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1. Introduction

The Euler characteristic, defined as the alternating sum of the Betti numbers, is a
key invariant of topological spaces of finite type (such as cell complexes built out
of a finite number of cells). One can define an invariant ¥(G) for a group G by
substituting group cohomology for singular cohomology, but unless G has a finite-
type K(G, 1)-space this invariant lacks many desirable features of topological Euler
characteristics. This is unfortunate because many of the most interesting groups
have torsion, and groups with torsion never have finite-type K(G, 1)-spaces. A
solution was proposed by C.T.C. Wall, who observed that if G has a torsion-free
subgroup H of finite index that does have a finite-type classifying space then the
rational number y(H)/[G : H] is an invariant of G [41]. In particular, this number
does not depend on the choice of H. Wall called it the rational Euler characteristic
of G, denoted y(G). This rational Euler characteristic is better behaved than ¥(G);
for example if 1| - A — B — C — 1 is a short exact sequence of groups then
x(B) = x(A)x(C), assuming y(A), y(B) and y(C) are all defined.

It turns out that rational Euler characteristics of arithmetic groups can often be
expressed in terms of zeta functions; this ultimately depends on the Gauss—Bonnet
theorem (see [34,35] for details and a guide to the literature). Remarkably, Harer
and Zagier showed that the rational Euler characteristics of mapping class groups
are also given by zeta functions, e.g. the rational Euler characteristic of the mapping
class group of a once-punctured surface of genus g is equal to {(1 — 2g) [23]. This
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was later reproved by Penner [33] and by Kontsevich [27], each using asymptotic
methods related to perturbation expansions from quantum field theory.

We are concerned here with the rational Euler characteristic of the group Out(F},)
of outer automorphisms of a finitely-generated free group. This group shares
many features with both mapping class groups and arithmetic groups, though it
belongs to neither class. In 1987 Smillie and Vogtmann found a generating function
for y(Out(F},)) and computed its value for n < 11 [36]. From the results of these
computations, they conjectured that y(Out(F})) is always negative and the absolute
value grows faster than exponentially. In 1989 Zagier simplified the generating
function and computed y(Out(F,)) for n < 100; this added strong evidence for
these conjectures without providing a proof [45]. The only general statements
previously known about the value of y(Out(F})) are that it is non-zero for even
values of n, and certain information was established about the primes dividing the
denominator [36,37].

In this article we show that y(Out(F})) is negative for all n and prove that its
asymptotic growth rate is controlled by the classical gamma and log functions:

Theorem A. The rational Euler characteristic of Out(F,) is strictly negative,
x(Out(Fy)) <O, for all n > 2 and its magnitude grows more than exponentially,
1 Tn—2)
Out(Fp)) ~ —————2- asn — oo.
X( ( n)) m 10g2 n

The proof of Theorem A is based on the following theorem, in which we produce
an asymptotic expansion, with respect to the asymptotic scale {(—1)¥T" (n+ % —k)}k>0
in the limit n — oo, whose coeflicients are closely related to y (Out(Fy)).

Theorem B.

1
V2me " n" ~ kg(:))?k(—l)kr‘(n + 3 —k) asn — oo,

where R is the coefficient of z¥ in the formal power series exp ( D ons1 )((Out(Fn+1))Z”).

We then relate this to a certain expansion of the Lambert W -function. The Lambert
W -function is a well-studied function with a long history [16]. Eventually, we are
able to use results of Volkmer [40] about the coefficients of this second expansion to
prove Theorem A. In Proposition 8.5 we also exploit the connection with the Lambert
W -function to give an efficient recursive algorithm for computing y (Out(F;)).

In Section 5 we show that there is a close relationship between y(Out(F}))
and the classical zeta function by considering the Connes—Kreimer Hopf algebra H
of 1-particle-irreducible graphs, i.e. graphs with no separating edges. Briefly, the
formula in [36] for y(Out(F},)) can be regarded as the integral of a certain character t
of H on the space spanned by admissible connected graphs with fundamental
group F,, with respect to the “measure” w(I') = 1/| Aut(I")|. Proposition 5.3



Vol. 95 (2020) The Euler characteristic of Out(F},) 705

shows that integrating 7! (the inverse of 7 in the group of characters) with respect
Bt
nn+1)°

to the same measure produces ¢(—n)/n = where B, is the n-th Bernoulli

number.
The asymptotic expansion in Theorem B is strikingly reminiscent of the well
known Stirling asymptotic expansion of the gamma function in the asymptotic scale

— _1_
{V2me™ "3 s,

I'(n) ~ ngVZHe_”n"_%_k asn — oo.
k>0

The coefficients of this asymptotic expansion are related to the Bernoulli numbers
as well: l;k is the coefficient of z¥ in the formal power series exp ( D ons1 nl(i’l’ii) Z”).
We will explore this analogy in more detail in Section 7. Given this intriguing
parallel between the numbers y(Out(F})) and the Bernoulli numbers, which are very
prominent objects in number theory, it would be interesting to look for a number
theoretic meaning for the numbers y(Out(F,)) as well. The algorithm given in

Proposition 8.5 may be helpful for investigations in this direction.

As was pointed out in [36], non-vanishing of y(Out(F;)) implies that the kernel
of the natural map from Out(F,) to GL(n,Z) does not have finitely-generated
homology. Magnus proved in 1935 that this kernel is finitely generated and asked
whether it is finitely presented, which would imply that the second homology is finitely
generated [32]. Bestvina, Bux and Margalit showed in 2007 that the homology in
dimension 2n — 4 is not finitely generated [4]. However Magnus’ question is still
unanswered for n > 3.

Theorem A implies that for large n, torsion-free subgroups of finite index
in Out(F},) have a huge amount of homology in odd dimensions. We would like
to say the same is true for the whole group Out(F},). One way to prove this is to
compare the asymptotic growth rate of y(Out(F,)) with that of the “naive” Euler
characteristic y(Out(F,)). Brown [11] showed that the difference between ¥ and y
can be expressed in terms of rational Euler characteristics of centralizers of finite-
order elements of Out(F,). Harer and Zagier used this to compare the rational
and naive Euler characteristics for surface mapping class groups, using the fact that
centralizers of finite-order elements are basically mapping class groups of surfaces
of lower complexity. Centralizers in Out(F}) are more difficult to understand, but
preliminary results obtained by combining the methods of this paper with results
of Krsti¢ and Vogtmann [31] indicate that the ratio y(Out(Fy))/x(Out(F},)) tends
to a positive constant. Note that Galatius proved that the stable rational homology
of Out(F},) vanishes [21], so this would show that there is a huge amount of unstable
homology in odd dimensions. This is completely mysterious, as only one odd-
dimensional class has ever been found, by a very large computer calculation in
rank 7 [2], and this calculation gives no insight into where all of these odd-dimensional
classes might come from.
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Finally we recall that, by the work of Kontsevich, the cohomology of Out(F},)
with coeflicients in a field of characteristic zero can be identified with the homology
of the rank n subcomplex of his Lie graph complex [28]. Our results therefore
apply to the Euler characteristic of this graph complex as well. Kontsevich himself
wrote down asymptotic formulas for the Euler characteristics of three of his graph
complexes in [28]; see Chapter 5 of [22] for a detailed derivation of these formulas.
The connection with graph complexes is explained a little further in Section 7.4.
More discussion of the relation of the current paper with ideas from topological
quantum field theory — with further relations to Kontsevich’s work — can be found
in Section 6.

Acknowledgements. We thank Dirk Kreimer for support during this project. M.B.
would like to thank Karen Yeats and Sam Yusim for discussions on the subject.
M.B. was supported by the NWO Vidi grant 680-47-551. K.V. would like to thank
Peter Smillie for discussions. K.V. was partially supported by the Royal Society
Wolfson Research Merit Award WM 130098 and by a Humboldt Research Award.

2. Graphs and rational Euler characteristics

In this section we give variations on the results of [36]. The idea is to use the
action of Out(F},) and closely related groups on contractible spaces of finite graphs
to deduce information about the homology of the groups, including the rational Euler
characteristic.

2.1. Combinatorial graphs. We begin with a combinatorial definition of a graph
and related terms.

Definition 2.1. A graph I' consists of a finite set H(I") called half-edges together
with

* apartition of H(I") into parts called vertices and

* an involution (r: H(T') — H(T).

The valence |v| of a vertex v is the number of half-edges in v. A leaf of T is a fixed
point of the involution (r and an edge is an orbit of size 2. A graph isomorphism

I' — T is a bijection H(I') — H(T") that preserves the vertex partitions and
commutes with the involutions.

Notation 2.2. Let I" be a graph.

o Aut(D") is the group of isomorphisms I" 2T

o L(I) is the set of leaves of T, and s(I') = |L(I")]|.
o E(T) is the set of edges of I and e(T") = |E(T)|.
V(T) is the set of vertices of ' and v(I") = |V(I)|.
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Figure 1. Thorned rose R3_4 and star graph Rg 5.

The graph with one vertex, n edges, s leaves and 2n + s half-edges is called a
thorned rose, and will be denoted R, 5. If n = 0 we will also call Ry s a star graph
(see Figure 1).

With the exception of Section 5, we will only consider admissible graphs, where
a graph is admissible if all vertices have valence at least 3.

Definition 2.3. Let I be a graph. A subgraph of T is a graph y with H(y) = H(I'"),
V(y) = V(I'),and E(y) € E(T).

A graph I always has itself as a subgraph. There is a unique “trivial” subgraph y,
with involution the identity, so H(yo) = H(T'),V(yo) = V(I'), E(yo) = 9, and
L(yo) = H(T).

2.2. Topological graphs. Every combinatorial graph I" has a topological realization
as a 1-dimensional C W -complex. For each element of V(I") we have a O-cell called
a vertex and for each element of E(I") we have a 1-cell called an edge. For each
element of L(I") we have both a 0-cell, called a leaf vertex and a 1-cell connecting
the leaf vertex to a (non-leaf) vertex. By our definition each connected component of
the topological realization must have at least one vertex. Note that graphs may have
multiple edges and they may have loops at a vertex. The thorned rose R, s defined
in the last section has (s + 1) O-cells and (n + s) 1-cells.

The valence of a point x is the minimal number of components of a deleted
neighborhood of x. In an admissible graph the vertices are at least trivalent and the
leaf vertices are univalent, so there are no bivalent O-cells.

