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Abstract

Until recently, virtually no results were known concerning the existence of in-
finite arithmetic configurations in sets of integers with positive density. The first
breakthroughs in this thematic area were achieved in [49] by Moreira, Richter and
Robertson and the same authors with Kra in [41, 43, 45]. By introducing new
ergodic-theoretic methods, they verified conjectures of Erdds about infinite sumsets,
and established far-reaching density analogues of Hindman’s finite sums theorem.

Building upon this foundation, we resolve various conjectures and several open
problems in this exciting area of research. Omne of our results extends the main
theorem of |41], confirming [44, Conjecture 3.10]. Namely, we show that for any set
A C N with positive upper Banach density and any ¢, m € N, there exist an infinite
set B C N and some ¢ € N so that {mb; + ¢by: b1,be € B and by < by} +t C A.

Under the same assumptions, we show the existence of an infinite set B and
a sequence (tj)gen of naturals such that {> on:F C B,|F| =k} C A—ty, for
every k € N. This strengthens the density finite sums theorem of [45] and, in the
context of density analogues to Hindman’s theorem, is the first result to guarantee
an unbounded number of summands generated by a fixed infinite set. As a corollary
of this, we obtain a sequence (B, )nen of infinite sets of natural numbers such that
By + -+ By C A, for every k € N, thus extending the main result of [43] and
verifying |44, Conjecture 2.10].

We also study unrestricted sumsets, which are not generally contained in ev-
ery set of positive density. We fully characterise, in terms of natural asymptotic
densities, the existence of an infinite B C N and ¢ € {0,1} with B+ B+t C A:
such B and t exist whenever d(A) > 1/2 or d(A4) > 3/4. Moreover, we show
that for any ¢,m € N, any set A C N with d(A) > 1/2 contains a configuration
{mby + lby : b1,ba € B, by < by} + t for some infinite B and ¢t € N.

We furthermore expand this framework to countable abelian groups. Under
natural, and necessary, assumptions on the doubling map D : g — g + g of such a
group (G,+), we show that for any Fglner sequence ® = (®n)y in G, if A C G is
such that dg(A) +dg/2(A) > 1, then there is an infinite set B C G and some t € GG
for which B+ B +t C A, where ®/2 = (D~}(®y))n.

For the aforementioned results, the density thresholds are sharp — restricting to
the cases where this statement is a non-trivial one. We show this by constructing
sets that attain the lower bounds but do not contain the related sumsets.

viii



Chapter 1

Introduction

In this thesis, we investigate various problems of additive-combinatorial nature, by
mainly using tools and methods from ergodic theory. The problems we study are
chiefly concerned with the existence of infinite configurations, and in particular,
sumsets, inside sets of integers, and other abelian groups, with positive density.

Our principal contributions can be summarised as follows. First, we establish
weighted infinite sumset results in sets of positive density. Second, we develop
density analogues of Hindman’s finite sums theorem. Third, we determine sharp
density conditions for the existence of unrestricted sumsets in a general abelian
group setting. The underlying common approach is to translate these problems into
statements about recurrence and convergence of orbits in dynamical systems.

The contents of this work thus fall primarily under the scope of ergodic Ram-
sey theory, a relatively young branch of mathematics — originating in Furstenberg’s
foundational work [18] — in which ergodic-theoretic techniques are used to prove
Ramsey-theoretic and, generally, arithmetic-combinatorial statements. The devel-
opments presented herein add yet another witness, to a plethora of pre-existing ones,

illustrating the strength and utility of this perspective.

1.1 Background and motivation

1.1.1 Arithmetic Ramsey theory

Ramsey theory is a branch of combinatorics studying the broad phenomenon of
order appearance in substructures of a given structure, or structure preservation
under finite partitions of a structured object. In the narrower intersection of the field
with arithmetic or additive combinatorics, the key objects of enquiry are partition

reqular configurations, that is, configurations that must exist in one cell of any finite



partition of, say, the natural numbers.

A prototypical result in arithmetic Ramsey theory is a well-known theorem of
Schur [56] — via which Schur proved that Fermat’s last theorem fails in modular
arithmetic (see the discussion in Bergelson’s survey [6}, Section 1]) — showing that
for any finite colouring (i.e. partition) N = C1U- - -UC,, there exists a colour class Cj,
and distinct 2,y € N such that {z,y,z+y} C C;, or {x,y,z+y} is monochromatic.
A more concise way to phrase this is that the configuration {x,y,x + y} is partition
reqular.

Perhaps the most classical result, and the starting point for a huge amount of
research, in the field is van der Waerden’s theorem on arithmetic progressions [61],
which states that arithmetic progressions of arbitrary length, i.e. sets of the form
{z,x+y,z+2y,...,z+ ky}, are partition regular in N.

Finally, we also recall the result to which Ramsey theory owes its name, namely,
Ramsey’s theorem [54], as it also happens to be pertinent to our work. A strong
version of it, which is of relevance for us, affirms that for any finite colouring of @),
there is an infinite set S C N such that (g), i.e. the set of cardinality 2 subsets of S,
is monochromatic. A direct corollary of this is the fact that for any finite colouring
N =C;U---UC(,, there exists an infinite set B C N for which

B® B :={bj+by:b1,ba € B, by #ba} ={b1 +ba:b1,b2 € B, by < b}

is monochromatic. It was observed by Hindman [27] that the restriction by # by is

necessary for this result to hold.

