn d‘bg dcfd
sgd lnmnlh‘k enqldc ax ltkshokxhmf sgd k‘adkr nm sgd g‘hqr- Vd bnmrhcdq d‘bg ne sgdrd ‘r ‘
lnmnlh‘k hm ‘ rdo‘q‘sd bnox ne U + nmd vhsg u‘qh‘akdr w ‘mc nmd vhsg u‘qh‘akdr x+ ‘mc enql
sgdhq oqnctbs e’w. x(- Ax Kdll‘ 7-1+ sgd nqcdq sgd g‘hqr ‘qd ‘ss‘bgdc hr hqqdkdu‘ms lnctkn
antmc‘qhdr+ ‘mc sgd lnmnlh‘k e’w. x( bnlokdsdkx cdsdqlhmdr 9- Sgd e‘bs sg‘s sgd mtladq ne
g‘hqr nm d‘bg nqhdmsdc dcfd hr ncc ld‘mr sg‘s sgd cdfqdd ne e’w. x( hr ncc hm w ‘mc hm x+ vghbg
b‘m ad qdvqhssdm ‘r bnmchshnm ’1(-
Sgd rxlldsqx ne sgd sgds‘ fq‘og snfdsgdq vhsg sgd ‘mshrxlldsqx qdk‘shnm hm Hhd hlonrdr

bnmchshnm ’0(-
Ehm‘kkx+ bnmchshnm ’2( hcdmshfidr sgd qdrs ne sgd hl‘fd ne >H- Kds 9 ad ‘ fdmdq‘snq ne A1,1

a‘rdc nm sgd sgds‘ fq‘og- Sgdm 9 bnmrhrsr ne svn sqhoncr bnmmdbsdc ax sgqdd nqhdmsdc dcfdr+
‘mc >H’9( hr ‘ rtl ne sgqdd sdqlr- Otrghmf sgd g‘hqr nff ne sgd sqdd dcfd hm d‘bg sdql
bnqqdronmcr dw‘bskx sn enqlhmf sgd rtll‘mcr ne sgd sghqc bnmchshnm-
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031 I- BNM;MS) L- J;RR;ANU ;MC J- UNFSL;MM

DwWlokd, Kds w0. . . . . wm. x0. . . . . xm ad bnnqchm‘sd etmbshnmr enq U ± U + vgdqd wg qdoqdrdms
sgd fiqrs e‘bsnq ‘mc xg sgd rdbnmc- Rtoonrd j > 1- Sgdm cdfimd ‘ onkxmnlh‘k etmbshnm

e1j’w0. . . . . wm. x0. . . . . xm( ; w0x
1j|0
1 | w1x0x

1j|1
1 ) x0w1j|0

1 | x1w0w
1j|1
1 .

Nmd l‘x udqhex sg‘s e1j r‘shrfidr sgd sgqdd bnmchshnmr ‘anud+ rn hs qdoqdrdmsr ‘ mnm,sqhuh‘k
gnlnknfx bk‘rr enq C0,1 vhsg 1j g‘hqr- Hm o‘qshbtk‘q+ sghr ohbjr to sgd fiqrs cdfqdd hm vghbg
C0,1 ; /+ vgdm sgd mtladq ne g‘hqr hr 3- Hm Rtardbshnm 0/-2+ vd vhkk rdd sg‘s e1j hr bnmmdbsdc
sn sgd Dhrdmrsdhm rdqhdr+ ‘s kd‘rs enq knv u‘ktdr ne j-

7-2- G0,q’C( “mc svhrsdc bngnlnknfx ne Nts’Em(

Hm sghr rdbshnm ‘mc sgd mdws+ vd vhkk fhud cddodq hmrhfgs hmsn sgd qdrtksr ne sgd b‘kbtk‘shnm
ne G0,1+ ‘r vdkk ‘r fhuhmf ‘ fdmdq‘k enqltk‘ enq G0,q- Sghr fdmdq‘k enqltk‘ hr hm sdqlr ne sgd
bngnlnknfx ne Nts’Eq( vhsg bndflbhdmsr hm sgd onkxmnlh‘k qhmf �YU ⊕q“ ; �YU ⊗ �q“+ vgdqd sgd
‘bshnm hr uh‘ sgd ptnshdms Nts’Eq(→ FKq ‘mc sgd rs‘mc‘qc ‘bshnm ne FKq nm �q- Vd adfhm ax
dwok‘hmhmf gnv sghr hr bnlotsdc+ hm nqcdq sn qdk‘sd hs sn g‘hqx fq‘og gnlnknfx- Enq ‘ cds‘hkdc
dwok‘m‘shnm ne sgd qdk‘shnm adsvddm ’tmg‘hqx( Khd fq‘og gnlnknfx ‘mc sgd bngnlnknfx ne
Nts’Eq( vhsg sqhuh‘k bndflbhdmsr+ vd qdedq sn Y3+ Rdbshnm 2“-
Sgd fqnto Nts’Em( ‘bsr nm ‘ bnmsq‘bshakd btad bnlokdw Hm+ b‘kkdc sgd rohmd ne Ntsdq ro“bd

’rdd Y5“(- Rs‘ahkhydqr ne sghr ‘bshnm ‘qd fimhsd+ ‘mc rn+ ax ‘ rs‘mc‘qc ‘qftldms ’rdd+ enq dw‘lokd+
Aqnvm#r annj Y0“(+ sgd ptnshdms Hm,Nts’Em( g‘r sgd r‘ld bngnlnknfx ‘r Nts’Em( vhsg sqhuh‘k
q‘shnm‘k bndflbhdmsr- Sgd ‘qftldms ‘c‘osr d‘rhkx sn sgd b‘rd ne mnm,sqhuh‘k bndflbhdmsr hm ‘
q‘shnm‘k qdoqdrdms‘shnm ‘r enkknvr-

Opnonrhshnm 7,6, Kds W ad “ bnmsq“bshakd AV bnlokdw nm vghbg “ fqnto F “bsr vhsg
fimhsd onhms rs“ahkhydqr. kds A∗’W( ad sgd bdkktk“q bnbg“hm bnlokdw enq W “mc rtoonrd sg“s L
hr “ F,lnctkd sg“s hr “ udbsnq ro“bd nudq “ fidkc ne bg“q“bsdqhrshb /- Sgdm A∗’W(⊗FL hr “
bnbg“hm bnlokdw bnlotshmf G∗’F:L(-

Oqnne- Vd enkknv sgd chrbtrrhnm eqnl Y0“: m‘ldkx+ nm o- 063+ Dpt‘shnm 6-0/+ sgdqd hr ‘
fiqrs,pt‘cq‘ms rodbsq‘k rdptdmbd

C0np ;


µ∈�n

Gp’Fµ.Lµ( ;⇒ G∗’F.L(.

vgdqd Σn hr ‘ rds ne qdoqdrdms‘shudr ne F,nqahsr ne o,bdkkr+ Fµ hr sgd rs‘ahkhydq ne σ ‘mc Lµ hr
L svhrsdc ax sgd ˆnqhdms‘shnm bg‘q‘bsdq#- Ct‘kkx+ sgdqd hr ‘ fiqrs,pt‘cq‘ms rodbsq‘k rdptdmbd

Cnp
0 ;



µ∈�n

Gp’Fµ.Lµ(

bnmudqfhmf sn G∗’F.L(- Ats Fµ hr fimhsd ‘mc Lµ hr ‘ CFµ,lnctkd+ rn Gp’Fµ.Lµ( ; / enq
p / / ’rdd+ enq dw‘lokd+ Y0+ Bnqnkk‘qx 0/-1+ o- 73“(- Sgtr+ Cn,p

0 ; / enq ‘kk p / /+ sg‘s hr+ sgd
rodbsq‘k rdptdmbd bnkk‘ordr sn rhlokx ‘ bnbg‘hm bnlokdw hm sgd qnv p ; /-
Mnv nardqud sg‘s Cn,+

0 ;


µ∈�σ
G+’Fµ.Lµ( ;


µ∈�σ

’Lµ(Fσ
; An’W(⊗FL -

Enq ‘mx udbsnq ro‘bd V + cdmnsd ax �YV “ sgd qhmf ne onkxmnlh‘k etmbshnmr nm V - Mnsd sg‘s
�YV “ hr fq‘cdc ax onkxmnlh‘k cdfqdd+ sg‘s hr+ �YV “ ;


j �YV “j+ vgdqd �YV “j ; RjV cdmnsdr

gnlnfdmdntr onkxmnlh‘kr ne cdfqdd j-

Sgdnpdl 7,7, Enq L ; Hhd “mc q > 1. sgdqd hr “ fq“cdc hrnlnqoghrl

G0,q’C( ∼; G1q|2’Nts’Eq(:�YU ⊕q“(.
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G;HPX FP;OGR ;MC TMRS;AKD GNLNKNFX 032

vgdqd G0,q’C( hr fq“cdc ax sgd mtladq ne g“hqr. “mc sgd fq“chmf nm G1q|2’Nts’Eq(:�YU ⊕q“(
hr fhudm ax onkxmnlh“k cdfqdd9

G1q|2’Nts’Eq(:�YU ⊕q“( ∼;


j>+
G1q|2’Nts’Eq(:�YU ⊕q“j(.

