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Sghr mnsd bnmsˆhmr ˆ mdvkx rsqdˆlkhmdc udqrhnm ne sgd nqhfhmˆk oqnne
sgˆs Ntsdq roˆbd hr bnmsqˆbshakd-

}0� Fmspnctbshnm

Hm ˆ rdqhdr ne kdbstqdr hm =tftrs 1/03 ˆs sgd Rdudmsg Rdˆrnmˆk Hmrsh,
stsd ne sgd Lˆsgdlˆshbˆk Rnbhdsx ne Iˆoˆm H adfˆm ax qdbˆkkhmf sgd bnm,
rsqtbshnm ne Ntsdq roˆbd enq ˆ eqdd fqnto Ck- Sghr hr ˆ fimhsd,chldmrhnmˆk
bnmsqˆbshakd roˆbd vhsg ˆ oqnodq ˆbshnm ne sgd fqnto Nts’Ck( ne ntsdq
ˆtsnlnqoghrlr ne Ck W3“- H sgdm chrbtrrdc sgd hcdˆ ne cdudknohmf ˆm
ˆmˆknfntr ntsdq roˆbd enq sgd ntsdq ˆtsnlnqoghrl fqnto ne ˆ fdmdqˆk
qhfgs,ˆmfkdc =qshm fqnto ’Q==F( /=- Rtbg ˆ roˆbd vˆr hmsqnctbdc hm
W1“ enq sgd bˆrd sgˆs /= gˆr mn svhrs ˆtsnlnqoghrlr- Vd ˆkrn tmcdq,
rsˆmc sgd bˆrd sgˆs /= hr fdmdqˆsdc dmshqdkx ax svhrs ˆtsnlnqoghrlr ˆmc
rhfmdc odqltsˆshnmr+ vgdqd sgd qdkduˆms roˆbd hr ˆ bnmsqˆbshakd rtaroˆbd
ne sgd rxlldsqhb roˆbd enq RK’m��(- Ntq bˆmchcˆsd enq ˆm Ntsdq roˆbd
enq ˆ fdmdqˆk Q==F hr ˆ gxaqhc ne sgdrd svn roˆbdr-

Sgd jdx qdrtks ne W1“ hr sgˆs sgd ntsdq roˆbd bnmrsqtbsdc sgdqd hr bnm,
sqˆbshakd- =ksgntfg sgdqd ˆqd mnv rdudqˆk oqnner sgˆs sgd nqhfhmˆk Ntsdq
roˆbd hr bnmsqˆbshakd+ sgd bnlahmˆsnqhˆk sdbgmhptdr trdc hm sgd nqhfhmˆk
oqnne W3“ ˆqd tkshlˆsdkx vgˆs vnqjdc enq tr hm sgd lnqd fdmdqˆk Q==F
rdsshmf- Sgtr sgd oqnne hm W1“ enkknvr sgd nqhfhmˆk oqnne ats ˆkrn hmbnq,
onqˆsdr rhlokhfibˆshnmr+ hmbktchmf rnld vghbg vdqd ˆkqdˆcx hmsqnctbdc
hm W4“- Tmenqstmˆsdkx+ mdv bnlokhbˆshnmr ˆkrn ˆqhrd ctd sn sgd eˆbs sgˆs
sgd ntsdq ˆtsnlnqoghrl fqnto ne ˆ fdmdqˆk Q==F hr lnqd bnlokhbˆsdc
sgˆm sgd ntsdq ˆtsnlnqoghrl fqnto ne ˆ eqdd fqnto- Hm sghr mnsd H vhkk
ˆunhc sgdrd bnlokhbˆshnmr ax itrs fhuhmf sgd bnlokdsd rhlokhfidc ˆqft,
ldms hm sgd bˆrd ne ˆ eqdd fqnto- Nmd lnshuˆshnm enq cnhmf sghr hr sn

Qdbdhudc Edaqtˆqx 1+ 1/04-
Qduhrdc Lˆx 7+ 1/04-
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Ehf- 0- = lˆqjdc fqˆog ’F� f(

bkˆqhex sgd nqhfhmˆk oqnne+ ˆmnsgdq hr sn lˆjd hs dˆrhdq enq sgnrd vgn vˆms
sn tmcdqrsˆmc sgd fdmdqˆk Q==F bˆrd sn enkknv sgd ˆqftldms-

}1� Ltsdp roVbd Vmc hsr rohmd

Hm sghr rdbshnm vd udqx aqhdfix qdbˆkk sgd cdfimhshnm ne Ntsdq roˆbd enq
ˆ eqdd fqnto Ck ˆmc hsr rohmd Hk- Enq ˆ lnqd cdsˆhkdc hmsqnctbshnm sn
sgdrd roˆbdr+ rdd W7“-

= qnrd hr ˆ fqˆog vhsg nmd udqsdw ˆmc m dcfdr ’rn sgd dcfdr ˆqd knnor
ˆs sgd udqsdw(- Vd adfhm ax fiwhmf ˆ rodbhfib qnrd Qk vgnrd etmcˆldmsˆk
fqnto vd hcdmshex vhsg Ck- = onhms hm Ntsdq roˆbd hr sgdm ˆm dpthuˆkdmbd
bkˆrr ne l]qjdc ldsqhb fq]ogr ’F� f( ’rdd Ehftqd 0(+ h-d-

’0( F hr ˆ fimhsd ldsqhb fqˆog vhsg ˆkk udqshbdr ne uˆkdmbd ˆs kdˆrs
2-

’1( Sgd unktld ne F ’h-d- sgd rtl ne sgd kdmfsgr ne hsr dcfdr( hr 0-
’2( f 9 Qk → F hr ˆ gnlnsnox dpthuˆkdmbd-
’3( ’F� f( hr dpthuˆkdms sn ’F�� f�( he sgdqd hr ˆm hrnldsqx g 9 F → F�

vhsg g ◦ f  f�-

Hm sgd qdrs ne sghr mnsd vd vhkk mns ad bˆqdetk ˆants chrshmfthrghmf
adsvddm ˆ lˆqjdc fqˆog ˆmc hsr dpthuˆkdmbd bkˆrr-

PdlVpi 1�0� Qdpthqhmf sgˆs sgd unktld ad dptˆk sn nmd hr ˆ ldˆmr
ne mnqlˆkhyhmf sgd oqnidbshud bkˆrr ne ˆ ldsqhb fqˆog- Hs hr ˆkrn rnldshldr
bnmudmhdms sn bnmrhcdq nsgdq mnqlˆkhyˆshnmr+ nq dudm sn bnmrhcdq sgd
tmoqnidbshuhydc udqrhnm ne Ntsdq roˆbd+ vgdqd sgd dcfdr ne F ˆqd ˆkknvdc
sn gˆud ˆmx onrhshud kdmfsgr-

Ntsdq roˆbd hr ˆ tmhnm ne nodm rhlokhbdr+ vgdqd sgd rhlokdw bnm,
sˆhmhmf ’F� f( bnmrhrsr ne ˆkk lˆqjdc fqˆogr nmd bˆm nasˆhm ax uˆqxhmf
sgd ’onrhshud( dcfd,kdmfsgr ne F vghkd jddohmf sgd unktld dptˆk sn nmd-
Oˆrrhmf sn ˆ eˆbd ne sgd rhlokdw bnqqdronmcr sn rgqhmjhmf rnld dcfdr sn
onhmsr- Rnld eˆbdr ne dˆbg rhlokdw ˆqd lhrrhmf+ rhmbd he ˆm dmshqd knno hr
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rgqtmj sn ˆ onhms sgd etmcˆldmsˆk fqnto hr mn knmfdq Ck ˆmc sgd hmctbdc
lˆqjhmf hr mn knmfdq ˆ gnlnsnox dpthuˆkdmbd- Enqlˆkkx hmbktchmf sgdrd
lhrrhmf eˆbdr fhudr ˆ rhlokhbhˆk bnlokdw+ bˆkkdc sgd rhlokhbh]k bknrtqd ne
Ntsdq roˆbd: sgd rhlokhbdr vghbg ˆqd mns hm Ntsdq roˆbd ˆqd rˆhc sn ad
]s hmzmhsx-

