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1. Introduction

The moduli space MG, of finite metric graphs with fundamental group F;, was intro-
duced in [17] as a tool for studying the group Out(F;,) of outer automorphisms of a free
group. By the main result in that paper MG, is the quotient of a contractible space,
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called Outer space, on which Out(F,,) acts with finite stabilizers. Thus the homology of
Out(F,) with trivial rational coefficients is equal to the homology of MG,,.

Kontsevich showed in [22,23] that the homology of MG,, can also be identified with the
cohomology of his Lie graph complex, which can in turn be identified with the primitive
part of the cohomology of the Lie algebra of symplectic derivations of a free Lie algebra
(see [15] for a detailed exposition of Kontsevich’s results). In [5] Berglund and Madsen
found this Lie algebra in a very different context, and proved that its cohomology is a
sub-algebra of the cohomology of the block diffeomorphism group of even-dimensional
products of spheres. In more recent years, algebraic geometers have studied MG, as
a tropical analog of the classical moduli space M,, of smooth complex curves of genus
n. The simplicial completion of Outer space descends to a natural compactification of
MG,,, which the tropical geometers have dubbed the moduli space of tropical curves,
by analogy with the Deligne-Mumford compactification of M,, (see, e.g., [13]). In yet
another context, MG, may be considered a natural parameter space for the n-loop con-
tribution to certain Feynman amplitudes. This direction has been explored, for example,
by Bloch, Berghoff and Kreimer [6,4].

In this paper we prove a formula for the Fuler characteristic of MG,,, and then de-
termine its asymptotic growth rate. The asymptotic result depends on our results in
[10], where we determined the asymptotic growth rate of the rational or virtual Euler
characteristic x(Out(F,,)). This is a rational number closely related to the alternating
sum of the Betti numbers, but which has better group-theoretic properties, making it
easier to compute. The rational Euler characteristic of Out(F},) coincides with the num-
ber Kontsevich referred to as the orbifold Fuler characteristic of his Lie graph complex.
The actual alternating sum of the Betti numbers is denoted e(Out(F,)) in this paper to
distinguish it from x(Out(F},)), and is called the integral Euler characteristic to conform
with other terminology in the literature.

If we are primarily interested in the cohomology of the space MG, or (equivalently)
the group Out(F},), then the number e(Out(F,,)) is clearly more relevant. Brown [12]
showed that the rational and integral Euler characteristics of a group I' are closely related,
namely e(T") can be calculated from the rational Euler characteristics of centralizers of
finite-order elements by the formula

e(I) =Y x(C(a)).
]

Here the sum is over representatives « for the conjugacy classes of finite-order elements
(including the identity), and C'(«) is the centralizer of a.

The number e(Out(F,)) was calculated for n < 11 by Morita, Sakasai and Suzuki
[25], using methods from symplectic representation theory. In the present paper we use
Brown’s formula, results on centralizers from [24], an adaptation of Joyal’s theory of
species [20] and further development of the asymptotic methods of [10] to first give an
effective formula for e(Out(F,)) and then to determine its asymptotic growth rate.
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The effective formula is developed in Sections 2-3 and summarized in Theorem 3.13.
Based on it, we wrote a computer program to compute e(Out(F;,)) for n < 15. The
results are listed in Appendix A. Further optimizations of this program enabled the
computation of the numbers e(Out(F,)) for all n < 100 [9].

Section 4 is devoted to proving the following asymptotic result.

Theorem 1.1. The integral Euler characteristic e(Out(F,,)) has the asymptotic behavior

e(Out(Fy,)) ~ —ed (ﬁ>n _ as n — oo.
e/ (nlogn)?

Here the notation a, ~ b, means that lim, o a,/b, = 1. In particular this verifies
the fact, suggested by our results on the rational Euler characteristic in [10], that there
is a huge amount of cohomology in odd dimensions. Since the cohomology of Out(F},)
is a direct summand of the cohomology of Aut(F},), we reach the same conclusion for
Aut(F,). The cohomology H*(Out(F},); Q) is known to vanish for both k < 4n/5 and
k > 2n — 3 (see [14] and the references there), thus all of this cohomology must be
concentrated in dimensions 4n/5 < k < 2n — 3. The only odd-dimensional class known
to date occurs in Hy1 (Out(F%)) [2]. It is interesting to note that this is the largest possible
dimension, the virtual cohomological dimension of Out(F7). This is in contrast to the
fact that the groups GL,(Z) and mapping class groups of punctured surfaces, both of
which are often considered analogs of Out(F,,), have no rational cohomology in their
virtual cohomological dimension.

Comparing Theorem 1.1 with our results in [10] on x(Out(F},)) gives

NG

Corollary 1.2. The ratio lim,_,o e(Out(F,))/x(Out(F,)) = e 1 ~ 0.78.

Proof. Use Theorem 1.1, [10, Thm. A] and Stirling’s formula (see, e.g., [1, Eq. (3.9)]). O

This solves Problem 6.5 of the paper [25] by Morita, Sakasai and Suzuki. More pre-
cise asymptotic statements and comments about the rate of convergence are given in
Section 4.2.

In his original paper [22] Kontsevich introduced commutative and associative graph
complexes in addition to the Lie graph complex. The methods of the present paper can
be modified to compute the Euler characteristics for both of these other graph complexes
as well as to determine their asymptotic behavior (see [8]); they can also be used to do
the same for other moduli spaces of graphs, such as colored graphs or graphs with leaves.
As Kontsevich noted, the associative graph complex computes the homology of mapping
class groups of punctured surfaces. Both the rational and integral Euler characteristics
of these groups for a once-punctured surface were originally computed by Harer and
Zagier [19]. They also computed the asymptotics and deduced the existence of lots of
cohomology. Getzler and Kapranov partially extended this to surfaces with more than
one puncture (without determining the asymptotics) as an application of their general
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theory of modular operads [18], and we remark that our method of finding the generating
function is similar to theirs.

In [22] Kontsevich also defined odd versions of his graph complexes, and noted that
in the Lie case the primitive part of the homology computes the cohomology of Out(F},)
with twisted coefficients @, where the twisting is given by composing the natural map
from Out(F,) to GL,(Z) with the determinant map. This odd version of Lie graph
homology occurs, for example, in the study of groups of homotopy equivalences of odd-
dimensional products of spheres [27]. In a final section, Section 5, we explain how to
modify our results to compute the Euler characteristic of this odd Lie graph complex,
which we denote e°d4(Out(F,)). The results also extend to the analysis of the asymp-

totics, and we find

Theorem 1.3. The ratio lim,,_, °%(Out(F,))/x(Out(F,)) = ei ~ 1.28.
Acknowledgments
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2. A first formula for e(Out(F3,))
2.1. The rational Euler characteristic

As noted in the introduction, Brown’s theorem says we can compute e(Out(F},)) by
adding up the rational Euler characteristics of centralizers of finite-order elements. One
way to compute the rational Euler characteristic of a group I' is to find a contractible cell
complex Y on which I' acts properly and cocompactly; the rational Euler characteristic
x(T) is then given by the formula

B (_1)dim(o’)
x() = %]: Stab(0)]

where we sum over all orbits [o] of cells, ¢ is a representative from the orbit and Stab(o)
is its stabilizer under the group action. Fortunately, we have such complexes Y for
centralizers of finite-order elements of Out(F},).

The entire group Out(F),) centralizes the identity. Recall from [17] that Out(F},)
acts properly and cocompactly on the spine K, of Outer space. K, is a contractible
cube complex with one k-dimensional cube for each equivalence class [G, @, g] of triples
(G, ®,g), where

e (G is a connected admissible graph,
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e & is a subforest of G with k edges and
e g: F, — m(G) is an isomorphism, called a marking.

Here by a graph we mean a CW-complex of dimension 0 or 1, a forest is a graph without
cycles, and a subforest of G is a subcomplex that is a forest and contains all of the
vertices of G. We say a graph is of rank n if its fundamental group has rank n. A graph
is admissible if it has no isolated, univalent or bivalent vertices. Two triples (G, ®, ¢g) and
(G',®',¢") are equivalent if there is a graph isomorphism h: G — G’ sending ® to @’
and inducing an isomorphism h,: m1(G) — m1(G’), such that g~ 1h.g = id. A pair (G, ®)
consisting of an admissible graph G and a subforest ® will be called a forested graph.

The spine K = K, is contractible, and the action of Out(F;,) on K simply changes the
marking g. Thus there is one orbit for each isomorphism class [G, @] of connected forested
graphs. The stabilizer of a cube [G, @, g] is isomorphic to Aut(G, ®), the automorphisms
of G that preserve ®. Thus,

. —1)e(®)
KOu(F) = x(Clid) = >
(C.2] ’
G connected
rank(G)=n

where e(®) is the number of edges in ®.

2.2. The equivariant spine

In [24] an equivariant version of K was introduced, which can be used to study the
centralizer of any finite order element of Out(F,) (in fact the centralizer of any finite-
order subgroup). We briefly summarize the construction. A graph G is said to realize a
finite-order automorphism « if there is some marking ¢g: F,, — 71(G) and automorphism
fao of G such that g=1(f,)+g = a. Every finite-order element of Out(F},) can be realized
on some admissible graph G, [16,21]. This translates to the statement that the action of «
on K has at least one fixed point. The centralizer C'(«) acts on the entire fixed-point set
K, of a. It follows from [24] that this fixed point set is contractible, cocompact and has
the structure of a cube complex. Specifically, K, has one cube for each equivalence class
of triples (G, ®, g), where (G, g) realizes o and @ is a (possibly empty) forest in G that
is invariant under the action of «. Here (G, ®, g), is equivalent to (G, ®’, ¢'), if there
is an a-invariant automorphism h: G — G’ sending ® to ® such that g~ 'h.g = id, and
again we write [G, @, g], for the equivalence class. The dimension of the cube [G, ®, g,
is the number e, (®) of edge-orbits in ®.

The stabilizer Stab[G, ®, g], is isomorphic to Aut, (G, ®), the automorphisms of G
that commute with the action of o and send ® to itself, so
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o (—1)ea(®)
(G, 2]
G connected
rank(G)=n

where [G, @], runs over isomorphism classes of pairs that realize « on a connected graph
G of rank n. Brown’s theorem [12] then gives

outr) =% ¥ (-1)7=®
t -~ 7
B Aut, (G, @)

[a] [G,®]a

G connected

rank(G)=n

where [a] runs over conjugacy classes of finite-order elements «.

The group Aut(G, @) acts on itself by conjugation, so the orbit-stabilizer theorem gives
|Aut(G, @)| = |(orbit of a)| - [Stabauy(a,e)(@)|. Since Stabau(q,e) () = Aut, (G, @) this
gives:

Theorem 2.1.

1
Out(Fy,)) = - _1)ea(®)
e< U ( )) Z |Aut(G, q))‘ Z ( ) )
(G,2] acAut(G,®)
G connected
ran =n

where we sum over the set of isomorphism classes |G, ®| of connected forested graphs of
rank n.

2.3. Disconnected graphs

Recall that the Euler characteristic of a connected graph of rank n is x(G) = 1 — n.
The graph’s Euler characteristic is often better behaved than its rank. For instance, the
formula in Theorem 2.1 is easier to work with if we drop the requirement that G be
connected and shift the index by one, i.e. define

“s % mae X, 0 .

([g)ﬂ’] a€Aut(G,P)
X =—n

where we sum over all isomorphism classes [G, @] of (not necessarily connected) forested
graphs with x(G) = —n. In this subsection we show how to recover e(Out(F),1)) once
the numbers €,, are known.

We begin by deriving new formulas for e(Out(F,,+1)) and €,. Define a forested graph
(G, ®) to be even if G has no automorphisms that induce an odd permutation of the
edges of .

Proposition 2.2. If we sum over all isomorphism classes |G, ®] —
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(1) — of even forested graphs with x(G) = —n, then

> (1) =3,

[G,®] even
X(G)=—n

(2) — of connected even forested graphs with x(G) = —n, then

ST (C)®) = e(Out(Fosn)).

|G,®] even
G connected
x(G)=—n

Remark 2.3. Conant and Vogtmann showed in [15] that Kontsevich’s Lie graph complex,
as defined in [22] is quasi-isomorphic to the complex spanned by even forested graphs.
Thus this proposition shows that e(Out(F,)) is equal to the Euler characteristic of the
Lie graph complex.

Proposition 2.2 is an immediate consequence of the following lemma.

Lemma 2.4. The sum ZaeAut(G7¢)(—1)e“(¢) vanishes if (G, ®) has an automorphism
that induces an odd permutation on ® and is equal to (—1)*®)|Aut(G, ®)| otherwise.

Proof. An element o € Aut(G,®) induces a permutation ag € S.p) on the set of
edges of ®. By definition, the number e, (®) is equal to the number of cycles in the
cycle decomposition of ag. The sign of a permutation is the parity of the number of
its even cycles. Since the parity of the number of odd cycles of a permutation on an n-
element set is equal to the parity of n, we have (—1)°(®) = sign(ag)(—1)¢(®). The sign
function gives a homomorphism from Aut(G, ®) to the cyclic group of order 2, which is
surjective if and only if Aut(G, ®) contains an odd permutation. If it is surjective, then
half of the elements of Aut(G, ®) have each sign, 80 3, c Ay (G 0) Sign(aa) = 0; otherwise

D acaut(a. Sign(as) = (=1)M|Aut(G, @)|. O
Proof of Proposition 2.2. Use Lemma 2.4, Eq. (1) and Theorem 2.1. O

Each pair consisting of a forested graph and an automorphism contributes to the sum
in the definition of €,,, so evaluating this sum means doing a weighted count of forested
graphs and their automorphisms. We will do this counting by means of generating func-
tions, i.e. formal power series whose coefficients encode the counts we are interested
in.

We can also use formal power series to describe the relation between €, and
e(Out(Fy,+1)). By standard topological quantum field theory convention, we use the
symbol A as the formal variable that marks the negative Euler characteristic of the
graphs.
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Theorem 2.5.

. oo 1 e(Out(Fr41))
Zenh :H<1_hn) :

n>0 n=1

Proof. For any (possibly disconnected) admissible graph G and subforest ® C G, set
0(G,®) = (—1)*® =X, Since an admissible graph is either trivial or has strictly
negative Euler characteristic, (G, ®) € Q[[h]]. The function 6 factors over connected
components, i.e.

0((G1,®1) U (Go, ®3)) = 0(G1, ®1)0(Ga, Bs).

By Proposition 2.2(1),

Y=Y 60G,0),

n>0 [G,®] even

where we sum over all isomorphism classes of (possibly disconnected) even forested
graphs [G, ®].

