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Abstract

A right-angled Artin group (RAAG) is a group given by a finite presentation in
which the only relations are that some of the generators commute. Free groups
and free abelian groups are the extreme examples of RAAGs. Their automorphism
groups GL(n,Z) and Out(F,) are complicated and fascinating groups which have
been extensively studied. In these lectures I will explain how to use what we know
about GL(n,Z) and Out(F,) to study the structure of the (outer) automorphism
group of a general RAAG. This will involve both inductive local-to-global methods
and the construction of contractible spaces on which these automorphism groups act
properly. For the automorphism group of a general RAAG the space we construct is
a hybrid of the classical symmetric space on which GL(n,Z) acts and Outer space
with its action of Out(F,).

1 Introduction

In these lectures we will study the group of (outer) automorphism groups of a right-
angled Artin group. Most of the material can be found in the papers [5, 7, 8, 6] which
are all joint with Ruth Charney, some with additional authors. I will first go over
some basic facts about right-angled Artin groups, then introduce inductive algebraic
methods for studying these groups, then turn to more recent work on geometric
methods. I will concentrate on describing and motivating the constructions but avoid
proofs, however 1 will give explicit references to sources where the interested reader
can find detailed proofs.

The Groups St Andrews conference was run seamlessly by Colin Campbell, Ed-
mund Robertson, Max Neunhoeffer, Colva Roney-Dougal and Martyn Quick, and I
would like to thank them all warmly for inviting me to give these lectures.

2 Lecture 1

2.1 Definition of a RAAG

A right-angled Artin group, or RAAG for short, is a finitely-presented group whose
relators (if any) are all simple commutators of generators. The extreme examples of
RAAGS are free groups (with no relators), and free abelian groups (with all possible
commutators of generators as relators). A RAAG is often specified by drawing a
graph I" with one vertex for each generator and one edge between two vertices if
the corresponding generators commute (see Figure 1). Note that I' is a simplicial
complex, i.e., it has no loops or multiple edges.
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Figure 1. Graphs I' and the associated RAAGs Ar

If we start with any simplicial graph I" the corresponding RAAG is denoted Ap. If I’
is disconnected with components C1, ..., C, then Ar is the free product Ac, *...xA¢c,
and (just to maximize notational confusion) if I" is a simplicial join I' = I'; % I'y, then
Ar is the direct product Ar, x Ar,.

2.2 Cell complexes with fundamental group Ar

Given a presentation G = (X | R) of a group there is a standard way of constructing
a cell complex with fundamental group G, called the presentation 2-complex. This
has one vertex, an edge for each generator x € X, and a 2-cell for each relator r» € R.
For a RAAG Ar, the 2-cells are all squares (see Figure 2).

The universal cover of the presentation 2-complex for Ap is not necessarily con-
tractible, but it can be made contractible by attaching a few more cells. Recall that a
k-clique in a graph is a complete subgraph with k vertices. If A C I' is a k-clique, then
the presentation 2-complex for Aa is a subcomplex of the presentation 2-complex for
Ar, and is easily seen to be the 2-skeleton of a k-torus (constructed by gluing opposite
sides of a k-dimensional cube). If we fill in this 2-skeleton with the entire k-torus for
every k-clique in T', the result is called the Salvetti complez for Ap and is denoted Sr.

The Salvetti complex Sr is a cube complex which by construction satisfies Gromov’s
link condition and therefore supports a non-positively curved (locally CAT(0)) metric.
In particular its universal cover is CAT(0) and therefore contractible. The Salvetti
complex of a RAAG is in fact a particular kind of non-positively curved cube complex
in which hyperplanes are well separated, called a special cube complex by Haglund
and Wise [16]. We will say a little more about CAT(0) geometry and Gromov’s link
condition in Lecture 4, but for a thorough introduction to these concepts we refer
to [2].

2.3 RAAGSs and geometric group theory

RAAGs are important in geometric group theory for many reasons, including the fact
that they have very interesting subgroups. They have been in the news lately because
of Tan Agol’s proof of Thurston’s virtual fibering and virtual Haaken conjectures. A
key step in those proofs is showing that the fundamental groups of closed hyperbolic
3-manifolds have finite-index subgroups which embed into RAAGs.

The extreme examples of RAAGs do not have such interesting subgroups. A sub-
group of Z" is a free abelian group of rank at most n. Things get slightly more
interesting for F),, where a subgroup is still a free group but can be of any rank,
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Figure 2. A graph, and kits for making its presentation 2-complex and its Salvetti
complex

including infinity. Things got much more interesting when Stallings showed that
the RAAG Fy x Fy contains finitely generated subgroups which are not finitely pre-
sentable. In fact Fy x Fy X ... x F5 contains subgroups which are F'P,,_; but not F' P,
for all n, where F' Py is a k-dimensional algebraic finiteness property. This shows in
particular that finitely-generated subgroups of RAAGs are not necessarily RAAGs.
Droms clarified the situation by characterizing exactly which RAAGs have the prop-
erty that all of their finitely-generated subgroups are RAAGs: they are those for
which the subgraph spanned by four vertices is never a square or a straight line [13].
Servatius, Droms and Servatius showed that if I' is a pentagon, then Ar contains the
fundamental group of a closed surface [26], and there is a great deal of recent work on
surface subgroups of RAAGs by authors including S. Kim, T. Koberda, A. Duncan,
I. Kazachkov, M. Cassals-Ruiz, R. Weidman, 1. Kapovich and A. Minasyan.

2.4 Automorphism groups of RAAGs

The emphasis of the present lectures is on automorphism groups of RAAGs. We will
address the following three natural questions:
e How does the shape of I affect properties of Out(Ar)?

Aut(F,), Out(F,) and GL(n,Z) share many basic properties. Which are in fact
properties of Out(Ar) for any I'?

e How can we leverage information about Out(F),) and GL(n,Z) to gain infor-
mation about Out(Ar)?

What techniques classically used to study Out(F},) and GL(n,Z) can be adapted
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to Out(Ar)? We are especially interested in geometric techniques.

For the most part we will concentrate on the outer automorphism group Out(Ar)
instead of the full automorphism group Aut(Ar). For Ap = Z™ there is no differ-
ence. For any I' the abelianization map Ar — Z™ induces a map on automorphism
groups since the commutator subgroup is characteristic. But this map factors through
Out(Ar), and for Ap = F, the induced map on Out(Fy) is an isomorphism, so Out
seems the more natural comparison group. Further motivation is provided by the fact
that we want to model automorphisms by maps on spaces with fundamental group
Ar, and passing to Out(Ar) means that we do not have to endow these spaces with
basepoints and keep track of where the basepoint goes under the maps.