PdlVpi 1�1� Sgd rhlokhbhˆk bknrtqd ne Ntsdq roˆbd hr ˆkrn bˆkkdc
sgd eqdd rokhsshmf bnlokdw nq sgd rogdqd bnlokdw: sgdrd sdqlhmnknfhdr ˆqhrd
eqnl chffdqdms ’dpthuˆkdms( cdrbqhoshnmr ne Ntsdq roˆbd+ sgd fiqrs ˆr ˆ
roˆbd ne ˆbshnmr ne Ck nm ldsqhb rhlokhbhˆk sqddr ˆmc sgd rdbnmc ˆr ˆ
roˆbd ne vdhfgsdc rogdqd rxrsdlr hm ˆ cntakdc gˆmckdancx-

Sgd rds ne ˆkk nodm rhlokhbdr ne Ntsdq roˆbd hr oˆqshˆkkx nqcdqdc ax
sgd eˆbd qdkˆshnm+ ˆmc sgd fdnldsqhb qdˆkhyˆshnm ne sghr oˆqshˆkkx nqcdqdc
rds ’onrds( hr bˆkkdc sgd rohmd ne Ntsdq roˆbd- Sgtr ˆ rhlokdw hm sgd rohmd
Hk hr ˆ bgˆhm ne nodm rhlokhbdr µ+ ⊂ , , , ⊂ µj vhsg µe ˆ oqnodq eˆbd ne
µe)0- Hm nsgdq vnqcr+ Hk hr ˆ rtabnlokdw ne sgd aˆqxbdmsqhb rtachuhrhnm
ne sgd rhlokhbhˆk bknrtqd- Sgdqd hr ˆ mˆstqˆk dpthuˆqhˆms cdenqlˆshnm
qdsqˆbs ne ˆkk ne Ntsdq roˆbd nmsn Hk+ odqenqldc ax otrghmf khmdˆqkx
eqnl sgd ’lhrrhmf( rhlokhbdr ˆs hmfimhsx nmsn sgd rohmd-
Sgtr sn oqnud sg]s Ntsdq ro]bd hr bnmsq]bshakd hs rtfibdr sn rgnv sg]s

sgd rohmd Hk hr bnmsq]bshakd-

}2� Rsptbstpd ne sgd rohmd Hk Vmc okVm ne VssVbi

Rhmbd udqshbdr ne Hk rhs ˆs sgd aˆqxbdmsdqr ne rhlokhbdr ne Ntsdq
roˆbd ˆkk dcfdr gˆud sgd rˆld kdmfsg ˆmc vd lˆx sghmj ne sgdrd ˆr otqdkx
bnlahmˆsnqhˆk ’ˆr noonrdc sn ldsqhb( naidbsr nq+ dpthuˆkdmskx+ ˆrrtld ˆkk
dcfdr gˆud kdmfsg nmd- Vd sˆjd sghr onhms ne uhdv enq sgd qdrs ne sgd
oˆodq-

Sn cdrbqhad sgd rhlokhbdr ne Hk+ qdbˆkk sgˆs ˆ enqdrs hm ˆ fqˆog F hr
ˆ rtafqˆog vghbg bnmsˆhmr mn knnor+ h-d- ˆ enqdrs hr ˆ chrinhms tmhnm ne
sqddr- Bnkkˆorhmf dˆbg sqdd ne ˆ enqdrs C sn ˆ onhms fhudr ˆ mdv fqˆog
F..C ˆmc sgd bnkkˆorhmf lˆo b, 9 F → F..C hr ˆ gnlnsnox dpthuˆkdmbd+
rn sgd bnlonrhshnm b, ◦f hr ˆ lˆqjhmf ne F..C - Enqdrs bnkkˆord fhudr sgd
udqshbdr ne Hk sgd rsqtbstqd ne ˆ oˆqshˆkkx nqcdqdc rds ’onrds(- Sgd dmshqd
bnlokdw Hk hr sgd fdnldsqhb qd]khr]shnm ’ˆkrn bˆkkdc sgd nqcdq bnlokdw( ne
sghr onrds- Hm nsgdq vnqcr+ sgdqd hr ˆm dcfd hm Hk eqnl ’F� f( sn ’F�� f�(
vgdmdudq ’F�� f�( bˆm ad nasˆhmdc eqnl ’F� f( ax ˆ enqdrs bnkkˆord+ ˆmc
sgdqd hr ˆ j,rhlokdw enq dudqx bgˆhm ne j enqdrs bnkkˆordr

’F+� f+( → ’F0� f0( → § § §→ ’Fj� fj(,
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Dudqx udqsdw hm Hk hr bnmmdbsdc ax ˆm dcfd sn ˆs kdˆrs nmd lˆqjdc
qnrd ’Q� o(+ nasˆhmdc eqnl ’F� f( ax bnkkˆorhmf ˆ lˆwhlˆk sqdd- Sgtr Hk

hr sgd tmhnm ne sgd rhlokhbhˆk rsˆqr ne hsr lˆqjdc qnrdr- Hm nqcdq sn oqnud
sgˆs Hk hr bnmsqˆbshakd sgd hcdˆ hr sn athkc Hk ax rsˆqshmf vhsg sgd rsˆq
ne ˆ rhmfkd lˆqjdc qnrd ’vghbg hr bnmsqˆbshakd(+ sgdm ˆssˆbg sgd qdrs ne
sgd rsˆqr hm rnld nqcdq ˆmc oqnud sgˆs ˆs dˆbg rsˆfd vd ˆqd ˆssˆbghmf
ˆknmf rnldsghmf bnmsqˆbshakd- Hm nqcdq sn bˆqqx nts sghr okˆm vd mddc sn

’0( Cdfimd ˆ mnql nm lˆqjdc qnrdr ˆmc oqnud sgˆs sghr mnql vdkk,
nqcdqr sgd lˆqjdc qnrdr-

’1( Hcdmshex vghbg lˆqjdc fqˆogr hm sgd rsˆq ne ˆ lˆqjdc qnrd ˆqd
qdctbshud+ h-d- ˆqd ˆciˆbdms sn lˆqjdc qnrdr ne rlˆkkdq mnql-

’2( Oqnud sgˆs sgd rtabnlokdw ne qdctbshud lˆqjdc fqˆogr hm ˆ
rsˆq hr bnmsqˆbshakd-

Vd ˆbstˆkkx odqenql ˆ ahs ne rkdhfgs,ne,gˆmc adbˆtrd hs hr dˆrx sn rgnv
sgˆs Hk hr bnmmdbsdc- Vd sgdm rgnv sgˆs he sgd rtabnlokdw ne qdctbshud
lˆqjdc fqˆogr hr mnm,dlosx+ sgdm hs hr bnmsqˆbshakd- Sghr rgnvr sgˆs
Hk hr ˆ tmhnm ne bnmsqˆbshakd bnlonmdmsr+ ats rhmbd hs hr bnmmdbsdc hs hr
ˆbstˆkkx bnmsqˆbshakd-

}3� Anmmdbshuhsv ne Hk uhV RsVkkhmfr enkcr

He g 9 Qk → Q hr ˆ gnldnlnqoghrl sgdm sgd lˆqjdc qnrd ρ+ ; ’Q� g(
hr bˆkkdc sgd rs]mc]qc qnrd- Rhmbd dudqx udqsdw ne Hk hr bnmmdbsdc sn ˆ
lˆqjdc qnrd+ sn oqnud sgˆs Hk hr bnmmdbsdc hs rtflbdr sn bnmmdbs ˆmx
lˆqjdc qnrd sn ρ+- Sgd eˆbs sgˆs xnt bˆm cn sghr enkknvr dˆrhkx eqnl
Mhdkrdm”r sgdnqdl sgˆs Nts’Ck( hr fdmdqˆsdc ax rhfmdc odqltsˆshnmr
ˆmc sqˆmrudbshnmr ’h-d- ˆtsnlnqoghrlr vghbg ltkshokx nmd fdmdqˆsnq ax
ˆmnsgdq(- Ats sgdqd hr ˆkrn ˆ udqx rkhbj+ bnlokdsdkx dkdldmsˆqx vˆx sn
rdd sghr+ ctd sn Rsˆkkhmfr ’vghbg ˆkrn qdoqnudr Mhdkrdm”r sgdnqdl(-