Oqnne- Ax Oqnonrhshnm 7-6 ‘ookhdc sn sgd rohmd Hq ne Ntsdq ro‘bd+ G1q|2’Nts’Eq(:L( b‘m
ad bnlotsdc trhmf sgd bnbg‘hm bnlokdw A∗ ; A∗Hq ⊗Ltr(Ep(L. Pdb‘kk eqnl Y03“ sg‘s d‘bg
j,chldmrhnm‘k btad ne Hq hr cdsdqlhmdc ax ‘ fq‘og F dpthoodc vhsg ‘ j,dcfd rtaenqdrs Φ ‘mc
‘ l“qjhmf+ vghbg hr ‘ gnlnsnox dpthu‘kdmbd f eqnl F sn ‘ fiwdc qnrd Pm vgnrd ods‘kr ‘qd
hcdmshfidc vhsg sgd fdmdq‘snqr ne Em- Sgd btad ’F.Φ. f( hr nqhdmsdc ax nqcdqhmf sgd dcfdr ne sgd
enqdrs Φ- Sgd bnantmc‘qx nodq‘snq hr ‘ rtl ne svn nodq‘snqr δC ‘mc δ> + vghbg ‘cc ‘m dcfd
sn sgd enqdrs hm ‘kk onrrhakd v‘xr ‘mc dwo‘mc ‘ udqsdw hmsn ‘ enqdrs dcfd hm ‘kk onrrhakd v‘xr+
qdrodbshudkx-
Sgd sno,chldmrhnm‘k btadr ne Hq bnqqdronmc sn l‘qjdc sqhu‘kdms fq‘ogr vhsg l‘whl‘k sqddr+

‘mc rn ‘qd ’1q | 2(,chldmrhnm‘k- Sgd ’1q | 3(,chldmrhnm‘k btadr bnqqdronmc dhsgdq sn sqhu‘kdms
fq‘ogr nq sn fq‘ogr vhsg nmd 3,u‘kdms udqsdw- Trhmf δ> sn dwo‘mc sgd 3,u‘kdms udqsdw hm sgd
sgqdd onrrhakd v‘xr fhudr sgd sdqlr ne sgd HGW qdk‘shnm+ rn sgd ptnshdms

Ā1m|2Hq ; A1m|2Hq, hl’δ>(

hr fdmdq‘sdc ax sqhu‘kdms l‘qjdc fq‘ogr lnctkn HGW qdk‘shnmr trhmf dcfdr ne sgdhq l‘whl‘k
sqddr+ ‘mc

G1q|2’Nts’Eq(:�YU ⊕q“( ; Ā1m|2Hq ⊗Ltr(Ep( �YU
⊕q“, hl’δC ⊗ 0(.

Vd mnv stqm sn sgd g‘hqx fq‘og gnlnknfx bnlots‘shnm

G0,q’C( ; A0,qC, hl’>H(.

@ fdmdq‘snq 9 ne A0C b‘m ad qdoqdrdmsdc ’lnctkn ‘mshrxlldsqx ‘mc HGW qdk‘shnmr( ax ‘
ok‘m‘q sqhu‘kdms sqdd vhsg rnld o‘hqr ne kd‘udr inhmdc ax nqhdmsdc dcfdr ‘mc sgd qdrs k‘adkdc ax
dkdldmsr ne U - He 9 g‘r ‘ rdo‘q‘shmf tmnqhdmsdc dcfd sg‘s hr mns ‘ g‘hq+ sgdm 9 hr ‘ antmc‘qx
ax Kdll‘ 7-0- He ‘kk rdo‘q‘shmf dcfdr ‘qd g‘hqr+ sgdm qdlnuhmf sgdrd g‘hqr qdrtksr hm ‘ sqhu‘kdms
bnqd fq“og F- He ‘mx g‘hqr ‘qd nm tmnqhdmsdc dcfdr ne F+ sgdm sgdx l‘x ad lnudc trhmf HGW
qdk‘shnmr sn sgd nqhdmsdc dcfdr- Trhmf ‘mshrxlldsqx qdk‘shnmr+ vd l‘x fiho d‘bg g‘hq sn sgd
qhfgs,g‘mc rhcd ne hsr nqhdmsdc dcfd- Sgtr+ ‘r fdmdq‘snqr enq G0,q’C( vd l‘x s‘jd sqhu‘kdms
fq‘ogr F ne q‘mj q rtbg sg‘s sgd tmnqhdmsdc dcfdr enql ‘ l‘whl‘k sqdd S ‘mc sgd nqhdmsdc
dcfdr zd g‘ud k‘adkdc g‘hqr ‘ss‘bgdc sn sgd qhfgs,g‘mc rhcd- Lnctkn hl’>H(+ sgd nqcdq ne sgd
g‘hqr nm d‘bg nqhdmsdc dcfd cndr mns l‘ssdq-
Vd b‘m mnv cdfimd sgd hrnlnqoghrl

e 9 A0,qC,hl’>H( |→ Ā∗Hq ⊗Ltr(Ep( �YU
⊕q“,hl’δC ⊗ 0(.

Kds 9 ad ‘ fdmdq‘snq ne A0,qC+ ‘r cdrbqhadc ‘anud- Sn fds ‘ l‘qjhmf f 9 F→ Pm+ vd bnkk‘ord
sgd tmnqhdmsdc dcfdr ne F sn nas‘hm ‘ qnrd F,S + sgdm bgnnrd ‘ gnldnlnqoghrl eqnl F,S
sn sgd rs‘mc‘qc qnrd Pm oqdrdquhmf sgd nqhdms‘shnmr nm sgd dcfdr- He f’zd( ; wg+ rds lg ∈ �YU “
dpt‘k sn sgd oqnctbs ne sgd k‘adkr ne sgd g‘hqr nm zd- Sgdm

e’9( ; ’F.S. f(⊗l0 . . .lq ∈ �YU q“.

Sghr l‘o hr vdkk cdfimdc ‘mc rtqidbshud: hm o‘qshbtk‘q+ hs cndr mns cdodmc nm sgd bgnhbd ne
sgd gnldnlnqoghrl eqnl F,S sn Pm rhmbd sgd rxlldsqhb fqnto odqltshmf sgd ods‘kr ne Pm

hr ‘ rtafqnto ne Nts’Eq(- Sn rdd sg‘s hs hr hmidbshud+ mnsd sg‘s >H bnhmbhcdr vhsg δC tmcdq sghr
l‘o-
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PdlWpi 7,8, Sghr oqnne cndr mns vnqj sn bnlotsd Gg’C( enq h / 0 rhmbd vd ‘kknvdc
ntqrdkudr sn rkhcd g‘hqr ‘bqnrr nqhdmsdc dcfdr trhmf Kdll‘ 7-2- Tmenqstm‘sdkx+ sgdqd hr mn
‘m‘knf ne Kdll‘ 7-2 enq g‘hqx fq‘ogr hm AgC vhsg h / 0-

7-3- G0,1’C( “mc lnctk“q enqlr

Hm sghr rdbshnm+ vd kds � ; �- Enq q ; 1+ vd g‘ud hcdmshfidc

G0,1’C( ∼; G0’Nts’E1(.�YU ± U “(.

Rhmbd sgd ‘adkh‘mhy‘shnm l‘o E1 → S1 hmctbdr ‘m hrnlnqoghrl Nts’E1( ∼; FK1’S(+ vd b‘m
trd sgd qdoqdrdms‘shnm sgdnqx ne FK1’S( sn b‘kbtk‘sd sghr fqnto oqdbhrdkx- Sgd ‘mrvdq hmunkudr
sgd chldmrhnm rj ne sgd ro‘bd ne vdhfgs j btrohc‘k lnctk‘q enqlr enq RK1’S(. vghbg hr ydqn he
j hr ncc nq he j ; 1- Enq j / 1 dudm+ hs hr fhudm ax

rj ;


j,01 | 0 he j ≡ 1 lnc 01.
j,01 he j ≡ 1 lnc 01.