2.5 Generators for Aut(Ar)

For Ap = Z™ it is an easy consequence of the Euclidean algorithm that Out(Ar) =
GL(n,Z) is generated by the elementary matrices A;; = I,+E;j fori # j € {1,...,n}
(where the only non-zero entry of Ej; is a 1 in the (4, j)-position) and the matrix

-1 0 ... 0
T=10 1 ... 0

0 O 1
If we let GL(n,Z) act on Z" on the right then A;; sends e; — e; + ¢; and fixes
e for k # 4. This is called a transvection. In multiplicative notation for the free
abelian group with generators {ai,...,a,} these generators become T: a1 al_1
and Aijl a; = ;a5 = a;a;.

For Ar = F,, the group Out(Ar) = Out(F,) is also generated by T': a; + a; ' and
by transvections, but right transvections p;;: a; — a;a; are now different from left
transvections Ajj: a; — aja; and the most natural presentation of Out(F,) (due to
Gersten [14]) uses both. The fact that these generate Out(F),) was originally proved
by Magnus [20], but the slickest proof is the one by Stallings using foldings of graphs
[27].

For a general RAAG, not every transvection gives an automorphism: if a commutes
with ¢ but b does not, then the transvection a — ab is not a homomorphism. This is
the only thing that can go wrong, though: one just needs to check that everything that
commutes with a also commutes with b; in this case we say the transvection a — ab
is I'-legal. Tt is convenient to express this in terms of the defining graph I" using the
following standard terminology, which will be used throughout these lectures:

Definition 2.1 Let a be a vertex of I The link of a is the full subgraph lk(a)
spanned by all vertices adjacent to a, and the star of a is the full subgraph st(a)
spanned by lk(a) and a, i.e., st(a) is the simplicial join a * lk(a).

If © is a full subgraph of I, then the link of © is the intersection of the links of
vertices in ©

1k(©) = ) Ik(b),

be©
and the star of © is the simplicial join of © and k(©)

st(©) = O x k(O).
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Twists and folds. Using the above notation, the condition for a transvection to be
I'-legal is: transitions a — ab and a +— ba are I'-legal if and only if

e ab # ba and lk(a) C lk(b), or

e ab = ba and st(a) C st(b).
This can be said more economically by the single condition lk(a) C st(b), but it
is often important to retain the distinction (commuting versus non-commuting is a

critical difference here!) so we also introduce different terminology for the two types
of transvections.

Definition 2.2 If ab = ba, then a I'-legal transvection a +— ab is a twist. If ab # ba
then a I'-legal transvections a — ab and a — ba are called (right and left) folds.

The reason for this terminology will become clear when we discuss geometric models
for these automorphisms.

Partial conjugations. Even if we can’t transvect b onto a we can still try to conju-
gate a by b. If we do that, we must also conjugate everything which commutes with
a, and everything that commutes with things that commute with a, etc. However,
the vertices in lk(b) don’t know whether they’ve been conjugated by b or not, so if a
and @' are separated by lk(b), we could conjugate a by b but not a’. In other words,
conjugating an entire component of I' — [k(b) by b gives an automorphism; this is
called a (I-legal) partial conjugation.

Inversions and graph automorphisms. It is clear that a permutation of the genera-
tors will be an automorphism if and only if it extends to an automorphism of I'; since
T encodes the commuting relations. Since Aut(Ar) does not contain all transvections,
we can’t assume that all of these permutations are products of transvections, so we
include graph automorphisms in the generating set. Similarly, we add all inversions
a; — ai_1 instead of just a; +— al_l.

The types of automorphisms described in the last three paragraphs now do generate
Aut(Ar), by a theorem of Laurence and Servatius.

Theorem 2.3 ([19, 25]) Aut(Ar) is generated by graph automorphisms, inversions,
and T'-legal twists, folds and partial conjugations.

In particular this shows that Aut(Ar) (and therefore Out(Ar)) is finitely generated.
Both Aut(Ar) and Out(Ar) are also finitely presented. This was proved in some
special cases in [3], and an explicit finite presentation in all cases was given by Matt
Day [11]. Day’s proof closely follows McCool’s proof that Aut(F},) is finitely presented
using a “Peak reduction” algorithm (see [21]).

3 Lecture 2

In the last lecture we introduced right-angled Artin groups and their automorphisms.
In this lecture we will show how to infer information about general Out(Ar) from
known facts about Out(F,,) and GL(n,Z).

We already mentioned that Out(Ar) is finitely generated and finitely presented for
all Ap. We claim that it also has higher-dimensional homological finiteness proper-
ties:
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e Out(Ar) has subgroups of finite index which are torsion-free, i.e., Out(Ar) is
virtually torsion-free.

e In fact, Out(Ar) has lots of torsion-free finite index subgroups: for any given
element ¢ € Out(Ar) there is a torsion-free finite index subgroup which does
not contain ¢, i.e., Out(Ar) is residually finite.

e The homology of any torsion-free finite index subgroup is finitely generated.
In particular its homology vanishes above some point, i.e., Out(Ar) has finite
virtual cohomological dimension.

We will introduce our method for bootstrapping information about Out(F,) and
GL(n,Z) to Out(Ar) by giving a proof that Out(Ar) contains a torsion-free subgroup
of finite index.

The proof that GL(n,Z) is virtually torsion-free is quite easy, one just checks that
the kernel of the natural map GL(n,Z) — GL(n,Z/3) has no torsion; the proof uses
only the binomial theorem.

The proof that Out(F,) is virtually torsion-free relies on this calculation plus the
non-trivial fact, due to Baumslag and Taylor [1], that the kernel of the natural map
Out(F,) — GL(n,Z) is torsion-free.

The kernel of the map Out(Ar) — GL(n,Z) for general Ar is also torsion-free; this
is one consequence of a recent paper by Toinet [29]. We will avoid appealing to this,
however, since our point is to illustrate the general bootstrapping method.

Since we are interested in a virtual notion, it suffices to pass to a subgroup of
finite index. Let Aut®(Ar) denote the subgroup of Aut(Ar) generated by inversions,
transvections and partial conjugations (we are leaving out only the graph automor-
phisms), and let Out(Ar) be the image of Aut®(Ar) in Out(Ar).

