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b]kkdc�Mtsdq�ro]bd+�nm�vghbg�Nts#Em( ]bsr�vhsg�zmhsd�rs]ahkhydqr-�Sgtr�sgd�gnlnknfx�ne�
Nts#Em( vhsg�sqhuh]k�q]shnm]k�bndffibhdmsr�hr�dpt]k�sn�sgd�gnlnknfx�ne�IFm-

Jnmsrduhbg�rgnvdc�hm�Z11+12[ sg]s�sgd�gnlnknfx�ne�IFm b]m�]krn�ad�hcdmshzdc�vhsg�sgd�
bngnlnknfx�ne�ghr�Khd�fq]og�bnlokdw+�vghbg�b]m�hm�stqm�ad�hcdmshzdc�vhsg�sgd�oqhlhshud�
o]qs�ne�sgd�bngnlnknfx�ne�sgd�Khd�]kfdaq]�ne�rxlokdbshb�cdqhu]shnmr�ne�]�eqdd�Khd�]kfdaq]�
#rdd� Z04[ enq�]�cds]hkdc�dwonrhshnm�ne�Jnmsrduhbgflr�qdrtksr(-�Hm� Z4[ Adqfktmc�]mc�L]crdm�
entmc�sghr Khd�]kfdaq]� hm�]�udqx�ch¯dqdms�bnmsdws+�]mc�oqnudc�sg]s� hsr�bngnlnknfx� hr�]�
rta,]kfdaq]�ne� sgd�bngnlnknfx�ne� sgd�aknbj�ch¯dnlnqoghrl�fqnto�ne�dudm,chldmrhnm]k�
oqnctbsr� ne� rogdqdr-� Hm� lnqd� qdbdms� xd]qr+� ]kfdaq]hb� fdnldsdqr� g]ud� rstchdc�IFm ]r�
]� sqnohb]k�]m]knf ne�sgd�bk]rrhb]k�lnctkh�ro]bd�Im ne�rlnnsg�bnlokdw�btqudr�ne�fdmtr�
m-�Sgd� rhlokhbh]k�bnlokdshnm�ne�Ntsdq� ro]bd�cdrbdmcr� sn�]�m]stq]k�bnlo]bshzb]shnm�ne�
IFm+� vghbg� sgd� sqnohb]k� fdnldsdqr� g]ud� ctaadc� sgd�lnctkh� ro]bd� ne� sqnohb]k� btqudr)
ax�]m]knfx�vhsg� sgd�Cdkhfmd,Ltlenqc� bnlo]bshzb]shnm�ne�Im #rdd+� d-f-+� Z02[(-� Hm�xds�
]mnsgdq�bnmsdws+�IFm l]x�ad�bnmrhcdqdc�]�m]stq]k�o]q]ldsdq�ro]bd�enq�sgd�m,knno�bnm,
sqhatshnm�sn�bdqs]hm�Edxml]m�]lokhstcdr-�Sghr�chqdbshnm�g]r�addm�dwoknqdc+�enq�dw]lokd+�
ax�Aknbg+�Adqfgn¯�]mc�Jqdhldq Z5+3[-

Hm�sghr�o]odq�vd�oqnud�]� enqltk]� enq�sgd�Dtkdq�bg]q]bsdqhrshb�ne�IFm+�]mc�sgdm�cd,
sdqlhmd� hsr� ]rxlosnshb� fqnvsg� q]sd-� Sgd� ]rxlosnshb� qdrtks� cdodmcr� nm� ntq� qdrtksr� hm�
Z0.[+�vgdqd�vd�cdsdqlhmdc�sgd�]rxlosnshb�fqnvsg�q]sd�ne�sgd�q]shnm]k nq�uhqst]k Dtkdq�
bg]q]bsdqhrshb�χ#Nts#Em((-�Sghr� hr�]�q]shnm]k�mtladq�bknrdkx�qdk]sdc�sn�sgd�]ksdqm]shmf�
rtl�ne� sgd�Adssh�mtladqr+�ats�vghbg�g]r�adssdq�fqnto,sgdnqdshb�oqnodqshdr+�l]jhmf� hs�
d]rhdq�sn�bnlotsd-�Sgd�q]shnm]k�Dtkdq�bg]q]bsdqhrshb�ne�Nts#Em( bnhmbhcdr�vhsg�sgd�mtl,
adq�Jnmsrduhbg�qdedqqdc�sn�]r�sgd�nqahenkc�Dtkdq�bg]q]bsdqhrshb ne�ghr�Khd�fq]og�bnlokdw-�
Sgd�]bst]k�]ksdqm]shmf�rtl�ne�sgd�Adssh�mtladqr�hr�cdmnsdc�d#Nts#Em(( hm�sghr�o]odq�sn�
chrshmfthrg�hs�eqnl�χ#Nts#Em((+�]mc�hr�b]kkdc�sgd�hmsdfq]k�Dtkdq�bg]q]bsdqhrshb sn�bnmenql�
vhsg�nsgdq�sdqlhmnknfx�hm�sgd�khsdq]stqd-

He�vd�]qd�oqhl]qhkx�hmsdqdrsdc�hm�sgd�bngnlnknfx�ne�sgd�ro]bd�IFm nq�#dpthu]kdmskx(�
sgd� fqnto� Nts#Em(+� sgdm� sgd� mtladq� d#Nts#Em(( hr� bkd]qkx� lnqd� qdkdu]ms-� Aqnvm� Z01[
rgnvdc�sg]s�sgd�q]shnm]k�]mc�hmsdfq]k�Dtkdq�bg]q]bsdqhrshbr�ne�]�fqnto�Γ ]qd�bknrdkx�qdk]sdc+�
m]ldkx�d#Γ( b]m�ad�b]kbtk]sdc� eqnl�sgd�q]shnm]k�Dtkdq�bg]q]bsdqhrshbr�ne�bdmsq]khydqr�ne�
zmhsd,nqcdq�dkdldmsr�ax�sgd�enqltk]

d#Γ( ;


Yz[

χ#B#z((,

Gdqd�sgd�rtl�hr�nudq�qdoqdrdms]shudr�z enq�sgd�bnmitf]bx�bk]rrdr�ne�zmhsd,nqcdq�dkdldmsr�
#hmbktchmf�sgd�hcdmshsx(+�]mc�B#z( hr�sgd�bdmsq]khydq�ne�z-

Sgd� mtladq� d#Nts#Em(( v]r� b]kbtk]sdc� enq� m� ≤ 00 ax� Lnqhs]+� R]j]r]h� ]mc� Rtytjh�
Z14[+�trhmf�ldsgncr�eqnl�rxlokdbshb�qdoqdrdms]shnm�sgdnqx-�Hm�sgd�oqdrdms�o]odq�vd�trd�
Aqnvmflr� enqltk]+� qdrtksr� nm� bdmsq]khydqr� eqnl� Z13[+� ]m� ]c]os]shnm� ne� Inx]kflr� sgdnqx� ne�
rodbhdr� Z1.[ ]mc�etqsgdq�cdudknoldms�ne�sgd�]rxlosnshb�ldsgncr�ne� Z0.[ sn�zqrs�fhud�]m�
d¯dbshud�enqltk]�enq�d#Nts#Em(( ]mc�sgdm�sn�cdsdqlhmd�hsr�]rxlosnshb�fqnvsg�q]sd-
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Sgd�d¯dbshud�enqltk]�hr�cdudknodc�hm�Rdbshnmr 1,2 ]mc�rtll]qhydc�hm�Sgdnqdl 2-02-�
A]rdc� nm� hs+� vd� vqnsd� ]� bnlotsdq� oqnfq]l� sn� bnlotsd� d#Nts#Em(( enq� m� ≤ 04-� Sgd�
qdrtksr� ]qd� khrsdc� hm� =oodmchw =-� Etqsgdq noshlhy]shnmr� ne� sghr� oqnfq]l� dm]akdc� sgd�
bnlots]shnm�ne�sgd�mtladqr�d#Nts#Em(( enq�]kk�m�≤ 0.. Z8[-

Rdbshnm 3 hr�cdunsdc�sn�oqnuhmf�sgd�enkknvhmf�]rxlosnshb�qdrtks-

Rgdnpdl�0,0,�Sgd�hmsdfq]k�Dtkdq�bg]q]bsdqhrshb�d#Nts#Em(( g]r�sgd�]rxlosnshb�adg]uhnq

d#Nts#Em(( ± −d− 0
3

m

d

m 0
#m knf m(1 ]r m · ∞,

Gdqd�sgd�mns]shnm�Ym ± am ld]mr�sg]s� khlm·∞ Ym.am ; 0-�Hm�o]qshbtk]q�sghr�udqhzdr�
sgd�e]bs+�rtffdrsdc�ax�ntq�qdrtksr�nm�sgd�q]shnm]k�Dtkdq�bg]q]bsdqhrshb�hm Z0.[+�sg]s�sgdqd�
hr�]�gtfd�]lntms�ne�bngnlnknfx� hm�ncc�chldmrhnmr-�Rhmbd�sgd�bngnlnknfx�ne�Nts#Em(
hr�]�chqdbs� rtll]mc�ne� sgd�bngnlnknfx�ne�=ts#Em(+�vd� qd]bg� sgd� r]ld�bnmbktrhnm� enq�
=ts#Em(-�Sgd�bngnlnknfx�Gj#Nts#Em(:�N( hr�jmnvm�sn�u]mhrg� enq�ansg�j / 3m.4 ]mc�
j < 1m�− 2 #rdd� Z03[ ]mc� sgd� qdedqdmbdr� sgdqd(+� sgtr� ]kk� ne� sghr� bngnlnknfx� ltrs� ad�
bnmbdmsq]sdc�hm�chldmrhnmr�3m.4�≤ j ≤ 1m�− 2-�Sgd�nmkx�ncc,chldmrhnm]k�bk]rr�jmnvm�
sn�c]sd�nbbtqr�hm�G00#Nts#E6(( Z1[-�Hs�hr�hmsdqdrshmf�sn�mnsd�sg]s�sghr�hr�sgd�k]qfdrs�onrrhakd�
chldmrhnm+� sgd�uhqst]k�bngnlnknfhb]k�chldmrhnm�ne�Nts#E6(-�Sghr� hr� hm�bnmsq]rs� sn� sgd�
e]bs�sg]s�sgd�fqntor�FKm#R( ]mc�l]oohmf�bk]rr�fqntor�ne�otmbstqdc�rtqe]bdr+�ansg�ne�
vghbg� ]qd� nesdm� bnmrhcdqdc� ]m]knfr� ne� Nts#Em(+� g]ud� mn� q]shnm]k� bngnlnknfx� hm� sgdhq�
uhqst]k�bngnlnknfhb]k�chldmrhnm-

Bnlo]qhmf�Sgdnqdl 0-0 vhsg�ntq�qdrtksr�hm Z0.[ nm�χ#Nts#Em(( fhudr

AnpnkkTpx�0,1,�Sgd�q]shn�khlm·∞ d#Nts#Em((.χ#Nts#Em((�; d− 0
3 ≈ .,67-

Npnne, Trd�Sgdnqdl 0-0+�Z0.+�Sgl- =[ ]mc�Rshqkhmfflr�enqltk] #rdd+�d-f-+�Z0+�Dp- #2-8([(- �

Sghr�rnkudr�Oqnakdl�5-4�ne�sgd�o]odq� Z14[ ax�Lnqhs]+�R]j]r]h�]mc�Rtytjh-�Lnqd�oqd,
bhrd� ]rxlosnshb� rs]sdldmsr� ]mc� bnlldmsr� ]ants� sgd� q]sd� ne� bnmudqfdmbd� ]qd� fhudm� hm�
Rdbshnm 3-1-

Hm�ghr�nqhfhm]k�o]odq� Z11[ Jnmsrduhbg� hmsqnctbdc�bnllts]shud ]mc�]rrnbh]shud fq]og�
bnlokdwdr�hm�]cchshnm�sn�sgd�Khd�fq]og�bnlokdw-�Sgd�ldsgncr�ne�sgd�oqdrdms�o]odq�b]m�
ad�lnchzdc�sn�bnlotsd�sgd�Dtkdq�bg]q]bsdqhrshbr�enq�ansg�ne�sgdrd�nsgdq�fq]og�bnlokdwdr�
]r�vdkk�]r�sn�cdsdqlhmd�sgdhq�]rxlosnshb�adg]uhnq�#rdd Z7[(:�sgdx�b]m�]krn�ad�trdc�sn�cn�
sgd�r]ld�enq�nsgdq�lnctkh�ro]bdr�ne�fq]ogr+�rtbg�]r�bnknqdc�fq]ogr�nq�fq]ogr�vhsg�kd]udr-�
=r�Jnmsrduhbg�mnsdc+ sgd�]rrnbh]shud�fq]og�bnlokdw�bnlotsdr�sgd�gnlnknfx�ne�l]oohmf�
bk]rr�fqntor�ne�otmbstqdc�rtqe]bdr-�Ansg�sgd�q]shnm]k�]mc� hmsdfq]k�Dtkdq�bg]q]bsdqhrshbr�
ne� sgdrd� fqntor� enq� ]� nmbd,otmbstqdc� rtqe]bd� vdqd� nqhfhm]kkx� bnlotsdc� ax� G]qdq� ]mc�
W]fhdq� Z08[-�Sgdx�]krn�bnlotsdc� sgd�]rxlosnshbr�]mc�cdctbdc� sgd�dwhrsdmbd�ne� knsr�ne�
bngnlnknfx-�Fdsykdq�]mc�J]oq]mnu�o]qsh]kkx�dwsdmcdc�sghr�sn�rtqe]bdr�vhsg�lnqd�sg]m�
nmd�otmbstqd�#vhsgnts�cdsdqlhmhmf�sgd�]rxlosnshbr(�]r�]m�]ookhb]shnm�ne�sgdhq�fdmdq]k�
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sgdnqx�ne�lnctk]q nodq]cr�Z07[+�]mc�vd�qdl]qj�sg]s�ntq�ldsgnc�ne�zmchmf�sgd�fdmdq]shmf�
etmbshnm�hr�rhlhk]q�sn�sgdhqr-