= lˆo f 9 F → G adsvddm svn fqˆogr hr bˆkkdc ˆ fq]og lnqoghrl
he hs hr rdmcr udqshbdr sn udqshbdr ˆmc dcfdr dhsgdq sn rhmfkd dcfdr nq
sn udqshbdr- He vd ˆqd ˆkknvdc sn ˆcc ahuˆkdms udqshbdr sn F sgdm ˆmx
bnmshmtntr lˆo hr gnlnsnohb sn ˆ fqˆog lnqoghrl+ rn vd vhkk ˆrrtld
ˆkk ne ntq lˆor ˆqd fqˆog lnqoghrlr-

He ˆ fqˆog lnqoghrl f 9 F → G hr mns knbˆkkx hmidbshud sgdm dhsgdq
rnld dcfd ne F ltrs ad lˆoodc sn ˆ onhms hm G nq svn dcfdr ne F
dlˆmˆshmf eqnl sgd rˆld udqsdw ltrs lˆo sn sgd rˆld dcfd hm G -
Hm dhsgdq bˆrd+ f eˆbsnqr sgqntfg ˆ lnqoghrl F → F0+ vghbg dhsgdq
bnkkˆordr ˆm dcfd ’hm sgd fiqrs bˆrd( nq enkcr svn dcfdr snfdsgdq ’hm sgd
rdbnmc bˆrd(- Hm sgd rdbnmc bˆrd sghr lnqoghrl hr bˆkkdc ˆ Rs]kkhmfr enkc-
=m dwˆlokd hr hkktrsqˆsdc ax sgd sno ˆqqnv hm Ehftqd 1-
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Ehf- 1- = enkc hr ˆ aknvto enkknvdc ax ˆ enqdrs bnkkˆord

Opnonrhshnm 3�0� Hk hr bnmmdbsdc-

Oqnne- =r qdlˆqjdc ˆanud+ hs rtflbdr sn bnmmdbs ˆmx lˆqjdc qnrd
ρ ; ’Q� o( sn sgd rsˆmcˆqc qnrd ρ+- Vd adfhm ax qdoqdrdmshmf ˆ gnlnsnox
hmudqrd sn o ax ˆ fqˆog lnqoghrl r 9 Q → Qk Sn cn sghr vd mddc sn
rtachuhcd sgd dcfdr ne Q rthsˆakx- Sdbgmhbˆkkx sghr hr mns ˆkknvdc hm Hk

rhmbd hs hmsqnctbdr ahuˆkdms udqshbdr+ ats vd bˆm qdbnudq sgd onhms ne Hk

ax rhlokx hfmnqhmf sgd ahuˆkdms udqshbdr- He r hr mns knbˆkkx hmidbshud+
sgdm dhsgdq rnld dcfd bnkkˆordr nq xnt bˆm enkc svn dcfdr vghbg rsˆqs
ˆs sgd rˆld udqsdw- Mnsd sgˆs sgdrd dcfdr ltrs gˆud chrshmbs sdqlhmˆk
udqshbdr+ rhmbd nsgdqvhrd sgdx vntkc enql ˆ knno vhsg mtkk,gnlnsnohb
hlˆfd+ vghbg bˆm”s gˆoodm adbˆtrd r hr ˆ gnlnsnox dpthuˆkdmbd-

Qdbˆkk sgˆs bnkkˆorhmf ˆ enqdrs hm ˆ lˆqjdc fqˆog fhudr ˆm dcfd hm
Hk ’tmkdrr sgd enqdrs bnmsˆhmr nmkx oqnodq rtardsr ne rtachuhcdc dcfdr+
hm vghbg bˆrd bnkkˆorhmf cndr mns bgˆmfd sgd onhms ne Hk(- Sgd qdudqrd
ne ˆ rhmfkd dcfd bnkkˆord hr bˆkkdc ˆ aknvto- = enkc bnqqdronmcr sn ˆ
aknvto enkknvdc ax ˆ enqdrs bnkkˆord vgdm sgd enkcdc dcfdr gˆud chrshmbs
sdqlhmˆk udqshbdr: sgtr ˆ Rsˆkkhmfr enkc fhudr ˆ oˆsg hm sgd 0,rjdkdsnm ne
Hk- Rdd Ehftqd 1 enq sgd bˆrd sgˆs mdhsgdq dcfd hr ˆ knno- Sgdqd hr ˆ
rhlhkˆq ohbstqd he nmd dcfd hr ˆ knno-

He r hr mns knbˆkkx hmidbshud+ odqenql ˆ enkc- ’He ˆ tmhuˆkdms udqsdw
hr oqnctbdc+ ˆkrn bnkkˆord sgd ˆciˆbdms dcfd: rtbg ˆ enkc ˆmc bnkkˆord
cndr mns bgˆmfd sgd onhms ne Hk-( He sgd hmctbdc lˆo hr mns knbˆkkx
hmidbshud sgdm enkc nq bnkkˆord ˆfˆhm+ sgtr oqnctbhmf ˆ oˆsg hm Hk- Sghr
oqnbdrr gˆr sn rsno adbˆtrd dˆbg shld sgd snsˆk mtladq ne dcfdr hm sgd
fqˆog cdbqdˆrdr- Vgdm hs rsnor+ sgd hmctbdc lˆo e 9 F → Qk hr knbˆkkx
hmidbshud-
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Vd mnv bkˆhl sgˆs ˆ knbˆkkx hmidbshud lˆo e hr ˆbstˆkkx ˆ gnldn,
lnqoghrl+ rn sgd oˆsg hm Hk gˆr ˆqqhudc ˆs ’e−0� F( ; ρ+- Sn rdd sghr+
kds we ad sgd h,sg odsˆk ne Qk- Rhmbd e hr ˆ gnlnsnox dpthuˆkdmbd+ sgdqd
hr rnld knno e hm F vhsg e’e(  we- Rhmbd e hr knbˆkkx hmidbshud+ e hr
ˆ rhlokd knno hm F- He h ; i+ sgdm sgd knnor e ˆmc i bˆm hmsdqrdbs hm
ˆs lnrs ˆ onhms+ rhmbd sgˆs hr sqtd ne sgdhq hlˆfdr we ˆmc wi + rn ˆmx
nudqkˆo vntkc gˆud sn bnkkˆord sn ˆ onhms- Sgd tmhnm ne sgd e ltrs ad
ˆkk ne F+ rhmbd nsgdqvhrd sgd bnlokdldms vntkc ad ˆ enqdrs vghbg ltrs
bnkkˆord- Ehmˆkkx sgd e ltrs ˆkk hmsdqrdbs hm sgd rˆld onhms+ enqlhmf ˆ
qnrd- P-D-C-

}4� Sgd mnpl ne V pnrd

Sgd mdws sˆrj hr sn fimc ˆ [Lnqrd etmbshnm� vghbg snsˆkkx nqcdqr sgd
qnrdr- Sgd hcdˆ hr sgˆs lnqd bnlokhbˆsdc lˆqjhmfr rgntkc bnld kˆsdq hm
sgd nqcdqhmf-

Enq ˆmx knno γ hm ˆ fqˆog F+ kds F’γ( cdmnsd sgd kdmfsg ne sgd
rgnqsdrs knno hm sgd ’eqdd( gnlnsnox bkˆrr ne γ+ vgdqd vd sghmj ne dˆbg
dcfd ne F ˆr gˆuhmf kdmfsg nmd- Mnsd sgˆs γ hr rgnqsdrs hm hsr gnlnsnox
bkˆrr he ˆmc nmkx he hs hr knbˆkkx hmidbshud+ hm vghbg bˆrd vd bˆkk hs ˆ shfgs
knno-

Ehw ˆ aˆrhr w0� , , , � wk enq Ck ˆmc khrs sgd bnmitfˆbx bkˆrrdr hm nqcdq
ne hmbqdˆrhmf ’bxbkhbˆkkx qdctbdc( vnqc,kdmfsg9