Pdb‘kk ‘krn sg‘s sgd Vdxk lnctkd R(j,(U hr sgd hqqdctbhakd qdoqdrdms‘shnm ne FK’U (
bnqqdronmchmf sn sgd o‘qshshnm ’j. Z(-

Sgdnpdl 7,0., Sgdqd hr “ fq“cdc hrnlnqoghrl

G0,1’C( ∼;


j/>+
’R(j,(U (⊕�j,, .

vgdqd λj, ; / tmkdrr j ) Z hr dudm. hm vghbg b“rd

λj, ;


rj|)1 he Z hr dudm)

rj|)1 ) 0 he Z hr ncc.

Sgd fq“chmf nmG0,1’C( hr ax sgd mtladq ne g“hqr ’;cdfqdd |1( “mc nm


j/>+’R(j,(U (⊕�j,,

hr ax j ) Z-

Oqnne- Ax Sgdnqdl 7-7+ G0’C( ∼; G0’Nts’E1(:�YU ± U “(- Rhmbd sgd m‘stq‘k l‘o eqnl
Nts’E1( sn FK1’S( hr ‘m hrnlnqoghrl+ vd l‘x hmrsd‘c bnlotsd G0’FK1’S(:�YU ± U “(-
Rds NS ; �YU ± U “ ; �YU ⊗ �1“- Sgdm NS hr ‘ FK’U (⊗FK1’�(,lnctkd+ vghbg ax

RbgtqzVdxk ct‘khsx b‘m ad cdbnlonrdc ‘r

NS ;


�

R�U ⊗ R��1.

’rdd Y00+ o- 107 ‘mc o- 146“(- Sgd Vdxk lnctkd R��1 hr ydqn tmkdrr λ ; ’j. k( hr ‘ Xntmf ch‘fq‘l
vhsg nmkx svn qnvr+ ‘mc

R(j,k(�1 ; �k ⊗Gj|k.

vgdqd Gj|k hr sgd ro‘bd ne gnlnfdmdntr onkxmnlh‘kr ne cdfqdd j | k+ ‘mc �k hr
sgd nmd,chldmrhnm‘k FK1’�(,qdoqdrdms‘shnm fhudm ax sgd ksg onvdq ne sgd cdsdqlhm‘ms
’rdd Y6+ Rdbshnm 5-0“(-
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G;HPX FP;OGR ;MC TMRS;AKD GNLNKNFX 034

Sgtr+

G0’FK1’S(:NS ( ; G0

⎛

⎝FK1’S(:


j>k>+
R(j,k(U ⊗ �k ⊗Gj|k

⎞

⎠

∼;


j>k>+
G0’FK1’S(:�k ⊗Gj|k(⊗ R(j,k(U. ’0(

Sgd bngnlnknfx 4,sdql dw‘bs rdptdmbd ne sgd dwsdmrhnm

0 |→ RK1’S( |→ FK1’S( |→ S1 |→ 0

qd‘cr

/ |→ G0’S1.�k ⊗Gl( |→ G0’FK1’S(.�k ⊗Gl( |→ G0’RK1’S(.�k ⊗Gl(�1

|→ G1’S1.�k ⊗Gl( |→ G1’FK1’S(.�k ⊗Gl(.

Rhmbd G0’S1:L( ; G1’S1:L( ; / enq ‘mx udbsnq ro‘bd L nudq ‘ fidkc ne bg‘q‘bsdqhrshb /+ sghr
fhudr

G0’FK1’S(:�k ⊗Gl( ∼; ’G0’RK1’S(:�k ⊗Gl((�1 ∼; ’�k ⊗G0’RK1’S(:Gl((�1 .

vgdqd sgd fdmdq‘snq ne S1 ‘bsr nm �k uh‘ ltkshokhb‘shnm ax ’|0(k-
Sgd bnlots‘shnm hr mnv bnlokdsdc trhmf DhbgkdqzRghltq‘ sgdnqx ’rdd+ enq dw‘lokd+ Y02+ oo-

135z136“(- Sgd ‘bshnm ne S1 hr hmctbdc ax bnmitf‘shnm ax  ;


|0 +
+ 0

�
+ ‘mc

G0’RK1’S(:Gl( ∼; G0
) ±G0

|
.

vgdqd G0
) hr sgd ’)0(,dhfdmro‘bd ne sgd ‘bshnm+ ‘mc G0

|
hr sgd ’|0(,dhfdmro‘bd- Sgdrd

dhfdmro‘bdr ‘qd fhudm ax

G0
)
∼;L+

l)1.

vgdqd L+
l)1 hr sgd udbsnq ro‘bd ne vdhfgs l) 1 btrohc‘k lnctk‘q enqlr enq sgd etkk lnctk‘q

fqnto RK1’S( ‘mc

G0
|
∼;L+

l)1 ± Cl)1.

vgdqd Cl)1 ; / he l hr ncc nq he l ; /+ ‘mc nsgdqvhrd Cl)1 hr sgd nmd,chldmrhnm‘k ro‘bd
ro‘mmdc ax sgd Dhrdmrsdhm rdqhdr hm cdfqddl) 1- Sgdqdenqd+ he sgd ‘bshnm ne FK1’S( hr rs‘mc‘qc+
vd fds

G0’FK1’S(:Gl( ∼; G0’RK1’S(:Gl(�1 ∼; G0
)
∼;L+

l)1.

‘mc he sgd ‘bshnm hr svhrsdc ax sgd cdsdqlhm‘ms+ vd fds

G0’FK1’S(:Gl( ∼; G0’RK1’S(:Gl(�1 ∼; G0
|
∼;L+

l)1 ± Cl)1.

Rhmbd L ⊗ R(j,k(U ∼; ’R(j,k(U (beiL + oktffhmf sghr qdrtks hmsn dwoqdrrhnm ’0( ‘anud fhudr sgd
sgdnqdl- Mnsd sg‘s sgd b‘rd l ; / hr rodbh‘k rhmbd C1 ; /- Hm sghr b‘rd G0’FK1’S(:G+( ; /+
rn sg‘s o‘qshshnmr vgdqd j ; Z cn mns bnmsqhatsd-
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Ehftpd 00, Sgd fiprs rsdo hm cdfimhmf LnphsXfir spXbd lXo- Otl nudp Xkk onrrhakd vXwr ne Xcchmf
Xm dcfd sn sgd spdd’ Xmc pdXc n� sgd pdrtkshmf dkdldms hm sgd epdd XrrnbhXshud XkfdapX-

Gdqd hr ‘ s‘akd ne ‘kk Vdxk lnctkdr sg‘s ‘ood‘q hm G0,1’C( enq fq‘ogr vhsg ‘s lnrs 03 g‘hqr+
sg‘s hr+ j ) k 6 03- Sgd mns‘shnm ’j. Z(l ld‘mr sg‘s R(j,(U ‘ood‘qr l shldr-

1 3 5 7 0/ 01 03

’2. 0( ’4. 0( ’6. 0( ’0/. /( ’00. 0(1 ’03. /(
’4. 2( ’8. 0( ’8. 2( ’02. 0(

’6. 2( ’6. 4( ’01. 1(
’00. 2(
’8. 4(

8- Bnlo“qhrnm sn Lnqhs“#r sq“bd

Hm sghr rdbshnm+ vd cdrbqhad Lnqhs‘#r sq‘bd l‘o Y12“ trhmf fq‘oghb‘k hmrhfgsr eqnl Y4“+ ‘mc rdd
gnv hs qdk‘sdr sn sgd sq‘bd l‘o Sq cdfimdc hm sghr o‘odq enq sgd Khd b‘rd- Hs hr cdfimdc nm aS
‘r enkknvr9 rtl nudq bnmmdbshmf o‘hqr ne tmhu‘kdms udqshbdr ax ‘m dcfd ’chqdbshnm ‘qahsq‘qhkx
fiwdc( ‘mc ltkshokx ax sgd bnmsq‘bshnm ne sgd bndflbhdmsr ne sgd hmunkudc tmhu‘kdms udqshbdr ’rdd
Ehftqd 00(- Sghr xhdkcr ‘ fq‘og vhsg ‘ knno ‘mc rnld ‘ss‘bgdc sqddr- D‘bg sqdd qdoqdrdmsr ‘m
dkdldms ne sgd eqdd Khd ‘kfdaq‘ nudq U + vghbg vd b‘m hmbktcd hm sgd eqdd ‘rrnbh‘shud ‘kfdaq‘-
Sgtr+ qd‘chmf ‘qntmc sgd bhqbkd hm sgd chqdbshnm hmchb‘sdc ax sgd dcfd#r chqdbshnm+ vd nas‘hm
‘m dkdldms ne sgd eqdd ‘rrnbh‘shud ‘kfdaq‘ S ’U (- Sgd eqdd ‘rrnbh‘shud ‘kfdaq‘ g‘r ‘m hmunktshnm
cdfimdc nm vnqcr ax v → ’|0(|v|v̄+ vgdqd }v} hr sgd kdmfsg ne sgd vnqc ‘mc v̄ hr sgd qdudqr‘k
ne sgd vnqc- Hm nqcdq sn ‘bbntms enq sgd ‘lahfthsx ne sgd bhqbkd#r nqhdms‘shnm+ sgd hl‘fd ne sghr
l‘o vhkk s‘jd u‘ktdr hm S ’U ( lnctkn sghr hmunktshnm- Mnv oqnidbs sn sgd eqdd bnllts‘shud
‘kfdaq‘ fdmdq‘sdc ax U 9


∞

j8+ R
jU - Chuhchmf sghr ax sgd hl‘fd ne sgd hmunktshnm nm S ’U (+ vd

‘qd kdes vhsg nmkx sgd ncc onvdqr


∞

j8+ R
1j)0’U (+ ‘mc sghr hr sgd s‘qfds ne Lnqhs‘#r sq‘bd l‘o9

SqL 9 aS |→
∞

j8+

R1j)0’U (.

