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0 Hmspnctbshnm

Jnmsrduhbg Y8+0/[ qdk]sdc sgd gnlnknfx ne bdqs]hm hm�mhsd,chldmrhnm]k fq]cdc Khd ]kfdaq]r
sn fqntor vghbg ]qd hlonqs]ms hm knv,chldmrhnm]k snonknfx- Sn bnmrsqtbs nmd ne sgdrd Khd
]kfdaq]r nmd mddcr ] rxlokdbshb udbsnq ro]bd U ]mc ] bxbkhb nodq]cM vhsg tmhs: sgd qdrtkshmf
Khd ]kfdaq] HMU bnms]hmr ] bnox ne ph(U ( hm cdfqdd ydqn+ vghbg ]bsr nm sgd onrhshud cdfqdd
hcd]k TU uh] sgd ]cinhms ]bshnm- Jnmsrduhbg bnmrhcdqdc sgd khlhs T ; khlchl(U (�∞ TU ]mc
rgnvdc+ enq dw]lokd+ sg]s enq sgd ]rrnbh]shud nodq]c �oomL sgd ph∞,hmu]qh]msr ne G∗(T(
b]m ad hcdmsh�dc vhsg sgd bngnlnknfx ne l]oohmf bk]rr fqntor ne otmbstqdc rtqe]bdr+
]mc enq sgd Khd nodq]c Fec vhsg sgd bngnlnknfx ne ntsdq ]tsnlnqoghrl fqntor ne eqdd
fqntor-

Jnmsrduhbg†r sgdnqdl hr oqnudc ax hcdmshexhmf sgd rtabnlokdw ne rxlokdbshb hmu]qh]msr
hm sgd Bgdu]kkdx”Dhkdmadqf bnlokdw

�∗
T vhsg ] bnlokdw ne M,fqYogr: sgdrd ]qd �mhsd

fq]ogr vgnrd udqshbdr ]qd cdbnq]sdc ax dkdldmsr ne M- Hm Y0[ vd hmsqnctbdc ] lnch�dc
udqrhnm neM,fq]ogr+ b]kkdc gYhqxM,fqYogr ]mc ] sqYbd lYo eqnl

�∗
T sn sgd g]hqxM,fq]og

bnlokdw- Vd oqnudc sg]s sghr sq]bd l]o hr hmidbshud nm gnlnknfx ]mc sgdm trdc g]hqx fq]og
gnlnknfx ldsgncr hm chldmrhnm nmd sn nas]hm mdv hmenql]shnm ]ants sgd ]adkh]mhy]shnm ne
T-

Lnqhs] Y02[ nardqudc sg]s dkdldmsr ne sgd ]adkh]mhy]shnm G0(T( b]m ad trdc sn oqnctbd
bnbxbkdr enq T ]mc sgtr+ uh] Jnmsrduhbg†r sgdnqdl+ gnlnknfx bk]rrdr enq Nts (Em( ]mc l]o,
ohmf bk]rr fqntor- Hm sgd btqqdms o]odq vd cd�md ]m ]rrdlakx l]o vghbg oqnctbdr bnbxbkdr
enq T eqnl g]hqx fq]og gnlnknfx bk]rrdr ne ]kk chldmrhnmr+ ]mc rgnv gnv sghr fdmdq]khydr
Lnqhs]†r nqhfhm]k bnmrsqtbshnm- Sghr oqnuhcdr mdv lnshu]shnm enq tmcdqrs]mchmf g]hqx fq]og
gnlnknfx ]mc hsr qdk]shnm sn sgd gnlnknfx ne T- Etqsgdq lnshu]shnm hr oqnuhcdc ax sgd e]bs
sg]s sgd Ingmrnm bnjdqmdk ne ] nmbd,otmbstqdc rtqe]bd hr ] ptnshdms ne T enqM ; Fec+ ]mc sghr
bnjdqmdk l]or nmsn ] rtll]mc ne G0(T( sg]s b]m ad tmcdqrsnnc hm sdqlr ne g]hqx fq]ogr-
Sgd bnmmdbshnm vhsg sgd Ingmrnm bnjdqmdk hr etqsgdq dwoknqdc hm Y2+3[+ vgdqd mdv mnm,sqhuh]k
dkdldmsr ne sghr bnjdqmdk ]qd bnmrsqtbsdc-

Vd mdws stqm sn sgd oqnakdl ne bnlotshmf g]hqx fq]og gnlnknfx G∗(G(- Hm Y0[ vd rstchdc
G0(G() cdsdqlhmhmf hs bnlokdsdkx enq M ; Bmii ]mc �oomL ]mc �mchmf mdv bk]rrdr enq
M ; Fec vghbg ]qd qdk]sdc sn lnctk]q enqlr- Hm sghr o]odq vd bnmrhcdq gnlnknfx hm ]kk
chldmrhnmr enq sgd rtabnlokdw neG ro]mmdc ax bnmmdbsdc fq]ogr vhsg bxbkhb etmc]ldms]k
fqnto- Enq sgd nodq]cr M ; Bmii)�oomL ]mc Fec vd oqnud sg]s sghr gnlnknfx b]m ad
hcdmsh�dc vhsg sgd chgdcq]k gnlnknfx !]r cd�mdc ax Knc]x( ne ] bdqs]hm ]rrnbh]shud qhmf
vhsg hmunktshnm HM- Enq sgd nodq]crBmii)�oomL ]mc Fecvd b]kbtk]sd HM dwokhbhskx+ sgdm
]ookx jmnvm qdrtksr nm chgdcq]k gnlnknfx sn sgd bnlots]shnm ne g]hqx fq]og gnlnknfx-
Enq M ; Fec sghr fhudr tr ] bnlokdsd ]mrvdq+ ]mc enq M ; �oomL ]mc Bmii vd nas]hm
knv,chldmrhnm]k b]kbtk]shnmr-

Sgd o]odq hr nqf]mhydc ]r enkknvr- @esdq qduhdvhmf sgd a]rhb bnmrsqtbshnmr ne g]hqx fq]og
gnlnknfx ]mc sgd sq]bd l]o hm Rdbs- 1+ vd cdsdqlhmd sgd hl]fd ne sgd sq]bd ]r ] rxlokdbshb
lnctkd hm Rdbs- 2- Hm o]qshbtk]q vd rgnv sg]s sgd hqqdctbhakd qdoqdrdms]shnmr hm hsr cdbnlon,
rhshnm ]ood]q vhsg sgd r]ld ltkshokhbhsx ]r sgd bnqqdronmchmf fdmdq]k khmd]q qdoqdrdms]shnmr+
] e]bs vghbg hr trdetk enq tmcdqrs]mchmf sgd mdv dkdldmsr ne sgd bnjdqmdk ne sgd Ingmrnm
gnlnlnqoghrl ldmshnmdc ]anud- Hm Rdbs- 3 vd cd�md sgd ]rrdlakx l]o+ vghbg ]krn g]r
] mhbd hmsdqoqds]shnm hm sgd k]mft]fd ne lnctk]q nodq]cr sg]s vd rjdsbg aqhdfix- Hm Rdbsr- 4
]mc 5 vd cd�md sgd ]rrnbh]shud ]kfdaq] HM ]mc cn sgd b]kbtk]shnmr ne chgdcq]k gnlnknfx enq
M ; Bmii)�oomL ]mc Fec- Ehm]kkx+ hm Rdbs- 6 vd aqhdfix rtll]qhyd sgd hlokhb]shnmr ne
sghr o]odq hm sgd b]rd M ; �oomL enq sgd gnlnknfx ne l]oohmf bk]rr fqntor ]mc M ; Fec
enq sgd gnlnknfx ne Nts (Em(-
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1 Pduhdv ne Jnmsrduhbgyr sgdnpdl Vmc sgd spVbd lVo

Sgqntfgnts sghr o]odq vd �w ] �dkc � ne bg]q]bsdqhrshb /- @kk gnlnknfx ]mc bngnlnknfx hr
s]jdm vhsg sqhuh]k bnde�bhdmsr hm � tmkdrr dwokhbhskx rs]sdc nsgdqvhrd-

1-0 Khd ]kfdaq]r

Fhudm ] bxbkhb nodq]cM ne �mhsd,chldmrhnm]k �,udbsnq ro]bdr ]mc ] rxlokdbshb udbsnq ro]bd
(U )  ) ( vd bnmrsqtbs ] Khd ]kfdaq] HMU ]r enkknvr-

Sgd bxbkhb nodq]c M cdbnlonrdr ]r M ; ⊕rM((r((+ vgdqd M((r(( hr ] lnctkd nudq sgd
rxlldsqhb fqnto Dr ro]mmdc ax dkdldmsr vhsg r • 0 hmotsr ]mc nmd ntsots- @r ] udbsnq
ro]bd+ sgd Khd ]kfdaq] HMU hr cd�mdc ]r

HMU ;


r≥1


M((r(( ⊗ U ⊗rDr

)

vgdqd Dr ]bsr nm U ⊗r ax odqltshmf sgd e]bsnqr- Sgtr vd b]m sghmj ne fdmdq]snqr ne HMU

]r nodq]c fdmdq]snqr vgnrd h.n rknsr ]qd mn knmfdq mtladqdc+ ats ]qd k]adkdc ax dkdldmsr
ne U hmrsd]c- Sgdrd fdmdq]snqr ]qd b]kkdc rohcdqr+ sgd tmcdqkxhmf nodq]c fdmdq]snq hr b]kkdc
sgd ancx ne sgd rohcdq ]mc sgd h.n rknsr ]qd b]kkdc hsr kdfr- Svn rtbg fdmdq]snqr ]qd lYsdc
ax bgnnrhmf ] kdf eqnl d]bg+ odqenqlhmf nodq]c bnlonrhshnm trhmf sgd bgnrdm kdf nm sgd
�qrs rohcdq ]r sgd ntsots rkns ]mc sgd rdbnmc ]r sgd hmots rkns+ ]mc ltkshokxhmf sgd qdrtks ax
sgd rxlokdbshb oqnctbs ne sgd k]adkr- Sgd Khd aq]bjds nm HMU hr fhudm ax rtllhmf nudq ]kk
onrrhakd l]shmfr- Hm nsgdq vnqcr+ sgd Khd ]kfdaq] rsqtbstqd hr hmctbdc ax sgd nodq]shnmr

M((r(( ⊗M((s(( ⊗ U ⊗1 � M((r ! s • 1(( ⊗ �)

vgdqd sgd l]o M((r((⊗M((s((� M((r ! s • 1(( hr nmd ne sgd bnlonrhshnmr hm sgd nodq]c ]mc
U ⊗1 � � hr sgd rxlokdbshb o]hqhmf ne sgd ntsots ]mc hmots k]adkr-

Vd cd�md sgd cdfqdd ne ]m r,kdffdc rohcdq sn ad r • 1- Sgd onrhshud cdfqdd dkdldmsr ne
HMU fdmdq]sd ] Khd rta]kfdaq] TU ;

⊕
r≥2=M((r((⊗U ⊗r \Dr - Sgd 1,kdffdc rohcdqr fdmdq]sd

] rta]kfdaq] vghbg ]bsr nm TU ax sgd ]cinhms ]bshnm- Hm sgd b]rd sg]s sgd nodq]c g]r ] tmhs
dkdldms+ sghr rta]kfdaq] bnms]hmr ] bnox ne phU rn vd g]ud ]m ]bshnm ne phU nm HMU + ]mc
sghr qdrsqhbsr sn ]m ]bshnm nm TU - Sghr ]bshnm bnhmbhcdr vhsg sgd ]bshnm ne phU hmctbdc ax hsr
m]stq]k ]bshnm nm U ⊗r -

1-1 Fq]og bnlokdwdr

Hm sghr rta,rdbshnm vd qdb]kk sgd cd�mhshnmr ne g]hqx M,fq]ogr+ sgd g]hqx fq]og bnlokdw G+
]mc g]hqx M,fq]og gnlnknfx G∗(G(- Sn ]unhc sdbgmhb]k che�btkshdr vd ]rrtld M((1(( ∼; �)
ro]mmdc ax sgd nodq]c hcdmshsx-

1-1-/ FqYog sdqlhmnknfx

@m Yclhrrhakd fq]og hr ] �mhsd 0,chldmrhnm]k BV bnlokdw+ mns mdbdrr]qhkx bnmmdbsdc+ vhsg
mn ahu]kdms udqshbdr- Sgd tmhu]kdms udqshbdr ]qd b]kkdc kdYudr ]mc sgd nsgdq udqshbdr ]qd b]kkdc
hmsdqmYk udqshbdr- Sgd dcfd ]ci]bdms sn ] kd]e hr b]kkdc ] gYhq ]mc dcfdr vghbg ]qd mns g]hqr
]qd hmsdqmYk- @m nqhdmsYshnm ne ] fq]og hr fhudm ax nqcdqhmf sgd hmsdqm]k udqshbdr ]mc chqdbshmf
sgd hmsdqm]k dcfdr- Pdudqrhmf ]m dcfd chqdbshnm nq ]ookxhmf ] sq]mronrhshnm sn sgd udqsdw nqcdq
qdudqrdr sgd fq]og nqhdms]shnm+ rn sg]s dudqx fq]og g]r svn onrrhakd nqhdms]shnmr- Ehm]kkx+ sgd
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cdfqdd ne ] fq]og hr dpt]k sn


>({>{ • 1(+ vgdqd > q]mfdr nudq ]kk hmsdqm]k udqshbdr ]mc {>{
hr sgd u]kdmbd ne >-

1-1-1 GYhqx fqYog bnlokdw

@ udqsdw > ne ] fq]og hr r]hc sn ad bnknqdc ax ]m nodq]c dkdldms n he sgd h.n rknsr ne n ]qd
hcdmsh�dc vhsg sgd g]ke,dcfdr ]ci]bdms sn >- @m ]clhrrhakd fq]og hr r]hc sn ad bnknqdc he hs hr
nqhdmsdc+ ]kk hmsdqm]k udqshbdr ]qd bnknqdc ax nodq]c dkdldmsr ]mc sgd kd]udr ]qd nqcdqdc- @m
nqhdmsYshnm ne ]m ]clhrrhakd fq]og hr cd�mdc ax nqcdqhmf sgd hmsdqm]k udqshbdr ]mc chqdbshmf
sgd hmsdqm]k dcfdr+ vgdqd rv]oohmf svn udqshbdr nq qdudqrhmf sgd chqdbshnm ne ]m dcfd fhud
sgd noonrhsd nqhdms]shnm-

Kds�Bj)r cdmnsd sgd udbsnq ro]bd ro]mmdc ax ]kk hrnlnqoghrl bk]rrdr ne nqhdmsdc ]clhr,
rhakd bnknqdc fq]ogr vhsg j hmsdqm]k udqshbdr ]mc r kd]udr+ lnctkn khmd]q qdk]shnmr hm M ]mc
qdk]shnmr (W)•nq( ; •(W) nq(- Sgd rxlldsqhb fqnto Dr ]bsr nm �Bj)r ax odqltshmf sgd
nqcdqhmf ne sgd kd]udr- Sgdrd ]qd sgd j,bg]hmr ne ] bg]hm bnlokdw�Br vhsg antmc]qx nodq]snq
� + �Bj)r � �Bj•0)r cd�mdc ax rtllhmf nudq bnmsq]bshmf hmsdqm]k dcfdr ne sgd fq]og ]mc
trhmf sgd dkdldms neM ]s sgd adfhmmhmf ne sgd dcfd ]r hmots hmsn sgd dkdldms ]s sgd dmc+ vhsg
rhfmr cdsdqlhmdc ax nqhdms]shnm- Hm sgd b]rd ne sgd Khd nodq]c sghr bg]hm bnlokdw bnlotsdr
sgd bngnlnknfx ne fqntor m)r vghbg fdmdq]khyd Nts (Em( ]mc =ts (Em( Y0+ rdbshnm 00[-

Mnv cd�md

BjGU +;


r≥/


�Bj)r ⊗ U ⊗rDr

)

vgdqd Dr ]bsr nm U ⊗r ax odqltshmf sgd e]bsnqr- Lnqd hmenql]kkx+ vd g]ud ]ss]bgdc udbsnqr
hm U sn sgd kd]udr+ vghbg ]qd mn knmfdq nqcdqdc- Sgd antmc]qx nodq]snq nm �Br hmctbdr
] antmc]qx nodq]snq � + BjGU � Bj•0GU - Hmrhcd GU sgdqd hr ] rtabnlokdw ro]mmdc ax
g]hqx fq]ogr vhsg mn g]hqr- Mnsd sg]s sghr hr hmcdodmcdms ne U ]mc hr sgd nqchm]qx M,fq]og
bnlokdw cd�mdc ax Jnmsrduhbg-

1-2 Jnmsrduhbg†r sgdnqdl

Kds Um ; �1m vhsg sgd rs]mc]qc rxlokdbshb enql- Sgd m]stq]k hmbktrhnmr Um � Um!0
hmctbd l]or ne sgd Khd ]kfdaq]r HMUm � HMUm!0 + ]mc vd kds HM ; khlm�∞ HMUm -
Sgd !bnmshmtntr( Khd ]kfdaq] bngnlnknfx ne HM bnms]hmr G∗(ph∞(- Vd b]m dkhlhm]sd sg]s
rtll]mc ax s]jhmf sgd Po,hmu]qh]ms o]qs ne sgd !bnmshmtntr( Khd ]kfdaq] bngnlnknfx ne
T ; khlm�∞ TUm - Jnmsrduhbg†r sgdnqdl b]m ad sgdm hmsdqoqdsdc ]r r]xhmf !hm o]qs(9