Each isomorphism class [G, @] can be described by giving a set of isomorphism classes
of connected graphs together with the multiplicity with which each connected class ap-
pears in the disconnected class. In the sum above, a component [g, ] of [G, ®] such
that ¢ has an odd number of edges can appear at most once, as otherwise [G, ®] would
have an odd automorphism. Components with an even number of edges in the forest can
appear with any multiplicity. The sum of the function 6 over all even admissible forested
graphs hence satisfies the following identity:

dYoanr= Y 0Ge) = [[ 1+60¢) I > o],

n>0 [G,®] even l9,¢] lg,] m20
e(p) odd e(p) even

where the [g, ] are isomorphism classes of connected forested graphs and e(p) denotes
the number of edges of .

Using the fact that 6(g, @) is —h =X if [g, ] is odd and Z=X9) if [g, o] is even and
evaluating the sum over m, we obtain

i ) 1 (1 _ hn)ﬁgdd
Zenhn: H (1_h X(Q)) H m = H m’
n>0 [9,#] [9.¢] n=t

e(y) odd e(y) even

where 304 and 87, are the numbers of connected forested admissible graphs without

ven

odd edge-automorphisms with Euler characteristic —n with an odd or even number of
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edges in the forest. A connected graph with Euler characteristic —n has rank n + 1.
Hence, by Proposition 2.2(2), 8., — 8%q = e(Out(Fr41)). O

We can now explain how to calculate the numbers e(Out(F,,)) recursively from the
numbers €,,. Recall that the classical Mobius function p is defined recursively for positive
integers by u(1) =1 and }_;, p(d) = 0 for all n > 2.

Corollary 2.6. Let > - e, " = log f(h) be the logarithm of the series f(h) =
ano €, h™. The numbers e, for n > 1 are given recursively by

n—1
-1 ~
€, =€, —— E kerpen_k
n
k=1

and e(Out(Fy41)) forn>1 by

e(Out(Fr41)) = Z @ €n/d -
d|n

Proof. The recursive expression for e,, in terms of €, follows by taking the derivative of
log f(x) with respect to h and using (log f(z))" = f'(x)/f(x). Taking the logarithm of
the statement of Theorem 2.5, using log(1/(1 — z)) = >_.° , 2™ /n and the definition of
the Mo6bius function gives the second formula. O

3. An effective formula for e(Out(F},))
3.1. Admissible trees

In the last section we reduced the problem of computing e(Out(F3,)) to the problem
of doing a weighted count of forested graphs. In order to count forested graphs we will
first count trees, then forests, then ways of matching the leaves of the forests to form
forested graphs. Throughout the rest of the paper we fix the following conventions and
terminology. By a tree we mean a connected graph with no cycles. A forest is a disjoint
union of trees. We give univalent vertices of trees and forests a special role and call
them leaves; other vertices are called internal vertices. A tree or forest is admissible if
it has no isolated or bivalent vertices. A rooted tree is a tree where one univalent vertex
is distinguished as the root while the other univalent vertices are still called leaves. We
require admissible trees to have either a root or at least one internal vertex, so a single
1-cell which connects two non-root leaves is not allowed. The internal edges of a tree
or forest are the 1-cells that are not attached to leaves or the root. Our trees, rooted
trees, and forests will be labeled. That means each leaf shall be decorated with a unique
element from some given finite set U.
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The set of all admissible labeled (or labeled rooted) trees forms a combinatorial species
in the sense of Joyal [20] (see also [3]). Since our counting problems fit neatly into the
theory of species, we review the relevant parts of this theory in the next subsection.

3.2. Species and generating functions

A combinatorial species is a functor from the groupoid of finite sets to itself. More
explicitly, a species S associates to every finite set U of labels, a finite set S[U] of com-
binatorial objects such that every bijection U — V gives rise to a bijection of sets
S[U] — S[V] in a way compatible with composition. In the case U = {1,...,n} we write
S[n] for S[U]. An element of S[U] for some U is an S-object, or more informally, an
object of S.

For every species S there is a natural action of &,, on S[n] that permutes the labels.
The orbit of an element ¢ € S[n] under this action is an isomorphism class of combi-
natorial objects. We will also call such a class an unlabeled object. The stabilizer of an
element ¢ € S[n| is the group of relabelings that leaves the object invariant. We will
denote this stabilizer by Aut(¢).

A set partition of U with k blocks is a collection m = {Bj,..., B} of k mutually
disjoint subsets of U such that | J5., B = U. From a given species S we can construct a
new species Setk(S) by associating to a set U all collections of objects {¢1,. .., ¢r} such
that ¢ € S[Bi],...,¢r € S|By] for some partition of U into blocks By, ..., Bg. The
functor Set*(S) is the species of sets of size k which contain objects of S. To make the
formulas more compact we agree that Set’(S)[0] contains one element, the empty set,
and that Set”(S)[0] is empty for all k > 1.

Let A be an algebra and w : S[U] — A a weight function that associates some
element of A to each object of S[U] in a way that is independent of the labeling. We can
extend the weight function w to Set” (8) by setting the weight of the empty set to 1 and
w({gr, s dr}) = [Tomy w(@r). |

When working with a formal power series F'(z) = > a;z", we will frequently use the
coefficient extraction operator [x™] to extract the coefficient of 2™, so [z"]|F(z) = a,. We
now define two formal power series, in A[[z]] and A[[z,y]] respectively, by

Z Z and  Sset(7,y) = Zi—?yk Yo w(@). (2)

n>1 " ¢eS[n] n,k>0 " BeSet*(S)[n]

These are exponential generating functions for weighted counts: [z"]S(z) is 1/n! times
the number of objects ¢ € S[n|, counted with weight w(¢), and [z"y*]S(z,y) is 1/n!
times the number of elements ® € Set*(S)[n], counted with weight w(®). We will make
frequent use of the following exponential formula, a standard lemma that relates the
power series S and Sget.
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Lemma 3.1.

Sset(w,y) = exp (y S(x)) .

Proof. Use the expansion exp(X) = > ., X"/n! and the fact that the number of
set partitions of a set of cardinality n into k blocks with sizes my,...,my is given by
nl/(Elmi!l. . omg!). O

We next want to count labeled combinatorial objects while keeping track of automor-
phisms. For this, we will need more sophisticated generating functions, called cycle index
series. The terminology comes from the notion of cycle type for a permutation, which
we NOW review.

Let n € N be a positive integer. An integer partition of n is a sequence of positive
integers A = (A1, Aa,..., A¢) such that \y > Ao > ... > A >0and n =X\ + ...+ Ap.
The A; are called parts of \. We write A - n or |A\| = n. The integer n is the size of
the partition and ¢, the number of parts, is the length of the partition. We will often
use the more compact notation A = [1™ ---n™»] indicating that A has mj parts of
size k (the terms with m; = 0 are usually omitted; for example, A\ = (4,4,1,1,1) is
written [1242]). In this notation the length of X is £(\) = my + --- + my, the size is
[A\| = mq + 2ms + - -+ + nm,. Each permutation m € &,, factors uniquely as a product
of disjoint cycles. If the orders of these cycles are A1,..., Ay, where A\ > ... > Ay, then
A7) = (A1,..., Ap) is a partition of n called the cycle type of .

Given an integer partition A\ = [1™12M2 . .p™n] let 2 denote the monomial
x{"ry? - xm . A formal power series in the variables T = {z1,%2,...} is an infinite
sum of terms axz?, with ay € A, such that, for all n, we only have a finite number of
terms if restrict to partitions with |A\| < n. If a is a permutation of cycle type A we also
define 2% = 2.

For a given species S, let AS be the species of pairs (¢, @), where ¢ is an object of S
and « an automorphism of ¢:

AS[n] ={(¢,a)|¢ € S[n] and « € Aut(¢) < &,}.

Let w be a weight function that attaches to an object (¢, ) of AS an element w(¢, o) € A
that does not depend on the labeling. The cycle index series for S weighted by w is the
formal power series S in T whose terms mark the cycle type of the automorphism, i.e.

S(E):Z% Y w(¢a)z

n>1 " (¢,a)€AS[n]

In other words, [z*]S(%) is 1/|\|! times the weighted count of pairs (¢,a) € AS such
that « has cycle type A. The cycle index series S(T) generalizes the generating function
of labeled objects in Eq. (2), as we recover S(x) by setting w(¢,id) = w(¢), 1 = z and
all other xp-variables to 0.
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We now want to extend our cycle index series on S to one for Set®(S), and show
how to compute it from S(Z). An element & € Set*(S)[n] is a set of k elements of S
with a total of n labels. An element v € Aut(®) permutes the labels but preserves the
set. If some elements of S are isomorphic then v may permute them, so v induces a
permutation y¢ € &). We introduce a new infinite set of variables ¥ = {y1,y2,...} to
mark the cycle type of v, and define

1
Sset (T,7) = > ] > w(®,y) 27y

n,k>0 " (®,)€ASeth(S)[n]
Here w(®,7) = w(p1,71) - . - w(Pe, Ye), where

e 7o has cycle type A = (A1, A2, ..., Ap) of length £
e ¢; € ® is a representative of the ith cycle, which has size );
e 7, is the restriction of ¥ to ¢;.

Proposition 3.2. Let S(Ty)) be the series obtained from S(T) by replacing each occurrence
of x; by xk;. Then

S(z
SSet (fa y) = €xp Z yk% ;

k>1

Ultimately, this proposition goes back to Pélya [26]. It follows from Lemma 3.1 com-
bined with the generating function for wreaths of S structures. We give a proof below,
but refer to [3] Chapter 4.3 for a more detailed argument, using a slightly different type
of weight function w.

To prove Proposition 3.2 we first introduce a new species ACkaS. An element of
ACyc"S[n] is a pair (®,7) where ® = {¢1,..., ¢} is a collection of objects in S with
a total of n labels, and v € Aut(®) is a permutation of the labels of ® that cyclically
permutes the ¢;, i.e. v¢ is a k-cycle in Gg. In particular, all of the ¢; must be isomorphic,
i.e. equivalent as unlabeled objects.

Lemma 3.3.

1 S(@
1 > (@) = (z[k]).
a1 (®,7)€ACyck(S)[n]

Proof. Let (®,7) be an element of ACyc"S[n]. We claim that (®,~) is equivalent to a
tuple (K? T, d)a (7R85 R 77/{7—1)’ where

e kis a k-cycle in &,
o 7 is a partition of {1,...,n} into k blocks, each of size d,
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e ¢ is an object of S[d],
o « is an element of Aut(¢), and
e 7; is an element of G, foreach i =1,... .k — 1.

By definition ® = {¢1,..., ¢}, where ¢; € S[B;] for some B; C {1,...,n}, and 74 is a
k-cycle, so we take k = vp and m = {By, ..., Bx}. Since v acts cyclically on @, all of the
¢; are isomorphic, so in particular they all have the same number d of labels. The unique
order-preserving bijection B; — {1,...,d} identifies each ¢; with an element b €S [d];
set ¢ = (Ek. The permutation v* sends each ¢; to itself, so determines an automorphism
«; of ¢; and therefore of g@-; set a = ay,. Note that all of the a; have the same cycle type
A= (A1,..., ), so the cycle type of v is kA = (kA1,...,kXp). Foreachi=1,...,k—1,
the ith power of the k-cycle v maps ¢ to gb% (k); let 7; be the induced isomorphism
Yi: ¢k — (b,&(k) in &4.

Finally, note that w(®,~) = w(dr,7*) = w(¢, a). Since ACyc*(S)[n] is empty unless
kln, we can now write the left hand side of the equation in the statement of the lemma

as,

Z %Cn,k Z w((b’a)xkoa’ (3)

n=dk>1 """ (¢,)€AS[d]

where k o a has cycle type kX and C), j;, is the number of partitions 7 of n into k equal
parts times the number of cyclic permutations k in &y, times the number of permutations
Vi Yho1 in (Gg)F L e

!
e () (dE =
Cnk = ' (k=1 (ah =
Plugging this into Eq. (3) gives the statement of the lemma. 0O
Proof of Proposition 3.2. We have

ASet(S)[n] ={(®,~)|P is a finite set of objects of S with a total of n distinct labels,
and v € Aut(®) < &, }.

Since every permutation v can be uniquely decomposed into a product of cycles, we have
an isomorphism of species

ASet(S) = | ) Set” | | J ACyc*(S)
0>1 E>1

Therefore the statement follows from an application of Lemma 3.1 to the right hand
side, using the generating function of the species ACyc” (S) given by Lemma 3.3 and
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summation over all k, using the variables 3 to keep track of the cycle type of the per-
mutation. 0O

3.83. Matchings

In order to form a forested graph with an automorphism preserving the forest, we will
start with a forest equipped with an automorphism «, then pair its leaves by a fixed-
point free involution that commutes with «. In this subsection we apply the counting
methods from the previous subsection to count the number of such involutions.

A fixed-point free involution is also called a matching; it divides the set into orbits of
size 2, so we will use the species £ of sets of cardinality 2, i.e. £[2] = {1,2} and E[n] =0
for n # 2. The generating function (with trivial weight) is F(x) = 2%/2. Matchings on
a set of 2k elements correspond to elements of Set”(£)[2k]; for example the elements of
Set?€[4] are {{1,2},{3,4}},{{1,3},{2,4}} and {{1,4},{2,3}}. By Lemma 3.1 we have

2 2k

X X
Fse = — =) (2k-1! k
Set(2,y) = exp <y 5 ) k§>0( ) oY

where the second equality is obtained using the expansion exp(X) = > ., X"/n! and
the formula (2k — 1!l = (2k)!/(k!2¥). Thus we recover the (easy) fact that the number
of matchings of a set of cardinality 2k is (2k — 1)!!, and there are none if the cardinality
is odd.

Now consider the species AE = AE[2] of sets of cardinality 2 with automorphisms
on them. A set of cardinality 2 has only two automorphisms, the trivial one (marked
by z171 = %) and the transposition (marked by z3). The cycle index series of £ with
trivial weight is therefore

E(T) = % Z ¢ =

" (¢,a)€AE[2]

(x% + 332) .

N =

A matching of 2k elements corresponds to an element ® € Set”(£)[2k]. The automor-
phisms of such an element ® are permutations that commute with the corresponding
fixed-point free involution ¢ = tg. We may count such permutations using Proposi-
tion 3.2, which gives

Eset(T,7) = exp Z g—z (27 + z2x) | - (4)
k>1

Proposition 3.4.
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where the sum is over all pairs (1,«) consisting of a matching v of {1,...,2n} and a
permutation o € Sg,, that commutes with ¢.