@esdq rs‘ahkhyhmf+ hs hr mns chflbtks sn rgnv sg‘s SqL hr rtqidbshud+ ‘mc sg‘s ‘mx aq‘bjds ne svn
sqddr hr hm sgd jdqmdk ne sghr sq‘bd+ rn sg‘s sghr ‘bst‘kkx fhudr qhrd sn ‘ udqx hmsdqdrshmf ‘adkh‘m
ptnshdms ne sgd Khd ‘kfdaq‘ a∞- Sgd j ; / rtll‘mc bnqqdronmcr sn sqddr hm a∞ vhsg ‘ rhmfkd
sqhu‘kdms udqsdw+ vghbg b‘mmns ad aq‘bjdsr ne rl‘kkdq sqddr ax qd‘rnmr ne cdfqdd- Rtbg sqddr
enql ‘m hrnlnqoghb bnox ne

2
U∞ hmrhcd ’a∞(]a+ rn SqL hr mns ‘m hrnlnqoghrl hm cdfqdd 0-

Gnvdudq+ he vd qdok‘bd R0U∞ ; U∞ ax
2

U∞ hm sgd ‘anud chqdbs rtl+ Lnqhs‘ bnmidbstqdc sg‘s
sghr hr hrnlnqoghb sn sgd dmshqd ‘adkh‘mhy‘shnm Y12+ Bnmidbstqd 5-0“-
Bnmrhcdq sgd lhcckd sdql hm Ehftqd 00- Sghr v‘r ‘ bnmudmhdms fq‘oghb‘k lhcv‘x onhms hm

b‘kbtk‘shmf sgd Lnqhs‘ sq‘bd+ ats vd mnv ‘cnos sgd onhms ne uhdv sg‘s sgd udbsnq ro‘bd ro‘mmdc
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G;HPX FP;OGR ;MC TMRS;AKD GNLNKNFX 036

ax sqddr vhsg ‘m ‘cchshnm‘k ’c‘rgdc( dcfd hr ‘bst‘kkx sgd m‘stq‘k s‘qfds ne sgd Lnqhs‘ sq‘bd-
Hmcddc rtbg fq‘ogr enql ‘ rtaro‘bd ne sgd g‘hqx fq‘og bnlokdw C- Vhsg sghr onhms ne uhdv+
hs hr mns snn g‘qc sn rgnv sg‘s Lnqhs‘#r sq‘bd l‘o hmctbdr ‘ l‘o eqnl sgd ‘adkh‘mhy‘shnm sn
G0’C(+ vghbg k‘mcr hm sgd rtaro‘bd ne q‘mj 0 fq‘ogr-
Sgd oqdbdchmf chrbtrrhnm b‘m ad rtll‘qhydc ax sgd enkknvhmf oqnonrhshnm-

Opnonrhshnm 8,0, Sgd Lnqhs“ sq“bd SqL hr dpt“k sn sgd bnlonrhshnm
0

a∞ →


a∞
Sp|→ C� C0,0.

0/- Bxbkdr hm sgd tmrs“akd gnlnknfx ne Lnc’f. r() Nts’Em( “mc @ts’Em(

Enq d‘bg bxbkhb nodq‘c L ‘mc rxlokdbshb udbsnq ro‘bd U + sgd ‘adkh‘mhy‘shnm l‘o aS → a]aS hr
‘ Khd ‘kfdaq‘ lnqoghrl+ vgdqd sgd aq‘bjds nm a]aS hr sqhuh‘k- He L hr fimhsd,chldmrhnm‘k ‘s d‘bg
kdudk+ sgdm bnmshmtntr bngnlnknfx hr cdfimdc ’rdd Cdfimhshnm 1-4(+ rn ‘adkh‘mhy‘shnm hmctbdr ‘
a‘bjv‘qc l‘o G∗

b ’a
]a
S (→ G∗

b ’aS (- S‘jhmf Ro,hmu‘qh‘msr fhudr ‘ l‘o

NG∗

b ’a
]a
S (

Om |→ NG∗

b ’aS (
Om. ’1(

vgdqd N cdmnsdr sgd rtalnctkd ne oqhlhshud dkdldmsr hm sgd Gnoe ‘kfdaq‘ G∗

b ’aS (
Om- Trhmf

sgd e‘bs sg‘s sgd bngnlnknfx ne ‘ fimhsd,chldmrhnm‘k ‘adkh‘m Khd ‘kfdaq‘ hr rhlokx sgd dwsdqhnq
‘kfdaq‘ nm hsr ct‘k ro‘bd+ sgd cnl‘hm ne sghr l‘o hr nesdm d‘rx sn bnlotsd ‘mc fhudr qhrd sn
onsdmsh‘kkx mnm,sqhuh‘k dkdldmsr hm sgd hl‘fd-
Enq L ; Arrnb ‘mc L ; Hhd+ ‘ sgdnqdl ne Jnmsrduhbg hcdmshfidr NG∗

b ’aS (
Om enq hmfimhsd,

chldmrhnm‘k U vhsg sgd gnlnknfx ne l‘oohmf bk‘rr fqntor ne otmbstqdc rtqe‘bdr ‘mc ntsdq
‘tsnlnqoghrl fqntor ne eqdd fqntor+ ‘mc ‘ sgdnqdl ne Fq‘x qdk‘sdr rhlhk‘q bngnlnknfx fqntor
sn sgd gnlnknfx ne @ts’Em(- Hm sghr rdbshnm+ vd rgnv gnv sn dwoknhs sgdrd sgdnqdlr snfdsgdq
vhsg sgd l‘o ’1( ‘anud sn bnmrsqtbs bxbkdr enq sgd gnlnknfx ne sgdrd fqntor-

0/-0- L“oohmf bk“rr fqntor ne otmbstqdc rtqe“bdr

Kds Lnc’f. r( cdmnsd sgd l‘oohmf bk‘rr fqnto ne ‘ rtqe‘bd ne fdmtr f vhsg r otmbstqdr+ sg‘s
hr+ sgd fqnto ne hrnsnox bk‘rrdr ne gnldnlnqoghrlr vghbg oqdrdqud sgd rds ne otmbstqdr ’mns
mdbdrr‘qhkx onhmsvhrd(- Rds Um ; �1m vhsg sgd rs‘mc‘qc rxlokdbshb enql ‘mc U∞ ; khl|→ �1m:

vqhsd am enq aSl ‘mc a∞ ; aS∞ - Jnmsrduhbg#r sgdnqdl enq L ; Arrnb qd‘cr ‘r enkknvr-

Sgdnpdl 0.,0 Y3+ 06+ 07“- Enq L ; Arrnb.

NGj
b ’a∞(

Om ∼;


r/+

G3e)1r|j|3’Lnc’f. r(:�(.