Exercise 3.1 Show that Aut’(Ar) and Out®(Ar) are normal subgroups of Aut(Ar)
and Out(Ar) respectively, and then that they have finite index.

To show that Out’(Ar) has a torsion-free subgroup of finite index the key idea we
will exploit is that there are lots of subgroups in Ar which must be sent to conjugates
of themselves by any automorphism. To describe these subgroups, we introduce some
basic facts and some new terminology.

Lemma 3.2 Let V be a set of vertices in T' and © the full subgraph spanned by V.
Then the subgroup generated by V is isomorphic to Ag.

Such a subgroup is called a special subgroup. By convention, we set Ay = 1.

Now recall that a transvection a — ab (or a — ba) is an automorphism of Arp if
and only if st(a) C lk(b). In this case we write a < b. If a < b and b < a we say a ~ b;
this defines an equivalence relation on the vertices of I'. The notation is justified by
the following observation.

Exercise 3.3 The set of equivalence classes of vertices of I is a partially ordered set,
with partial order induced by <.

A vertex is called mazimal if its equivalence class is maximal in this partial order.
Let [a] denote the full subgraph of I" spanned by vertices equivalent to a.
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Proposition 3.4 ([7], Proposition 3.2) Let I' be a connected graph and a a maz-
imal vertex in T. Then any ¢ € Out(Ar) is represented by some f, € Aut’(Ar)
with

fa(Ast(a)) = Ast(a) and fa(Ajg) = Aa)-

Proof The proof is accomplished by checking that the statement is true for all of
the generators of Out’(Ar). O

Proposition 3.5 ([8], Section 3) For I' connected and a mazimal in I there are
homomorphisms

e [Restriction] R,: Out’(Ar) — Out®(Ayy,)
e [Exclusion] E,: Out’(Ar) — Out®(Ap_y)
e [Projection] P,: Out’(Ar) — OutO(Alk[a])

Sketch of proof If f, is the map representing ¢ € Out®(Ar) described in Proposi-
tion 3.4, then the restriction map sends ¢ to the class of the restriction of f, to Agjq-
This is well-defined because Ay, is its own normalizer (see, e.g., [8], Proposition
2.2).

Exclusion is induced by the map Ap — Ap_|y) sending v — 1if v € [a] and v — v
if v & [a]. This is well-defined because the normal subgroup generated by a maximal
equivalence class [a] is characteristic, by Proposition 3.4.

Projection is the composition P, = E, o R,. This is well-defined because [a] is
maximal in st[a], so E, is defined on the image of R,. O

We can put all of the projection homomorphisms together to get a single homo-
morphism P = [[ P,. The following theorem is the basic result which enables our
bootstrapping technique.

Theorem 3.6 ([7, Theorem 4.1], [8, Section 3]) Let I' be connected, and set

P= H P,: Out’(Ar) — H Out’ (Ajppa))-

[a] maximal [a] maximal

Then ker(P) is finitely generated and free abelian. The rank of ker(P) is computable
in terms of .

Notice that [k[a] is smaller than I'. We would like to use this fact to do induction.
There is, however a problem: all of the above results have the hypothesis that I is
connected, but lk[a] need not be connected, even if I" is. There are two ways to get
around this. First, since disconnected graphs give rise to free products of RAAGs
we can sometimes take advantage of known results about free products. If these are
not available, we can simply assume that all non-empty links are either connected or
discrete (reducing us by induction to the general linear and free group cases).

We illustrate the first option by proving that Out(Ar) has torsion-free subgroups
of finite index. We take advantage of the following theorem of Guirardel and Levitt:

Theorem 3.7 ([15]) Let G = G1xG3 with G; and G;/Z(G;) torsion-free. If Out(G;)
is virtually torsion-free for i = 1,2 then so is Out(QG).
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With this in our repertoire we can now prove our theorem.

Theorem 3.8 ([7], Theorem 5.2) Out(Ar) has torsion-free subgroups of finite in-
dex, for any T.

Proof IfT is a disjoint union I' = I'; LITy, then Ap = Ap, * Ar,, so by Theorem 3.7
it suffices to consider connected graphs T.

If T' is a complete graph then Ap = 7™ and the theorem is true, as noted above.
If T is not complete, then lk[a] is non-empty for some maximal vertex a. For any
vertex a of I the maximal size of a clique in lk[a] is strictly less than the maximal
size of a clique in I'. Therefore we can use this number, which we denote m(I"), to do
induction.

If m(T') = 1 then T is discrete and Ap = F,,, in which case the theorem is true by
the theorem of Baumslag and Taylor.

If m(I") = 2 then lk[a] is discrete for all a, so we can use the map P defined in The-
orem 3.6 to pull back a product of torsion-free finite index subgroups of OutO(Alk[a])
to obtain a torsion-free finite index subgroup of Out(Ar).

Now induction on m(I") together with Theorem 3.7 completes the proof. d

The groups Ar are residually finite; this follows from the fact that they are linear,
which was proved by Davis and Januskiewicz [10]. Residual finiteness for Aut(Ar)
then follows from Baumslag’s theorem that the automorphism group of any residually
finite group is itself residually finite. Residual finiteness for Out(Ar) is more subtle,
but using the homomorphisms P, R and F above together with various inductive
schemes we can also settle this question.

Theorem 3.9 ([8], Theorem 4.2) For any RAAG Ar, Out(Ar) is residually fi-
nite.

This was also proved by Minasyan [22]. Both proofs rely on the result of Minasyan
and Osin that if G1 and G9 are finitely generated groups with Out(G1) and Out(G2)
residually finite, then Out(G * G3) is residually finite [23].

Another result which can be proved using the maps P, R and F is:

Theorem 3.10 ([7], Theorem 5.2) Out(Ar) has finite virtual cohomological di-
mension.

Here again we rely on a result of Guirardel and Levitt about free products, namely:

Theorem 3.11 ([15]) Let G = G * Gy with G; and G;/Z(G;) torsion-free. If
Out(G;) has finite virtual cohomological dimension for i = 1,2 then so does Out(Q).

If we do not have a suitable result in the wings for free products, we need to
hypothesize that ' is connected and the link of every non-maximal clique is either
connected or discrete; such a graph I' is called homogeneous. This is automatically
true if I" has no triangles (in which case the Salvetti complex is 2-dimensional, so we
say Ar is two-dimensional). It is also true, e.g., if I" is the 1-skeleton of a triangulated
manifold. As an example, we can prove:
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Theorem 3.12 ([8], Theorem 5.5) If I" is homogeneous then every subgroup of
Out(Ar) is either virtually solvable or contains a free group of rank 2.