1.1.2 Hindman’s theorem and Erdo6s’s insight

A particular, and already very interesting, class of partition regular configurations
is those that arise as solutions of systems of homogeneous equations. For clarity,
a system of homogeneous equations with integer coefficients is partition regular if
the system has a monochromatic solution for any finite colouring of the natural
numbers. Notice that both Schur’s theorem and van der Waerden’s theorem can
be formulated in this terminology, as the configurations under consideration in each
case are solutions of systems of linear equations. Both results are special instances
of Rado’s celebrated theorem [53] characterizing all (finite) partition regular systems
of homogeneous linear equations.

These being examples of finite partition regular configurations, a natural ques-
tion — even more so, in view of Ramsey’s theorem — is what non-trivial infinite

configurations are partition regular. In his landmark work [26], Hindman provided



the first example of an infinite partition regular system of equations.

Theorem A (Hindman’s finite sums theorem). Let N = Cj U --- U C, be a finite

colouring. Then, there exists a colour class C; and an infinite set B C N such that

{Zn:@;&FCB, |F\<oo}CCZ-. (1.1.1)
ner

As we hinted at in the beginning of the introduction, a principle of Ramsey
theory is that order emerges so long as one considers large enough subsets of a
structured object — the notion of largeness depending on the order under considera-
tion. Specifically for arithmetic configurations in N, an important notion of largeness

is positive upper Banach density; that density being defined for a set A C N as

ANn{M,M+1,...,.N -1

A representative example of this principle is Szemerédi’s famous theorem [58|, ac-
cording to which any set with positive upper Banach density contains arbitrarily
long arithmetic progressions. This is a highly non-trivial strengthening of van der
Waerden’s theorem, since in a finite colouring of N at least one of the colours has
positive upper Banach density, and was conjectured by Erdds and Turan [17], almost
forty years before its proof.

Another influential insight of Erdés was that Hindman’s finite sums theorem
should enjoy a density counterpart. Since the set of odd numbers A = 2N — 1 has
density 1/2 and does not contain configurations as in the LHS of , a direct
density analogue — one paralleling the relation between the theorems of Szemerédi
and van der Waerden — is not possible. Moreover, an example of Straus (published
not by him but by others; see, e.g., |5, Theorem 2.20]) placed even more limitations
on what could potentially be a density version of Hindman’s theorem. In particular,
Straus showed that there are sets A C N of density arbitrarily close to 1, no shift of
which, i.e. A —t, for t € N, contain infinite sumsets as in . This led Erdés to
conjecture, on different occasions 14} |15, |16], that for any set A C N with positive

density,
(i) there are infinite sets B,C C N such that B+ C C A and
(ii) there is an infinite set B C N and a shift ¢ € N, such that B® B +t C A.

Apart from a weaker result of Nathanson [50], both conjectures saw no progress

for many years. The first partial result in this direction was established in [12].



In this work, Di Nasso, Goldbring, Jin, Leth, Lupini and Mahlburg employed non-

standard analysis and ideas from ergodic theory in order to verify (i) for sets with
d*(4) > 1/2.

1.1.3 Ergodic Ramsey theory and recent breakthroughs

The beginning of ergodic Ramsey theory is traced back to Furstenberg’s highly in-
fluential ergodic proof of Szemerédi’s theorem [18]. The first step in Furstenberg’s
argument was to translate the statement of Szemerédi’s theorem into a statement
about multiple recurrence in measure-preserving systems, which he went on to prove
via a stronger multiple ergodic theorem. This translation step, although not very
technical, was arguably a very insightful part of the proof and has since been termed
Furstenberg’s correspondence principle. To phrase this principle rather vaguely: the
quadruple (N,P(N),d*,T) behaves like a measure-preserving system. Here P(N)
denotes the power-set of the integers, and T is a shift map on N, specifically, trans-

lation by 1. More precisely, Furstenberg proved the following result.

Lemma B (Furstenberg’s correspondence principle). Given A C N there exists a
measure-preserving system (X, B, u, T'), where (X, B, 1) is a Borel probability space,
and a set E € B with u(E) = d*(A), such that for every m € N and any integers

ni,...,Nm € N, we have that
wWENT™EN---NT"E)<d*(AN(A—n1)N---N(A—ny)) (1.1.2)

A few years after [12] was published, in a major breakthrough, Moreira, Richter
and Robertson [49] confirmed the full B + C' sumset conjecture of Erdés, using a
mixture of combinatorial and nonstandard analysis, and an ergodic structural result.
Host [30], subsequently gave a shorter and more classical ergodic proof of the same
conjecture.

The next advancement was established in [43] by Kra, Moreira, Richter and
Robertson, who gave a new proof of Erdds’s conjecture (i), and moreover proved
that for any k£ € N, any set with positive upper Banach density contains infinite
sumsets of the form By + - - - + By.