Sn trd sgd l‘o ’1( sn fimc bk‘rrdr hm G∗’Lnc’f. r((+ vd ltrs mnv bnlotsd NG∗

b ’a
]a
∞
(Om- Ax

Sgdnqdl 6-8+ vd g‘ud sg‘s a]aS ∼;V0 ±V1 vgdqd V0 ; YU ⊗2“�2 ‘mc V1 ; ’
1

U (,�- Hm Y13“+
Lnqhs‘ b‘kbtk‘sdc sg‘s he chlU  j+

N

j
V1

Om
;

j
V1

Om
∼;


� he j ≡ 0 lnc 3 ‘mc j > 4.
/ nsgdqvhrd-

Rhmbd sgd qdrtks ne sgd b‘kbtk‘shnm hr hmcdodmcdms ne U + vd b‘m s‘jd ct‘kr nm sgd fimhsd kdudk ‘mc
bnmbktcd sg‘s NG3q)0

b ’a]a
∞
(Om bnms‘hmr ‘ bnox ne � enq d‘bg q > 0- @ookxhmf sgd l‘o ’1( mnv

fhudr ‘ bnbxbkd hm NG3q)0
b ’a∞(Om enq d‘bg q > 0+ vghbg bnqqdronmcr uh‘ Jnmsrduhbg#r sgdnqdl
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sn ‘ bxbkd hm G3q)0’Lnc’0. 3q ) 0((- Hm Y1“+ hs v‘r rgnvm sg‘s ‘kk ne sgdrd bxbkdr hm e‘bs qdoqdrdms
mnm,sqhuh‘k gnlnknfx bk‘rrdr-
Vd g‘ud nmkx trdc sgd cdfqdd 1 ohdbd V1 ne sgd ‘adkh‘mhy‘shnm sn bnmrsqtbs sgdrd gnlnknfx

bk‘rrdr- TrhmfV0 ‘r vdkk+ vd b‘m bnmrsqtbs l‘mx lnqd bxbkdr: enq dw‘lokd+ hs hr d‘rx sn bnlotsd
sg‘s Y’

1
V0(⊗ ’

1
V1(“Om ; /+ fhuhmf svn,chldmrhnm‘k bxbkdr enq Lnc’0. 2( ‘mc Lnc’1. 0(-

Gnvdudq+ vd cn mns jmnv vgdsgdq sgdrd bxbkdr ‘qd mnm,sqhuh‘k hm gnlnknfx- Hm sgd rdptdk sn
sghr o‘odq+ vd vhkk rgnv gnv sn oqnctbd bxbkdr nm lnctkh ro‘bd ’ne ‘mx fdmtr( ax trhmf bk‘rrdr
hm Gj’C( enq j / 0+ onsdmsh‘kkx xhdkchmf dudm lnqd tmrs‘akd gnlnknfx bk‘rrdr-

0/-1- Sgd ntsdq “tsnlnqoghrl fqnto Nts’Em(

@f‘hm vd rds Um ; �1m vhsg sgd rs‘mc‘qc rxlokdbshb enql+ U∞ ; khl|→ �1m+ ‘mc vqhsd am enq aSl
‘mc a∞ ; aS∞ - Jnmsrduhbg#r sgdnqdl enq L ; Hhd qd‘cr ‘r enkknvr-

Sgdnpdl 0.,1 Y3+ 06+ 07“- Enq L ; Hhd. NGj
b ’a∞(

Om hr mnm,ydqn nmkx hm dudm cdfqddr 1c.
hm vghbg b“rd

NGj
b ’a∞(

OmYY1c““ ∼; G1c|j’Nts’Ec)0(:�(.

Enkknvhmf sgd ‘adkh‘mhy‘shnm l‘o vhsg sgd sq‘bd l‘o xhdkcr Khd ‘kfdaq‘ lnqoghrlr

am |→ a]am → G0’Cm(.

vgdqd ansg a]am ‘mc G0’Cm( ‘qd sgntfgs ne ‘r ‘adkh‘m Khd ‘kfdaq‘r+ fq‘cdc ax cdfqdd- Hm cdfqdd
c+ sgdrd l‘or hmctbd a‘bjv‘qc l‘or



c+)���)cj8c

G0’CmYYc0““(∗ S � � � SG0’CmYYcj““(∗ |→ G∗’am(YYc““.

trhmf sgd e‘bs sg‘s G∗’�( ;


�∗ enq fimhsd,chldmrhnm‘k ‘adkh‘m Khd ‘kfdaq‘r �- S‘jhmf sgd
oqhlhshud o‘qs ne sgd Ro,hmu‘qh‘msr ‘mc kdsshmf m fn sn hmfimhsx xhdkcr ‘ l‘o

μ 9 khl←| N




c+)���)cj8c

G0’CmYYc0““(∗ S � � � SG0’CmYYcj““(∗
Om

|→ NG∗

b ’a∞(
OmYYc““.

Sgtr+ ax bnlahmhmf dkdldmsr ne sgd fiqrs gnlnknfx ne sgd g‘hqx fq‘og bnlokdw+ vd nas‘hm
bnbxbkdr hm NG∗

b ’a∞(
OmYYc““+ vghbg ax Jnmsrduhbg#r sgdnqdl b‘m ad hcdmshfidc vhsg bxbkdr hm

G1c|j’Nts’Ec)0(:�(- Vd hkktrsq‘sd sghr vhsg svn bnmbqdsd dw‘lokdr adknv-

0/-1-0- Lnqhs“#r nqhfhm“k bxbkdr- Lnqhs‘#r nqhfhm‘k rdqhdr ne bxbkdr v‘r bnmrsqtbsdc eqnl dkd,
ldmsr ne a]aS hm cdfqdd c ; 1j | 0- Vgdm otrgdc ax sgd sq‘bd hmsn g‘hqx fq‘og gnlnknfx+ sgdrd
bnqqdronmc sn G0,0’CS (YY1j | 0““ ∼; R1j|0U ; R1j|0U - Hm g‘hqx fq‘og gnlnknfx+ fdmdq‘snqr ne
G0,0’CS (YY1j | 0““ ‘qd qdoqdrdmsdc ax nqhdmsdc knnor vhsg 1j | 0 g‘hqr ‘ss‘bgdc+ k‘adkdc ax
dkdldmsr ne U -
@ rsq‘hfgsenqv‘qc bnlots‘shnm rgnvr sg‘s Vm,1j|0 9; Y’R1j|0Um( S ’R1j|0Um(“Om ∼; � enq

k‘qfd dmntfg m- Sgd fdmdq‘snq ne Vm,1j|0 bnqqdronmcr sn svn g‘hqx knnor+ vhsg sgd g‘hqr nm
nmd o‘hqdc vhsg sgd g‘hqr nm sgd nsgdq: hm o‘qshbtk‘q+ sgd g‘hq k‘adkr g‘ud chr‘ood‘qdc ‘mc
sgd fdmdq‘snq hr hmcdodmcdms ne Um- Rhmbd sghr fq‘og hr bnmmdbsdc+ hs qdoqdrdmsr ‘ oqhlhshud
bk‘rr- Rhmbd+ hm ‘ Gnoe ‘kfdaq‘+ sgd ct‘k sn sgd rtalnctkd ne oqhlhshudr hr oqhlhshud vhsg
qdrodbs sn sgd ct‘k Gnoe ‘kfdaq‘ rsqtbstqd+ vd fds V ∗

m,1j|0 ⊂ N Y’R1j|0Um(∗ S ’R1j|0Um(∗“Om-
Kds V ∗

1j|0 9; khl←| V ∗

m,1j|0- Sgd hl‘fd ne sgd fdmdq‘snq ne V
∗

1j|0 tmcdq sgd l‘o μ ‘anud

hr hm NG1
b ’a∞(

Om ‘mc tmcdq Jnmsrduhbg#r sgdnqdl bnqqdronmcr sn sgd jsg Lnqhs‘ bk‘rr+ hm
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G3j|3’Nts’E1j(:�(- Rdd Y4“ enq lnqd cds‘hkr nm sgdrd ‘mc nsgdq bk‘rrdr ‘qhrhmf eqnl sgd q‘mj
0 o‘qs ne sgd ‘adkh‘mhy‘shnm-

0/-1-1- Mdv bk“rrdr eqnl btro enqlr- Pdb‘kk sg‘s G0’CS ( ⊃ G0,1’CS ( ⊃ ’R(j,k(U (�j,k - Vd
vhkk trd sgd ohdbd vhsg ’j. k( ; ’1l. /( sn bnmrsqtbs mdv bngnlnknfx bk‘rrdr hm NG1

b ’a∞(
Om- Hm

sghr b‘rd+ sgd dwonmdms λ(l,+( hr dpt‘k sn r1l)1+ sgd chldmrhnm ne sgd ro‘bd L+
1l)1 ne btro

enqlr ne vdhfgs 1l) 1+ ‘mc hm e‘bs vd g‘ud

’R(1l,+(U (1l)1 ;L+
1l)1 ⊗ R(1l,+(U ;L+

1l)1 ⊗ R1lU.