Hm Z11[ Jnmsrduhbg�]krn cdzmdc�ncc�udqrhnmr�ne�ghr�fq]og�bnlokdwdr+�]mc�mnsdc�sg]s�
hm�sgd�Khd�b]rd�sgd�oqhlhshud�o]qs�ne�sgd�gnlnknfx�bnlotsdr�sgd�bngnlnknfx�ne�Nts#Em(
vhsg�svhrsdc�bndffibhdmsr� N+�vgdqd�sgd�svhrshmf� hr�fhudm�ax�bnlonrhmf�sgd�m]stq]k�l]o�
eqnl� Nts#Em( sn� FKm#R( vhsg� sgd� cdsdqlhm]ms� l]o-� Sghr� ncc� udqrhnm� ne� Khd� fq]og�
gnlnknfx�nbbtqr+�enq�dw]lokd+�hm�sgd�rstcx�ne�fqntor�ne�gnlnsnox�dpthu]kdmbdr�ne�ncc,
chldmrhnm]k� oqnctbsr� ne� rogdqdr� Z16[-� Hm� ]� zm]k� rdbshnm+� Rdbshnm 4+� vd� dwok]hm� gnv� sn�
lnchex�ntq�qdrtksr�sn�bnlotsd�sgd�Dtkdq�bg]q]bsdqhrshb�ne�sghr�ncc�Khd�fq]og�bnlokdw+�
vghbg�vd�cdmnsd�dncc#Nts#Em((-�Sgd�qdrtksr ]krn�dwsdmc�sn�sgd�]m]kxrhr�ne�sgd�]rxlo,
snshbr+�]mc�vd�zmc

Rgdnpdl�0,2,�Sgd�q]shn�khlm·∞ dncc#Nts#Em((.χ#Nts#Em((�; d
0
3 ≈ 0,17-

9bimnvkdcfldmsr

Vd� ]qd� fq]sdetk� sn� Inr� Udql]rdqdm� enq� fdmdqntr� ENPL� oqnfq]llhmf� gdko� ]mc� sn�
Sgnl]r�Vhkkv]bgdq�enq�hkktlhm]shmf�chrbtrrhnmr-�LA�v]r�rtoonqsdc�ax�Cq-�L]w�Pórrkdq+�
sgd�V]ksdq�G]demdq�Entmc]shnm�]mc�sgd�DSG�Wöqhbg�Entmc]shnm-

1,� 9�yprs�enpltkT�enp�F Hth   ((

1-0-� Sgd�q]shnm]k�Dtkdq�bg]q]bsdqhrshb

=r�mnsdc� hm�sgd� hmsqnctbshnm+�Aqnvmflr�sgdnqdl�r]xr�vd�b]m�bnlotsd�d#Nts#Em(( ax�
]cchmf�to�sgd�q]shnm]k�Dtkdq�bg]q]bsdqhrshbr�ne�bdmsq]khydqr�ne�zmhsd,nqcdq�dkdldmsr-�Nmd�
v]x�sn�bnlotsd�sgd q]shnm]k�Dtkdq�bg]q]bsdqhrshb�ne�]�fqnto�Γ hr�sn�zmc�]�bnmsq]bshakd�bdkk�
bnlokdw�X nm�vghbg�Γ ]bsr�oqnodqkx�]mc�bnbnlo]bskx:�sgd�q]shnm]k�Dtkdq�bg]q]bsdqhrshb�
χ#Γ( hr�sgdm�fhudm�ax�sgd�enqltk]

χ#Γ( ;


Yσ[

#−0(chl#σ(

{Rs]a#σ({  

vgdqd�vd�rtl�nudq�]kk�nqahsr�Zσ[ ne�bdkkr+�σ hr�]�qdoqdrdms]shud�eqnl�sgd�nqahs�]mc�Rs]a#σ(
hr� hsr� rs]ahkhydq� tmcdq� sgd� fqnto� ]bshnm-� Enqstm]sdkx+� vd� g]ud� rtbg� bnlokdwdr� X enq�
bdmsq]khydqr�ne�zmhsd,nqcdq�dkdldmsr�ne�Nts#Em(-

Sgd� dmshqd� fqnto� Nts#Em( bdmsq]khydr� sgd� hcdmshsx-� Pdb]kk� eqnl� Z06[ sg]s� Nts#Em(
]bsr� oqnodqkx� ]mc� bnbnlo]bskx� nm� sgd� rohmd� Jm ne� Ntsdq� ro]bd-� Jm hr� ]� bnmsq]bshakd�
btad�bnlokdw�vhsg�nmd�j,chldmrhnm]k�btad�enq�d]bg�dpthu]kdmbd�bk]rr�ZF �Φ �f[ ne�sqhokdr�
#F �Φ �f(+�vgdqd

’ F hr�]�bnmmdbsdc�]clhrrhakd�fq]og+
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’ Φ hr�]�rtaenqdrs�ne�F vhsg�j dcfdr�]mc
’ f 9 Em · π0#F( hr�]m�hrnlnqoghrl+�b]kkdc�]�l]qjhmf-

Gdqd�ax�]�fq]og vd�ld]m�]�BV,bnlokdw�ne�chldmrhnm�. nq�0+�]�enqdrs hr�]�fq]og�vhsgnts�
bxbkdr+� ]mc� ]� rtaenqdrs ne� F hr� ]� rtabnlokdw� sg]s� hr� ]� enqdrs� ]mc� bnms]hmr� ]kk� ne� sgd�
udqshbdr�ne�F-�Vd�r]x�]�fq]og�hr�ne�q]mj m he�hsr�etmc]ldms]k�fqnto�g]r�q]mj�m-�=�fq]og�
hr�]clhrrhakd he�hs�g]r�mn�hrnk]sdc+�tmhu]kdms�nq�ahu]kdms�udqshbdr-�Svn�sqhokdr�#F �Φ �f( ]mc�
#F �Φ �f( ]qd�dpthu]kdms he� sgdqd� hr�]�fq]og� hrnlnqoghrl�g 9 F�· F rdmchmf�Φ sn�Φ

]mc�hmctbhmf�]m�hrnlnqoghrl�g| 9 π0#F(�· π0#F(+�rtbg�sg]s�f−0g|f ; hc-�=�o]hq�#F �Φ(
bnmrhrshmf�ne�]m�]clhrrhakd�fq]og�F ]mc�]�rtaenqdrs�Φ vhkk�ad�b]kkdc�]�enqdrsdc�fq]og-

Sgd�rohmd�J ; Jm hr�bnmsq]bshakd+�]mc�sgd�]bshnm�ne�Nts#Em( nm�J rhlokx�bg]mfdr�sgd�
l]qjhmf�f-�Sgtr�sgdqd�hr�nmd�nqahs�enq�d]bg�hrnlnqoghrl�bk]rr�ZF �Φ[ ne�bnmmdbsdc�enqdrsdc�
fq]ogr-�Sgd�rs]ahkhydq�ne�]�btad�ZF �Φ �f[ hr�hrnlnqoghb�sn�=ts#F �Φ(+�sgd�]tsnlnqoghrlr�
ne�F sg]s�oqdrdqud�Φ-�Sgtr+

χ#Nts#Em(( ; χ#B#hc(( ;


YF ¯[
F bnmmdbsdc
p]mj#F(:m

#−0(d#¯(

{=ts#F Φ({  

vgdqd�d#Φ( hr�sgd�mtladq�ne�dcfdr�hm�Φ-

1-1-� Sgd�dpthu]qh]ms�rohmd

Hm� Z13[ ]m�dpthu]qh]ms�udqrhnm�ne�J v]r� hmsqnctbdc+�vghbg�b]m�ad�trdc�sn�rstcx�sgd�
bdmsq]khydq�ne�]mx�zmhsd�nqcdq�dkdldms�ne�Nts#Em( #hm� e]bs�sgd�bdmsq]khydq�ne�]mx�zmhsd,
nqcdq�rtafqnto(-�Vd�aqhdfix�rtll]qhyd�sgd�bnmrsqtbshnm-�=�fq]og�F hr�r]hc�sn�qd]khyd ]�
zmhsd,nqcdq�]tsnlnqoghrl�z he�sgdqd�hr�rnld�l]qjhmf�f 9 Em · π0#F( ]mc�]tsnlnqoghrl�
ez ne�F rtbg�sg]s�f−0#ez(|f ; z-�Dudqx�zmhsd,nqcdq�dkdldms�ne�Nts#Em( b]m�ad�qd]khydc�
nm�rnld�]clhrrhakd�fq]og�F+�Z05+10[-�Sghr�sq]mrk]sdr sn�sgd�rs]sdldms�sg]s�sgd�]bshnm�ne�z
nm�J g]r�]s�kd]rs�nmd�zwdc�onhms-�Sgd�bdmsq]khydq�B#z( ]bsr�nm�sgd�dmshqd�zwdc,onhms�rds�
Jz ne�z-�Hs�enkknvr�eqnl�Z13[ sg]s�sghr�zwdc�onhms�rds�hr�bnmsq]bshakd+�bnbnlo]bs�]mc�g]r�
sgd�rsqtbstqd�ne�]�btad�bnlokdw-�Rodbhzb]kkx+�Jz g]r�nmd�btad�enq�d]bg�dpthu]kdmbd�bk]rr�
ne�sqhokdr�#F Φ �f(z vgdqd�#F �f( qd]khydr�z ]mc�Φ hr�]�#onrrhakx�dlosx(�enqdrs�hm�F sg]s�
hr� hmu]qh]ms�tmcdq�sgd�]bshnm�ne�z-�Gdqd�#F �Φ �f(z hr�dpthu]kdms sn�#F �Φ �f(z he�sgdqd�
hr�]m�z,hmu]qh]ms�]tsnlnqoghrl�g 9 F�· F rdmchmf�Φ sn�Φ rtbg�sg]s�f−0g|f ; hc+�]mc�
]f]hm�vd�vqhsd�ZF �Φ �f[z enq�sgd�dpthu]kdmbd�bk]rr-�Sgd�chldmrhnm�ne�sgd�btad�ZF �Φ �f[z
hr�sgd�mtladq�dz#Φ( ne�dcfd,nqahsr�hm�Φ-

Sgd� rs]ahkhydq� Rs]aZF �Φ �f[z hr� hrnlnqoghb� sn� =tsz#F �Φ(+� sgd� ]tsnlnqoghrlr� ne� F

sg]s�bnlltsd�vhsg�sgd�]bshnm�ne�z ]mc�rdmc�Φ sn�hsrdke+�rn
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χ#B#z(( ;


YF ¯[z
F bnmmdbsdc
p]mj#F(:m

#−0(dz#¯(

{=tsz#F Φ({  

vgdqd�ZF �Φ[z qtmr�nudq�hrnlnqoghrl�bk]rrdr�ne�o]hqr�sg]s�qd]khyd�z nm�]�bnmmdbsdc�fq]og�
F ne�q]mj�m-�Aqnvmflr�sgdnqdl�Z01[ sgdm�fhudr

d#Nts#Em(( ;


Yz[



YF ¯[z
F bnmmdbsdc
p]mj#F(:m

#−0(dz#¯(

{=tsz#F Φ({  

vgdqd�Zz[ qtmr�nudq�bnmitf]bx�bk]rrdr�ne�zmhsd,nqcdq�dkdldmsr�z-
Sgd�fqnto�=ts#F �Φ( ]bsr�nm�hsrdke�ax�bnmitf]shnm+�rn�sgd�nqahs,rs]ahkhydq�sgdnqdl�fhudr�

{=ts#F �Φ({�; {#nqahs ne z({�· {Rs]a@ts#F ¯(#z({-�Rhmbd�Rs]a@ts#F ¯(#z(�; =tsz#F �Φ( sghr�
fhudr9

Rgdnpdl�1,0,

d#Nts#Em(( ;


YF ¯[
F bnmmdbsdc
p]mj#F(:m

0
{=ts#F Φ({



z∈@ts#F ¯(

#−0(dz#¯( 

vgdqd�vd�rtl�nudq�sgd�rds�ne�hrnlnqoghrl�bk]rrdr�ZF �Φ[ ne�bnmmdbsdc�enqdrsdc�fq]ogr�ne�
q]mj�m-

1-2-� Chrbnmmdbsdc�fq]ogr

Pdb]kk�sg]s�sgd�Dtkdq�bg]q]bsdqhrshb�ne�]�bnmmdbsdc�fq]og�ne�q]mj�m hr�χ#F(�; 0�− m-�
Sgd�fq]ogflr�Dtkdq�bg]q]bsdqhrshb�hr�nesdm�adssdq�adg]udc�sg]m�hsr�q]mj-�Enq�hmrs]mbd+�sgd�
enqltk]� hm� Sgdnqdl 1-0 hr� d]rhdq� sn� vnqj� vhsg� he� vd� cqno� sgd� qdpthqdldms� sg]s� F ad�
bnmmdbsdc�]mc�rghes�sgd�hmcdw�ax�nmd+�h-d-�cdzmd

dm ;


YF ¯[
χ#F(:−m

0
{=ts#F Φ({



z∈@ts#F ¯(

#−0(dz#¯( #0(

vgdqd�vd�rtl�nudq�]kk�hrnlnqoghrl�bk]rrdr�ZF �Φ[ ne�#mns�mdbdrr]qhkx�bnmmdbsdc(�enqdrsdc�
fq]ogr�vhsg�χ#F(�; −m-�Hm�sghr�rtardbshnm�vd�rgnv�gnv�sn�qdbnudq�d#Nts#Em)0(( nmbd�
sgd�mtladqr�dm ]qd�jmnvm-

Vd�adfhm�ax�cdqhuhmf�mdv�enqltk]r�enq�d#Nts#Em)0(( ]mc�dm-�Cdzmd�]�enqdrsdc�fq]og�
#F �Φ( sn�ad�dudm he�F g]r�mn�]tsnlnqoghrlr� sg]s� hmctbd�]m�ncc�odqlts]shnm�ne� sgd�
dcfdr�ne�Φ-

Npnonrhshnm�1,1,�He�vd�rtl�nudq�]kk�hrnlnqoghrl�bk]rrdr�ZF �Φ[ fi
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#0( fi�ne�dudm�enqdrsdc�fq]ogr�vhsg�χ#F(�; −m)�sgdm



YF ¯[ dudm
χ#F(:−m

#−0(d#¯( ; dm ,

#1( fi�ne bnmmdbsdc�dudm�enqdrsdc�fq]ogr�vhsg�χ#F(�; −m)�sgdm



YF ¯[ dudm
F bnmmdbsdc
χ#F(:−m

#−0(d#¯( ; d#Nts#Em)0((,

PdlTpi�1,2,�Bnm]ms�]mc�Unfsl]mm�rgnvdc�hm�Z04[ sg]s�Jnmsrduhbgflr�Khd�fq]og�bnlokdw+�
]r�cdzmdc� hm Z11[ hr�pt]rh,hrnlnqoghb�sn�sgd�bnlokdw�ro]mmdc�ax�dudm� enqdrsdc�fq]ogr-�
Sgtr�sghr�oqnonrhshnm�rgnvr�sg]s�d#Nts#Em(( hr�dpt]k�sn�sgd�Dtkdq�bg]q]bsdqhrshb�ne�sgd�
Khd�fq]og�bnlokdw-