The resolution of the second aforementioned conjecture of Erdds, came from
Kra, Moreira, Richter and Robertson [41] using once again methods from ergodic

theory and building on the techniques developed earlier in [43] by the same authors.

Theorem C (|41, Theorem 1.2]). For any A C N with d*(A4) > 0 there exists some



infinite set B C N and a number ¢ € N such that
{bl—i-bgi bi,bs € B, by #bg}-ﬁ-t C A.

Finally, in compelling work [45], using structure theory of multiple ergodic aver-
ages, Kra, Moreira, Richter and Robertson proved the following truncated density

version of Hindman’s theorem.

Theorem D ([45, Theorem 1.1]). Let A C N be a set with d*(A) > 0. Then, for
every k € N, there exists an infinite set By C N and an integer t; > 0 such that

{Zn: FCBkwith1§|F\§k}+tkCA.
neF

In each of these results, a version of the correspondence principle was imple-
mented in order to translate the combinatorial statements into dynamical ones,
specifically about the convergence of special orbits in ergodic systems; an example

of this translation is outlined in the following section.

1.2 Infinite sumsets in sets of positive density

1.2.1 Asymmetric infinite sumsets

With our first main result, published in solo-authored work [38], we extend the
methods developed in [41] in order to strengthen the central result therein, that is,
Theorem |C], and verify |44, Conjecture 3.10].

Theorem 1.2.1. For any A C N with d*(A) > 0 and ¢,m € N, there exists an
infinite set B C N and a number t € N such that

{mb1+€b2: bi,bs € B, by <b2}+tCA.

Observe that Theorem [C] is a special case of Theorem for the case { =
m = 1. Our proof of Theorem [I.2.T] presented in Chapter [6] is ergodic-theoretic
in nature and it relies on extensions of the beautiful argument crafted in [41] for
the proof of Theorem [C] The main setup for it is laid out in Section [6.4] and it is
completed in Section along with a slightly stronger result (see Remark .

To give a preliminary sense of how dynamics enter the picture, given a set A C N,

we first relate the inclusion

{mb1 + €by: by,by € B and by <b2}—|—tCA



to the existence of a specific topological dynamical system (X,7"), and a triple
(a,z1,72) € X3, with @ € X being a predetermined point, satisfying the convergence
lim (Tf X Tm)"i (a,21) = (21, 72), (1.2.1)
1—00
along a sequence (n;);en. We call triples of points satisfying , (¢,m)—Erdés
progressions — which may justify the unorthodox order in the notation of Theorem
In Section we explain how a classical version of Furstenberg’s correspon-
dence principle, which is similar to Lemma [B] allows us to translate Theorem
to a dynamical statement of the above form, namely, Theorem [6.3.2l The proof
of the latter is carried out by constructing a special measure on X3 supported on
triples of points satisfying and the bulk of the argument is to verify some

properties of this measure that allow this to happen.

1.2.2 Density analogues of Hindman’s finite sums theorem

The most technical results in this thesis are presented in Chapter [7] and relate to
extensions of Theorem |D] towards more density versions of Hindman’s finite sums
theorem.

To bridge the gap between Theorem [D] and the counterexample of Straus we
mentioned in Section Kra, Moreira, Richter and Robertson asked whether a
sequence of shifts — instead of a single shift — would allow for an unbounded number

of summands generated by one infinite set.

Question 1.2.2 ([44, Question 2.11]). Let A C N be a set with d*(A) > 0. Does
there exist an infinite set B C N and a sequence of shifts (tx)reny C N such that

{Zn: FCBwithlg\F\gk}thkcA, for every k € N ?
neF

In joint work with Herndndez and Radié¢ [24], we answer Question in the
negative (see Proposition by constructing a set of density arbitrarily close to
1 for which even a weaker version of the conclusion fails. However, our main results,
Theorems and extend Theorem [D] in two different directions, achieving

in each case a certain degree of independence between the infinite set B and the

number of summands k € N.

Theorem 1.2.3. Let A C N be a set with d*(A) > 0 and £ > 0 an integer. Then,



there exist an infinite set By C N and a sequence (to;)ren C N such that

{Zn: F C By with k < |F| gk+£}+tch, for every k € N.
nekFr

In Section we show that Theorem [1.2.3| is optimal in the sense that one
cannot choose the set By independently of £. We also show that the sequence of

shifts (¢¢x)ken cannot, in general, be bounded.

Theorem 1.2.4. Let A C N be a set with d*(A) > 0. Then, there exist an infinite
set B and sequences (Sk)ken, (tk)ken C N such that

{Zn: F C B+ s with1§|F|§k‘}+tkCA, for every k € N.
ner

Letting B = B + s, for every k € N, we see that the strength of this result
over Theorem @ is that the sets (Bj)ren are shifts of a single infinite set B C N.
Our construction in Section shows that one cannot in general remove the shift
sequences (tr)ken, (Sk)ken, as well as the necessity of them being unbounded. The
second auxiliary sequence in Theorem as opposed to merely shifting the set
A, is naturally introduced to overcome the further local obstructions that arise in
our answer to Question [1.2.2

Recall that, the main result of [43] shows that for any & € N, any set of positive
density contains a sumset of the form By + - -- + By, where By, ..., By are infinite.
As a corollary of our main theorems, we strengthen this by removing the dependence
of the infinite sets on k. This positively answers |43 Question 8.1] and verifies |44,
Conjecture 2.10].