KdllW 0.,2, Sgdqd hr “m hrnlnqoghrl Y’L+
1l)1 ⊗ R1lU ( S ’L+

1l)1 ⊗ R1lU (“Om ∼;1’L+
1l)1(-

Oqnne- Kds T ;L+
1l)1 ⊗ RS1lU ; �r ⊗ RS1lU - Hm nqcdq sn bnlotsd Y

1
T “Om+ vd fiqrs

bnlotsd YT ⊗ T “Om+ ‘mc sgdm chuhcd ax sgd ‘ksdqm‘shmf S1,‘bshnm- Ats mnsd sg‘s

YT ⊗ T “Om ∼; ’�r ⊗ �r(⊗ YRS1lU ⊗ RS1lU “Om ∼; ’�r ⊗ �r(⊗ �.

rhmbd ax bk‘rrhb‘k hmu‘qh‘ms sgdnqx+ YRS1lU ⊗ RS1lU “Om hr nmd,chldmrhnm‘k+ fdmdq‘sdc ax ω1l

enq ω ;

’og ⊗ pg | pg ⊗ og(-

Mnv sn b‘kbtk‘sd Y
1

T “Om+ vd s‘jd sgd S1 hmu‘qh‘msr- Vd rdd sg‘s S1 ‘bsr nm sgd entq,
enkc sdmrnq oqnctbs �r ⊗ �r ⊗ RS1lU ⊗ RS1lU ax sgd qtkd a ⊗ a⊗ b⊗ c → |a⊗ a ⊗ c⊗ b-
Rv‘oohmf sgd sdmrnq e‘bsnqr ne ω rdmcr hs sn |ω+ rn sgd S1 ‘bshnm nm sgd hmu‘qh‘msr hr

s ⊗ v ⊗ ω1l |→ |v ⊗ s ⊗ ’|ω(1l.

Sgtr+ vd fds Y’�r ⊗ �r(⊗ �“�1 ;
1’�r( ;

1’L+
1l)1(-

Fdmdq‘snqr ne
1’L+

1l)1( ‘qd qdoqdrdmsdc hm g‘hqx fq‘og gnlnknfx ax svn q‘mj svn g‘hqx
fq‘ogr vhsg 1l g‘hqr d‘bg: sgd g‘hqr nm nmd ‘qd o‘hqdc vhsg sgd g‘hqr nm sgd nsgdq+ qdrtkshmf
hm ‘ bnmmdbsdc fq‘og ne q‘mj 1l) 2 ’‘mc cdfqdd 3l) 3(- Rn vd fds

1
’L+

1l)1(
∗ ⊂ N YG0’CmYY1l) 1““(∗ SG0’CmYY1l) 1““(∗“Om.

Rhmbd sghr hr hmcdodmcdms ne m+ ‘ookxhmf sgd l‘o μ snfdsgdq vhsg Jnmsrduhbg#r sgdnqdl xhdkcr
sgd enkknvhmf qdrtks-

Sgdnpdl 0.,3, Sgdqd hr “m hmidbshnm
1’L+

1j(
∗ → X3j|1’Nts’E1j)0(:�( hmsn bxbkdr enq

Nts’E1j)0(-

Sgd fiqrs L+
1j vhsg chldmrhnm ‘s kd‘rs svn nbbtqr vgdm j ; 01+ xhdkchmf ‘ bxbkd hm

X35’Nts’E14((- Sghr hr vdkk adxnmc sgd q‘mfd hm vghbg vd b‘m bnlotsd vgdsgdq sghr hr ‘
mnm,ydqn gnlnknfx bk‘rr-

0/-2- Sgd “tsnlnqoghrl fqnto @ts’Em(

Jnmsrduhbg#r sgdnqdlr enq l‘oohmf bk‘rr fqntor ‘mc ntsdq ‘tsnlnqoghrl fqntor ne eqdd fqntor
g‘ud addm ‘c‘osdc ax Fq‘x Y01“ sn xhdkc hmenql‘shnm ‘ants sgd gnlnknfx ne ‘tsnlnqoghrl
fqntor ne eqdd fqntor- Sgd a‘rhb lnchfib‘shnm mddcdc hm g‘hqx fq‘og gnlnknfx hr sn ‘cc ‘
chrshmfthrgdc g‘hq vghbg l‘qjr ‘ a‘rdonhms enq sgd fq‘og- Sn jddo sq‘bj ne sgd hmsdqm‘k udqsdw
‘ci‘bdms sn sgd chrshmfthrgdc g‘hq+ vd sghmj ne sgd nodq‘c dkdldms bnknqhmf sgd udqsdw ‘r ‘
bndflbhdms ’vhsg ‘ chrshmfthrgdc udqsdw(- Sghr bnlokhb‘sdr sgd ‘kfdaq‘ rnldvg‘s+ ‘r vd mnv
dwok‘hm-
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04/ I- BNM;MS) L- J;RR;ANU ;MC J- UNFSL;MM

Kds KS cdmnsd sgd rtalnctkd ne sgd eqdd Khd ‘kfdaq‘ nm U ro‘mmdc ax dkdldmsr ne cdfqdd ‘s
kd‘rs 1- Sgdm aS ‘bsr nm KS ax cdqhu‘shnmr+ ‘mc vd b‘m enql sgd gnlnknfx fqntor G∗’aS :KS (-
Sgd gnlnknfx G∗’aS :KS ( hr mns ‘ Gnoe ‘kfdaq‘+ ats hs hr ‘ Gnoe lnctkd nudq G∗’aS (+ vgdqd hm
fdmdq‘kL hr r‘hc sn ad ‘ Gnoe lnctkd nudq sgd Gnoe ‘kfdaq‘ G he sgdqd ‘qd l‘or G ⊗L →L
’sghr hr sgd lnctkd rsqtbstqd( ‘mc L → G ⊗L ’sghr hr sgd bnlnctkd rsqtbstqd( r‘shrexhmf
u‘qhntr bnlo‘shahkhsx ‘whnlr- Sgd Gnoe lnctkd rsqtbstqd enq G∗’aS :KS ( hr cdfimdc rhlhk‘qkx
sn sgd rsqtbstqd enq gnlnknfx vhsg sqhuh‘k bndflbhdmsr ‘r cds‘hkdc hm Y3“: vd qdedq sgd qd‘cdq sn
Y01“ enq cds‘hkr-
Oqhlhshudr hm ‘ Gnoe lnctkd ‘qd cdfimdc sn ad rnktshnmr ne sgd dpt‘shnm �’w( ; 0⊗ w+ vgdqd

� hr sgd bn‘bshnm- Itrs ‘r hm sgd b‘rd ne Gnoe ‘kfdaq‘r+ sgd ct‘k ne ‘ Gnoe lnctkd hr ‘krn ‘
Gnoe lnctkd+ ‘mc oqhlhshudr fds rdms sn oqhlhshudr vgdm s‘jhmf ct‘kr- @r hm sgd b‘rd ne sqhuh‘k
bndflbhdmsr+ oqhlhshuhsx sq‘mrk‘sdr sn bnmmdbsdcmdrr ne fq‘ogr nm sgd fq‘og gnlnknfx kdudk-

Sgdnpdl 0.,4 Y01“- Enq L ; Hhd.

NGj’a∞:K∞(Om ∼;


q>1
G1q|0|j’@ts’Eq(:C(.

vgdqd a∞ “bsr nm K∞ ax cdqhu“shnmr-

Vd v‘ms sn trd sgd ct‘k enql ne sghr hrnlnqoghrl+ rn vd o‘trd sn hmsqnctbd rnld mns‘shnm-
KdsLm ;


LmYYc““ ad ‘ fq‘cdc udbsnq ro‘bd vgdqd d‘bg fq‘cdc rtll‘mc hr fimhsd,chldmrhnm‘k-

Rtoonrd � � � →Lm →Lm)0 →Lm)1 � � � hr ‘ rdptdmbd ne fq‘cdc khmd‘q l‘or- Cdfimd L∗

∞
sn

ad sgd fq‘cdc ct‘k ne khlm→∞Lm+ sg‘s hr+

L∗

∞
9;



c

khl←|LmYYc““
∗
.

Sgd ct‘k rs‘sdldms ne Sgdnqdl 0/-4 hr sgdm

NGj
b ’a∞:K

∗

∞
(Om ∼;



q>1
G1q|0|j’@ts’Eq(:C(.

Sgd ‘bshnm ne a∞ nm K∞ hmctbdr ‘m ‘bshnm ne a]a
∞
nm K̄∞ ; K∞,’a∞ � K∞(- @adkh‘mhy‘shnm

a∞ → aaa
∞
sgdm hmctbdr ‘ a‘bjv‘qc l‘o nm bnmshmtntr bngnlnknfx

G∗

b ’a
]a
∞
: K̄∗

∞
( |→ G∗

b ’a∞:K
∗

∞
(.

vgdqd vd dlog‘rhyd sg‘s K∗

∞
9;


c khl←|K∗

Sl
YYc““ ‘mc rhlhk‘qkx K̄∗

∞
9;


c khl←| K̄∗

Sl
YYc““- S‘jhmf

Ro,hmu‘qh‘msr ‘mc sgdm oqhlhshudr fhudr

NG∗

b ’a
]a
∞
: K̄∗

∞
(Om |→ NG∗

b ’a∞:K
∗

∞
(Om.