We can also bound the maximum derived length of a solvable subgroup in terms
of the shape of I" (see [8], Section 6). The crudest such estimate is that this length is
always less than or equal to the number of vertices in I'.

4 Lecture 3

In the last lecture we studied Out(Ar) via the projection map

P= J[ Puou®Ar)— J] Out(Ayy)
[a] mazimal [a] mazimal
and its free abelian kernel.

We remarked that we can use this to bound the virtual cohomological dimension
of Out(Ar). However, P is far from surjective, and ker(P) is far from being maximal
rank among abelian subgroups, so the upper and lower bounds this gives are not very
good.

In this lecture we take a more geometric approach to the study of Out(Ar) by
attempting to realize Out(Ar) as symmetries of an “outer space.” As before the
classical theory of GL(n,Z) and Out(F,) provide guidance.

GL(n,Z) acts on the symmetric space SO(n)\SL(n,R), and Out(F},,) acts on Outer
space. Useful features of these actions include:

e the spaces are contractible

e the actions are proper
These two properties imply that algebraic invariants of the groups can be computed by
computing topological invariants of the quotient spaces; in particular the cohomology
H*(I') = H*(X/T"). Further properties of the classical actions include

e the spaces are finite-dimensional

from which we can immediately conclude that the virtual cohomological dimension
of the groups are finite, and
e there is a cocompact equivariant deformation retract
which implies that the group cohomology is finitely generated in all dimensions. Fur-
thermore, the quotient of the retract by the action can be described combinatorially,
making it possible to do explicit cohomology calculations, at least in small dimensions.
More sophisticated features include
e the spaces have bordifications, i.e., they can be enlarged to spaces with proper
cocompact actions, whose cohomology at infinity is concentrated in one dimen-
sion.
By work of Bieri and Eckmann this implies that the groups are virtual duality groups,
i.e., there is a dualizing module D and isomorphisms

H*(G;A) >~ Hy (G,D® A)

between cohomology with any coefficients A and homology with coefficients in D® A.
Outer space for a general RAAG will be a hybrid species, combining features of
both symmetric spaces and Outer space. So let us now review these spaces.
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4.1 Symmetric space

The symmetric space I, = SO(n)\SL(n,R) has several useful alternate descriptions.
A coset SO(n)A gives a well-defined positive definite symmetric matrix Q = AA,
identifying D,, with

e the space of positive definite quadratic forms @ on R™, modulo homothety.
If we fix the standard lattice Z™ C R"™, then any linear map A: Z"™ — R" defines a
marked lattice, modulo homothety. If we also mod out by rotations, then I,, can also
be described as

e the space of marked lattices A: Z" — R™ modulo homothety and rotation.
Finally, the map A: R"® — R" induces a map A: R"/Z" — R"/A(Z"). We think of
R"/Z™ as a standard torus T", Y = R"/A(Z") as a torus with a flat metric, and A
as an isotopy class of homeomorphisms; then D, is identified with

e the space of marked flat tori A: 7" — Y, modulo homothety.
In each case, the group GL(n,Z) acts on the right. If g € GL(n,Z), then
SO(n)A-g=50(n)Ag
Q- 9=4'Qg
e (A:Z" —-R").-g=Ag: Z" - R"
(A:T" =Y)-g=Ag: T" =Y.

Each of these descriptions of the symmetric space has its advantages. For example,
the description as the space of positive definite quadratic forms makes it easy to see
that D, is contractible, since the set of positive definite quadratic forms is a convex
cone in the space of n x n matrices. The description that will be most relevant for us
is the last, as a space of marked flat tori. Note that the action of GL(n,Z) changes
the marking, but does not change the flat metric.

4.2 Outer space

Outer space also has several useful descriptions. We can mimic the description of the
symmetric space as the space of marked flat tori by defining Outer space as a space
of marked metric graphs. To do this, we fix a rose Ry, i.e., a graph with one vertex
and n directed edges, as a “model space” to play the role of the torus 7". A metric
on a graph X is simply an assignment of positive real lengths to its edges, making
X into a metric space with the path metric. A marking is a homotopy equivalence
h: R, — X. For technical reasons we don’t allow our graphs to have univalent or
bivalent vertices, and they must be finite. Marked graphs (X,h) and (X’,1') are
equivalent if there is an isometry or a homothety f: X — X’ with f o h homotopic
to A,

Definition 4.1 Outer space C'V, is the space of equivalence classes of marked metric
graphs with fundamental group F,.

Out(F,) acts on C'V,, on the right by changing the marking, i.e., for ¢ € Out(F,,)
take a map f: R, — R, that induces ¢ on 7 (R,) = F,, and set (X, h)-¢ = (X, hof).
There is an obvious equivariant deformation retraction of C'V;, onto the subspace
consisting of marked metric graphs with no separating edges (simply shrink each
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.

Figure 3. Action of As; on A

separating edge to a point). This subspace, called reduced Outer space is sometimes
more convenient to work with.

Given a marked metric graph X, the marking serves to identify F;, with the funda-
mental group of X. By looking at the universal cover X we thus obtain a simplicial
tree with a free action of F;,. The fact that we don’t allow X to be infinite or have
univalent or bivalent vertices translates into the condition that the action is minimal,
i.e., there are no F,-invariant subtrees. Therefore an alternate description of CV,, is
as the space of free minimal actions of F,, on metric simplicial trees. This is analo-
gous to the description of the symmetric space as a space of lattices instead of as a
space of flat tori. (There is a third definition of C'V;, in terms of isotopy classes of
spheres in a doubled handlebody which is extremely useful, but will not be relevant
for these lectures.)

4.3 Lattices, tori and graphs in rank 2

To motivate our definition of Outer space for a general RAAG, we first compare the
symmetric space and Outer space in rank 2. In rank 2 the natural map Out(Fy) —
GL(2,7) induced by abelianization F — Z? is an isomorphism and both (reduced)
Outer space and the symmetric space can be identified with the hyperbolic plane.
The spaces diverge dramatically in higher ranks, but the rank 2 picture gives us some
insight into the general situation because we can look at the same space from two
different points of view.

GL(n,Z) is generated by elementary matrices, so consider the action of Ay =
(1 (1)> on the standard lattice A = Z? C R?, marked by the identity. This sends
e; — e; and es — e; + ey (remember we are acting on the right). This action is
illustrated in Figure 3.