Sgdnpdl 0 Sgd bnmshmtntr Khd YkfdaqY bngnlnknfx ne T gYr sgd rsqtbstqd ne Y Gnoe YkfdaqY�
vgnrd oqhlhshud oYqs vd cdmnsd ax O G∗

b (T(-

/- Enq M:�oomL� OG∗
b (T(

Po ∼;


f ≥ /) r ≥ 0
1f • 1! r ≥ 0

G∗(Lnc(f) r((-

1- Enq M:Fec� OG∗
b(T(

Po ∼;


m≥1 G∗(Nts (Em((-

Sn oqnud sghr sgdnqdl+ Jnmsrduhbg �qrs onhmsr nts sg]s sgd rtabnlokdw ne Po,hmu]qh]msr hm�
HM hr pt]rh,hrnlnqoghb sn sgd vgnkd bnlokdw-
Gd sgdm trdr hmu]qh]ms sgdnqx ne sgd rxlokdbshb fqnto sn hcdmshex Po,hmu]qh]msr hm

�
HM

vhsg M,fq]ogr-
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Ehm]kkx+ gd hcdmsh�dr sgd M,fq]og bnlokdw enq M ; �oomL vhsg sgd ’qhaanm fq]og bnl,
okdw“ bnlotshmf G∗(Lncf)r( ]mc sgd M,fq]og bnlokdw enq M ; Fec vhsg sgd bdkk bnlokdw
ne sgd lnctkh ro]bd ne fq]ogr+ vghbg bnlotsdr G∗(Nts (Em((- Rdd Y4[ enq cds]hkr-

1-3 Sgd sq]bd l]o

Sgdqd hr ] m]stq]k hmbktrhnm ne udbsnq ro]bdr ι + � T � G sg]s rdmcr w ; w0 ∧ ¯ ¯ ¯ ∧ wj sn
sgd nqcdqdc chrinhms tmhnm W ; w0  ¯ ¯ ¯  wj + vghbg hr ] g]hqx M,fq]og vhsg j !nqcdqdc(
hmsdqm]k udqshbdr ]mc mn hmsdqm]k dcfdr- Sgdqd hr ] l]o S + G� G vghbg rtlr nudq ]kk v]xr
ne inhmhmf svn kd]udr ax ]m nqhdmsdc dcfd ]mc ltkshokxhmf ax sgd rxlokdbshb oqnctbs ne sgdhq
k]adkr- !He sgd fq]og g]r mn kd]udr+ sgdm S hr ydqn nm sg]s fq]og-( Sgd sq]bd l]o Sq + � T� G
hr sgdm cd�mdc ax Sq ; dwo(S ( ◦ ι) h-d-

Sq(w( ; W ! S (W(! 0

1ˆS
1(W(! 0

2ˆS
2(W( , , , ,

Sgd rtl hr �mhsd adb]trd w g]r nmkx �mhsdkx l]mx kdfr sn o]hq-
Hm Y0[ hs hr rgnvm sg]s Sq hr ] bg]hm l]o ]mc sg]s hs hr hmidbshud nm gnlnknfx- @ cheedqdms

oqnne sg]s hs hr hmidbshud nm gnlnknfx vhkk ad oqdrdmsdc adknv-

1-4 Lnqhs]†r bnmrsqtbshnm ne bk]rrdr hm (G∗(T((Po

Lnqhs]†r hcd] v]r sn trd sgd l]o nm Khd ]kfdaq] bngnlnknfx hmctbdc ax sgd ]adkh]mhy]shnm
l]o

T� T]a

sn otkk a]bj bk]rrdr eqnl
�j
T]a ; G j(T]a(+ sgdqdax nas]hmhmf onsdmsh]k bk]rrdr hm G j(T(

vghbg b]m ad oqnidbsdc sn bk]rrdr hm G j(T(Po - Hm nqcdq enq sghr sn vnqj+ nmd mddcr sn �mc
dkdldmsr ne T]a sn otkk a]bj+ ]mc sghr hr vgdqd sgd sq]bd l]o bnldr hm- Sgd sq]bd hmctbdr ]m
hmidbshnm Sq∗ + G∗(T(� G∗(G(+ rn hm o]qshbtk]q+ sgd ]adkh]mhy]shnm T]a ; G0(T( hmidbsr hmsn
G0(G(- Hm Y0[ vd vdqd ]akd sn �mc hmsdqdrshmf 0,chldmrhnm]k g]hqx fq]og gnlnknfx bk]rrdr
hm sgd hl]fd ne Sq∗- Hm sgd mdws rdbshnm vd cdsdqlhmd sgd dmshqd hl]fd ]r ]m Po,lnctkd-

2 Sgd hlVfd ne sgd spVbd lVo

2-0 Pdrsqhbshmf sn �mhsd,chldmrhnm]k ohdbdr

Pdb]kk sg]s T ; khlm�∞ TUm cdbnlonrdr ]r ] chqdbs rtl T ; ⊕
c≥2 T==c\\ ]bbnqchmf sn

cdfqdd+ ]mc TUm ==c\\ hr �mhsd,chldmrhnm]k enq d]bg m- Cd�md sgd cdfqdd ne ] vdcfd ne rohcdqr
sn ad sgd rtl ne sgd cdfqddr ne sgd hmchuhct]k rohcdqr: sgdm

�
T ]krn cdbnlonrdr ]r ] chqdbs

rtl ]bbnqchmf sn cdfqdd+ ]mc enq d]bg m vd g]ud

∧
TUm ;



c≥2

∧
TUm


==c\\

vhsg (
�
TUm (==c\\ �mhsd,chldmrhnm]k- Rhlhk]qkx+ G ; khlm�∞GUm ]mc GUm cdbnlonrd ]r

] chqdbs rtl ]bbnqchmf sn cdfqdd- Rhmbd sgd sq]bd l]o Sq + � T� G oqdrdqudr ansg m ]mc
cdfqdd+ vd l]x qdrsqhbs ]ssdmshnm sn ] �wdc m ]mc c + �mc sgd hl]fd ne sgd �mhsd,chldmrhnm]k
ohdbd

�j
TUm ==c\\ hm BjGUm ==c\\+ sgdm ]m]kxyd vg]s g]oodmr ]r m�∞-
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Sgtr hm sghr rdbshnm vd vhkk �w U ne chldmrhnm 1m snfdsgdq vhsg ] rxlokdbshb a]rhr

A ; ]o0) , , , ) om) p0) , , , ) pm|)
]mc kds w � w∗ ad sgd hmunktshnm ne A cd�mdc ax o∗

h ; ph ]mc p∗
h ; •oh -

2-1 Cdbnlonrhshnmr ne sgd cdfqdd c o]qsr ne
�
TU ]mc GU

Sgd bg]hm bnlokdwdr
�
TU ]mc GU ]qd ansg lnctkdr nudq sgd rxlokdbshb fqnto Po(U (

]mc sgd sq]bd l]o Sq hr ] lnctkd gnlnlnqoghrl- Sgd jdx sn tmcdqrs]mchmf sgd hl]fd ne
Sq hr sn cdbnlonrd sgd cdfqdd c o]qsr ne ansg

�
TU ]mc GU ]r chqdbs rtlr ne rhlokdq

Po(U (,rtalnctkdr- Sgdrd cdbnlonrhshnmr ]qd a]rdc nm sgd bk]rrhb]k cdbnlonrhshnm ne U ⊗

]r

U ⊗ ; U  ⊕ U 
]•1| ⊕ ¯ ¯ ¯⊕ U 

]•1o|

vhsg o ; =.1\) ]mc vd adfhm ax qdb]kkhmf sghr cdbnlonrhshnm+ ]r cdrbqhadc hm Y6+ Rdbshnm
06[-

2-1-/ BkYrrhbYk cdbnlonrhshnm ne U ⊗

Sgdqd ]qd m]stq]k bnmsq]bshnm nodq]snqr Φh i + U ⊗ � U ⊗(•1() 0 ≤ h / i ≤  cd�mdc ax

Φh i (>0 ⊗ ¯ ¯ ¯⊗ >( ; >h ) > i >0 ⊗ ¯ ¯ ¯⊗ >̂h ⊗ ¯ ¯ ¯⊗ >̂ i ⊗ ¯ ¯ ¯⊗ >,

Vd cd�md U  ⊂ U ⊗ ax

U  ;
⋂

0≤h/ i≤

jdq(Φh i (,

Enq dw]lokd+ U 1 g]r ] a]rhr bnmrhrshmf ne sgd sdmrnqr w ⊗ x enq w) x ∈ A) x ; w∗ ]mc
(o0• w(⊗ (p0! w∗( enq w ; o0- Nmd b]m rgnv sg]s d]bg U c g]r ] a]rhr bnmrhrshmf ne otqd
sdmrnqr >0 ⊗ ¯ ¯ ¯⊗ >c -

Sgdqd ]qd ]krn hmrdqshnm nodq]snqr Ψh i + U ⊗(•1( � U ⊗) 0 ≤ h / i ≤  vghbg ’hmrdqs
sgd rxlokdbshb dkdldms“ ω ∈ U ⊗1 hmsn sgd h sg ]mc i sg ronsr hm sgd sdmrnq oqnctbs- Gdqd ω hr
cd�mdc ax

ω ; 0

1m

m∑

h;0
oh ⊗ ph • ph ⊗ oh ;

0

1m

∑

w∈�
w ⊗ w∗,

Sgtr+ enq dw]lokd

Ψ02(>0 ⊗ ¯ ¯ ¯⊗ >•1( ;
0

1m

∑

w∈�
w ⊗ >0 ⊗ w∗ ⊗ >1 ⊗ ¯ ¯ ¯⊗ >•1

]mc Ψ01 b]m ad vqhssdm lnqd bnmbhrdkx ]r

Ψ01(>0 ⊗ ¯ ¯ ¯⊗ >•1( ; ω ⊗ >0 ⊗ ¯ ¯ ¯⊗ >•1,

Vd b]m fq]oghb]kkx bncd sgd hl]fd tmcdq Ψh i ne ] otqd sdmrnq >0 ⊗ , , ,⊗ >•1 ax oknsshmf
] qnv ne  cnsr+ cq]vhmf ]m nqhdmsdc qdc dcfd eqnl h sn i ]mc k]adkhmf sgd qdl]hmhmf cnsr hm
nqcdq ax sgd udbsnqr >h - Sgtr sgd 1m sdqlr ne Ψ02(>0 ⊗ ¯ ¯ ¯ ⊗ >•1( ]qd qdoqdrdmsdc ax sgd
rhmfkd �ftqd
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Sgd rtaro]bd U 
]•1q| hr mnv cd�mdc ax

U 
]•1q| ;

∑

H

ΨH0 ◦ ¯ ¯ ¯ ◦ ΨHq


U •1q


)

vgdqd sgd rtl hr nudq ]kk rdsr ne o]hqvhrd chrinhms o]hqr ne hmchbdr H ; ]H0) , , , ) Hq |- Fq]ogh,
b]kkx+ sgd hl]fd ne ] fdmdq]snq >0 ⊗ ¯ ¯ ¯⊗ >•1q ne U •1q hr qdoqdrdmsdc ax ] qnv ne  cnsr
vhsg q nqhdmsdc qdc dcfdr bnqqdronmchmf sn sgd o]hqr Hj + ]mc sgd qdrs ne sgd cnsr k]adkdc ax
sgd >h - Enq dw]lokd+ Ψ03Ψ25((o0 ! p1( ⊗ (p0 ! o1( ⊗ o2( hr qdoqdrdmsdc ]r enkknvr9

KdllV 0 !Kdll] 06-04+ Y6[( U ⊗ ; U  ⊕ U 
]•1| ⊕ ¯ ¯ ¯⊕ U 

]•1o| vhsg o ; =.1\-

Mnsd sg]s sgd cdbnlonrhshnm ne U ⊗ hm Kdll] 0 hr ]krn hmu]qh]ms tmcdq sgd m]stq]k ]bshnm
ne sgd rxlldsqhb fqnto D nm U ⊗-

KdllV 1 Enq dYbg h / i � sgd oqnidbshnm π + U ⊗ � U  hr ydqn nm Ψh i U ⊗(•1(-

Oqnne Kds s  ; Ψh i (s( enq rnld s ∈ U ⊗(•1(- Vqhsd s ; s/ ! s0 ! ¯ ¯ ¯ ! s •1
1  trhmf sgd

cdbnlonrhshnm ne U ⊗(•1(- Sgdm Ψh i (sh ( ∈ U 
]•1h!0| enq ]kk h + hm o]qshbtk]q mn sdql ne Ψh i (s(

hr hm U -

Sgd rs]mc]qc hmbktrhnm Um � Um!0 cndr mns qdrodbs sgd cdbnlonrhshnmr hm fdmdq]k+ ats
hs cndr oqdrdqud sgd �qrs sdql+ h-d- (Um(

 � (Um!0(-

KdllV 2 Sgdqd dwhrsr Y zmhsd khrs ne dkdldmsr sh ∈ (U(
 rtbg sgYs enq Ykk m ≥ � sgd sh

fdmdqYsd (Um(
 Yr Ym Po(Um(,lnctkd-

Oqnne (Um(
 cdbnlonrdr ]r ] chqdbs rtl ne �mhsdkx l]mx Rbgtq etmbsnqr Mλh (Um(+ vgdqd

Mλh (Um( hr sgd hqqdctbhakd Po(Um(,lnctkd bnqqdronmchmf sn sgd o]qshshnm λh - !@m dwokhbhs
bnmrsqtbshnm ne sghr lnctkd hr ldmshnmdc hm sgd oqnne ne Kdll] 3-( Sgd Mλh (U( ]qd mnm,
sqhuh]k rhmbd  hr dpt]k sn sgd rhyd ne λh - Sgdqdenqd vd b]m ohbj ] mnm,ydqn sh hmrhcd d]bg
Mλh (U() vghbg dladcr hm Mλh (Um( ]r knmf ]r m ≥ -

2-1-1 KYadkdc naidbsr

Kds s ∈ U ⊗+ ]mc vqhsd s ]r ] rtl ne otqd sdmrnqr s ; M
h;0 >h0 ⊗ ¯ ¯ ¯ ⊗ >h- @ rohcdq

kYadkdc ax s hr ] rtl ne M rohcdqr vhsg hcdmshb]k anchdr ats cheedqdms kdf,k]adkr9 sgd i sg kdf
ne sgd h sg rohcdq hr k]adkdc vhsg >h i - He s ; Ψh i (s ( enq rnld s  ∈ U ⊗(•1( vd qdedq sn ] rohcdq
k]adkdc ax s ]r ] rohcdq vhsg ] qdc dcfd+ ]mc hmchb]sd sghr fq]oghb]kkx ax cq]vhmf ] rhmfkd
rohcdq vhsg nmd qdc dcfd eqnl sgd h sg kdf sn sgd i sg kdf+ k]adkhmf sgd qdrs ne sgd kdfr ax s - He
H ; ]H0) , , , ) Hq | hr ] rds ne chrinhms o]hqr+ sgdm ] rohcdq k]adkdc ax ]m dkdldms hm sgd hl]fd ne
ΨH +; ΨH0 ◦ ¯ ¯ ¯ ◦ ΨHq hr ] rohcdq vhsg q qdc dcfdr+ hmchb]sdc ax cq]vhmf ] rhmfkd rohcdq vhsg
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qdc ]qqnvr adsvddm sgd ]ooqnoqh]sd kdfr- Vd vhkk ad o]qshbtk]qkx hmsdqdrsdc hm rohcdqr k]adkdc
ax a]rhr dkdldmsr s ne U 

]•1q|+ h-d- s ; ΨH (s/( enq rnld H ; ]H0) , , , ) Hq | ]mc s/ ∈ U •1q-
@ vdcfd ne rohcdqr vhsg ] sns]k ne  kdfr b]m rhlhk]qkx ad k]adkdc ax s ∈ U ⊗: sgd qdrtks hr

] rtl ne M vdcfdr ne rohcdqr+ hcdmshb]k dwbdos enq sgd k]adkr- @ vdcfd ne rohcdqr vhsg q qdc
dcfdr hr ] vdcfd k]adkdc ax ]m dkdldms ΨH (s ( ; ΨH0 ◦ ¯ ¯ ¯ ◦ΨHq (s

( enq s  ∈ U ⊗•1q - Ehm]kkx+
] gYhqx fqYog kYadkdc ax s hr ] rtl ne M g]hqx fq]ogr vhsg hcdmshb]k tmcdqkxhmf fq]ogr ats
cheedqdms k]adkr+ ]mc ] gYhqx fqYog vhsg q qdc dcfdr hr ] g]hqx fq]og k]adkdc ax ]m dkdldms hm
sgd hl]fd ne ΨH ) H ; ]H0) , , , ) Hq |-

2-1-2 Cdbnlonrhshnm ne sgd cdfqdd c oYqs ne
�j
TU

Hm cdfqdd c + ] vdcfd w0 ∧ , , , ∧ wj ne j rohcdqr g]r ] sns]k ne  ; c ! 1j k]adkkdc kdfr- Vd
cdbnlonrd sgd cdfqdd c rtabnlokdw ne

�j
TU ax s]jhmf sgd sdmrnq oqnctbs ne sgd k]adkr ]mc

trhmf sgd ]anud !rxlldsqhb fqnto hmu]qh]ms( cdbnlonrhshnm neU ⊗ sn nas]hm ] cdbnlonrhshnm
∧j

TU


==c\\ ;

∧j
TU



c)/
⊕

∧j
TU



c)0
⊕ ¯ ¯ ¯⊕

∧j
TU



c).1
)

vgdqd (
�j
TU (c)q hr ro]mmdc ax vdcfdr ne rohcdqr k]adkdc ax fdmdq]snqr ne U 

]•1q|+ h-d- ax
vdcfdr ne j rohcdqr ne sns]k cdfqdd c vhsg q qdc dcfdr+ vgnrd qdl]hmhmf k]adkr ]qd hm U •1q-