� ; ’v0� v1� , , ,( ; ’w0� w1� , , , � wk� w1
0� , , , � w0w1� , , , � w0w−0

1 � , , , � w2
0� , , ,(,

Mnsd sgˆs hs hr qdctmcˆms sn hmbktcd ansg v ˆmc v−0 hm� + rn vd vnm”s-
Kds RW ad sgd ˆrrnbhˆsdc nqcdqdc ˆadkhˆm fqnto+ vhsg sgd kdwhbnfqˆoghbˆk
nqcdq- Enq ˆmx qnrd ρ ; ’o� Q( ˆmc ˆmx v ∈� + cdfimd ρn sn ad dptˆk
sn N’o’v((- Sgd mnql ne ρ hr sgdm cdfimdc ax

ρ ; ρW ; ’ρn�
� ρn1

� , , ,( ∈ RW ,

Sghr mnql snsˆkkx nqcdqr sgd qnrdr+ ˆbbnqchmf sn sgd enkknvhmf aˆrhb sgd,
nqdl+ oqnudc hmcdodmcdmskx ax =kodqhm ˆmc Aˆrr ˆmc ax Btkkdq ˆmc
Lnqfˆm9

Sgdnpdl 4�0� W0+ 2“ : eqdd ]bshnm ne Ck nm ] rhlokhbh]k sqdd hr
cdsdqlhmdc ax hsr sq]mrk]shnm kdmfsg etmbshnm-

Vd vhkk rgnv sgˆs ntq mnql gˆr sgd enkknvhmf rsqnmfdq oqnodqsx+
vghbg vd vhkk mddc sn cn hmctbshnm9

Opnonrhshnm 4�1� Sgd rds ne qnrdr hr vdkk,nqcdqdc hm sghr mnql-
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KdllV 4�2� :mx eqdd lhmhl]k ]bshnm ne Ck nm ] rhlokhbh]k sqdd hr
cdsdqlhmdc ax sgd sq]mrk]shnm kdmfsgr ne zmhsdkx l]mx bnmitf]bx bk]rrdr-

Oqnne- =rrtld fiqrs sgˆs sgd ptnshdms ax sgd ˆbshnm hr ˆ qnrd- Vd
bkˆhl sgˆs hm sghr bˆrd sgd ˆbshnm hr cdsdqlhmdc ax sgd sqˆmrkˆshnm kdmfsgr
ne sgd 1m1 ) 1m bkˆrrdr vghbg gˆud kdmfsg ˆs lnrs 1- Sgdrd ˆqd qdoqd,
rdmsdc ax nqhdmsdc knnor ne kdmfsg ˆs lnrs 1 hm sgd ptnshdms qnrd- Sgd
odsˆkr ne sgd qnrd bnqqdronmc sn rnld aˆrhr v0� , , , � vk enq Ck-

Rtoonrd sgdqd vˆr ˆmnsgdq eqdd lhmhlˆk ˆbshnm vhsg ptnshdms ˆ qnrd
hm vghbg sgdrd bkˆrrdr gˆud sgd rˆld kdmfsgr- Sghr ˆbshnm hr sgd fiqrs ˆb,

shnm svhrsdc ax ˆm ’ntsdq( ˆtsnlnqoghrl ]φ- =mx ˆtsnlnqoghrl φ qdo,

qdrdmshmf ]φ ltrs odqltsd sgd bnmitfˆbx bkˆrrdr ne v0� v−0
0 � , , , � vk� v−0

k

rhmbd sgdrd ˆqd ˆkk ne sgd bkˆrrdr ne kdmfsg 0- Hm eˆbs+ vd lˆx ˆrrtld
φ rdmcr dˆbg ve sn ˆ bnmitfˆsd ne hsrdke+ rhmbd odqltshmf ˆmc hmudqs,
hmf sgd ve bˆm ad qdˆkhydc ax ˆm hrnldsqx ne sgd qnrd+ vghbg khesr sn ˆm
dpthuˆqhˆms hrnldsqx ne sgd sqdd-

Sˆjd ˆ qdoqdrdmsˆshud φ enq ]φ vhsg φ’v0( ; v0+ ˆmc rtoonrd φ’v1( ;
tv1t−0, Sgdm φ’v0v1( ; v0tv1t−0- Rhmbd sghr hr bnmitfˆsd sn ˆm
dkdldms ne kdmfsg 1+ t ltrs ad ˆ onvdq ne v0- Sgdqdenqd+ ˆesdq bnlonrhmf
φ vhsg bnmitfˆshnm ax t−0 vd lˆx ˆrrtld φ’v0( ; v0 ˆmc φ’v1( ; v1-

Mnv bnmrhcdq φ’ve( ; uveu
−0 enq h < 1- Sgd ˆqftldms ˆanud rgnvr

sgˆs u ltrs ad ˆ onvdq ne v0 ]mc ˆ onvdq ne v1+ rn hm eˆbs u ; 0 ˆmc φ
hr sgd hcdmshsx-

He sgd ptnshdms ax sgd ˆbshnm hr ˆ lˆqjdc fqˆog vghbg hr mns ˆ qnrd+
bgnnrd ˆ lˆwhlˆk sqdd ˆmc bnkkˆord hs sn fds ˆ qnrd- Vd bˆm chrshmfthrg
sghr qnrd eqnl ˆmx nsgdq qnrd ax sgd kdmfsgr ne fimhsdkx lˆmx bnmitfˆbx
bkˆrrdr- Ntq nqhfhmˆk lˆqjdc fqˆog hr nasˆhmdc eqnl sghr qnrd ax aknvhmf
to sgd udqsdw hmsn ˆ sqdd- Sgdqd ˆqd nmkx fimhsdkx lˆmx vˆxr sn cn sghr+
vghbg ax Sgdnqdl 4-0 bˆm ad chrshmfthrgdc ax fimhsdkx lˆmx kdmfsgr-
Sgtr sgd dmshqd ˆbshnm hr cdsdqlhmdc ax sgd kdmfsgr ne fimhsdkx lˆmx
bnmitfˆbx bkˆrrdr- P-D-C-

PdlVpi 4�3� Sgd fimhsd rds ne bnmitfˆbx bkˆrrdr entmc hm Kdllˆ 4-2
cdodmcr nm sgd ˆbshnm- Hs bˆm ad rgnvm sgˆs enq ˆmx fiwdc fimhsd rds ne
bnmitfˆbx bkˆrrdr sgdqd ˆqd svn qnrdr hm vghbg sgnrd bnmitfˆbx bkˆrrdr
gˆud sgd rˆld sqˆmrkˆshnm kdmfsg- ’Hm eˆbs+ xnt bˆm fimc ˆm ˆqahsqˆqx
’fimhsd( mtladq ne qnrdr hm vghbg sgnrd bnmitfˆbx bkˆrrdr gˆud sgd rˆld
sqˆmrkˆshnm kdmfsg+ rdd W6“(-

Oqnne ne Oqnonrhshnm 2-1- Vd gˆud sn rgnv sgˆs ˆmx rtards S ne
qnrdr gˆr ˆ kdˆrs dkdldms- Rds S ; S+ ˆmc cdfimd ˆ cdbqdˆrhmf bgˆhm

S ; S+ ⊃ S0 ⊃ S1 , , , �
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vgdqd Se hr sgd rds ne dkdldmsr hm Se−0 enq vghbg ρn�
hr lhmhlˆk

onrrhakd+ rˆx ρn�
; e- Mnsd sgˆs dˆbg dkdldms ne Se hr ≤ dˆbg dkdldms

ne Se−0 hm sgd nqcdqhmf-
Sgd etmbshnm e 9 Ck → R cdfimdc ax e’ve( ; e rˆshrfidr sgd ˆwhnlr

enq ˆ sqˆmrkˆshnm kdmfsg etmbshnm+ rn bnqqdronmcr sn ˆm ˆbshnm nm ˆ sqdd-
Sghr ˆbshnm hr eqdd rhmbd e’ve( ; e ; / enq ˆkk h- Sgdqdenqd hs bnqqdronmcr
sn ˆ lˆqjdc fqˆog γ ’vhsg ˆkk dcfdr ne kdmfsg 0(- Ax Kdllˆ 4-2 γ hr
cdsdqlhmdc ax sgd kdmfsgr ne fimhsdkx lˆmx dkdldmsr ne Ck- Rn enq M
rtflbhdmskx kˆqfd SG gˆr nmkx nmd dkdldms+ ˆ qnrd vghbg ltrs ad dptˆk
sn γ+ vghbg hr rlˆkkdq sgˆm ˆmx nsgdq dkdldms ne S - P-D-C-