Note that the action of As; does not change the lattice, it just changes the marking.
Thus the orbit of GL(n,Z) is a discrete subset of the space of all marked lattices.
To get a path from A to A - Ay; we must gradually shear the marked lattice, as in
Figure 4. In the figure we have drawn the original fundamental domain for reference.

The path in the space of marked flat tori is obtained by identifying opposite sides
of the fundamental domain for the lattices, as in Figure 5. In this figure, too, we have
marked the original fundamental domain for reference.

This gives us a clue for what this path looks like if we think of it as a path in C'Vs:
if we puncture the torus its fundamental group is F; instead of Z2, and it deformation
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Figure 4. A path from A to A - As;.

Figure 5. The same path, as a path of tori

retracts onto the dark graph. The path in C'V; is then given by the graphs in Figure 6.
Note that the total length of the graph is constant (equal to 2) in this picture. Under
the deformation retraction of the punctured torus onto the graph, the action of Ag;
on Z?2 becomes the action of pa21: g — xoxy on Fy. We indicate the loop representing
9 by the thicker curve in the picture.

4.4 A simple example

We have described CV,, as a space of marked metric graphs R, — X and the sym-
metric space for Z™ as a space of marked flat tori 7" — X. In each case we needed
a model space and a homotopy equivalence to a metric space. For a general RAAG
Ar we have a model space, namely the Salvetti complex St, so we would like to have
an outer space of marked metric spaces Sp — X. We now need to decide:

e What homeomorphism types X should we allow?
e What metric structures should we allow on these spaces X?

We begin by looking at a very simple RAAG, i.e.,

(a,b,clla,c] =[b,c] =1).

SARCICaNC,

Figure 6. The same path, as a path in Outer space C'Va
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c
a/\b ab
r

Figure 7. A simple graph I' and its Salvetti complex Sp

Figure 8. Realizing the twist 7, on Sp

This is the RAAG associated to the graph I" with three vertices a,b and ¢ and two
edges, one from a to ¢ and one from ¢ to b. The Salvetti complex St is the union of
two tori, glued along a common meridian curve labeled ¢ (see Figure 7).

Generators for Out(Ar) consist of the graph automorphism interchanging a and b,
inversion in a, inversion in ¢, the twist 7,.: a — ac = ca, and the folds pup: a — ab
and A\gp: a — ba.

The group Ar is the product of the cyclic group generated by ¢ with the free group
generated by a and b, and the Salvetti complex Sr is the product of the loop labeled
¢ by the rose formed by the two longitudinal curves. To realize the twist 7,. on St,
we can perform a Dehn twist of the left-hand torus around a curve parallel to ¢ but
disjoint from ¢ (see Figure 8).

To realize the transvection pg, we fold the left-hand torus around the right-hand
torus (see Figure 9). This is can also be described as first expanding the intersection
circle into a cylinder, then collapsing a different cylinder (the bottom shaded cylinder
in the figure).

Thus to make a path from Sp to St - 7, we need to gradually shear the metric on
the left-hand torus, and to make a path from St to St - pu we need to pass through
spaces X which are not homeomorphic to Sp. In our outer space for Ar we need
to be able to vary both the homeomorphism type of spaces and the metrics on the
spaces. But we want to restrict both as much as possible so that we can control the
topology and geometry of the space.

Note that both Sp and the intermediate complexes X are combinatorially cube
complexes. With standard Euclidean metrics on the cubes they are non-positively
curved cube complexes (i.e., their universal covers are CAT(0)), in fact they are
special cube complexes, in the sense of Haglund and Wise [16]. However, we want
to vary the (projective classes of) the metrics to allow shearing of the tori. This
can be accomplished in the intermediate spaces X by giving all three cylinders flat
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Figure 9. Realizing the fold py, on St

right-angled metrics with the same circumference, then specifying the attaching maps
to the two circles by shear parameters.

There are a priori two shear parameters for each cylinder, but shearing both ends of
a cylinder by the same amount does not change the metric on X, so there are actually
only three total parameters. These are not independent either, since shearing all three
by the same amount simply twists the circle without affecting the metric; thus in the
end we have only 2 independent shear parameters.

Shearing the top or bottom cylinder by an entire rotation changes the marking by
a twist, and shearing in the opposite direction changes the marking by its inverse.
Expanding and collapsing cylinders without shearing varies the space independently
of the ¢ direction, so may be thought of as moving around the space of metric graphs
marked by the free subgroup generated by a and b, i.e., around reduced Outer space
in rank 2. Since reduced Outer space in rank 2 is homeomorphic to R2, the entire
moduli space of marked metric blowups is homeomorphic to the product R? x R x R.

5 Lecture 4

In this lecture we show how to construct an Outer space for any RAAG Ar; this will
be a space of marked metric cube complexes. We then outline very briefly how to
prove the space we have constructed is contractible and that the action is proper.

We recall the example we studied in the last lecture, where I' has three vertices
and two edges. To get a path from the standard Salvetti id: Sp — St to its image
under the twist 74.: @ — ac = ca we needed to shear the metric on the left-hand
torus, while to get a path to its image under the fold pu: a — ab we needed to
expand a circle of the Salvetti into a cylinder, then collapse a different cylinder. The
first operation involves changing the metrics on the spaces without changing their
homeomorphism type, while the second operation can be described combinatorially
in terms of “blowing up” and collapsing subcomplexes.

We begin our construction by determining which cube complexes we need, tem-
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porarily ignoring their metric structure. For Ap = F,,, this amounts to describing
the (vertices of the) spine K, instead of the full space C'V},, so we briefly recall that
construction.

Outer space CV,, for a free group is the union of open simplices, one for each
equivalence class of marked (combinatorial) graphs (X, h), where X is a finite graph
with no bivalent vertices or separating edges (and hence no univalent vertices, either).
The open simplex associated to (X, h) is obtained by assigning all possible positive
real lengths to the edges of X, then either projectivising or (equivalently) normalizing
so that the sum of the lengths is one. If we take small neighborhoods of these simplices
we obtain an open cover of C'V,, by contractible sets, such that the intersection of any
two elements is either empty or is in the cover. The nerve of this cover is known as
the spine of Outer space, and is an equivariant deformation retract of all of C'V,,. The
spine can be described combinatorially as the geometric realization of the partially
ordered set of marked graphs, where the poset relation is given by forest collapse:
(X,h) > (X',1/) if there is a forest ® C X such that X’ is obtained from X by
collapsing each edge of ® to a point, and A’ is (homotopic to) the composition of h
with this collapse. The full space C'V;, can be recovered from the spine by putting
the metric information back into the graphs.