Corollary 1.2.5. Let A C N be a set with d*(A) > 0. Then, there exists an infinite

sequence (Bp)nen of infinite sets of natural numbers such that
By +By+---+ By C A, for every k € N.

We remark that Theorem for £ = 0 already implies Corollary and the
details can be found in Section[7.4.1] Similarly, Theorem[I.2.4]also implies Corollary

A high-level outline of the ergodic machinery built to prove Theorems and
1.2.4)is presented in Section [7.2.2



1.3 Unrestricted sumsets in sets of large density

For the purposes of contextualizing our next main results, we redirect our attention
to Theorem [C| In particular, we point out that the restriction by # by is necessary
and the nature of the problem changes substantially when it is removed. Indeed, it is
not difficult to exhibit a set of full upper Banach density and positive lower density
that does not contain infinite sumsets of the form B4+ B+t := {by1+bg : b1,be € B}+t
(see, e.g., [44, Example 2.3]).

A natural question then is whether such unrestricted sumsets are guaranteed in
sets that satisfy stronger density assumptions. We refer to the (unrestricted) B + B
problem as the general problem of finding a density scheme — initially in the integer
setting, and later on in countable abelian groups — for which any set with large

enough density contains a sumset of the form B + B + t.

1.3.1 Sumsets of the form B + B in the integers

The focus of Chapter |3 which is based on the joint work with Radi¢ [40], is to
provide conditions on the density of a set A C N that ensure the existence of an
infinite set B C N such that B+B+t C A, for some t € {0,1}. These conditions turn
out to be considerably more restrictive than those of Theorem [C] With the following
theorems we address [44, Conjecture 3.7] and provide optimal density thresholds for

natural upper and lower densities for the unrestricted B 4+ B problem.
Theorem 1.3.1. Let A C N.
1. If d(A) > 5/6, there is an infinite set B C N such that B+ B C A.
2. If d(A) > 3/4, there is an infinite set B C N such that B+ B C A.
When we allow for a shift, the density assumptions can be weakened.
Theorem 1.3.2. Let A C N.

1. Ifd(A) > 2/3, there is an infinite set B C N and t € {0,1} such that B+ B+
tCA.

2. Ifd(A) > 1/2, there is an infinite set B C N and t € {0,1} such that B+ B+
tC A

To prove Theorems and we use the tools developed in [41] and trans-

late the problem of finding infinite configurations to a statement in ergodic theory.
As was shown in [41] the containment Bé& B C A, for some infinite B C N, is related



to the existence of a particular system (X,T) and specific points a, z1, 22 € X such
that for some increasing sequence (ng)reny we have (T x T)"* (a,z1) — (21, 22) (see
[41, Theorem 2.2]). In the present work, we also need that 72" a — x5 in order
to ensure that 2B := {2b: b € B} C A. Given that we care simultaneously about
the convergence under iterations of T and T2, we develop a modified version of
Furstenberg’s correspondence principle, where instead of building an appropriated
ergodic invariant measure on the full shift in two symbols, ({0, 1}%,T), we build an
appropriated (T2 x T)-invariant probability measure on ({0, 1}% x {0,1}%#,T% x T).
This is carried out in Lemmas and and the proofs of Theorems and
are presented in Section

In Section [3.5.1] we establish that the density bounds listed in Theorems
and are sharp. As an illustrative example, we construct a set A C N with
d(A) = 5/6 which does not contain a sumset B + B, for any infinite B C N.

1.3.2 Sumsets of the form B + B in countable abelian groups

It is natural to ask whether Theorem |C] could be extended to other countable
amenable (semi)groups. This was explored in [11], where Charamaras and Moun-
takis established an extension of Theorem [C] for a wide class of such groups. In
particular, |11, Corollary 1.13] asserts that if (G, +) is a countable abelian group
with index [G : 2G| < oo and A C G has positive upper Banach density, there exist
an infinite set B C A and some ¢t € G such that B® B+t C A.

To define a density scheme for which any set with large enough density contains
a sumset of the form B + B + t, we use the notion of Falner sequences. Recall that
given an abelian group G, a sequence ® = (P ) yen of finite subsets of G is a Fglner
sequence if for any g € G,

i (VO (g + e[ _

N—o0 |(I)N|

The upper density of a set A C G with respect to @, is defined as the limit dg(A) =
lim sup y_s o V}gif |, and we speak of the density dg(A) when the limit exists.
We remark that for the results presented in Section taking the density

with respect to the initial Folner sequence N +— [1, N] in N is essential, as it is clear

from [44, Example 2.3] that not all Fglner sequences can be used to guarantee such
density threshold values.

The main aim of the preceding discussion is to set the stage for the following —
a posteriori natural — questions, which we initially address in Chapter @} Let G be

a countable abelian group, such that [G : 2G| < cc.