A graph isomorphism is a cellular homeomorphism, up to isotopy. Since
admissible graphs have no bivalent O-cells, any homeomorphism is a cellular
homeomorphism.

Notice that, by our definition, the topological realization of a subgraph of I" is
not a subcomplex of the topological realization of I". Rather, it can be described as
a graph obtained from I" by cutting some of its edges, thus forming pairs of leaves.
To make the result a C W-complex we have to add 0-cells (leaf vertices) to the ends
of the cut edges. A subgraph can also be visualized as the closure of a sufficiently
small neighborhood of a subcomplex.

In the remainder of this section we will work with the topological realization
of a graph instead of using the combinatorial definition, so that we may freely
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use topological concepts such as connectivity, fundamental group and homotopy
equivalence.
For s > 0 let:

* G denote the set of isomorphism classes of finite admissible graphs,
* §; C § be the subset consisting of admissible graphs with exactly s leaves,

* §° C g and § C g be the respective subsets of connected graphs.

2.3. Groups. Forany n and s we define A, 5 to be the group of homotopy classes of
homotopy equivalences of the thorned rose R , that fix the leaf vertices {by, . .., bs},
ie. Aps = mo(HE(I', by, ...,bys)). The groups A, s generalize Out(F,) = Ay
and Aut(F,) = A,,;. If n = 0 then Ry is a graph with no loops and at least 3
leaves as we are insisting on at least one vertex, which is at least trivalent. So, Ag s
is only defined for s > 3, where it is the trivial group. If n = 1 then R, ; is a loop
with s > 1 leaves, and there is a short exact sequence

1> 725" 5 Ay > Z/27 — 1.
If n > 2 and s > 0 there is a short exact sequence
1 - F; - A, s — Out(F,) — 1.

See [13] for background on the groups A, 5. These groups appear, for example, in
the context of homology stability theorems [24], the bordification of Outer space and
virtual duality [5, 12], and assembly maps for homology [13].

2.4. Complexes of graphs and the rational Euler characteristic. If a group G is
virtually torsion-free and acts properly and cocompactly on a contractible C W -
complex X, then the rational Euler characteristic y(G) can be calculated using this

action, by the formula
Z ( 1)d1m0
|Stab(0)|

where € is a set of representatives for the cells of X mod G (see e.g. [10, Proposi-
tion (7.3)]).

For any s > 0 the group A, is virtually torsion-free and acts properly and
cocompactly on a contractible cube complex K, ;. To describe K, s it is convenient
to label the leaves of a graph, so that two graphs I" and I'" are isomorphic if there
is a graph isomorphism I' — T"/ that preserves leaf-labels; an isomorphism class is
then called a leaf-labeled graph. We use the notation £§, {8, £§¢ and £§¢ instead
of 9, 6, 6§, and §¢ to denote the respective set of leaf-labeled graphs and PAut(I")
to denote the set of automorphisms of a graph that fix the leaves.
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Figure 2. A 2-dimensional cube (T, ¢) in K> 3. Here ¢ is the red subgraph, 71 (I") = F{a, b)
and the leaves are labeled 1,2, 3. The marking is indicated by arrows and labels on the edges in
the complement of a maximal tree.

The cube complex K, s has one cube for each equivalence class of triples (I, ¢, ),
where

o I' € £§¢ is connected with s labeled leaves and with 771 (I") = F,,
* @ is a subforest of T, i.e. a subgraph with no cycles,

* g: R, — T is a leaf-label-preserving homotopy equivalence, called a marking
and

e (Tp,g) ~ (I, ¢, g’) if there is a leaf-label-preserving graph isomorphism
h:T — T’ sending ¢ to ¢’ such that & o g is homotopic to g’ through leaf-
label-preserving homotopies.

An example of a cube in K5 3 is depicted in Figure 2. Contractibility of K, s was
proved for s = 0, n > 2 by Culler and Vogtmann [17] and in general by Hatcher [24]
(see also [25]). (Forn > 2, K, s was originally described as a simplicial complex,
but its simplices naturally group themselves into cubes, as was done, e.g. in [26].)

Smillie and Vogtmann [36] considered only the case s = 0, but their arguments
apply verbatim for graphs with leaves. We define a function

t(l) = Y (=)@,

pcll’

where the sum is over all subforests ¢ C I, including the trivial subgraph, and e(¢)
is the number of edges in ¢. For instance, T(O0) = 1, as it has only the trivial
subforest and 7(G) = 1 for the same reason (recall that a leaf is not an edge).
We have 1(0O—0) = 0, as it has two forests whose respective contributions to the
sum cancel (in fact t always vanishes on graphs with a separating edge as ensured
by Lemma (2.3) of [36]) and 1(3) = —2, as the graph <3 has four forests with
contributions —1, —1, —1, and 1.
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The following theorem relates the rational Euler characteristics of the groups A, ¢
to the function 7.

Theorem 2.4.
v M
X(Ans) = E TPAWD)|

where the sum is over all connected leaf-labeled graphs T with s leaves and
Sfundamental group F,.

Proof. The group A, s acts properly and cocompactly on K, 5. It acts transitively
on markings, assuming the graphs are leaf-labeled, so there is one orbit of cubes
for each isomorphism class of pairs (I, ¢) € £§¢ with fundamental group F,. The
dimension of this cube is e(¢), and the stabilizer of (T, ¢, g) is isomorphic to the
group PAut(T", ¢) of automorphisms of I" that fix the leaves and send ¢ to itself.
Therefore we have

_ - (Dt (D@
X(Ans) = Z |Stab(o)| Z |PAut(F (P)|

where the sum is over all isomorphism classes of pairs (I', ¢) of leaf-labeled graphs
I' € £§¢ and forests ¢ C I'. The full automorphism group PAut(I") acts on the set of
forests in I, and an orbit is an isomorphism class of pairs (I, ¢), so the orbit-stabilizer
theorem now gives

Z ( 1)e(fp) Z Z (- 1)€(<ﬂ) B Z 7(T)
& | PAut(T, )| retse oot | PAut(I')| rezes | PAut(T)|
as desired.
Note that for n > 2 and s = 0 we have {§5 = G5, A, o0 = Out(F,), and
PAut(I") = Aut(I"), so this is Proposition (1.12) of [36]. O

Example 2.5. Using this theorem we can immediately verify that

x(Az2,0) = x(Out(F2))
(00 7(0©O) (63) l
~ |PAut(C0)| = |PAut(G>-0)| |PAut(s)| 8

+

0o -2 1
8 24
Corollary 2.6.
Mhns) 5t

s! | Aut(I)|

NS
m (D)=Fy
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Proof. Aut(I") acts on the set of leaf-labelings of I' € £§¢. The orbits are the
leaf-labeled graphs, and the stabilizer of a labeling is PAut(I"), giving

| Aut(T")| = |Orbit(T)|| PAut(T)|.

There are s! labelings of I'. Each orbit has the same size, so the size of each orbit
is s1/£(I"), where £(I") is the number of leaf-labeled graphs with underlying graph I.
Therefore,

| Aut(T")| = —— | PAut(I')|. O

E(F)

3. Formal power series

For the rest of this article it will be convenient to use |[I'| = e(I") — v(I") instead of
the rank of 771 (") to filter the set of graphs. For connected graphs I' this is only a
minor change of notation as rank(z;(T")) = ¢(I') —v(I') + 1 = |T'| + 1.

Consistent with this shift, we define y,, = y(Out(F,+1)) and consider the formal
power series

T(z) =Y x(Out(Fpi1)z" =) ynz"
n=1 n=1

By Theorem 2.4 with s = 0 we have

_5 @ @M
T(Z)‘,;( 2 ) EEATTL
711(1‘)%2n+1

For general A, ; we define a bivariate generating function for the Euler characteristic
by

T(x) = Y A0z 54+ D 1AL) T+ 20 Y ((Arn)?" 5 (32)

5§>3 ' s>1 : n>1s>0

Recall that the groups A,  are only defined for s > 3ifn = 0,fors > 1ifn =1
and for s > 0 if n > 2. Obviously, T(z,0) = T(z) and by Corollary 2.6

@) iry s
T(z,x) = F%;IAt(F)I x5, (3.3)

where s(I") is the number of leaves in I.

The relationships between the groups A, s, which were described in Section 2.3,
imply the following functional relation between 7'(z) and the bivariate generating
function T'(z, x).
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Proposition 3.1.

2
X X _1

e X
T(z,x)= —2 — — + g + T(ze™).

Proof. The groups Ay, are trivial, so we have y(A¢,s) = 1 for all s > 3. For the
groups A1 s we have the short exact sequence
1> 725" 5 Ay > Z/27 — 1.

Thus y(A1s) = 0ifs > 2 and y(A1,1) = x(Z/2Z) = % For the groups A,41,6
with n > 1 the short exact sequence

1= Fj = Angis = Out(Fryy) — 1,
gives Y(Ant1,s) = x(Out(Fyq1))(—n)* = ya(—n)*.
Putting these together into eq. (3.2) gives

x5 _ X (—n)*
T(z,x)= Zgz T4+ 5 +>°> xn o z"x*

§>3 n>1s>0
X' g X (=n)° s a
= gz +E+ZX"Z o Xz
§>3 n>1 5>0
x5 X
- —'_1+5+an€ nx gt
§>3 n>1
x5 _ X
=Z—' 1+§+T(ze ") O
§>3

4. Algebraic graph combinatorics

Although Theorem 2.4 gives an explicit expression for the coefficients of T'(z)
and T'(z, x), we will use an implicit equation, which the generating function 7'(z, x)
must satisfy, to prove Theorem B. This implicit equation together with the identity
from Proposition 3.1 determines the coefficients y (Out(F;)) completely.

To formulate this implicit equation, it is convenient to use the coefficient extraction
operator notation: For an arbitrary formal power series f(x) the notation [x"] f(x)
means “the n-th coefficient in x of f(x).”