Proof. By definition we have

Eset (T, 7) = Z % Z Yy,

n,k>0 (®,)€ASet*(€)[n]

Since Set”&[n] is empty unless n is even and k = n/2 we can rewrite this as

Eset(7,7) = Z ﬁ Z Thy*e.

n>0 (®,a)€ASet™E[2n]

As noted previously, we may identify the pairs (¢, ) in the statement of the proposition
with elements (P, a) of ASet™(£)[2n]. Using Eq. (4) and setting y, = 1 for all k gives
the result. O

Corollary 3.5. The number ny of matchings that commute with a given permutation o €
G, of cycle type A = [112™2 .. .n™] is given by the formula

n

=[] meams

k=1
where
k*(2s — )N if k is odd
Nk,2s = s 5 . .
’ S o GOk (2r — D) if K ds even
and
0 if k is odd
Mk, 25 = s . . :
= S o G E (2 — )1 if K ds even

Remark 3.6. This statement can also be proved without the theory of species by elemen-
tary combinatorial means. We have used species here as an easy example of the method,
which we use heavily in the next sections. Moreover, the extension to the analogous
Corollary 5.8 is done effortlessly using species.

Proof. Since ¢« commutes with « if and only if & commutes with ¢, the left hand side of
Proposition 3.4 can be written

Z(QLH)' Z #{L e Gy toa =00}z,

n>0 " aEGa,
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Now note that the number of matchings that commute with o depends only on the cycle
type of a. If we denote the set of permutations in &,, with cycle type A by &2, the
formula becomes

Z Zl@%nw => = Z|6*|w

n>0 )\I—2n n>0 " AFn

where we used the fact that 7, = 0 if [A] is odd. For A = [1™12™2 .. . n™=] it is easy to
check that the number of permutations in & is

n!

&=

1m1m1!2m2m2! s nmnmn!’

so the left hand side of Proposition 3.4 is equal to

A A
Z Z 1m ml'QQO nmnmn!m : (5)

n>0 An 2

We now turn to the right hand side of the equation stated in Proposition 3.4. Using
X = a0 X /sl (25 = DI = (25)!/(s!2°) and (z + 2)* = > o (2)25 "2 and the
definition of the numbers 7, ., above, we find that for even k,

2
eXP(ﬁk) _22 skss! Zkb k29 2s)! anm

and for k odd, we have

2+ 22 (x+2)* st
e (5 - S S zz(r) D) I e
s>0 s>0r>0 r>0 s>r
,(2r) x®
= k"
=22 T,S_zr =2 > 3_27«) 2711 ol
r>0s>2r 5>0 5/2>r>0
mm
=D Mhm
m>0
Using these two equations together with the fact that
> o o) = 3 (i Hhet 2o
2k kT 22k — 1) Ak
k>1 E>1
the right hand side of Proposition 3.4 becomes
nk:,m m

k>1 \m>0
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é\é\ zé\ ?ﬁé\ O
2 3 3 2 1 3 1 2

Fig. 1. All admissible rooted trees with 3 leaves, i.e. all elements of R[3]. The first three rooted trees have
two internal vertices each and the fourth has one internal vertex. Internal edges are colored in blue. The
automorphism groups of the first, second and third rooted tree are generated by the transpositions (2, 3),
(1, 3) and (1, 2) respectively. The automorphism group of the fourth rooted tree is the full symmetric group
&3, i.e. it includes all permutations of the labels. (For interpretation of the colors in the figure(s), the reader
is referred to the web version of this article.)

Equating coefficients of (5) and (6) now gives the proposition. O
3.4. Rooted trees

In order to count forested graphs with automorphisms, we begin by counting forests
with automorphisms. In order to count forests with automorphisms, we begin by counting
trees with automorphisms, and in order to count trees with automorphisms, we begin
by counting rooted trees with automorphisms.

Let R be the species of leaf-labeled admissible rooted trees p, i.e. all internal vertices
of p must have valence at least 3 and R[n] is the set of all such rooted trees with n
leaves. The elements of R[3] are depicted in Fig. 1. The rooted tree py with one root,
one leaf and one 1-cell has no internal vertices so satisfies the definition, but it plays a
special role so we call it the special rooted tree. AR is then the species of pairs (p, a),
where p € R and a € Aut(p). Recall that an automorphism of a tree is determined by
what it does to the leaves. So, for a rooted tree p € R[n] we can (and will) identify the
group Aut(p) < &,, with the usual simplicial automorphisms of the tree p. To each pair
(p,a) € AR we assign the weight w(p,a) = (—1)"»(?) where v, (p) is the number of a-
orbits of internal vertices. The special rooted tree py has only the identity automorphism,
and the pair (po,id) has weight (—1)° = 1. The associated generating function

R@O=Y o Y (e

n>1  (p,0)€AR[n]

is the Frobenius characteristic of rooted trees. The first few terms are

R(f) =T —

1 1 1
5(x% +x2) + 63(x? + 2122) — E(lei +3w122 + 223) + ...

The first term comes from the special rooted tree py. The second term comes from the
rooted tree with one internal vertex and two leaves branching from it. We have two
automorphisms that either switch the leaf-labels or do not. The third and fourth terms
in this sum come from the rooted trees in Fig. 1 and their automorphisms.
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Remark 3.7. The name Frobenius characteristic comes from an interpretation of these
generating functions in the context of the representation theory of the symmetric group:
We can think of R(T) as an element of the ring of symmetric functions and each homo-
geneous part of R(T) as the image of a certain representation of the symmetric group
under the Frobenius characteristic map. These representations are the vector spaces gen-
erated by the elements of R[n] with the action of &, which alternates with (—1)v«(r)
as above. However, in this paper we will not make use of this representation theoretical
interpretation of these objects.

The next proposition shows that the characteristic R(Z) has a remarkably simple
form.

Proposition 3.8.

R(Z) =) @ log(1 + ),

n>1

where p is the Mobius function.

Proof. The formula will be established by relating pairs (p, ) recursively to pairs (P, )
consisting of a set of rooted trees ® and an automorphism v € Aut(®).

Let @ be a collection of two or more admissible rooted trees and v € Aut(®). Set
w(®,7) = (—=1)"(®), We can form a new admissible rooted tree pg by gluing the roots of
the trees in ® together and growing a new root from the resulting vertex. The resulting
rooted tree has one new internal vertex, which is fixed by any automorphism, and at
least 2 leaves. The natural map Aut(®) — Aut(ps) is a bijection, so we will use the
same name v, and we have w(pg,vy) = —w(®,7). The only pair (p,«) which cannot be
obtained in this way is (po,id), so

_ 1 v
R(T) = 21 — Z Z . Z (=1)" (P, (7)
k>2n>k " (®,)€ASeth(R)[n]

Proposition 3.2 tells us

Rsoti(T.7) =Y > % > (1)@ g7y — exp ZykR(i[k]) 7

k>0n>k " (®,y)eASet* (R)[n) k>1

Setting yr = 1 for all k£ and subtracting the terms with £ = 0 or k£ = 1 gives the
summation term in Eq. (7) above, i.e.

R(Z) =21 — | exp Z R(@w)

k>1

-1 R(f[l]) . (8)
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Since R(Z[;)) = R(Z) this gives ), R(ZT))/k = log(l + x1) and because T, =
(T, Tok, - . .), we also have >, o R(fﬁcn])/k = log(1 + x,) for all n > 1. Multiplying
both sides of this equation with wu(n)/n, summing over n > 1 and using the defining
recursion of the Moébius function results in the statement. O

3.5. Unrooted trees

We next use this generating function for rooted trees (weighted by the parity of
internal vertex orbits) to find the Frobenius characteristic V(Z) for the species T of
unrooted admissible trees, weighted by the parity of internal edge-orbits. Here T [n]
consists of labeled trees with n leaves, and to a pair (¢t,a) € AT, where t € T and
a € Aut(t), we assign the weight w(t,a) = (—1)°«® where e,(t) is the number of
internal edge-orbits of « in ¢, and define

V@ =Y Y (e, )

n>3  (t,a)€AT[n]
Proposition 3.9.

_ ] x _
V() =a1 + 3 "5 " (14 z1)R(Z).

Proof. Suppose ¢ is an unrooted tree and a € Aut(t). The set of points fixed by « is
connected, so is either a subtree t* or an isolated point in the middle of an internal edge.

Suppose first that there is a fixed subtree t®. For each internal vertex v € t%, we can
think of (¢, ) as a collection ® of at least 3 rooted trees, with v as their root, and of «
as an automorphism of ®. Note that e, (t) = va(t) — 1 = v, (P). Using Proposition 3.2
and setting y, = 1 for all k, the generating functions of such collections ® is

R(@p) R(@p)?
2 2 ’

R(z
exp Z (k[k]) -1 R(T[l]) —
E>1

where we have subtracted the terms that correspond to collections with fewer than 3
trees. By Eq. (8) in the proof of Proposition 3.8 this is the same as

2~ R(@) — R(im) - R(Qf)g. (10)

If we place a root in the middle of an internal edge of t*, we can view t as a pair {p1, p2}
of rooted trees and « as a pair {a1, as} of automorphisms of p; and p, respectively. Since
e is not adjacent to a leaf neither rooted tree is the special rooted tree. The generating
function of such rooted trees is therefore
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T — T 2
R@ ) )

Here we have e, (t) = vo(t) — 1 = vo({p1,p2}). The sum of expressions (10) and (11)
counts the pair (¢, ) multiple times, once for each internal vertex of ¢t* with sign
(—1)¢«(® and once for each internal edge of t* with the opposite sign. Since t* has
one more internal vertex than internal edge, this sum leaves us with exactly one contri-
bution from each (¢, ), with sign (—1)°=(*)  i.e. the sum gives the contribution to V()
from all such pairs.

We still have to account for pairs (¢, &) with no fixed vertices, i.e. the only fixed point
is at the midpoint of an internal edge. The tree ¢ can then be viewed as the union of
two identical rooted trees {p1, p2} rooted at this midpoint, which are exchanged by a.
By Lemma 3.3 these are counted by R(Z[3)/2. Since in this case eq(t) = va({p1,p2}),
these contribute

R(Tp) o (12)
2 2
to V(T), where we have subtracted the term corresponding to the interval since that is
not an admissible unrooted tree. The sum of formulas (10), (11) and (12) now has one
term for each pair (£,a), weighted by (—1)%®) i.e. the sum is equal to V(Z). O

As an immediate corollary of Proposition 3.9 and Proposition 3.8 we have

Corollary 3.10.

2
k
V(@) =21 + % - % - (1—1—301)2 Hg{; ) log(1 + xx).
k>1

Using log(1+z) = anl(fl)”ﬂxn/n, and the definition of the Mdébius function, we
can expand this power series. As (1) = 1, u(2) = p(3) = —1 and p(4) = 0, the first
coefficients are

2 2 3 ozt 1 x2
V(E)x1+12(1+x1)(<x11+11+...)(z22+...>

2 2 2 3 4 2 2
1
*g( 3+...)+...>
.7/'3 r1x x 374 $2 T1x
e A e A W} LeCaE

where we omitted terms of total degree higher than 4. As expected there are no terms of
degree smaller than 3, as such terms would correspond to trees with fewer than 3 leaves.

We recall from Section 3.2 that setting T = («,0,0,...) in the Frobenius characteris-
tic V(Z) for unrooted trees recovers the generating function V(z) for unrooted trees ¢
weighted by (—1)¢®), where e(t) is the number of (internal) edges of ¢, i.e.
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2

Viz)=x+ % — (1 +2)log(1 + ). (13)

For a detailed exposition of this formula see [11].
As forests are just collections of trees, Proposition 3.2 gives us the following expression
for the alternating cycle index series for the species F of forests:

V(z
VSet T y Z Z ( 1)67(®)x7y’>’4> = exp Zyk¥ . (14)

n " (®,7)€AF[n] k>1
3.6. Forested graphs

What we want to do with these forests is to glue their leaves together in pairs to
form admissible graphs (which we can only do if there is an even number of leaves). We
also want to keep track of the Euler characteristic of the resulting graph G this is the
number of trees in the forest minus half the total the number of leaves. It is equivalent
to keep track of —2x(G) = #{leaves} — 2#{trees} (which is always a positive integer)
so we mark this number with a new variable u, and define the Frobenius characteristic
of admissible forests

e (P s—2k(P
Z Z (=1 (@) g7y, (@), (15)

520 ' (®,7)€AFs]

where F is the species of forests and k(@) is the number of trees in the forest .
Proposition 3.11.
oy, V((u- w)[k])
F(u,T) = exp Zu ,
E>1
where V((u - T)[5) means that we replace each variable x; in V(T) with u"zy;.

By Eq. (9) the lowest term of V(u - ) is of order u?, and hence the lowest term of
V((u-T)yy) is of order u?*. Hence, F(u, ) is the exponential of a power series in only
positive powers of u.

Proof. Starting with the definition of Vg (%, %), the substitution x; — u’xz; sends 2 to
ulMa? | and the substitution y; — u~2" sends y7® to u?*(®) where k(®) is the number of
trees in ®. Doing both substitutions gives F(u,T). O

Proposition 3.12.
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X N
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Fig. 2. A forest with automorphism v = (13)(24)(57)(68)(9 10) and matching ¢ = (13)(25)(47)(68)(910) that
commutes with -, corresponds to a forested graph with the automorphism that flips the graph over the
horizontal axis.

where we sum over all integer partitions A and my is the number of matchings that
commute with a permutation of cycle type \. The sum is finite since [u?"2*|F(u,T) =0
unless 2n < |A| < 6n.

Proof. Our generating function F(u,Z) counts forests together with automorphisms, i.e.
if we set

Frx = {(®,7)|® has |A| leaves and k = components and v has cycle type A},

Al =7
2
then

W P, 7) = o S (—1)=®),

o,
7'7)6}-7‘,A

Because a nonempty forest has at least one component, we have [u"z |F(u,Z) = 0 if
|A| < r, and because every connected component of an admissible forest must have at
least three leaves we have [u"z?|F(u,Z) = 0 if |A| > 3r. In particular, for a given r there
are only finitely many integer partitions A such that [u"z*|F(u,Z) is nonzero, i.e. the
terms in the sum

Z a[u" 2z F(T, u)
A

are only nonzero when r < || < 3r.

Let M, C &, be the set of fixed-point free involutions on the set {1,...,r} and
IF, = {(®,7,0)|(®,7) € Fr.x and ¢ € M, commutes with v}. Then ny[u"z*|F (7, u) is
equal to 1/|\|! times the sum of elements in ZF, » weighted by (—1)¢(). We can make
a forested graph equipped with an automorphism from an element (®,v,t) € ZF, by
using ¢ to identify the leaves of ® in pairs, provided » = 2n is even (see Fig. 2). The
result will be a forested graph (G, ®g) with x(G) = —n, where ®q is the subforest of G
consisting of just the internal edges and vertices of ®, and the leaves of ® have become
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(labeled) half-edges in G\ ®¢. This gives us a one-to-one correspondence between elements
of ZF3,, » and pairs ((G, ®g), ) consisting of a forested graph (G, ®y) with x(G) = —n
and an automorphism v € Aut(G, ®p), where the half-edges of G \ @y are labeled by
{1,...,|A}. The symmetric group &), acts on ZFs, x by permuting the labels. The
stabilizer of ((G,®o),v) is Aut,(G, ®¢), the automorphisms of (G, @) that commute
with ~, and the orbit is the unlabeled pair [G, ®¢] together with a conjugacy class [7] of
the automorphism group Aut(G, ®g). If we now take the sum over all integer partitions
), the orbit-stabilizer theorem gives

Z”A 2n, ,\ (T, u) |)\|IZ Z (_1)ew(<1>)

A (@,79,0)ETF 2m

1 ey (%0
= 2 > |Aut7(G,<I>o)|(_1) "

[G,®0] [v]EAUt(G, Do)
X(G)=-n

1 o (@0
" ey 2 0

(G, ®o] yeAut(G, o)
x(G)=—n
The second step uses the orbit stabilizer theorem again on the centralizer Aut, (G, ®).
Since the last line is the definition of €,,, the proposition is proved. 0O

The following theorem summarizes the steps needed for computing e(Out(F,)) for a
given n.

