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1 Introduction - Motivation

The typical central limit theorem assures that given a sequence (Xn)n∈N of i.i.d. random
variables with E[X1] = µ and V ar(X1) = σ2 <∞, then

X1 + . . .+Xn − nµ√
n

d−−−→
n→∞

N (0, σ2).

Since martingales are in a sense generalizations of unbiased random walks, one might expect
a CLT (central limit theorem) to hold for MG (Martingale) sequences as well. With this
intuition, we would also expect to have a CLT for Markov chains, since we can create martingales
from such processes. Indeed, given a Markov chain (Xn)n≥0 with respect to the filtration
(Fn)n≥0, defined by Fn = σ(X0, X1, . . . , Xn), and some function f : E → R, where E is the
state space of the Markov chain, we may consider the sequence (hn(Xn))n≥0 defined by

hn−1(Xn−1) = E[f(Xn)|Fn−1]− f(Xn−1) = E[f(Xn)|Xn−1]− f(Xn−1), n ∈ N.

Note that the last equality follows by the Markov property. Now, if we let

Zf
n = f(Xn)− f(X0)−

n∑
i=1

hi−1(Xi−1),

it is not hard to verify that (Zf
n)n≥0 (with Zf

0 = 0) is a MG with respect to the filtration

(Fn)n≥0. In this setting, for example, if we know that the CLT holds for (Zf
n)n≥0 and f is good

enough so that 1√
N
f(Xn) and

1√
N
f(X0) vanish in distribution as N → ∞, then the CLT would

also hold for 1√
N

∑n
i=1 hi−1(Xi−1).

The goal of this essay is to prove a CLT for Markov chains under various simplifying as-
sumptions, by reducing it to a CLT for analogous cases of MG sequences. Our setting is that
of a Markov chain (Xn)n≥0 on a countable state space E, which is stationary and ergodic with
respect to a probability measure π. Then, we want to find conditions for a given function
V : E → R, under which a CLT holds for

1√
N

N−1∑
n=0

V (Xn).

We will first show that the CLT holds if we assume the existence of a solution f ∈ L2(π) to
the Poisson equation, namely,

V = (I − P )f. (1)

As we mentioned already, the key idea is to reduce this to the CLT for a related sequence of
martingales (in fact, martingale differences) with properties arising from our assumptions on V .
However, since this assumption is very restrictive, we will also generalize this result, by showing
that the CLT also holds if the invariant state π is reversible and the limit variance

σ2(V ) = lim
N→∞

1

N
E

(N−1∑
n=0

V (Xn)

)2


is finite. The main idea of the proof is that the sum

1√
N

N−1∑
n=0

V (Xn)
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can be still approximated by a MG.

2 A CLT if the Poisson equation has a solution

Let (Ω,F , P ) be a probability space and consider a time-homogeneous Markov chain, (Xn)n≥0,
on a countable state space E, with transition probability P : E × E → [0,∞). That is,
P (x, y) ≥ 0, for all x, y ∈ E and

∑
y∈E P (x, y) = 1, for all x ∈ E and of course the Markov

property is satisfied, i.e.

P (Xn+1 = y|X0, . . . , Xn) = P (Xn, y). (2)

For any x ∈ E we may consider the measures Px which satisfy equation (2) and are such that
Px(X0 = x) = 1. For a given probability measure µ we then consider Pµ =

∑
x∈E µ(x)Px. Let,

moreover, π be a stationary probability measure, which means that πP = P . By the definition
of πP as the state of the process at time 1 if its initial state is π, which means

(πP )(x) = Pπ[X1 = x] =
∑
y∈E

π(y)P (y, x),

stationarity translates to ∑
y∈E

π(y)P (y, x) = π(x).

Now, through a repeated application of the definition of stationarity, we also obtain that

(πPn)(x) = Pπ(Xn = x) = π(x), for all n ∈ N.

Moreover, π is stationary if and only if the sequence (Xn)n≥0 is stationary under Pπ. By a
known result (e.g. Breiman, Theorem 7.16) we have that π is unique and ergodic. Ergodicity
means that for any bounded function f , the equality (I − P )f = 0 implies that f is π−almost
everywhere constant. In view of the ergodic theorem this means that for any bounded function
g : E → R and any x ∈ E it holds that

1

N

N−1∑
n=0

(Png)(x)
N→∞−−−−→ Eπ(g).