Proposition 4.1.
1= "(-2)" 2 — DN[x*exp(T(z. X)), (4.1)
£=0
where (20 — 1)!! = (20)!/(£12%) is the double factorial.
In the remainder of this section we will first give a combinatorial reformulation
of this identity and then prove it.
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4.1. The exponential formula. The exponential of the generating function 7'(z, x)
in (4.1) has a straightforward combinatorial interpretation. While 7'(z, x) can be
expressed as a sum over connected graphs as we did in (3.3), the generating function
exp(T'(z, x)) can be expressed as a sum over all graphs. The reason for this is that
the function t is multiplicative on disjoint unions of graphs, so we can apply the
exponential formula given, for example, in [38, 5.1].

Briefly, the argument behind the exponential formula is that if ¢ is a function on
graphs that is multiplicative on disjoint unions, i.e. ¢ (I'; U I2) = ¢(I'1)¢p(I'2), then

o) 1 ¢ (i)
Ié | Aut T ! Z 1_[|Auty,

IC(D) = V15-,Yn€FC i=1

where we sum over all graphs with n connected components on the left hand side
and over all n tuples of connected graphs on the right hand side. The factor 1/n!
accounts for the number of ways to order the connected components of the graphs.
If we sum this equation over all n > 0 and use e* = ) _, x"/n!, we get

Lemma 4.2 (Exponential formula). Let ¢ be a function from graphs to a power series
ring that is multiplicative on disjoint unions (i.e. p(I'y U T2) = ¢(I'1)p(I2)). If the
coefficient in ¢(I") of a given monomial is non-zero for only finitely many graphs T,
then

o) ¢(I')
Z |AutT| ( Z |AutF|)'
reg T'eg¢

The finiteness condition on the function ¢ is necessary to ensure that ) cg %
exists in the respective power series space.

Corollary 4.3.

1@ = 3| At%ﬁ'”’

exp(T(z. %)) = Z |Af(t(1)*)|ZF|xS(F)'

Proof. Let ¢; be the function defined by ¢ (') =7(I")z!"! for I' € §y and ¢; (I') =0
for I' € §; with s > 1. This function is multiplicative on disjoint unions of graphs,
because 7 is ([36, Lemma (2.2)]) and both |I"| and s(I") are additive graph invariants.
The first statement follows by applying Lemma 4.2 to ¢, and using eq. (3.1). For
the second statement apply Lemma 4.2 to the function ¢»(T") = v(I)z/Tlx*@ for
all T’ € &, note that there are only a finite number of admissible graphs with fixed |I"|
and s(I") and apply eq. (3.3). O
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Note that the power series 7'(z) and exp(7'(z)) carry the same information. Recall
that y, is the coefficient of z” in 7'(z), and denote the coefficient of z" in exp(7'(z))
by X». The coefficients y, and }, are related by

n—1

> ki fn—i forn = 1. (4.2)
k=1

.1
Xn = Xn— =
n
This recursive relation can be derived by taking the formal derivative of exp(7'(z))
which results in the (formal) differential equation

% exp(T(z)) = eT(Z)%T(z).
Note that it is also important that yo = 0 for exp(7'(z)) to make sense as a power
series with Q as coefficient ring.

We can immediately use the relationship between the coefficients ¥, and yj,
to prove the following statement which will be helpful later while proving that the
rational Euler characteristic of Out(F},) is always negative.

Lemma4.4. If ¥, <Oforalln > 1, then y, <0 foralln > 1.
Proof. This follows by induction on n on eq. (4.2). O

Because y, = y(Out(Fy,+1)), proving ¥, < 0forall n > 1 is therefore sufficient
to show that y (Out(Fy)) < O foralln > 2.

4.2. Convolution identities. By Corollary 4.3, the statement of Proposition 4.1 is
equivalent to the identity

1=>"(-f@e-nn Y D iy (4.3)

>0 Te%, | Aut(T)|

If y is a subgraph of I', we denote by I'/y the graph that one obtains from I by
collapsing each edge that is in y to a point. We will use the following convolution
identity for t to prove eq. (4.3) and therefore also Proposition 4.1.

Proposition 4.5. If T is a graph with at least one cycle, then

> DT =,

ycrl’

where the sum is over all subgraphs of T, including the trivial subgraph and T itself.

This statement can be seen as an identity in the incidence algebra of the subgraph
poset of a graph. We will discuss a related viewpoint in Section 5, where we will
interpret it as an inverse relation in the group of characters of the Hopf algebra of
core graphs.
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Proof. Recall that t(T") = chr (—=1)¢®) where the sum is over all subforests of I".
Therefore,

3 DI = (1O 3 () (1)

ycll ycrl’
— (_1)8(F) Z Z (_1)6(¢)(_1)e(y)
ycl' ¢Cy
forest ¢
— (_1)6(1") Z (_l)e(w) Z(_l)e(y)_
eC’ ycrol’
forest ¢ )=l

The set of subgraphs of I' containing ¢ is in bijection with the set of subsets of
E(T) \ E(¢). Because I has at least one cycle, E(I") \ E(¢) is not empty and the
alternating sum

Z(_l)e()/) — (_1)€(<ﬂ) Z (_1)|E/| = 0. O
,}:gg E'CE(M)\E(p)

Corollary 4.6.
() (=D
1= .
2 2~ amm -

I'egy yCl’

Proof. Since all non-trivial graphs in §j have cycles, Proposition 4.5 implies that the
only non-zero contribution to the sum comes from the empty graph. 0

To eventually obtain the statement of Proposition 4.1, we transform this identity
using the following proposition, which is an elementary application of labeled
counting.

Proposition 4.7. Let ¢ be a function from graphs to a formal power series ring such
that for each monomial m and each integer £ > 0, the coefficient of m in ¢(I") is
non-zero for only finitely many graphs I' € §54. Then

p(we” ¢ ¢()
E E E £— 1! E ,
| Au(D)| £zow @t yeTae | Aut y|

'egy ycCrl’

where w is a formal variable.

Proof. To prove the proposition we will use (totally) labeled graphs. Here a labeling
of I with e(I") edges, v(I") vertices and s(I") leaves consists of

* ordering the edges, i.e. labeling them 1, ..., e(I"),

* orienting each edge,
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* ordering the vertices, i.e. labeling them 1,..., v(I),
* ordering the leaves, i.e. labeling them 1, ..., s(T).
The set of labeled graphs with s leaves will be denoted £ .
The advantage of using labeled graphs instead of unlabeled graphs is that a sum
of terms 1/| Aut(I")| over unlabeled graphs on v vertices and e edges becomes a
sum of 1/(v!e!2¢) over labeled graphs using the orbit-stabilizer theorem. The group
Aut(I") acts on the set of labelings of I', an orbit is a labeled graph and all stabilizers
are trivial. This simplifies expressions that involve these automorphism groups. In
particular, abbreviating v = v(I"),e = e(I") and d = e(y) we have
¢(V)we(l"/y) we ¢
Z Z | Aut(T)] Z Z e!v!2e¢(y)'

Tegyycll’ Tefgyycl

A subgraph y inherits a labeling from I': the vertices are the same, so they have the
same labels. The ordering and orientation on the edges of I" induces an ordering and
orientation on the edges of y, giving a labeling on these. The edges not in y also
have an induced ordering, and we use that to order the leaves of y by the following
rule: If there are £ edges in E(I') \ E(y), label the leaf corresponding to the initial
half of the i-th edge by i, and the leaf corresponding to the terminal half by i + £.

‘We now change the order of summation. Remembering that y has an even number
of leaves, we get

e—d
P OED DD DD “,),2e¢(y>

TFefgoycl >0 yeL €y TeLEo,I'Dy

L
w
=2 2 2 GranaEat®

(>0 yel§,y TTel§y,I'Dy

We next note that a labeling on y specifies an isomorphism type of I' containing y,
using the rule that the i-th leaf should be connected to the (i + £)-th leaf. This
also orders the edges in E(I') \ E(y) and orients them from i to i + £. The edges
of y C TI' are ordered and oriented as subsets of E(y). There are (dze) ways of
shuffling the two orderings to get a total ordering on E(I") that induces the given

orderings on E(y) and E(I") \ E(y). Thus the last expression becomes

d+1{ wt
R P> ( ¢ )(d+€)!v!2d+‘3¢(y)

>0 ye;ﬁﬁzz

d + 0)! |
= Z 2 o @+ ownd?)

£>0 yeiﬁz

P (v)
- Z "2 dwnd

lzo yeL8go¢
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We now translate back to unlabeled graphs to get

_ . P ()(20)!
Z 12 Z | Aut(y)]

€>0
COl ,  90)
Zg 2 Z AU
Y-t Y 20 O
=200 Z AU

Proof of Proposition 4.1. Use Proposition 4.7 with ¢(T') = t(I")zTl and w = —z,
together with the observation that (—1)¢T/")zITl = zI¥l(—z)e@—e)  We get

T(y)(=1)¢ (F/” ¢ t(Y)
2 2~ amr] & =20 (”_1)”( 2 |Aut(y>|zy)'

regyycrl’ £>0 yE€Gre

Apply Corollary 4.6 to obtain eq. (4.3) and Corollary 4.3 after that. O

5. The Hopf algebra of core graphs

A graph with no separating edges is called a core graph, bridgeless or 1-particle
irreducible graph. Let H denote the (Q-vector space generated by all finite core
graphs. In contrast to the rest of the article, we will include graphs with bivalent
edges as generators of H. The vector space H can be made into an algebra whose
multiplication is induced by disjoint union of generators; here we identify all graphs
with no edges with the neutral element I for this multiplication. (Thus a topological
graph representing the neutral element is a (possibly empty) disjoint union of isolated
vertices and star graphs.)

The algebra H can also be equipped with a coproduct A: H — H ® H, defined by

AM) =) "y®TI/y. (5.1)
ycr’

where the sum is over all core subgraphs of T".

Example 5.1. The graph x{()x has seven mutually non-isomorphic core subgraphs
— including the trivial subgraph graph (identified with 1) and the graph xQ> itself.
The coproduct is given by

A@=>@<®H+2><I><®Q+2§D<®xx+><:><®%
+4I><®>QO+Q®>OO<+H®>©<.
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Note that the complete contraction I'/ I" has no edges, so is identified with 1. Also
note that we omitted isolated vertices of the subgraphs on the left hand side of the
tensor product since isolated vertices are also identified with I.