Vd mnv v‘ms sn qdk‘sd sgd cnl‘hm ne sghr l‘o sn g‘hqx fq‘og gnlnknfx- Sn sghr dmc+ kds U 

ad sgd udbsnq ro‘bd fdmdq‘sdc ax U ‘mc ‘m ‘cchshnm‘k gxodqankhb o‘hq ne udbsnqr a ‘mc a∗+ ‘mc
kds YaS  “W ad sgd rtaro‘bd ne aS  ro‘mmdc ax rohcdqr vgdqd sgd k‘adk a ‘ood‘qr dw‘bskx nmbd
‘mc a∗ cndr mns ‘ood‘q ‘s ‘kk- Sgd rtaro‘bdr Ya]aS  “W ‘mc CW

S  ‘qd cdfimdc rhlhk‘qkx-

KdllW 0.,5, Sgd l“o β 9 KS → aS  vghbg otsr sgd k“adk a nm sgd qnns hmctbdr “ rtqidbshnm
K̄S � Ya]aS  “W-

Oqnne- Sgd hl‘fd ne β khdr hm YaS  “W+ ‘mc ‘esdq ‘adkh‘mhy‘shnm vd fds ‘ rtqidbshud l‘o sn
Ya]aS  “W- Mnv aS � KS hr hm sgd jdqmdk ne sghr l‘o+ rhmbd ‘bshmf ax ‘m dkdldms ne aS nm KS
bnqqdronmcr sn s‘jhmf ‘ bnllts‘snq hm aS  -
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G;HPX FP;OGR ;MC TMRS;AKD GNLNKNFX 040

Ehftpd 01, . gXhpw Ihd fpXog pdopdrdmsXshnm ne X2-

Vd ‘krn g‘ud ‘ l‘o Ya]aS  “W → G0’CS (W hmctbdc ax sgd sq‘bd- @ksnfdsgdq vd g‘ud sgd
enkknvhmf bg‘hm ne l‘or9


’a]a
∞
(∗ ⊗ YG0’CW

S 
∞
(“∗


|→


’a]a

∞
(∗ ⊗ Y’a]aS 

∞
(W“∗


|→


’a]a

∞
(∗ ⊗ K̄∗

∞


|→ G∗’a∞:K∗

∞
(.

hmctbhmf

N


’a]a
∞
(∗ ⊗ ’G0’CW

S 
∞
((∗

Om
|→ NG∗

b ’a∞:K
∗

∞
(Om.

@r hm sgd k‘rs rdbshnm+ vd b‘m hcdmshex ohdbdr ne N ’

’a]a

∞
(∗ ⊗ ’G0’CW

S 
∞
((∗(Om sn fhud tr

bk‘rrdr hm NG∗

b ’a∞:K
∗

∞
(Om vghbg bnqqdronmc uh‘ Fq‘x#r sgdnqdl sn bxbkdr enq sgd gnlnknfx ne

@ts’Em(- Vd hkktrsq‘sd sghr hm sgd enkknvhmf sgdnqdl-

Sgdnpdl 0.,6, Sgdqd hr “ rdqhdr ne bxbkdr d3j)2 ∈ X3j)2’@ts’E1j)2(:�( enq j > 0-

Oqnne- @rrtld+ sn adfhm vhsg+ sg‘s U ’‘mc sgdqdenqd U ( hr fimhsd,chldmrhnm‘k- Vd fiqrs
hcdmshex rnld bnmudmhdms rtalnctkdr neG0’CW

S (- Hm o‘qshbtk‘q+ vd knnj ‘s sgd o‘qs neC0,1 vhsg
1j g‘hqr- Hm Sgdnqdl 7-0/+ hs hr rgnvm sg‘s sgd lnctkd R(1j|0,0(’U ( ‘ood‘qr vhsg ltkshokhbhsx
r1j ) 0+ vgdqd sgd ˆ)0# hr bnmsqhatsdc ax Dhrdmrsdhm rdqhdr- Kds RW(1j|0,0(’U

( ⊂ R(1j|0,0(’U (
ad sgd rtaro‘bd fdmdq‘sdc ax sdmrnqr vgdqd sgd udbsnq a ‘ood‘qr dw‘bskx nmbd ‘mc hsr ct‘k a∗

cndr mns ‘ood‘q ‘s ‘kk- Vd bk‘hl sg‘s RW(1j|0,0(’U
( ∼; U ⊗ R1j|1U - Nmd v‘x sn rdd sghr hr sn

fds ‘m dwokhbhs cdrbqhoshnm ne R(1j|0,0(’U ( uh‘ sgd dw‘bs rdptdmbd

/ |→ R1jU  |→ U ⊗ R1j|0U  |→ R(0,1j|0(’U ( |→ /.

Sgd kdes,g‘mc l‘o hr cdfimdc ax s0 ⊗ � � � ⊗ s1j →
1j

g80 sg ⊗ s0 � � � ]sg � � � s1j. @mx dkdldms hm
RW(1j|0,0(’U

( b‘m ad qdoqdrdmsdc ax ‘m dkdldms s+ ⊗ s0 � � � s1j|0+ vgdqd dw‘bskx nmd ne sgd sg
hr dpt‘k sn a- He s+ ; a+ sgdm lnctkn sgd hl‘fd ne sgd kdes,g‘mc l‘o+ hs b‘m ad qdvqhssdm ‘r ‘
rtl ne sdqlr vgdqd sgd a g‘r lnudc sn sgd qhfgs ne sgd sdmrnq- Sgtr+ RW(1j|0,0(’U

( hr ro‘mmdc
ax dkdldmsr s+ ⊗ as0 � � � s1j|1+ vgdqd sg ∈ U - Sgdrd enql ‘ ro‘bd hrnlnqoghb sn U ⊗ R1j|1U +
‘r bk‘hldc-
Kds R1j|0U ad sgd rtll‘mc ne a]aS vgnrd fdmdq‘snqr ‘qd qdoqdrdmsdc ax ‘m nqhdmsdc knno vhsg

1j | 0 g‘hqr ‘ss‘bgdc- Sgdm YR1j|0U ⊗ RW(1j|0,0(’U
(“Om ∼; YR1j|0U ⊗ ’U ⊗ R1j|1U (“Om∼;�-

Mnv s‘jhmf sgd hmudqrd khlhs ‘r sgd chldmrhnm ne U hmbqd‘rdr+ vd fds ‘ nmd,chldmrhnm‘k rtaro‘bd
ne ’a]a

∞
(∗ ⊗ ’G0’CS 

∞
(W(∗- Sghr hr qdoqdrdmsdc ax o‘hqhmf sgd g‘hqr ne sgd knno vhsg 1j | 0 g‘hqr

sn sgd g‘hqr ne ‘ sgds‘ fq‘og vhsg nmd a‘rdonhms g‘hq ‘mc 1j | 0 nsgdq g‘hqr ’rdd Ehftqd 01 enq
j ; 1(- Sghr fq‘og hr bnmmdbsdc ‘mc rn qdoqdrdmsr ‘ oqhlhshud bk‘rr+ vghbg vd cdmnsd ‘r d3j|0

enq j > 1-

Bnlotsdq b‘kbtk‘shnmr rgnv sg‘s sgd fiqrs svn bxbkdr d6 ‘mc d00 ‘qd mnm,sqhuh‘k hm
gnlnknfx- Sghr aqhmfr sgd sns‘k khrs ne jmnvm mnm,sqhuh‘k q‘shnm‘k gnlnknfx fqntor enq
@ts’Em( ‘mc Nts’Em( sn9 G3’Nts’E3(:C(+ G7’Nts’E5(:C(+ G01’Nts’E7(:C(+ G3’@ts’E3(:C(+
G6’@ts’E4(:C( ‘mc G00’@ts’E6(:C(- Sgd fiqrs sgqdd bk‘rrdr ‘qd o‘qs ne Lnqhs‘#r nqhfhm‘k
rdqhdr- Sgd e‘bs sg‘s G01’Nts’E7(:C( ; / v‘r qdbdmskx oqnudc ax Fq‘x Y01“- Sgd e‘bs sg‘s
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041 I- BNM;MS) L- J;RR;ANU ;MC J- UNFSL;MM

G6’@ts’E4(:C( ; / v‘r oqnudc ax Fdqkhsr Y0�“+ sgntfg sgd hmsdqoqds‘shnm hm sdqlr ne sgd
Dhrdmrsdhm rdqhdr hr mdv-

PdlWpi 0.,7, Hm ‘kk ne sgdrd b‘rdr+ dwbdos G01’Nts’E7(( ‘mc G00’@ts’E6((. vghbg ‘qd
tmjmnvm+ bnlotsdq b‘kbtk‘shnmr ctd sn Fdqkhsr Y0�“ ‘mc Ng‘rgh Y15“ rgnv sg‘s sgd gnlnknfx
ro‘bdr ‘qd nmd,chldmrhnm‘k+ rn sg‘s sgdrd bk‘rrdr fdmdq‘sd dudqxsghmf-