Oqnonrhshnm 1-1 hr�]m�hlldch]sd�bnmrdptdmbd�ne�sgd�enkknvhmf�kdll]-

IdllT� 1,3,�Sgd� rtl�


z∈@ts#F ¯(#−0(dz#¯( u]mhrgdr� he� #F �Φ( g]r� ]m� ]tsnlnqoghrl�

sg]s�hmctbdr�]m�ncc�odqlts]shnm�nm�Φ ]mc�hr�dpt]k�sn�#−0(d#¯({=ts#F �Φ({ nsgdqvhrd-

Npnne, =m� dkdldms� z ∈ =ts#F �Φ( hmctbdr� ]� odqlts]shnm� z¯ ∈ �d#¯( nm� sgd� rds� ne�
dcfdr� ne� Φ-� Ax� cdzmhshnm+� sgd� mtladq� dz#Φ( hr� dpt]k� sn� sgd� mtladq� ne� bxbkdr� hm� sgd�
bxbkd� cdbnlonrhshnm� ne� z¯-� Sgd� rhfm� ne� ]� odqlts]shnm� hr� sgd� o]qhsx� ne� sgd� mtladq� ne�
hsr�dudm�bxbkdr-�Rhmbd�sgd�o]qhsx�ne�sgd�mtladq�ne�ncc�bxbkdr�ne�]�odqlts]shnm�nm�]m�m,
dkdldms�rds�hr�dpt]k�sn�sgd�o]qhsx�ne�m+�vd�g]ud�#−0(dz#¯( ; rhfm#z¯(#−0(d#¯(-�Sgd�rhfm�
etmbshnm�fhudr�]�gnlnlnqoghrl�eqnl�=ts#F �Φ( sn�sgd�bxbkhb�fqnto�ne�nqcdq�1+�vghbg�hr�
rtqidbshud�he�]mc�nmkx�he�=ts#F �Φ( bnms]hmr�]m�ncc�odqlts]shnm-�He�hs�hr�rtqidbshud+�sgdm�
g]ke�ne�sgd�dkdldmsr�ne�=ts#F �Φ( g]ud�d]bg�rhfm+�rn�


z∈@ts#F ¯( rhfm#z¯(�; .:�nsgdqvhrd�


z∈@ts#F ¯( rhfm#z¯(�; #−0(d#¯({=ts#F �Φ({- �

Npnne ne Npnonrhshnm 1,1, Trd Kdll] 1-3+ Dp- #0( ]mc Sgdnqdl 1-0- �

D]bg�o]hq�bnmrhrshmf�ne�]�enqdrsdc�fq]og�]mc�]m�]tsnlnqoghrl�bnmsqhatsdr�sn�sgd�rtl�
hm�sgd�cdzmhshnm�ne�dm+�rn�du]kt]shmf�sghr�rtl�ld]mr�cnhmf�]�vdhfgsdc�bntms�ne�enqdrsdc�
fq]ogr�]mc�sgdhq�]tsnlnqoghrlr-�Vd�vhkk�cn�sghr�bntmshmf�ax�ld]mr�ne�fdmdq]shmf�etmb,
shnmr+� h-d-� enql]k� onvdq� rdqhdr� vgnrd� bndffibhdmsr� dmbncd� sgd� bntmsr� vd� ]qd� hmsdqdrsdc�
hm-

Vd� b]m� ]krn� trd� enql]k� onvdq� rdqhdr� sn� cdrbqhad� sgd� qdk]shnm� adsvddm� dm ]mc�
d#Nts#Em)0((-� Ax� rs]mc]qc� snonknfhb]k� pt]mstl� zdkc� sgdnqx� bnmudmshnm+� vd� trd� sgd�
rxlank� � ]r� sgd� enql]k� u]qh]akd� sg]s� l]qjr� sgd� mdf]shud� Dtkdq� bg]q]bsdqhrshb� ne� sgd�
fq]ogr-
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Rgdnpdl�1,4,



m≥/
dm �m ;

∞

m:0


0

0 − �m

d#Mts#Em)0((

,

Npnne, Enq� ]mx� #onrrhakx� chrbnmmdbsdc(� ]clhrrhakd� fq]og� F ]mc� rtaenqdrs� Φ� ⊂ F+� rds�
θ#F �Φ(� ; #−0(d#¯(�−χ#F(-� Rhmbd� ]m� ]clhrrhakd� fq]og� hr� dhsgdq� sqhuh]k� nq� g]r� rsqhbskx�
mdf]shud� Dtkdq� bg]q]bsdqhrshb+� θ#F �Φ(� ∈ NZZ�[[-� Sgd� etmbshnm� θ e]bsnqr� nudq� bnmmdbsdc�
bnlonmdmsr+�h-d-

θ##F0 Φ0(  #F1 Φ1(( ; θ#F0 Φ0(θ#F1 Φ1(,

Ax�Oqnonrhshnm 1-1#0(+


m≥/
dm �m ;



YF ¯[ dudm

θ#F Φ( 

vgdqd� vd� rtl� nudq� ]kk� hrnlnqoghrl� bk]rrdr� ne� #onrrhakx� chrbnmmdbsdc(� dudm� enqdrsdc�
fq]ogr�ZF �Φ[-

D]bg�hrnlnqoghrl�bk]rr�ZF �Φ[ b]m�ad�cdrbqhadc�ax�fhuhmf�]�rds�ne�hrnlnqoghrl�bk]rrdr�
ne�bnmmdbsdc�fq]ogr�snfdsgdq�vhsg�sgd�ltkshokhbhsx�vhsg�vghbg�d]bg�bnmmdbsdc�bk]rr�]o,
od]qr� hm� sgd� chrbnmmdbsdc� bk]rr-� Hm� sgd� rtl� ]anud+� ]� bnlonmdms� Zf �ϕ[ ne� ZF �Φ[ rtbg�
sg]s�ϕ g]r�]m�ncc�mtladq�ne�dcfdr�b]m�]ood]q�]s�lnrs�nmbd+�]r�nsgdqvhrd�ZF �Φ[ vntkc�
g]ud�]m�ncc�]tsnlnqoghrl-�Bnlonmdmsr�vhsg�]m�dudm�mtladq�ne�dcfdr�hm�sgd�enqdrs�b]m�
]ood]q�vhsg�]mx�ltkshokhbhsx-�Sgd�rtl�ne�sgd�etmbshnm�θ nudq�]kk�dudm�]clhrrhakd�enqdrsdc�
fq]ogr�gdmbd�r]shrzdr sgd�enkknvhmf�hcdmshsx9



m≥/
dm �m ;



YF ¯[ dudm

θ#F Φ( ;

⎛

⎜⎜⎝


Ye ϕ[
d#ϕ( ncc

#0 ) θ#f ϕ((

⎞

⎟⎟⎠

⎛

⎜⎜⎝


Ye ϕ[
d#ϕ( dudm



k≥/
θ#f ϕ(k

⎞

⎟⎟⎠  

vgdqd�sgd�Zf �ϕ[ ]qd�hrnlnqoghrl�bk]rrdr�ne�bnmmdbsdc�enqdrsdc�fq]ogr�]mc�d#ϕ( cdmnsdr�
sgd�mtladq�ne�dcfdr�ne�ϕ-

Trhmf�sgd�e]bs�sg]s�θ#f �ϕ( hr�−�−χ#e( he� Zf �ϕ[ hr�ncc�]mc��−χ#e( he� Zf �ϕ[ hr�dudm�]mc�
du]kt]shmf�sgd�rtl�nudq�k+�vd�nas]hm



m≥/
dm �m ;

⎛

⎜⎜⎝


Ye ϕ[
d#ϕ( ncc


0 − �−χ#e(


⎞

⎟⎟⎠

⎛

⎜⎜⎝


Ye ϕ[
d#ϕ( dudm

0
0 − �−χ#e(

⎞

⎟⎟⎠ ;


m≥0

#0 − �m(βm
nbb

#0 − �m(βm
dode

 

vgdqd�βm
ncc ]mc�βm

dudm ]qd�sgd�mtladqr�ne�bnmmdbsdc�enqdrsdc�]clhrrhakd�fq]ogr�vhsgnts�
ncc�dcfd,]tsnlnqoghrlr�vhsg�Dtkdq�bg]q]bsdqhrshb�−m vhsg�]m�ncc�nq�dudm�mtladq�ne�
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dcfdr� hm� sgd� enqdrs-� =� bnmmdbsdc� fq]og� vhsg� Dtkdq� bg]q]bsdqhrshb� −m g]r� q]mj� m�) 0-�
Gdmbd+�ax�Oqnonrhshnm 1-1#1(+�βm

dudm − βm
ncc ; d#Nts#Em)0((- �

Vd�b]m�mnv�dwok]hm�gnv� sn�b]kbtk]sd� sgd�mtladqr�d#Nts#Em(( qdbtqrhudkx� eqnl� sgd�
mtladqr�dm-�Pdb]kk�sg]s�sgd�bk]rrhb]k�L—ahtr�etmbshnm μ hr�cdzmdc�qdbtqrhudkx�enq�onrhshud�
hmsdfdqr�ax�μ#0(�; 0 ]mc�


X\m μ#c(�; . enq�]kk�m�≥ 1-

AnpnkkTpx� 1,5,�Ids�


m≥0 dm �m ; knf e#�( ad� sgd knf]qhsgl� ne� sgd� rdqhdr� e#�(� ;
m≥/ dm �m-�Sgd�mtladqr�dm enq�m�≥ 0 ]qd�fhudm�qdbtqrhudkx�ax

dm ; dm − 0
m

m−0

j:0

j dj dm−j

]mc�d#Nts#Em)0(( enq�m�≥ 0 ax

d#Nts#Em)0(( ;


X\m

μ#c(
c

dm.X ,

Npnne, Sgd�qdbtqrhud�dwoqdrrhnm�enq�dm hm�sdqlr�ne�dm enkknvr�ax�s]jhmf�sgd�cdqhu]shud�ne�
knf e#w( vhsg�qdrodbs�sn�� ]mc�trhmf�#knf e#w(( ; e #w(.e#w(-�S]jhmf�sgd� knf]qhsgl�ne�
sgd�rs]sdldms�ne�Sgdnqdl 1-4+�trhmf�knf#0.#0�− w((�;

∞
m:0 wm.m ]mc�sgd�cdzmhshnm�ne�

sgd�Lóahtr�etmbshnm�fhudr�sgd�rdbnmc�enqltk]- �

2,� 9m�dfidbshud�enpltkT�enp�F Hth   ((

2-0-� :clhrrhakd�sqddr

Hm�sgd�k]rs�rdbshnm�vd�qdctbdc�sgd�oqnakdl�ne�bnlotshmf�d#Nts#Em(( sn�sgd�oqnakdl�
ne�cnhmf�]�vdhfgsdc�bntms�ne�enqdrsdc�fq]ogr-�Hm�nqcdq�sn�bntms�enqdrsdc�fq]ogr�vd�vhkk�
zqrs�bntms� sqddr+� sgdm� enqdrsr+� sgdm�v]xr�ne�l]sbghmf� sgd� kd]udr�ne� sgd� enqdrsr� sn� enql�
enqdrsdc�fq]ogr-�Sgqntfgnts�sgd�qdrs�ne�sgd�o]odq�vd�zw�sgd�enkknvhmf�bnmudmshnmr�]mc�
sdqlhmnknfx-�Ax�]�sqdd vd�ld]m�]�bnmmdbsdc�fq]og�vhsg�mn�bxbkdr-�=�enqdrs hr�]�chrinhms�
tmhnm� ne� sqddr- Vd� fhud� tmhu]kdms� udqshbdr� ne� sqddr� ]mc� enqdrsr� ]� rodbh]k� qnkd� ]mc� b]kk�
sgdl� kd]udr:�nsgdq�udqshbdr�]qd�b]kkdc� hmsdqm]k�udqshbdr-�=�sqdd�nq� enqdrs� hr�]clhrrhakd he�
hs�g]r�mn�hrnk]sdc�nq�ahu]kdms�udqshbdr-�=�qnnsdc�sqdd hr�]�sqdd�vgdqd�nmd�tmhu]kdms�udqsdw�
hr�chrshmfthrgdc�]r�sgd�qnns vghkd�sgd�nsgdq�tmhu]kdms�udqshbdr�]qd�rshkk b]kkdc�kd]udr-�Vd�
qdpthqd�]clhrrhakd�sqddr�sn�g]ud�dhsgdq�]�qnns�nq�]s�kd]rs�nmd�hmsdqm]k�udqsdw+�rn�]�rhmfkd�
0,bdkk� vghbg� bnmmdbsr� svn� mnm,qnns� kd]udr� hr� mns� ]kknvdc-� Sgd� hmsdqm]k� dcfdr ne� ]� sqdd�
nq� enqdrs�]qd� sgd�0,bdkkr� sg]s�]qd�mns�]ss]bgdc� sn� kd]udr�nq� sgd� qnns-�Ntq� sqddr+� qnnsdc�
sqddr+�]mc�enqdrsr�vhkk�ad�k]adkdc-�Sg]s�ld]mr�d]bg�kd]e�rg]kk ad�cdbnq]sdc vhsg�]�tmhptd�
dkdldms�eqnl�rnld�fhudm�zmhsd�rds�T -
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Sgd�rds�ne�]kk�]clhrrhakd�k]adkdc�#nq�k]adkdc�qnnsdc(�sqddr�enqlr�]�bnlahm]snqh]k�rodbhdr�
hm�sgd�rdmrd�ne�Inx]k Z1.[ #rdd�]krn Z2[(-�Rhmbd�ntq�bntmshmf�oqnakdlr�zs�md]skx� hmsn�sgd�
sgdnqx�ne�rodbhdr+�vd�qduhdv�sgd�qdkdu]ms�o]qsr�ne�sghr�sgdnqx�hm�sgd�mdws�rtardbshnm-