Theorem 3.13. For fizedn > 2, the numbers e(Out(Fz)),...,e(Out(F,)) can be computed
by the following steps:

(1) Calculate V(T) up to homogeneous degree 6(n — 1) in T using the formula in Corol-
lary 3.10.

(2) Calculate the coefficients [u**a*|F(u,Z) from V(T) using the formula in Proposi-
tion 3.11 for all pairs k, A\ with k <n — 1 and \ a partition of size < 6k.

(3) Calculate the numbers ny using Corollary 3.5 for all X of size < 6(n — 1).

(4) Calculate the numbers €y, ..., €,_1 using the formula

ZT//\ 2k)\ ’U,T)

from Proposition 3.12. Recall that this is a finite sum: the terms are monzero only
for partitions \ of size 2k < |\| < 6k.
(5) Recover e(Out(F,,)) from €y, ...,€,—1 using the recursive formula in Corollary 2.6.

The most demanding part of the computation is the expansion of the generating
function F(u,Z) for the Frobenius characteristic of admissible forests. We used Jos
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Vermaseren’s FORM programming language [28] to compute this expansion up to an ap-
propriate order and calculated e(Out(F},)) for n < 15. The result is listed in Appendix A.
We report on an optimized program with which the numbers e(Out(F;,)) were computed
for all n < 100 in a separate publication [9].

4. Asymptotic behavior of e(Out(F,))
4.1. Owverview of the proof of Theorem 1.1

In this section, we will prove Theorem 1.1, which gives the asymptotic behavior of the
numbers e(Out(F;,)). The argument goes through the following steps: In Section 4.2, we
will show that €,, and e(Out(F},)) have the same leading asymptotic behavior. Hence,
it is sufficient to prove the asymptotic expression for €, that we state in Theorem 4.2.
The proof of Theorem 4.2 relies partly on asymptotic results from [10]. In that paper we
defined power series T'(h) and f(h) with coefficients x,, and X,, respectively by

T(h) = "R =exp [ D xuh™ | = exp(T(h)), (16)

n>1 n>1

where x, = x(Out(F,41)) is the rational Euler characteristic of Out(F,1). We recall
the precise formula for the asymptotic behavior of X,, from [10] in Proposition 4.3. We
next find a new expression for the numbers €, that explicitly involves the generating
function f(h) For this we need a slight extension of the combinatorial discussion from
Section 3 that we give in Section 4.3. The new expression for €, is then derived in
Section 4.4 and summarized in Theorem 4.10.

Theorem 4.10 expresses the number €,, as a sum over partitions. We eventually show
that the contribution to this sum from many of these partitions is negligible for large
n, and that the remaining terms have the same asymptotic behavior as certain numbers
P,,, which we define in Eq. (26). We begin by proving some elementary estimates in
Section 4.5. In Section 4.6, we use these together with some further estimates to de-
termine the asymptotic behavior of the numbers P, (see Proposition 4.25). It remains
to prove that the numbers P, have the same asymptotic behavior as the numbers €,
(stated precisely in Proposition 4.18). This technical part of the argument also involves
the estimates from Section 4.5 as well as many further estimates. The argument is split
between Sections 4.7 and 4.8 and finishes the proof of Theorem 1.1.

4.2. Precise asymptotic statements

To discuss the asymptotic behavior of sequences we use the following standard con-

ventions.
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Notation. Let {c,} be a sequence defined for all but finitely many positive integers n.
The set O(cy,) consists of all such sequences {a,} for which limsup,,_,  |an/cn| < c0.
The notation a,, = b, + O(c,) means a, — b, € O(cy,). Recall that the notation a, ~ by,
means lim,, o @, /b, = 1.

To describe the asymptotic behavior of the numbers €, we will use the I function,
which is defined by I'(z) = fooo 2*~le7%dz for all z > 0. At integer arguments it agrees

x

with the factorial n! = I'(n + 1). By Stirling’s formula, we have I(z) ~ 272" z¢~
[1, Eq. (3.9)], i.e. T'(x) grows more than exponentially. Explicitly, we will quantify the
asymptotic behavior of €, using the sequences B,, and L,, defined by

1 I'(n—1% 1
Bn:*—M and Ln:ﬂ.
V2m log®n loglogn

It follows from Stirling’s formula that
Lemma 4.1. B, ~ —n"e~"/(nlog®n).

Proof. B, /(—n"e"/(nlog’n)) ~ ez (1—5-)""1 ~ 1, where we used lim,, oo (14 2)" =

2n

e’. O

The remainder of the paper is devoted to proving the following theorem.
Theorem 4.2. €,, has asymptotic behavior

@, =€ 4B, +O(Bn/Ly).

Note that lim,_,ec L, = 00, so it follows that 6, ~ e~ B,. By applying Stirling’s
formula, i.e. Lemma 4.1, we moreover find that €, ~ —e‘in”e_"/(n log®n).

The following statement from previous work by the authors is needed to prove this

theorem.

Proposition 4.3 (Proposition 8.1 and Lemma 8.7 in [10]). X,,, defined in Eq. (16), has
the asymptotic behavior,

Xn = Bn + O(B,/Ly).
Proof. We just have to substitute the asymptotic formula for the numbers vy in [10,
Lemma 8.7] (where we uncover an obvious typo: there should be no minus sign in [10,

equation (8.7)]) into the formula for ¥,, from [10, Proposition 8.1]. O

As an immediate corollary we get
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Corollary 4.4. There exists a constant C, such that

1
|)?H§C’F<n§> foralln > 1.

Proof. This follows from O(Y,) = O(B,) = O (T(n—3)/log’n) C O (T(n-3)).
Hence, lim,, o0 | X,, /T'(n— 3)| is finite and as I'(n— 1) > 0 for n > 1, ¥,, /T'(n— 1) stays
bounded. O

We also showed that the numbers X, have the same asymptotic behavior as X,, [10,
Proposition 8.6]. A slight modification of the proof of this given in [10] gives the following
statement.

Proposition 4.5. The numbers e(Out(F,,11)) have the same asymptotic behavior as €,.

Proof. Lemma 8.8 of [10] gives a criterion for showing the asymptotic behavior of the
coefficients of a series Y a,a™ agrees with that of the coefficients of exp(}_ a,x™). The
proof of Proposition 8.6 in [10] immediately following Lemma 8.8 applies almost verbatim
to show that the coefficients e,, defined by >~ | e, hi" = log (3", €, ™) have the same
asymptotic behavior as €,, i.e. e, = e~ 1B, +O(B,/L,). By Corollary 2.6 of the present
paper, e(Out(Fni1)) = en+ 3 4, 021 @en/d. As n has fewer than n divisors and
|u(n)| < 1, the sums ded# #en/d form a sequence in O(ne, /) = O(nB,/3) C
O(nI'(n/2—3)) C O(B,/Ly), showing that e(Out(F,1)) also has the same asymptotic
behavior ase,. O

Proof of Theorem 1.1. By Theorem 4.2 and Proposition 4.5
e(Out(Fpi1)) = e 1B, + O(B,/Ly).

The result follows by applying Lemma 4.1 and from log(n—1) ~ logn and (1—1/n)""! ~
el O

Remark 4.6. In fact, we prove a stronger statement than Theorem 1.1 which quantifies
the error term in the asymptotic behavior. By Propositions 4.3 and 4.5, we have for large
n

e(Out(Fy))/x(Out(Fy,)) = e i+ O(loglogn/logn).

The error term O(loglogn/logn) above appears to be too pessimistic. Based on the
computations of e(Out(F,)) up to n = 100 from [9] and empirical comparison with
x(Out(F,)), we conjecture

e(Out(F,))/x(Out(F,)) = e~ 4 (1 - 2—9n +0 <i)> .
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4.3. Forested graphs with legs

In Section 3, we have only needed to consider forested graphs (G, ®) such that G has no
univalent vertices. However, to determine the asymptotic behavior of the integral Euler
characteristic we will need to do a finer analysis, which involves studying pairs (G, @)
where G is allowed to have univalent (but not bivalent) vertices, while ® is not allowed
to contain any edges adjacent to univalent vertices. We call the edges of G adjacent to
univalent vertices legs and the pairs (G, ®) forested graphs with legs. In this subsection
we point out that a minor modification of the counting methods from Section 3 counts
these more general graphs.

Recall that admissible graphs are constructed by pairing the leaves of an admissible
forest ®. The internal edges of the forest then become a subforest ®q of the admissible
graph G. To get the original forest back you cut all the 1-cells of G that are not in ®g;
the half-edges that result are attached to the leaves of the original forest ®. If the graph
G has legs we are not allowing the subforest ® to contain them so they must be cut,
which results in components with one 0-cell and one half-edge. These are not admissible
trees, so we will call these special components, and mark them with a new variable w.
A forest which is allowed to have both admissible and special components will be called
an extended forest. Matching the leaves of an extended forest results in a graph with a
univalent vertex for each special component.

Let F* denote the species of extended forests, and define F*(x,u,w) to be

s(®
F(ouw) = 3 <_1)e<<1>>us<<1>>—2k<<1>>wj<<b>L)V
DEF* 5(2)!

where e(®) is the number of edges of ®, s(®) is the number of leaves, k(®) is
the total number of components and j(®) is the number of special components, i.e.
[u" 25w F*(u, z,w) is the edge-weighted count of forests with s leaves and (s — r)/2
components, of which j are special.

Recall that V(x) is the generating function for unrooted trees, weighted by the parity
of their internal edges (see Eq. (13)).

Proposition 4.7. F*(u,z,w) = exp(u™wz + v =2V (ux)).

Proof. A special component has 1 leaf, 0 edges and 1 component (which is special!),

Lwz accounts for special components. The term =2V (uz) accounts for

so the term u™
admissible trees as before. Exponentiating gives the generating function for collections,

as per Lemma 3.1. O

In [10] we showed that the rational Euler characteristic x, = x(Out(F,+1)) is given
by
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(1)@
Xn= D>, e
Aut(G, )]
(G, @]
G connected
x(G)=—n
where the sum is over isomorphism classes [G,®] of connected forested graphs of
Euler characteristic —n. We defined the corresponding generating function, T'(h) =
> ns1 Xal™, in Eq. (16).

In [10], we also defined an analogous generating function T'(f,w) for isomorphism
classes [G, @] of connected forested graphs with legs, which are weighted in the same
way as in the formula above. Here the variable w marks the legs of G, i.e. [F"w*]|T (h, w)
is the weighted sum over isomorphism classes [G, @] such that G is connected, has Euler
characteristic —n, and has s legs. We can relate T'(h,w) to the generating function
F*(u,z,w):

Lemma 4.8.

Z (2m — DN [x®™|F* (u, z, w) = exp <u2w + T(uQ,w)> .

m>0

Proof. The coefficient of u?"w* in (2m —1)!![z?™|F*(u, z,w) gives the weighted count of
forested graphs with s legs and y = —n that can be made by gluing the leaves of extended
forests ® with 2m leaves. Adding up over all m gives the count of all forested graphs
with s legs and y = —n. The term exp(7T'(u?,w)) counts forests, but misses components
with a single internal vertex and two legs. Those are taken care of by adding the term
(u2w?)/2 to T(u?,w). O

Finally, we recall from [10] that T'(h, w) and T'(h) are related in the following way.

Proposition 4.9 ([10], Proposition 3.1).

2
w w
T(h,w)=T(he ™)+ 3 + ! (e“’ —1l-w-— 7) .
Here T'(he™") accounts for connected forested graphs with negative Euler character-
istic, the term % accounts for those with Euler characteristic zero, and the last term
accounts for trees.

4.4. Relating the integral and rational Fuler characteristics

Recall from Eq. (1) that each triple [G,®, ] consisting of a forested graph with
X(G) = —n and an automorphism « preserving ® contributes to €,. Restricting the
sum to only triples with @ = id gives the exponentiated rational Euler characteristic
Xn from Eq. (16). To prove Theorem 4.2 we will exploit the fact that we already know
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the asymptotics of X,. We will eventually find that the contributions to €, from triples
[G,®,a] such that « fixes @ and has order at most 2 dominate the asymptotics of €,.
In this subsection we manipulate our formula for €, to isolate these contributions, and
in the following subsections we will prove that they dominate by bounding the relative
size of the remaining terms.

We start with the formula

en—ZU,\ 2n)\ UE)

from Proposition 3.12. From Proposition 3.11 we have an expression for F(u,Z), so

- n o V((u- r)k)
enZZm 23 exp Z“ ok V(- T)y)
A

k>1

Recall that a permutation is called a derangement if it has no fixed points; this is equiv-
alent to saying that the corresponding cycle type has no parts of size 1, so we call it
a deranged partition. An integer partition A is equivalent to a pair (m,d) where m is
the number of parts of size 1 in A and § is the deranged partition obtained from A by
removing all parts of size 1.