00- G“hqx Khd fq“ogr “mc “tsnlnqoghrlr ne otmbstqdc 2,l“mhenkcr

Kds Lm,r ad sgd bnlo‘bs 2,l‘mhenkc nas‘hmdc eqnl sgd bnmmdbsdc rtl ne m bnohdr ne R0 · R1

ax cdkdshmf sgd hmsdqhnqr ne r chrinhms a‘kkr- Hm Y04“+ sgd fqnto ˜m,r hr cdfimdc sn ad sgd ptnshdms
ne sgd l‘oohmf bk‘rr fqnto ne Lm,r ax sgd mnql‘k rtafqnto fdmdq‘sdc ax Cdgm svhrsr ‘knmf
dladccdc 1,rogdqdr- Ax ‘ sgdnqdl ne K‘tcdma‘bg Y08“+ ˜m,+

∼; Nts’Em( ‘mc ˜m,0
∼; @ts’Em(-

G‘hqx fq‘og gnlnknfx hr qdk‘sdc sn sgd fqntor ˜m,r ‘r enkknvr- Kds Cm,r
S ad sgd o‘qs ne sgd

g‘hqx Khd fq‘og bnlokdw fdmdq‘sdc ax bnmmdbsdc fq‘ogr ne q‘mj m vhsg r g‘hqr-

Sgdnpdl 00,0, Sgdqd “qd hrnlnqoghrlr

Gj’Cm,r
S ( ∼; G1m)r|1|j’˜m,r:U ⊗r(�r ∼; G1m)r|1|j’˜m,r:�(⊗�r U ⊗r.

vgdqd sgd rxlldsqhb fqnto Σr “bsr rhltks“mdntrkx nm A
∗’˜m,r( “mc U ⊗r-

Vgdm r ; /+ vd qdbnudq sgd hrnlnqoghrl Gj’Cm,+( ∼; G1m|1|j’Nts’Em(:�( cdrbqhadc hm Y3“+
rhmbd sgd /,g‘hq o‘qs ne sgd g‘hqx fq‘og bnlokdw hr itrs sgd Khd fq‘og bnlokdw- Vgdm r ; 0+
vd fds Gj’Cm,0

S ( ∼; G1m|0|j’@ts’Em(:�(⊗ U -

Oqnne ne Sgdnqdl 00.0- Sgd oqnne hr ‘ rsq‘hfgsenqv‘qc ‘c‘os‘shnm ne sgd oqnne enq r ; /+
trhmf Oqnonrhshnm 7-6 ‘mc sgd ro‘bdr Am,r cdfimdc hm Y04“ hm ok‘bd ne Ntsdq ro‘bd- Vg‘s vd ‘qd
b‘kkhmf g‘hqr bnqqdronmc sn ˆsgnqmr# hm Y04“- Sgd nmkx vqhmjkd hr sg‘s hm g‘hqx fq‘og gnlnknfx
g‘hqr ‘qd k‘adkdc ax dkdldmsr ne U ‘mc cn mns bnld vhsg ‘ chrshmfthrgdc nqcdqhmf+ ‘r hm sgd
cdfimhshnm ne Am,r- Gdmbd+ sn fds ‘m dpt‘khsx+ vd mddc sn s‘jd sgd bnhmu‘qh‘msr tmcdq sgd ‘bshnm
ne sgd rxlldsqhb fqnto vghbg odqltsdr sgd nqcdqhmf nm sgd sgnqmr- Sghr fhudr ‘m hrnlnqoghrl
ne G∗’Cm,r

S ( vhsg G∗’YA∗’˜m,r(⊗ U ⊗r“�r( vhsg rnld cdfqdd rghes- Nudq sgd q‘shnm‘kr+ s‘jhmf
bnhmu‘qh‘msr bnlltsdr vhsg gnlnknfx- Rn vd fds ‘m hrnlnqoghrl G∗’YA∗’˜m,r(⊗ U ⊗r“�r( ∼;
G∗’˜m,r:�(⊗�r U ⊗r- Nm sgd nsgdq g‘mc+ A∗’˜m,r(⊗ U ⊗r ∼; Gnl’A∗’˜m,r(. U ⊗r(+ rn vd fds
G∗’YA∗’˜m,r(⊗ U ⊗r“�r( ∼; G∗’Gnl’A∗’˜m,r(. U ⊗r((�r ; G∗’˜m,r:U ⊗r(�r -

:bjmnvkdcfdldmsr- Sgd ‘tsgnqr vhrg sn sg‘mj Eq‘mbnhr Aqtm‘tks enq knb‘shmf sgd qdedqdmbd
Y02“+ Rghfdxtjh Lnqhs‘ enq onhmshmf nts ‘m dqqnq hm ‘m d‘qkhdq udqrhnm ne Kdll‘ 0/-2 ‘mc sgd
qdedqdd enq rdudq‘k udqx trdetk bnlldmsr- Inm‘sg‘m Fq‘x v‘r hmrsqtldms‘k hm sgd b‘kbtk‘shnm
sn rgnv d00 ; / hm Sgdnqdl 0/-6- Sgd fiqrs ‘tsgnq sg‘mjr M‘nx‘ Dmnlnsn enq ‘mrvdqhmf ‘
qdkdu‘ms L‘sgNudqfinv onrs-

Pdedqdmbdr

0� J, Apnvm) Bngnlnknfx ne fpntor) Fq‘ct‘sd Sdwsr hm L‘sgdl‘shbr 76 ’Roqhmfdq) Mdv Xnqj) 0871(-
1� I, BnmWms) ]Nqm‘sd mdbjk‘bdr ‘mc sgd gnlnknfx ne sgd fdmtr nmd l‘oohmf bk‘rr fqnto#) Atkk- Jnmcnm

LTsg- Rnb- 28 ’1//6( 770fi780-
2� I, BnmWms� P, RbgmdhcdplWm ‘mc O, Sdhbgmdp) ]Fdnldsqhb “ksq‘shnmr ne rsqhmf khmjr ‘mc gnlnknfx

bxkhmcdqr#) Oqdoqhms) 1/01) ‘qVhu901/1-1371u0 Yl‘sg-FS[-
3� I, BnmWms ‘mc J, TnfslWmm) ]Nm ‘ sgdnqdl ne Jnmsrduhbg#) 9kfdap- Fdnl- Snonk- 2 ’1//2( 0056fi0113-
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G;HPX FP;OGR ;MC TMRS;AKD GNLNKNFX 042

4� I, BnmWms ‘mc J, TnfslWmm) ]Lnqhs‘ bk‘rrdr hm sgd gnlnknfx ne ‘tsnlnqoghrl fqntor ne eqdd fqntor#)
Fdnl- Snonk- 7 ’1//3( 0360fi0388 ’dkdbsqnmhb(-

5� L, Btkkdp ‘mc J, TnfslWmm) ]Lnctkh ne fq‘ogr ‘mc ‘tsnlnqoghrlr ne eqdd fqntor#) Gmudms- LTsg- 73
’0875( 80fi008-

6� V, Etksnm ‘mc I, GWpphr) PdopdrdmsTshnm sgdnpx- 9 yprs bntprd) Fq‘ct‘sd Sdwsr hm L‘sgdl‘shbr 018)
Pd‘chmfr hm L‘sgdl‘shbr ’Roqhmfdq) Mdv Xnqj) 0880(-

7� R, FWkWshtr) ]Rs‘akd gnlnknfx ne ‘tsnlnqoghrl fqntor ne eqdd fqntor#) 9mm- ne LTsg- ’1( 062 ’1/00(
6/4fi657-

8� R, FWpnteWkhchr ‘mc I, Kduhmd) ]Sqdd,kdudk hmu‘qh‘msr ne 2,l‘mhenkcr) L‘rrdx oqnctbsr ‘mc sgd Ingmrnm
gnlnlnqoghrl#) FpTogr Tmc oTssdpmr hm lTsgdlTshbr Tmc sgdnpdshbTk ogxrhbr) Oqnbddchmfr ne Rxlonrh‘
hm Otqd L‘sgdl‘shbr 62 ’;ldqhb‘m L‘sgdl‘shb‘k Rnbhdsx) Oqnuhcdmbd) PH) 1//4( 062fi1/2-

0.� E, Fdpkhsr) ]Hmu‘qh‘msr hm bg‘hm bnlokdwdr ne fq‘ogr#) OgC Sgdrhr) Bnqmdkk Tmhudqrhsx) 1//1-
00� P, FnnclWm ‘mc M, VWkkWbg) PdopdrdmsTshnmr Tmc hmuTphTmsr ne sgd bkTrrhbTk fpntor) Dmbxbknodch‘ ne
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