2-1- Rodbhdr ]mc fdmdq]shmf etmbshnmr

=�bnlahm]snqh]k� rodbhdr hr�]� etmbsnq� eqnl� sgd�fqntonhc�ne�zmhsd� rdsr� sn� hsrdke-�Lnqd�
dwokhbhskx+�] rodbhdr�R ]rrnbh]sdr�sn�dudqx�zmhsd�rds�T ne�k]adkr+�]�zmhsd�rds�RZT [ ne�bnl,
ahm]snqh]k naidbsr rtbg� sg]s� dudqx� ahidbshnm� T · U fhudr� qhrd� sn� ]� ahidbshnm� ne� rdsr�
RZT [�· RZU [ hm�]�v]x�bnlo]shakd�vhsg�bnlonrhshnm-�Hm�sgd�b]rd�T ; \0 �, , ,  �m| vd�vqhsd�
RZm[ enq�RZT [-� =m� dkdldms� ne�RZT [ enq� rnld� T hr� ]m�R,naidbs+� nq� lnqd� hmenql]kkx+� ]m�
naidbs�ne�R-

Enq�dudqx�rodbhdr�R sgdqd�hr�]�m]stq]k�]bshnm�ne��m nm�RZm[ sg]s�odqltsdr�sgd�k]adkr-�
Sgd�nqahs�ne�]m�dkdldms�φ�∈ RZm[ tmcdq� sghr�]bshnm� hr�]m� hrnlnqoghrl�bk]rr�ne�bnlah,
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etmbsnq�Rdsj#R( hr�sgd�rodbhdr�ne�rdsr�ne�rhyd�j vghbg�bnms]hm�naidbsr�ne�R-�Sn�l]jd�sgd�
enqltk]r�lnqd�bnlo]bs�vd�]fqdd� sg]s�Rds/#R(Z.[ bnms]hmr�nmd�dkdldms+� sgd�dlosx�rds+�
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dkdldms�ne� sn�d]bg�naidbs�ne�RZT [ hm�]�v]x�sg]s�hr�hmcdodmcdms�ne�sgd�k]adkhmf-�Vd�b]m�
dwsdmc�sgd�vdhfgs�etmbshnm�ω sn�Rdsj#R( ax�rdsshmf�sgd�vdhfgs�ne�sgd�dlosx�rds�sn�0 ]mc�
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
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IdllT�2,0,
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oghrlr-�Enq�sghr+�vd�vhkk�mddc�lnqd�rnoghrshb]sdc�fdmdq]shmf�etmbshnmr+�b]kkdc�bxbkd�hmcdw�
rdqhdr-�Sgd�sdqlhmnknfx�bnldr� eqnl�sgd�mnshnm�ne�bxbkd�sxod� enq�]�odqlts]shnm+�vghbg�
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odqlts]shnm�γ¯ ∈ �j-�Vd� hmsqnctbd�]�mdv� hmzmhsd�rds�ne�u]qh]akdr�x ; \x0 �x1 �, , ,| sn�
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Sn� oqnud� Oqnonrhshnm 2-1 vd� zqrs� hmsqnctbd� ]� mdv� rodbhdr� BxbjR-� =m� dkdldms� ne�
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’ φ hr�]m�naidbs�ne�RZc[+
’ z hr�]m�dkdldms�ne�=ts#φ(+�]mc
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rtll]shnm�nudq�]kk�j+�trhmf�sgd�u]qh]akdr�x sn�jddo�sq]bj�ne�sgd�bxbkd�sxod�ne�sgd�odq,
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odqlts]shnm�z ∈ �1m sg]s�bnlltsdr�vhsg�ι-

Npnne, Ax�cdzmhshnm�vd�g]ud

5Rds#w x( ;


m j≥/

0
m 



#¯ z(∈ Rdsi#A(Ym[

wzxzµ ,

Rhmbd�RdsjA Zm[ hr�dlosx�tmkdrr�m hr�dudm�]mc�j ; m.1 vd�b]m�qdvqhsd�sghr�]r

5Rds#w x( ;


m≥/

0
#1m( 



#¯ z(∈ RdsmAY1m[

wzxzµ ,

=r�mnsdc�oqduhntrkx+�vd�l]x�hcdmshex�sgd�o]hqr�#ι �z( hm�sgd�rs]sdldms�ne�sgd�oqnonrhshnm�
vhsg�dkdldmsr�#Φ �z( ne� Rdsm#A(Z1m[-�Trhmf�Dp- #3( ]mc�rdsshmf�xj ; 0 enq�]kk�j fhudr�
sgd�qdrtks- �

AnpnkkTpx�2,4,�Sgd�mtladq�ηλ ne�l]sbghmfr�sg]s�bnlltsd�vhsg�]�fhudm�odqlts]shnm�z ∈
�m ne�bxbkd�sxod�λ�; Z0k01k1 , , , mkm [ hr�fhudm�ax�sgd�enqltk]

ηλ ;
m

j:0

ηj ki
 

vgdqd

ηj 1r ;


jr#1r − 0(  he j hr ncc
r

q:/
 1r

1q


jq#1q − 0(  he j hr dudm

]mc

ηj 1r)0 ;


. he j hr ncc
r

q:/
 1r)0

1q


jq#1q − 0(  he j hr dudm

,

PdlTpi�2,5,�Sghr�rs]sdldms�b]m�]krn�ad�oqnudc�vhsgnts�sgd�sgdnqx�ne�rodbhdr�ax�dkdldm,
s]qx�bnlahm]snqh]k�ld]mr-�Vd�g]ud�trdc�rodbhdr�gdqd�]r�]m�d]rx�dw]lokd�ne�sgd�ldsgnc+�
vghbg� vd� trd� gd]uhkx� hm� sgd� mdws� rdbshnmr-� Lnqdnudq+� sgd� dwsdmrhnm� sn� sgd� ]m]knfntr�
Bnqnkk]qx 4-7 hr�cnmd�d¯nqskdrrkx�trhmf�rodbhdr-

Npnne, Rhmbd�ι bnlltsdr�vhsg�z he�]mc�nmkx�he�z bnlltsdr�vhsg�ι+�sgd�kdes�g]mc�rhcd�ne�
Oqnonrhshnm 2-3 b]m�ad�vqhssdm



m≥/

0
#1m( 



z∈�1m

!\ι ∈ �1m {ι ◦ z ; z ◦ ι|wz,
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Mnv�mnsd�sg]s�sgd�mtladq�ne�l]sbghmfr�sg]s�bnlltsd�vhsg�z cdodmcr�nmkx�nm�sgd�bxbkd�
sxod� ne� z-� He vd� cdmnsd� sgd� rds� ne� odqlts]shnmr� hm��m vhsg� bxbkd� sxod� λ ax��λ

m+� sgd�
enqltk]�adbnldr

;


m≥/

0
#1m( 



λ1m

{�λ
1m {ηλwλ ;



m≥/

0
m 



λm

{�λ
m {ηλwλ 

vgdqd�vd�trdc�sgd�e]bs�sg]s�ηλ ; . he�{λ{ hr�ncc-�Enq�λ�; Z0k01k1 , , , mkm [ hs�hr�d]rx�sn�
bgdbj�sg]s�sgd�mtladq�ne�odqlts]shnmr�hm��λ

m hr

{�λ
m { ; m 

0k0k0 1k1k1 · · · mkmkm  

rn�sgd�kdes�g]mc�rhcd�ne�Oqnonrhshnm 2-3 hr�dpt]k�sn


m≥/



λm

ηλ

0k0k0 1k1k1 · · · mkmkm w
λ, #4(

Vd�mnv�stqm�sn�sgd�qhfgs�g]mc�rhcd�ne�sgd�dpt]shnm�rs]sdc�hm�Oqnonrhshnm 2-3-�Trhmf�
dV ;


r≥/ Vr.r +� #1r�− 0(  � ; #1r( .#r 1r( ]mc� #w�) 1(r ;

r
q:/

 
r
q


1r−qwq ]mc� sgd�

cdzmhshnm�ne�sgd�mtladqr�ηj k ]anud+�vd�zmc�sg]s�enq�dudm�j+

dwo


w1

1j


;



r≥/

w1r

1rjrr ;


r≥/
jr#1r − 0(  w1r

j1r#1r( ;


k≥/
ηj k

wk

jkk 

]mc�enq�j ncc+�vd�g]ud

dwo


w1 ) 1w

1j


;



r≥/

wr#w ) 1(r

1rjrr ;


r≥/



q≥/


r

q


1−q wr)q

jrr ;


q≥/



r≥q

0
q #r − q( 1

−q wr)q

jr

;


q≥/



r≥1q

0
q #r − 1q( 1

−q wr

jr−q
;



r≥/



r.1≥q≥/

r 
#1q( #r − 1q( j

q #1q( 
1qq 

wr

jrr 

;


k≥/
ηj k

wk

jkk ,

Trhmf�sgdrd�svn�dpt]shnmr�snfdsgdq�vhsg�sgd�e]bs�sg]s



j≥0

0
1j

 
w1

j ) w1j


;



j≥0


w1

1j−0
1#1j − 0( ) w1

1j ) 1w1j

3j



sgd�qhfgs�g]mc�rhcd�ne�Oqnonrhshnm 2-3 adbnldr



j≥0

⎛

⎝


k≥/

ηj k

jkk w
k
j

⎞

⎠ , #5(
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Chf, 0, @kk�]clhrrhakd�pnnsdc�spddr�vhsg�2 kd]udr+�h-d-�]kk�dkdldmsr�ne�IY2[-�Sgd�zprs�sgpdd�pnnsdc�spddr�g]ud�
svn�hmsdpm]k�udpshbdr�d]bg�]mc�sgd�entpsg�g]r�nmd�hmsdpm]k�udpsdw-�Gmsdpm]k�dcfdr�]pd�bnknpdc�hm�aktd-�Sgd�
]tsnlnpoghrl�fpntor�ne�sgd�zprs+�rdbnmc�]mc�sghpc�pnnsdc�spdd�]pd�fdmdp]sdc�ax�sgd�sp]mronrhshnmr�#1 �2(+�
#0 �2( ]mc�#0 �1( pdrodbshudkx-�Sgd�]tsnlnpoghrl�fpnto�ne�sgd�entpsg�pnnsdc�spdd�hr�sgd�etkk�rxlldsphb�fpnto�
�2+�h-d-�hs�hmbktcdr�]kk�odplts]shnmr�ne�sgd�k]adkr-�#Enp�hmsdpopds]shnm�ne�sgd�bnknpr�hm�sgd�zftpd#r(+�sgd�pd]cdp�
hr�pdedppdc�sn�sgd�vda�udprhnm�ne�sghr�]pshbkd-(

Dpt]shmf�bndffibhdmsr�ne #4( ]mc�#5( mnv�fhudr�sgd�oqnonrhshnm- �

2-3-� Pnnsdc�sqddr

Hm�nqcdq�sn�bntms�enqdrsdc�fq]ogr�vhsg�]tsnlnqoghrlr+�vd�adfhm�ax�bntmshmf�enqdrsr�
vhsg�]tsnlnqoghrlr-�Hm�nqcdq�sn�bntms�enqdrsr�vhsg�]tsnlnqoghrlr+�vd�adfhm�ax�bntmshmf�
sqddr�vhsg�]tsnlnqoghrlr+�]mc� hm�nqcdq� sn�bntms� sqddr�vhsg�]tsnlnqoghrlr+�vd�adfhm�
ax�bntmshmf�qnnsdc�sqddr�vhsg�]tsnlnqoghrlr-

Kds�O ad�sgd�rodbhdr�ne�kd]e,k]adkdc�]clhrrhakd�qnnsdc�sqddr�ρ+�h-d-�]kk�hmsdqm]k�udqshbdr�
ne� ρ ltrs� g]ud� u]kdmbd� ]s� kd]rs� 2 ]mc�OZm[ hr� sgd� rds� ne� ]kk� rtbg� qnnsdc� sqddr� vhsg� m

kd]udr-�Sgd�dkdldmsr�ne�OZ2[ ]qd�cdohbsdc� hm�Ehf- 0-�Sgd�qnnsdc�sqdd�ρ/ vhsg�nmd�qnns+�
nmd� kd]e�]mc�nmd�0,bdkk�g]r�mn� hmsdqm]k�udqshbdr�rn�r]shrzdr�sgd�cdzmhshnm+�ats� hs�ok]xr�]�
rodbh]k�qnkd�rn�vd�b]kk� hs�sgd�rodbh]k� qnnsdc� sqdd-� O hr�sgdm�sgd�rodbhdr�ne�o]hqr�#ρ �z(+�
vgdqd�ρ�∈ O ]mc�z ∈ =ts#ρ(-�Pdb]kk�sg]s�]m�]tsnlnqoghrl�ne�]�sqdd� hr�cdsdqlhmdc�ax�
vg]s�hs�cndr�sn�sgd�kd]udr-�Rn+�enq�]�qnnsdc�sqdd�ρ�∈ OZm[ vd�b]m�#]mc�vhkk(�hcdmshex�sgd�
fqnto�=ts#ρ(�≤ �m vhsg�sgd�trt]k�rhlokhbh]k�]tsnlnqoghrlr�ne�sgd�sqdd�ρ-�Sn�d]bg�o]hq�
#ρ �z(�∈  O vd�]rrhfm�sgd�vdhfgs�ω#ρ �z(�; #−0(uz#ρ(+�vgdqd�uz#ρ( hr�sgd�mtladq�ne�z,
nqahsr�ne�hmsdqm]k�udqshbdr-�Sgd�rodbh]k�qnnsdc�sqdd�ρ/ g]r�nmkx�sgd�hcdmshsx�]tsnlnqoghrl+�
]mc�sgd�o]hq�#ρ/ �hc( g]r�vdhfgs�#−0(/ ; 0-�Sgd�]rrnbh]sdc�fdmdq]shmf�etmbshnm