To make an admissible graph with an automorphism from a pair (®, «) consisting of
a forest and an automorphism, leaves of ® that are permuted by « in cycles of equal
lengths must be paired with each other; in particular, leaves that are fixed by a must
be paired with each other. By first pairing the fixed leaves we can reduce the expression
for €, above to a sum over deranged partitions. Specifically, if there are 2m fixed leaves
there are (2m — 1)!! ways to pair them, so if A = (2m, ) then ) = (2m — 1)!lns and

Z’I}g n 5 Z(Zm—l)!![m%m] exp Zu_%iv((uéi)[k])
m=0 k>1

= 2_mslu’"a’Jexp Z“_Qk o x)[k]) D@m= )27 exp (v V(u-T)),
5

k>2 m=0

where we sum only over deranged integer partitions d. (Note that the variable 21 does not
appear in the power series V((u-)p)) for & > 2.) The expression in the first exponential
will not change in what follows, so we give it a name:

k.3 k k 2k .4
_ uxk u®x urpror U T3zp  uT
Zu2k )[]) Z k 3k k

6k 2k 3k 12k

+ ...
k>2 E>2

and our expression reads
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ey = an 21 2%] exp(hy (u, T) Z 2m — D)[23™] exp (v >V (u - T)). (17)
m=0

Next we look more closely at the term exp(u=2V(u - T)). We first separate out the
contribution to V(Z) of pairs (¢,«) with a = id. This is obtained by setting z; = 0
in V(z) for all ¢ > 2; recall that this gives us the generating function V(x;) for trees
without automorphisms. By Corollary 3.10 we have

2

Xz X
V(@) =21+ 5 - 72 — (1+2))R(T)
2
_ T T2 u
—x1—|—7—7 g log + 1)

k>1

2
k
:x1+%7(1+x1)10g(1—|—x1)7%7(1+J;1)Z”( ) log(1 + )

=V(z1) — -5 + (1 +21)W(@),

2
2
where W(7) = — 32,2, “¥ log(1 + 1) = ~R(Z) + (1 +21) log(1 +1). Note that W ()

counts rooted trees with automorphisms that do not fix any leaves, in particular it does
not involve the variable z1. By Eq. (18) we have

exp (v *V(u-Z)) = exp (u_z (V(uxl) - uQ% + (1 +uz))W(u - E)))
= exp ((u*2V(u:ﬂ1) +u e W(u-T)) +u? (W(u -T) — u2%)> .
By Proposition 4.7, exp (v™2V (uz) + v twz) = F*(u, z, w), where [u?"z*w!] F*(u, z, w)
counts forests with j special components and s leaves that glue up to graphs with y = —n
and j legs. Note that W (u-T) can be interpreted as a power series in u whose coefficients
are polynomials in x1, 3, . ... This power series has no constant coefficient, so if f(w) is
another power series, then the composition f(W(u-T)) is convergent in the usual power

series topology. Substituting x; for z and W (u - T) for w in Proposition 4.7, our formula
for exp (u=?V(u - T)) becomes

exp (u72V(u . E)) = F*(u,z1, W(u - T)) exp (u*2 (W(u T) — uz%)) .
Substituting the above into Eq. (17) gives the following expression:

an 20 2%) exp(hy (u, T) ) x

i 2m — DN F* (u, 21, W(u - T)) exp (u‘Q (W(u - T) — u2%>) .
m=0
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Now recall the statement of Lemma 4.8

-2,.,2

3 (@m - DN F* (u, 2, w) = exp (“ +T(u2,w)>.

m>0

After substituting z; for z and W (u - Z) for w in this statement, Eq. (19) becomes

&, = Zna 2n29) exp(hy (u, T)) X
u *W(u - T) " (20)
exp (f +T(w?, W(u-7)) +u* (W(u T) - qu))

By Proposition 4.9 we have a relation between T'(h,w) and T'(h). Substituting u? for h
and W (u - Z) for w, this relation becomes

T, W(u-%)) = T(u2e” W) 4 5

+u? (eWW'”) ~1-W(u-7) - M) .

2

Substituting this into Eq. (20) and simplifying turns our expression for €, into

i, W -z i,
Z%[uznxé] exp <h1(u,f) +T (u26_w(u.m)> +M + 2 (eW(wa:) 1 ﬂ)) .
5 2 2

(21)

Recall from Eq. (16) that T'(h) = exp(T'(h)) and set

W(u- -z
hs(u,Z) = u™? (ew(“'i) -1- UQ%) .

We record Equation (21) formally as a theorem:

Theorem 4.10.

=2l | V), ),

where the sum is over all deranged integer partitions 6 and

H(u,T) = exp (hy(u,T) + ho(u,T) + h3(u, 7)) .
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o VL

(G, ®,a) led G" (G, ®)

Fig. 3. Reducing a forested graph (G, ®) with automorphism « interchanging v and w to a forested graph
with legs. The graph G’ is obtained by cutting edges not in G* or ®, and « induces the derangement
(14)(23)(56). The next graph G’’ replaces each set of trees at a vertex of G by a single orange leg, and
the final graph G results from contracting all separating edges in G’/ that are not legs.

Note that u(2) = u(3) = —1 and p(4) = 0, hence the first few terms of W (u - z) are

1 utz? udz
ZM log(1 + ufxy) = = <u2x2— 2) B

k>2

where higher powers of u were omitted. It follows that hy(u, ) = W(u - z)/2 and

2
halu. F) — 72</W(u-i)717 2@)_ T3 213
3(u,T) =u"“ (e u ug U +.

are power series in only positive powers of u (as is hy(u, T)).

Remark 4.11. Here is a combinatorial interpretation of Theorem 4.10. Given a triple
(G, ®,a), let G* be the subgraph of G fixed by «, and ®* = &N G*. If we cut all edges
of G which are not in ® or in G%, we obtain a graph G’ with leaves, and «a induces
a derangement of these leaves (see Fig. 3). The fixed subgraph G is a subgraph of
G’. Components of G’ that do not intersect G* are k-cycles of trees with k& > 2; these
contribute the term h; in Eq. (21). If C is a component that does intersect G then
(CNGY,CN®Y) is a forested graph, and the rest of C' consists of k-cycles of rooted trees
attached at various vertices of C N G%, where k > 2. At each of these vertices, remove
all of the deranged trees that are attached there and replace them with a single orange
leg. Then contract all separating edges of the result that are not orange legs to get an
admissible forested graph (C, ®) with legs. We can count such forested graphs using the
generating functions T'(he™") (if x(C) < 0), % (if x(C) =0), and i~ tw — 2 (1f Cisa
tree but C' is not a single vertex with two half-edges attached). Replacing i by u? and w
by W (u - Z) has the effect of marking the negative Euler characteristic by u? instead of
h and reconstructing the components C' by adding rooted trees to the forested graphs.

To determine the asymptotic behavior of €, we will estimate the size of the co-
efficients of H(u,T), and show that their contribution to €, is dominated asymp-
totically by the contribution of T(u?e~W(#) We will also show that the sum
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5 ns[u2a?| T (u2e= W) is dominated by contributions of deranged partitions § with
all parts of size 2. We will then be able to determine the asymptotic behavior of €,, using
estimates on the size of 1) and the fact that we know the behavior of the coefficients ¥,
of T(R) from our previous work in [10].

4.5. Splitting and merging I' functions and estimating the numbers 1y

In this subsection we show that the numbers 1) and 7 ,, defined in Corollary 3.5 are
bounded by I' functions modulated by exponentials. Recall that the I' function satisfies

o I'(z+1)=2al'(z) for all z > 0,
e I'(1/2) = /m, and

o I'is log-convex, i.e.

1 1 1
logT (ta+(1 —t)b+ 2) <tlogl' (a+ 2) +(1—1t)logT (bJr 2) , (22)
for all t € [0,1] and a,b > 0.

In fact, these three properties determine the function I' completely [1, Theorem 2.1].
Lemma 4.12, Corollary 4.13 and Lemma 4.14 below follow easily using these properties.

Lemma 4.12. For all x,y,z € R with 0 < z <y < = we have

1 1 1 1
F<JJ+2)F<y+2> Sf(m+z+2>F(yz+2>.

Proof. Adding Eq. (22) to itself with a and b interchanged gives,

1 1
10g1“<ta+(1—t)b+§)—|—logl“ ((1—t)a+tb+§)

1 1
glogF<a+ 5) + logI' (b—i— 5)

We can choose a =z + 2z, b=y—zandt=1—z/(x —y+2z),ast € [0,1] and a,b >0
are fulfilled because z < y < x. Exponentiating gives the stated inequality. O

Corollary 4.13. For all z,y € R with x,y > 0 we have

F(w+%)F(y+%)<F(x+y+%)
VN A

Proof. Specializing Lemma 4.12 with y = z and using I'(1/2) = /7 gives the bound. O

(23)
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Lemma 4.14. There is a constant C such that for all x,y € R with =,y > 0 we have

1 1 1
F<m+y+§> < cttetp <x+§)F<y+§). (24)

Proof. Specializing Lemma 4.12 to x =y = (¢’ + y')/2 and z = |2’ — ¢/|/2 gives,

Ty 1) 1 1
r (%) <T (x’ + 5) r (y' + 5) for all ',y € R with 2/,y' > 0.

The duplication formula for the T" function [1, Eq. (3.11)] can be written as

F(Z;“1> = 9=*/al(z + 1)/T (§+1). (25)

Applying this identity once to the left hand side of the inequality above results in

I'(z+ +1 <2x+yF( +y)T +1 r +1 for all € R with >0
= = = or all z ith = )
rry 2) =" x rry € 5 Y 5 Y w Y =
where F(2) =T (£ +1)T (2 + 1) /(' ((82) I'(2 + 1)). To prove the upper bound in the
statement it is therefore sufficient to show that there is a constant C such that F'(z) < C

for all z > 0. F(2) is regular for all z > 0, so it is sufficient to prove the existence of such

z+1
2

a constant for z > 1. In this case, we have F'(z) < 1, because
Lemma 4.12 to establish

1 1
F(%+1)F<z+§)<l—‘(z; )I‘(z+1) forall z>1. O

< z and can apply

We now apply these lemmas to bound the numbers 7, defined in Corollary 3.5.

Lemma 4.15. There exists a constant C' such that

(kCY™2_ (m+1
<
Mo < =T =

Proof. Because 1,0 = 1 and I'(1/2) = /x, the statement is obvious if m = 0. In all
other cases it is sufficient to prove the bound for m large. By the standard identity
(2n — 1)!' = 2"I'(n + 3)//7 and by the definition of 7, the statement is true for all
odd k. For even k,

> for all k> 1 and m > 0.

[m/2] [m/2] 1 1
m m T(r+ %) (r+ 1)
m = E "2r — ! = E Eror———22 <9™m 2k)" ———22,
Mk, s <2r)k 2r=1) — <2r> N ogrg?é/QJ( ) LS

where we used the floor function |-| and ZL%“ (57) < 2™. The statement follows since

I'(x) is increasing for sufficiently large . O
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Recall that £(\) denotes the length of A, i.e. the number of parts of the partition.

Corollary 4.16. There is a constant C such that for all integer partitions X,
(Al 1
< C r L) + .
Nz 2

Proof. Let A = [1™12™2...] and note that my = 0 for all k¥ > |A|. Recall that logk < k
for all k£ > 1. Therefore,

[Al Al |Al

Hkmk/z:exp ka/2logk' < exp kak/Z = el/2,
k=1 k=1 k=1

By Lemma 4.15 there is a constant C' such that
A

[A]
(kCY™ /2 (my + 1
= H Mheymy < H o r 5 .

k=1 k=1

The proof is completed by using the first inequality, the fact that 3, -, mg = £(\) < |A|
and the bound from Corollary 4.13. O

1

Finally, the last lemma in this subsection shows how the constant e™1 arises:

Lemma 4.17. Recall the definition of L, in Section J.2. For large n,

"m0
2 g m = 1 HO ().

m=0

In fact this sum converges much faster than the indicated error term, but this rough
error estimate is sufficient for our purpose.

Proof. By Corollary 3.5 we have 13 ,, = ZLZézJ (51)27(2r —1)!1. Using this, we find that

Lm/2]

o0 (_1)7” B o (_1)m o .-
2 G B = 2 ™ D i~ 2 2 Z (m - 2r
:2 <;12'2 g 0"t

By Lemma 4.15 we find a constant C such that the tail of this series is bounded as
follows:
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> G| s ¥ i) o Y on D

Mo m| >

m=n+1 2 m=n+1 m+n+1)
L") « (5

+1
<ortiottr 2y om0 o (oI o (L
- van! e Vrm! n! L,)’
where we used a constant C’ from Lemma 4.14 to split the I' function in the numerator
and Corollary 4.13 to split the factorial function in the denominator. The convergence

of the infinite sum and the last inclusion of sets follows from Stirling’s approximation of
the T" function. O

4.6. A new sequence of numbers

Let
n 1
. —2(n—m
Pn = Xnm( 2( )>77277Hv (26)
0

where the binomial coefficient (Z) is defined by W for integers k£ > 0 and all
q € R. In this subsection we will use the fact that we know the asymptotic behavior of the
numbers X, (Proposition 4.3) together with the estimates from the previous subsection
to determine the asymptotic behavior of the numbers P,. In the two subsections after
this one we will prove

Proposition 4.18.

—~ 7
ervo(r(n- 1))

At the end of this subsection we observe that Proposition 4.18 together with the
asymptotics of P, imply the main asymptotic result, Theorem 4.2.

Remark 4.19. Proposition 4.18 has the following combinatorial interpretation. Recall
that the numbers €,, are defined (in Eq. (1)) as an alternating sum over all admissible
forested graphs and over all their automorphisms. Proposition 4.18 gives an asymptotic
formula for this sum in terms of the numbers X,,. The numbers X,, take a sum over
forested graphs without summing also over automorphisms. The m = 0 term in Eq. (26)
is equal to X,,, which means it accounts for all the summands in Eq. (1) where « is
the trivial automorphism. The combinatorial interpretation of Theorem 4.10 (see also
Lemma 4.27 in the next subsection), implies that we can similarly interpret the term
)?n,m( 3 (n— m))772 m in Eq. (26) as accounting for all forested graphs with an automor-
phism Wthh is generated by m cycles of order 2 and where each cycle acts on half-edges
of the graph that are attached to a component of the fixed point set with positive Eu-
ler characteristic. The most important consequence of Proposition 4.18 lies in the error
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term O (T'(n —7/12)). It tells us that summands in Eq. (1) that involve more compli-
cated automorphisms (e.g. automorphisms of order > 3) are asymptotically negligible in
comparison to X,,, which grows in magnitude like T' (n — 1/2) /log* n (Proposition 4.3)
and therefore dominates all sequences in O (I'(n — 7/12)) = O (n= /2T (n — 1/2)) for
large n.

In order to determine the asymptotic behavior of the P, we need a few more estimates.

Lemma 4.20. There exists a constant C' such that

for all integers n,m with0 <m <n—1 andn > 1.

Proof. The lower bound is obvious as n —m +2r > n—m — % + r. We start by proving
the bound for all m > "T_l We have

ml o m 2 (2m+1) (m+1)
It o I o st <™ <™,
on—m—35+r - n—m———l—r
r=0 2
asn—m2>1="5"+r<n-m —l+rand2m+1>n
We still have to prove the bound for m < 2=, Recall that 1 +z < e” for all z € R.

It follows that ﬂ < et for z < 1. Therefore,

m—1 m—1 2r—m m—1 m4+L—r
n—m+2r 1+ M —m, 2
= n < e n
TI;[On_m__—’_r 7]:.[01_m+7%r_1_.[ Xp( n 1_m+7%r>
m—1 1
2r — m+s5—r 1
<Hexp<rn +2 Tj )Zexp(%>’
where we used m < 251 = 1/( %%4) <1/(3+%)<2 O

Lemma 4.21. There exists a constant C' such that

log(n+1) m(m+ 1)
<———MW—- < _
1_log(n—m+1)_eXp<C n

for all integers n,m with0 <m <n—1 andn > 1.