(a) Can we find a Fglner sequence ® and a constant ¢ = ¢(G,®) > 0 such that
any set A C G with dg(A) > ¢ contains an unrestricted sumset of the form
B + B +t for some infinite set B C G and some t € G?

(b) Can we answer (a) in an optimal way?

This is a more precise formulation of the unrestricted B+ B problem in countable
abelian groups. In Chapter [4] this exact question is addressed successfully. For
brevity we do not present the main theorems of this chapter here, which are based
on the joint work with Charamaras, Mountakis and Radié¢ [10], but we opt to present
the stronger results of Chapter 5| which are based on the solo-authored recent paper
[39]. Nevertheless, we want to emphasise that the arguments in Chapter |5|are highly
influenced by those developed in [10] and rely on many technical results established
therein.

Throughout, G denotes a countable abelian group and D denotes the doubling
map D : G — G,D(g) = 2¢. In addition, given a set A C G, we write 24 for the
set D(A), and A/2 for D=*(A). The main result of Chapter [5| reads as follows.

Theorem 1.3.3. Let (G,+) be a countable abelian group with { = [G : 2G] < 0o
and r = | ker(D)| < co. Let A C G and ® be any Folner sequence in G. Pass to a

subsequence of ® if necessary so that all densities exist. Then the following hold:

(1) If de(A) +dg2(A) > 1, there exist an infinite set B C G and some t € G such
that B+ B+t C A.

(2) If de(A)+dg/2(A) > #, there exists an infinite set B C G such that B+ B C
A.

(3) If do(AN2G) 4+ dg2(AN2G) > §, there exists an infinite set B C G such that
B+BcCA.

The need to pass to an appropriate subsequence in Theorem [1.3.3]is not a mere
artifact of the proof, but rather we even have the following extreme behaviour if we

consider densities along different subsequences of ® and ®/2.

Proposition 1.3.4. Let (G,+) be a countable abelian group with £ =[G : 2G| < oo
and r = |ker(D)| < co. There is a set A C G and a Folner sequence ® such that

de(A) +dg/a(A) = 2,
but there does not exist an infinite set B C G and t € G with B+ B+t C A.
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We also show the optimality of the density threshold values in Theorem [I.3.3]

via the following result.

Theorem 1.3.5. Let (G,+) be a countable abelian group with ¢ = [G : 2G] < o
and r = |ker(D)| < co. There is a set A C G such that

do(A) +de2(A) =1,

for some Fglner sequence ® in G, but there does not exist an infinite set B C G and
t e G with B+ B+t C A.

Finally, we want to remark that both the assumptions [G : 2G| < oo and r =
| ker(D)| < oo are necessary for the previous results to hold. Indeed, this is already
the case for the weaker results of Chapter[4l In particular — even though it may seem
surprising at first since the density thresholds in Theorem do not depend on
r — there are groups with |ker(D)| = oo for which Theorem fails dramatically

(see Section [4.6.1).

1.3.3 Sumsets of the form mB + /B

Analogously, we are also interested in an unrestricted version of Theorem [1.2.1
Including the diagonal in the sumsets is an important first step in this direction.
Building on the ideas involved in the proofs of Chapter [3|and the proof of Theorem
we are able to prove the following results.

Theorem 1.3.6. Let {,m € N. For any A C N with d(A) > 1/2, there exist an
infinite set B C N and some t € N such that

{mbl + £by: b1,by € B and by Sbg}—i—tCA.

Theorem 1.3.7. Let {,m € N and k = m/{. For any A C N with d(A) > 1 —
1/(k 4 2), there exist an infinite set B C N and some t € N such that

{mby + lby : b1,ba € B and by < by} +1 C A.

These theorems are proven in Chapter [} We also prove similar results for the
case of unshifted patterns (see, e.g., Theorem [6.2.2)). Once again, we will show that
both previous density threshold bounds are optimal. To demonstrate this, we show,

for example, the following.
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Proposition 1.3.8. Let {,m € N and k = m/{. Then, there exists a set A C N
with d(A) = 1 —1/(k +2) such that for any infinite set B and any integer t € N we
have that {mby + £by : b1,by € B and by < by} +t ¢ A.

Recall the discussion after Theorem [1.2.1] We try to mimic this approach for the
latter results, but the problem gets more complicated — already at the level of the
correspondence principle — if we also want to include the diagonal in the sumsets.
More precisely, in the dynamical setting of that discussion, in order to guarantee
that {mby + €by: b1,ba € B and b; < by} +t C A, we additionally need to know
that (T74)"a — x4, for some j € N such that j¢ = ¢ +m. However, this equation
is only solvable if K = m/{¢ is an integer. In this special case, one could devise
a modified version of the correspondence principle, by building an appropriated
(T*+1) % T)-invariant probability measure on ({0,1}% x {0,1}%, T*+1 x T). For
the case £ = m = 1, this argument will be utilised in Chapter [3|

To handle the general case when the ratio k = m/¢ is not an integer, we consider
a (TUKI+1) % T)-invariant probability measure on ({0,1}% x {0,1}%, TU*I+1) x T),
where [k] denotes the ceiling of k, arising from a generic pair of points (a’,a),
where a corresponds to the indicator of A, and a’ corresponds to the indicator of an
auxiliary set A" C N. Essentially, A" is such that the inclusion (¢([k]+1)B+t C A’
also implies (m + ¢)B +t C A. In Section we formulate this version of the
correspondence principle as Lemma and use it to deduce Theorem from

a dynamical statement, namely Theorem [6.3.6

1.4 Outline of the following chapters

The proofs of our main results rely on arguments from ergodic theory and topological
dynamics. Thus, for completeness, in Chapter [2] we introduce relevant terminology,
and collect several necessary ingredients, as well as classical results that will be
needed. At the end of the chapter we gather the notation that is used throughout
this thesis.