O#w( ;


m≥0

0
m 



#ρ z(∈ IYm[

#−0(uz#ρ(wz

hr�sgd�Eqnadmhtr�bg]q]bsdqhrshb�ne�qnnsdc�sqddr-�Sgd�zqrs�edv�sdqlr�]qd

O#w( ; w0 − 0
1#w1

0 ) w1( ) 0
52#w2

0 ) w0w1( − 0
5#w2

0 ) 2w0w1 ) 1w2( ) , , ,

Sgd zqrs sdql bnldr eqnl sgd rodbh]k qnnsdc sqdd ρ/- Sgd rdbnmc sdql bnldr eqnl sgd
qnnsdc� sqdd� vhsg� nmd� hmsdqm]k� udqsdw� ]mc� svn� kd]udr� aq]mbghmf� eqnl� hs-� Vd� g]ud� svn�
]tsnlnqoghrlr�sg]s�dhsgdq�rvhsbg�sgd�kd]e,k]adkr�nq�cn�mns-�Sgd�sghqc�]mc�entqsg�sdqlr�
hm�sghr�rtl�bnld�eqnl�sgd�qnnsdc�sqddr�hm�Ehf- 0 ]mc�sgdhq�]tsnlnqoghrlr-
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PdlTpi�2,6,�Sgd�m]ld�Eqnadmhtr� bg]q]bsdqhrshb bnldr� eqnl�]m� hmsdqoqds]shnm�ne� sgdrd�
fdmdq]shmf�etmbshnmr�hm�sgd�bnmsdws�ne�sgd�qdoqdrdms]shnm�sgdnqx�ne�sgd�rxlldsqhb�fqnto9�
Vd�b]m�sghmj�ne�O#w( ]r�]m�dkdldms�ne�sgd�qhmf�ne�rxlldsqhb�etmbshnmr ]mc�d]bg�gnln,
fdmdntr�o]qs�ne�O#w( ]r�sgd� hl]fd�ne�]�bdqs]hm�qdoqdrdms]shnm�ne�sgd�rxlldsqhb�fqnto�
tmcdq�sgd�Eqnadmhtr�bg]q]bsdqhrshb�l]o-�Sgdrd�qdoqdrdms]shnmr�]qd�sgd�udbsnq�ro]bdr�fdm,
dq]sdc�ax� sgd�dkdldmsr�ne�OZm[ vhsg� sgd�]bshnm�ne��m vghbg�]ksdqm]sdr�vhsg� #−0(uz#ρ(

]r�]anud-�Gnvdudq+�hm�sghr�o]odq�vd�vhkk�mns�l]jd�trd�ne�sghr�qdoqdrdms]shnm�sgdnqdshb]k�
hmsdqoqds]shnm�ne�sgdrd�naidbsr-

Sgd� mdws� oqnonrhshnm� rgnvr� sg]s� sgd� bg]q]bsdqhrshb�O#w( g]r� ]� qdl]qj]akx� rhlokd�
enql-

Npnonrhshnm�2,7,

O#w( ;


m≥0

μ#m(
m

knf#0 ) wm( 

vgdqd�μ hr�sgd�L—ahtr�etmbshnm-

Npnne, Sgd�enqltk]�vhkk�ad�drs]akhrgdc�ax�qdk]shmf�o]hqr�#ρ �z( qdbtqrhudkx�sn�o]hqr�#Φ �γ(
bnmrhrshmf�ne�]�rds�ne�qnnsdc�sqddr�Φ ]mc�]m�]tsnlnqoghrl�γ ∈ =ts#Φ(-

Kds� Φ ad� ]� bnkkdbshnm� ne� svn� nq� lnqd� ]clhrrhakd� qnnsdc� sqddr� ]mc� γ ∈ =ts#Φ(-� Rds�
ω#Φ �γ(�; #−0(uγ#¯(-�Vd�b]m�enql�]�mdv�]clhrrhakd�qnnsdc�sqdd�ρ¯ ax�fkthmf�sgd�qnnsr�ne�
sgd�sqddr�hm�Φ snfdsgdq�]mc�fqnvhmf�]�mdv�qnns�eqnl�sgd�qdrtkshmf�udqsdw-�Sgd�qdrtkshmf�
qnnsdc� sqdd� g]r� nmd� mdv� hmsdqm]k� udqsdw+� vghbg� hr� zwdc� ax� ]mx� ]tsnlnqoghrl+� ]mc� ]s�
kd]rs� 1 kd]udr-� Sgd� m]stq]k� l]o� =ts#Φ(�· =ts#ρ¯( hr� ]� ahidbshnm+� rn� vd� vhkk� trd� sgd�
r]ld�m]ld�γ+�]mc�vd�g]ud�ω#ρ¯ �γ(�; −ω#Φ �γ(-�Sgd�nmkx�o]hq�#ρ �z( vghbg�b]mmns�ad�
nas]hmdc�hm�sghr�v]x�hr�#ρ/ �hc(+�rn

O#w( ; w0 −


j≥1



m≥j

0
m 



#¯ γ(∈ Rdsi#I(Ym[

#−0(uγ#¯(wγ  #6(

Oqnonrhshnm 2-1 sdkkr�tr

ORds#w x( ;


j≥/



m≥j

0
m 



#¯ γ(∈ Rdsi#I(Ym[

#−0(uγ#¯(wγxγv ; dwo

⎛

⎝


j≥0

xj

O#wYj[(
j

⎞

⎠  

Rdsshmf� xj ; 0 enq� ]kk� j ]mc� rtasq]bshmf� sgd� sdqlr� vhsg� j ; . nq� j ; 0 fhudr� sgd�
rtll]shnm�sdql�hm�Dp- #6( ]anud+�h-d-

O#w( ; w0 −

⎛

⎝dwo

⎛

⎝


j≥0

O#wYj[(
j

⎞

⎠ − 0 − O#wY0[(

⎞

⎠ , #7(
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Rhmbd� O#wY0[(� ; O#w( sghr� fhudr�


j≥0 O#wYj[(.j ; knf#0�) w0( ]mc� adb]trd� wYj[ ;
#wj �w1j �, , ,(+� vd� ]krn� g]ud


j≥0 O#wYjm[(.j ; knf#0�) wm( enq� ]kk� m� ≥ 0-� Ltkshokxhmf�

ansg� rhcdr� ne� sghr� dpt]shnm� vhsg� μ#m(.m+� rtllhmf� nudq� m� ≥ 0 ]mc� trhmf� sgd� cdzmhmf�
qdbtqrhnm�ne�sgd�Lóahtr�etmbshnm�qdrtksr�hm�sgd�rs]sdldms- �

2-4-� Tmqnnsdc�sqddr

Vd� mdws� trd� sghr� fdmdq]shmf� etmbshnm� enq� qnnsdc� sqddr� #vdhfgsdc� ax� sgd� o]qhsx� ne�
hmsdqm]k� udqsdw� nqahsr(� sn� zmc� sgd� Eqnadmhtr� bg]q]bsdqhrshb�S#w( enq� sgd� rodbhdr� S ne�
tmqnnsdc� ]clhrrhakd� sqddr+� vdhfgsdc� ax� sgd� o]qhsx� ne� hmsdqm]k� dcfd,nqahsr-� Gdqd� S Zm[
bnmrhrsr� ne� k]adkdc� sqddr� vhsg� m kd]udr+� ]mc� sn� ]� o]hq� #s �z(� ∈  S +� vgdqd� s� ∈ S ]mc�
z ∈ =ts#s(+� vd� ]rrhfm� sgd� vdhfgs� ω#s �z(� ; #−0(dz#s(+� vgdqd� dz#s( hr� sgd� mtladq� ne�
hmsdqm]k�dcfd,nqahsr�ne�z hm�s+�]mc�cdzmd

S#w( ;


m≥2

0
m 



#s z(∈ S Ym[

#−0(dz#s(wz #8(

Npnonrhshnm�2,8,

S#w( ; w0 ) w1
0

1 − w1

1 − #0 ) w0(O#w(,

Npnne, Rtoonrd� s hr�]m�tmqnnsdc� sqdd�]mc�z ∈ =ts#s(-�Sgd� rds�ne�onhmsr�zwdc ax�z hr�
bnmmdbsdc+�rn�hr�dhsgdq�]�rtasqdd�sz nq�]m�hrnk]sdc�onhms�hm�sgd�lhcckd�ne�]m�hmsdqm]k�dcfd-

Rtoonrd�zqrs�sg]s�sgdqd�hr�]�zwdc�rtasqdd�sz-�Enq�d]bg�hmsdqm]k�udqsdw�u ∈ sz+�vd�b]m�
sghmj�ne�#s �z( ]r�]�bnkkdbshnm�Φ ne�]s�kd]rs�2 qnnsdc�sqddr+�vhsg�u ]r�sgdhq�qnns+�]mc�ne�z
]r�]m�]tsnlnqoghrl�ne�Φ-�Mnsd�sg]s�dz#s(�; uz#s(�− 0�; uz#Φ(-�Trhmf�Oqnonrhshnm 2-1
]mc�rdsshmf�xj ; 0 enq�]kk�j+�sgd�fdmdq]shmf�etmbshnmr�ne�rtbg�bnkkdbshnmr�Φ hr

dwo

⎛

⎝


j≥0

O#wYj[(
j

⎞

⎠ − 0 − O#wY0[( −
O#wY1[(

1 −
O#wY0[(1

1  

vgdqd� vd� g]ud� rtasq]bsdc� sgd� sdqlr� sg]s� bnqqdronmc� sn� bnkkdbshnmr� vhsg� edvdq� sg]m� 2�
sqddr-�Ax Dp- #7( hm�sgd�oqnne�ne�Oqnonrhshnm 2-7 sghr�hr�sgd�r]ld�]r

w0 − O#w( −
O#wY1[(

1 − O#w(1

1 , #0.(

He�vd�ok]bd�]�qnns�hm�sgd�lhcckd�ne�]m�hmsdqm]k�dcfd�ne�sz+�vd�b]m�uhdv�s ]r�]�o]hq�\ρ0 �ρ1|
ne�qnnsdc�sqddr�]mc�z ]r�]�o]hq�\z0 �z1| ne�]tsnlnqoghrlr�ne�ρ0 ]mc�ρ1 qdrodbshudkx-�Rhmbd�
d hr�mns�]ci]bdms�sn�]�kd]e�mdhsgdq�qnnsdc�sqdd�hr�sgd�rodbh]k�qnnsdc�sqdd-�Sgd�fdmdq]shmf�
etmbshnm�ne�rtbg�qnnsdc�sqddr�hr�sgdqdenqd
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#O#w( − w0(1

1 , #00(

Gdqd�vd�g]ud�dz#s(�; uz#s(�− 0�; uz#\ρ0 �ρ1|(-�Sgd� rtl�ne�dwoqdrrhnmr� #0.( ]mc� #00(
bntmsr� sgd� o]hq� #s �z( ltkshokd� shldr+� nmbd� enq� d]bg� hmsdqm]k� udqsdw� ne� sz vhsg� rhfm�
#−0(dz#s(+� ]mc� nmbd� enq� d]bg� hmsdqm]k� dcfd� ne� sz vhsg� sgd� noonrhsd� rhfm-� Rhmbd� sz g]r�
nmd�lnqd�hmsdqm]k�udqsdw�sg]m�hmsdqm]k�dcfd+�sghr�rtl�kd]udr�tr�vhsg�dw]bskx�nmd�bnmsqh,
atshnm�eqnl�d]bg�#s �z(+�vhsg�rhfm�#−0(dz#s(+�h-d-�sgd�rtl�fhudr�sgd�bnmsqhatshnm�sn�S#w(
eqnl�]kk�rtbg�o]hqr-

Vd�rshkk�g]ud sn�]bbntms�enq�o]hqr�#s �z( vhsg�mn�zwdc�udqshbdr+�h-d-�sgd�nmkx�zwdc�onhms�
hr�]s� sgd�lhconhms�ne�]m� hmsdqm]k�dcfd-�Sgd� sqdd� s b]m� sgdm�ad�uhdvdc�]r� sgd�tmhnm�ne�
svn� hcdmshb]k�qnnsdc�sqddr�\ρ0 �ρ1| qnnsdc�]s�sghr�lhconhms+�vghbg�]qd�dwbg]mfdc�ax�z-�
Ax�Kdll] 2-2 sgdrd�]qd�bntmsdc�ax�O#wY1[(.1-�Rhmbd� hm�sghr�b]rd�dz#s(�; uz#\ρ0 �ρ1|(+�
sgdrd�bnmsqhatsd

O#wY1[(
1 − w1

1 #01(

sn�S#w(+�vgdqd�vd�g]ud�rtasq]bsdc�sgd�sdql�bnqqdronmchmf�sn�sgd�hmsdqu]k�rhmbd�sg]s�hr�
mns�]m�]clhrrhakd�tmqnnsdc�sqdd-�Sgd�rtl�ne�enqltk]r�#0.(+�#00( ]mc�#01( mnv�g]r�nmd�
sdql�enq�d]bg�o]hq�#s �z(+�vdhfgsdc�ax�#−0(dz#s(+�h-d-�sgd�rtl�hr�dpt]k�sn�S#w(- �

=r�]m�hlldch]sd�bnqnkk]qx�ne�Oqnonrhshnm 2-8 ]mc�Oqnonrhshnm 2-7 vd�g]ud

AnpnkkTpx�2,0.,

S#w( ; w0 ) w1
0

1
− w1

1
− #0 ) w0(



j≥0

μ#j(
j

knf#0 ) wj(,

Trhmf�knf#0�) w(�;


m≥0#−0(m)0wm.m+�]mc�sgd�cdzmhshnm�ne�sgd�Lóahtr�etmbshnm+�vd�
b]m�dwo]mc� sghr�onvdq� rdqhdr-�=r�μ#0(�; 0+�μ#1(�; μ#2(�; −0 ]mc�μ#3(�; .+� sgd�zqrs�
bndffibhdmsr�]qd

S#w( ; w0 ) w1
0

1 − w1

1 − #0 ) w0(


w0 − w1
0

1 ) w2
0

2 − w3
0

3 ) , , ,


− 0

1


w1 − w1

1
1 ) , , ,



−0
2 #w2 ) , , ,( ) , , ,



; w2
0

5 ) w0w1

1 ) w2

2 − w3
0

01 − w1
1

3 ) w0w2

2 ) , , ,

vgdqd�vd�nlhssdc�sdqlr�ne�sns]k�cdfqdd�ghfgdq�sg]m�3-�=r�dwodbsdc�sgdqd�]qd�mn�sdqlr�ne�
cdfqdd�rl]kkdq�sg]m�2+�]r�rtbg�sdqlr�vntkc�bnqqdronmc�sn�sqddr�vhsg�edvdq�sg]m�2 kd]udr-

Vd�qdb]kk�eqnl�Rdbshnm 2-1 sg]s�rdsshmf�w ; #w . �. �, , ,( hm�sgd�Eqnadmhtr�bg]q]bsdqhr,
shb�S#w( enq�tmqnnsdc�sqddr�qdbnudqr�sgd�fdmdq]shmf� etmbshnm�U #w( enq�tmqnnsdc�sqddr� s
vdhfgsdc�ax�#−0(d#s(+�vgdqd�d#s( hr�sgd�mtladq�ne�#hmsdqm]k(�dcfdr�ne�s+�h-d-
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U #w( ; w ) w1