We remark that here the transition probability P is also regarded as an operator on Cb(E), the
space of bounded, continuous functions on E, via

(Pg)(x) =
∑
y∈E

P (x, y)g(y) = E[g(X1)|X0 = x],

for g ∈ Cb(E), x ∈ E. Finally, P can be extended to the whole of L2(π), because an application
of Cauchy-Schwarz shows that it is a contraction on L2(π), i.e.

⟨Pg, Pg⟩π ≤ ⟨g, g⟩π,

given that π is invariant. With this understanding we prove the following theorem.



4

Theorem 2.1. Let V : E → R be a function in L2(π) with Eπ(V ) = 0 and assume that a
solution to the Poisson equation (1) exists, say f ∈ L2(π). Then, for all x ∈ E we have that

1√
N

N−1∑
n=0

V (Xn)
dx−→ N (0, σ2),

as N → ∞. Here dx denotes convergence in distribution with respect to the measure Px and

σ2 = σ2(V ) = Eπ(f
2)−Eπ((Pf)

2).

Proof. Step 1, Reduction to a CLT for MG: Let x ∈ E be any initial state and let (Zn)n∈N
be the sequence defined by

Zn = f(Xn)− (Pf)(Xn−1),

n ∈ N. Then, each Zn is measurable with respect to the σ-algebra Fn = σ(X0, X1, . . . , Xn) and
(Zn)n∈N is in fact a martingale difference sequence. Indeed, E[|Zn|] <∞, for n ∈ N, and

E[Zn+1|Fn] = E[f(Xn+1)|Fn]−E[(Pf)(Xn)|Fn] =

E[f(Xn+1)|σ(Xn)]−E[f(Xn+1)|σ(Xn)] = 0,

by the Markov property and the definition of Pf.

Hence, the sequence (Mn)n≥0 defined by M0 = 0 and Mn =
∑n

i=0 Zi, for n ∈ N, is a
MG adapted to the filtration (Fn)n≥0. The important observation is the following. Because
V = (I − P )f , we can write

N−1∑
n=0

V (Xn) =
N−1∑
n=0

f(Xn)− (Pf)(Xn)

and this becomes

f(X0) + (f(X1)− (Pf)(X0)) + . . .+ (f(XN−1)− (Pf)(XN−2))− (Pf)(XN−1).

Hence,
N−1∑
n=0

V (Xn) = f(X0) +
N−1∑
n=1

Zn − (Pf)(XN−1) =MN − f(XN ) + f(X0).

Now, by our assumption that f ∈ L2(π), an application of Chebyshev’s inequality shows that
1√
N
f(XN ) and 1√

N
f(X0) vanish in probability with respect to π (and hence with respect to Px,

by stationarity of π) and thus in distribution, as N → ∞. Therefore, it remains to prove the
CLT for the MG difference sequence (MN )N≥0.
Step 2, Bounded case: To simplify things we first assume that f is bounded, so there is
M > 0 such that |f | ≤ M , almost everywhere. In this case, the sequence (Zn)n∈N is bounded
as well and so we may define the quantity

An(θ) = log
(
Ex

[
eiθZn |Fn−1

])
,

for |θ| small enough, so that the exponential is bounded away from zero. Our goal is to under-
stand the asymptotic behavior of

Ex

[
e
iθ

MN√
N

]
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and in fact to show that it converges to Ex

[
e−

θ2σ2

2

]
for all θ ∈ R. To this end, for θ ∈ R fixed

and N ∈ N large enough we have that

Ex

[
exp

{
i
θ√
N
MN −

N∑
n=1

An(
θ√
N

)

}]
=

Ex

[
exp

{
i
θ√
N

N∑
n=1

Zn

}/
N∏

n=1

Ex

[
exp

{
i
θ√
N
Zn

}∣∣∣∣∣Fn−1

]]
The above becomes

Ex

[
N∏

n=1

exp

{
i
θ√
N
Zn

}/ N∏
n=1

Ex

[
exp

{
i
θ√
N
Zn

}∣∣∣∣∣Fn−1

]]
= 1.

Hence we are left with calculating the asymptotic behavior of

Ex

[
N∑

n=1

An(
θ√
N

)

]
.