Motivated by this, we will now construct a similar spine for any Ar.

5.1 The spine of outer space for Ar

For general Ar we need analogs of graphs, forests and forest collapses. The analog of
a graph will be a particular type of non-positively curved cube complex adapted to
T", which we call a I'-complex. We first recall some standard background about cube
complexes.

5.1.1 NPC cube complexes and hyperplanes

A cube compler is a CW complex X in which every cell is homeomorphic to a Eu-
clidean cube (of some dimension) and the attaching maps identify faces with lower-
dimensional cells by homeomorphisms.

If v is a vertex of a cube complex X there is an associated simplicial complex called
the link of v and denoted lk(v). This has one vertex for each half-edge terminating
at v, and a set of half-edges spans a k-simplex if they belong to distinct edges of
the same cube. Gromov gave a simple condition on links which guarantees that X
can be given a metric of non-positive curvature. This says that if the 1-skeleton of a
simplex appears in [k(v), then the entire simplex must be in [k(v). This is called the
flag condition on links, and a cube complex X whose links satisfy the flag condition
is said to be NPC.

Cubes in a cube complex are cut by hyperplanes. A hyperplane is dual to an
equivalence class of edges, where the equivalence relation is generated by saying two
edges are equivalent if they are parallel in some cube. If H is the hyperplane dual to
[e], then the intersection of H with a cube C' is spanned by midpoints of edges of C
which are in [e]; thus H N C is either empty or is a codimension one linear subspace
cutting C' in half.
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Example 5.1 The space X from the last lecture is an NPC cube complex. There
are four hyperplanes. Three of them are circles midway up the three cylinders, and
the other is a theta graph, with one edge running the length of each cylinder.

Example 5.2 Sr is an NPC cube complex with one k-cube for each k-clique in T.
There is one hyperplane for each generator a of Ar (i.e., each vertex of I'), and the
associated hyperplane is isomorphic to the Salvetti complex Syy)-

The carrier of a hyperplane H is the closure of the union of all cubes which intersect
H. If the carrier of H is an embedded copy of H x [0, 1], then collapsing each cube
in the carrier to its intersection with H is called a hyperplane collapse, though maybe
it should be called a carrier collapse. A hyperplane collapse is trivial if the resulting
complex is still homeomorphic to X.

A set of hyperplanes {Hy,...,Hi} in X is called a hyperplane forest if any cycle
formed by edges dual to the H; is null-homotopic. In this case each H; determines a
hyperplane collapse in which the images of the remaining H; form a new hyperplane
forest.

5.1.2 Marked I'-complexes

Definition 5.3 A compact NPC cube complex X is called a I'-complex if there is a
hyperplane forest {Hi, ..., H;} in X such that performing the associated hyperplane
collapses (in any order) gives a cube complex isomorphic to St and

1. The hyperplane collapse associated to H; is non-trivial for each i.

2. After each collapse, the image of any hyperplane in X is either a hyperplane or
a subcomplex parallel to a hyperplane.

A marking of a I'-complex X is a homotopy equivalence h: St — X. Two marked
I-complexes (X,h) and (X', 1) are equivalent if there is an isomorphism of cube
complexes f: X — X' with b/ ~ foh.

The Salvetti complex Sr is of course an example of a I'-complex. If we mark it
with the identity map id: Sp — Sr, the result is called the standard Salvetti.

The group Out(Ar) acts on the set of marked I'-complexes by changing the mark-
ing: any ¢ € Out(Ar) can be induced by a homotopy equivalence f: Sp — Sp, and
we define (X, h)¢ = (X, ho f).

The set of equivalence classes of marked I'-complexes forms a partially ordered set
under the relation of hyperplane collapse, and we define Mp to be the geometric
realization of this poset.

5.1.3 The untwisted subgroup

We expect to have to shear the metric to find a path from the standard Salvetti to its
image under a twist, as in the example from the last lecture. Since blowups, collapses
and isometries don’t do any shearing, we shouldn’t even expect Mp to be connected,
much less contractible. But it turns out that we can find a large contractible piece
of Mr by ignoring the twists at first, i.e., we consider an orbit of the subgroup of
Out(Ar) generated by all other types of generators.
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Definition 5.4 The untwisted subgroup U(Ar) of Out(Ar) is the subgroup generated
by inversions, graph automorphisms, partial conjugations and folds.

The untwisted subgroup can be all of Out(Ar) (e.g., if T is discrete or is without
triangles and univalent vertices) or it can be finite (e.g., if I" is complete or is an n-gon
with n > 5), and is generally somewhere in between. It is not usually normal (e.g.,
conjugating an inversion v — v~ ! by a twist u — uwv results in the square of the twist
times the inversion).

Definition 5.5 Let Mrp be the geometric realization of the poset of equivalence
classes of marked I'-complexes. Let o9 = (S, id) be the standard Salvetti and st(og)
the star of og in Mp. The spine of outer space Ky is the orbit of st(og) under U(Ar).

The following theorem is joint with Charney and Stambaugh.

Theorem 5.6 ([6]) The spine Kp is contractible. The untwisted subgroup U(Ar)
acts cocompactly with finite stabilizers on Krp.

The following subsections give a brief indication of the proof.

5.1.4 Blowups and I'-Whitehead partitions

In order to prove Theorem 5.6 we need to understand exactly which complexes occur
in the star of oy, i.e., which marked I'-complexes collapse to (Sp,id). The opposite
of a hyperplane collapse is called a blowup, and to explain how to find all blowups of
oo we first recall the situation for Ap = F,.

If we can obtain a rose R, by collapsing a single edge e of a graph G, then the
other edges of G can be identified with the petals a; of R,. Each petal is an edge
with two ends, ai+ and a; . We can reconstruct G' by saying which aj get attached
to which end of e, i.e., by giving a partition of the set {af,ay,...,a,,a;} into two
subsets, called the sides of the partition. In fact, any marked graph in C'V,, can be
collapsed to a rose R, by collapsing a maximal tree, and each edge in the maximal tree
gives a partition of the ends {a]",a;,...,a;,a, } of the petals of R,. A collection of
partitions corresponds to a graph if and only if the partitions are pairwise compatible
(P and @ are compatible if some side of P is disjoint from some side of Q).