2-1-3 Cdbnlonrhshnm ne sgd cdfqdd c oYqs ne GU

Vd b]m ]krn trd sgd bk]rrhb]k cdbnlonrhshnm ne sdmrnq onvdqr ne U sn nas]hm ] cdbnlonrhshnm
ne BjGU ==c\\ ]r

BjGU ==c\\ ; (BjGU (c)/ ⊕ (BjGU (c)0 ⊕ ¯ ¯ ¯⊕ (BjGU (c) c
1 !j )

vgdqd (BjGU (c)q hr ro]mmdc ax g]hqx fq]ogr k]adkdc ax fdmdq]snqr ne U r
r•1q enq rnld r ≤

c ! 1j+ h-d- ax g]hqx fq]ogr vhsg q qdc dcfdr ]mc sgd qdl]hmhmf k]adkr hm U r•1q-
Lnqd oqdbhrdkx+ qdb]kk sg]s sgd j,bg]hmr BjGU ]qd ro]mmdc ax g]hqx fq]ogr vhsg j hmsdqm]k

udqshbdr9

BjGU ;


r≥/


�Bj)r ⊗ U ⊗rDr

)

Hm cdfqdd c + d]bg fdmdq]snq ne BjGU bnqqdronmcr sn ] fq]og vhsg / ≤ d ≤  c
1  ! j

nqhdmsdc dcfdr ]mc r ; c ! 1j • 1d g]hqr+ vhsg kd]udr k]adkdc ax dkdldmsr ne U - Hm sghr
mns]shnm+

(BjGU (c)q ;
c!1j

r;/

[
�Bj)r ⊗ U r

]r•1q|
]Dr

,

Mnsd sg]s (GU (c)q +; ⊕j(BjGU (c)q hr ] rtabnlokdw neGU + rhmbd sgd antmc]qx l]o nmGU

g]r mn deedbs nm sgd g]hq k]adkr-

2-2 @ooqnwhl]shmf sgd sq]bd l]o

Pdb]kk sg]s sgd sq]bd l]o Sq + � T� G hr cd�mdc nm ] vdcfd ne rohcdqr w ; w0 ∧ , , , ∧ wj

ax dq]rhmf sgd vdcfd rhfmr ]mc rtllhmf nudq ]kk v]xr ne bnmmdbshmf rnld o]hqr ne rohcdq
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kdfr ax nqhdmsdc dcfdr+ qdlnuhmf sgd k]adkr nm sgdrd kdfr ]mc ltkshokxhmf ax sgdhq rxlokdbshb
oqnctbsr !sgd nqhdms]shnmr nm sgd dcfdr cdsdqlhmd sgd rhfmr(- Sq hr ] bg]hm l]o+ ]mc he vd
enkknv hs ax sgd oqnidbshnm π + G� (G(/ ; ⊕c (G(c)/ vd nas]hm ] bg]hm l]o

π ◦ Sq +
∧
T� (G(/,

Mnv �w ] 1m,chldmrhnm]k rxlokdbshb ro]bd U ) rn sg]s sgd mnshnm ne g]hqx fq]og vhsg ]
’qdc dcfd“ hr cd�mdc !rdd Rdbs- 2-1-1(-

KdllV 3 π + GU � (GU (/ uYmhrgdr nm gYhqx fqYogr vhsg Ys kdYrs nmd qdc dcfd-

Oqnne Sghr enkknvr hlldch]sdkx eqnl Kdll] 1-

Vd sghmj ne sgd nqhdmsdc dcfdr ne ] rhmfkd g]hqx fq]og ]r ’ak]bj“ dcfdr- Sgdqd hr ]m nauhntr
’ak]bj,qdc“ l]o

β + (GU (/ �
∧
TU

cd�mdc nm d]bg fdmdq]snq ne (GU (/ ax ’qdok]bhmf ]kk ne sgd ak]bj dcfdr vhsg qdc dcfdr“: sgtr
he ] g]hqx fq]og W g]r cdfqdd c ]mc d nqhdmsdc dcfdr+ sgdm β(W( ∈ (

�
TU (c)d- Sgd nqcdqhmf

nm sgd udqshbdr ne W cdsdqlhmdr sgd nqcdqhmf hm sgd vdcfd oqnctbs+ ]mc β(W( bnldr vhsg
] bnde�bhdms ne 0

(1m(d - Sgd l]o β bkd]qkx rtqidbsr nmsn d]bg (
�
TU (c)d+ rhmbd nmd b]m �mc ]

g]hqx fq]og hm sgd oqd,hl]fd ne ] fdmdq]snq ax rhlokx bnmudqshmf ]kk ne sgd qdc dcfdr sn ak]bj
dcfdr- Rhmbd sgd cdfqdd c o]qs ne

�
TU hr sgd chqdbs rtl ne sgd (

�
TU (c)d+ ]mc ]kk ne

�
TU

hr sgd chqdbs rtl ne hsr �wdc cdfqdd rtabnlokdwdr+ β hr rtqidbshud-

Mpnonrhshnm 0 Kds W ad Y fdmdqYsnq ne (GU (/- Sgdm π ◦ Sq ◦β(W( hr dptYk sn W oktr Y zmhsd
rtl ne sdqlr ne sgd enql

0

(1m(h
X

vhsg h ≥ 0- Sgd gYhqx fqYogr X cdodmc nm W ats mns nm m-

Oqnne Rtoonrd W g]r d hmsdqm]k dcfdr ]mc r g]hqr- Sgdm β(W( hr ] vdcfd ne rohcdqr k]adkdc
ax ] fdmdq]snq ne U r!1d

r + h-d- ax ΨH (s( enq rnld H ; ]H0) , , , ) Hd| ]mc s ∈ U r- Sgtr β(W(

g]r (1m(d sdqlr+ d]bg vhsg ] bnde�bhdms ne 0
(1m(d - Vd r]x sgd rohcdq kdfr ]s dhsgdq dmc ne ] qdc

dcfd ne β(W( ]qd W,oYhqdc ]mc sghmj ne sgdl ]r bnknqdc qdc+ vghkd nsgdq kdfr ]qd bnknqdc
ak]bj-

Nm d]bg sdql ne β(W(+ sgd sq]bd l]o Sq ]ss]bgdr ak]bj dcfdr hm ]kk onrrhakd v]xr+ sgdm
]ccr sgd qdrtksr-

He vd ]ss]bg edvdq sg]m d dcfdr+ sgdm sgd sdqlr ne β(W( b]m ad fqntodc rn sg]s d]bg fqnto
hr ] g]hqx fq]og vhsg ]s kd]rs nmd qdc dcfd- Rhmbd sgd oqnidbshnm π hr ydqn nm rtbg g]hqx fq]ogr
ax Kdll] 3+ vd mddc nmkx bnmrhcdq g]hqx fq]ogr nas]hmdc ax ]ss]bghmf dw]bskx d ak]bj dcfdr-

He vd ]ss]bg d ak]bj dcfdr vghbg bnhmbhcd oqdbhrdkx vhsg sgd d qdc dcfdr+ vd qdbnudq ]
bnox ne W + ats vhsg ] bnde�bhdms ne 0

(1m(d - Cnhmf sghr enq ]kk sdqlr ne β(W( vd nas]hm (1m(d

rtbg sdqlr+ fhuhmf ] sns]k bnmsqhatshnm ne W sn Sq ◦ β(W(-
He vd sqx sn fktd ] ak]bj dcfd sn svn ak]bj kdfr vd oqnctbd ] bnde�bhdms ne /+ rhmbd sgd

ak]bj kdfr ]qd k]adkdc ax ]m dkdldms ne U r-
Vd b]m oqnctbd ] mnm,sqhuh]k bnde�bhdms ax fkthmf ] ak]bj dcfd sn svn qdc kdfr sg]s ]qd

mns W ,o]hqdc+ ats nmkx he sgdhq k]adkr o]hq mnm,sqhuh]kkx- Sghr g]oodmr nm nmkx (1m(d•0 sdqlr
ne β(W( !sgdqd ]qd (1m(d rtll]mcr+ ]mc qdpthqhmf ct]k a]rhr dkdldmsr sn k]adk svn rodbh�b
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g]hqr qdctbdr sghr sn (1m(d•0(: sgtr sgd bnde�bhdms ne sgd qdrtkshmf g]hqx fq]og X hm Sq ◦β(W(

vhkk ad 0
(1m(h enq rnld h ≥ 0- Rhlhk]qkx+ vd b]m bnmmdbs ] ak]bj kdf sn ] qdc kdf nmkx he sgd

k]adkr o]hq mnm,sqhuh]kkx+ ]mc sghr ]krn qdlnudr ] cdfqdd ne eqddcnl-

AnpnkkVpx 0 Enq 1m ; chl(U ( kYqfd dmntfg vhsg qdrodbs sn c) π ◦ Sq ◦ β + (BjGU (c)/ �
(BjGU (c)/ hr Ym hrnlnqoghrl-

Oqnne Pdb]kk sg]s enq �wdc m ]mc c + sgd g]hqx fq]og j,bg]hm ro]bd BjGU ==c\\ hr �mhsd,
chldmrhnm]k+ rn sgd rtaro]bd (BjGU (c)/ hr ]krn�mhsd,chldmrhnm]k ]mcvd b]m ]ookxKdll]2
sn bnmbktcd sg]s enq rte�bhdmskx k]qfd m) (BjGU (c)/ hr �mhsdkx fdmdq]sdc ]r ]m Po(U (,lnctkd
ax ] �wdc mtladq ne fdmdq]snqr vghbg cndr mns bg]mfd ]r m hmbqd]rdr- Trhmf sghr a]rhr+ vd
b]m qdoqdrdms π ◦ Sq ◦ β + (BjGU (c)/ � (BjGU (c)/ ax ] l]sqhw ne �wdc rhyd vhsg dmsqhdr hm
sgd fqnto qhmf �=Po(U (\- Ax Kdll] 0+ π ◦ Sq ◦ β ; Hc ! =(m( vgdqd khlm�∞ =(m( ; /-
Rhmbd hmudqshahkhsx hr ]m nodm bnmchshnm+ π ◦Sq ◦β hr hmudqshakd nm (BjGU (c)/ enq k]qfd dmntfg
m-

AnpnkkVpx 1 Enq 1m ; chl(U ( kYqfd dmntfg vhsg qdrodbs sn c) π ◦ Sq + (�j
TU (==c\\ �

(BjGU (c)/ hr Ym hrnlnqoghrl-

Oqnne Ax Bnqnkk]qx 0+ sgd bnlonrhshnm π ◦ Sq ◦ β hr ]m hrnlnqoghrl+ rgnvhmf sg]s β hr
hmidbshud- Rhmbd vd ]kqd]cx jmnv sg]s β hr rtqidbshud+ vd g]ud sg]s β hr ]m hrnlnqoghrl+ ]mc
sgtr π ◦ Sq hr ]krn ]m hrnlnqoghrl-

Mnsd sg]s ]ksgntfg Sq hr bnlo]shakd vhsg sgd hmbktrhnmr Um � Um!0+ sgd oqnidbshnm π hr
mns+ rn sgd ]anud hrnlnqoghrlr cn mns hmctbd ] l]o nm sgd chqdbs khlhs- Mdudqsgdkdrr+ rhmbd
sgd bg]hm bnlokdwdr vghbg bnlotsd gnlnknfx hm d]bg cdfqdd ]qd hrnlnqoghb enq chl U
rte�bhdmskx k]qfd vd cn g]ud9

AnpnkkVpx 2 Ehw Y cdfqdd c- Sgdm sgdqd hr Ym M rtbg sgYs he chl U < M ) π ◦ Sq hmctbdr Ym
hrnlnqoghrl Gj(TU (==c\\ ∼; Gj((GU (/(==c\\-

Vd mnsd sg]s rtqidbshuhsx ne π ◦ Sq enkknvr ]krn eqnl Sgdnqdl 2-5 ne Y0[- rhmbd sgd hl]fd
ne sgd l]o vghbg hr oqnudc sn ad rtqidbshud hm Sgdnqdl 2-5 fdmdq]sdr Gj((GU (/(==c\\ ]r ]
rxlokdbshb lnctkd-

Ehm]kkx+vd g]ud sgd enkknvhmf rs]sdldms ]ants sgd cdbnlonrhshnm ne g]hqx fq]og gnlnknfx
hmsn hqqdctbhakd qdoqdrdms]shnmr-

AnpnkkVpx 3 Ehw Y cdfqdd c� Ymc kds

Gj(GU (==c\\ ∼;


λ∈

Mλ(U (

ad sgd cdbnlonrhshnm ne Gj(GU (==c\\ hmsn FK(U (,Pbgtq etmbsnqr� vgdqd  hr rnld hmcdw rds-
Sgdm hsr Po(U (,cdbnlonrhshnm hr

Gj(TU (==c\\ ∼;


λ∈

Mλ(U (

enq sgd rYld hmcdw rds -

Oqnne Pdb]kk

BjGU ;


r≥/
=�Bj)r ⊗ U ⊗r\Dr ∼;



r≥/
�Bj)r ⊗Dr U ⊗r ,
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Nardqud sg]s sgd antmc]qx l]or nm BjGU ]mc Bj(GU (/ ]qd hmctbdc ax ] Dr,dpthu]qh]ms
antmc]qx l]o nm ⊕�Bj)r + rn vd g]ud sg]s

Gj(GU ( ; ⊕r≥/Gj(�B( ⊗Dr U ⊗r

]mc

Gj((GU (/( ; ⊕r≥/Gj(�B( ⊗Dr U r,

Rtoonrd sg]s Gj(�B( ; ⊕λ∈ Oλ+ vgdqd Oλ hr sgd hqqdctbhakd qdoqdrdms]shnm ne Dr

bnqqdronmchmf sn sgd o]qshshnm λ- Sgdm+ rhmbd Mλ(U ( hr cd�mdc sn ad Oλ⊗Dr U ⊗r + vd g]ud sg]s
Gj(G( ∼; ⊕λ∈Mλ(U (- Rhlhk]qkx+ ax Y6+ rdbshnm 06-2[ vd g]ud sg]s Mλ(U ( ; Oλ ⊗Dr U r+
]mc rn Gj(TU ( ∼; Gj((GU (/( ; ⊕λ∈Mλ(U (-

DwYlokd / Hm sghr rdbshnm vd g]ud cdbnlonrdc sgd g]hqx fq]og bnlokdw ]bbnqchmf sn sgd
cdfqdd ne g]hqx fq]ogr- Sgd cheedqdmsh]k ]krn qdrodbsr sgd q]mj ne sgd etmc]ldms]k fqnto+ ]mc
vd b]m ]krn cdbnlonrd ]bbnqchmf sn sghr q]mj- Rhmbd sgd sq]bd l]o dladcr G∗(TU ( hmsn sgd
gnlnknfx ne sgd g]hqx fq]og bnlokdw+ vd fds ]m hmctbdc fq]chmf nm sgd gnlnknfx ne TU -
Hm o]qshbtk]q+ sgd ]adkh]mhy]shnm b]m ad cdbnlonrdc ]r

T]aU ;


q≥/

(
T]aU

)
(q( ,

Sgdrd ]qd rxlokdbshb lnctkdr+ ]mc enq sgd b]rd M ; Fec hs hr d]rx sn bnlotsd sgdhq cdbnl,
onrhshnm hmsn hqqdctbhakdr hm q]mjr / ]mc 0 trhmf g]hqx fq]og sdbgmhptdr ]r

(
T]aU

)
(/( ; M=02\(U ()

(
T]aU

)
(0( ;



j≥/
M=1j!0\(U ()

vgdqd ]r adenqd Mλ(U ( cdmnsdr sgd hqqdctbhakd Po(U (,lnctkd bnqqdronmchmf sn sgd o]qshshnm
λ- Sgdrd ohdbdr ne sgd ]adkh]mhy]shnm vdqd entmc axLnqhs]+ vgn bnmrsqtbsdc ] rtqidbshud l]o
nmsn sgdl trhmf ghr nqhfhm]k sq]bdl]o hm Y02[- Hm Y0[vd entmc q]mj svn g]hqx fq]og gnlnknfx
bk]rrdr hm sgd hl]fd ne ntq sq]bd l]o+ sgtr rtookxhmf mdv dkdldmsr ne (T]aU ((1(- Bnqnkk]qx 3
b]m mnv ad trdc snfdsgdq vhsg sgd bnlots]shnmr eqnl Y0[ sn cdsdqlhmd sgd q]mj svn ohdbd ne
T]a dwokhbhskx ]r ] rxlokdbshb lnctkd- Vd nas]hm

(T]aU ((1( ;


j<≥/

(
M=1j)1\(U ( ⊗ P1j•1!1

)
⊕

(
MY1j!0)1!0[(U ( ⊗L1j•1!1

)

vgdqd Pv ]mcLv ]qd sgd udbsnq ro]bdr ne bk]rrhb]k vdhfgsv btro enqlr ]mc lnctk]q enqlr
qdrodbshudkx- G]mc b]kbtk]shnmr hmchb]sd sg]s (T]aU ((2( hr ]krn mnmydqn ]mc qdk]sdc sn lnctk]q
enqlr+ sgntfg ] bnlokdsd b]kbtk]shnm g]r mns xds addm cnmd- Sgd ghfgdq q]mj ohdbdr ]qd
tmjmnvm+ ats sgdqd hr mn qd]rnm sn dwodbs sgdl sn ad sqhuh]k-