Proof. The lower bound is obvious. We start by proving the estimate for m > "7“

Because log grows slower than the exponential, there exists a constant C’ such that
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log(n + 1) < log(n +1)
log(n —m+1) = log2

ntl m(m+41)
2 " .

<Cm< () < (e < (e

The bound remains to be proven for all m < "T'H Again we use the inequality ﬁ <
exp 7 = log ﬁ < 1% which holds for all z € [0,1) to get

log(lfni) m
log(n+1) _ 1 < exp _W;{; — exp —log(1 — nT—l)
log(n —m+1) 4 loli(gl(;-ﬁ)l) - 1 105)(;(;ﬁ) log(n —m+1)

logﬁ 1 m_ 2
= exp (ﬁ) < exp (ﬁﬁ <e"p<ﬁ%>’
og og ~ ntl ogzsn

where we used 1/ (1 — I ) < 1 in the last step. O

n+1

1
Recall the sequences B,, = —\/% FI(OT;Q 721) and L, = 1Og’lg0 Zn from Section 4.2. Because

these sequences are not defined for n = 1, it is convenient to use following ones instead

o log(n + 1)

B = = e
n " loglog(n +e)

- Vor log*(n + 1)

It is clear that O(B},) = O(B,,) and O(L},) = O(L,,), but we also have control over the
error:

Lemma 4.22. B/, = B, + O (£2) and 1/L,, = 1/L, + O (ﬁ)
Proof. This follows from the fact that the following elementary limits exist:

1/1og? 1) — 1/ log?
p Ylog’(n+1) — 1/log’ n

5 and
n—oo 1/(nlog*n)

I loglog(n + ¢e)/log(n + 1) —loglogn/logn
im :
n—00 loglogn/(nlogn)

This can be shown, for instance, by using log(n + ) —logn < z/n. 0O
Lemma 4.23. Let

Qn,m = X\n—m /B’I/’L*m -1

There exists a constant C such that |Qp m| < C™ /L for all n,m with m > 0 and
n>m-+1.

Proof. By Proposition 4.3 and Lemma 4.22 we have ¥,, —B,, € O(B.,/L},). Because B/,
X, and L), are finite for all n > 1, there exists a constant C’ such that |X,/B], — 1| <
C'/L! for all n > 1. It follows that for all integers n,m with m >0 and n > m + 1.
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loglog(n —m + e)
log(n + 1)

1
@l = [Xn-m /Bpm = 1| < C'/L}_p < C'exp (C”m(mn+ )> :

n—m n—m

where we used a constant C” from Lemma 4.21. Using m + 1 < n and the monotonicity
of log gives the bound. O

Lemma 4.24. Let

maom 7l(nim)
Rym=(-1)"2 m!( 2 m >B;L_m/B;L1.

by

Cm+1
n

There exists a constant C such that |an\ < for all n,m with m > 0 and n >

m+ 1.

Proof. Use '(n— 1) =T(n—m— H[" (n—m—3+r)and (2) = LT[ g —7)
to get
log?(n + 1) “i:f —Ltn—m)—r

Ry +1=(—1)m2m
' (=) log?(n —m +1) n—m-—3+r

r=0

m—1

log?(n +1) n—m+2r

log?(n —m+1) rl;lo n—m-—g+r

Therefore, by Lemma 4.20 and 4.21 there exists a constant C’ such that

1<1+ Rn,m < exp (C,m(m+1)>
n

for all integers n,m with m > 0and n > m+ 1. Because 1 —z < e ™ = ¥ < 1+ zxe” for
all z € R, we have |R,, ,,,| < C’w exp C'W < C'W exp (mC") for all
m > 0 and n > m + 1. The statement follows from the fact that we can find a constant

C" such that Clw exp (C/m(n:LJrl)) < CN:H forallm>0andn>m+1. O

We are now ready to estimate the numbers P,.
Proposition 4.25.
P,=e¢ iB,+0O(B./L,).

Proof. With @, and R, ,,, from Lemmas 4.23 and 4.24 and Eq. (26), we have

2mim!

n _l _ n _ m
Po=)" inm( 2(m ’"))nz,m =5, Y Q) (1 R
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By Lemma 4.15 there exists a constant C such that 7, < C™T'(Z) for all m > 0.
From Lemma 4.23 and 4.24 we get a constant C’ such that

oo

1 1 1 1 m+1
< A it nm /
<C <L, +n+nL,>mZ_O2mm!(CC) r(2 >€O(I/Ln),

where the sum over m is convergent due to the factorial m! = I'(m + 1). Hence,

~ (-1
= 5.3 Gpan + O (B /1),

An application of Lemma 4.17 and using O(1/L,) = O(1/L!,) concludes the proof. O

1

Remark 4.26. The appearance of the constant e~ in Proposition 4.25 deserves a dis-
cussion. Asymptotically X, and €, are equal up to a multiplicative constant and by
Lemma 4.17, this constant is e~ 1. This constant is reminiscent of constants that appear
in certain counting problems, such as counting the number of regular graphs with a fixed
girth, where the girth of a graph is the minimal length of a cycle. In this count, num-
bers e~ appear because the numbers of k-cycles of large random regular graphs follow
independent Poisson distributions with rational mean A ([7, Thm. 2]). Since a Poisson
distribution is given by e “*\* /k!, constants such as e 1 appear naturally. The computa-
tion in Lemma 4.17 suggests that a large admissible random forested graph has r double
edges with probability e~'/%/(47rl) and m self-loops with probability e~'/2/(2™m)).
However, such an intuitive analogy to random graph theory is derailed by the various
signs that have to be taken into account, so this seems to make a sound probabilistic
interpretation impossible.

Proof of Theorem 4.2. We want to show that €, = e~ 1B, + O(B,,/L,). By Proposi-
tion 4.18 (which we will prove in the next two subsections), €, = B, + O (T’ (n — 7/12)),
and by Proposition 4.25 P, = e~3 B! + O (B! /L’). We now use the elementary fact
that O (I'(n —7/12)) Cc O(B,,/L},) = O(B,/L,) along with the asymptotic equality
B!, = B, + O (B, /n) from Lemma 4.22 to finish the proof. O

4.7. Estimates for Proposition 4.18

We still need to prove Proposition 4.18. To do so we need to establish that the con-
tribution of H(u,Z) in Theorem 4.10 is negligible to the asymptotic behavior of the
numbers €,, and the power series f(uzefw(“'i’)) only contributes partially. We first show
that the coeflicients of f(uze_w(“‘f)) can be written explicitly using the numbers X, .
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Lemma 4.27. Let » > 0 and 0 be a deranged partition. Then

i r y(k
(w2 T (uze—W(u.x)) = Rreis) (( m|j(|;) )7

where we agree that Xr—s1 = 0 if v — |8] is odd or negative. In particular,
2

[W0z®]T (u?e= W) = 1 if § = 0 and 0 otherwise. Also, [u'z®]T (u?e~W2)) = 0

for all 6.

Proof. Use T(h) = Y%, h" and W(ZT) = — D k2 @ log(1 + z) to get

~ _ n B(k)
T (U2€7W(u.m)) — Z )’C\n ,uQTL H (1 4 uk‘xk) kk

n>0 k>2

n—

— 2 QnH § ( ) kmkxmk — 2 § X u2n+\5\ 5H< )
n>0 E>2mp >0 n>0 & E>2 my, (9

Using this explicit formula we can now obtain a bound on the coefficients of
T(u2e~ Wa).

Corollary 4.28. There exists a constant C, such that for all v > 2 and deranged partitions
0 =[2m23ms ... with |§] <,

T <r7|5|+§€(5)71)

’[urm‘;]T (u2e_w(“ x))‘ <C

Proof. We start with the special cases where ¢ is a deranged partition of r or » — 1. In
both cases r > 2 implies § # 0, i.e. £(§) > 1 and the argument of the I' function on
the right hand side of the statement is positive. By Lemma 4.27 and the agreement that
X 1= 0 and (T?L) = 0 for all m > 1, we find that the left hand side vanishes in these cases
and the statement follows.

For |6] < r — 2 we can apply Corollary 4.4 to the statement of Lemma 4.27 to get a
constant C' such that for all deranged partitions § = [2™23™s ... ],

([urﬂT (u%f“’(“'@)\ <cr <7ﬂ_|‘;_1> H <(r _ik)%> | . (27)

k=2

a(g—1)---(g—m+1)

From the standard expression for the binomial coefficients (fr’L) = po—

, we

get

myg mk!

RSP} T2 (= o)t — s
H(( |5>2k>| M\ (¢ s

k=2
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HkQHmklﬂr—MDi+w)

m2!m3!

b

where we used |p(n)| < 1. By using 2I'(x) = I'(x 4 1) repeatedly we get

r—|8|4+24(6)—1
(r=i8=0) (=)
T =
I

2 2(8)—1 ((r—|8|—1 ’
()

Combining these observations with Eq. (27) gives

i r(r [8]4+2€(6)—1 e —1 _ 1
o 57 (s en) | < (mﬂmgl ) II; HH() (5( - |15|—)ng)+5).

It is easy to verify that [Ty_, [T7% " ((r — [0]) o + ) < et (_r—|g|—1 + s) by using
006 )zzk:2mk andr —|6| >2. O

It is substantially harder to prove a good estimate for the coefficients of H(u,Z). It
turns out to be convenient to include the numbers 7, in our estimate.

For integer partitions A\, M, we define AU) to be the partition of |A\|+|\'| that contains
the union of all parts of A and X, i.e. mi(AUN) = my(X) + my(\) for all k.

Proposition 4.29. There is a constant C such that for all r > 0 and deranged partitions
9,

, 06) +3r+1
[we” H(u,7)| < CHHHPIT (—( H;H )

§ Nsus’
5/

where we sum over all deranged integer partitions §'.

The proof of this proposition will occupy the remainder of this subsection.
Recall from Section 4.4 that the series H(u,Z) is defined by H = exp (h; + hs + hj)
where

-y A CRI0)) if)[kl)

k>2
W(u %
h(u,7) = M7
2
hy(u, T) = u™> (gW(“'f) - u2%> .

Lemma 4.30. [u"2°]log H(u,Z) = 0 unless either
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(1) r>2and 0| =r

(2) r>1and|6|=r+2 or

(3) 0] = r+ 2k for some k > 2 dividing v and 6 = ku = (kpa, ..., kue) for some
partition (.

Proof. The nonzero terms of hy are all of the form (1), the nonzero terms of hj are of
the form (2) and the nonzero terms of h; are of the form (3). O

Let J be the set of pairs (r,d) satisfying any of the three conditions of Lemma 4.30.
Corollary 4.31. For all (r,d) € J, we have |§| < 3r.

Proof. The statement is obvious for the first two cases of Lemma 4.30, and follows in
the third case because k divides 7, so is at most . O

Remark 4.32. This corollary also follows immediately from the combinatorics: An ad-
missible graph G with x(G) = —n has at most 3n edges, so if pairing all leaves of some
forest produces an admissible graph with —2x(G) = r then the forest cannot have more
than 3r(= 6n) leaves.

Lemma 4.33. All coefficients of logH have absolute value less than 1.

Proof. Since the nonzero terms of hy, hy and hz have no monomials in common, we can
consider their coefficients separately. It is clear from their definitions that the coefficients
of W(Z) and V(T) are less than 1, so the coefficients of hy and h; are as well. For hs,
we have

_ . —uk)
R | CRES S | D e E

k>2 k>2 \m=o0 N

e e

B 1 2 m F
E>2 \m>0

k)
The magnitude of the fractions \kfeﬂ\ is always smaller than 1, because |u(k)| < 1.

Hence all coefficients of eW(®) (and therefore of hg) are also less than 1. 0O

The next lemma shows that we can bound the coefficients of H(u,Z) without deter-
mining the explicit values of those coefficients.

Lemma 4.34. Let J be the set of pairs (r,d) satisfying the conditions of Lemma /.30. For
allC>1
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Z C|5'\ ’[UTI.'L'(S,]H(U7E) < 031”/ [ur’me’] exp Z w40
L(6")=2 (r,0)ed

where we sum over all deranged partitions &' of length £’ on the left hand side.

oo xXn
n=0 n!>

Proof. By Lemma 4.33 and the positivity of the expansion exp(X) = >_

P 2 TH(u, 7)) < CNu 2 exp | Y wra?
(r,0)ed

By Corollary 4.31 the coefficient extraction operator has support only for |§| < 3r. Since
C > 1, C1®l < 3. Summing over all deranged partitions & of the same length on the
left is equivalent to substituting z; = x for all ¢ on the right. O

Our next estimate will make use of the following rough bound on integer partitions.
Lemma 4.35. The number of integer partitions of size at most n is smaller than 2™.

Proof. Writing a string of length n of 1’s with either a + or a comma in between gives
a composition of n, i.e. an integer partition of n with an ordering of the parts. There
are 2"~ ! different such compositions of n. Ordering the elements of a composition gives
a many-to-one function to integer partitions, which is clearly surjective for all n > 1.
Thus the number of integer partitions of n is bounded by 2"~! for n > 1. The number of
integer partitions of size at most n is therefore smaller than 1+2°+21+. .. +2"~1 where
the initial 1 accounts for the empty integer partition. Since 2° +...+2"~! =27 — 1, the
statement follows. O

Now let K be the subset of pairs (r,d) in J for which 2r < £(4).
Lemma 4.36. There is a constant C such that for all v/, ¢/ > 0,

e,]exp Z ut | <o
(r,0)eJ\K

[z

Moreover, [u” 2] exp (Z(T 5)eI\K urzf(‘s)) =0 when 31’ < (.

Proof. The second statement follows immediately from the definition of K.

By Corollary 4.31, the set J \ K is contained in the set of all pairs (r, A) where r > 1
and A is a partition such that [A| < 3r. By Lemma 4.35 this implies that }° . 5 5\ gt
is bounded coefficientwise by Zr>1 237y, Since logr < r for all » > 1, the series
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Yo 25w = 3 o, um8"e8T /1, is bounded coefficientwise by Y- o, u(e8)"/r. Sum-
ming over ¢’ on the left hand side of the inequality in the statement of the lemma is
equivalent to setting x = 1. Hence,

[ur/wél] exp Z urlﬁ(é) < [ur/] exp Z o
(r,0)eJ\K (r,0)eJ\K

< [u""] exp Z Mur = (8¢)",

r
r>1

where we used log ﬁ = Zr21 % in the last step. 0O

Corollary 4.37. There is a constant C such that for all 7' >0 and z € R with z > 0,
gl 1 ’ ’ ’ z + é’l"l + 1

Z r (%) [u" "] exp Z 'zt | <omHr (#) .