}5� RdoVpVshmf dcfdr

Hs hr bnmudmhdms sn oqnud bnmsqˆbshahkhsx itrs enq sgd rtabnlokdw Kk

ne Hk roˆmmdc ax fqˆogr vhsg mn rdoˆqˆshmf dcfdr- Sghr hr itrshfidc ax
sgd enkknvhmf nardquˆshnm-

Opnonrhshnm 5�0� Hk cdenql]shnm qdsq]bsr sn sgd rtabnlokdw Kk

ro]mmdc ax fq]ogr vhsg mn rdo]q]shmf dcfdr-

Sgd cdenqlˆshnm qdsqˆbshnm hr dˆrx sn rdd9 nmd itrs tmhenqlkx rgqhmjr
ˆkk rdoˆqˆshmf dcfdr sn ydqn- Rhmbd Hk hr sgd fdnldsqhb qdˆkhrˆshnm ne ˆ
onrds+ nmd bˆm fhud ˆ enqlˆk oqnne trhmf Pthkkdm”r Onrds Kdllˆ+ vghbg
vhkk ˆkrn bnld hm gˆmcx kˆsdq-

KdllV 5�1� YPthkkdmWr Onrds Kdll] W5“[ Kds O ad ] onrds ]mc
e 9 O → O ] onrds l]o ’h-d- w ≤ x hlokhdr e’w( ≤ e’x((- He hm ]cchshnm
e’w( ≤ w enq ]kk w) sgdm {O { cdenql]shnm qdsq]bsr sn {e’O ({) vgdqd udqshb]k
a]qr cdmnsd fdnldsqhb qd]khy]shnm-

Mnsd sgˆs ax trhmf sgd noonrhsd onrds vd bˆm cqˆv sgd rˆld bnmbkt,
rhnm he e’w( ≥ w enq ˆkk w- Sgd oqnne ne sgd Onrds Kdllˆ hr ˆ rsqˆhfgs,
enqvˆqc ˆookhbˆshnm ne sgd oqhrl nodqˆsnq+ ˆmc hr kdes sn sgd qdˆcdq-

Oqnne ne Oqnonrhshnm 5-.- Sgd lˆo e 9 Hk → Hk vghbg bnmsqˆbsr
dˆbg rdoˆqˆshmf dcfd hr ˆ onrds lˆo vhsg hlˆfd Kk- P-D-C-

Vd qdhsdqˆsd ntq okˆm ne ˆssˆbj+ ˆr ˆm dwbtrd sn hmsqnctbd rnld
mnsˆshnm- =kk qnrdr ˆqd hm Kk+ ˆmc vd uhdv Kk ˆr sgd tmhnm ne sgd
rhlokhbhˆk rsˆqr ne hsr qnrdr9

Kk ;
�

oer4r <

rs’ρ(,

Vd bnmrsqtbs Kk ax rsˆqshmf vhsg sgd rsˆq ne sgd ’tmhptd( qnrd ne lhmhlˆk
mnql ˆmc ˆcchmf rsˆqr ne qnrdr hm sgd nqcdq chbsˆsdc ax sgd mnql+ h-d-
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enq dˆbg qnrd ρ+ cdfimd

Kw< ;
�

W<�WwW<W

rs’ρ�(,

Vd vhkk oqnud sgˆs he rs’ρ( ∩ Kw< hr mnm,dlosx+ sgdm hs hr bnmsqˆbshakd-
Sghr vhkk rgnv sgˆs Kk hr ˆ tmhnm ne bnmsqˆbshakd bnlonmdmsr- Ats vd
ˆkqdˆcx jmnv Kk hr bnmmdbsdc+ rn hs hr bnmsqˆbshakd-

}6� Pdctbshud fpVogr Vmc sgd DVbsnphyVshnm kdllV

Vd bˆkk ˆ lˆqjdc fqˆog qdctbshud he hs hr hm rs’ρ( ∩ Kw<: sgtr ’F� f(
hr qdctbshud he ˆmc nmkx he F bnmsˆhmr lˆwhlˆk sqddr Φ ˆmc C rtbg sgˆs
bnkkˆorhmf Φ fhudr ρ ˆmc bnkkˆorhmf C fhudr ˆ chffdqdms qnrd ρ� vhsg ρ� y
ρ-

Enq dˆbg dcfd d ∈ F ne ˆ lˆqjdc fqˆog ’F� f(+ kds {d{ ∈ RW ad sgd
dkdldms vgnrd bndflbhdms {d{n hr sgd mtladq ne shldr ˆ shfgs qdoqdrdmsˆ,
shud ne f’v( bqnrrdr d+ hm dhsgdq chqdbshnm- Rhmbd bnkkˆorhmf ˆ enqdrs rdmcr
shfgs oˆsgr sn shfgs oˆsgr+ vd fds

ρ� ; ρ)
∑

α∈Φ

{α{ ±
∑

R∈,

{d{,

Opnonrhshnm 6�0� He Φ ; \α0� , , , �αj| ]mc C ; \d0� , , , � dj| ]qd
l]whl]k sqddr hm ] fq]og F) sgdm sgdqd hr ] odqlts]shnm µ ne \0� , , , � m|
rtbg sg]s dσ�e( bnmmdbsr sgd svn bnlonmdmsr ne Φ± αe enq d]bg h-

Oqnne- Ehqrs ne ˆkk vd vˆms µ sn ad sgd hcdmshsx nm bnllnm dcfdr
ne Φ ˆmc C - Vd bˆm sgdm bnmsqˆbs sgdrd dcfdr sn qdctbd sgd oqnakdl sn
sgd bˆrd sgˆs Φ ˆmc C gˆud mn dcfdr hm bnllnm-

Hs”r dˆrx sn lnud eqnl Φ sn C ax qdokˆbhmf nmd dcfd ˆs ˆ shld+ ats
vd vˆms sn cn rnldsghmf ˆ khsskd lnqd rtaskd sgˆm sgˆs- Gdqd”r nmd oqnne
xnt bˆm cn hs9

Φ ∪ C hr ˆ fqˆog ne qˆmj j+ ˆmc sgd dcfdr ne Φ nq ne C dˆbg fhud ˆ
aˆrhr enq G0’Φ∪C (- Sgd bgˆmfd ne aˆrhr lˆsqhw A gˆr dmsqx aei ; •0 he
sgd tmhptd oˆsg hm C bnmmdbshmf sgd dmconhmsr ne αi bqnrrdr de: nsgdqvhrd
aei ; /- Rhmbd sghr lˆsqhw hr mnm,rhmftkˆq+ rnld sdql

rhfm’µ(

k∏

e40

ae�σ�e(

hm sgd dwoqdrrhnm enq sgd cdsdqlhmˆms ne A hr mnm,ydqn- Sgdm dσ�e( inhmr
sgd svn bnlonmdmsr ne Φ± αe- P-D-C-
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AnpnkkVpv 6�1 ’Eˆbsnqhyˆshnm kdllˆ(� Hm rs’ρ() dudqx qdctbshud
’F� f( hr ]ci]bdms sn ] 1,udqsdw qdctbshud fq]og-

Oqnne- Vhsg Φ+ C ˆmc µ ˆr hm Kdllˆ 6-0+ vd gˆud

ρ� ; ρ)
∑

e

{αe{ ±
∑

e

{dσ�e({ ; ρ)
∑

e

’{αe{ ± {dσ�e({(,

Rhmbd ρ� y ρ+ vd ltrs gˆud {αe{ ± {dσ�e({ y / enq rnld h- Sgdm sgd
svn,udqsdw fqˆog nasˆhmdc ax bnkkˆorhmf ˆkk dcfdr ne Φ± αe hr qdctbshud
’ˆmc hr bnmmdbsdc sn ’F� f((-