This coproduct is coassociative, making H into a bialgebra. In fact Kreimer
showed that H has a Hopf algebra structure [30]. The unit u: Q — H sends u: g > ¢g1.
The co-unit e: H — Q sends I to 1 € Q and all other graphs to 0. The antipode
S:H — H can be defined inductively by S(I) = I and,

SNy == SeI/y forT #1.

yGr’

where the sum is over all core subgraphs of I' which are not equal to I". This
recursion terminates since the graphs y in the sum have fewer independent cycles
(i.e. smaller first Betti number) than I". The result is a polynomial in core graphs.
We refer the reader to [39] for a general account of Hopf algebras or [8, Ch. 3] for
more information about this specific Hopf algebra.

A character on H is a linear map ¢ which satisfies ¢(I'1 ) = ¢(I'1)¢(I'2). The
convolution ¢ * ¥ of two characters is defined by

@*)(T) = > dMY(T/y).

ycTl’

where we again sum over all core subgraphs of I'. Because H is a Hopf algebra,
the set of all characters from H to any commutative algebra forms a group under the
convolution product. This follows from the antipode being the inverse to the identity
map, id: H — H, in the sense that id xS = S xid = uoe. Themapuoe:H - H
is the identity element of the x-group of characters H — H. It satisfiesu o e(I) =1
and u o e(I") = 0if " £ L. If ¢ is a character H — + which maps to a unital
commutative algebra +, then ¢*~! := ¢ o S is the inverse of ¢ under the star product
in the sense that

P T xp=¢x¢p T =uyoe,
where u 4 is the unit of #A.
Because 7 is multiplicative on disjoint unions of graphs, it induces a character

H — Q. We can define the even simpler character o(I') = (—1)¢{ and formulate
Proposition 4.5 in the Hopf algebra language:

Proposition 5.2. 1 x0 =0 x T =ugoe.

Proof. By Proposition 4.5 and the definition of the » product t xo0 = ugoe. Because
the characters form a group, we also have 0 x T = ug o €. O

Although the Hopf algebra H and its coproduct are defined only on core graphs,
we can also consider the maps t and o on the space of all graphs. The linear space G
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which is generated by all graphs can be made into a (left) H-comodule by defining
a coaction, p:G — H ® G, using the formula (5.1) with p in place of A. The left
side of the tensor product in (5.1) will always be a core graph and can naturally be
associated with an element in H. The star product applied on characters of G in the
same way as on characters of H becomes an action this way. See [8, Ch. 3] for details.

Applying o to the weighted sum of all connected graphs with no leaves gives an
especially interesting result:

Proposition 5.3.

— Joralln > 1.

o(l) §(=n) _ Ban
Z | Aut(I)| n n@m+1)

This statement is not new. It follows as a special case from “Penner’s model” [33]
(see also [27, Appendix D]). The sum could be thought of as the integral of o over the
space of connected graphs with measure w(I') = 1/| Aut(I")|, whereas integrating
its convolutive inverse 7(I") over the same space with the same measure gives y, by
Corollary 2.6.

In Section 7.3 we will give a proof of Proposition 5.3 as a special case of
Corollary 7.6. Here, we can immediately verify it forn = 1:

(ce) 0(CG0) o(&) 1 -1 -1 1 B,

|Aut(@0)| = |Awt(C-©O)|  JAu(ES)| 8 8 12 12 2

The Bernoulli numbers are classical objects with a long history, and it is well
known that By, vanishes for n > 1 and that the sign of B, is (—1)"*! forn > 1.
To analyse similar properties of the numbers y,, we will make heavy use of asymptotic
expansions. We will go into the details after a short digression about the relation of
our methods with perturbative methods used in quantum field theory.

6. Renormalized topological quantum field theory

Our approach to analyzing the numbers y,, is in line with an established technique
for analyzing topological objects by using perturbative quantum field theory or
equivalently Feynman diagram techniques [3]. The term topological quantum
field theory is used for a quantum field theory whose observables are topological
invariants [42]. See also [28,29] for further aspects of this theory and [14] for a more
detailed account focused on group cohomology.

One prominent application of topological quantum field theory is intersection
theory in the moduli space of complex curves, as developed by Witten [43] and
Kontsevich [27]. Penner [33] had already applied perturbative quantum field theory
techniques to reprove the result of Harer and Zagier on the rational Euler characteristic



720 M. Borinsky and K. Vogtmann CMH

of the mapping class group. In the course of his study of intersection theory
Kontsevich gave a simplified version of Penner’s proof [27, Appendix D]. This
simplified proof involves a formula similar to the one in Proposition 5.3.

We can endow our approach to studying the numbers y, with a quantum field
theoretical interpretation, in a spirit similar to the work of Penner and Kontsevich.
Here is a brief, heuristic indication of how this goes.

We start with the statement of Proposition 4.1 and immediately apply Proposi-
tion 3.1 to obtain the equation

=Y (=)t @e - )ix*exp (E T T(Ze_x)).

z
£>0

Now flip the sign of z to get

¢ ‘ -2 _x—1 x
1= Zz (24 — 1)!![x> ]exp(— — 2 4 T(—ze_x)). (6.1
=0 z 2

For the remainder of this section we regard z not as a formal variable, but rather as a
positive real number. We then recall the Gaussian integrals

12
te™ 5 dx =z"Q2€—1)!! forall £ > 0,
\/ /

V2mz JR

Substituting these into eq. (6.1) gives

555

420

x2£+le_? dx =0 forall £ > 0.

eF— X _x—1
/x e 2Zabc[)cze]exp( 2—+£+T(—Z€_X)).
z

This integral is not convergent since we are no longer regarding z as a formal variable,
but we will disregard this issue for this heuristic argument. In the same laissez-faire
spirit, we ignore convergence issues and interchange summation with integration to
obtain

F exp( +1 + % + T(—Ze_x)) dx. (6.2)
This integral is again not well-defined, as the series 7(z) does not converge to
a function of z in any finite domain: it is only a formal power series with a
vanishing radius of convergence. However, we can interpret the right hand side
of this equation as a ‘path-integral’ of a zero-dimensional quantum field theory
with the action —(e* — x — 1), where the parameter z takes the role of Planck’s
constant h. The additional terms in the exponent 3 + T'(—ze™™) can be interpreted
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as counterterms or renormalization constants which renormalize the quantum field
theory in a generalized sense. In fact, equation (6.2) can be interpreted as a
renormalization condition of a quantum field theory.

In Kontsevich’s proof of the Harer—Zagier formula, a topological quantum
field theory was constructed whose perturbative expansion encoded the geometric
invariants of interest. As we have seen above, our method can also be interpreted as
an application of quantum field theory to the analysis of the invariants y,. However,
instead of using the coefficients of the perturbative expansion directly, we use the
coeflicients of the renormalization constants to express the quantities which are of
interest. We might therefore say that we are using a renormalized topological quantum
field theory to encode yj,.

This is consistent with the interpretation of t as a character on the core Hopf
algebra. Connes and Kreimer [15] showed that the renormalization procedure in
quantum field theory can be seen as the solution of a Riemann-Hilbert problem using
a Birkhoff decomposition. The Birkhoff decomposition can be formulated elegantly
as an inversion in the group of characters of a certain Hopf algebra. In our topological
case, which is much simpler than the full physical picture, this interpretation boils
down to the brief exposition in Section 5. Consult [6] for a general treatment of
renormalized zero-dimensional quantum field theory in a Hopf algebraic framework.

After these expository remarks we now return to our rigorous treatment of the
Euler characteristic of Out(F}).

7. Asymptotic expansions

An often useful approach to studying a generating functionsuchas 7' (z) =) ., xnz"
is to interpret it as an analytic function in z and then use analytic techniques to study
the nature of its coefficients [20]. However, in our case this standard approach is
doomed to fail, at least if it is applied naively, as the coefficients of 7'(z) turn out to
grow factorially so the power series 7'(z) has a vanishing radius of convergence.

We will circumvent this problem by using an asymptotic expansion of a certain
function to describe the coefficients of 7'(z). In contrast to Taylor expansions of
analytic functions, asymptotic expansions are not necessarily convergent in any non-
vanishing domain of C.

7.1. Asymptotic notation. In this section we fix the notation we use for asymptotic
expansions and prove a basic property that we will use repeatedly. We begin by
recalling the big @ and small o notation. Let f, g and /& be functions defined on a
domain D and let L be a limit point of D. The notation f(x) = g(x) + O(h(x))
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means [ —g € O(h), where O (h) is the set of all functions u defined on D such that

i u(x)
imsup |——
x—L h(x)
Similarly, f(x) = g(x) + o(h(x)) means f — g € o(h), where o(h) consists of all
functions u that satisfy lim,_y, % =0.

An asymptotic scale on D with respect to a limit L is a sequence of functions
{¢k }k>0 with the property ¢ry1 € o(¢r) for k > 0. A common example, for

functions with domain R and limit L = oo, is ¢ (x) = x7¥.

‘<OO.

Definition 7.1. An asymprotic expansion of a function f defined on D with respect
to the limit L and the asymptotic scale {¢x }x>0 is a sequence of coefficients cx such

that
R—1

J(x) =) ckpr(x) + Ogr(x)) forall R 0,
k=0
where the O refers to the limit x — L. We will write this infinite set of @ relations
as,
f(x) ~ chgok(x) asx — L.
k>0
Asymptotic expansions are widely used in mathematical analysis, the physical
sciences and engineering to obtain very accurate approximations to functions. A
detailed introduction to asymptotic expansions can be found in de Bruijn’s book [18].
A key feature of asymptotic expansions is that, for a given function f, limit L and
asymptotic scale {¢k }x>0, the coeflicients ¢ are unique if they exist. We will make
use of this property in the proof of Theorem B.
The coefficients of an asymptotic expansion depend on the choice of the
asymptotic scale. However, under certain conditions we can translate between
asymptotic expansions in different asymptotic scales:

Lemma 7.2. Suppose ® = {@k k>0 and ¥ = {Ym}m>0 are two asymptotic scales
on a domain D with respect to the same limit L, and suppose f has an asymptotic
expansion in @

F) ~ D crpre(x) asx — L. (7.1)

k>0

If each Yy, also has an asymptotic expansion in ®

Ym(X) ~ > Cmipr(x) asx — L (7.2)
k>m
With ¢ m # 0, then f has an asymptotic expansion in U

f)~ D ep¥m(x) asx — L,

m=>0
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where the coefficients c,, are implicitly determined by the infinite triangular equation
system

k
Cr = Z CrCm ik Jorallk > 0.

m=0
Proof. By the definition of an asymptotic expansion we have

R—1
Ym — Z Cmi9k € O(pr) forall R >m > 0.

k=m

We can multiply a function in @ (%) by a constant or add a finite number of functions
in O (h) without changing the O class. Thus multiplying by ¢,, and then adding from
m =0to R —1 gives

R—-1 R-1

R—1
Z CraWm — Z Z CrnCm ik Pk € O(pr) forall R > 0.
m=0

Changing the order of summation and using the definition of the constants c,, gives

R—-1

R-1 R-1 k R-1
Z ConW¥m — Z Z ConCm k Pk = Z CornW¥m — Z ck¢r € O(pRr) forall R > 0.
m=0 m=0

k=0 m=0 k=0

By eq. (7.1) we have f — Zf;é cx@r € O(pRr), so combining this with the above

gives
R—1

=Y cp¥m € O(pr) forall R = 0.
m=0
It remains only to check that O (pr) = O (¥g). This follows from eq. (7.2), which
implies Yr = cr.R¢R + O(¢Rr+1), together with the assumption that cg g # 0 and
the fact that og+1 € 0(@R). O

In this paper the domain of our functions will mostly be the natural numbers, i.e.
our functions are sequences f:N — R, and the limit will almost always be co, but
the asymptotic scale will vary.