By the L2 integrability of (Zn) we can make a Taylor expansion of second order and obtain that

N∑
n=1

An(
θ√
N

) = − θ2

2N

N∑
n=1

Ex[Z
2
n|Fn−1] +

1√
N
RN ,

with |RN | ≤ C, for some constant C > 0. Now, 1√
N
RN vanishes Px-almost surely. In addition,

Ex[Z
2
n|Fn−1] = Ex[(f(Xn))

2|Fn−1]−2Ex[f(Xn) (Pf)(Xn−1)|Fn−1]+Ex[((Pf)(Xn−1))
2|Fn−1]

and this is equal to
(Pf2)(Xn−1)− ((Pf)(Xn−1))

2

by the definition of P as an operator, because, for example,

−2Ex[f(Xn) (Pf)(Xn−1)|Fn−1] = −2(Pf)(Xn−1)Ex[f(Xn)|Fn−1] = −2((Pf)(Xn−1))
2.

So, we can apply the Ergodic theorem and deduce that

lim
N→∞

θ2

2N

N∑
n=1

Ex[Z
2
n|Fn−1] =

θ2

2
Eπ[Pf

2 − (Pf)2] =
θ2

2
Eπ[f

2 − (Pf)2] =
θ2

2
σ2(V ),

Px-almost surely, by the invariance of π. In conclusion, we can use the dominated convergence
theorem to obtain that

lim
N→∞

Ex

[
N∑

n=1

An(
θ√
N

)

]
= e−

θ2σ2

2 ,

which also means that

lim
N→∞

Ex

[
e
iθ

MN√
N

]
= e−

θ2σ2

2 .

Hence the CLT holds for (MN )N≥0 in this particular case.
Step 3, General case: In general we don’t have that f is be bounded, but there exists a

sequence (fk)k∈N of bounded functions such that fk
L2(π)−−−→ f . For example, fk = f1{|f |≤k}. In

a similar fashion to the previous case, let

Zk
n = fk(Xn)− (Pfk)(Xn−1),
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n ∈ N. Again, for k fixed, each Zk
n is measurable with respect to the σ-algebra Fn and the

sequence (Mk
n)n≥0 defined by Mk

0 = 0 and Mk
n =

∑n
i=0 Z

k
i , for n ∈ N, is a martingale with

respect to the filtration (Fn)n∈N. But, by Step 2, we have that

lim
N→∞

Ex

[
e
iθ

Mk
N√
N

]
= e−

θ2σ2
k

2 ,

for any θ ∈ R, where σ2k = Eπ[f
2
k − (Pfk)

2]. Of course,

lim
k→∞

Eπ[f
2
k − (Pfk)

2] = Eπ[f
2 − (Pf)2],

which translates to

e−
θ2σ2

k
2

k→∞−−−→ e−
θ2σ2

2

and so it suffices to prove that

lim
k→∞

lim sup
N→∞

∣∣∣∣∣Ex

[
e
iθ

Mk
N√
N

]
−Ex

[
e
iθ

MN√
N

]∣∣∣∣∣ = 0.

To this end, recall that |eix−eiy| ≤ |x−y|, for example because |eix−eiy| = |
∫ y
x ie

it dt| ≤ |x−y|.
Thus, we have that∣∣∣∣∣Ex

[
e
iθ

Mk
N√
N

]
−Ex

[
e
iθ

MN√
N

]∣∣∣∣∣ ≤ θ√
N
Ex

[∣∣∣Mk
N −MN

∣∣∣] ≤ (θ2
N
Ex

[(
Mk

N −MN

)2])1/2

,

by Cauchy-Schwarz. Now, the last quantity is equal toθ2
N
Ex

( N∑
n=1

Zk
n − Zn

)2
1/2

=

(
θ2

N

N∑
n=1

Ex

[(
Zk
n − Zn

)2])1/2

,

where we have used that Ex[Z
k
n−Zn][Z

k
m−Zm] = 0, for n ̸= m. We continue by observing that

Ex

[(
Zk
n − Zn

)2]
= Ex

[
{fk(Xn)− f(Xn)− ((Pfk)(Xn−1)− (Pf)(Xn−1))}2

]
,

which can be written as
Ex

[
{Fk(Xn)− (PFk)(Xn−1)}2

]
,

if we set Fk = fk − f . But now we use the fact that (Pnf)(x) = Ex[f(Xn)] and a calculation
similar to that of Step 2 and so we have actually shown that∣∣∣∣∣Ex

[
e
iθ

Mk
N√
N

]
−Ex

[
e
iθ

MN√
N

]∣∣∣∣∣ ≤
(
θ2

N

N∑
n=1

(PnF 2
k )(x)− [Pn−1(PFk)

2](x)

)1/2

.