P-D-C-

Sgtr vd lˆx uhdv rs’ρ(∩Kwρ ˆr ˆ tmhnm ne rsˆqr ne 1,udqsdw fqˆogr-
He vd ˆqd ktbjx sgdqd hr nmkx nmd qdctbshud 1,udqsdw fqˆog rn rs’ρ(∩Kwρ hr
bnmsqˆbshakd- Vd ˆqd rdkcnl rn ktbjx+ gnvdudq+ ˆmc mddc sn vnqj gˆqcdq-
Hm nqcdq sn cn sghr vd vhkk qdhmsdqoqds qdctbshud fqˆogr ˆmc sgd mnql
trhmf ˆ mdˆs bnlahmˆsnqhˆk lncdk nqhfhmˆkkx hmsqnctbdc ax Vghsdgdˆc hm
sgd bnmsdws ne rogdqd bnlokdwdr hm cntakdc gˆmckdanchdr- Sghr lncdk
’sqˆmrkˆsdc hmsn sgd kˆmftˆfd ne oˆqshshnmr ˆmc fqˆogr hmrsdˆc ne rogdqd
bnlokdwdr( hr dwokˆhmdc hm sgd mdws rdbshnm-

}7� FcdVk dcfdr

Vd mnv fiw ˆ qnrd ρ ; ’o� Q( ˆmc qd,hmsdqoqds fqˆogr hm rs’ρ( hm
sdqlr ne oˆqshshnmr ne sgd rds G ne gˆke,dcfdr ne Q- Vd cdmnsd sgd
mˆstqˆk hmunktshnm nm G ax d → d- Sghr rdbshnm dwokˆhmr sgd sqˆmrkˆshnm
eqnl fqˆogr sn oˆqshshnmr-

= lˆqjdc fqˆog ’F� f( hr hm rs’ρ( he ˆmc nmkx he F gˆr ˆ lˆwhlˆk sqdd
Φ rn sgˆs sgd bnlonrhshnm ne sgd bnkkˆorhmf lˆo bΦ vhsg f hr gnlnsnohb
sn o- Hm oˆqshbtkˆq+ sgd dcfdr ne F ± Φ ˆqd lˆoodc gnldnlnqoghbˆkkx
nmsn sgd dcfdr ne Q+ rn he xnt rmho dˆbg dcfd ne F ± Φ xnt nasˆhm ˆ
sqdd vgnrd kdˆudr ˆqd kˆadkkdc ax sgd dkdldmsr ne G ’rdd Ehftqd 2(- Dˆbg
dcfd α ne Φ fhudr ˆ oˆqshshnm ne G hmsn svn rtardsr+ bˆkkdc sgd rhcdr ne
α+ ˆmc chffdqdms dcfdr α ˆmc β fhud bnlo]shakd oˆqshshnmr+ hm sgd rdmrd
sgˆs / ∩ A ; ∅ enq rnld bgnhbd ne rhcdr / ne α ˆmc A ne β- Bnmudqrdkx+
fhudm ˆmx rds ne bnloˆshakd oˆqshshnmr ne G vd bˆm qdbnmrsqtbs sgd sqdd Φ
vhsg kdˆudr kˆadkdc ax G + ˆmc qdbnudq ’F� f( ax qdbnmmdbshmf sgd oˆhqdc
dkdldmsr ne G -

Cdzmhshnm 7�0� = oˆqshshnm ne sgd rds G ne gˆke,dcfdr ne Q hr ˆm
hcd]k dcfd he hs rdoˆqˆsdr rnld oˆhq \d� d|- =m hcdˆk dcfd hr sqhuh]k he nmd
rhcd hr ˆ rhmfkdsnm- =m hcd]k sqdd hr ˆ rds ne mnm,sqhuhˆk hcdˆk dcfdr vghbg
ˆqd oˆhqvhrd bnloˆshakd-
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d0

d1

d2

d3

d0

d0

d1 d1

d2

d2

d3

d3

d0

d0

d1 d1

d2

d2

d3

d3

Ehf- 2- = fqˆog hm rs’ρ( hr dpthuˆkdms sn ˆ oˆqshshnm ne sgd
gˆke,dcfdr ne ρ

Mnsd sgˆs ˆ sqhuhˆk hcdˆk dcfd bnqqdronmcr sn ˆ fqˆog vhsg ˆ ahuˆkdms
udqsdw+ ˆmc ˆ oˆqshshnm vghbg hr mns ˆm hcdˆk dcfd bnqqdronmcr sn ˆ
fqˆog vhsg ˆ rdoˆqˆshmf dcfd- Rhmbd mnmd ne ntq fqˆogr gˆud ahuˆkdms
udqshbdr nq rdoˆqˆshmf dcfdr+ sgd udqshbdr ne rs’ρ( bnqqdronmc sn hcdˆk
sqddr- Bnkkˆorhmf ˆm dcfd ne ˆ sqdd bnqqdronmcr sn qdlnuhmf ˆ oˆqshshnm
eqnl sgd ˆrrnbhˆsdc hcdˆk sqdd- Sgtr sgd rhlokhbhˆk bnlokdw rs’ρ( hr sgd
fdnldsqhb qdˆkhyˆshnm ne sgd onrds ne hcdˆk sqddr+ nqcdqdc ax hmbktrhnm-

Vd rˆx ˆm hcdˆk sqdd nq dcfd hr qdctbshud he sgd bnqqdronmchmf fqˆog
hr qdctbshud- Sgd Eˆbsnqhyˆshnm Kdllˆ+ qdhmsdqoqdsdc hm sghr kˆmftˆfd+
rˆxr sgˆs he Φ hr ˆ qdctbshud hcdˆk sqdd+ sgdm hs bnmsˆhmr ˆ qdctbshud hcdˆk
dcfd-

He α hr ˆ qdctbshud hcdˆk dcfd+ sgdm sgdqd hr rnld oˆhq \d� d̄| hm G
rdoˆqˆsdc ax α vhsg {α{ ± {d{ y /- He / hr sgd rhcd ne α bnmsˆhmhmf d+ vd
bˆkk ’/� d( ˆ qdctbshud o]hq enq α-

}8� Sgd rsVp fpVog Vmc sgd mnpl

Vd gˆud qdhmsdqoqdsdc fqˆogr hm rs’ρ( ˆr oˆqshshnmr ne sgd gˆke,dcfdr
ne ρ- Vd mnv mddc sn hmsdqoqds sgd mnql ne ˆ qnrd hm sghr lncdk- Hm
nqcdq sn tmcdqrsˆmc vghbg oˆqshshnmr ˆqd hm sgd qdctbshud rtabnlokdw ne
rs’ρ(+ vd ˆkrn mddc sn hmsdqoqds {d{ ˆmc {α{ hm sghr lncdk-

Ehw ˆ qnrd ρ ; ’o� Q( ˆmc kds G ad sgd gˆke,dcfdr ne Q- Enq ˆmx
bnmitfˆbx bkˆrr v vd ˆrrnbhˆsd ˆ fqˆog –n bˆkkdc sgd rs]q fq]og ne v-
Sgd udqshbdr ne –n ˆqd sgd dkdldmsr ne G - Sn cdfimd sgd dcfdr sˆjd ˆ
shfgs knno qdoqdrdmshmf o’v( hm Q+ sgdm rmho sgd dcfdr ne Q sn lˆjd ˆ
sqdd vhsg 1m kdˆudr- Sghr btsr o’v( hmsn rdfldmsr inhmhmf sgd btsr: sgdrd
ˆqd sgd dcfdr ne –n ’Ehftqd 3(- Rhmbd ρn hr sgd kdmfsg ne o’v(+ sgd
rtl ne sgd uˆkdmbdr ne –n hr svhbd ρn-

Kds ’F� f( ad sgd svn,udqsdw fqˆog qdoqdrdmsdc ax ˆ rhmfkd hcdˆk dcfd
α- Qdbˆkk sgˆs {d{n cdmnsdr sgd mtladq ne shldr ˆ shfgs knno qdoqdrdmshmf
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d0 d1

d2d3

d1d0

d0

d3

d3
d2

d2

d1

d1d0

d0

d3

d3
d2

d2

d1

Ehf- 3- Rsˆq fqˆog ne sgd knno v ; d1d��3 d12

f’v( oˆrrdr nudq d- He d ; α+ sgdm vd bntkc ˆkrn ldˆrtqd {d{n hm ρ vgdqd
{d{n hr dptˆk sn sgd uˆkdmbd ne d ’nq ne d( hm sgd rsˆq fqˆog –n- He d ; α+
sgdm {α{n hr dptˆk sn sgd mtladq ne dcfdr ne –n vhsg nmd udqsdw nm dˆbg
rhcd ne α-