7.2. Stirling’s approximation. Arguably, one of the most studied asymptotic ex-
pansions is Stirling’s approximation. This is an asymptotic expansion of the gamma
function
I'(n) ~ ZE" V2me """k asn - 0, (7.3)
k>0

where by is the coefficient of z in exp (Ypey %zk). See for instance [18,

Sec. 3.10] for a proof. Stirling’s approximation is used extensively as a tool for
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approximating the value of I'(n) for large n. We, however, will view eq. (7.3) as
an asymptotic expansion of I'(n) in the asymptotic scale {\/Ee_”n”_%_k }k>o0 and
use it merely as a tool to encode and manipulate the coefficients 5k-

Recall that the gamma function satisfies I'(z + 1) = zI'(z); this ensures that
the sequence of functions {I'(n — k + %)}kzo forms an asymptotic scale in the
limit n — oo. The statement of Theorem B gives an asymptotic expansion of
f(n) = 2we™"n" in this scale, whose coefficients coincide with those of the
formal power series exp(7'(z)); we can think of this as a kind of “inverted” Stirling’s
approximation.

Although there is a large and growing literature on Stirling’s approximation
(see [9] for a recent survey), such an asymptotic expansion of V2me™"n" does not
seem to have been studied previously. This type of ‘inverted Stirling’s approximation’
might also be relevant for other applications: many problems dictate or suggest an
inherent asymptotic scale. For instance, it might be natural to work in the asymptotic
scale

{2 —k) — DMk=o0.
where

Qn—k)y—DHN = 2”_kF<n —k+ %)/ﬁ

for counting problems whose solution involves double factorials. Moreover, power
series with coefficients which have an asymptotic expansion in the scale

T =k + Br=o

with B € R have a rich algebraic structure; for instance they are closed under
multiplication and functional composition [7].

To establish the asymptotic expansion in Theorem B we will start with a trivial
asymptotic expansion for the constant function 1 in the scale {7 %};~¢, then use
Lemma 7.2 to change to the scale {{, } >0, where

F(n —-m+ %)
N 2mep" .

In order to apply the lemma, we need to find asymptotic expansions for the func-
tions ¥, (). We do this using the following variant of Stirling’s approximation.

Ym(n) = (7.4)

Proposition 7.3. Let V = {V,}m>0 be the asymptotic scale with domain N and
limit oo defined in eq. (7.4). Then each Yy, has an asymptotic expansion in the
asymptotic scale {n—* Y=o given by

Ym(n) ~ Z cm,kn_k asn — oo,

k>m
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where ¢, i is the coefficient of 2% in the formal power series

2y b D2 He =5 —x=Dx(-m) (1.5)
£>0

We will prove this proposition using Laplace’s method, which serves as a
connection between graphical enumeration and asymptotic expansions. We will
introduce this method in the next section and therefore postpone the proof of
Proposition 7.3 until then.

Assuming Proposition 7.3 we are now ready to prove Theorem B.

Theorem B. The function ~/2mwe™n" has the following asymptotic expansion in the
asymptotic scale {(—1)kT'(n + % — k) } k>0

V2me ™" ~ Z)’(\k(—l)kl"(n + % —k) asn — oo,

k>0
where Fy is the coefficient of z¥ in the formal power series exp ( D ons1 )((Out(F,,+1))Z”).

Proof. The constant function f(n) = 1 has a trivial asymptotic expansion in the
asymptotic scale {n*};~o, namely

1~chn_k asn — oo,

with coefficients co = 1 and ¢z = O for all k¥ > 1. Using Lemma 7.2 and
Proposition 7.3 we can change the asymptotic scale from {n % }k>0 to the scale W as
defined in Proposition 7.3, giving

1~ Z Cr¥m(n) asn — oo,

m>0

where the coefficients c,, are uniquely determined by the triangular equation system

k
k=Y CpCmi forallk =0 (7.6)

m=0

and the coeflicients ¢,  are those defined in the statement of Proposition 7.3. Namely,
Cm.k is the coefficient of z¥ in the formal power series given in eq. (7.5). It follows
from this power series representation that ¢y, », # 0 for all m > 0, which justifies
our application of Lemma 7.2 and guarantees that the linear equation system (7.6)
can be uniquely solved for the coefficients c;,.

By definition of i, in eq. (7.4), this asymptotic expansion becomes

F(n—m+3)
2: / 2
1~mzocmm as n — oQ.
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Multiplying both sides by ~/27e™"*n" gives

1
N2me"'n" ~ Zc,’nF(n —m+ E) asn — o0o.

m=>0

It remains to show that ¢,, = (—1)" ¥. From Proposition 4.1 and Proposition 3.1
we have

1= "(-2)" @2 — DN[x*Texp (T(z. x))

£=0
R
= Z(—Z)K(ZE — D[] exp (2— + % + T(ze_x))
£=0 ‘
X X2
= ZZZ(ZE - 1)!![x2£]e_%(e —ip =D exp(T (—ze™)).
{=0

Expanding the second exponential in z gives,

1=>"zfe- 1)!![x”]e‘%@x—%—x—“%x D e (1) im

£>0 m=0
= YD Tz 3 2l - D e HE T DG,
m=>0 {=0

where 7 is the coefficient of z¥ in the formal power series exp ( D ons1 an”). By
eq. (7.5) this is

1= Z(_l)m)/(\m Z Cm,kzk = Z Z(_l)m)/(\mcm,kzk-

m>0 k>m k>0m<k

Because [zK]1 = cg, we can also write this as ¢y = Y <k D™ XmCm i for
all k > 0. Therefore, we constructed a solution of the triangﬁlar equation system
in (7.6). Because the coefficients ¢}, are unique, it follows that ¢, = (—1)"},, as
claimed. O

Remark 7.4. The coefficients ¢,  of the asymptotic expansion of the functions v/,
given in Proposition 7.3 (eq. (7.5)) can also be written in terms of Bernoulli numbers
if we use the conventional expression of Stirling’s approximation given in eq. (7.3).
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Slightly abusing the ~ notation me may write the asymptotic expansion for ¥, (1)
as

C(n—m+1)
N 2me "p"
V2w (n—m+ %)n_me_””"_% exp (Zk>1 kfllc(+i)(n —m+ ) k)
N 2me "

1
_ o_m I’l—m+5 m— Bk+1 l_k
=n (—n ) e Zexp(Zk(k+l)< m—|—2> .

Writing z = % this becomes

((=r=3)) " ten( Tty (Eme) )

Since the coefficients of the asymptotic expansion for v, (n) are given by the above
power series as well as by the power series in eq. (7.5), the series are equal, giving
the following identity for Bernoulli numbers, for all m > 0.

~

2

Zzz(% — D24 exp(— é(ex - % —x— 1) + x(% —m))

£>0

1 1 1
= ex m——)log——— +m— —
p(( z) gl—z(m—%) 2

~ e (kz k(k—il)((m - %k_)(m —3) (- o l))"))'

Z(m 2

This identity actually holds for all m € R. However, it is unclear how to
prove such an identity without asymptotic techniques. The special case m = %
lies at the heart of the proof of Proposition 5.3. De Bruijn also discusses this case
using Laplace’s method and writes that the identity is “by no means easy to verify

directly” [18, Sec. 4.5].

7.3. Laplace’s method: A bridge between graphical enumeration and asymp-
totics. A common source of asymptotic expansions is Laplace’s method. Laplace’s
method is, as one might guess from the name, quite an old technique. It is usually
used to extract asymptotic information from a complicated integral without evaluating
it in full generality. We will use Laplace’s method in the opposite way, as we are
going analyze the properties of a complicated number sequence by associating it with
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a relatively simple integral. This way, the method will serve as a bridge between
graphical enumeration as described in Section 4 and the analytic world of integrals
and their asymptotic expansions.

Lemma 7.5 (Laplace’s method). Let f and g be real-valued functions on a domain
D C R with 0 in its interior. Suppose both f and g are analytic in a neighborhood
of 0, that g(0) = g’(0) = 0, g”’(0) = —1, and 0 is the unique global supremum of g.
Finally, assume that the integral

/ ()] dx
D

exists for sufficiently large n. Then the sequence I(n) given by the integral formula

I(n) = \/g /D F(x)e"8W gy (1.7)

admits an asymptotic expansion with asymptotic scale {n_k Y0,

I1(n) ~ chn_k asn — oo, (7.8)

where cy, is the coefficient of z% in the formal power series,

320 - i Fx)etE@+5). (7.9)
£=0
A quite similar statement is given in [20, Thm. B7]. Unfortunately, only a partial
proof is given there. For the convenience of the reader we provide a proof in the
appendix. The argument revolves around approximating the integral in eq. (7.7) with a
Gaussian integral. It closely follows the argumentsin [18, Sec. 4.4] and [20, Thm. B7].
We wrote the coefficients of the asymptotic expansion in eq. (7.9) suggestively to
illustrate the close relationship of asymptotic expansions which come from Laplace’s
method and generating functions of graphs such as the one in Proposition 4.7. We
will use this relationship in the following Corollary, which we will need to give the
relation between graphs and the zeta function stated in Proposition 5.3.