We can once again use the Ergodic theorem and this leads to the upper bound(
θ2Eπ

[
F 2
k − (PFk)

2
])1/2

,

which vanishes as k → ∞, since Fk
L2(π)−−−→ 0 and because P is a contraction on L2(π), so that

Eπ[(PFk)
2] ≤ Eπ[(Fk)

2].
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3 A CLT for a MG difference sequence

Our goal is now to get rid of the strong assumption that the Poisson equation has a solution
and still have a CLT for

1√
N

N−1∑
n=0

V (Xn).

It turns out that the next best case we can handle is when the variance of the function V is
finite and the Markov chain (Xn)n≥0 is reversible with respect to an invariant state π. In the
last section we handle this case and ultimately reduce it to the proof of yet another CLT for
martingale difference sequences, which we prove now separately to avoid it from interfering with
the flow of the proof later.

Our setting consists of a probability space (Ω,F , P ), a filtration (Fn)n∈N and a stationary
and ergodic sequence of r.v. (Zn)n∈N (by stationarity the r.v. are also identically distributed)
measurable with respect to (Fn)n∈N, satisfying

E[Z2
1 ] <∞ and E[Zn+1|Fn] = 0,

for n ∈ N. Then, the sequence (Mn)n≥0, defined by M0 = 0 and Mn =
∑n

i=1 Zi, is a martingale
with respect to (Fn)n∈N, such that E[Mn] = 0, for n ∈ N and E[M2

n] <∞, n ∈ N.

Theorem 3.1. If (Zn)n∈N is a sequence as above, then

1√
N
MN

d−→ N (0, σ2)

as N → ∞, where σ2 = E[Z2
1 ]. That is, the martingale sequence converges in distribution to a

Gaussian law with mean zero and variance σ2 = E[Z2
1 ].

Proof. We prove the theorem in the special case where (Zn)n∈N is also a bounded sequence and
the general case follows by an approximation argument similar in nature to that of Theorem 2.1.
So, let C > 0 be a constant for which |Z1| ≤ C, P -almost surely. By the martingale difference
property for (Zn) and linearity we have that

E

 j+K∑
n=j+1

Zn

∣∣∣∣∣Fj

 = 0,

for all j ≥ 0 and K ≥ 1. Therefore, we can write

E

exp
iθ

j+K∑
n=j+1

Zn


∣∣∣∣∣Fj

− 1 = E

exp
iθ

j+K∑
n=j+1

Zn

− iθ

j+K∑
n=j+1

Zn

∣∣∣∣∣Fj

− 1

and because |eix − 1− ix| ≤ x2

2 , for x ∈ R we have that∣∣∣∣∣∣E
exp

iθ
j+K∑

n=j+1

Zn


∣∣∣∣∣Fj

− 1

∣∣∣∣∣∣ ≤ θ2

2
E

 j+K∑
n=j+1

Zn

2 ∣∣∣∣∣Fj

 .
Now, E[Zn ·Zm|Fj ] = 0, for n ̸= m, (by the towering property for conditional expectation and
the MG difference property, if n < m, then E[Zn · Zm|Fj ] = E[Zn · Zm] = E[Zn · Zm|Fn] =
ZnE[Zm|Fn] = 0) and so the RHS becomes

θ2

2
E

 j+K∑
n=j+1

(Zn)
2

∣∣∣∣∣Fj

 ≤ (θ · C)2 ·K
2

≤ 1

2
,
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where the last inequality holds if we choose |θ| ≤ 1√
KC

. Again, similarly to Theorem 2.1, we

may define

Aj(θ) = log

E
exp

iθ
jK∑

n=(j−1)K+1

Zn


∣∣∣∣∣F(j−1)K

 ,

for θ bounded as above and j ≥ 1. Now, observe that

exp

{
iθMjK −

j∑
k=1

Ak(θ)

}
= exp

{
iθ

jK∑
n=1

Zn

}/
exp

{
j∑

k=1

Ak(θ)