Now let H be a hyperplane in a I'-complex X, and suppose the corresponding hy-
perplane collapse is defined and gives the standard Salvetti (Sp,id). We will partition
the edges in the 1-skeleton of Sr by looking at their pre-images in the 1-skeleton of
Y = X—(Hx(0,1)). By condition (2) the image of H must be parallel to a hyperplane
in St, say the hyperplane Sy () dual to v. If a; is an edge in this image, then a; has
two pre-image loops in the 1-skeleton of Y, at the top and bottom of the hyperplane
carrier H x [0,1]. All other edges in St have one pre-image, and we will partition
their ends according to whether they are attached at the top or bottom of the carrier.
We cannot partition these arbitrarily, however, since there are constraints imposed by
existence of the higher-dimensional cubes. For example, we cannot put the meridian
of a torus at one vertex and the longitude at the other. Careful consideration of these
constraints leads to the following definition.
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Figure 10. A graph I' and a I'-Whitehead partition

Definition 5.7 Let m be a vertex of I', L,, the vertices in lk(m) and V,f the set
of vertices in T' — Ik(m) and their inverses. A partition P of VI is a T'-Whitehead
partition if

1. Each side of P has at least two elements.

2. Each side of P is a union of (vertices of) components of I' — lk(m) and their
inverses except

1

e P separates m from m™" and

o if Ik(a) C lk(m) then P may separate a from a~!.

The vertex m is called a maximal vertex for P. Note that a I'-Whitehead partition
may have more than one maximal vertex but any two maximal vertices have the same
link, which we therefore call Ik(P).

An example of a I'~-Whitehead partition is shown in Figure 10.

The terminology “I'-Whitehead” has a historical basis. Suppose the rose R, is
blown up by inserting a single edge e which partitions the half-edges of R,,. Then
collapsing a different edge of the blowup gives a homotopy equivalence R, — R,
which induces a Whitehead automorphism of F,. If the newly collapsed edge was
labeled with the generator a, this automorphism multiplies some generators by a (or
a~!) and conjugates some others by a (or a™1).

Not every Whitehead automorphism of the free group on the generators of Ar
induces an automorphism of Ap, but we can tell exactly which ones do. If P is a
I~-Whitehead partition as defined above, we can complete P to a partition P of all
of the generators of Ar and their inverses by putting L™ = L,, U L,;! on one side of
P (it doesn’t matter which side). Then the induced Whitehead automorphism of the
generators does give an automorphism of Ap.

We have seen that a two-vertex I'-complex in st(o) gives a I'~-Whitehead partition.
Conversely, given a ['-Whitehead partition we can construct a two-vertex I'-complex,
which we call ST. Here are instructions for its construction.

e Start with a copy of Sj(py x [0,1].

e For each a which is separated from a~! by P (including each maximal vertex),
glue in a copy of Sj;(4) % [0, 1], attaching Sj(,) X {i} by its inclusion into Sj;(p) %
{i} for i =0, 1.

e For each remaining component C' of T' — Ik(P) attach a copy of Sy pyuc via
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the inclusion of [k(P), where components on opposite sides of P are attached
at opposite ends of Syp) x [0, 1].

Collapsing the initial subcomplex Sypy x [0,1] to its hyperplane Sjp) x {%}
recovers the Salvetti complex Sr, so S¥ is a I'-complex in st().

Remark 5.8 For any vertex a of I' the subcomplex Sy 4y of St is a product Sy, ¥
S, Another way of describing ST is as the union of these subcomplexes, some of
which have been subdivided by hyperplanes, modulo appropriate identifications. In
particular, Sy ,) embeds into the blowup SP.

5.1.5 Compatible partitions and iterated blowups

The I'-complexes in st(o) which have exactly two vertices are those which can be
obtained from o by blowing up a single I'~-Whitehead partition. In order to obtain
any I'-complex in st(o) we may need to blow up several times. This is possible if
we are given a collection of I'-Whitehead partitions which are compatible, in the
following sense.

Definition 5.9 Two I'~-Whitehead partitions P and @ are compatible if either
1. maximal elements of P and @ are distinct and commute, or

2. some side of P is disjoint from some side of Q.

A precise recipe for constructing a I'-complex from a collection of pairwise com-
patible I~Whitehead partitions is given in [6]. We omit the details here.

5.1.6 Contractibility of the spine

The proof that the spine Kt is contractible follows the general outline of the original
proof that C'V,, is contractible [9]. A vertex (S, h) of Ky is called a Salvetti vertex
if S is homeomorphic to Sp. We define a total order on Salvetti vertices (S,h) by
measuring the lengths of conjugacy classes of elements of Ap in S. More precisely,
for each conjugacy class w € m1(St) = Ar we record the length of the minimal loop
in the 1-skeleton of S that represents h(w), then list all these lengths in an infinite
sequence. We then build Kt by gluing on stars of Salvetti vertices according to the
lexicographical order of these sequences. We need to prove that a Salvetti vertex is
determined by its length sequence, that there is a unique smallest Salvetti vertex,
and that at each stage of the construction we are attaching the next star along a
contractible subcomplex of its link. The proof of this last fact uses a variation of the
classical Peak Reduction algorithm for free group automorphisms.

5.2 The full outer space

In order to get a contractible space on which all of Out(Ar) acts properly, we need
to add metric information to the marked I'-complexes used to define K.

To explain the idea, we again recall the relation of the spine K, to the full Outer
space C'V,,, from a slightly different point of view. The full space C'V,, decomposes as
a disjoint union of open simplices of various dimensions, where the simplex containing
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(X, h) is obtained by varying the (positive) lengths of the edges of X. If we allow
an edge length to shrink to zero, we pass to a face of the simplex. Thus the closure
of o(X,h) in CV,, is a simplex together with some of its faces, but some faces are
missing: if we try to shrink a set of edges containing a loop to zero, we leave CV,,. If
we formally add all of the missing faces to each o (X, h) we obtain a simplicial complex
CV,, called the simplicial closure of Outer space. The spine K, is a subcomplex of
the barycentric subdivision W,;, namely K, is the subcomplex spanned by vertices
of CV,, (i.e., faces of CV,) which are actually in CV,.

We can verify that C'V,, is homotopy equivalent to K,, using a suitable open cover
of CV,,. For each vertex v € K,, let U, = st°(v) C CV, be the open star of v in
W,; Each U, is a contractible subset of C'V,, and contains no other vertices of K.
An intersection Uy, N ... N U,, is non-empty if and only if vy, ..., v are the vertices
of a simplex of K,,, in which case the intersection is contractible. Thus the nerve of
the cover {U,} is isomorphic to K, and is homotopy equivalent to C'V,.