In Chapter 3| we present the results of [40] some of which were laid out in Section
Then, in Chapter [l we address the problem studied in Chapter [3|to the more
general setting of countable abelian groups. The culmination of these first chapters
is, in a sense, completed in Chapter [5] where we strengthen the results presented
up to that point, as explained in Section [1.3.2

Chapter [] contains the results discussed in Sections and and is based
on the work [38].

We conclude with Chapter [7| that comprises the results of [24], some of which
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were presented in Section[I.2.2] We also remark that the ergodic-theoretic machinery
developed and used in this chapter is the most sophisticated of all this thesis.

The appendices, Appendix [A] and Appendix consist, respectively, of useful
general facts about countable abelian groups and Fglner sequences, and some tech-
nical examples that justify our approach in Chapter [7]

Finally, we note that to facilitate selective reading, we have chosen to include
detailed introductions of the main results to follow at the beginning of each chapter
— potentially at the cost of slight repetitions of things that appeared in the general
introduction of Chapter

For more work related to this interesting and flourishing theory see also [21, [23|
25, 142, |48, 152, 160].
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Chapter 2

Preliminaries

2.1 Densities and notions of largeness

Let A C N. The upper and lower asymptotic densities of A are defined, respectively,
by
= |[AN[L N]|

AN, N
d(A) := limsup and d(A) := liminf [AN[L, N
N—oo N—o00 N

)

where [1, N] = {1,...,N}, for any N € N. If these two quantities are equal, their
common value is called the natural density of A and is denoted by d(A).

More general notions of density measure the asymptotic proportion of a set’s
elements in other sequences of intervals. In particular, the upper Banach density of
ACNis

A M M+1,....N—-1
d*(A) := ]\l[imMsup [AN{M, N+—.;\4 ’ }’
—M—00

and its lower Banach density is

. An{M, M +1,...,N —1}]
X =1 f .
A) = il N

One important feature of a density function is shift-invariance. This is guaranteed by
averaging along asymptotically shift-invariant sequences of sets, which is captured
by the notion of Fglner sequences.

For the generality that we will be interested in throughout this thesis, let (G, +)
be a countable abelian group. Then, a Fglner sequence ® = (®Py)nen in G is a
sequence of nonempty finite subsets of G which are asymptotically invariant under
any shift, that is,

14



for any t € GG. The upper density of a set A C G along ® is given by

d(A) := limsup M
Noco PN
The lower density of A along ® and the density, when it exists, are then defined
analogously to how asymptotic natural density was defined in N. For reference, the
special sequence N — [1, N] in N is typically called the initial Folner sequence.
For a countable abelian group (G, +), the upper Banach density of a set A C G

is defined as
d*(A) := sup{de(A) : ® is a Fglner sequence in G'}.

The tentative reader may observe that this definition seems to differ from the original
one in N. Nevertheless, it follows (see, e.g. [4, eq. (5)]) that in any abelian group
(G,+), for any set A C G and any Fglner sequence & = (®y), there exists a

sequence (ty) in G, such that
d*(4) = d(®N+tN)(A)'

Although N is technically only a semigroup, the same results hold for N also.

The following notions of largeness for subsets of N are very important and appear
frequently in the intersection of Ramsey theory and topological dynamics or ergodic
theory. For ACNand meNwelet A—m:={neN:n+me A}. Aset ACN

is
o syndetic if there exists k € N such that U§:1 A—j=N
e thick if for all N € N, there exists m € N such that {m,m+1,...,m+N} C A
o piecewise syndetic if there exists £ € N such that U;?:l A — j is thick.

It is well-known and easy to deduce from the definitions that a set is thick if
and only if it intersects every syndetic set, or equivalently, if its complement is
not syndetic. The roles of thick and syndetic sets in the previous sentence can be
interchanged. Moreover, a set is piecewise syndetic if and only if it is the intersection
of a syndetic and a thick set. Note also that shifts of syndetic, thick or piecewise
syndetic sets are syndetic, thick or piecewise syndetic, respectively. Finally, these
families of sets are upward closed; for example, a set that contains a syndetic set is

also syndetic, and similarly for the rest.
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The same definitions, with obvious modifications, hold in Z. These notions can
also be defined analogously for countable abelian groups, but we will only pursue
this on demand in Chapter

We conclude this section with a simple combinatorial lemma about properties
of the upper and lower density. The proof is elementary and so we omit it. This

result will be particularly useful in Section [3.5.2
Lemma 2.1.1. Let P(N) denote the power-set of N.