1 − #0 ) w( knf#0 ) w(, #02(

Enq�]�cds]hkdc�dwonrhshnm�ne�sghr�enqltk]�rdd�Z00[-
=r�enqdrsr�]qd�itrs�bnkkdbshnmr�ne�sqddr+�Oqnonrhshnm 2-1 fhudr�tr�sgd�enkknvhmf�dwoqdrrhnm�

enq�sgd�]ksdqm]shmf�bxbkd�hmcdw�rdqhdr�enq�sgd�rodbhdr�E ne�enqdrsr9

SRds#w x( ;


m

0
m 



#¯ γ(∈ E Ym[

#−0(dγ#¯(wγxγv ; dwo

⎛

⎝


j≥0

xj

S#wYj[(
j

⎞

⎠ , #03(

2-5-� Enqdrsdc�fq]ogr

Vg]s� vd� v]ms� sn� cn� vhsg� sgdrd� enqdrsr� hr� sn� fktd� sgdhq� kd]udr� snfdsgdq� hm� o]hqr� sn�
enql�]clhrrhakd�fq]ogr�#vghbg�vd�b]m�nmkx�cn�he�sgdqd�hr�]m�dudm�mtladq�ne�kd]udr(-�Vd�
]krn�v]ms�sn�jddo�sq]bj�ne�sgd�Dtkdq�bg]q]bsdqhrshb�ne�sgd�qdrtkshmf�fq]og�F:�sghr� hr�sgd�
mtladq�ne�sqddr�hm�sgd�enqdrs�lhmtr�g]ke�sgd�sns]k�sgd�mtladq�ne�kd]udr-�Hs�hr�dpthu]kdms�
sn�jddo�sq]bj�ne�−1χ#F(�; !\kd]udr|�− 1!\sqddr| #vghbg� hr�]kv]xr�]�onrhshud� hmsdfdq(�
rn�vd�l]qj�sghr�mtladq�vhsg�]�mdv�u]qh]akd�t+�]mc�cdzmd�sgd�Eqnadmhtr�bg]q]bsdqhrshb�
ne�]clhrrhakd�enqdrsr

E#t w( ;


r≥/

0
r 



#¯ γ(∈ E Yr[

#−0(dγ#¯(wγtr−1j#¯( #04(

vgdqd�E hr�sgd�rodbhdr�ne�enqdrsr�]mc�j#Φ( hr�sgd�mtladq�ne�sqddr�hm�sgd�enqdrs�Φ-

Npnonrhshnm�2,00,

E#t w( ; dwo

⎛

⎝


j≥0

t−1j S##t · w(Yj[(
j

⎞

⎠  

vgdqd�S##t�· w(Yj[( ld]mr�sg]s�vd�qdok]bd�d]bg�u]qh]akd�wg hm�S#w( vhsg�tjgwjg-

Ax�Dp- #8( sgd� knvdrs�sdql�ne�S#t�· w( hr�ne�nqcdq�t2+�]mc�gdmbd�sgd� knvdrs�sdql�ne�
S##t�· w(Yj[( hr�ne�nqcdq�t2j-�Gdmbd+�E#t �w( hr�sgd�dwonmdmsh]k�ne�]�onvdq�rdqhdr� hm�nmkx�
onrhshud�onvdqr�ne�t-

Npnne, Rs]qshmf�vhsg�sgd�cdzmhshnm�ne�SRds#w �x(+�sgd�rtarshstshnm�wg · tgwg rdmcr�wλ sn�
t\λ\wλ+�]mc�sgd�rtarshstshnm�xg · t−1g rdmcr�xγv sn�t1j#¯( vgdqd�j#Φ( hr�sgd�mtladq�ne�
sqddr�hm�Φ-�Cnhmf�ansg�rtarshstshnmr�fhudr�E#t �w(- �

Npnonrhshnm�2,01,


λ

ηλZt1mwλ[E#t w( ; dm 
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Chf, 1, @�enpdrs�vhsg�]tsnlnpoghrl�γ : #02(#13(#46(#57(#8�0/( ]mc�l]sbghmf�ι�: #02(#14(#36(#57(#8�0/( sg]s�
bnlltsdr�vhsg�γ+�bnppdronmcr�sn�]�enpdrsdc�fp]og�vhsg�sgd�]tsnlnpoghrl�sg]s�fihor�sgd�fp]og�nudp�sgd�
gnphynms]k�]whr-

vgdqd� vd� rtl� nudq� ]kk� hmsdfdq� o]qshshnmr� λ ]mc� ηλ hr� sgd� mtladq� ne� l]sbghmfr� sg]s�
bnlltsd�vhsg�]�odqlts]shnm�ne�bxbkd�sxod�λ-�Sgd�rtl�hr�zmhsd�rhmbd�Zt1mwλ[E#t �w(�; .
tmkdrr�1m�≤ {λ{�≤ 5m-

Npnne, Ntq�fdmdq]shmf�etmbshnm�E#t �w( bntmsr�enqdrsr�snfdsgdq�vhsg�]tsnlnqoghrlr+�h-d-�
he�vd�rds

Eq λ ; \#Φ γ({Φ g]r {λ{ kd]udr ]mc j ; {λ{− q

1 bnlonmdmsr ]mc γ g]r bxbkd sxod λ| 

sgdm

Ztqwλ[E#t w( ; 0
{λ{ 



#¯ γ(∈En λ

#−0(dγ#¯(,

Adb]trd� ]� mnmdlosx� enqdrs� g]r� ]s� kd]rs� nmd� bnlonmdms+� vd� g]ud� Ztqwλ[E#t �w(� ; . he�
{λ{�/ q+�]mc�adb]trd�dudqx�bnmmdbsdc�bnlonmdms�ne�]m�]clhrrhakd� enqdrs�ltrs�g]ud�]s�
kd]rs�sgqdd�kd]udr�vd�g]ud�Ztqwλ[E#t �w(�; . he�{λ{�< 2q-�Hm�o]qshbtk]q+�enq�]�fhudm�q sgdqd�
]qd�nmkx�zmhsdkx�l]mx� hmsdfdq�o]qshshnmr�λ rtbg� sg]s� Ztqwλ[E#t �w( hr�mnmydqn+� h-d-� sgd�
sdqlr�hm�sgd�rtl



λ

ηλZtqwλ[E#w t(

]qd�nmkx�mnmydqn�vgdm�q ≤ {λ{�≤ 2q-
Kds� Lq ⊂ �q ad� sgd� rds ne� zwdc,onhms� eqdd� hmunktshnmr� nm� sgd� rds� \0 �, , ,  �q| ]mc�

GEq λ ; \#Φ �γ �ι({#Φ �γ(�∈ Eq λ ]mc ι�∈ Lq bnlltsdr vhsg γ|-�Sgdm�ηλZtqwλ[E#w �t( hr�
dpt]k�sn�0.{λ{ shldr�sgd�rtl�ne�dkdldmsr�hm�GEq λ vdhfgsdc�ax�#−0(dγ#s(-�Vd�b]m�l]jd�
]�enqdrsdc�fq]og�dpthoodc�vhsg�]m�]tsnlnqoghrl�eqnl�]m�dkdldms�#Φ �γ �ι(�∈ GEq λ ax�
trhmf� ι sn� hcdmshex� sgd� kd]udr�ne�Φ hm�o]hqr+�oqnuhcdc�q ; 1m hr�dudm� #rdd�Ehf- 1(-�Sgd�
qdrtks�vhkk�ad�]�enqdrsdc�fq]og�#F �Φ/( vhsg�χ#F(�; −m+�vgdqd�Φ/ hr�sgd�rtaenqdrs�ne�F
bnmrhrshmf�ne�itrs�sgd�hmsdqm]k�dcfdr�]mc�udqshbdr�ne�Φ+�]mc�sgd�kd]udr�ne�Φ g]ud�adbnld�
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#k]adkdc(�g]ke,dcfdr�hm�F�TΦ/-�Sghr�fhudr�tr�]�nmd,sn,nmd�bnqqdronmcdmbd�adsvddm�dkdldmsr�
ne�GE1m λ ]mc�o]hqr�##F �Φ/( �γ( bnmrhrshmf�ne�]�enqdrsdc�fq]og�#F �Φ/( vhsg�χ#F(�; −m

]mc� ]m� ]tsnlnqoghrl� γ ∈ =ts#F �Φ/(+� vgdqd� sgd� g]ke,dcfdr� ne� F�T Φ/ ]qd� k]adkdc� ax�
\0 �, , ,  �{λ{|-� Sgd� rxlldsqhb� fqnto��\λ\ ]bsr� nm�GE1m λ ax� odqltshmf� sgd� k]adkr-� Sgd�
rs]ahkhydq� ne� ##F �Φ/( �γ( hr� =tsγ#F �Φ/(+� sgd� ]tsnlnqoghrlr� ne� #F �Φ/( sg]s� bnlltsd�
vhsg�γ+�]mc�sgd�nqahs�hr�sgd�tmk]adkdc�o]hq�ZF �Φ/[ snfdsgdq�vhsg�]�bnmitf]bx�bk]rr�Zγ[ ne�
sgd�]tsnlnqoghrl�fqnto�=ts#F �Φ/(-�He�vd�mnv�s]jd�sgd�rtl�nudq�]kk�hmsdfdq�o]qshshnmr�
λ+�sgd�nqahs,rs]ahkhydq�sgdnqdl�fhudr



λ

ηλZt1mwλ[E#w t( ; 0
{λ{ 



λ



#¯ γ ι(∈FE1m λ

#−0(dγ#¯(

;


YF ¯+[
χ#F(:−m



Yγ[∈@ts#F ¯+(

0
{=tsγ#F Φ/({ #−0(dγ#¯+(

;


YF ¯+[
χ#F(:−m

0
{=ts#F Φ/({



γ∈@ts#F ¯+(

#−0(dγ#¯+(,

Sgd�rdbnmc�rsdo�trdr�sgd�nqahs�rs]ahkhydq�sgdnqdl�]f]hm�nm�sgd�bdmsq]khydq�=tsγ#F �Φ/(-�
Rhmbd�sgd�k]rs�khmd�hr�sgd�cdzmhshnm�ne�dm+�sgd�oqnonrhshnm�hr�oqnudc- �

Sgd�enkknvhmf�sgdnqdl�rtll]qhydr�sgd�rsdor�mddcdc�enq�bnlotshmf�d#Nts#Em(( enq�]�
fhudm�m-

Rgdnpdl�2,02,�Enq�zwdc�m�≥ 1)�sgd�mtladqr�d#Nts#E1(( �, , ,  �d#Nts#Em(( b]m�ad�bnlotsdc�
ax sgd enkknvhmf rsdor8

#0( A]kbtk]sd�S#w( to�sn�gnlnfdmdntr�cdfqdd�5#m�− 0( hm�w trhmf�sgd�enqltk]�hm�Anqnk,
k]qx 2-0.-

#1( A]kbtk]sd� sgd� bndöbhdmsr� Zt1jwλ[E#t �w( eqnl�S#w( trhmf� sgd� enqltk]� hm� Oqnonrh,
shnm 2-00 enq�]kk�o]hqr�j λ vhsg�j ≤ m�− 0 ]mc�λ ]�o]qshshnm�ne�rhyd�≤ 5j-

#2( A]kbtk]sd�sgd�mtladqr�ηλ trhmf�Anqnkk]qx 2-4 enq�]kk�λ ne�rhyd�≤ 5#m�− 0(-
#3( A]kbtk]sd�sgd�mtladqr�d/ �, , ,  �dm−0 trhmf�sgd�enqltk]

dj ;


λ

ηλZt1jwλ[E#t w(

eqnl�Oqnonrhshnm 2-01-�Pdb]kk� sg]s� sghr� hr�]�zmhsd� rtl8� sgd� sdqlr�]qd�mnmydqn�nmkx�
enq�o]qshshnmr�λ ne�rhyd�1j ≤ {λ{�≤ 5j-

#4( Pdbnudq�d#Nts#Em(( eqnl�d/ �, , ,  �dm−0 trhmf�sgd�qdbtqrhud�enqltk]�hm�Anqnkk]qx 1-5-

Sgd� lnrs� cdl]mchmf� o]qs� ne� sgd� bnlots]shnm� hr� sgd� dwo]mrhnm� ne� sgd� fdmdq]shmf�
etmbshnm� E#t �w( enq� sgd� Eqnadmhtr� bg]q]bsdqhrshb� ne� ]clhrrhakd� enqdrsr- Vd� trdc� Inr�
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Udql]rdqdmflr  MOF oqnfq]llhmf�k]mft]fd�Z17[ sn�bnlotsd�sghr�dwo]mrhnm�to�sn�]m�]o,
oqnoqh]sd�nqcdq�]mc�b]kbtk]sdc�d#Nts#Em(( enq�m�≤ 04-�Sgd�qdrtks�hr�khrsdc�hm�=oodmchw =-�
Vd�qdonqs�nm�]m�noshlhydc�oqnfq]l�vhsg�vghbg�sgd�mtladqr�d#Nts#Em(( vdqd�bnlotsdc�
enq�]kk�m�≤ 0.. hm�] rdo]q]sd�otakhb]shnm Z8[-

3,� 9rxlosnshb�adgTuhnp�ne�F Hth   ((

3-0-� Mudquhdv�ne�sgd�oqnne�ne�Sgdnqdl 0-0

Hm�sghr�rdbshnm+�vd�vhkk�oqnud�Sgdnqdl 0-0+�vghbg�fhudr�sgd�]rxlosnshb�adg]uhnq�ne�sgd�
mtladqr�d#Nts#Em((-�Sgd�]qftldms�fndr�sgqntfg�sgd�enkknvhmf�rsdor9�Hm�Rdbshnm 3-1+�vd�
vhkk� rgnv� sg]s�dm ]mc�d#Nts#Em(( g]ud� sgd� r]ld� kd]chmf�]rxlosnshb�adg]uhnq-�Gdmbd+�
hs� hr�rtffibhdms�sn�oqnud�sgd�]rxlosnshb�dwoqdrrhnm� enq�dm sg]s�vd�rs]sd� hm�Sgdnqdl 3-1-�
Sgd�oqnne�ne�Sgdnqdl 3-1 qdkhdr�o]qskx�nm�]rxlosnshb�qdrtksr�eqnl�Z0.[-�Hm�sg]s�o]odq�vd�
cdzmdc�onvdq�rdqhdr�S #�( ]mc� S #�( vhsg�bndffibhdmsr�χm ]mc� χm qdrodbshudkx�ax