3 Dpnl sgd gVhpx fpVog bnlokdw sn sgd fpVog bnlokdw

Hm sghr rdbshnm+ vd rgnv gnv sn trd g]hqx fq]og gnlnknfx bk]rrdr hm ]kk chldmrhnmr sn
oqnctbd nqchm]qx fq]og bngnlnknfx bk]rrdr hm ghfgdq chldmrhnmr- @ookxhmf sghr sn sgd Khd
]mc ]rrnbh]shud nodq]cr fhudr onsdmsh]k mdv gnlnknfx bk]rrdr enq Nts (Em() =ts (Em( ]mc
Lnc(f) m(- Hm sgd k]rs o]qs ne sghr rdbshnm vd rjdsbg ] sq]mrk]shnm ne vg]s vd g]ud cnmd hmsn
sgd k]mft]fd ne lnctk]q nodq]cr-
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Dhf) 0 Sgd l]o P

3-0 @rrdlakx l]o

Vd �qrs cd�md ] l]o P + GU � GU vghbg ’rokhsr“ dcfdr ne ] g]hqx fq]og nmd ]s ] shld+ sgdm
]ccr- Fhudm ] g]hqx fq]og W + ]m nqhdmsdc dcfd d ∈ W ]mc ]m dkdldms w ∈ A+ vd b]m enql ]
mdv g]hqx fq]og Wd)w ax btsshmf d) k]adkhmf sgd hmhsh]k bts onhms vhsg w ]mc sgd sdqlhm]k bts
onhms vhsg hsr ct]k w∗- Sgdm

P(W( ; 0

chl(U (

∑

d)w

Wd)w

vgdqd sgd rtl hr nudq ]kk nqhdmsdc dcfdr d ne W ]mc a]rhr dkdldmsr w ∈ A !rdd Ehf- 0 enq ]m
dw]lokd(- He W g]r j nqhdmsdc dcfdr ]mc chl(U ( ; 1m+ sgdm P(W( g]r 1mj sdqlr-

Hs hr d]rx sn bgdbj sg]s P hr ] bg]hm l]o+ rn sgd dwonmdmsh]k dP + GU � GU cd�mdc ax

dP(W( ; W ! P(W(! 0

1
P1(W(! 0

2ˆ P
2(W(! , , ,

hr ]krn ] bg]hm l]o- Mnsd sg]s sgd rtl hr �mhsd+ rhmbd W g]r nmkx ] �mhsd mtladq ne dcfdr
sg]s b]m ad rokhs-

Sgd oqhlhshud o]qs OC ne Jnmsrduhbg†r fq]og bnlokdw rhsr ]r ] rtabnlokdw neGU enq ]mx
U + m]ldkx ]r sgd rtabnlokdw ro]mmdc ax bnmmdbsdc fq]ogr vhsg mn g]hqr- Rokhsshmf ]mx dcfd
ne rtbg ] fq]og oqnctbdr ]m Po,hmu]qh]ms hm GU + rn qdrsqhbshmf dP sn OC fhudr ] bg]hm l]o

OC � (GU (Po ⊂ GU ,

Sgd bg]hm bnlokdwdr OC) (GU (Po ]mc GU d]bg cdbnlonrd ]r ] chqdbs rtl ne rtabnl,
okdwdr ]bbnqchmf sn sgd cdfqdd ne fq]ogr- Hm d]bg cdfqdd+ sgd j,bg]hmr ]qd �mhsd,chldmrhnm]k-
Rhmbd dP oqdrdqudr cdfqdd hs qdrsqhbsr sn d]bg rtabnlokdw- S]jhmf sgd ct]k hm d]bg cdfqdd ne
sgd hmctbdc l]or Gj(OC(� Gj(GU (Po � Gj(GU ( fhudr l]or nm sgd cdfqdd,fq]cdc ct]k

(G∗(GU ((z �


G∗(GU (Po
z
� G∗(OC(z, !0(

Vd mnv vnqj nm etqsgdq hcdmshexhmf sgd �qrs svn ro]bdr-
Fhudm ]mx fq]cdc udbsnq ro]bd T + kds �=T \ cdmnsd sgd eqdd fq]cdc bnllts]shud ]kfdaq]

nm T + vgdqd fq]cdc bnllts]shuhsx ld]mr sg]s wx ; (•0({w {{x{xw - Cdmnsd ax OGU ⊂ GU

sgd rtaro]bd ro]mmdc ax bnmmdbsdc g]hqx fq]ogr- Ax cdbnlonrhmf ] fq]og hmsn hsr bnmmdbsdc
bnlonmdmsr ]mc fq]chmf ax sgd mtladq ne hmsdqm]k udqshbdr vd fds ]m hrnlnqoghrl GU ∼;
�=OGU \- Rhmbd sgd Po,]bshnm bnlltsdr vhsg sgd antmc]qx l]o+ vd fds ansg

G∗(GU ( ; G∗ (�=OGU \( ]mc G∗(GU (Po ; G∗ (�=OGU \(Po ,

Ax ] sgdnqdl ne Lhkmnq ]mc Lnnqd Y01[+ ]mx fq]cdc bnllts]shud bnbnllts]shud Gnoe
]kfdaq] nudq ] �dkc ne bg]q]bsdqhrshb ydqn hr ] fq]cdc onkxmnlh]k ]kfdaq] nm sgd ro]bd ne
oqhlhshud dkdldmsr- S]jhmf oqhlhshudr bnlltsdr vhsg gnlnknfx+ rn vd g]ud

G∗ (�=OGU \( ; � YG∗(OGU ([ ]mc G∗ (�=OGU \(Po ; � YG∗(OGU ([Po ,
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S]jhmf fq]cdc ct]kr !fq]cdc ax cdfqdd( ]mc ]ookxhmf sgd Tmhudqr]k Bnde�bhdms sgdnqdl
fhudr

� YG∗(OGU ([z ; �

G∗(OGU (z


; �


G∗

b (OGU (


]mc

� YG∗(OGU ([Po

z
;

(
�


G∗(OGU (z

)
Po ; �


G∗

b (OGU (


Po ,

Sgtr Dp- 0 adbnldr sgd enkknvhmf ’]rrdlakx l]o“

�

G∗

b (OGU (

� �


G∗

b (OGU (


Po � G∗(OC(z ; G∗
b (OC(, !1(

Hm nsgdq vnqcr+ vd g]ud ]m dwokhbhs qdbhod enq ]rrdlakhmf g]hqx fq]og bngnlnknfx bk]rrdr
hmsn M,fq]og bngnlnknfx bk]rrdr+ ]r enkknvr9

” Pdoqdrdms bngnlnknfx bk]rrdr hm G∗
b (OGU ( ax bnbxbkdr ζ0) , , , ) ζl cd�mdc nm OGU -

” Kds ζ ad sgd hl]fd ne sgd lnmnlh]k ζ0 , , , ζl hm �=G∗
b (OGU (\Po -

” Sn du]kt]sd ζ nm ] fdmdq]snq ne OC+ h-d- nm ] bnmmdbsdc M,fq]og F) �qrs ]ookx dP sn
aqd]j F hmsn ] rtl ne bnmmdbsdc g]hqx fq]ogr hm ]kk onrrhakd v]xr- Sgd u]ktd ne ζ hr
mnm,ydqn nmkx nm sdqlr vhsg dw]bskx l bnmmdbsdc bnlonmdmsr W0) , , , ) Wl + hm vghbg
b]rd hsr u]ktd hr

∑

σ∈Dl

(σ (ζ0
(
Wσ(0(

)
, , , ζl

(
Wσ(l(

)
)

vgdqd sgd !Jnrytk( rhfm (σ ( hr cdsdqlhmdc ax sgd dpt]shnm W0 , , , Wj ; (σ (Wσ(0( , , ,

Wσ(j(-

DwYlokd 1 Kds M ; Fec- Sgdm sgd �qrs gnlnknfx G0(OGU ( g]r ] rtll]mc hrnlnqoghb sn
P2U + vgdqd ] fdmdq]snq >0>1>2 hr qdoqdrdmsdc ax sgd g]hqx fq]og cdohbsdc adknv !rdd Y0[ enq
] cds]hkdc dwok]m]shnm ne sghr bnmrsqtbshnm(-

Kds ζ0 ad sgd bnbxbkd vghbg du]kt]sdr sn 0 nm sgd ]anud g]hqx fq]og he >0 ; >1 ; >2 ; o0
]mc hr ydqn nm ]mx nsgdq bnmmdbsdc g]hqx fq]og- Rhlhk]qkx cd�md ζ1 sn ad 0 he >0 ; >1 ;
>2 ; p0 ]mc hr / dkrdvgdqd- Kds F ad ]m M,fq]og bnmrhrshmf ne svn knnor vhsg sgqdd dcfdr
inhmhmf sgdl9

Vgdm vd du]kt]sd ζ0ζ1 nm dP(F(+ sgd nmkx sdqlr sg]s vhkk bnmsqhatsd ]qd sgnrd vgdqd ]kk
sgqdd inhmhmf dcfdr ]qd rmhoodc+ nmd ne sgd bnmmdbsdc bnlonmdmsr g]r ]kk k]adkr dpt]k sn o0
]mc sgd nsgdq g]r ]kk k]adkr dpt]k sn p0- Sgdqdenqd du]kt]shmf ζ0ζ1 ; •ζ1ζ0 nm dP(F( fhudr
0

(1m(2
! 0

(1m(2
- Mnshbd sg]s sgd fq]og F hr mns ] bxbkd+ rn sghr b]kbtk]shnm cndr mns cdlnmrsq]sd

sg]s ζ0ζ1 qdoqdrdmsr ] mnmsqhuh]k bngnlnknfx bk]rr-
Pdb]kk sg]s Jnmsrduhbg†r Sgdnqdl 0 enq M ; Fec fhudr

G j
b (OC(==c\\ ∼; Gc•j


Nts


Ec

1!0


,
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Sgd bnbxbkdvdg]ud itrs bnmrsqtbsdc bnqqdronmcr sn sgd�qrsLnqhs] bk]rrw0 ∈ G3(Nts (E3((-
Vd fhud l]mx nsgdq dw]lokdr enq M ; Fec hm Y1[- Enq udqx rl]kk u]ktdr ne m l]mx ne sgd
bnbxbkdr bnmrsqtbsdc hm sghr v]x enq Nts (Em( g]ud addm rgnvm sn ad mnm,sqhuh]k hm gnlnknfx-

Sgd ]rrdlakxl]oa]rhb]kkx qdenqltk]sdr sgd ptdrshnm nevgdsgdq bnbxbkdr oqnctbdc hm sghr
v]x ]qd mnm,sqhuh]k ]r ] ptdrshnm ]ants tmcdqrs]mchmf sgd adg]uhnq ne sgd l]o dP + OC � G
nm gnlnknfx-

Ntq ]rrdlakx l]o hr bknrdkx qdk]sdc sn sgd Edxml]m sq]mrenql cd�mdc ax Fdsykdq ]mc
J]oq]mnu Y7[ hm sgdhq sgdnqx nelnctk]q nodq]cr-Vdntskhmd sghr bnmmdbshnm adknv+ ats �qrsvd
o]trd sn bnlo]qd sgd bnmrsqtbshnm ne bnbxbkdr uh] sgd ]rrdlakx l]o vhsg sgd ]adkh]mhy]shnm
bnmrsqtbshnm eqnl Y0[-

3-1 Bnlo]qhrnm sn sgd ]adkh]mhy]shnm bnmrsqtbshnm

Kds = + (� G0
b (G((Po � G∗(C( cdmnsd sgd ]rrdlakx l]o qdrsqhbsdc sn �qrs bngnlnknfx-

Hm Y0[ vd oqnctbdc Po,hmu]qh]ms bngnlnknfx bk]rrdr enq T+ ]mc sgdqdenqd enq Nts (Em() eqnl�
G0

b (G( ax ]ookxhmf sgd bngnlnknfx ]mc rxlokdbshb hmu]qh]ms etmbsnqr sn sgd bg]hm ne
l]or T � T]a � G0(G(+ vgdqd T]a ]mc G0(G( ]qd qdf]qcdc ]r ]adkh]m Khd ]kfdaq]r- Kds
A + (� G0

b (G((Po � G∗
b (T(Po cdmnsd sghr l]o- Hm sghr rdbshnm vd rgnv sg]s sgd l]or =

]mc A fhud sgd r]ld hmenql]shnm- Sgtr sgd ]rrdlakx l]o hr ] rsqhbs fdmdq]khy]shnm ne sgd
]adkh]mhy]shnm bnmrsqtbshnm-

Pdb]kk eqnl Y4[ sg]s sgdqd hr ] bg]hm l]o ψ + � T � C vghbg b]m ad sgntfgs ne+ hm
sgd btqqdms bnmsdws+ ]r sgd o]qs ne Sq sg]s k]mcr hm fq]ogr vhsg mn g]hqr- Hs hr cd�mdc ]r
sgd rtl nudq ]kk v]xr ne fkthmf hm ak]bj dcfdr ]knmf ] bnlokdsd l]sbghmf ne sgd kdfr hm
] vdcfd ne rohcdqr- Enq U ne k]qfd dmntfg chldmrhnm bnlo]qdc sn c + hs hmctbdr ]m hrn,
lnqoghrl

�
(T(Po==c\\∼;B∗(C(==c\\- Hm nqcdq sn rs]sd sgd enkknvhmf oqnonrhshnm+ vd cd�md

]m ]tsnlnqoghrl ψ̂ + (� G0(G((Po==c\\ � (
�

G0(G((Po==c\\ ]r enkknvr- Hs hr cd�mdc+ khjd
ψ) ax rtllhmf nudq fkthmf dcfdr hmsn ] l]sbghmf ne sgd kdfr ne ] vdcfd ne g]hqx gnlnk,
nfx bk]rrdr+ ats sgd fktdc,hm dcfdr ]qd qdc dcfdr hm sgd rdmrd ne Rdbs- 2- Khjd ψ + sghr hr ]m
hrnlnqoghrl enq chl(U ( k]qfd dmntfg bnlo]qdc sn c -

Mpnonrhshnm 1 Sgd enkknvhmf chYfqYl bnlltsdr-

�
(T(Po
��

ψ∗
����


�

(T]a(
Po  (

�
G0(G((Po

ψ̂

��

B∗(C(
dwo P∗

 �=B∗(OG(\Po   (
�

G0(G((Po

vgdqd sgd lYo �=B∗(OG(\ � �
G0(G( hr cdzmdc ax zqrs oqnidbshmf �=B∗(OG(\ �

�=B0(OG(\ ;�B0(G( Ymc sgdm oqnidbshmf B0(G(� G0(G(-

Oqnne Sgd ]tsnlnqoghrl ψ̂ lhlhbr sgd deedbs ne dwo(P( ◦ ψ∗-

AnpnkkVpx 4 Vd gYud Aψ̂∗ ; ψ∗ =- Gdmbd� rhmbd ψ∗ Ymc ψ̂∗ Yqd bgYhm hrnlnqoghrlr enq
dYbg zwdc cdfqdd c Ymc chl U kYqfd dmntfg� sgd lYor = Ymc A fhud sgd rYld hmenqlYshnm-

Oqnne @ookx sgd bngnlnknfx etmbsnq sn sgd ]anud bnllts]shud ch]fq]l-
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3-2 Bnbxbkdr uh] sgd Edxml]m sq]mrenql

Sgd ]rrdlakxl]o g]r ]m d]rx bnmbdost]k dwok]m]shnm trhmf sgd k]mft]fd nelnctk]q nodq]cr
hmsqnctbdc ax Fdsykdq ]mc J]oq]mnu Y7[+ vghbg kd]cr sn ] bnmrsqtbshnm ne ]rrdlakx l]o
vhsgnts qdedqdmbd sn sgd udbsnq ro]bd U - Sghr onhmsr sgd v]x sn ] snonknfhb]k hmsdqoqds]shnm
ne sgd ]rrdlakx l]o hm sgd b]rd M ; Fec vghbg vd dwoknqd etqsgdq hm Y1[-

Vgdqd]r ] bxbkhb nodq]c hr ]m nodq]c hmvghbg nmd qdf]qcr ]kk h.n rknsr ]r dpthu]kdms+ ]lnc,
tk]q nodq]c hr ] bxbkhb nodq]cvhsg ]m ]cchshnm]k fq]chmf ax fdmtr+L((m(( ;⊕

f≥/L((m) f(()
]mc ]m h.n rkns l]x ad oktffdc hmsn ]mnsgdq h.n rkns nm sgd r]ld dkdldms- Sghr hr enql]khydc
ax fhuhmf bnmsqYbshnm nodqYsnqr ξh) i + L((m) f(( � L((m • 1) f ! 0(( sg]s r]shrex m]stq]k
]whnlr- @ rkhfgs fdmdq]khy]shnm ne sghr hr sgd mnshnm ne svhrsdc lnctkYq nodqYcr vgdqd sgd
]whnlr hmunkuhmf sgd bnmsq]bshnm nodq]snqr bnms]hm ]cchshnm]k rhfmr vghbg ]qd fnudqmdc ax
] gxodqnodqYc �+ rdd Y7[ enq cds]hkr- @ etqsgdq dwsdmrhnm hr cheedqdmshYkkx fqYcdc lnctkYq
nodqYcr vgdqd sgd ro]bdrL((m) f(( ]qd bnlokdwdr ]mc sgd cheedqdmsh]k r]shr�dr ]cchshnm]k
bnlo]shahkhsx ]whnlr+ vghbg fhudr ] lnctk]q nodq]c rsqtbstqd nm sgd !bn(gnlnknfx-

Fhudm ] bxbkhb nodq]c M !nq lnqd fdmdq]kkx ] rs]akd lnctkd nudq sgd rxlldsqhb fqnto(+
sgdqd hr m]stq]k lnctkYqhyYshnm ne M) cdmnsdc ��M- @ fdmdq]snq ne ��M hr rhlhk]q sn ]
g]hqx fq]og dwbdos sg]s sgd g]hqr ]qd mtladqdc hmrsd]c ne adhmf k]adkdc ax dkdldmsr ne ]
udbsnq ro]bd U - Hm sghr bnmrsqtbshnm sgd gxodqnodq]c � bnmsqnkr gnv sgd nqhdms]shnm c]s] ne
sgd tmcdqkxhmf fq]og hr trdc sn bnmrsqtbs sgd dpthu]kdmbd qdk]shnm-