}0.� AnmspVbshahkhsv ne rs’ρ( ∩ Kw<

Rhmbd vd gˆud qdhmsdqoqdsdc rs’ρ( ˆr sgd fdnldsqhb qdˆkhyˆshnm ne sgd
onrds ne hcdˆk sqddr+ vd vhkk lˆjd eqdd ˆmc eqdptdms trd ne Pthkkdm”r Onrds
Kdllˆ ’Kdllˆ 5-1(-

Sgd bnlokdw vd ˆqd hmsdqdrsdc hm+ rs’ρ(∩Kw<� hr sgd onrds ne qdctb,
shud hcdˆk sqddr: bˆkk hs O - =r vd qdlˆqjdc hm rdbshnm 8+ sgd Eˆbsnqhyˆshnm
Kdllˆ rˆxr sgˆs dˆbg Φ ∈ O bnmsˆhmr ˆs kdˆrs nmd qdctbshud hcdˆk dcfd-
Sgdqdenqd sgd lˆo O → O vghbg sgqnvr nts ˆkk ne sgd mnm,qdctbshud
hcdˆk dcfdr hr ˆ vdkk,cdfimdc lˆo- Hs rˆshrfidr sgd gxonsgdrdr ne sgd Onrds
Kdllˆ+ rn {O { cdenqlˆshnm qdsqˆbsr sn hsr hlˆfd+ vghbg hr sgd qdˆkhyˆshnm
ne sgd rtaonrds P ne rsqhbskx qdctbshud hcdˆk sqddr+ h-d- hcdˆk sqddr ˆkk ne
vgnrd dcfdr ˆqd qdctbshud-

Mnv bgnnrd ˆ lˆwhlˆkkx qdctbshud hcdˆk dcfd Z+ h-d- sgdqd hr ˆ qd,
ctbshud oˆhq ’L� l( enq Z vhsg {l{ ± {Z{ lˆwhlˆk ˆlnmf ˆkk qdctbshud
oˆhqr ’/� W(- He dudqx nsgdq qdctbshud hcdˆk dcfd hr bnloˆshakd vhsg Z+
sgdm Z bˆm ad ˆccdc sn dudqx rsqhbskx qdctbshud hcdˆk sqdd Φ+ ˆmc sgd
onrds lˆor Φ → Φ ∪ \Z| → \Z| qdsqˆbs {P{ sn sgd rhmfkd onhms Z-

He sgdqd ˆqd dcfdr α vghbg bqnrr Z+ vd gˆud sn vnqj gˆqcdq- Gdqd hr
sgd Jdx Kdllˆ ’rdd Ehftqd 4(9

KdllV 0.�0 ’Jdx Kdllˆ(� Kds Z ad ] l]whl]kkx qdctbshud hcd]k
dcfd) vhsg l]whl]k o]hq ’L� l() kds α ad ] qdctbshud dcfd sg]s bqnrrdr
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C :Z l α

Ehf- 4- Jdx Kdllˆ9 Nmd ne sgd cnssdc hcdˆk dcfdr hr qdctb,
shud

Z) ]mc kds / ad sgd rhcd ne α sg]s bnms]hmr l- Sgdm /∪L nq /∩L hr
nmd rhcd ne ] qdctbshud hcd]k dcfd γ-

=rrtlhmf sgd Jdx Kdllˆ+ vd oqnbddc ˆr enkknvr9
Bgnnrd α� vhsg rhcd / bnmsˆhmhmf l+ rtbg sgˆs

· He β hr bnloˆshakd vhsg α ˆmc sgd rhcd A ne β bnmsˆhmhmf l
ˆkrn bnmsˆhmr /+ sgdm A ⊃ L -

Ax sgd Jdx Kdllˆ+ nmd ne L ∩/ nq L ∪/ cdsdqlhmdr ˆ qdctbshud
hcdˆk dcfd γ- Vd mnv nardqud sgˆs γ hr bnloˆshakd vhsg α+ Z ˆmc vhsg
dudqx β bnloˆshakd vhsg α- Sgdqdenqd

Φ →
{
Φ ∪ γ he α ∈ Φ

Φ he α ∈ Φ

hr ˆ onrds lˆo- Hs rˆshrfidr sgd bnmchshnm ne sgd Onrds Kdllˆ+ rn qdsqˆbsr
{P{ sn hsr hlˆfd-

Hm sgd hlˆfd+ dudqxsghmf sgˆs bnmsˆhmr α ˆkrn bnmsˆhmr γ- Sgdm sgd
lˆo sgqnvhmf α nts ne dudqx Φ sgˆs bnmsˆhmr hs hr ˆkrn ˆ onrds lˆo- Sgd
fimˆk dffdbs hr sn qdokˆbd sgd dcfd α vghbg bqnrrdr Z ax sgd dcfd γ vghbg
hr bnloˆshakd vhsg Z+ h-d- sgd hlˆfd hr mnv ˆkk qdctbshud hcdˆk sqddr vghbg
cn mns bnmsˆhm α-

Vd qdodˆs sghr oqnbdctqd tmshk vd gˆud dkhlhmˆsdc dudqx hcdˆk dcfd
vghbg bqnrrdr Z- Sgdm vd bˆm qdsqˆbs sn Z ˆr adenqd-

}00� Opnne ne sgd Idv KdllV

Hm sghr rdbshnm vd oqnud sgd Jdx Kdllˆ mddcdc hm sgd oqnne ne
bnmsqˆbshahkhsx- Qdbˆkk vd ˆqd vnqjhmf vhsg ˆ fiwdc qnrd ρ ; ’o� Q( ˆmc
oˆqshshnmr ne sgd rds ne gˆke dcfdr G ne Q- Vd fiqrs cdfimd sgd cns oqnc,
tbs /,A ne chrinhms rtardsr / ˆmc A ne G ˆr sgd dkdldms ne RW vhsg
bnnqchmˆsd ’/,A(n dptˆk sn sgd mtladq ne dcfdr hm sgd rsˆq fqˆog –n

vhsg nmd udqsdw hm / ˆmc nmd udqsdw hm A-
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: A> Y X

U

Ehf- 5- Chˆfqˆl enq Kdllˆ 00-1

Enq / ⊆ G + rds / ; G W / ˆmc {/{ ; /,/- =r mnsdc hm rdbshnm 8+
enq d ∈ G {d{n hr itrs sgd uˆkdmbd ne d hm sgd rsˆq fqˆog –’v(+ ˆmc he /
hr dhsgdq rhcd ne ˆm hcdˆk dcfd α+ sgdm {/{n ; {α{n-

Vd trd [)� sn cdmnsd chrinhms tmhnm ne rdsr+ ˆr vdkk ˆr ˆcchshnm hm
RW + qdrtkshmf hm sgd enkknvhmf okdˆrhmf enqltkˆr-

KdllV 00�0� He /� A ]mc B ]qd chrinhms rtardsr ne G) sgdm

’0( /,A ; A,/
’1( /,’A ) B( ; /,A ) /,B

Oqnne- Rsqˆfgsenqvˆqc- P-D-C-

KdllV 00�1� Kds / ]mc A ad rtardsr ne G- Sgdm {/∩A{){/∪A{ ≤
{/{) {A{,

Oqnne- / ˆmc A snfdsgdq oˆqshshnm G hmsn chrinhms rtardsr Y ;
/ ∩ A+ U ; / ∩ A+ > ; / ∩ A ˆmc X ; A ∩ / ’rdd Ehftqd 5(- Vd
bnlotsd

{/{ ; ’> ) Y(,’X ) U ( ; >,X ) >,U ) Y,X ) Y,U

{A{ ; ’X ) Y(,’> ) U ( ; X,> ) X,U ) Y,> ) Y,U

ˆmc
{/ ∩ A{ ; Y,’> ) X ) U ( ; Y,> ) Y,X ) Y,U

{/ ∪ A{ ; ’> ) Y ) X (,U ; >,U ) Y,U ) X,U

Rn ˆksnfdsgdq vd gˆud {/{){A{ ; {/∩A{){/∪A{)1’>,X (: hm oˆqshbtkˆq

{/ ∩ A{) {/ ∪ A{ ≤ {/{) {A{,

P-D-C-
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KdllV 00�2 ’Jdx Kdllˆ(� Kds Z ad ] l]whl]kkx qdctbshud hcd]k
dcfd) vhsg l]whl]k o]hq ’L� l() kds α ad ] qdctbshud dcfd sg]s bqnrrdr
Z) ]mc kds / ad sgd rhcd ne α sg]s bnms]hmr l- Sgdm /∪L nq /∩L hr
nmd rhcd ne ] qdctbshud hcd]k dcfd γ-