>0 (r,8)€I\NK

Proof. By Lemma 4.36 there is a constant C” such that

Z+£l+]‘ r 0 r, L(5) ! Z+€/+1
ZF<2)[u x" ] exp Z u'x <C Z r — )

>0 (rd)eI\K 0<e<| 5]

By Corollary 4.13, T (4+) T (&7555) < yr (Z70) for all 0 < ¢ < 3.

Hence,

+0+1 +3r+1 1
Y () e m () T sy

0<e<[2r] o<e<(3r) T 5

The sum over ¢ is bounded by a constant independent of ' as

1 1
Z W - Z (%7"—|_%7"J+€’+1)
2

o<e<zr (5 o<er< 3 U
B crer' =Lgr] Z ot
— Syl | 5pr |41 41\’
F(*ﬁr LSH ) ng/goor( )

where we used Lemma 4.14 to split the I" function. O

Lemma 4.38. The set K is a subset of

K ={(1,[3"),(2,[2°]).(2,[2'4"]), (2, 12)), (3, [3°]), (4. [2'])}-
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Proof. By Lemma 4.30, for all (r,d) € J we have |§| = r + 2k for some k > 0, and if
k # 0 then k divides r and 0 = ku for some partition p. Recall that K is the subset of
pairs (r,0) in J for which 3r < ¢(§). Since each part of a deranged partition has size at
least 2, £(6) < 16]/2, so 31 < £(6) implies 2r < 6k. We look for pairs (r,d) that fulfill all
these conditions.

If kK = 0, there are no solutions.

If kK = 1, the only solutions are r € {1,2} and the possible deranged partitions ¢ are
§ € {[3Y]} for r =1 and 6 € {[2?],[4!]} for r = 2.

If k > 2, the additional constraint that k& divides r implies that (r, k) € {(2,2), (3, 3),
(4,2)}. For both (r,k) = (2,2) and (r,k) = (3,3), we have |u| = 3, which means
p o€ {[13],[1'2'],[3"]}. Hence, 6 € {[23],[2'4'],[6']} for (r,k) = (2,2) and § €
{[3%],[3%6],[9']} for (r,k) = (3,3). For (r,k) = (4,2) we have § = 2u with p €
{[14], [1221], [22], [1131], [41]} and therefore § € {[24], [2241],[4?], [2'61], [8']}.

The requirement £(5) > 37 now eliminates all solutions that are not in the list K. O

Corollary 4.39. For all (r,6) € K, we have 31 < £(6) < 2r + 2.
Proof. This can be verified by checking all 6 elements in Corollary 4.38. O

Lemma 4.40. Fiz (r,5) € K. There is a constant C such that for r' >0 and z € R with
z >0,

5,/

Z [u” 2" exp(u” " )T <7Z +&+ 1) < oFtrHip <7Z tert 1> )
2 - 2

>0

Proof. We can expand the left hand side to get

L r z+0 +1 L Urkxz(é)k z+0 +1
> [u " Jexp(umz )T (f) =y a1y I F( 5 ) :

>0 >0 k>0

The sum over k only contributes if rk = r’. Hence, if r divides ' we get

;o P 2408

>0

and zero otherwise. By Lemma 4.14 there exists a constant C’ such that for o with
0<a <),

1 28T +1
(r’/r)!r< 2 )

<1 csresp ar_’+1 r 24 (0() —a)T +1
-/ :




M. Borinsky, K. Vogtmann / Advances in Mathematics 432 (2023) 109290 47

Recall that n! =T'(n+1). Hence, T (a —) /(r"/r)! is bounded for all ' > 0 if o < 2.

We may choose a = ¢(0) — %r, which fulfills 0 < a < 2 as %r <L) <2+ 57“ by
Corollary 4.39. O

Lemma 4.41. Let

AT/ZF(€/;_1>[U 2] exp Z u"zt

>0 (r,6)ed
’ 5/
There is a constant C such that A,, < C™ 1T (%ﬂ) for all v’ > 0.

Proof. We can split the exponential in the definition of A,.,

exp Z w2t @ | = exp Z uTz*® | exp Z o 4

(r,0)eJ (r0)eK (r,0)eJ\K

By Lemma 4.38, exp (Z(M)GK uT;ve(‘;)) is bounded by exp (Z(r,é)ef uer(é)) coeffi-

cientwise. Let (r1,01),...,(r, d) denote the elements of K in Lemma 4.38. With this
notation,

6
exp Z IAWIC) N . H Qunizt O
(r,0)eK =1
We may use this to write A, as
z 1 z i1 v 05 w0 rl A r, (5)
/—ZF H[u iztile [u"727] exp Z u'x
i=1 (r,8)eJ\K

where we have to sum over all tuples of integers ¢1,..., ¢4, v}, ....,75 > 0 with ] +... +
rt, = r’. Applying Corollary 4.37 once and Lemma 4.40 six times results in the bound

5
Ar’ < ZC/ZZ=1T£+11—\ <621 ; ’L+1> 7

where C’ is an appropriate constant, whose existence follows from Lemma 4.40 and
Corollary 4.37, and we sum over all r{,...,r7 > 0 with r{ + ... + 77 = 7’. The terms in
the sum are constant and their number is (T/ﬂ_l), which is smaller than 27 +6 by the
binomial theorem. O
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Proof of Proposition 4.29. By Corollary 4.16 and Lemma 4.14 there are constants C’
and C” such that for all § and ¢,

CPH (8) + (87 + 1
<
nNsus’ = Jr P( B )

Cf/|5|+\5/|Cv//€(5)+e(5,)F E(é)—l—l . 5(5/)4_1
\/7_1' 2 2 '

We may assume that C' = C’C” > 1 and use the fact that £(6) < || and £(8') < || to
obtain

[ 2% H(u, 7) ‘

Z Tlsus’
6/

- %F <z(5)2+ 1) ;OF (e’;1> Y al ‘[u“x“’]H(u,z)

08)=t'

for all v/ > 0 and deranged partitions 0. By Lemma 4.34 this last expression is bounded
by

Chl ((8) +1 41\ 0 v o ,
<Y " v 4(5)
ﬁl"( 5 )g I‘( 5 )C [u" z" | exp E u'x ,

>0 (r,6)eg

for all v' and 6. The statement follows by estimating the sum over ¢’ using Lemma
4.41. O

4.8. Proof of Proposition /.18

Lemma 4.42. There exists a constant C' such that for all n,r > 0 with r < 2n — 2 and
deranged partitions § = [2™2 -] with |§] < 2n —r,

22T (e ) | s e 1w, 7))
6/

CL+r+sl - ( §(r+16] — 2my) + 1)
Y n— .
I(Z2+1) 2

<

Proof. By Corollary 4.28 and Proposition 4.29 we can find constants C; and Cs such
that for all 2n —r > 2 and deranged partitions § = [2723™3 - .. ] with [§| < 2n — 7,

a2 1T (we W) | S o [0 JH(w, 7)|
5/
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8] —20(8)+1
<o g : >r (5(5) i 1) |

m2!m3! 2

Recall that ¢(5) = Z‘,f; my. By Lemma 4.14 there is a constant C3 such that

r <£(6) +5r+ 1)
2
- C;+Z(é);%’r0§+m2+mgr <m22+ 1) r <m32+ 1> r (6(5) —ma —2m3 +3r+ 1> .

By the duplication formula of the I' function (Eq. (25)), T’ (Z42) /m! = /7 /(2T (m/2+
1)). Combining all this and using Corollary 4.13 to merge the I" functions, we find that

)[UQYI,—T'.,I;(;]T ( 2,~W(u- T)> ) Z o

[u" 2’ (u,f)‘

£(8)+3r —r+|5|+m,2+m3—3€(6)+1
1 5| ~2+ma+mg+—755— _ 5
30102+T+\ \03 2 3 3 I (n 3

< oma+ms ['(mg/241)T (m3/2+1)

Moreover, we can use Corollary 4.13 to get the bound,

L(r+]6]—2ma)+1
¢ %7‘+|5\—|—m/2+m3*3€(5)+1 <ff(n—f)
n — 5 = ﬂ—l_‘ (%\6\+%m2+m3*35(5)+1) ’
2

where the denominator is bounded from below as 2|8] + 3ms + mgs — 3((5) > 0 for all
deranged partitions d, which follows from |d| = ‘kL2 kmy, and T'(x) does not vanish for
z>0. O

Corollary 4.43. For given n > 1 and s < 2n, let
B, = ZU&US’ ([u2n—rx6]T (UZe—W(u x))) ([UT.T(S,]H(MT)) 7

where the sum is over all integers v and all pairs of deranged partitions (8,6") with 0 <
r<2n-—2,§=[2"23m3...] and the restriction that T—I—Zli:i kmy = r+ 0] —2mg = s.

We hawve
2n
7
;Bn,s €0 (r (n— E))

Proof. By Lemma 4.42 there exists a constant C' such that

C1+r+9] 1o
an< -5 )
Bl < ¥ iy (- 25
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where the sum runs over all integers r and deranged partitions ¢ with 0 < r < 2n — 2
and r + Z‘k‘l?, kmy = s. This suggests treating the parts of size 2 of the partition §
separately: We also have the bound

(3) 1
Cl+r+\5 [+2mao ls41
D S S ()
r>0, 53 mo>0
r+|5(3)| s

where we sum over pairs (r, 0 (3)) where 7 is an integer > 0 and §(3) is an integer partition
where each part has size at least 3 with 7 + |6(3)| = 5. There are at most as many such
pairs (r,0®)) as there are integer partitions of s and, by Lemma 4.35, there are fewer
than 2° integer partitions of s. Therefore,

Ol +s+2me 1 +1 1 41
|Bnq| SQS Z =~ 1 pn- I :250/CI+SF n— 6S ,
’ I (%2 +1) 2 2

mao 20

where C" =3 1“(%2:1)’ which is obviously convergent. By Corollary 4.13, we have
- 2

forallQnZle,F(nf%Sjl)gﬁf(nf—)/l“< 5(s— 1+1> Hence

on o . L T(n—1) N ge e
;an,s|§ﬁ;2 c'ot @<\/—CC’ ( E);W7

where the sum over s is convergent. O

Proof of Proposition 4.18. By Theorem 4.10 we have

e, = QZH anugx ([uZ"ﬂ“m‘s]T (uzefw("'i)>) ([Urxy]H(uvj)) :

r=0 6,6’

where we sum over all pairs of deranged partitions ¢ and 4.
By Lemma 4.27, the expression [u2n="28|T (u?e=W (D) vanishes if r = 2n — 1 or if
r=2n and 6 # 0, while [u'z?)T (u?e~W®#)) = 1. Therefore

35 S (A (e 0)) (1 B0 ) = e ),

r=2n—1 4,8
By Proposition 4.29, the right hand side is bounded by CH%F(%?H-%) CO(I‘ (n — 1—72)),
SO

2n—2

G =) nouw ([u”“%ﬂf (u?e™W(u- gz))) ([urxé ]H(u,f)) +0 (F (n - 12)) .
(

r=0 4,8’
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Using the notation and statement of Corollary 4.43, this becomes

2n
7 7
an_an,s+o<r <n_)> _Bn,0+o<r <n_>>
yar 12 12

where B, ¢ is given by the expression in Eq. (28) restricted to summands where r 4 |§| —
2mg =1+ ;~qkmp(0) = 0. The sum over r therefore trivializes and we only have to
account for r = 0 and the sum over deranged partitions reduces to a sum over partitions
that only have parts of size 2. We may write this as,

>0 s (e agal 1T (e W) ) (002" H(u, 7))
ma>0 &

= Z 1[2ma] [uQ"J?ghngjg - ]T (u287W(u@)) ’
ma>0

where we used the fact that [u’z?|H(u,z) = 1 and [u%2® |H(u,z) = 0 if & # 0. By
Lemma 4.27,

~ _ 2 — 2m) A2
(w232 T (u2e_w(““)) = X 2n—2my (( n—2ms)5 )
Pl mo

Using p(2) = —1 and #pzma] = 12,m, gives the statement. O
5. The odd forested graph complex

As remarked in Section 2.3, the Euler characteristic e(Out(F;,)) is equal to the Euler
characteristic of Kontsevich’s Lie graph complex, which is equal to the Euler character-
istic of the forested graph complex. In [22] Kontsevich defined an odd version' of the Lie
graph complex. The two graph complexes differ only by the definition of the orientation
of a graph.

Recall that the (even) forested graph complex is generated by all even forested graphs
(see Section 2.3), which are forested graphs with no automorphisms « that induce an odd
permutation ag : Fe — Fg¢ on the forest edges Fg. In other words, all automorphisms
a of an even forested graph satisfy sign(ag) = 1.

Every automorphism « of a graph G also induces automorphisms on its zeroth and first
homologies, i.e. we have ap,(q,z): Ho(G,Z) — Ho(G,Z) and ay, (¢ z): Hi(G,Z) —
H,(G,Z). An odd forested graph is a forested graph all of whose automorphisms «
satisfy

sign(ae) det(aHO(GZ)) det(aHl(G,Z)) =1.

1 In [29], Willwacher used the opposite notions of “even” and “odd” orientation of a graph, so that

Kontsevich’s “odd” graph complexes are Willwacher’s “even” graph complexes.
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For connected graphs Ho(G,Z) is one-dimensional and has a canonical orientation.
Hence, det(ap,(g,z)) = 1 for all connected G. The complex spanned by such con-
nected odd forested graphs computes H *(Out(Fn+1);@), where Q is the representa-
tion obtained by composing the canonical group homomorphism Out(F,) — GL,(Z)
with the determinant map. The techniques developed in this paper can be used
almost verbatim to compute the associated Euler characteristic e°dd(Out(F,)) =
YL (=1 dim(H*(Out(F,),Q)), which is equal to the Buler characteristic of Kontse-
vich’s odd Lie graph complex.
As in Proposition 2.2 we define

§ (—=1)°®) = e*4(Out(Fo11)),
[G,®] odd
G connected
x(G)=-n

where we sum over all isomorphism classes of connected odd forested graphs [G, @] of

Euler characteristic x(G) = —n. As we did in Section 2.3 we also define
~odd e
o= (-1, (29)
[G,®] odd
x(G)=—n

where we sum over all isomorphism classes of possibly disconnected odd forested graphs
of Euler characteristic x(G) = —n.