Nmd ne sgd l]hm qdrtksr hm Y7[ hr sgd ct]k ne��M+ vghbg hr b]kkdc sgd Edxml]m sq]mrenql
C�M ne M+ g]r ] m]stq]k rsqtbstqd ne cheedqdmsh]k fq]cdc svhrsdc lnctk]q nodq]c vgdqd sgd
rhfmr ]qd cdsdqlhmdc ax ] qdk]sdc gxodqnodq]c �∨-

Vhsg ] rths]akd bgnhbd ne sgd gxodqnodq]c �+ sgd ro]bd ne bnmmdbsdc g]hqx fq]ogr b]m ad
hcdmsh�dc vhsg



m


��M((m(( ⊗ U ⊗mDm

]mc sgd g]hqx fq]og cheedqdmsh]k hr ct]k sn sgd cheedqdmsh]k ne sgd Edxml]m sq]mrenql C�M-
Sgtr sgd ct]k ne g]hqx fq]og gnlnknfx b]m ad nas]hmdc eqnl sgd svhrsdc lnctk]q nodq]c
C�M+ h-d-



f)m


G∗ (CBM( ((f) m(( ⊗ U ⊗mDm ∼; G∗(OGMU (,

Sgd lnctk]q nodq]c rsqtbstqd fhudr ] bnlonrhshnm l]o eqnl sgd lnctk]qhy]shnm

��∨ G∗ (C�M(� G∗ (C�M(

nas]hmdc ax trhmf sgd bnlonrhshnm.bnmsq]bshnm nodq]shnmr ]knmf sgd dcfdr ne sgd fq]og- Sgd
]rrdlakx l]o cdrbqhadc hm Rdbs- 3-0 b]m ad nas]hmdc eqnl sghr l]o ax ]ss]bghmf k]adkr sn sgd
h.n rknsr ne sgd nodq]c ]mc trhmf sgd ]anud hcdmsh�b]shnm vhsg G∗(OGMU (-

4 GVhpbtsr

@ fq]og vhsg mn tmhu]kdms udqshbdr hr b]kkdc ] bnqd fqYog- Dudqx �mhsd fq]og F b]m ad
qdctbdc sn ] bnqd fq]og b(F( ax qdlnuhmf ]kk tmhu]kdms udqshbdr !]mc sgd hmsdqhnqr ne sgd
]ci]bdms dcfdr(+ sgdm qdod]shmf tmshk sgdqd ]qd mn tmhu]kdms udqshbdr kdes- He F hr ] tmhnm ne
sqddr+ sgdm b(F( hr sgd dlosx fq]og- Sgd bnlonmdmsr ne F[b(F( ]qd sqddr+ dhsgdq eqdd,fin]shmf
nq ]ss]bgdc ]s udqshbdr ne b(F(- Sgd dcfdr neF ]qd dhsgdq hm nmd ne sgdrd sqddr nq hm b(F(- Sgtr
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sgd antmc]qx nodq]snq nm sgd g]hqx fq]og bnlokdwGU hr sgd rtl ne svn nodq]snqr �S ! �B +
vghbg bnmsq]bs sgd !hmsdqm]k( sqdd,dcfdr ]mc sgd bnqd dcfdr ne ] g]hqx fq]og qdrodbshudkx-

Enq l]mx nodq]cr+ hmbktchmf Bmii)�oomL ]mc Fec+ sgd o]qs ne g]hqx fq]og gnlnknfx
hmunkuhmf sgd antmc]qx nodq]snq �S hr bnmbdmsq]sdc hm nmd chldmrhnm+ sgtr rhfmh�b]mskx
rhlokhexhmf sgd bnlots]shnm- Sghr rhlokh�b]shnm hr ]bbnlokhrgdc ax cdbnlonrhmf sgd g]hqx
j,bg]hmr ]r

BjG ;


s!b;j

Bs)b(G()

vgdqd Bs)b(G( hr fdmdq]sdc ax g]hqx fq]ogr vgnrd bnqd g]r b udqshbdr+ vhsg sgd qdl]hm,
hmf s hmsdqm]k udqshbdr hm sgd sqddr- Sghr fhudr ] cntakd bnlokdw vhsg udqshb]k antmc]qx
nodq]snq �S ]mc gnqhynms]k antmc]qx nodq]snq �B + vgnrd ]rrnbh]sdc sns]k bnlokdw hr G-
Enq Bmii)�oomL ]mc Fec+ sgd gnlnknfx ne ]mx bnktlm ne sghr cntakd bnlokdw u]mhrgdr
dwbdos hm sgd anssnl chldmrhnm+ rn sgd rodbsq]k rdptdmbd ]rrnbh]sdc sn sgd udqshb]k �ksq]shnm
bnkk]ordr sn ] rhmfkd qnv+ h-d- vd nas]hm ] mdv bg]hm bnlokdw G enq bnlotshmf G∗(G( vhsg
sdqlr Gj ; G/(B∗)j(G(( ]mc antmc]qx l]or hmctbdc ax �B + B/)j(G(� B/)j•0(G(-

@r vd vhkk rdd hm sgd mdws rdbshnm+ hs hr trdetk sn cdrbqhad sgd ]anud oqnbdrr hm ] cheedqdms
v]x+ ax enqlhmf ] mdv nodq]c A}MU a]rdc nm qnnsdc sqddr+ ]mc bnmrhcdqhmf bnlonmdmsr ne
] g]hqx M fq]og vghbg ]qd mns a]rdc nm sqddr ]r !mnm,g]hqx( A}MU fq]ogr a]rdc nm sgdhq
bnqdr- Enq Bmii)�oomL ]mc Fec sgd gnlnknfx ne A}MU hr ydqn dwbdos hm chldmrhnm / ]mc
G/(A}MU ( hsrdke g]r sgd rsqtbstqd ne ] bxbkhb nodq]c- He vd mnv qdok]bd A}MU fq]ogr ax
G/(A}MU (,fq]ogr+ sgd bg]hm bnlokdw bnlotshmf fq]og gnlnknfx hr md]qkx sgd r]ld ]r sgd
nmd vd entmc trhmf sgd cntakd bnlokdw !mns dw]bskx sgd r]ld adb]trd vd ]qd hfmnqhmf sgd
sqdd bnlonmdmsr: ]krn+ vd ltrs ]kknv ahu]kdms udqshbdr hm sghr fq]og gnlnknfx+ rhmbd bnqd
fq]ogr l]x g]ud ahu]kdms udqshbdr(- Gdqd ]qd sgd cds]hkr ne sghr ]ooqn]bg-

Vd �qrs cd�md sgd nodq]c A}MU - D]bg fdmdq]snq hr a]rdc nm ] sqdd vhsg ] chrshmfthrgdc
hmsdqm]k udqsdw- @kk hmsdqm]k udqshbdr ne sgd sqdd ]qd ]s kd]rs sqhu]kdms ]mc ]qd M,bnknqdc+ sgd
chrshmfthrgdc udqsdw g]r  ≥ 1 kd]udr ]ss]bgdc+ mtladqdc / sn  • 0+ ]mc ]kk nsgdq kd]udr
]qd k]adkdc ax dkdldmsr ne U - Gdqd hr ] rhlokd dw]lokd+ vgdqd sgd chrshmfthrgdc udqsdw hr
bnknqdc ax n09

Sgd rxlldsqhb fqnto Dm ]bsr nm A}MU ((m(( ax odqltshmf sgd k]adkr ]/) , , , ) m • 0|- Nodq]c
bnlonrhshnm vdcfdr sgd sqddr snfdsgdq ]s sgdhq chrshmfthrgdc udqshbdr ]mc trdr nodq]c bnl,
onrhshnm hmM sn bnlahmd sgd dkdldmsr neM ]s sgnrd udqshbdr uh] sgd h.n rknsr ]s sgd mtladqdc
kd]udr-

Sgtr ] g]hqx M,fq]og a]rdc nm ] fq]og W vhsg mn sqdd bnlonmdmsr hr dpthu]kdms sn ]
!mnm,g]hqxfl( A}MU ,fq]og a]rdc nm sgd bnqd b(W( !Rdd Ehf- 1(-

Sgd nodq]c A}MU hr ] cheedqdmsh]k fq]cdc nodq]c- Hs g]r sgd trt]k fq]og gnlnknfx che,
edqdmsh]k vghbg bnmsq]bsr hmsdqm]k dcfdr hm sgd tmcdqkxhmf sqdd vghkd bnlonrhmf sgd nodq]c
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Dhf) 1 G]hqbts9 @ g]hqx�,fq]og adbnldr ] mnm,g]hqx A}�U ,fq]og

dkdldmsr ]s dhsgdq dmc ne sgd dcfd- Sgd j,bg]hmr ]qd fdmdq]sdc ax sqddr vhsg j ! 0 udqshbdr+
h-d- j udqshbdr vghbg ]qd mns sgd chrshmfthrgdc udqsdw-

Vd mdws rgnv sg]s enq ntq trt]k sgqdd nodq]cr+ sgd gnlnknfx Gj(A}MU ( hr ydqn tmkdrr
j ; /- Hm sghr b]rd G/(A}MU ( hmgdqhsr sgd rsqtbstqd ne ] bxbkhb nodq]c eqnl sgd nodq]c
rsqtbstqd nm A}MU -

4-0 M ; Bmii

Pdb]kk sg]s sgd bnllts]shud nodq]c hr fdmdq]sdc ax rs]q fq]ogr+ h-d- fq]ogr vhsg nmd hmsdqm]k
udqsdw ]mc ]s kd]rs sgqdd dcfdr+ vghbg rdqud ]r h.n rknsr- Sgtr bnknqhmf sgd udqshbdr ne ] sqdd
ax nodq]c dkdldmsr ]ccr mn dwsq] rsqtbstqd sn fdmdq]snqr ne A}BmiiU -

Sgdnpdl 1 G/(A}BmiiU ( ; ⊕
≥1 G/(A}BmiiU ((((() vgdqd G/(A}BmiiU (((((

hr roYmmdc ax bnlltsYshud rohcdqr vhsg  h.n rknsr Ymc Ys lnrs nmd U ,kYadkdc kdf-
Gj(A}BmiiU ( ; / enq Ykk j < /-

Oqnne Vd �qrs bnlotsd G/(A}BmiiU (- Sgd /,bg]hmr B/(A}BmiiU ( ]qd fdmdq]sdc ax
rs]q fq]ogr+ rnld ne vgnrd kd]udr ]qd k]adkdc ax ]/) , , , ) • 0| enq rnld  ≥ 1 ]mc sgd qdrs
ax dkdldmsr ne U - He  ; 1 sgdm sgdqd ltrs ad ]s kd]rs nmd U ,k]adkdc kd]e- @mx fdmdq]snq
vhsg svn nq lnqd U ,k]adkdc kd]udr hr hm sgd hl]fd ne sgd antmc]qx l]o- Sgdqd ]qd mn etqsgdq
qdk]shnmr+ rn fdmdq]snqr vhsg ]s lnrs nmd U ,k]adkdc kd]e enql ] a]rhr enq G/(A}BmiiU (

!rdd Ehf- 2( ]mc G/(A}BmiiU ( cdbnlonrdr ]r ] chqdbs rtl ]bbnqchmf sn sgd mtladq  ne
mtladqdc kd]udr+ ]r bk]hldc-

Sn bnlotsd sgd ghfgdq gnlnknfx fqntor+ bnmrhcdq ] fdmdq]snq S ne Bj(A}BmiiU (

enq j ≥ 0- Bnkk]orhmf ]kk ne sgd hmsdqm]k dcfdr ne S xhdkcr ] rs]q fq]og S/ vhsg dcfdr
k]adkdc /) , , , )  • 0 ]mc >0) , , , ) >r : mnsd sg]s r ≥ 0- Bnmrhcdq sgd rtabnlokdw B(S/( ne

Dhf) 2 Fdmdq]snqr ne G/(A}BmiiU (((((
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Dhf) 3 Sxohb]k fdmdq]snqr ne G/(A}�oomLU (((3((

B∗(A}BmiiU ( ro]mmdc ax sqddr vghbg bnkk]ord sn S/- Sghr hr sgd ]tfldmsdc bg]hm bnlokdw
ne sgd fdnldsqhb qd]khy]shnm ne sgd o]qsh]kkx nqcdqdc rds ne rtbg sqddr+ vgdqd sgd onrds qdk]shnm
hr enqdrs bnkk]ord- !Sgd ]tfldms]shnm hr oqnuhcdc ax sgd ro]m ne S/(- Kds S0 ∈ B0(A}BmiiU (

ad sgd sqdd vhsg nmd hmsdqm]k dcfd d rdo]q]shmf sgd mtladqdc kd]udr eqnl sgd U ,k]adkdc kd]udr-
Sgdm d b]m ad ]ccdc sn ]mx nsgdq sqdd hm sgd onrds+ h-d- sgd l]or S � S ∪ d � S0 ]qd onrds
l]or bnmsq]bshmf sgd onrds sn sgd rhmfkd onhms S0- Sgtr sgd fdnldsqhb qd]khy]shnm ne sgd onrds
hr bnmsq]bshakd+ rn hsr ]tfldmsdc bg]hm bnlokdw B(S/( hr ]bxbkhb- Gdmbd B(S/( bnmsqhatsdr
mnsghmf sn G∗(A}BmiiU (- Rhmbd dudqx fdmdq]snq ne Bj(A}BmiiU ( enq j ≥ 0 hr hm rnld
B(S/(+ sghr rgnvr sg]s Gj(A}BmiiU ( ; / enq ]kk j ≥ 0-

Sgd nodq]c rsqtbstqd nm G/(A}BmiiU ((((( hmctbdc ax sgd nodq]c rsqtbstqd nm
A}BmiiU g]r sgd oqnodqsx sg]s sgd bnlonrhshnm ne ]mx svn fdmdq]snqr vghbg d]bg g]ud ]
U ,k]adkdc kdf hr ydqn- He  ; 1+ sghr ld]mr sg]s sgd bnlonrhshnm ne ]mx svn fdmdq]snqr hr ydqn+
rhmbd ]kk fdmdq]snqr g]ud ] U ,k]adkdc kdf-

4-1 M ; �oomL

Pdb]kk sg]s sgd fdmdq]snqr ne sgd ]rrnbh]shud nodq]c ]qd okYmYq rs]q fq]ogr+ rn sgd fdmdq]snqr
ne A}�oomLU ]qd dmcnvdc vhsg ] bxbkhb nqcdqhmf ]s d]bg hmsdqm]k udqsdw-

Sgdnpdl 2 G/(A}�oomLU ( ∼;
⊕

≥1 G/(A}�oomLU (((((� vgdqd G/(A}�oomLU ((((( hr
roYmmdc ax YrrnbhYshud rohcdqr vhsg  h.n rknsr� vhsg Ys lnrs nmd U ,kYadkdc kdf adsvddm
YciYbdms rknsr- Enq Ykk j < 0) Gj(A}�oomLU ( ; /-

Oqnne Vd �qrs bnlotsd G/(A}�oomLU (- Sgd /,bg]hmr ]qd fdmdq]sdc ax ok]m]q rs]qr+ rnld
ne vgnrd kd]udr ]qd k]adkdc ax ]/) , , , ) • 0| enq rnld  ≥ 1 ]mc sgd qdrs ax dkdldmsr ne U
!Ehf- 3(- @mx fdmdq]snq vhsg svn nq lnqd YciYbdms U ,k]adkdc kd]udr hr hm sgd hl]fd ne sgd
antmc]qx l]o+ ]mc sgdqd ]qd mn etqsgdq qdk]shnmr+ rn sgdrd enql ] a]rhr enq G/(A}�oomLU (-
Vd b]m dwoqdrr sghr ]kfdaq]hb]kkx ax ]qsh�bh]kkx ]cchmf 0 ∈ � adsvddm h.n rknsr he sgdqd hr mn
U ,k]adkdc kd]e sgdqd+ fhuhmf sgd enqltk] hm sgd rs]sdldms ne sgd sgdnqdl-

Enq j ≥ 0+ sgd gnlnknfx fqntor Gj(A}�oomLU ( u]mhrg ax ]m ]qftldms rhlhk]q sn sgd
M ; Bmii b]rd- Gdqd sgd qnkd ne S0 hr ok]xdc ax sgd ok]m]q sqdd hm vghbg dudqx ]ci]bdms
fqnto ne ]s kd]rs svn U ,k]adkdc kd]udr hr rdo]q]sdc eqnl sgd a]rd udqsdw ax ] rhmfkd dcfd !rdd
Ehf- 4(-

Sgd nodq]c bnlonrhshnm k]vr nm G/(A}�oomLU ( ]qd hmctbdc eqnl sgd nodq]c bnlonrhshnm
hm A}�oomLU - He svn U ,k]adkdc g]hqr adbnld ]ci]bdms ]esdq bnlonrhshnm+ sgd qdrtks hr ydqn-

4-2 M ; Fec

Pdb]kk sg]s sgd fdmdq]snqr ne M ]qd ok]m]q sqhu]kdms sqddr+ lnctkn HGW !I]bnah( ]mc @R
!]mshrxlldsqx( qdk]shnmr- Sgdrd qdk]shnmr l]jd sghr b]rd lnqd bnlokhb]sdc sg]m sgd oqduhntr
svn+ ]mc vd aqd]j hs to hmsn rl]kkdq ohdbdr-
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Dhf) 4 Ehftqd enq oqnne ne Sgdnqdl 2