Corollary 7.6. Let f be the constant function f(x) = 1, and assume g is analytic
near O with Taylor series

2
X ¢ bs
g0 =3+ X
§>3

Then for all k > 0 the coefficients cy of the asymptotic expansion in eq. (7.9) can be
written as a weighted sum over graphs,

Hvem) byy|
= _ 7.10
k Z | Aut I'| (7.10)
T'egy
IT|=k

where |v| is the valence of the vertex v.
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Proof. Let ¢:§ — R ((z)) be the function from the set of graphs to the space
of Laurent series in z defined by setting ¢(I") = 0 if I" contains an edge and
o) = HveV(F)(Z_lblvl) if I' has no edges. There are only finitely many graphs
with 2¢ leaves which have no edges, and the function ¢ is multiplicative on the
disjoint union of graphs, so we may apply Proposition 4.7 and Lemma 4.2 to get

we® [Toevary @' bp)) ¢ 20 s W)
2 Aut] = 2wl Dl ]e"p( 2 |Auw|)

T'egy £>0 yegec

where we used the fact that a graph has only one subgraph with no edges. The only
graphs without edges which are also connected are the star graphs Ry s. This together
with the fact that Ry ¢ has the symmetric group X as automorphism group gives

Z sy ) sz #(Ro,s) _ lzxsﬁ
Jce |Aut)/| = | Aut R ] Z5 s!
Setting w = z results in,
l—[veV(I‘) blvl 1 b
|F| V4 " 20 - s7s
Z —|AutF| Zz 20 — DNx=*]exp (z Zx S!).
T'egy £>0 §>3

The right hand side is now exactly the power series given in eq. (7.9) that deter-
mines cy. ]

Proof of Proposition 5.3. We start with Euler’s integral representation of the gamma

function -~ i
I'(n) = / e 2
0 u

Substituting u = ne* gives
o0 X o X
I'(n) = / nte"XeTme gy — e—nnn/ e—n(e —x—1) dx.
—0o0 —o0
We can now apply Lemma 7.5 with g(x) = —(¢* —x —1), f(x) =1land D = R

to get an asymptotic expansion

I'(n) = \/_e””2chn

k>0

By Corollary 7.6 and because —(e* —x — 1) = = ", ’;—: the coeflicients satisty,

1@
Z (|A) N forall k > 0.
ut

IFI k
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Stirling’s approximation in eq. (7.3) gives another expression for the coefficients c.
Because the different ways to express the asymptotic expansion of I'(n) with the
same scale and limit must coincide, we get

(- o Bri1
Z|AutF| B (Zk(k+1) )

Since taking the formal logarithm restricts the sum on the left to connected graphs
(Lemma 4.2) we get

3 (GO M i Bit1
feme |Aut1"| k(k+1)

Now notice that (") = (=1)¢@ = (=1)ITl(=1)*T and By, = 0 for all even
k > 0, giving

o) n Bny1i  _ Bap1r 0= n)
1"23;6 | Aut T =D n(n +1) n(n +1) n =
|IT|=n

We now turn to the proof of Proposition 7.3, which follows along similar lines.

Proof of Proposition 7.3. Assume n,m > 0 with n > max{1, m}. Start with Euler’s
integral and substitute u = ne” to obtain

o0
F(n —m + l) = / umth e du
2 0
00
— e—nnn—m+£/ e—n(ex—x—l)-{—x(%—m) dx.
—00

Therefore,

1
w (I’l) = w — n—m ll /Oo e_n(ex_x—l)-i-X(%—m) dr.
" V27T€_nnn 21 oo

The condition n > max{1, m} guarantees that the integral exists. The functions
f(x) = e*G=m  and glx) =—(e*—x—1),

defined on D = R, satisfy the conditions of Lemma 7.5, so we can apply Laplace’s
method to obtain
n" Y (n) ~ Zc;n’kn_k asn — 0o,

k>0
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where ¢ is the coefficient of z¥ in the power series

3 tee- D[x2Ge @ =5 —x=Dtx(b—m),
£>0

From Definition 7.1 and the fact that n @ (n~R+™) = @ (nR), it follows that

Ym(n) ~ Z ¢l onTk asn — oo
k>m

/

Setting ¢, k 1= Con k—m

gives eq. (7.5). O

We have now completed all of the steps in the proof of Theorem B. Before we
continue with the proof of Theorem A, we will briefly discuss the relationship of our
considerations with Kontsevich’s Lie graph complex.

7.4. Lie graph complex. Kontsevich’s Lie graph complex £, computes the Chevalley—
Eilenberg homology of a certain infinite-dimensional Lie algebra £, associated to
the Lie operad. In [28] Kontsevich remarked that the orbifold Euler characteristic of
the subcomplex Sin) spanned by connected graphs with fundamental group F,, can
be encoded as coeflicients of the asymptotic expansion of the integral

[ n x5 —k
_ — § ~ E , 7.11
271/DGXP( nszZS(s_l)) crn asn — oo ( )

k>0

where D is a small domain that contains a neighborhood of 0 and ¢y is the z¥
coefficient of the power series exp (anl X(si”“))z"). Observing that

x5 x5
_gs(s— 1) - —Z(s—2)!;

§>2

and using Corollary 7.6 together with the exponential formula (Lemma 4.2), we may

conclude that £(r)
omy — ’
2(£) Z. AT
reg§

T (D)=Fy

where £ is the function given by

£ =DV T (vl -2)t

veV(T)

This formula for X(Sin)) also follows directly from counting graphs whose vertices
are dressed with Lie operad elements. We have )((25:')) = Xn—1, because

H(£0) = H*" 7 (Out(Fy)).
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This was first observed by Kontsevich [28]; see [14] for a detailed proof. The
statements in Theorems A and B, therefore apply verbatim to the orbifold Euler
characteristic of £. It is, however, unclear what role the map & and the Lie graph
complex play in the interesting Hopf algebraic duality between t and o explained in
Section 5.

The integral in eq. (7.11) gives another representation of the coefficients y,, but
the descriptive power of this representation is limited: it seems that the integral
does not evaluate to a ‘known’ function, which could facilitate the extraction of
information about the coefficients y,. Recall that the fact that two functions have the
same asymptotic expansion does not imply their equality, so it does not follow from
the considerations above and Theorem B that the left hand side of eq. (7.11) is equal

to /2mwe "n".

8. The Lambert W -function

In this section we prove that the coefficients of the asymptotic expansion in Theorem B
are all negative. The first statement of Theorem A, that y(Out(F},)) < Oforalln > 2,
follows then by Lemma 4.4.

8.1. Singularity analysis. We will accomplish this by using a second method to
obtain the asymptotic expansion of the sequence V2me " n" with respect to the
asymptotic scale {(—1)*I"'(n — k + %)}kzo- This second method is singularity
analysis. By Theorem B and because of the uniqueness of asymptotic expansions,
we therefore obtain another expression for the coefficients ¥, of exp(}_,~ xn2")-
This expression will involve the Lambert W -function, which is defined as the solution
of the functional equation W(Z)eW(Z ) = 7 [16]. Eventually, we will use a theorem of
Volkmer [40] to show that the coefficients of the asymptotic expansion are negative.

Proposition 8.1. The coefficient i of z¥ in exp ()., xnz") satisfies

T'(k+3)
L2y forallk >0, 8.1

where the {vi}r>—1 are the coefficients of the following expansion involving the

derivative of the principal branch of the Lambert W -function in the vicinity of its

; —_1
branch-point at z = o

Xk =2

Wy ) = Y (D}l + e, (8.2)
k=—
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Figure 3. Plot of the two real branches of the Lambert W -function. The solid line depicts the
principal branch Wy, the dashed line the other real branch, W_;. Both branches share a square
root type singularity at z = —1/e. The W_; additionally has a logarithmic singularity at z = 0.
The locations of the singularities are indicated with dotted lines.

In Figure 3, the principal branch W; of the Lambert W-function is depicted
with a solid line. Note that the index k in the summation starts with —1. We
chose this notation to be consistent with Volkmer [40], who proved a couple of
interesting properties of the numbers v; motivated by a problem posed by Ramanujan.
Most important for our considerations, he shows in [40, Thm. 3] that vy > 0 for
all k > 1. He proves this by deriving the following integral representation for the
coefficients vi [40, Thm. 2],

IW_1(e7z2)

T E W) dz forallk > 1,

1 o K
Vg = ——/ (1427271
2 0

where J denotes the imaginary part of a complex number and W_; is the branch of
the Lambert W -function which is real and decreasing on the interval (—%, 0). This
branch is drawn with a dashed line in Figure 3. The integrand is strictly negative
since IW_1(z) € (—2n, —m) for z € (0, co) [16].

Corollary 8.2. Foralln > 2, y(Out(F,)) < 0.

Proof. Apply Proposition 8.1, the fact that I" (k + %) >0 and [40, Thm. 3] to get ¥, <0
for all n > 1. The result now follows from Lemma 4.4. L]

As already mentioned, we will use singularity analysis to prove Proposition 8.1.
The basic observation behind singularity analysis is the following: the radius of
convergence of the Taylor expansion of a function f is equal to norm of the singularity
of f in C which is closest to the origin. This singularity is called the dominant
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singularity of the function. The radius of convergence is also equal to the limit

1
limsup |a,|" 7,
n—>o0

where f(z) = ZZ"ZO anz". The radius of convergence therefore determines the
exponential growth rate of the coefficients a,. In many cases, the detailed nature
of the function’s dominant singularity determines the asymptotic behaviour of the
coefficients completely. To illustrate these notions, we will start by proving one of
the most basic statements from the framework of singularity analysis. For other
required statements from this framework, we will refer to the literature. A very
detailed and instructive introduction to singularity analysis can be found in Flajolet’s
and Sedgewick’s book [20, Part 2].

Lemma 8.3. If g is a generating function with power series expansion

g(z) = Z bnz",
n=0

which has radius of convergence r, then
b, €0o(C™) forall0 <C <r.