S #�( ;


m≥0
χm �m ; dwo

⎛

⎝


m≥0
χm�m

⎞

⎠ ; dwo#S #�(( #05(

vgdqd�χm ; χ#Nts#Em)0(( hr�sgd�q]shnm]k�Dtkdq�bg]q]bsdqhrshb�ne�Nts#Em)0(-�Vd�qdb]kk�
sgd�oqdbhrd�enqltk]�enq�sgd�]rxlosnshb�adg]uhnq�ne� χm eqnl� Z0.[ hm�Oqnonrhshnm 3-2-�Vd�
mdws� zmc� ]� mdv� dwoqdrrhnm� enq� sgd� mtladqr�dm sg]s� dwokhbhskx� hmunkudr� sgd� fdmdq]shmf�
etmbshnm� S #�(-�Enq�sghr�vd�mddc�]�rkhfgs�dwsdmrhnm�ne�sgd�bnlahm]snqh]k�chrbtrrhnm�eqnl�
Rdbshnm 2 sg]s� vd� fhud� hm� Rdbshnm 3-2-� Sgd� mdv� dwoqdrrhnm� enq� dm hr� sgdm� cdqhudc� hm�
Rdbshnm 3-3 ]mc�rtll]qhydc�hm�Sgdnqdl 3-0.-

Sgdnqdl 3-0. dwoqdrrdr�sgd�mtladq�dm ]r�]�rtl�nudq�o]qshshnmr-�Vd�dudmst]kkx�rgnv�
sg]s� sgd�bnmsqhatshnm� sn� sghr� rtl� eqnl�l]mx�ne� sgdrd�o]qshshnmr� hr�mdfkhfhakd� enq� k]qfd�
m+�]mc�sg]s�sgd�qdl]hmhmf�sdqlr�g]ud�sgd�r]ld�]rxlosnshb�adg]uhnq�]r�bdqs]hm�mtladqr�
Mm+� vghbg� vd� cdzmd� hm� Dp- #15(-� Vd� adfhm� ax� oqnuhmf� rnld� dkdldms]qx� drshl]sdr� hm�
Rdbshnm 3-4-� Hm� Rdbshnm 3-5+� vd� trd� sgdrd� snfdsgdq� vhsg� rnld� etqsgdq� drshl]sdr� sn� cd,
sdqlhmd�sgd�]rxlosnshb�adg]uhnq�ne�sgd�mtladqr�Mm #rdd�Oqnonrhshnm 3-14(-�Hs�qdl]hmr�
sn� oqnud� sg]s� sgd� mtladqr� Mm g]ud� sgd� r]ld� ]rxlosnshb� adg]uhnq� ]r� sgd� mtladqr�dm

#rs]sdc�oqdbhrdkx�hm�Oqnonrhshnm 3-07(-�Sghr�sdbgmhb]k�o]qs�ne�sgd�]qftldms�]krn�hmunkudr�
sgd�drshl]sdr�eqnl�Rdbshnm 3-4 ]r�vdkk�]r�l]mx�etqsgdq�drshl]sdr-�Sgd�]qftldms�hr�rokhs�
adsvddm�Rdbshnmr 3-6 ]mc�3-7 ]mc�zmhrgdr�sgd�oqnne�ne�Sgdnqdl 0-0-

3-1-� Oqdbhrd�]rxlosnshb�rs]sdldmsr

Sn�chrbtrr�sgd�]rxlosnshb�adg]uhnq�ne�rdptdmbdr�vd�trd�sgd� enkknvhmf�rs]mc]qc�bnm,
udmshnmr-
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LnsTshnm,�Ids� \bm| ad� ]� rdptdmbd� cdzmdc� enq� ]kk� ats�zmhsdkx�l]mx� onrhshud� hmsdfdqr� m-�
Sgd� rds�M#bm( bnmrhrsr�ne�]kk� rtbg� rdptdmbdr�\Ym| enq�vghbg� khl rtom·∞ {Ym.bm{ / ∞-�
Sgd�mns]shnm�Ym ; am )M#bm( ld]mr�Ym − am ∈ M#bm(-�Pdb]kk�sg]s�sgd�mns]shnm�Ym ± am

ld]mr�khlm·∞ Ym.am ; 0-

Sn�cdrbqhad� sgd�]rxlosnshb�adg]uhnq�ne� sgd�mtladqr�dm vd�vhkk�trd� sgd�Γ etmbshnm+�
vghbg�hr�cdzmdc�ax�Γ#w(�;

 ∞
/ yw−0d−ycy enq�]kk�w�< .-�=s�hmsdfdq�]qftldmsr�hs�]fqddr�

vhsg� sgd� e]bsnqh]k�m �; Γ#m�) 0(-�Ax�Rshqkhmfflr� enqltk]+�vd�g]ud�Γ#w(�±
√

1πww− 0
1 d−w

Z0+ Dp- #2-8([+ h-d- Γ#w( fqnvr lnqd sg]m dwonmdmsh]kkx- Dwokhbhskx+ vd vhkk pt]mshex sgd
]rxlosnshb�adg]uhnq�ne�dm trhmf�sgd�rdptdmbdr�Am ]mc�Km cdzmdc�ax

Am ; − 0√
1π

Γ
 
m − 0

1


knf1 m
]mc Km ; knf m

knf knf m
,

Hs�enkknvr�eqnl�Rshqkhmfflr�enqltk]�sg]s

IdllT�3,0,�Am ± −mmd−m.#m�knf1 m(-

Npnne, Am.#−mmd−m.#m�knf1 m((�± d
0
1 #0�− 0

1m (m−0 ± 0+�vgdqd�vd�trdc�khlm·∞#0�) w
m (m ;

dw- �

Sgd�qdl]hmcdq�ne�sgd�o]odq�hr�cdunsdc�sn�oqnuhmf�sgd�enkknvhmf�sgdnqdl-

Rgdnpdl�3,1,�dm g]r�]rxlosnshb�adg]uhnq

dm ; d− 0
3 Am )M#Am.Km(,

Mnsd� sg]s� khlm·∞ Km ; ∞+� rn� hs� enkknvr� sg]s�dm ± d− 0
3 Am-� Ax� ]ookxhmf� Rshqkhmfflr�

enqltk]+�h-d- Kdll] 3-0+�vd�lnqdnudq�zmc�sg]s�dm ± −d− 0
3 mmd−m.#m�knf1 m(-

Sgd� enkknvhmf�rs]sdldms� eqnl�oqduhntr�vnqj�ax�sgd�]tsgnqr� hr�mddcdc�sn�oqnud�sghr�
sgdnqdl-

Npnonrhshnm�3,2� Oqnonrhshnm 7-0�]mc�Idll] 7-6� hm� W0.[(-� χm)�cdzmdc� hm�Dp- #05()�g]r�
sgd�]rxlosnshb�adg]uhnq)

χm ; Am )M#Am.Km(,

Npnne, Vd� itrs� g]ud sn� rtarshstsd� sgd� ]rxlosnshb� enqltk]� enq� sgd� mtladqr� uj hm� Z0.+�
Kdll] 7-6[ #vgdqd�vd�tmbnudq�]m�nauhntr�sxon9�sgdqd�rgntkc�ad�mn�lhmtr�rhfm� hm� Z0.+�
dpt]shnm�#7-6([(�hmsn�sgd�enqltk]�enq� χm eqnl�Z0.+�Oqnonrhshnm 7-0[- �

=r�]m�hlldch]sd�bnqnkk]qx�vd�fds
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AnpnkkTpx�3,3,�Sgdqd�dwhrsr�]�bnmrs]ms�B)�rtbg�sg]s

{ χm { ≤ B Γ


m − 0
1


enq ]kk m ≥ 0-

Npnne, Sghr� enkknvr eqnl� M#χm(� ; M#Am(� ; M
 
Γ#m − 0

1 (. knf1 m


⊂ M
 
Γ#m − 0

1 (

-�

Gdmbd+�khlm·∞ {�χm .Γ#m�− 0
1 ({ hr�zmhsd�]mc�]r�Γ#m− 0

1 (�< . enq�m�≥ 0+�χm .Γ#m�− 0
1 ( rs]xr�

antmcdc- �

Vd�]krn�rgnvdc�sg]s�sgd�mtladqr�χm g]ud�sgd�r]ld�]rxlosnshb�adg]uhnq�]r� χm Z0.+�
Oqnonrhshnm 7-5[-�=�rkhfgs�lnchzb]shnm�ne�sgd�oqnne�ne�sghr�fhudm�hm Z0.[ fhudr�sgd�enkknvhmf�
rs]sdldms-

Npnonrhshnm�3,4,�Sgd�mtladqr�d#Nts#Em)0(( g]ud�sgd�r]ld�]rxlosnshb�adg]uhnq�]r�dm-

Npnne, Kdll] 7-7�ne� Z0.[ fhudr�]�bqhsdqhnm� enq rgnvhmf�sgd�]rxlosnshb�adg]uhnq�ne�sgd�
bndffibhdmsr�ne�]�rdqhdr�


Ymwm ]fqddr�vhsg sg]s�ne�sgd�bndffibhdmsr�ne�dwo#


Ymwm(-�Sgd�

oqnne�ne�Oqnonrhshnm 7-5�hm�Z0.[ hlldch]sdkx�enkknvhmf�Kdll]�7-7�]ookhdr�]klnrs�udqa]shl�
sn�rgnv�sg]s�sgd�bndffibhdmsr�dm cdzmdc�ax�

∞
m:0 dm �m ; knf #

∞
m:/ dm �m( g]ud�sgd�r]ld�

]rxlosnshb�adg]uhnq�]r�dm+�h-d-�dm ; d− 0
3 Am )M#Am.Km(-�Ax�Bnqnkk]qx 1-5 ne�sgd�oqdrdms�

o]odq+� d#Nts#Em)0((� ; dm )�


X\m X :0
μ#X(

X dm.X-� =r� m g]r� edvdq� sg]m� m chuhrnqr� ]mc�

{μ#m({� ≤ 0+� sgd� rtlr�


X\m X :0
μ#X(

X dm.X enql� ]� rdptdmbd� hm�M#m�dm.1(� ; M#mAm.1(� ⊂
M#mΓ#m.1�− 0

1 ((�⊂ M#Am.Km(+�rgnvhmf�sg]s�d#Nts#Em)0(( ]krn�g]r�sgd�r]ld�]rxlosnshb�
adg]uhnq�]r�dm- �

Npnne ne Rgdnpdl 0,0, Ax�Sgdnqdl 3-1 ]mc�Oqnonrhshnm 3-4

d#Nts#Em)0(( ; d− 0
3 Am )M#Am.Km(,

Sgd�qdrtks�enkknvr�ax�]ookxhmf�Kdll] 3-0 ]mc�eqnl�knf#m�−0(�± knf m ]mc�#0�−0.m(m−0 ±
d−0- �

PdlTpi�3,5,�Hm�e]bs+�vd�oqnud�]�rsqnmfdq�rs]sdldms�sg]m�Sgdnqdl 0-0 vghbg�pt]mshzdr�
sgd�dqqnq�sdql�hm�sgd�]rxlosnshb�adg]uhnq-�Ax�Oqnonrhshnmr 3-2 ]mc 3-4+�vd�g]ud�enq�k]qfd�
m

d#Nts#Em((.χ#Nts#Em(( ; d− 0
3 )M#knf knf m. knf m(,

Sgd� dqqnq� sdql�M#knf knf m.�knf m( ]anud� ]ood]qr� sn� ad� snn� odrrhlhrshb-� A]rdc� nm� sgd�
bnlots]shnmr� ne� d#Nts#Em(( to� sn� m� ; 0.. eqnl� Z8[ ]mc� dlohqhb]k� bnlo]qhrnm� vhsg�
χ#Nts#Em((+�vd�bnmidbstqd

d#Nts#Em((.χ#Nts#Em(( ; d− 0
3


0 − 18

21m
)M


0
m1


,
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3-2-� Enqdrsdc�fq]ogr�vhsg� kdfr

Hm�Rdbshnm 2+�vd�g]ud�nmkx�mddcdc�sn�bnmrhcdq�enqdrsdc�fq]ogr�#F �Φ( rtbg�sg]s�F g]r�mn�
tmhu]kdms�udqshbdr-�Gnvdudq+�sn�cdsdqlhmd�sgd�]rxlosnshb�adg]uhnq�ne�sgd�hmsdfq]k�Dtkdq�
bg]q]bsdqhrshb�vd�vhkk�mddc�sn�cn�]�zmdq�]m]kxrhr+�vghbg� hmunkudr�rstcxhmf�o]hqr�#F �Φ(
vgdqd�F hr�]kknvdc�sn�g]ud�tmhu]kdms�#ats�mns�ahu]kdms(�udqshbdr+�vghkd�Φ hr�mns�]kknvdc�
sn�bnms]hm�]mx�dcfdr�]ci]bdms�sn�tmhu]kdms�udqshbdr-�Vd�b]kk�sgd�dcfdr�ne�F ]ci]bdms�sn�
tmhu]kdms�udqshbdr� kdfr ]mc�sgd�o]hqr�#F �Φ( enqdrsdc�fq]ogr�vhsg� kdfr-�Hm�sghr�rtardbshnm�
vd�onhms�nts�sg]s�]�lhmnq�lnchzb]shnm�ne�sgd�bntmshmf�ldsgncr�eqnl�Rdbshnm 2 bntmsr�
sgdrd�lnqd�fdmdq]k�fq]ogr-