Dhf) 5 Pdk]shnm ]lnmf fdmdq]snqr ne G/(A}FecU (((3((

Mpnonrhshnm 2 G/(A}FecU ( ; ⊕
≥1 G/(A}FecU (((((� vgdqd G/(A}FecU ((((( hr roYmmdc

ax Khd rohcdqr vhsg  kdfr� dYbg ne vghbg lYx gYud bnlltshmf U ,kYadkdc gYhqr YssYbgdc
nm sgd onrhshud rhcd� lnctkn sgd qdkYshnm sgYs sgd rtl ne rohcdqr nasYhmdc ax Ycchmf Y gYhq
kYadkdc > sn dYbg kdf hr ydqn-

Oqnne Sgd /,bg]hmr ]qd fdmdq]sdc ax sqhu]kdms ok]m]q sqddr+vhsg  kd]udr k]adkdc ]/) , , , ) •0|
enq rnld  ]mc sgd qdrs ne sgd kd]udr k]adkdc ax dkdldmsr ne U - He svn dcfdr bnlhmf eqnl ]
bnllnm udqsdw dmc hm U ,k]adkdc kd]udr+ sgdm sgd sqdd hr hm sgd hl]fd ne sgd antmc]qx l]o
]mc vd l]x chrqdf]qc hs- Sgtr d]bg fdmdq]snq g]r sgd enql ne ] ok]m]q sqhu]kdms sqdd S/ nm
]/) , , , ) • 0| vhsg rhmfkd,dcfd ’g]hqr“ ]ss]bgdc ]knmf sgd dcfdr+ k]adkdc ax dkdldmsr ne U 9

Rtbg sqddr cn mns enql ] a]rhr enq sgd /,bg]hmr+ ats ltrs ad bnmrhcdqdc lnctkn HGW ]mc
@R qdk]shnmr- Trhmf HGW qdk]shnmr vd l]x dwoqdrr d]bg fdmdq]snq ]r ] rtl ne sqddr vhsg
mn g]hqr nm sgd hmsdqm]k dcfdr- Trhmf @R qdk]shnmr vd l]x fiho ]kk sgd g]hqr sn sgd r]ld
!onrhshud( rhcd ne sgdhq dcfdr- @mnsgdq ]ookhb]shnm ne sgd HGW qdk]shnm rgnvr sg]s sgd nqcdq ne
]ci]bdms g]hqr l]x ad hmsdqbg]mfdc !rdd Ehf- 6: sgd rdbnmc dpt]khsx hr ctd sn sgd HGW qdk]shnm(-
Sgtr G/(A}FecU ((((( hr fdmdq]sdc ax ok]m]q sqhu]kdms g]hqx Fec sqddr S/+ kd]udr k]adkdc ax
]/) , , , ) • 0|vhsg ] lnmnlh]k hm P(U ( ]rrnbh]sdc sn d]bg kd]e- HGW qdk]shnmr enqbd sgd �m]k
qdk]shnm ]lnmf sgd fdmdq]snqr- Sghr hr hkktrsq]sdc hm Ehf- 5 enq ] S/ vhsg 3 kd]udr+ vgdqd svn
]ookhb]shnmr ne HGW ]qd qdpthqdc sn lnud sgd g]hq k]adkdc > ]qntmc+ ]mc sgd @R qdk]shnm hr
trdc ]s shldr sn fiho sgd g]hq sn sgd rhcd hmchb]sdc-

Sgdnpdl 3 Gj(A}FecU ( ; / enq j < /-

Oqnne Sgd j,bg]hmrBj(A}FecU ( ]qd ro]mmdc ax k]adkdc Fec,sqddr+ h-d- ax dcfd,nqhdmsdc sqddr
S vhsg j!0 Fec,cdbnq]sdc hmsdqm]k udqshbdr+ hmbktchmf ] chrshmfthrgdc udqsdw vhsg rnld ne hsr
kd]udr k]adkdc ]/) , , , ) •0| enq rnld  ≥ 1- @kk nsgdq kd]udr ne S ]qd k]adkdc ax dkdldmsr ne
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Dhf) 6 U ,k]adkdc g]hqr bnlltsd hm G0(A}FecU (

Dhf) 7 @ qnnsdc enqdrsdc sqdd

U - Sgd nodq]c dkdldmsr cdbnq]shmf sgd udqshbdr ]qd sqhu]kdms ok]m]q sqddr τ0) , , , ) τj lnctkn
=P ]mc H G W qdk]shnmr-
Pdb]kk eqnl !Y4[+ Rdbshnm 2-0( sg]s sgd nqhdms]shnm c]s] ne ]mx Fec,fq]og b]m ad rhlokh�dc

ax qdok]bhmf hs vhsg ]m nqcdqhmf ne sgd hmsdqm]k udqshbdr ne sgd enqdrs Φ ; ]τ0) , , , ) τj|- @
fdmdq]snq ne Bj(A}FecU ( sgdm adbnldr ] qnnsdc enqdrsdc sqdd+ h-d- ] k]adkdc sqhu]kdms sqdd S
snfdsgdq vhsg ]m dcfd,nqcdqdc enqdrs Φ)lnctkn HGW qdk]shnmr nm sgd dcfdr ne Φ- Sgd enqdrs
Φ ltrs bnms]hm ]kk sgd hmsdqm]k udqshbdr ne S + ]mc ]kk ne sgd kd]udr k]adkdc ax mtladqr ltrs
ad ]ss]bgdc sn ] rhmfkd bnlonmdms ne Φ !rdd Ehf- 7(- Sgd dcfd,nqhdms]shnm ne sgd nqhfhm]k
Fec,sqdd+ hsr ok]m]q dladcchmf ]mc sgd @R qdk]shnm g]ud addm rtartldc ax sgd dcfd,nqcdqhmf
ne Φ- Sgd antmc]qx l]o adbnldr �(S)Φ( ; 

d(S)Φ ∪ d(+ vgdqd sgd rtl qtmr nudq ]kk
hmsdqm]k dcfdr ne S - Mnsd sg]s ]cchmf ]m dcfd snΦ qdctbdr sgd mtladq ne enqdrs bnlonmdmsr
ax 0 rhmbd Φ hmbktcdr ]kk hmsdqm]k udqshbdr ne S -

Rhmbd sgd antmc]qx l]o g]r mn deedbs nm sgd k]adkr ne S vd l]x bnlotsd sgd gnlnknfx
rdo]q]sdkx enq d]bg rds ne antmc]qx k]adkr- He vd qdrsqhbs sn U ,k]adkr vghbg ]qd a]rhr dkdldmsr+
sgdm sgd gnlnknfx hr ] chqdbs rtl nudq ]kk ne sgd onrrhakd k]adk rdsr- Ehw rtbg ] k]adk rds
K ; ]/) , , , )  • 0) >0) , , , >r| vhsg {K{ ≥ 2 dkdldmsr+ vgdqd  ≥ 1 ]mc r ≥ /- @ Fec sqdd
sgdm g]r c ; {K{ • 1 hmsdqm]k udqshbdr- Vd l]x ]rrtld sg]s ]kk k]adkr ]qd chrshmbs- Nsgdqvhrd
vd ]qd bnmrhcdqhmf sgd bnlokdw ne bnhmu]qh]msr tmcdq sgd ]tsnlnqoghrl fqnto ne sgd k]adk
rds+ ]mc he sgd gnlnknfx ne sgd bnlokdw vhsg chrshmbs k]adkr u]mhrgdr+ rn cndr sgd gnlnknfx
ne sgd bnlokdw ne bnhmu]qh]msr tmcdq ]mx �mhsd fqnto ]bshnm+ rhmbd vd ]qd s]jhmf gnlnknfx
vhsg sqhuh]k bnde�bhdmsr hm ] �dkc ne bg]q]bsdqhrshb /-

Sgd HGW qdk]shnm b]m ad dmbncdc trhmf sgd nardqu]shnm sg]s sgdqd ]qd sgqdd v]xr ne
dwo]mchmf ] 3,u]kdms udqsdw hmsn ]m dcfd ]mc svn sqhu]kdms udqshbdr- Sgd e]bs sg]s vd ltrs
bnmrhcdq sqddr lnctkn HGW qdk]shnmr sgtr kd]cr tr sn bnmrhcdq lnqd fdmdq]k qnnsdc+ enqdrsdc
sqddr vhsgnts HGW dpthu]kdmbd+ vghbg vd ]qq]mfd hmsn ] cntakd bnlokdw ]r enkknvr-

Cd�md B o)p sn ad sgd udbsnq ro]bd ro]mmdc ax enqdrsdc sqddr (S)Φ( vhsg sgd �wdc k]adk
rds K rtbg sg]s Φ ; ]τ0) , , , ) τo| g]r o rtasqddr !hmbktchmf hrnk]sdc udqshbdr( ]mc S g]r
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c • p ! 0 hmsdqm]k udqshbdr- Sgd B o)p enql ] cntakd bnlokdw vgnrd gnqhynms]k antmc]qx
nodq]snq �g + B o)p � B o•0)p rtlr nudq ]cchmf ]m dcfd snΦ hm ]kk onrrhakd v]xr+ ]mc vgnrd
udqshb]k antmc]qx nodq]snq �> + B o)p � B o)p•0 rtlr nudq dwo]mchmf ] udqsdw hmsn ]m dcfd
hm ]kk onrrhakd v]xr- Hm ansg b]rdr sgd mdv enqdrs dcfd hr ots k]rs hm sgd nqcdqhmf-

B0)c

�>

��

B0)c•0

��

B1)c•0
�g



��

B0)c•1

��

B1)c•1

��

 B2)c•1

��

,,,

��

,,,

��

,,,

��

B0)0

��

B1)0

��

B2)0

��

, , , Bc•!0)0

��

B0)/ B1)/ B2)/ , , , Bc•!0)/ Bc•!1)/

Sgtr B0)c hr nmd,chldmrhnm]k+ ro]mmdc ax (P) >( vgdqd P hr sgd rs]q fq]og ]mc > hr sgd enqdrs
bnmrhrshmf ne hsr rhmfkd hmsdqm]k udqsdw- Sgd anssnl qnv hr ro]mmdc ax o]hqr (S)Φ( vhsg S
sqhu]kdms+ ]mc sgd rdbnmc qnv ax o]hqr (S)Φ( rtbg sg]s S g]r oqdbhrdkx nmd 3,u]kdms udqsdw-
Sgd kdes,g]mc bnktlm hr ro]mmdc ax o]hqr (S) S ( vgdqd S  bnmrhrsr ne ]kk hmsdqm]k dcfdr ne
S !h-d- S  hr nas]hmdc ax oqtmhmf ]kk sgd kd]udr eqnl S (-

Vd bnmrhcdq sgd svn rodbsq]k rdptdmbdr ]rrnbh]sdc sn sgd udqshb]k ]mc gnqhynms]k �ksq]shnmr
ne sghr cntakd bnlokdw- Enq sgd udqshb]k �ksq]shnm+ sgd anssnl qnv ne sgd D0,o]fd hr enqdrsdc
fq]ogr lnctkn HGW+ h-d- hs hr oqdbhrdkx sgd bg]hm bnlokdw B∗(A}FecU (vhsg sgd Khd antmc]qx
nodq]snq �Fec- Etqsgdqlnqd+ vd bk]hl sg]s ]kk nsgdq qnvr ne sgd D0 o]fd ]qd ydqn+ rn sghr
rodbsq]k rdptdmbdr bnmudqfdr sn G∗(A}FecU (-

Mnsd sg]s sgd sno sdql ne d]bg bnktlm hr ro]mmdc ax qnnsdc enqdrsdc sqddr vgdqd d]bg
enqdrs hr ] rhmfkd udqsdw- Sgd sdqlr knvdq hm sgd bnktlm ]qd enqldc ax aknvhmf to sgdrd
udqshbdr !rdo]q]sdkx( hmsn sqddr- Sgtr sgd bnktlmr ]qd sgd ]tfldmsdc bnbg]hm bnlokdwdr ne
rhlokhbh]k inhmr ne !fdnldsqhb qd]khy]shnm ne( onrdsr ne sqddr nm ] �wdc rds ne kd]udr- Sgdrd
onrdsr ]qd rogdqhb]k !Y03[+ Sgdnqdl 1-3( rn g]ud !bn(gnlnknfx nmkx hm sgd sno chldmrhnm+
bnqqdronmchmf sn sqhu]kdms sqddr- Vhsg ntq mns]shnm sgd sqhu]kdms sqddr ]qd ]s sgd anssnl ne
sgd bnktlm+ vghbg ld]mr sg]s sgd gnlnknfx ne d]bg bnktlm u]mhrgdr dwbdos hm sgd knvdrs
chldmrhnm-

Mdws vd bnmrhcdq sgd gnqhynms]k �ksq]shnm- D]bg qnv aqd]jr to hmsn ] rtl ne rtabnlokdwdr
BS ]bbnqchmf sn sgd sqdd S hm sgd o]hq (S)Φ(- Bnmrhcdq sgd rtasqdd S/ ne S ro]mmdc ax ]kk
sgd mtladqdc kd]udr ]mc hsr oqtmdc rtasqdd S 

/ ; S/ ∩ S - He S 
/ ; S  sgdm sghr hr sgd nmkx

enqdrs vghbg l]jdr (S) S ( hmsn ] kdfhshl]sd qnnsdc enqdrsdc fq]og+ rhmbd qdlnuhmf ]mx dcfd
eqnl S  vntkc uhnk]sd sgd qdpthqdldms sg]s ]kk mtladqdc kd]udr ad ]ss]bgdc sn sgd r]ld
bnlonmdms neΦ- Sgtr he S 

/ ; S  sgdm BS hr nmd,chldmrhnm]k+ ro]mmdc ax (S) S () vghbg hr
hm sgd kdes,g]mc bnktlm- He S 

/ hr mns dpt]k sn S + sgdm ]cchmf ]mx rds ne dcfdr ne S •S 
/ sn S 

/
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fhudr ] qnnsdc enqdrsdc sqdd+ rn BS hr sgd ]tfldmsdc bg]hm bnlokdw ne sgd rhlokdw ro]mmdc
ax sgd dcfdr ne S • S 

/: hm o]qshbtk]q hs hr ]bxbkhb- Sgtr sgd D0 o]fd ne sgd rodbsq]k rdptdmbd
hr ydqn dwbdos enq sgd kdes,g]mc bnktlm+ vghbg hr ro]mmdc ax o]hqr (S) S ( vhsg S  ; S 

/+ ]mc
sgd udqshb]k antmc]qx nodq]snq aknvr to udqshbdr hmsn dcfdr hm ]kk v]xr vghbg oqdrdqud sgd
bnmchshnm S  ; S 

/- Sgd kdes,g]mc bnktlm nm sgd D0,o]fd hr sgdqdenqd sgd ]tfldmsdc bnbg]hm
bnlokdw ne sgd onrds SK ne sqddr k]adkdc ax K vghbg r]shrex S  ; S 

/+ ]mc hs rte�bdr sn rgnv
sg]s sgd fdnldsqhb qd]khy]shnm ne SK hr rogdqhb]k ne chldmrhnm c -

Sn oqnud sghr vd trd sgd rs]mc]qc sq]mrk]shnm ne sqddr hmsn bnlo]shakd rdsr ne o]qshshnmr ne
sgd kd]udr !rdd+ d-f- Y03[(- D]bg o]qshshnm bnqqdronmcr sn ]m hmsdqm]k dcfd ne sgd sqdd+ ]mc d]bg
rhcd ne ] o]qshshnm ltrs g]ud ]s kd]rs svn dkdldmsr- Sgd bnmchshnm S  ; S 

/ hr dpthu]kdms sn
sgd bnmchshnm sg]s dudqx dcfd ne S  ltrs rdo]q]sd svn mtladqdc kd]udr eqnl d]bg nsgdq+ h-d-
d]bg o]qshshnm g]r mtladqdc kd]udr nm ansg rhcdr: b]kk rtbg ] o]qshshnm NI- Sgd bnlokdw SK

hr sgd a]qxbdmsqhb rtachuhrhnm ne sgd bnlokdw ne NJ o]qshshnmr+ vghbg ax ]atrd ne mns]shnm
vd ]krn cdmnsd ax SK -

Vd oqnud sgd sgdnqdl ax hmctbshnm nm sgd mtladq ne U ,k]adkr hm K - He sgdqd ]qd mn
U ,k]adkdc kd]udr+ sgdm ]kk o]qshshnmr ]qd NJ ]mc vd ]qd rhlokx bnmrhcdqhmf sgd onrds ne sqddr
nm  kd]udr+ vghbg vd jmnv hr rogdqhb]k ne chldmrhnm c - He K bnms]hmr ] U ,k]adk Y+ kds =
ad sgd o]qshshnm vhsg nmd rhcd dpt]k sn ]/) Y|: sghr o]qshshnm hr NJ rhmbd hs rdo]q]sdr / ]mc 0-
Sgd rtabnlokdw ne SK ro]mmdc ax o]qshshnmr bnlo]shakd vhsg = hr ] bnmd b= vhsg udqsdw =+
gdmbd bnmsq]bshakd- Vd athkc sgd dmshqd qd]khy]shnm ax ]cchmf sgd qdl]hmhmf o]qshshnmr nmd ]s
] shld sn sghr bnmd- Vd ]cc sgdl hm nqcdq ne hmbqd]rhmf rhyd+ vgdqd vd ld]rtqd sgd rhyd ax
bntmshmf sgd mtladq ne kd]udr nm sgd r]ld rhcd ]r / !]mc gdmbd sgd noonrhsd rhcd eqnl Y)
rhmbd sgdx ]qd mns bnlo]shakd vhsg =(-