(1) The function d: P(N) — [0, 1] is sub-additive. That is, for any sets A, B C N,
we have d(AU B) < d(A) + d(B). In the special case that the sets are disjoint
and the density of B exists we have d(AU B) = d(A) + d(B).

(2) The function d: P(N) — [0,1] is super-additive. That is, for any disjoint sets
A, B C N, we have d(AUB) > d(A)+d(B). In the special case that the density
of B exists we have d(AU B) = d(A) + d(B).

(3) If A, B C N are such that B = A +t, for somet € N and AN B = (), we have
d(AUB)=2-d(A) and d(AU B) =2-d(4).

2.2 Topological dynamical systems

Throughout, a topological (dynamical) system is a pair (X, T'), where X is a compact
metric space and T': X — X is a homeomorphsim.

A system (X,T) is minimal if every point = has a dense orbit, i.e., the set
{T™x :n € Z} is dense in X. It is transitive if there exists one dense orbit.

A factor map between two systems (X,7T) and (Y, .S) is a continuous surjection
m: X — Y satisfying m o T = S o m, meaning that 7(T(z)) = S(w(x)), for all
x € X. In this case, we call (Y,95) a factor of (X,T) or the latter an extension of
the former and we sometimes use the same letter for the transformations 7" and .S,
writing (Y, T') instead of (Y, 5). If (Y1,T') and (Y2, T) are two factors of (X,T") with
corresponding factor maps m; : X — Y7 and 7w : X — Y5 and there is another factor
map 7 : Y] — Y5 such that mo = 7o, we say that (Y1,T) contains (Y, T).

To determine when two topological systems are essentially equivalent, we use
the notion of topological isomorphism (or topological conjugacy). A topological iso-
morphism between two topological systems (X, T) and (Y, .S) is a homeomorpshim
¢ X — Y satisfying ¢ oT = S o ¢. Note that, ¢ is a factor map from (X, T) to
(Y, S), but it also follows that ¢! 0§ =T o ¢~!, and in particular, ¢! is a factor
map from (Y, 5) to (X,T) as well. In this case, we say that (Y,S) and (X,T) are

topologically isomorphic.
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Let (X;,Tj)jen be a sequence of topological dynamical systems endowed with
factor maps 7; ;41 : Xj41 — X for each j € N. An inverse limit of this sequence of
systems is the unique system (X, 7") (up to topological isomorphism) endowed with

factor maps m; : X — X, j € N, such that
(i) mj41 = mj 41 0 7j, for every j € N and

(i) Usenifom: f e C(X;)} is dense in C(X).

2.3 Measure-preserving systems

A measure-preserving system (X, p,T) is a triple where (X,T') is a topological dy-
namical system and g is a T-invariant Borel probability measure, namely Ty = p,
where T'u denotes the pushforward of u by T'. We stress that, throughout this thesis,
all our measure-preserving systems have an underlying topological stucture.

The system (X, u,T) is ergodic if T-1A = A implies that u(A) € {0,1} for
any Borel set A. The system (X,T) is uniquely ergodic if there exists only one
T-invariant measure p, which makes the system (X, y, T') automatically ergodic.

If (X,p,T) is measure-preserving, the support of u is defined as the smallest

closed, full measure subset of X, or equivalently, as
supp(p) = {x € X : for each open neighbourhood U of z, u(U) > 0}.

We recall that a measurable map 7: X — Y between two systems (X, u,T') and
(Y,v,S) is called a factor map if mu = v, where mu denotes the push forward of u
by 7, and

moT =Som p-almost everywhere. (2.3.1)

In turn, (Y, v, S) is called a factor of (X, u,T) and (X, u, T) is called an extension of
(Y,v,S). If, in addition, 7 is continuous, surjective and holds everywhere we
call ™ a continuous factor map. Again, we use the same letter for the transformation
of a factor and its extension, that is, we write (Y, v, T).

Given a factor map 7 : X — Y and a function f € L?(u), we consider the
conditional expectation E(f|m~'B(Y)), where B(Y) is the Borel o-algebra on Y.
We write E(f|B(Y)) or E(f|Y) for the B(Y)-measurable function that satisfies
E(f|B(Y)) o 7 = E(f]7'B(Y)).

We remark that a factor of an ergodic system is also ergodic. Of special interest
are factors with the structure of group rotations. More precisely, a group rotation

is a system (Z, m, R) where Z is a compact abelian group with its normalized Haar
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measure m and R: Z — Z is the rotation map given by R(z) = z+«, for some a € Z.
Every ergodic system has a maximal group rotation factor, called the Kronecker
factor (see, for example, [13, Theorem 6.10]), and while in general the factor map
from an ergodic system (X, u,T) to its Kronecker (Z,v, R) is only measurable, for
our purposes we may assume that it is also a continuous surjection. We explain this
in Proposition |3.4.1

Let (Xj,uj,Tj)jen be a sequence of measure-preserving systems endowed with
factor maps ;41 : X;j41 — X for each j € N. An inverse limit of this sequence
of systems is the unique system (X, u,7") (up to isomorphism) endowed with the
factor maps 7; : X — Xj;, 7 € N such that

(i) mj41 = mj 41 0m;, for every j € N and
(i) For 1 <p < oo, Ujentfomi: f € LP(u;)} is dense in LP(u).