Proof. By elementary calculus, r~! = limsup,_, o |bn|%. Therefore for every § > 0
there exists an ng such that |b, |% < r~ !l 4§ forall n > nyg. It follows that
—n
|b,| < (r" L+ 8" = (l—i’—ﬂ—Sr) for all n > ny.

Because we can choose any § > 0, the statement follows. This argument also works
if r = oo. O

Suppose we can decompose a generating function i(z) = ), .o dnz" as a sum
h(z) = f(2) + g(z) with f(z) = 3, anz" and g analytic in a disk around 0 € C
of radius larger than 1. Then by Lemma 8.3 there is a constant C > 1 such that

dy = an +0(C™).
This is especially useful if the coefficients a, have an asymptotic expansion,
an ~ chgak(n) asn — 0o,
k>0

with an asymptotic scale {¢ }x>o Which satisfies o(C ™) C O(gk(n)) forall k > 0.
In this common case, we may neglect terms contributed by g to the generating
function 4 and conclude that

dy ~ ch<pk(n) asn — oo.
k>0
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Sz

1y ¢

Nz

Figure 4. The region A C C in the statement of Lemma 8.4.

To prove Proposition 8.1 we will need the following lemma.

Lemma 8.4 (Basic singularity analysis [19, Cor. 3]). Let f: C — C be analytic at 0
with an isolated singularity at 1, such that f(z) can be analytically continued to an
open domain of the form

A={z:]z|<R,z# 1,]arg(z—1)| > ¢} CC

with some R > 1 and 0 < ¢ < m/2 (see Figure 4). If f(z) has the following
asymptotic behaviour in A for R > 0,

R-1
@ =) al-2%+0(1-2") asz—>1", (8.3)
k=0

where cp €R and g <o <---<ar_1 <A € R, then the coefficients a, = [z"] f(2)
have the asymptotic behaviour,

R—1
—a—1
a, = ch (n O;k ) +0Om™ Y asn — oo (8.4)
k=0

Note that eq. (8.4) is not an asymptotic expansion in the sense of Definition 7.1,
because we did not specify an asymptotic scale.

Proof of Proposition 8.1. The principal branch of the Lambert W -function has the
series representation [16],

n—1
Wo(z) = Z(—1)"+1”Tz".

n>1
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By acting with Z%, we obtain the expansion

ZW(z) = Z(—l)”“’;—'z". (8.5)

n>1

The function W is analytic in the cut plane C \ [—1/e, —oc0) and has an expansion
in the vicinity of the branch point at z = —1/e,

Wo(2) = 1 + VA +e2) — (1 +e2) + 11 (20 T e2)) + -

which is convergent if z € [—1/e,0) [16, Sec. 4] (see also Figure 3). Therefore, the
function z W (z) has an expansion of the form

o0
k
o) = D (=D up(1 4 e2)2.
k=—1
Using the basic version of singularity analysis from Lemma 8.4, we can obtain the
n
asymptotic behaviour of the sequence e ™" %+ from this: first we rescale the z-variable
of zWj(z) to obtain the expansion,

R-1
z 2\ = k+1 £ £
- EWO/(— E> = Y D)y (1 -2)F +0((1-2)%)
k=1 asz — 1~ forall R > 0.
As zW{(z) is analytic in the cut plane C \ [—1/e, —00), the function —Z W ( — £)
is analytic in another cut plane C \ [1,00). As A C C \ [1,00), we can apply
Lemma 8.4 and eq. (8.5) to get
S (R
e e n!
iy n—%_1 R
= Z (—1)k+lvk< 2 ) +0O(m=27") forall R >0,
n

k=—1

where we used o, = % and A = %. The even contributions in the sum over k vanish
since the first argument of the binomial coefficient is an integer that is smaller than
the second. Therefore,

0" R—-1 n—k— 1 .
= > vae i 2+ 0(n%2) forall R > 0.
) k=0

The binomial coefficient can be expressed in terms of I" functions

(n—k—%):F(n—k-i-%)

n N
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As a consequence of the reflection formula I'(z)I['(1 — z) = Sm(an), we have
1 —1)k
r(l k)= C0
2 I'(k+1)
Hence,
R—-1
n" 1 1 1 R
- Kk _ 1 1 —B_
—eml = — kX_g( Dfvaea D (n—k + 5T (k+5) + 0 57)
- for all R > 0.

The statement follows from the uniqueness of asymptotic expansions and the property
of the I" function that (9((n!)n_R_%) =0T (n—-R+ %)). O

Proposition 8.1 together with known techniques for evaluating the various
expansion coefficients of the Lambert W-function provides an efficient way to
calculate the numbers y,:

Proposition 8.5. The numbers x, and Y, can be calculated using the recursion
equations,

PO = S
I =Fn = D KilicAnk:
k=1

~ 1
fn = =@n = DI(3@n = Dptznoy = @0+ Dpganta ).
n—1 (/an—Z an—2> Opn Mn—1

Un =

’

n—+1 2 4 2 n+1
n—1
an = Z MkMn+1—k»
k=2

Joralln > 1withayg =2, 000 = —1, u—1 =0, uo = —1, u1 =1, al’ld)?() =1.

Proof. The coefficients u,, are the expansion coeflicients of the Lambert-W function
near its branch point:
Wo(z) =D pn(2(1 +e2))3.
n>0

The recursion for wu, is given in [16, eqs. (4.23) and (4.24)]; it follows from the
differential equation which W satisfies. We can adapt [40, eq. (2.11)] to the notation
of [16] (compare [40, eq. (2.1)] with the definition of ) to get an expression for v,
in terms of wy:

nyl
vn = (=1)"*122 (Enﬂn —(n+ 2)Mn+2)

The equation for ¥, follows using Proposition 8.1 and 2n — 1)!! = onts I'(n + %).
Finally, we use eq. (4.2) to translate from ¥, to xn. O
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Written in power series notation with

T()=) xnz" and exp(T(2)) =) 7nz".

n>1 n>0

the first few coeflicients are

1, 161 5 367 , 120257 &
TZ)=——z——z°— z7 — AR z
24 48 5760 5760 580608

1 23 11237
T =1 —z— 2 3
exp(T(2)) 247 T 115270 T a14720°
2482411 , 272785979

T 39813120~ 1337720832°

With this approach we calculated the value of y, up ton = 1000 with basic computer
algebra tools.

In addition to being able compute the value of y, for very large n, we can also
determine the explicit asymptotic behavior of the coefficients for large n. We do that
in the next section.

8.2. The asymptotic growth of y(Out(Fy)).

Proposition 8.6. The Euler characteristic of Out(Fy,) has the leading asymptotic
behaviour,

1 I'(n— é) loglogn 3
Out(Fy) = ————>522 + O —>-T(n—= . (8.6
x(Out(Fy)) Jom login + ( log (n 2)) asn — oo. (8.6)

‘We will prove Proposition 8.6 by applying a stronger version of singularity analysis
to determine the asymptotic behaviour of the coefficients vg. Proposition 8.1 and a
classic theorem by Wright [44] will eventually enable us to deduce the asymptotic
behaviour of the sequence y(Out(F},)).

Lemma 8.7. The coefficients vy have the leading asymptotic behaviour,

1 (9( loglogk

% = T k(logk)? k(log k)3

) as k — oo. 8.7)

Proof. In addition to the expansion in eq. (8.2), the numbers vy are the coefficients
of the following expansion of the other real branch of the Lambert W -function [40],

o0
1
W (z) =~ Z vi (1 -|-eZ)g forz e (— g,0)_
k=—

The discrepancy between the two expansions is given by the two different choices
for the branch of the square root. We first consider the odd coefficients vox—1.
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Setting w = 1 4 ez we define
1 o
gw) = Eﬂ(ZWo/(Z) - ZWL1(Z)) = Z vak—1w.
k=0

The function g(w) can be analytically continued to w = 0. Moreover, g(w) has no
other singularities in a A-domain as defined in Lemma 8.4: the dominant singularity
of g(w) comes from the logarithmic singularity of W_; at z = 0 (see Figure 3), so
is located at w = 1 after the variable change. The principal branch W, is analytic
at z = 0. Neither W, nor W_; has any other singularities in the relevant domain.

Because the differential equation W'(z) = is satisfied by every branch
of the Lambert W -function, we have

i Wol)  Wa()
g(w) = Eﬂ(l T W) 1+ W_l(z))

W ()

e

1
=2V ()
1 Jw

= ——  + “analytic” asw — 17,
21 W (5

W(z)
z(1+ W)

+ “analytic” asw — 1~

where we are able to neglect contributions which are analytic at w = 1 since, by
Lemma 8.3, they will eventually contribute only exponentially suppressed terms
asymptotically. The function W_; has the singular behaviour [16, Sec. 4],

W_i(z) = log(—z) + (9(log(— log(—z))) asz — 0.

Thus, we get the singular expansion for g(w),

1 Vi—(1—-w)

— 113 1 t L3l 1_
g(w) 21+ Tog (=2 + O (log(—log (=2))) + “analytic as w —

! L\ ofloglog(t—w))) o -
= ——(1og 1—) + (9( (log(1 —))2 ) + “analytic” asw — 17.
With this knowledge we may use a more general statement from singularity analysis

to extract the asymptotics of the coefficients of g(w), for instance [19, Cor. 6]. More
details are given in [20, Sec. VI.2], where one can find the “asymptotic transfer law”

1 \! 1 1
k
log ——— = 1+ | — for k
[w](Ogl—w) k(logh)? (k(logk)3) ot e

in Table VL.5. Also “transferring” the () term in the singular expansion of g into its
corresponding asymptotic term for the coefficients [19, Cor. 6] gives,

1 1 loglog k
2 k(logk)? k(logk)3

[wk]g(w) = Vgk—1 = ) ask — oo.
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‘We note that the asymptotic behaviour of the even coeflicients v, follows analogously
by starting with

g(w) = %(—ZWO/(Z) —ZW_/I(Z)) = szkwk,
k=0

although we will not need this for the present article. O

The only remaining task for proving Theorem A is to transfer our knowledge of
the asymptotic behaviour of vy to the coeflicients y,. To deduce the asymptotic
behaviour of these coefficients, we will use a classical theorem by Wright in the
theory of graphical enumeration.