}
=

exp

{
iθ

jK∑
n=1

Zn

}/
j∏

k=1

E

exp
iθ

kK∑
n=(k−1)K+1

Zn


∣∣∣∣∣F(k−1)K


and so exp

{
iθMjK −

∑j
k=1Ak(θ)

}
is a mean-one exponential martingale with respect to the

filtration (FjK). Therefore, for θ ∈ R fixed and N ∈ N large enough with N = lK we have that

1 = E

[
exp

{
i
θ√
N
MN −

l∑
k=1

Ak(
θ√
N

)

}]

and by a Taylor expansion this becomes

1 = E

exp
i θ√

N
MN +

θ2

2N

l−1∑
j=0

E

 (j+1)K∑
k=jK+1

Z2
k

∣∣∣∣∣FJk

− K2

√
N
RN,K


 ,

for a sequence (RN,K), bounded independently of N . We now show that

lim
N→∞

E

[
e
i θ√

N
MN+ θ2σ2

2

]
= 1,

which is the CLT we wanted to prove in the case where (Zn)n∈N is bounded. Since K2
√
N
RN,K

vanishes P -almost surely as N → ∞ (because (RN,K) is uniformly bounded) the last claim
follows from the convergence

lim
K→∞

sup
l≥1

E

∣∣∣∣∣∣exp
 θ2

2N

l−1∑
j=0

E

 (j+1)K∑
k=jK+1

(Z2
k − σ2)

∣∣∣∣∣Fjk

− 1

∣∣∣∣∣∣
 = 0.

This is true since, by the mean value theorem |ex − 1| ≤ |x|e|x|, for x ∈ R, and so

E

∣∣∣∣∣∣exp
 θ2

2N

l−1∑
j=0

E

 (j+1)K∑
k=jK+1

(Z2
k − σ2)

∣∣∣∣∣Fjk

− 1

∣∣∣∣∣∣
 ≤ C ′θ2

N

l−1∑
j=0

E

∣∣∣∣∣∣
 (j+1)K∑
k=jK+1

(Z2
k − σ2)

∣∣∣∣∣∣
 =

C ′θ2

l

l−1∑
j=0

1

K
E

∣∣∣∣∣∣
 (j+1)K∑
k=jK+1

(Z2
k − σ2)

∣∣∣∣∣∣
 = C ′θ2E

[∣∣∣∣∣ 1K
K∑
k=1

(Z2
k − σ2)

∣∣∣∣∣
]
.

The last equality is true because by the stationarity of (Zn) the average does not depend on l.
But the last quantity vanishes by the ergodic theorem and so we can conclude.

For the general case we approximate the sequence (Zn)n∈N by bounded martingale differ-
ences. A natural way to do this is by considering

Zk
n = Zn1{|Zn|≤k} −E[Zn1{|Zn|≤k}|Fn],
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for n, k ∈ N. Then the sequence (Zk
n)n∈N is a bounded MG difference sequence, but it may not

be stationary or ergodic because of the conditional expectation. Now, if we let

σ2k = E[Z2
11{|Z1|≤k}],

then clearly, by the DCT, σ2k
k→∞−−−→ σ2 and also Zk

1

L2(P )−−−−→ Z1 as k → ∞, because

E[(Z1 − Zk
1 )

2] ≤ E[Z2
11{|Z1|>k}].

We can once more consider the martingale sequence (Mk
n)n≥0 defined by Mk

0 = 0 and Mk
N =∑N

n=1 Z
k
n and we may show that

lim
k→∞

lim
N→∞

∣∣∣∣[ei θ√
N
Mk

N − e−
θ2σ2

k
2

]∣∣∣∣ = 0.

On the other hand,

e−θ2
σ2
k
2

k→∞−−−→ e−θ2 σ2

2

and hence, the proof of the CLT for the unbounded case follows from the fact that

lim
k→∞

lim sup
N→∞

E

[
e
i θ√

N
Mk

N − e
i θ√

N
MN
]
= 0.