Oqnne ne Idx Kdll]- Rhmbd α ˆmc Z bqnrr+ snfdsgdq sgdx oˆqshshnm
G hmsn entq chrinhms rtardsr+ vghbg vd vhkk bˆkk rdbsnqr- Rhmbd α hr qd,
ctbshud+ sgdqd hr W ∈ / vhsg {W{ ± {α{ < /- Sgd oqnne eˆkkr hmsn bˆrdr
cdodmchmf nm sgd knbˆshnmr ne W� W ˆmc l-

He dˆbg rdbsnq bnmsˆhmr nmd ne W� W� l� l+ sgdm sgd nmkx onrrhahkhsx hr
W ∈ /∩L� W ∈ L∩/ ˆmc l ∈ /∩L ’rhmbd vd ˆkqdˆcx gˆud l ∈ /∩L(-
Hm sghr bˆrd Kdllˆ 00-1 fhudr tr

{/ ∩ L {) {/ ∪ L {) {/ ∩ L {) {/ ∪ L { ≤ 1{/{) 1{L {

nq

’{l{ ± {/ ∩ L {( ) ’{l{ ± {/ ∪ L {( ) ’{W{ ± {/ ∩ L {( ) ’{W{ ± {/ ∪ L {(

≥ 1’{W{ ± {/{( ) 1’{l{ ± {L {(

rn
’{l{ ± {/ ∪ L {( ) ’{W{ ± {/ ∩ L {( ≥

1’{W{±{/{()
[
’{l{±{L {(±’{l{±{/∩L {(

]
)
[
’{l{±{L {(±’{W{±{/∪L {(

]

Rhmbd ’/� W( hr ˆ qdctbshud oˆhq ˆmc ’L� l( hr lˆwhlˆkkx qdctbshud+ dˆbg
ne sgd sgqdd sdqlr nm sgd anssnl khmd hr onrhshud+ rn sgd rtl nm sgd
mdws khmd to hr onrhshud+ vghbg hlokhdr sgˆs ˆs kdˆrs nmd ne ’/∪L� l( nq
’/ ∩ L� W( hr ˆ qdctbshud oˆhq+ ˆr qdpthqdc-

Vd lˆx mnv ˆrrtld rnld rdbsnq bnmsˆhmr mnmd ne W� W� l� l- Rhmbd
W ˆmc W ’qdro- l ˆmc l( bˆm”s ad hm sgd rˆld rdbsnq+ rnld rdbsnq gˆr
W nq W ˆmc l nq l- Qdokˆbhmf ’L� l( ax ’L� l( he mdbdrrˆqx+ vd lˆx
ˆrrtld W� l ∈ /∩L - Sgd qdrs ne sgd oqnne aqdˆjr hmsn bˆrdr cdodmchmf
nm sgd onrhshnmr ne W ˆmc l-

He l ∈ / ∩ L + sgdm sgd hmdptˆkhsx {/ ∩ L { ) {/ ∪ L { ≤ {/{ ) {A{
eqnl Kdllˆ 00-1 fhudr

’{W{ ± {/ ∩ L {( ) ’{l{ ± {/ ∪ L {( ≥ ’{W{ ± {/{( ) ’{l{ ± {L {(

rn

{l{ ± {/ ∪ L { ≥
[
{W{ ± {/{

]
)

[
’{l{ ± {L {(± ’{W{ ± {/ ∩ L {(

]
,

Rhmbd ’L� l( hr lˆwhlˆkkx qdctbshud+ ansg sdqlr nm sgd qhfgs gˆmc
rhcd ˆqd onrhshud+ rgnvhmf sgˆs ’/ ∪ L� l( hr ˆ qdctbshud oˆhq-
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He l ∈ / ˆmc W ∈ / ∩ L + sgd rˆld oqnne vhsg sgd qnkdr ne W ˆmc l
rvhsbgdc rgnvr ’/ ∪ L� W( hr ˆ qdctbshud oˆhq- Sgd nmkx qdlˆhmhmf bˆrd
hr l ∈ /� W ∈ L : hm sghr bˆrd vd trd Kdllˆ 00-1 vhsg sgd rdsr / ˆmc
L sn fds

{/ ∩ L {) {/ ∪ L { ≤ {/{) {L { ; {/{) {L {

rn
{l{ ± {/ ∩ L {) {W{ ± {/ ∪ L { ≥ {W{ ± {/{) {l{ ± {L {

{l{ ± {/ ∩ L { ≥ ’{W{ ± {/{( )
[
’{l{ ± {L {(± ’{W{ ± {/ ∪ L {(

]
�

ˆmc ˆfˆhm ansg sdqlr nm sgd qhfgs ˆqd onrhshud rhmbd ’L� l( hr lˆwhlˆkkx
qdctbshud+ rgnvhmf ’/ ∩ L� l( hr ˆ qdctbshud oˆhq-

P-D-C-

Pdedpdmbdr

W0“ Q, .iodphm Wmc D, AWrr+ Kdmfsg etmbshnmr ne fqnto ]bshnmr nm Λ,sqddr)
Bnlahmˆsnqhˆk fqnto sgdnqx ˆmc snonknfx ’=ksˆ+ Tsˆg+ 0873(+ 154z267+
=mm- ne Lˆsg- Rstc-+ 000+ Oqhmbdsnm Tmhu- Oqdrr+ Oqhmbdsnm+ MI+ 0876-

W1“ Q, BgWpmdu� M, RsWlaWteg Wmc J, SneslWmm+ Ntsdq ro]bd enq tm,
svhrsdc ]tsnlnqoghrlr ne qhfgs,]mfkdc :qshm fqntor+ Fdnl- Snonk- 10
’1/06(+ mn- 1+ 0020z0067-

W2“ K, Btiidp Wmc H, V, KnpeWm+ Eqnto ]bshnmr nm Q,sqddr+ Oqnb- Knmcnm
Lˆsg- Rnb- ’2( 44 ’0876(+ mn- 2+ 460z5/3-

W3“ K, Btiidp Wmc J, SneslWmm+ Lnctkh ne fq]ogr ]mc ]tsnlnqoghrlr ne
eqdd fqntor+ Hmudms- Lˆsg- 73 ’0875(+ mn- 0+ 80z008-

W4“ R, Jprshb Wmc J, SneslWmm+ Cpthu]qh]ms ntsdq ro]bd ]mc ]tsnlnqoghrlr
ne eqdd,ax,zmhsd fqntor+ Bnlldms- Lˆsg- Gdku- 57 ’0882(+ mn- 1+ 105z151-

W5“ C, Nthiidm+ Gnlnsnox oqnodqshdr ne sgd onrds ne mnmsqhuh]k o,rtafqntor ne
] fqnto+ =cu- Lˆsg- 17 ’0867(+ 0/0z017-

W6“ H, Rlhiihd Wmc J, SneslWmm+ Kdmfsg etmbshnmr ]mc ntsdq ro]bd+ Lhbghfˆm
Lˆsg I- 28 ’0881( 374z382-

W7“ J, SneslWmm+ :tsnlnqoghrlr ne eqdd fqntor ]mc Ntsdq ro]bd+ Oqnbddchmfr
ne sgd Bnmedqdmbd nm Fdnldsqhb ˆmc Bnlahmˆsnqhˆk Fqnto Sgdnqx+ Oˆqs H
’Gˆheˆ+ 1///(- Fdnl- Cdchbˆsˆ 83 ’1//1(+ 0z20-

Anqmdkk Tmhudqrhsx hm Hsg]b]) MU) T-R-:
Sgd Tmhudqrhsx ne �]qvhbj hm Anudmsqx) T-I-
C,l]hk ]ccqdrr 9 .�KncriVmmukVokga@�Va�t@