For general Ar we would like to do something similar, i.e., add metric information
to marked I'-complexes to produce a space of marked metric I'-complexes and an
open cover by sets {U,} corresponding to vertices v € Kp. We want the nerve of
this cover to be isomorphic to Kr and the cover to be by contractible sets with
contractible intersections, so that the whole space is homotopy equivalent to K1 (and
hence contractible).

5.2.1 Untwisted metrics

As in the free group case we can assign positive lengths to the edges of the (rectilinear)
cubes of a I'-complex X to obtain a set of metrics on X which forms an open simplex
o(X, h) of marked metric I'-complexes, one for each vertex v = (X, h) of Kp. Let Xg
denote the union of these open simplices, modulo the natural face relations. Formally
adding missing faces to the simplices o(X,h) completes Xp to a simplicial complex
Sr. The spine Kr is a subcomplex of the barycentric subdivision EI/W and the space
Yr is covered by open stars st°(v) in Ef of vertices v € K,. The action of U(Ar) on
Kr extends naturally to a proper action on Xr and Sa.

In the free group case this is all we needed to do, but for general Ap this is not
enough...we also need to allow the metrics on some cubes to be sheared in order to
get a space on which all of Out(Ar) acts properly. This shearing is governed by the
subgroup T'(Ar) generated by twists, so we next investigate this subgroup.

5.2.2 Twisted metrics

If we order the generators {ai,...,a,} of Ar we obtain a map Out(Ar) — GL(n,Z)
induced by abelianization Ap — Z"™. This map sends the twist subgroup T'(Ar)
injectively into SL(n,Z). The image of T'(Ar) is generated by the matrices A;; = I, +
E;j for i, j such that st(a;) C st(aj). If the ordering of the generators is subordinate to
the partial ordering on the vertices of I', the image of T'(Ar) is block upper triangular.
The diagonal blocks correspond to equivalence classes of vertices and a non-zero upper
block corresponds to an inclusion of stars.

Now let Tr(Ar) C SL(n,R) be the subgroup generated by matrices A;;(r) =
I, + E;j(r) with r real, for i, j such that st(a;) C st(aj). Tr(Ar) is contained in a
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parabolic subgroup of SL(n,R) and T'(Ar) is a lattice in Tr(Ar). The quotient space
Dr = (Te(Ar) N SO(n))\Tk(Ar)

is a subspace of the symmetric space D,, = SO(n)\SL(n,R). It is homeomorphic to
a product of one symmetric space for each diagonal block and one copy of R for each
pair ¢ > j with st(a;) C st(a;). In particular, it is a contractible subspace of Iy,.

Each point of Dp corresponds to a marked flat metric on 7™, but we will ignore the
marking for a moment. If we regard the Salvetti complex St as a subcomplex of T,
then the flat metric on 7" induces a metric on Sp, where the distance between two
points is the length of the shortest path in Sr joining them. Note that the metric on
each subtorus Sa corresponding to a clique A C I' is flat. A metric on St induced in
this way by a point in Dr is said to be I'-adapted.

If X is a blowup of Sp then X contains a subcomplex X for each clique A which
is a (possibly subdivided) copy of the cube complex Sa. A CAT(0) metric on X
is I'-adapted if the metric restricted to each Xa is equal to the flat metric on Sa
obtained from some I'-adapted metric on Sr.

Definition 5.10 A marked metric T'-complez is a triple (X, h, d), where
1. X is a I'-complex,
2. h: St — X is a homotopy equivalence, and
3. d is a I-adapted CAT(0) metric on X.

Two marked metric I-complexes (X, h,d) and (X', ', d’) are equivalent if there is an
isometry or a homothety ¢ : X — X’ with to h/ ~ h.

5.2.3 Outer space for Ar

We now define outer space Or to be the space of equivalence classes of marked metric
I-complexes. The group Out(Ar) acts on Or on the right by changing the marking,
i.e., given ¢ € Out(Ar), choose a homotopy equivalence f : Sp — St inducing ¢ on
m1(Sp); then (X, h,d) - ¢ = (X,ho f).

Claim OQuter space Or is contractible, and Out(Ar) acts properly.

Caveat. I have refrained from calling this a Theorem since the details have not yet
been posted on the arXiv.

Sketch of proof We cover Or by open sets U, corresponding to vertices v = (X, h)
of Kr. Each U, is homeomorphic to the product of Dp with the open star st°(v)
of v in the barycentric subdivision i{«, and is hence contractible. The nerve of the
cover {U,} is isomorphic to Kt and intersections U,, N ... N U,, are either empty
or contractible. Thus Or is homotopy equivalent to Kr, which is contractible by
Theorem 5.6. Finally, one must check the stabilizer of a point (X, h,d) in Or under
the action of Out(Ar). The action of a twist moves (X, h,d) “up the Dp-direction,”
and the stabilizer of (X, h, d) is isomorphic to the group of isometries of (X, d), which
is finite.
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5.3 Questions

1. The action of Out(Ar) on Or is not cocompact, since we're using all I'-adapted
metrics on the I'-complexes X. Inside this space of metrics there should be an
analog of Ash’s well-rounded retract of SO(n)\SL(n,R), which is a cocompact
deformation retract, equivariant with respect to the action of SL(n,Z). Incor-
porating this idea should result in an Outer space with a cocompact action.

2. Is the fixed point set of a finite subgroup of Out(Ar) contractible (i.e., is Op
an EG?)? Is it even non-empty, i.e., can every finite subgroup of Out(Ar) be
realized as isometries of a marked I'-complex?

3. Is Out(Ar) a virtual duality group? Is there a bordification of Op which is
a hybrid of the Borel-Serre bordification of the symmetric space D,, and the
Bestvina-Feighn bordification of Outer space C'V,,? If so, is bordified Or highly
connected at infinity?

4. The metric theory of symmetric spaces is classical and highly developed. There
has also been a lot of activity recently on the metric theory of Outer space, using
the asymmetric Lipschitz metric. Is there a good metric theory of Or? What
are the geodesics? Can they be used to help classify elements of Out(Ar)?

5. Handel and Mosher recently proved that the 1-skeleton of the simplicial closure
CV, is a Gromov hyperbolic graph [17]. Ts the 1-skeleton of Kt Gromov hy-
perbolic? If so, is there an associated Gromov hyperbolic space on which all of
Out(Ar) acts?
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