To see the last claim recall that |eix − eiy| ≤ |x − y| as we have shown above and using the
Cauchy-Schwarz inequality

∣∣∣E [ei θ√
N
Mk

N − e
i θ√

N
MN
]∣∣∣ ≤ θ

(
1

N
E

[
(Mk

N −MN )2
])1/2

= θ

 1

N
E

( N∑
n=1

Zk
n − Zn

)2
1/2

Then, because E[(Zk
n − Zn)(Z

k
m − Zm)] = 0, for n ̸= m the last average is equal to

θ

(
1

N

N∑
n=1

E

[(
Zk
n − Zn

)2])1/2

.

Finally, this average is easily seen to vanish, because Zk
n

L2(P )−−−−→ Zn, as k → ∞, and typical
convergence implies convergence of Cesaro averages.

4 A CLT under finite limit variance

For the last result of this essay we consider a Markov chain (Xn)n≥0 that is reversible with
respect to the invariant state π. This means that the measure P can be considered as a
symmetric operator in L2(π), i.e.

⟨Pf, g⟩π = ⟨f, Pg⟩π,

for f, g ∈ L2(π). An equivalent formulation is that

π(x)P (x, y) = π(y)P (y, x),
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for all x, y in the state space E, which translates to

Pπ[Xn = x,Xn+1 = y] = Pπ[Xn = y,Xn=1 = x].

Notice that a reversible measure is also invariant, because

(πP )(x) =
∑
y∈E

π(y)P (x, y) =
∑
y∈E

π(x)P (x, y) = π(x)
∑
y∈E

P (x, y) = π(x).

Recall that our goal is to find necessary conditions for a function V : E → R, under which a
CLT holds for

1√
N

N−1∑
n=0

V (Xn),

in the above setting. To this end, we first provide three helpful intermediate results. First of
all, since we do not assume the existence of a solution to the Poisson equation in this case, we
consider a sort of variation of it, namely the resolvent equation,

λfλ + (I − V )fλ = V,

for λ > 0. his equation actually has a solution fλ ∈ L2(π), for any λ > 0, because the operator
(1 + λ)I − P is invertible. We have already expressed the intuition that it would be natural to
expect a CLT to hold if the limit variance of V is finite, namely the quantity,

σ2(V ) = lim
N→∞

1

N
E

(N−1∑
n=0

V (Xn)

)2
 .

It turns out that for V ∈ L2(π), σ2(V ) <∞ if and only if∫ 1

−1

1

1− ϕ
µV (dϕ) <∞,

where

P =

∫ 1

−1
ϕ dEϕ,

is the spectral decomposition of the symmetric operator P in L2(π) and µV (dϕ) denotes the
spectral measure d⟨V,EϕV ⟩. In fact, in this case,

σ2(V ) =

∫ 1

−1

1 + ϕ

1− ϕ
µV (dϕ).

Now, the previous computations lead us to consider the Hilbert space H induced by L2(π)
with inner product defined by

⟨f, g⟩ = ⟨f, (I − P )g⟩π,

for f, g ∈ L2(π). In this context, the two other intermediate results are the following.

Lemma 4.1. Let fλ be the solution to the resolvent equation for V ∈ L2(π) with mean zero
and σ2(V ) <∞. Then,

lim
λ→0

λ⟨fλ, fλ⟩π = 0.

Lemma 4.2. Let fλ be the solution to the resolvent equation for V ∈ L2(π) with mean zero
and σ2(V ) < ∞. Then, the sequence (fλ)λ>0 is a Cauchy-sequence in H , which means that,
for every ϵ > 0, there exists λ0 > 0, such that for λ1, λ2 < λ0 we have

⟨fλ1 − fλ2 , (I − P )(fλ1 − fλ2⟩π < ϵ.
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Once again the theorem we want to prove is the following.

Theorem 4.3. Let (Xn)n≥0 be a Markov chain on some countable state space E, which is
ergodic and reversible with respect to some invariant state π. If V : E → R is some mean zero
and square integrable function in L2(π) with σ2(V ) <∞, then

1√
N

N−1∑
n=0

V (Xn)

converges in Pπ-distribution to a Gaussian with mean zero and variance σ2(V ), as N → ∞.