Consider a disconnected forested graph [G,®] which contains two copies of the
(possibly disconnected) forested graph [g,¢] and let « be the automorphism of
[G,®] that switches the two copies. As « permutes the canonical basis of Hy(G,Z)
and the canonical decomposition of Hi(G,Z) over connected components, we have
sign(as) det(am,(6,z)) det(am, (6,2)) = (—1)499), where (g, ¢) = e()+dim Ho(g, Z)+
dim H;(g,Z). Using this, we find a version of Theorem 2.5 for the odd case:

Theorem 5.1.
ad o0 1 (=1)"e* (Out(Fny1))
~O B = -
sern =1 ()
n>0 n=1

Proof. We follow the argument of the proof for Theorem 2.5. Just as in the even case,
each odd forested graph [G, ®] can be described by giving a set of distinct connected odd
forested graphs [g, ¢| together with a multiplicity for each connected graph. Here [g, ¢]
can appear at most with multiplicity one in [G, ®] if £(g, ¢) is odd, and with arbitrary
multiplicity if £(g, ) is even. Analogously to Theorem 2.5, we get

~o0 n e - !
Zenddh _ H (1+(_1) @p x(g)) H T ()@ |

n>0 lg.¢] lg.¢]
£(g,) odd &(g,p) even
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where we multiply over all connected odd forested graphs [g, ] with £(g, ¢) odd or even.
The statement follows by observing that £(g, ¢) has the same parity as e(p) + x(g) =
e(p) + dim(Ho(g,Z)) — dim(Hy(g,Z)) and by following the rest of the argument for
Theorem 2.5. 0O

By adjusting signs in Corollary 2.6, we can then use Theorem 5.1 to compute
e®34(Out(F,41)) from &2,

Recall that for a forested graph (G, ®) and an automorphism o € Aut(G,®), the
number e, (®) denotes the number of cycles of the permutation on the forest edges,
ag - E@ — E@.

Lemma 5.2. The sum 3 ,cauc.a) det(aHo(G,Z))det(aHl(GZ))(fl)ea(‘I’) is equal to
(—1)*®)|Aut(G, ®)| if the forested graph (G,®) is odd or 0 otherwise.

Proof. The argument for Lemma 2.4 applies. 0O

Each automorphism « of a forested graph (G, ®) also provides us with a permutation
aps\s : Ea \ Egs — E¢ \ Eg that permutes the non-forest edges, a set of permutations
(e)ee Ec\Eg Of order 1 or 2 that might change the orientation of each non-forest edge,
and a permutation o, (e) that permutes the connected components of the forest.

Lemma 5.3. For a forested graph (G, ®) and an automorphism o : (G, ®) — (G, D),

det(aHO(Gﬁz)) det(aHl(G,Z)) = sign(ayo(q,))sign(agc\gq)) H sign(a).
eGE(;-\Eq>

Proof. Let ZF and ZV be the Z-vector spaces generated by the edge and vertex set of
(G, ®). We have the exact sequence

0— H(G,Z) - ZFE - ZV — Hy(G,Z) — 0.

The spaces ZE and ZV come with a natural bilinear form, hence we can dualize the
usual boundary operator 0y : ZE — ZV to 0f : ZV — ZE. We get the isomorphism
ZV & H,(G,Z) — ZE & Hy(G,Z) given by (v,c) — (c+ 07v,dpv). An automorphism
a of G also gives the automorphisms azy,azg, @zven, (¢,z) and azpem,(c,z) of the
respective vector spaces. Because « acts block-wise on the summands in the direct sums,
their determinants factor as follows,

det(azv) det(aHl(G,Z)) = det(aZV@Hl(Gz)) = det(aZEGBHO(G,Z))

= det(azg) det(ap,(q,z))

and as det X = =1 for all X € GL,(Z), we get det(am,(q,z))det(am, (¢,z)) =
det(azg) det(azy ).
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The vector space ZFE can be decomposed ZE = ZFE¢ ® Z(Eg \ Es) and azg acts
block-wise on both summands as it does not mix forest and non-forested edges. It follows
that det(azg) = det(azg,)det(az(go\Ey)). From @, we get the short exact sequence,
0 - ZEg — ZV — Hy(®,Z) — 0, where we used the fact that a forest has no first
homology. Consequently, det(azy) = det(azg, ) det(am,(s,z)) and

det(aHO(QZ)) det(aHl(G,Z)) = det(aZEq))Q det(aZ(EG\E‘p)) det(aHo(‘i’,Z))'

Ordering and directing the edges Eg \ Fe gives a basis of Z(Eg \ Eg). The orientation
can be changed by switching two edges or reversing the direction of one edge. Hence,
det(az(po\Ea)) = sign(apa\Es) [ e po\ By SigD(ae). Fixing an ordering of the connected
components of ® gives a basis of Ho(®,Z). Therefore, det(a g, s,z)) is equal to the sign
of the permutation oy, (¢) that a induces on the components of . O

Combining Lemmas 5.2 and 5.3 with Eq. (29) results in

Theorem 5.4.
sodd _ Z 1
" [Aut(G, @)]
(G, 2]
x(G)=—n

X Z sign(a g, (o))sign(ap.\£,) H sign(ae) (fl)e“(é).
acAut(G,P) e€Eg\Es

Here, we sum over all forested graphs |G, ®] of Euler characteristic x(G) = —n.

This statement is the odd version of Theorem 2.1. As in Section 3 we can produce

a formula for €°

dd by counting forests and matchings separately before combining both
expressions to give a counting formula for forested graphs. In the odd case, we have to
change a couple of signs in the derivation to accommodate the additional sign factors in
the statement above.

We define an odd version of our forest generating function F in Eq. (15) using the
same notation and by weighting each odd permutation of the connected components of

the forest with a sign:

1 . _
FOdd(u,f) = Z o Z 51gn('yH0(q>))(—1)€”(©)x7us 2k(®)
s>0 7 (®,y)EAF[s]

where sign (v, (s)) is the sign of the permutation induced by v on the connected compo-
nents of ®. This factor will account for the sign(a g, (¢)) term in Theorem 5.4. Using the
same argument as for Proposition 3.11, but accounting for a sign flip for each even cycle
on the set of components or equivalently, by setting y, = (—1)¥*! in Eq. (14), results in
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Proposition 5.5.

V((u-Z)p)

Fodd =) — -1 k+1, —2k
(u, T) = exp Z( )i k:

k>1

To account for the factor sign(ag,\ g, ) (HeGEG\Eq> sign(ae? in Theorem 5.4, we have
to use a signed version of the matchings that we introduced in Section 3.3. A permutation
a € Gy, and a fixed-point free involution on {1,...,2n} such that ot = 1o « give
rise to a permutation ¢, of the orbits of ¢ and a set of n permutations ae,, ..., ., that

permute the elements of each individual orbit of «. We define
n
n2dd = Z sign(a,) H sign(ae, ),
Loa=qoL k=1

where we sum over all such pairs ¢ and a.
Using these definitions with the argument for Proposition 3.12 and Theorem 5.4, we
get

Proposition 5.6.

Z 77g\dd [u2"£L’)\]F0dd (u’ f) _ /é;)ldd )
A
Following the argument in Section 3.3 for the derivation of a formula for 7, the cycle
index series for the signed version of a matching of two points is given by

(w% —x2).

N | —

E°d(7) = % Z sign(a)z® =

(¢,0)€AE[2]

As in Section 3.3, we can use Proposition 3.2 to get a generating function for the numbers

et
Lemma 5.7.
1 o e} (71)k+1
2 gy 2 TR = e | ) g (k- o)
n>0 T €GBy, k>1

Proof. Set y, = (—1)**! after applying Proposition 3.2 as each even cycle of the per-
mutation induced on the components is counted with a minus sign this way and the sign
of a permutation is equal to (—1)# of even cycles

Repeating the computation for Corollary 3.5 while accounting for the changed signs
we find,
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Corollary 5.8. If A = [1™12™2 . .n™n] then

odd odd
H nk M)

where
odd k*(2s — )N if k is odd
Mk,2s = s ; . .
2 ZT:O(—I)T(;i)k’"(ZT — D! if k is even
and
odd _ 0 ka is odd
Nk,2s41 = 1)k/2 (251N T ) .
(—DF25 (D) (5 ET(2r = DY if ks even

Via exactly the same procedure described in Theorem 3.13, but substituting the odd
versions of the respective series and adjusting signs in Corollary 2.6 analogously to the
change from Theorem 2.5 to Theorem 5.1, we get an effective algorithm for computing
the numbers €°d4(Out(F,,)). The first few values are listed in Appendix A.

The analytic argument in Section 4 also works in the odd case, as the relevant coeffi-
cients of F and F°44 agree, the values of 1, and 7299 are equal for the trivial permutation
and |n2d4| < 7, for all a. The modified signs have a nontrivial consequence only in
Lemma 4.17. Instead of the statement of Lemma 4.17 we find that in the odd case

. (71)m odd 1 1
Z 2mm'n =e1+ 0 . )

m=0

after repeating the computation using the numbers from Corollary 5.8. The remaining
proof is completely equivalent up to the substitution of the relevant number e~1 et
Following through the argument again results in the odd version of Theorem 1.1:

Theorem 5.9. The Euler characteristic e*34(Out(F,,)) has the leading asymptotic behav-
o7

o 1 /M\"™ 1
& dd(Out(Fn)) ~ —e4 (g) m as n — oQ.

Proof of Theorem 1.3. Use Theorem 5.9, [10, Thm. A] and Stirling’s formula (Lemma
4.1). O
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Appendix A. Table of x(Out(F,)), e(Out(F,,)) and e°d4(Out(F,,)) for n < 15

n x(Out(Fy)) e(Out(Fy)) e®dd(Out(F,))
2 — 2~ —0.042 1 0

3 45 &= —0.021 1 0

4 — 28 ~ —0.028 2 -1

5 — 36T ~ —0.064 1 0

6 —120287 ~ —0.21 2 -1

7 — 39793 ~ —0.88 1 —2

8 —§389072441 ~ —4.6 1 -8

9 — 993607187 ~ —29 —21 —38

10 — B04807TI87T0T1 ~ —206 —124 —275

11 — OTIBLO00TS059 &~ —1691 —1202 —2225

12 — T 13034796809347 ~ —15575 —10738 —20358

13 — A e ao19 ~ —159023 —112901 —207321
14 — 103115641 0043095000 701911 1~ —1782548 —1271148 —2320136
15 — 614701110841 4481406421 ~ 21762593 —15668391 —28287416

The numbers x(Out(F,,)) were computed using [10, Proposition 8.5], the numbers
e(Out(F,,)) were computed as described in Theorem 3.13 and the numbers e°d4(Out(F},))
similarly as discussed in Section 5. See [9] for some programming details of these com-
putations.

References

[1] E. Artin, The Gamma Function, Holt, Rinehart and Winston, 1964.

[2] L. Bartholdi, The rational homology of the outer automorphism group of F7, N.Y. J. Math. 22
(2016) 191 197.

[3] F. Bergeron, G. Labelle, P. Leroux, Combinatorial Species and Tree-Like Structures, Cambridge
University Press, 1998.

[4] M. Berghoff, Feynman amplitudes on moduli spaces of graphs, Ann. Inst. Henri Poincaré D, Comb.
Phys. Interact. 7 (2) (2020) 203-232.

[5] A. Berglund, I. Madsen, Rational homotopy theory of automorphisms of manifolds, Acta Math.
224 (1) (2020) 67-185.

[6] S. Bloch, D. Kreimer, Cutkosky rules and outer space, preprint, arXiv:1512.01705, 2015.

[7] B. Bollobds, A probabilistic proof of an asymptotic formula for the number of labelled regular
graphs, Eur. J. Comb. 1 (4) (1980) 311-316.

[8] M. Borinsky, On the amount of top-weight cohomology in the moduli space of curves, in preparation.

[9] M. Borinsky, J. Vermaseren, The S,,-equivariant Euler characteristic of the moduli space of graphs,
preprint, arXiv:2306.15598, 2023.

[10] M. Borinsky, K. Vogtmann, The Euler characteristic of Out(F,,), Comment. Math. Helv. 95 (4)
(2020) 703-748.

[11] M. Borinsky, K. Vogtmann, Computing Euler characteristics using quantum field theory, Geometric
methods in group theory: papers dedicated to Ruth Charney, Séminaires et Congres (SMF), in press,
arXiv:2202.08739.

[12] K.S. Brown, Complete Euler characteristics and fixed-point theory, J. Pure Appl. Algebra 24 (2)
(1982) 103-121.

[13] M. Chan, S. Galatius, S. Payne, Tropical curves, graph complexes, and top weight cohomology of
Mg, J. Am. Math. Soc. 34 (2) (2021) 565-594.

[14] J. Conant, A. Hatcher, M. Kassabov, K. Vogtmann, Assembling homology classes in automorphism
groups of free groups, Comment. Math. Helv. 91 (4) (2016) 751-806.

[15] J. Conant, K. Vogtmann, On a theorem of Kontsevich, Algebraic Geom. Topol. 3 (2003) 1167-1224.



58 M. Borinsky, K. Vogtmann / Advances in Mathematics 432 (2023) 109290

[16] M. Culler, Finite groups of outer automorphisms of a free group, in: Contributions to Group Theory,
in: Contemp. Math., vol. 33, Amer. Math. Soc., Providence, RI, 1984, pp. 197-207.

[17] M. Culler, K. Vogtmann, Moduli of graphs and automorphisms of free groups, Invent. Math. 84 (1)
(1986) 91-119.

[18] E. Getzler, M.M. Kapranov, Modular operads, Compos. Math. 110 (1) (1998) 65-125.

[19] J. Harer, D. Zagier, The Euler characteristic of the moduli space of curves, Invent. Math. 85 (3)
(1986) 457-485.

[20] A. Joyal, Une théorie combinatoire des séries formelles, Adv. Math. 42 (1) (1981) 1-82.

[21] D.G. Khramtsov, Finite subgroups of groups of outer automorphisms of free groups, Algebra Log.
26 (3) (1987) 376-394, 399.

[22] M. Kontsevich, Formal (non)commutative symplectic geometry, in: The Gelfand Mathematical Sem-
inars, 1990-1992, Birkhduser Boston, Boston, MA, 1993, pp. 173—187.

[23] M. Kontsevich, Feynman diagrams and low-dimensional topology, in: First European Congress of
Mathematics Paris, July 1992, pp. 6-10, Springer, 1994, pp. 97-121.

[24] S. Krsti¢, K. Vogtmann, Equivariant outer space and automorphisms of free-by-finite groups, Com-
ment. Math. Helv. 68 (2) (1993) 216 262.

[25] S. Morita, T. Sakasai, M. Suzuki, Integral Euler characteristic of Out(F11), Exp. Math. 24 (1) (2015)
93-97.

[26] G. Pélya, Kombinatorische Anzahlbestimmungen fiir Gruppen, Graphen und chemische Verbindun-
gen, Acta Math. 68 (1937) 145-254.

[27] R. Stoll, The stable cohomology of self-equivalences of connected sums of products of spheres,
preprint, arXiv:2203.15650v2, 2022.

[28] J. Vermaseren, New features of FORM, preprint, arXiv:math-ph/0010025, 2000.

[29] T. Willwacher, M. Kontsevich’s graph complex and the Grothendieck-Teichmiiller Lie algebra, In-
vent. Math. 200 (3) (2015) 671-760.