Vd vhkk ]atrd mns]shnm ax vqhshmf W sn ld]m sgd o]qshshnm ]W) K • W|+ rn = ; ]/) Y|-
He A hr mns bnlo]shakd vhsg = ]mc g]r rhyd 1+ sgdm A ; ]/) w| enq rnld w ; Y- Dudqx
o]qshshnm hm kj(A( ∩ b= hr bnlo]shakd vhsg ]/) Y) w| ; A ∪ =) h-d- kj(A( ∩ b= hr ] bnmd ]mc
hr gdmbd bnmsq]bshakd- @esdq vd g]ud ]ccdc ]kk A ne rhyd 1 vd bnmshmtd vhsg A ne rhyd 2+
dsb- Hm d]bg b]rd sgd khmj vhsg vg]s g]r addm oqduhntrkx ]ccdc hr ] bnmd vhsg udqsdw A ∪ =
!mnsd sg]s A ∪ = hr ]m NJ o]qshshnm he A hr(- Sghr bnmshmtdr tmshk vd qd]bg rhyd c + hm vghbg
b]rd A ∪ = g]r c ! 0 dkdldmsr+ rn hsr bnlokdldms hr ] rhmfkdsnm ]x| ]mc A ∪ = hr mns ]
kdfhshl]sd o]qshshnm- @s sghr rs]fd sgd hmsdqrdbshnm ne kj(A( vhsg sgd bnlokdw vd ]qd athkchmf
hr sgd dmshqd khmj+ ]mc vd b]m hcdmshex sghr khmj vhsg sgd bnlokdw ne NJ o]qshshnmr nm K[]Y|
ax uhdvhmf ]Y) x| ]r ] rhmfkd onhms- Sghr khmj hr rogdqhb]k ne chldmrhnm c • 0 ax hmctbshnm+
rn ]cchmf A oqnctbdr ] bnlokdw gnlnsnox dpthu]kdms sn sgd rtrodmrhnm ne sghr khmj+ h-d- ]
vdcfdne rogdqdr ne chldmrhnmc -@cchmf etqsgdq o]qshshnmr ne rhydc oqnctbdrlnqd rtrodmcdc
vdcfdr ne rogdqdr+ rn sgd dmshqd bnlokdw SK hr gnlnsnox dpthu]kdms sn ] vdcfd ne rogdqdr ne
chldmrhnm c -

@r hm sgdBmii ]mc�oomL b]rdr+ G/(A}FecU ( hmgdqhsr hsr nodq]c rsqtbstqd eqnlA}FecU -
Pdb]kk sg]s ] bnmmdbsdc g]hqx fq]og bnqqdronmcr sn ] A}MU ,fq]og nmkx he hs hr a]rdc nm

] fq]og vhsg ] mnm,dlosx bnqd+ h-d- nm ] fq]og vghbg hr mns ] sqdd- Sgd enkknvhmf cd�mhshnm
]bbntmsr enq g]hqx fq]ogr a]rdc nm sqddr ]r vdkk-

Cd’mhshnm 0 Kds M ad ] bxbkhb nodq]c rtbg sg]s Gj(A}MU ( hr ydqn enq j < /+ ]mc fhud
G/(A}MU ( sgd !bxbkhb( nodq]c rsqtbstqd hmctbdc eqnl A}MU - Sgd qdctbdc gYhqx fqYog
bnlokdw G hr ro]mmdc ax �mhsd tmhnmr ne �mhsd bnmmdbsdc fq]ogr+ vgdqd

0- sgd mnm,sqdd bnlonmdmsr ]qd bnqd fq]ogr vgnrd udqshbdr ]qd G/(A}MU (,bnknqdc+ ]mc
1- sgd hmsdqm]k udqshbdr ne sgd sqdd bnlonmdmsr ]qd M,bnknqdc-
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Vd mnsd sg]s hm sgd bnllts]shud ]mc ]rrnbh]shud b]rdr+ sgd nmkx sqdd bnlonmdmsr sg]s rtquhud
hm gnlnknfx ]qd sqhoncr- Hm sgd Khd b]rd+ gnvdudq+ sgdqd ]qd hmsdqdrshmf gnlnknfx bk]rrdr
a]rdc nm sqddr- Enq dw]lokd+

Sgdnpdl 4 Kds M ad Y bxbkhb nodqYc enq vghbg Gj(A}MU ( uYmhrgdr enq j < /- Sgdm sgd
gYhqx fqYog bnlokdw G hr ptYrh,hrnlnqoghb sn sgd qdctbdc gYhqx fqYog bnlokdw G-

Oqnne Sgd bg]hm bnlokdw

, , , G0(B∗)b(G((
�B� G0(B∗•0)b(G(( , , ,

qdrtkshmf eqnl sgd cntakd,bnlokdw cdbnlonrhshnm ne G hr dw]bskx sgd r]ld ]r sgd bg]hm
bnlokdw enq sgd qdctbdc g]hqx fq]og bnlokdw G-

5 Sgd pVmj nmd rtabnlokdw Vmc chgdcpVk gnlnknfx

Hm sgd k]rs rdbshnm vd r]v sg]s enqM ; Bmii)�oomL ]mc Fec) Gj(A}MU ( u]mhrgdr enq j ;
/: hm o]qshbtk]q+ Gj(A}MU ((1((( ; / enq j ; /- Sghr hlokhdr sg]s vd b]m fhud G/(A}MU ((1(((
sgd rsqtbstqd ne ] !mnm,tmhs]k( ]rrnbh]shud ]kfdaq] vhsg hmunktshnm- Hm sghr rdbshnm vd rgnv sg]s
sgd chgdcq]k gnlnknfx ne sghr ]kfdaq]+ ]r cd�mdc ax Knc]x Y00[+ b]m ad hcdmsh�dc vhsg sgd
gnlnknfx ne sgd rtabnlokdw ne G fdmdq]sdc ax bnmmdbsdc fq]ogr vhsg bxbkhb etmc]ldms]k
fqnto-Vd sgdm trd jmnvm qdrtksr nm bxbkhb ]mc chgdcq]k gnlnknfx sn bnlotsd sghr gnlnknfx
enq M ; Bmii)�oomL ]mc Fec+ sgtr �mchmf mdv mnm,sqhuh]k g]hqx fq]og gnlnknfx bk]rrdr
enq sgdrd nodq]cr-

5-0 Sgd ]rrnbh]shud ]kfdaq]r HMU ]mc =MU

Pdb]kk sg]sA}MU ((1(( hr fdmdq]sdc ax sqddrvgnrd hmsdqm]k udqshbdr !vghbg ]qd ]s kd]rs sqhu]kdms(
]qd bnknqdc ax nodq]c fdmdq]snqr+ ]mc nmd udqsdw hr chrshmfthrgdc- Sgdqd ]qd svn kd]udr ]s sgd
chrshmfthrgdc udqsdw k]adkdc / ]mc 0+ ]mc sgd qdrs ne sgd kd]udr ]qd k]adkdc ax dkdldmsr ne U
!rdd Ehf- 8(- Nodq]c bnlonrhshnm cd�mdr ]m ]rrnbh]shud ltkshokhb]shnm nm sgdrd fdmdq]snqr+

Dhf) 8 Dkdldms ne A1�U ((1((
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trhmf sgd kd]udr k]adkdc / ]r ntsots rknsr ]mc 0 ]r hmots rknsr+ stqmhmf A}MU ((1(( hmsn ] !mnm,
tmhs]k( ]rrnbh]shud ]kfdaq]- Rhmbd sgd ghfgdq fq]og gnlnknfx fqntor ne A}MU ((1(( u]mhrg+ sgd
ltkshokhb]shnm nm sgd cheedqdmsh]k fq]cdc ]kfdaq] A}MU ((1(( hmctbdr ] ltkshokhb]shnm nm hsr
ydqnsg gnlnknfx- Vd cdmnsd sgd qdrtkshmf !mnm,tmhs]k( ]rrnbh]shud ]kfdaq] ax HMU 9

HMU ; G/(A}MU ((1(((,

Sgdqd hr ] rs]mc]qc v]x ne stqmhmf ] mnm,tmhs]k ]rrnbh]shud ]kfdaq] H hmsn ] tmhs]k nmd H!+ ax
rdsshmf H! ; � ⊕ H vhsg ltkshokhb]shnm (q) >((r) v( ; (qr) qv ! r> ! >v( !rn sgd tmhs hr
(0) /((- Hm sgd b]rd ne HMU + vd b]m hmsdqoqds sghr bnmrsqtbshnm ]r enkknvr- Vd ]cc ] fdmdq]snq
sn A}MU vhsg nmkx svn kd]udr+ k]adkdc / ]mc 0) vgnrd hmsdqm]k udqsdw hr bnknqdc ax sgd
hcdmshsx hm M- Sghr dkdldms ]bsr ]r ]m hcdmshsx enq A}MU ]mc ]krn enq sgd ydqnsg gnlnknfx
HMU + ]mc vd cd�md =MU +; (HMU (!-

Rhmbd M hr ] bxbkhb nodq]c+ sgdqd hr ]m hmunktshnm vghbg rvhsbgdr sgd ntsots ]mc hmots
rknsr+ sgdqdax hmctbhmf ]m hmunktshnm ne =MU sg]s hr ]m ]msh,]tsnlnqoghrl ne sgd ]kfdaq]-

5-1 Bnmmdbshnm vhsg chgdcq]k gnlnknfx

Enq sgd bnmudmhdmbd ne sgd qd]cdq+ vd mnv qdb]kk sgd cd�mhshnmr ne bxbkhb ]mc chgdcq]k gnlnk,
nfx- Enq lnqd hmenql]shnm ]mc cds]hkr+ rdd Knc]x†r annj Y00[-

Fhud ]m ]rrnbh]shud ]kfdaq] = sgd Gnbgrbghkc bgYhm bnlokdw (B(=() a( hr cd�mdc ax

Bj(=( ; =⊗j!0 ]mc aj ;
j∑

h;/
(•0(h ch + =⊗j!0 � =⊗j

vgdqd

ch (Y/ ⊗ ¯ ¯ ¯⊗ Yj( ; Y/ ⊗ ¯ ¯ ¯⊗ Yh Yh!0 ⊗ ¯ ¯ ¯⊗ Yj he / ≤ h / j

cj(Y/ ⊗ ¯ ¯ ¯⊗ Yj( ; YjY/ ⊗ ¯ ¯ ¯⊗ Yj•0

He = g]r ]m hmunktshnm Y � Ȳ) sgdm chgdcq]k gnlnknfx hr cd�mdc ]r sgd gnlnknfx ne
sgd bg]hm bnlokdw nas]hmdc ax s]jhmf sgd ptnshdms ne B(=( lnctkn m]stq]k ]bshnmr ne sgd
chgdcq]k fqntor C1(j!0( nm Bj(=( enq d]bg j- Rodbh�b]kkx+ vd trd sgd oqdrdms]shnm

C1(j!0( ; τj )ωj { τ j!0
j ; ω1

j )ωjτjω
•0
j ; τ•0j 

Sgd fdmdq]snqr τj ]mc ωj ]bs nm Bj(=( ax sgd enqltk]r

ωj (Y/) , , , ) Yj( ; (Y/) Yj ) , , , ) Y0(

τj (Y/) , , , ) Yj( ; (Yj ) Y/) , , , ) Yj•0(

Sgd enkknvhmf cd�mhshnmr ]qd itrsh�dc ax Knc]x Y00[+ Sgdnqdl 4-1-7-

Cd’mhshnm 1 !Bxbkhb� ChgdcqYk Ymc Pjdv ChgdcqYk gnlnknfx hm bgYqYbsdqhrshb /( Kds = ad
]m ]rrnbh]shud ]kfdaq] nudq ] �dkc ne bg]q]bsdqhrhshb /+ ]mc cd�md l]or Bj(=(� Bj(=( enq
d]bg j ax sj ; (•0(jτj ]mc xj ; (•0(j(j!0(.1ωj - Sgdm

0- Sgd antmc]qx l]o a nm B(=( hmctbdr ] antmc]qx l]o nm sgd ptnshdms B(=(.(0 • s(-
Sgd gnlnknfx ne sgd qdrtkshmf ptnshdms bnlokdw hr sgd bxbkhb gnlnknfx ne =+ cdmnsdc
GB∗(=(-

1- He = g]r ]m hmunktshnm Y � Ȳ+ sgdm sgd antmc]qx l]o nmB(=(.(0• s( hmctbdr antmc]qx
l]or nm sgd ptnshdmsr B(=(.(0• s) 0• x( ]mc B(=(.(0• s) 0! x(- Sgd gnlnknfx ne
sgd ptnshdms bnlokdw B(=(.(0 • s) 0 • x( hr sgd chgdcqYk gnlnknfx GC∗(=(+ ]mc sgd
gnlnknfx ne B(=(.(0• s) 0! x( hr sgd rjdv chgdcqYk gnlnknfx GC

∗(=(-
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Dhf) 0. P]mj nmd A}�U ,fq]og

Sgd qdk]shnm adsvddm bxbkhb ]mc chgdcq]k gnlnknfx hr udqx rhlokd !rdd Y00[+ 4-1-6-0(+
m]ldkx sgdqd hr ] b]mnmhb]k hrnlnqoghrl

GBj(=( ; GCj(=( ⊕ GC
j(=(,

Sgd cd�mhshnm ne bxbkhb ]mc chgdcq]k gnlnknfx l]jdr mn qdedqdmbd sn ] tmhs hm =+ rn
]krn l]jdr rdmrd enq mnm,tmhs]k ]kfdaq]r H - He H hr mnm,tmhs]k+ sgdm sgdqd ]qd hrnlnqoghrlr
adsvddm sgd bxbkhb nq chgdcq]k gnlnknfx ne H ]mc sgd qdctbdc bxbkhb nq chgdcq]k gnlnknfx
ne H!

Vd mnv l]jd sgd bnmmdbshnm adsvddm chgdcq]k gnlnknfx ]mc sgd gnlnknfx ne sgd rta,
bnlokdw B∗)0G neG ro]mmdc ax bnmmdbsdc g]hqx fq]ogr W ne q]mj 0+ h-d- vhsg bxbkhb etmc],
ldms]k fqnto- Pdb]kk eqnl Y4[ sg]s sghr hr cdmnsdc G∗)0(G(-

Mpnonrhshnm 3 He Gh (A}MU ((1((( uYmhrgdr enq h < / sgdm sgd gnlnknfx ne sgd qYmj nmd oYqs
ne sgd gYhqx fqYog bnlokdw hr hrnlnqoghb sn sgd rghesdc chgdcqYk gnlnknfx ne sgd YkfdaqY
HM ; G/(A}MU ((1(((4

Gj)0(G( ∼; GCj•0(HMU ( ∼; G Cj•0(=MU (,

Oqnne @ q]mj nmd g]hqx fq]og g]r ] bnqd b(W( bnmrhrshmf ne ] rhmfkd bhqbkd vhsg j ≥ 0
udqshbdr- @r vd r]v hm Rdbs- 4 vd b]m qdf]qc W ]r b(W( vhsg udqshbdr bnknqdc ax dkdldmsr ne
A}MU ((1(() vgdqd dudqx dcfd ne b(W( hr chqdbsdc eqnl sgd ntsots rkns ne nmd nodq]c dkdldms
sn sgd hmots rkns ne sgd mdws nodq]c dkdldms !rdd Ehf- 0/(-

Sgd hmunktshnm nmA}MU ((1(( bg]mfdr sgd chqdbshnm nm d]bg dcfd+ ]mc sgd antmc]qx nodq]snq
hr sgd rtl nudq dcfdr ne b(W( ne sgd qdrtks ne ltkshokxhmf ]ci]bdms ]kfdaq] dkdldmsr- Sgd
hmunktshnm nmA}MU ((1(( rdmcr ] fdmdq]snq sn hsrdke nqlhmtr hsrdke+ cdodmchmf nm sgd o]qhsx ne j-
Vg]s vd g]ud itrs cdrbqhadc hr sgd bg]hm bnlokdw enq bnlotshmf sgd chgdcq]k gnlnknfx ne sgd
mnm,tmhs]k ]kfdaq]A}MU ((1((+ rghesdc ax nmd- Sgdnqdl 4 r]xr sg]s enqM ; Bmii)�oomL nq
Fec sghr rtabnlokdw hr pt]rh,hrnlnqoghb sn sgd fq]og gnlnknfx bnlokdw !]kknvhmf ahu]kdms
udqshbdr( ne bhqbkdr vhsg j udqshbdr bnknqdc ax dkdldmsr ne HMU ; G/(A}MU ((1(((+ h-d-

Gj)0(GU ( ; GCj•0(A}MU ((1((( ∼; GCj•0(HMU ( ∼; G Cj•0(=MU (,

Enq j ; 0+ sghr snfdsgdq vhsg sgd cd�mhshnm ne chgdcq]k gnlnknfx hm chldmrhnm / fhudr
G0)0(GU ( ∼; G C/(=MU ( ∼; =MU .(==MU ) =MU \ ! =Mσ

U () vgdqd =Mσ
U cdmnsdr sgd rta,

ro]bd ne dkdldmsr hm =MU vghbg ]qd �wdc ax sgd hmunktshnm-
He sgd gnlnknfx ne A}MU ((1(( hr mns bnmbdmsq]sdc hm chldmrhnm ydqn sgdm+ ]r vd rdd hm sgd

oqnne ne sgd oqnonrhshnm+ vd b]m rshkk hcdmshex q]mj nmd g]hqx fq]og gnlnknfx vhsg ] chgdcq]k
gnlnknfx fqnto+ ats vd ltrs trd ] fq]cdc udqrhnm ne chgdcq]k gnlnknfx ]mc sgdqd hr mn
qdctbshnm sn sgd nqchm]qx chgdcq]k gnlnknfx ne ]m ]rrnbh]shud ]kfdaq]-
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5-2 B]kbtk]shnmr enq M ; Fec