Pdb]kk�sg]s�]clhrrhakd�fq]ogr�]qd�bnmrsqtbsdc�ax�o]hqhmf�sgd� kd]udr�ne�]m�]clhrrhakd�
enqdrs�Φ-�Sgd�hmsdqm]k�dcfdr�ne�sgd�enqdrs�sgdm�adbnld�]�rtaenqdrs�Φ/ ne�sgd�]clhrrhakd�
fq]og�F-�Sn�fds�sgd�nqhfhm]k�enqdrs�a]bj�xnt�bts�]kk�sgd�0,bdkkr�ne�F sg]s�]qd�mns�hm�Φ/:�
sgd�g]ke,dcfdr�sg]s�qdrtks�]qd�]ss]bgdc�sn�sgd�kd]udr�ne�sgd�nqhfhm]k�enqdrs�Φ-�He�sgd�fq]og�
F g]r� kdfr�vd ]qd�mns�]kknvhmf� sgd� rtaenqdrs�Φ sn�bnms]hm� sgdl� rn� sgdx�ltrs�ad�bts+�
vghbg�qdrtksr�hm�bnlonmdmsr�vhsg�nmd�.,bdkk�]mc�nmd�g]ke,dcfd-�Sgdrd�]qd�mns�]clhrrhakd�
sqddr+�rn�vd�vhkk�b]kk�sgdrd�rodbh]k�bnlonmdmsr+�]mc�l]qj�sgdl�vhsg�]�mdv�u]qh]akd�v-�
=�enqdrs�vghbg�hr�]kknvdc�sn�g]ud�ansg�]clhrrhakd�]mc�rodbh]k�bnlonmdmsr�vhkk�ad�b]kkdc�
]m�dwsdmcdc� enqdrs-�L]sbghmf�sgd� kd]udr�ne�]m�dwsdmcdc�enqdrs�qdrtksr� hm�]�fq]og�vhsg�]�
tmhu]kdms�udqsdw�enq�d]bg�rodbh]k�bnlonmdms-

Kds�E cdmnsd�sgd�rodbhdr�ne�dwsdmcdc�enqdrsr+�]mc�cdzmd�E #w �t �v( sn�ad

E #w t v( ;


¯∈E

#−0(d#¯(tr#¯(−1j#¯(vi#¯( wr#¯(

r#Φ(  

vgdqd� d#Φ( hr� sgd� mtladq� ne� dcfdr� ne� Φ+� r#Φ( hr� sgd� mtladq� ne� kd]udr+� j#Φ( hr�
sgd� sns]k� mtladq� ne� bnlonmdmsr� ]mc� i#Φ( hr� sgd� mtladq� ne� rodbh]k� bnlonmdmsr+� h-d-�
Ztqwrvi [E #t �w �v( hr� sgd� dcfd,vdhfgsdc� bntms� ne� enqdrsr� vhsg� r kd]udr� ]mc� #r�− q(.1
bnlonmdmsr+�ne�vghbg�i ]qd�rodbh]k-

Pdb]kk�sg]s�U #w( hr�sgd�fdmdq]shmf�etmbshnm�enq�tmqnnsdc�sqddr+�vdhfgsdc�ax�sgd�o]qhsx�
ne�sgdhq�hmsdqm]k�dcfdr�#rdd�Dp- #02((-

Npnonrhshnm�3,6,�E #t �w �v(�; dwo#t−0vw�) t−1U #tw((-

Npnne, =� rodbh]k� bnlonmdms� g]r� 0 kd]e+� . dcfdr� ]mc� 0 bnlonmdms� #vghbg� hr rodbh]k (+�
rn�sgd�sdql�t−0vw ]bbntmsr� enq�rodbh]k�bnlonmdmsr-�Sgd�sdql�t−1U #tw( ]bbntmsr� enq�
]clhrrhakd�sqddr�]r�adenqd-�Dwonmdmsh]shmf�fhudr�sgd�fdmdq]shmf�etmbshnm�enq�bnkkdbshnmr+�
]r�odq�Kdll] 2-0- �

Hm�Z0.[ vd�rgnvdc�sg]s�sgd�q]shnm]k�Dtkdq�bg]q]bsdqhrshb�χm ; χ#Nts#Em)0(( hr�fhudm�
ax
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χm ;


YF ¯[
F bnmmdbsdc
χ#F(:−m

#−0(d#¯(

{=ts#F Φ({  

vgdqd� sgd� rtl� hr� nudq� hrnlnqoghrl� bk]rrdr� ZF �Φ[ ne� bnmmdbsdc� enqdrsdc� fq]ogr� ne�
Dtkdq� bg]q]bsdqhrshb� −m-� Vd� cdzmdc� sgd� bnqqdronmchmf� fdmdq]shmf� etmbshnm+� S #�(� ;

m≥0 χm�m+�hm�Dp- #05(-
Hm� Z0.[+� vd� ]krn� cdzmdc� ]m� ]m]knfntr� fdmdq]shmf� etmbshnm� S #� �v( enq� hrnlnqoghrl�

bk]rrdr� ZF �Φ[ ne� bnmmdbsdc� enqdrsdc� fq]ogr� vhsg� kdfr+� vghbg� ]qd� vdhfgsdc� hm� sgd� r]ld�
v]x�]r�hm�sgd�enqltk]�]anud-�Gdqd�sgd�u]qh]akd�v l]qjr�sgd�kdfr�ne�F+�h-d-�Z�mvr[S #� �v(
hr�sgd�vdhfgsdc�rtl�nudq�hrnlnqoghrl�bk]rrdr�ZF �Φ[ rtbg�sg]s�F hr�bnmmdbsdc+�g]r�Dtkdq�
bg]q]bsdqhrshb� −m+� ]mc� g]r� r kdfr-� Vd� b]m� qdk]sd� S #� �v( sn� sgd� fdmdq]shmf� etmbshnm�
E #t �w �v(9

IdllT�3,7,



k≥/
#1k − 0(  Zw1k[E #t w v( ; dwo


t−1v1

1 ) S #t1 v(


,

Npnne, Sgd�bndffibhdms�ne�t1mvr hm�#1k�−0(  Zw1k[E #t �w �v( fhudr�sgd�vdhfgsdc�bntms�ne�
enqdrsdc�fq]ogr�vhsg�r kdfr�]mc�χ�; −m sg]s�b]m�ad�l]cd�ax�fkthmf�sgd�kd]udr�ne�dwsdmcdc�
enqdrsr�Φ vhsg�1k kd]udr-�=cchmf�to�nudq�]kk�k fhudr� sgd�bntms�ne�]kk� enqdrsdc�fq]ogr�
vhsg�r kdfr�]mc�χ�; −m-�Sgd�sdql�dwo#S #t1 �v(( bntmsr�enqdrsr+�ats�lhrrdr�bnlonmdmsr�
vhsg�]�rhmfkd� hmsdqm]k udqsdw�]mc�svn� kdfr-�Sgnrd�]qd�s]jdm�b]qd�ne�ax�]cchmf�sgd�sdql�
#t−1v1(.1 sn S #t1 v(- �

Ehm]kkx+�vd�qdb]kk�eqnl�Z0.[ sg]s�S #� �v( ]mc�S #�( ]qd�qdk]sdc�hm�sgd�enkknvhmf�v]x-

Npnonrhshnm�3,8� W0.[)�Oqnonrhshnm�2-0(-

S #� v( ; S #�d−v( ) v

1 ) �−0


dv − 0 − v − v1

1


,

Gdqd�S #�d−v( ]bbntmsr�enq�bnmmdbsdc�enqdrsdc�fq]ogr�vhsg�mdf]shud�Dtkdq�bg]q]bsdq,
hrshb+� sgd� sdql� v

1 ]bbntmsr� enq� sgnrd� vhsg� Dtkdq� bg]q]bsdqhrshb� ydqn+� ]mc� sgd� k]rs� sdql�
]bbntmsr�enq�sqddr-

3-3-� Pdk]shmf�sgd�hmsdfq]k�]mc�q]shnm]k�Dtkdq�bg]q]bsdqhrshbr

Pdb]kk eqnl Dp- #0( sg]s d]bg sqhokd ZF Φ z[ bnmrhrshmf ne ] enqdrsdc fq]og vhsg
χ#F(� ; −m ]mc� ]m� ]tsnlnqoghrl� z oqdrdquhmf� Φ bnmsqhatsdr� sn�dm-� Pdrsqhbshmf� sgd�
rtl� sn� nmkx� sqhokdr� vhsg� z ; hc fhudr� sgd� dwonmdmsh]sdc� q]shnm]k� Dtkdq� bg]q]bsdqhrshb�
χm eqnl�Dp- #05(-�Sn�oqnud�Sgdnqdl 3-1 vd�vhkk�dwoknhs�sgd�e]bs�sg]s�vd�]kqd]cx�jmnv�
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sgd�]rxlosnshbr ne� χm-�Vd�vhkk�dudmst]kkx�zmc�sg]s�sgd�bnmsqhatshnmr�sn�dm eqnl�sqhokdr�
ZF �Φ �z[ rtbg�sg]s�z zwdr�Φ ]mc�g]r�nqcdq�]s�lnrs�1 cnlhm]sd�sgd�]rxlosnshbr�ne�dm-�
Hm�sghr�rtardbshnm�vd�l]mhotk]sd�ntq�enqltk]�enq�dm sn� hrnk]sd�sgdrd�bnmsqhatshnmr+�]mc�
hm�sgd�enkknvhmf�rtardbshnmr�vd�vhkk�oqnud�sg]s�sgdx�cnlhm]sd�ax�antmchmf�sgd�qdk]shud�
rhyd�ne�sgd�qdl]hmhmf sdqlr-

Vd�rs]qs�vhsg�sgd�enqltk]

dm ;


λ

ηλZt1mwλ[E#t w(

eqnl�Oqnonrhshnm 2-01-�Eqnl�Oqnonrhshnm 2-00 vd�g]ud�]m�dwoqdrrhnm�enq�E#t �w(+�rn

dm ;


λ

ηλZt1mwλ[ dwo

⎛

⎝


j≥0

t−1j S##t · w(Yj[(
j

⎞

⎠ ,

Pdb]kk�sg]s�]�odqlts]shnm�hr�b]kkdc�]�cdq]mfdldms he�hs�g]r�mn�zwdc�onhmsr:�sghr�hr�dpthu,
]kdms� sn� r]xhmf� sg]s� sgd� bnqqdronmchmf� bxbkd� sxod�g]r�mn�o]qsr�ne� rhyd�0+� rn�vd� b]kk� hs�
]�cdq]mfdc� o]qshshnm-� =m� hmsdfdq� o]qshshnm� λ hr� dpthu]kdms� sn� ]� o]hq� #k �δ( vgdqd� k hr�
sgd�mtladq�ne�o]qsr�ne�rhyd�0 hm�λ ]mc�δ hr�sgd�cdq]mfdc�o]qshshnm�nas]hmdc� eqnl�λ ax�
qdlnuhmf�]kk�o]qsr�ne�rhyd�0-

Sn�l]jd�]m�]clhrrhakd�fq]og�vhsg�]m�]tsnlnqoghrl�eqnl�]�o]hq�#Φ �z( bnmrhrshmf�ne�
]� enqdrs�]mc�]m�]tsnlnqoghrl+� kd]udr�ne�Φ sg]s�]qd�odqltsdc�ax�z hm�bxbkdr�ne�dpt]k�
kdmfsgr�ltrs�ad�o]hqdc�vhsg�d]bg�nsgdq:� hm�o]qshbtk]q+� kd]udr�sg]s�]qd�zwdc�ax�z ltrs�
ad�o]hqdc�vhsg�d]bg�nsgdq-�Ax�zqrs�o]hqhmf�sgd�zwdc�kd]udr�vd�b]m�qdctbd�sgd�dwoqdrrhnm�
enq�dm ]anud�sn�]�rtl�nudq�cdq]mfdc�o]qshshnmr-�Rodbhzb]kkx+�he�sgdqd�]qd�1k zwdc kd]udr�
sgdqd�]qd�#1k�− 0(  v]xr�sn�o]hq�sgdl+�rn�he�λ�; #1k �δ( sgdm�ηλ ; #1k�− 0(  ηδ ]mc

dm ;


δ

ηδZt1mwδ[
∞

k:/
#1k − 0(  Zw1k

0 [ dwo

⎛

⎝


j≥0

t−1j S##t · w(Yj[(
j

⎞

⎠

;


δ

ηδZt1mwδ[ dwo

⎛

⎝


j≥1

t−1j S##t · w(Yj[(
j

⎞

⎠
∞

k:/
#1k − 0(  Zw1k

0 [ dwo
 
t−1S#t · w(


 

vgdqd�vd�rtl�nmkx�nudq�cdq]mfdc�hmsdfdq�o]qshshnmr�δ-�#Mnsd�sg]s�sgd�u]qh]akd�w0 cndr�mns�
]ood]q�hm�sgd�onvdq�rdqhdr�S##t�·w(Yj[( enq�j ≥ 1-(�Sgd�dwoqdrrhnm�hm�sgd�zqrs�dwonmdmsh]k�
vhkk�mns�bg]mfd�hm�vg]s�enkknvr+�rn�vd�fhud�hs�]�m]ld9

W0#t w( ;


j≥1

t−1j S##t · w(Yj[(
j

;


j≥1

tjw2
j

5j
) tjwjw1j

1j
) tjw2j

2j
− t1jw3

j

01j
) , , ,

]mc�ntq�dwoqdrrhnm�qd]cr
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dm ;


δ

ηδZt1mwδ[ dwo#W0#t w((
∞

k:/
#1k − 0(  Zw1k

0 [ dwo
 
t−1S#t · w(


, #06(

Mdws�vd� knnj�lnqd bknrdkx�]s� sgd� sdql�dwo#t−1S#t�· w((-�Vd�zqrs� rdo]q]sd�nts� sgd�
bnmsqhatshnm� sn�S#w( ne� o]hqr� #s �z( vhsg� z ; hc-� Sghr� hr� nas]hmdc� ax� rdsshmf� wg ; .
hm�S#w( enq�]kk� h�≥ 1:� qdb]kk� sg]s� sghr�fhudr�tr� sgd�fdmdq]shmf� etmbshnm�U #w0( enq� sqddr�
vhsgnts�]tsnlnqoghrlr-�Ax�Bnqnkk]qx 2-0. vd�g]ud

S#w( ; w0 ) w1
0

1 − w1

1 − #0 ) w0(O#w(

; w0 ) w1
0

1 − w1

1 − #0 ) w0(


j≥0

μ#j(
j

knf#0 ) wj(

; w0 ) w1
0

1
− #0 ) w0( knf#0 ) w0( − w1

1
− #0 ) w0(



j≥1

μ#j(
j

knf#0 ) wj(

; U #w0( − w1

1
) #0 ) w0(V#w( 

#07(

vgdqd�V#w(�; −�


j≥1
μ#j(

j knf#0�) wj(�; −O#w(�) #0�) w0(�knf#0�) w0(-�Mnsd�sg]s�V#w(
bntmsr�qnnsdc�sqddr�vhsg�]tsnlnqoghrlr�sg]s�cn�mns�zw�]mx�kd]udr+�hm�o]qshbtk]q�hs�cndr�
mns�hmunkud�sgd�u]qh]akd�w0-�Ax�Dp- #07( vd�g]ud

dwo
 
t−1S#t · w(
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