Lemma 8.8 ([44, Thm. 2] with R = 1). Let f(x) = 3_,.caX" be a power series
in R[[x], and let exp(f(x)) =), 5 CnX". Suppose co=0, Co=1, and Cn—1 €0(Cn)
as n — oo as well as

n—1
Z CiCnk € O(Ch—1) asn — co. (8.8)
k=1

Then ¢, = ¢y + O(¢—1) as n — Q.
Proof of Proposition 8.6. LetT(z) = Y, xnz", and exp(T'(2)) = 3 _,5¢ XnZ".
We have to verify that ¥, satisfies the conditions of Lemma 8.8. The only

condition that is not immediate is eq. (8.8). By Proposition 8.1 and Lemma 8.7 we
have

T 1
)/(\n — _;M + Q(Mglﬂr‘(n + l))

V27 nlog*n nlog>n 2

1 I'(n—12 log1 1
__ (n=3) +@(°g_<3>g"r<n__))

V2mlog(n + 1) log” n 2

From this it follows that we can find a constant C € R such that

re-4)

log?(n + 1)

lin] <C foralln > 1.

Recall that I'(x) is log-convex on the interval x € (0, 00), i.e. log(I"(x)) is a convex
function on this interval [1]. The function — log(log(1 4 x)) is convex on this interval
as well, since its second derivative

1+ log(1l + x)
(1 + x)21og%(1 + x)
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is positive. If f(x) is convex on the interval [a, b], then f(b + a — x) is also convex
on [a, b]. If another function g(x) is convex on this interval, then f(x) + g(x) is
too. Therefore,

1 1
log (F(n —-X— 5)) + log (F(x — 5)) —2loglog(1 +n —x) —2loglog(1 + x)

C(n—x—HTx—1)
log2(14+-n—x) logZ (14x)
is also convex on x € (%, n— %). This also implies convexity on the smaller interval
[2,n — 2]. The usual inequality for convex functions now gives

isconvex forx € (%, n— %). Because e” is an increasing function,

Fo—x-Hrix-3) _ Tr-2-Yre-1)

5 5 < 5 > for all x € [2,n-2],
log“(1 +n —x)log“(1 +x) = log(1 +n —2)log=(1 + 2)

and we can estimate

n—1 n—2
> RnicZk| < 2Fn-af1l + D\ Znie Tk
k=1 k=2

n—2 F(n—k—l)f‘(k—l)
<2An— X C2 . ;

<2|Xn—1X1l + kgzlogz(l—i-n_k)l()gz(l—l—k)
I‘(n—Z—%)r(z_%)

log?(1 4+ n —2)log?(1 +2)

< 2[fn1 11l + C?(n = 3)

It follows that ZZ;II Yn—k Xk € O(Fn—1), so Lemma 8.8 can be applied to give

1 T(n—13) loglogn 1
= n+ OGnor) = — 2 +(9( F("__>)’
Xn = Xn (Xn-1) N 10g2n 10g3n 2
because ), € (9(—1(1)5;(3)%!" L(n—3)). -

The asymptotic behavior of y(Out(F},)) now follows by combining our results.

Theorem A. The rational Euler characteristic of Out(F,) is strictly negative,
x (Out(F,)) <0, for all n > 2 and its magnitude grows more than exponentially,

1L (-3
V27 log?(n)

Proof. Apply Corollary 8.2 and Proposition 8.6. O

X (Out(Fy)) ~
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A. Proof of Laplace’s method

Lemma 7.5 (Laplace’s method). Let f and g be real-valued functions on a domain
D C R with 0 in its interior. Suppose both f and g are analytic in a neighborhood
of 0, that g(0) = g’(0) = 0, g”(0) = —1, and 0 is the unique global supremum
of g. Finally, assume that the integral

/ ()] dx
D

exists for sufficiently large n. Then the sequence I1(n) given by the integral formula

I(n) = \/g /D F(x)e"8W gy (A.1)

admits an asymptotic expansion with asymptotic scale {n* Y0,

I(n) ~ chn_k asn — oo, (A.2)
k>0

where cy is the coefficient of z¥ in the formal power series,

32t ee - i F)etE@+5). (A.3)

>0

Proof. The proof closely follows the arguments in [18, Sec. 4.4] and [20, Thm. B7].

The dominating contribution to the value of the integral /(n) for large n comes
from the values of f and g near the global supremum of g. Laplace’s method works
by exploiting this observation quantitatively.

The start of the method is to show that /(n) can be approximated by integrating
the same integrand over a small neighborhood of the supremum. The second step
is to split the integrand into a product of a Gaussian kernel and an analytic function
which can be expanded as a convergent power series. In the last step, this power
series is then integrated termwise using the Gaussian integrals

n o x2 k k
2—/ e T XX dx = nF 2k — )N
T J-—c0
n —o0 x2 k
and o / e T X2t gy =0, (A.4)
T J-co

where both identities hold for all & > 0. The resulting series is an asymptotic
expansion of the integral /(n).

We will start by showing that the most important contribution to the value of I(n)
comes from a small neighbourhood of the supremum of g. Because x = 0 is
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a local maximum of g(x) in D, the function g(x) is monotonically increasing
on the interval [—4,0] and monotonically decreasing on [0, §] for a sufficiently
small § > 0. Because x = 0 is the unique global supremum of g(x) in D, we can
also choose § small enough such that if € € [0, §], then g(x) < max(g(¢), g(—¢)) for
all x € D \ (—¢, €). This observation translates into the following estimate

'I(n)—,/l F(x)e"8® dx
21w J_e
< /i[ |f(x)|e(n—no+no)g(x) dx
27 Jp\(=e.0)

< /ie(n—no)maX(g(—e),g(e))/ |f(x)|e”°g(x) dx, (A.5)
2 D

where 1 is chosen appropriately large such that, in accordance with the requirement,

the integral in the last bound exists. We may assume that § is small enough such

that f and g are analytic in the interval [—6,8]. Because of the requirements

2(0) = g’(0) = 0 and g”(0) = —1, the function x3(g(x) + %) is analytic in

this interval as well. Specifically, it is bounded in [—§, ]. Therefore, there exists a

constant C; € R such that |e|73|g(e) + %I < C; for € € [—6, 8] or equivalently
52

lg(£e) + 51 < C, €3 for € € [0, §]. Therefore,

2 2
(1 = no)g(e) = ==+ n(g(xe) + T ) — nog(e)
2

< _% + C1€® —nog(£8) fore €10,6],

where —nog(£e) < —nog(%94) follows from the monotonicity of g on the intervals
[—6,0] and [0, §]. If we set € = n_%, then for large enough n

1/6

_ n1/6
o(n—n0)g (£n=%/12) < eXp(— nT + Cln_% —nog(:tS)) c (9(6_ s )

Applying the inequality in eq. (A.5), where we also set € = n_%, gives,

n

N

L1/6

I(n) = \/g /_— f()e" ) dx + O(Vne™ 7). (A.6)

where the O refers, as in the rest of the proof, to the limit » — oco. Observe that

we managed to approximate /(n) up to an exponentially small contribution without
. . . . _35

using the information of the domain D. Instead of € = n™ 12, we also could have

Y 1 1
chosen € = n~7 withany 3 <y < 3.
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The second step of Laplace’s method is to interpret the integrand as a Gaussian
kernel times the function

x2
A(x,n) = f(x)e" @)

which we may expand as a power series, because it is analytic in x and entire in 7,

o 4]
A(x,n) = Z Z ak,gnzxk.

k=0 £{=0

This expansion is convergent for all x € [—4, §] if we choose § sufficiently small. The
sum over £ is bounded, because g(x)+ % = ax3+*“higher order terms”. As A(x, n)
is analytic in x and n, there exists a constant C, € R such that |ag ¢| < Czk £ for
all k,£ > 0. We will truncate the power series expansion of A at some finite
order K > 0 in x. The remainder can be estimated uniformly for n sufficiently large

and x € [—n_% , n_l%]:

A gn xk

I M e

K—
Fx)en &) _ Z

u\?v'
[

| 4K |

o0 o 3

Z ken xF < |x Z Z C2k+1<+ene|x|k
k=K k=0 £=0

K {=0
00

k+K  paik 5
E +K+ 3T gk

| A

4K k+K/ n _ﬁk K
= [x[¥C; N ZT(W) < Can’3 |x[®
k=0 2

This estimate only makes sense when n > C.}, which we may require. The constant C3
is chosen appropriately independent of x and n. With K = 6R, we get the following
estimate for integrals from this,

m X ) dx

_5

n 12 6R—
[ o5 5

—n 12

—
W
I

n

2

II
o

5

_px2
2R [ SenZXGRdX
2 -1

,C2
< C3n2R,/i[ e T xR gy < C3(6R — 1)!!n_R forall R > 0,
21 J_ o

M
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where the Gaussian integral from eq. (A.4) was used in the last step. Together with
eq. (A.6) and O (/me™""°/2) ¢ ©(nR) this implies that

6R—1 L%J - .
Iy =Y > agen’ Vo / 5 e x*dx +0(n k) forall R > 0.

k=0 {=0
(A7)
The remaining task is to get rid of the finite integration bounds to recover a full
Gaussian integral. We need another bound for the remainder,

€
re(n, 6)—,/ ‘/ _"2x2kdx—/ e"2x2kdx
—,/—(/ e dex—l-/ e dex)
€
_a /
2
=2 "7 ‘/ / E”x(x—ke)zk dx.
2

The function e ¢"* (x + e)2k is bounded for x € [—¢, 0o] and has its right most local
maximum at x = % — €. Aslong as 2k < €2n, this maximum lies on or on the left

of the origin and the function decreases monotonically for x € [0, c0). Therefore,

re(n,e) <27 Zk,/ /
2

2k

2k dx

=e " 2 € for all €, n, and k such that 2k < €2n.
Specifically, with € = n_%, we get

re(n.n~ ) € 0(e 3"y c o ().

Applying this to eq. (A.7) finally gives,

6R— 1L 0o
In)= Y > apen’ ,/%/ e_"%xkdx—l—@(n_R) for all R > 0,
k=0 ¢=0 -

which can be rewritten as egs. (A.2) and (A.3), by substituting the definition of A(x, n),
by using the Gaussian integral from eq. (A.4), by realizing that only every second
term in the sum over k contributes, by using the notation from Definition 7.1 and the
coeflicient extraction operator. O
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