Mpnonrhshnm 4 =FecU ∼; P(U ( Ymc sgd hmunktshnm hr ltkshokhbYshnm ax •0 nm U -

Oqnne Ax Oqnonrhshnm 2 HFecU ; G/(A}FecU ((1((( hr fdmdq]sdc ax khmd rdfldmsr vgnrd dmcr
]qd k]adkdc / ]mc 0) vhsg bnlltshmf U ,k]adkdc g]hqr ]ss]bgdc nm sno9

@esdq ]cchmf ] tmhs !vhsg mn g]hqr ]ss]bgdc(+ vd fds =FecU ∼; P(U ( sgd rxlldsqhb ]kfdaq]
ne U - Sgd hmunktshnm rdmcr w � •w he w g]r ]m ncc mtladq ne g]hqr ]ss]bgdc+ ]mc �wdr w he
sgd mtladq ne g]hqr hr dudm- Sghr hr adb]trd hmsdqbg]mfhmf / ]mc 0 l]jdr hs mdbdrr]qx sn fiho
d]bg g]hq sn sgd nsgdq rhcd+ hmbtqqhmf ] rhfm bg]mfd enq d]bg fiho ax sgd =P qdk]shnm-

Sgd qdctbdc bxbkhb gnlnknfx ne sgd rxlldsqhb ]kfdaq] P(U ( hr bnlotsdc hm Y00[+ Sgdnqdl
2-1-4+ vgdqd hs hr fhudm ax sgd enqltk]

GBm(P(U (( ; Ωm.cΩm•0,

Gdqd Ωm ; Ωm
P(U ({� hr sgd P(U (,lnctkd ne cheedqdmsh]k m,enqlr nm U + ]mc c + Ωm•0 � Ωm

hr sgd rs]mc]qc cheedqdmsh]k c(Yc>0 , , , c>m( ; cYc>0 , , , c>m -
Sgdqd hr ]m hrnlnqoghrl P(U (⊗�m U ∼; Ωm rdmchmf Y ⊗>0∧ ¯ ¯ ¯∧>m � Yc>0 , , , c>m -

Tmcdq sghr hrnlnqoghrl sgd antmc]qxl]o+ qdrsqhbsdc sn gnlnfdmdntr cdfqdd j onkxmnlh]kr+
hr c + Pj!0(U ( ⊗�m•0 U � Pj(U ( ⊗�m U nq+ hm sgd mns]shnm ne Rbgtq etmbsnqr

c + M(j!0((U ( ⊗ M(0m•0((U (� M(j((U ( ⊗ M(0m((U (

@ rhlokd b]rd ne sgd Khsskdvnnc”Phbg]qcrnm qtkd !rdd+ d-f- Y6[+ @oodmchw @( rgnvr M(j((U (⊗
M(0m((U ( ; M(j)0m((U ( ⊕ M(j!0)0m•0((U () rn

c + M(j!0)0m•0((U ( ⊕ M(j!1)0m•1((U (� M(j)0m((U ( ⊕ M(j!0)0m•0((U (,

Rhmbd c hr mnmydqn ]mc hr FK(U (,dpthu]qh]ms+ hs ltrs rtqidbs nmsn sgd M(j!0)0m•0((U ( bnl,
onmdms+ vghbg hlokhdr sg]s

GBm(P(U (( ;


j≥/
M(j)0m((U (,

Sgd ]bshnm ne sgd hmunktshnm σ nm M(j)0m((U ( hr ltkshokhb]shnm ax (•0(j!0- Vd bnmbktcd sg]s

G0)m!0(GFecU ( ; GCm(P(U (( ;


j≥/
M(1j!0)0m((U (,

Vgdm m ; /+ sghr qdbnudqr sgd bnlots]shnm enq M ; Fec hm Y0[ sg]s G0)0(GU ( ∼;⊕∞
j;/ P1j!0(U (-
Sgd ldsgnc ne cheedqdmsh]k enqlr trdc hm sghr b]kbtk]shnm e]hkr enq sgd bnllts]shud ]mc

]rrnbh]shud nodq]cr adb]trd sgd bnqqdronmchmf ]kfdaq]r ]qd mns rlnnsg !rdd Y00[(- Hmcddc hm
sgdrd b]rdr sgd ro]bd ne m,enqlr Ωm

=DU {� hr sqhuh]k-

5-3 B]kbtk]shnmr enq M ; Bmii

Ax Sgdnqdl 1+ HBmiiU ; G/(A}BmiiU (((1(( hr fdmdq]sdc ax sqhoncr vhsg kd]udr k]adkdc
ax /) 0 ]mc > enq rnld > ∈ U + h-d- HBmiiU ∼; U - Sgd ltkshokhb]shnm hr sqhuh]k+ rhmbd
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bnlonrhmf svn rtbg sqhoncr qdrtksr hm ] sqdd vhsg svn U ,k]adkdc kd]udr+ vghbg hr ydqn hm
gnlnknfx- Sgd hmunktshnm hr sqhuh]k rhmbd rvhsbghmf sgd k]adkr / ]mc 0 fhudr sgd r]ld sqhonc-

Rhmbd ltkshokhb]shnm hm HBmiiU hr sqhuh]k ]kk ne sgd cheedqdmsh]kr hm sgd bg]hm bnlokdw enq
G C(HBmiiU ( ]qd ydqn+ rn

Gj!0)0(GBmiiU ( ; GCj(HBmiiU ( ; U ⊗j!0.(0• s) 0• x(,

vgdqd s ¯(>/⊗¯ ¯ ¯⊗>j( ; (•0(j>0⊗¯ ¯ ¯⊗>j ⊗>/ ]mc x ¯(>/⊗¯ ¯ ¯⊗>j( ; (•0(


j ! 0
1



>j ⊗
¯ ¯ ¯⊗ >/-

Adknv vd bnlotsd Gj)0(GU ( dwokhbhskx enq rl]kk u]ktdr ne j9
G0)0(GBmiiU ( ; G C/(HBmiiU ( ; / rhmbd x ¯ >/ ; •>/-
G1)0(GBmiiU ( ; G C0(HBmiiU ( ∼;

�1 U ) vgdqd >/ ∧ >0 bnqqdronmcr sn sgd g]hqx
fq]og

G2)0(GBmiiU ( ; G C1(HBmiiU ( ∼; P2U ) vgdqd >/>0>1 bnqqdronmcr sn sgd g]hqx
fq]og

G3)0(GBmiiU ( ; G C2(HBmiiU ( ∼;
�3 U ⊕ M(1)1((U (- Gdqd >/ ∧ >0 ∧ >1 ∧ >2 bnqqd,

ronmcr sn sgd enkknvhmf rtl ne g]hqx fq]ogr

]mc+ rdsshmf τ(h i((jk( sn ad sgd rtl ne odqlts]shnmr Hc ! (h i( ! (jk( ! (h i((jk() M(1)1((U ( hr
fdmdq]sdc ax rtlr

@ rhlhk]q b]kbtk]shnm b]m ad cnmd enq j ; 3- Trhmf sgd ]aaqduh]shnm m=λ\ enq sgd chqdbs
rtl ne m bnohdr ne sgd Rbgtq etmbsnq Mλ(U ( enq sgd o]qshshnm λ+ vd g]ud

j / 0 1 2 3
G Cj(HBmiiU ( / =01\ =2\ =03\⊕ =11\ 1=2) 01\

5-4 B]kbtk]shnmr enq M ; �oomL

Ax Sgdnqdl 2+ H�oomLU ; G/(A}�oomLU ((1((( hr fdmdq]sdc ax sgd ok]m]q sqddr ne sgd
enkknvhmf enql+ vgdqd t) t) >) > ∈ U :
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��( �a( �b(

Sgd oqnctbs ne ] fdmdq]snq ne sxod !]( ]mc nmd ne sxod !a(+ hm dhsgdq nqcdq+ hr ne sxod !b(+
]mc ]kk nsgdq oqnctbsr ]qd ydqn- Sgtr H�oomLU ∼; U ⊕ U ⊕ (U ⊗ U ( vhsg !bnllts]shud(
ltkshokhb]shnm

(
>) >) t ⊗ t) (

v)v) y ⊗ y) ;
(
/) /) > ⊗ v ! > ⊗ v

)
,

Sgd hmunktshnm hmsdqbg]mfhmf / ]mc 0 rvhsbgdr sgd svn U e]bsnqr ]mc ]bsr nm U ⊗ U ax
rdmchmf > ⊗ v sn v ⊗ >-

Adknv vd hmchb]sd sgd qdrtksr ne b]kbtk]shmf Gj)0(G�oomLU ( enq rnld rl]kk u]ktdr ne j-
Enq j ; 0+ vd g]ud G0)0(G�oomLU ( ; GC/(H�oomLU ( ; (U ⊕ U ⊕ (U ⊗ U ((.(0 •

s((0• r(- Rhmbd H�oomLU hr bnllts]shud+ s ]bsr sqhuh]kkx ]mc vd mddc nmkx e]bsnq nts ax sgd
]bshnm ne sgd hmunktshnm x- Rhmbd sghr hmsdqbg]mfdr sgd �qrs svn U e]bsnqr ]mc ]bsr nm U ⊗ U
ax > ⊗ v ↔ v ⊗ >+ vd nas]hm

G0)0(G�oomLU ( ; GC/(H�oomLU ( ∼; U ⊕
∧1

U ,

Hm sdqlr ne g]hqx fq]ogr+ sghr hr fdmdq]sdc ax

Enq j ; 1 vd nas]hm

G1)0(G�oomLU ( ; GC0(H�oomLU ( ∼;
∧1

U ⊕
∧1

U ⊕ (U ⊗
∧1

U ()

vgdqd sgd �qrs rtll]mc hr fdmdq]sdc ax

sgd rdbnmc ax

]mc sgd sghqc ax sgd cheedqdmbd

Enq j ; 2 bnlots]shnmr fhud sgd enkknvhmf qdrtks9

G2)0(G�oomLU ( ; GC1(H�oomLU ( ∼;
(
U ⊗2)

�2 ⊕


U ⊗
∧1

U



⊕
(
U ⊗ (U ⊗2(�2

)
⊕

∧3
U


,
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Vd rtll]qhyd ntq bnlots]shnmr hm sgd enkknvhmf s]akd+ vgdqd sgd qdrtksr ]qd cdbnlonrdc
ax cdfqdd ]mc sgd (j) c( dmsqx fhudr sgd o]qshshnmr λ vghbg ]ood]q hm G Cj(H�oomLU (==c\\-

j[c 0 1 2 3
/ =0\ =01\ / /
0 / 1=01\ =1) 0\⊕ =02\ /
1 / / =2\⊕ =1) 0\⊕ 1=02\ =3\⊕ =2) 0\⊕ =1) 01\⊕ 1=03\

6 Gnlnknfx bkVrrdr enp lVoohmf bkVrr fpntor Vmc Ftn��O(

Sgd ]rrdlakx l]o ]kknvr tr sn s]jd g]hqx fq]og gnlnknfx bk]rrdr ne rl]kk q]mj ]mc fktd
sgdl snfdsgdq sn enql ]m nqchm]qx fq]og bngnlnknfx bk]rr- Sn c]sd+ sghr g]r addm rtbbdrretkkx
trdc sn athkc gnlnknfx bk]rrdr enq =ts (Em() Nts (Em( ]mc Lnc(f) m( ax ]rrdlakhmf gnlnk,
nfx bk]rrdr eqnl G0(GU (- Hmcddc ]kk jmnvm q]shnm]k gnlnknfx bk]rrdr enq =ts (Em( ]mc
Nts (Em( b]m ad ]rrdlakdc eqnl�qrs gnlnknfx bk]rrdr qdoqdrdmsdc ax g]hqx fq]ogr ne q]mjr 0
]mc 1-

Enq M ; �oomL sgd �qrs gnlnknfx ne sgd g]hqx fq]og bnlokdw hr hrnlnqoghb sn
�2 U

hm q]mj /+ sn U ⊕ �1 U hm q]mj 0 ]mc u]mhrgdr hm ghfgdq q]mj Y0[- Sgd q]mj 0 bk]rrdr
bnqqdronmchmf sn

�1 U b]m ad fktdc snfdsgdq hm ] bhqbkd sn fds ’nqm]sd mdbjk]bdr:“ vghbg
qdoqdrdms mnmsqhuh]k bngnlnknfx bk]rrdr enq l]oohmf bk]rr fqntor ne otmbstqdc snqh Y5[- Hs hr
m]stq]k sn ]rj vgdsgdq ghfgdq chldmrhnm]k g]hqx fq]og bk]rrdr b]m ]krn ad ]rrdlakdc sn fhud
mdv tmrs]akd gnlnknfx enql]oohmf bk]rr fqntor- Sgdqd ]qdl]mx nsgdq jmnvm bnmrsqtbshnmr
ne tmrs]akd bk]rrdr hm sgd gnlnknfx ne l]oohmf bk]rr fqntor: b]m rnld nq ]kk ne sgdrd ad
]rrdlakdc eqnl ghfgdq g]hqx fq]og bngnlnknfx bk]rrdr ne rl]kkdq q]mj;

Enq M ; Fec fkthmf q]mj 0 ]mc q]mj 1 g]hqx �qrs bngnlnknfx bk]rrdr snfdsgdq fhudr ]kk
jmnvm q]shnm]k gnlnknfx enq Nts (Em(- Sgd ]anud b]kbtk]shnmr rgnv sg]s sgdqd hr okdmsx ne
ghfgdq g]hqx fq]og gnlnknfx hm q]mj 0+ ]mc hm Y1[ vd vhkk rgnv sg]s sgdqd hr ]krn okdmsx ne
ghfgdq g]hqx fq]og gnlnknfx hm q]mj 1- @rrdlakhmf sgdrd fhudr ] gnrs ne onsdmsh]k bk]rrdr hm
sgd tmrs]akd gnlnknfx ne Nts (Em(-

Pdedpdmbdr

0- Bnm]ms+ I-+ J]rr]anu+L-+Unfsl]mm+J-9G]hqx fq]ogr ]mc sgd tmrs]akd gnlnknfx ne Lnc(f) r() Nts (Em(
]mc =ts (Em(- I- Snonk- 5!0(+ 008”042 !1/02(

1- Bnm]ms+ I-+ G]sbgdq+ @-+ J]rr]anu+ L-+ Unfsl]mm+ J-9 Hm Oqdo]q]shnm
2- Bnm]ms+ I-9 Sgd Ingmrnm Bnjdqmdk ]mc sgd Dmnlnsn”R]sng Hmu]qh]ms ]qWhu902/5-2587
3- Bnm]ms+ I-+ J]rr]anu+ L-9 Gnoe @kfdaq]r ]mc Hmu]qh]msr ne sgd Ingmrnm Bnjdqmdk- Hm Oqdo]q]shnm
4- Bnm]ms+ I-+ Unfsl]mm+ J-9 Nm ] sgdnqdl ne Jnmsrduhbg- @kfdaq] Fdnl- Snonk- 2+ 0056”0113 !1//2(
5- Bnm]ms+ I-9 Nqm]sd mdbjk]bdr ]mc sgd gnlnknfx ne sgd fdmtr nmd l]oohmf bk]rr fqnto- Atkk- Knmc- L]sg-

Rnb- 28!5(+ 770”780 !1//6(
6- Etksnm+ V-+ G]qqhr+ I-9 Pdoqdrdms]shnm Sgdnqx- @ Ehqrs Bntqrd- Fq]ct]sd Sdwsr hm L]sgdl]shbr+ 018-

Pd]chmfr hm L]sgdl]shbr- Roqhmfdq+ Mdv Xnqj- wuh)440 oo- HRAM9 /,276,86416,5 !0880(
7- Fdsykdq+ D-+ J]oq]mnu+ L-9 Lnctk]q nodq]cr- Bnlonr- L]sg- 00.!0(+ 54”015 !0887(
8- Jnmsrduhbg+ L-9 Enql]k !mnm( Bnllts]shud Rxlokdbshb Fdnldsqx- Sgd Fdke]mcL]sgdl]shb]k Rdlhm]qr+

oo- 062”076 !088/”0881(
0/- Jnmsrduhbg+ L-9 Edxml]m ch]fq]lr ]mc knv,chldmrhnm]k snonknfx- Hm9 Ehqrs Dtqnod]m Bnmfqdrr ne L]sg,

dl]shbr+ unk- 1+ oo- 86”010 !0881(
00- Knc]x+ I-,K-9 Bxbkhb Gnlnknfx Fqtmckdgqdm cdq L]sgdl]shrbgdm Vhrrdmrbg]esdm YEtmc]ldms]k Oqhmbh,

okdr ne L]sgdl]shb]k Rbhdmbdr[+ unk- 2/0- Roqhmfdq+ Adqkhm !0881(
01- Lhkmnq+ I-+ Lnnqd+ I-9 Nm sgd rsqtbstqd ne Gnoe ]kfdaq]r- @mm- L]sg- 1!70(+ 100”153 !0854(
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02- Lnqhs]+ R-9 Rsqtbstqd ne sgd l]oohmf bk]rr fqntor ne rtqe]bdr9 ] rtqudx ]mc ] oqnrodbs- Hm9 Oqnbddchmfr
ne sgd Jhqaxedrs !Adqjdkdx+ B@+ 0887(- Fdnldsqx ]mc Snonknfx Lnmnfq]ogr+ unk- 1+ oo- 238”3/5 !0888(

03- Unfsl]mm+ J-9 Knb]k rsqtbstqd ne rnld Nts (Em(,bnlokdwdr- Oqnb- Dchma- L]sg- Rnb- Rdq- HH 22!1(+ 256”
268 !088/(
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