We don’t prove the theorem immediately but we first analyze the method of our approach.
Basically we want to try and repeat the approach of the first theorem of this essay and we do
that by considering fλ, the solution of the resolvent equation now, instead of the solution of
Poisson’s equation. For λ > 0 fixed we define

Zλ
n = fλ(Xn)− (Pfλ)(Xn)

and then we consider the MG sequence (Mλ
N )N≥0 given by Mλ

0 = 0 and Mλ
N =

∑N
n=1 Z

λ
n . In

this case we have that V (Xn) = λfλ(Xn) + (fλ(Xn)− (Pfλ)(Xn) and so an easy manipulation
gives that

N−1∑
n=0

V (Xn) =Mλ
N + fλ(X0)− fλ(XN ) + λ

N−1∑
n=0

fλ(Xn).

Observe that for any n ∈ N fixed, the sequence

Zλ
n = fλ(Xn)− (Pfλ)(Xn)

is a Cauchy sequence in L2(Pπ), since

Eπ

[
Zλ1
n − Zλ2

n

]
≤ 2⟨fλ1 − fλ2 , (I − P )(fλ1 − fλ2)⟩π,

which goes to zero as both λ1, λ2 go to zero, by Lemma 4.2. For the inequality one uses the
fact that P is a symmetric operator, π is stationary and (I − P 2) ≤ 2(I − P ). This shows that
(Zλ

n)λ>0 converges in L2(Pπ) for all n ∈ N and so the martingale (Mλ
N )λ>0 converges in L2(Pπ)

for N ∈ N fixed. Its limit, say MN , will also be a square integrable martingale. Therefore, since

fλ(X0)− fλ(XN ) + λ

N−1∑
n=0

fλ(Xn) =

N−1∑
n=0

V (Xn)−Mλ
N

and the RHS has a limit in L2(Pπ) as λ → 0, the LHS must also converge which leads to the
decomposition

N−1∑
n=0

V (Xn) =MN +RN ,

where the sequence (RN )N∈N belongs to L2(Pπ). However,

RN =
N−1∑
n=0

V (Xn)−MN =Mλ
N −MN + fλ(X0)− fλ(XN ) + λ

N−1∑
n=0

fλ(Xn)

and so

1√
N
RN =

1√
N

(
Mλ

N −MN

)
+

1√
N

(
fλ(X0)− fλ(XN ) + λ

N−1∑
n=0

fλ(Xn)

)
.
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Each part of this decomposition can be easily seen to vanish in L2(π) as N → ∞. The second
by an application of Schwarz’s inequality and lemma 4.1 and the martingale part because by
orthogonality,

1

N
Eπ[(M

λ
N −MN )2] =

1

N

N∑
n=1

Eπ

[
(Zλ

n − Zn)
2
]
= Eπ

[
(Zλ

1 − Z1)
2
]
,

where the last equality holds by the stationarity of π. The last quantity vanishes as we discussed
previously. Therefore,

1√
N
RN

L2(π)−−−→ 0,

as N → ∞.

We are now in a position to prove Theorem 4.3.

Proof of theorem 4.3. By the above discussion we know that (Zλ
n)λ converges in L2(π) for each

n ∈ N. It is not very hard to confirm that the limit sequence, i.e. (Zn)n∈N, satisfies the
conditions of the MG CLT theorem, that is, Theorem 3.1. This means that (Zn)n∈N is a MG
difference sequence with respect to the filtration Fn = σ(X0, X1, . . . , Xn), n ≥ 0, which is
stationary, ergodic and such that

E[Z2
1 ] <∞ and E[Zn+1|Fn] = 0.

Thus, for the sequence (Mn)n≥0, defined by M0 = 0 and Mn =
∑n

i=1 Zi, we know by Theorem
3.1 that

1√
N
MN

d−→ N (0, σ2)

as N → ∞, where σ2 = Eπ[Z
2
1 ]. However,

σ2(V ) =

∫ 1

−1

1 + ϕ

1− ϕ
µV (dϕ) = lim

λ→0
⟨fλ, (I − P 2)fλ⟩π

and

σ2 = Eπ[Z
2
1 ] = lim

λ→0
Eπ[(Z

λ
1 )

2] = lim
λ→0

Eπ[(fλ(X1)− (Pfλ)(X1))
2] = lim

λ→0
⟨fλ, (I − P 2)fλ⟩π.

We may now conclude in view of the previously established decomposition, that is,

1√
N

N−1∑
n=0

V (Xn) =
1√
N
MN +

1√
N
RN ,

since, by the previous arguments 1√
N
RN vanishes in L2(π) and so in Pπ-distribution as well.
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5 An interesting application

Our main result, the theorem of Section 4, is sometimes referred to as the Kipnis-Varadhan CLT.
This form of the CLT for Markov chains is important due to the minimality of assumptions
under which it holds and the fact that it has a vast range of applications. Some of the examples
particle systems, random walks among scatterers, or reversible chains with countable phase
space but no spectral gap, which can be realized by the so called ”birth and death” chains. One
particular and simple case is the problem that we describe below.

Let Ω denote the powerset of Zd. Then, we can consider a translation invariant measure
P on Ω, which we assume to be ergodic with respect to translations on Zd. A point ω ∈ Ω
is a random assignment of scatterers in Zd and the assumption of invariance of P allows for
the medium of scatterers to be homogeneous. Now, we consider a particle that is at the origin
at time 0 (here both time and space steps are discrete) and travels through Zd. For its first
step we choose at random (uniformly) one of the 2d possible directions and the particle makes
a step in this direction. If we were in Z2, for example, the particle’s position at time 1 could
be (1, 1), (1,−1), (−1, 1) or (−1,−1). If its new position is not a scatterer, then at time 2 the
particle makes another step in the same direction and it continues in the same manner until
it falls at a site that is a scatterer. In this case, it picks a direction at random with equal
probability among the 2d possible direction, independently of its previous moves and makes
another step in this direction. So, if in the special case of Z2 our particle moves first to (1, 1),
which is not a scatterer, then it goes to (2, 2) at time 2 and if we assume that (2, 2) is a scatterer,
then at time 3 its location can be (1, 1), (1, 2), (3, 2) or (3, 3), all with equal probability.

Let Xn denote the position of this particle at time n, for n ∈ N. The goal is to show that
the distribution of 1√

n
Xn is assymptotically a Gaussian. Moreover, we can prove that 1√

n
X[nt]

converges in distribution to a Brownian motion. We note that standard methods of CLT, for
example those that rely on independence of the random sequence, cannot be applied directly in
this case, because of the fact that scatterers are fixed and this creates correlations in the long
term.

In order to solve this problem we first make a simplification. Namely, we let Ω0 ⊂ Ω denote
the set of subsets of Zd that contain the origin. Now, for each ω ∈ Ω0 and v ∈ D, where D
is the set of all 2d possible directions for the particle’s movement, we let d(ω, v) denote the
distance from the origin to the nearest scattering point in the direction v (recall that ω gives
rise to a random assignment of scatterers along Zd). Then, consider Tv : Ω0 → Ω0 to be the
transformation which acts as a translation by −d(ω, v)v, so that the origin becomes the new
scattering site. Then, (Tv)v∈D is a family of measure-preserving transformations of Ω0, such
that (Tv)

−1 = T−v, for any v ∈ D.

We now want to consider a Markov chain for which to apply our established CLT. To this
end, the state space is X = Ω0×D and the transition probability Q for the Markov chain (Xn)
is given by

Q
(
(ω, v), (Tvω, v

′)
)
=

1

2d
,

for each v′ ∈ D. If we fix a vector k ∈ Rd, then we want to have a CLT for

N∑
n=1

ψ(Xn),

where ψ(x) = d(ω, v) ⟨v, k⟩, if x = (ω, v) and ⟨·, ·⟩ denotes the inner product on Rd.

Moreover, if we restrict the measure P on Ω0 and then normalize, call this new measure P0,
then the induced process on Ω0 is also a Markov chain, (Yn)n∈N with transtition probabilities

Qv ((ω), (Tvω)) =
1

2d
,
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for each v ∈ D and also this chain is in fact reversible with respect to P0. Finally, we may define

ϕ(ω) =
1

2d

∑
v∈D

d(ω, v) ⟨v, k⟩, ω ∈ Ω0.

Then, by ωn we denote the point in Ω0 for which Xn = (ωn, v). The CLT for

N∑
n=1

ψ(Xn)

would follow from the CLT for
N∑

n=1

ϕ(Yn)

and this holds by the CLT for reversible Markov chains, because the function ϕ turns out to
have finite limit variance. This can be seen by showing that

|EP0 [ϕ(ω)g(ω)]| ≤ C

(
EP0

∑
v∈D

(g(Tvω)− g(ω))2
)1/2

for all g ∈ L2(P0), if we also assume that E
[∑

v∈D d(ω, v)
2
]
<∞.
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