Given a system (X, 1, T"), a point a € X is generic for u along a Fglner sequence

O, written as a € gen(u, ®), if

1
= hm e— (STn 5
B N oy %;N a

where 0, is the Dirac mass at € X and the limit is in the weak* topology. A well-
known consequence of the mean ergodic theorem [51] is that for an ergodic system
(X,pu, T) and any Fglner sequence, there is a subsequence ® such that p-almost
every point x € X is generic along ® (see, e.g. [43, Corollary 2.6]).

Finally, given a measure-preserving system (X, u,T), a function f € L?(X) is

called weak-mizing if

/XT"f-fdu‘:O.

2.4 Disintegrations over factors

FErgodic systems are fundamental as building blocks of all systems in the sense of

the ergodic decomposition theorem (see, for example, |13, Theorem 6.2]).

Theorem 2.4.1 (Ergodic decomposition). Let (X, u,T) be a measure-preserving
system and let Mp(X) denote the set of T-invariant Borel probability measures on
X. Then there exist a Borel probability space (Y, B(Y'),v) and measures p,, € Mp(X)
such that,
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(i) y — py is measurable, that is, y — [y f dpy, is measurable for every f € LY (p)
(it) oy is ergodic for v-almost every y € Y, and

(iti) p= [y py dv(y), which means that for every f € L' () we have

[ 1@ dute l/UJ wy)w@.

Remark. Indeed, (Y,B(Y),r) can be chosen to be (X, B(X), ). To be precise, the
theorem’s conclusion means that for any function f € L!(p), the integral [ [ duy

exists for v-almost all ¢, and that on this full-measure set,

yH/fduy
X

is measurable and

[ 1@ duta E/UJ wy)w@-

Another way to describe the ergodic decomposition is via disintegrations over
certain factor maps, and we explain this more general approach as well since it will
be useful, particularly in Chapter [6]

Let (X, u,T) be a measure-preserving system and (Y,v) a probability space.
Then, a map y — p, from Y — M (X), the space of Borel probability measures on
X, with the properties

e y — iy (F) is measurable for every Borel set F' C X
o [ fdu= [y [x [ duy dv(y), for all measurable and bounded f: X — C,

is called a disintegration of p.
For an exposition on the following theorem about disintegrations over factor

maps, see for example, |13 Chapter 5].

Theorem 2.4.2. Let w : (X, u,T) — (Y,1,5) be a factor map between measure-
preserving systems. Then, there exists a disintegration y — p, of p defined on (Y, v)

satisfying
E(fY) :/Xf dpiy,

for v-a.e. y €'Y, whenever f : X — C is measurable and bounded. Moreover, if
y = 1ny is another disintegration with the same property, then ny, = p, for v-a.e.
yey.
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A fruitful idea in ergodic theory, particularly when structural questions are con-
sidered, is that a measurable factor of a measure-preserving system determines
uniquely (up to isomorphism), and is conversely, uniquely determined by, an in-
variant sub-o-algebra. For a measure-preserving system (X, B, u,T'), an invariant
sub-c-algebra is a sub-g-algebra A C B with T~'A = A modulo p). For the details
see |13, Lemma 6.4 and Theorem 6.5].

Using Theorem one can show that for a measure-preserving system (X, u, T),
an ergodic decomposition of u is given via the disintegration over the invariant fac-
tor, which is the factor identified with the invariant o-algebra, namely Z(T') = {A €
B(X):T7'A= A (mod p)}.

2.5 Dynamics of group actions

Throughout this section, let G be a countable abelian group. Given a compact metric
space X = (X,dx), a continuous action T' = (Ty)gec of G on X is a collection of
continuous functions T, : X — X such that for any g1,g2 € G, Ty, 0 Ty, = Ty, 44-
Given such an action, we call the pair (X,T) a topological G-system.

Fix a topological G-system (X, T"). A measure p in the space of Borel probability
measures on X is said to be T-invariant, if it is invariant under T}, for all g € G.
The Borel o-algebra on X is denoted by #(X) or just 4, if no confusion may arise.
The action T on the Borel probability space (X, u) is called a measure-preserving
G-action and (X, p,T) is called a measure-preserving G-system. For simplicity, we
refer to the above as G-actions, and G-systems, respectively. A G-system (X, u,T')

is called ergodic if for any measurable set A the following holds:
Tg_lA =Aforallge G = p(A)=0or pu(4) =1.

Given a G-system (X, u, T') and a Fglner sequence ®, a point a € X is called generic
with respect to p along ®, denoted by a € gen(u, ®), if

where 4, is the Dirac mass at x € X and the limit is in the weak* topology.

Given two G-systems (X, u,T) and (Y,v,S), we say that (Y,v,S) is a factor
of (X, u,T) if there exists a measurable map 7 : X — Y, which we call factor
map, such that u(r~'E) = v(E) for any measurable E C Y, and for any g € G,
moT, = Syom holds p-almost everywhere on X. When, additionally, the factor map
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m is continuous and m o T, = S, o 7 holds everywhere on X for any g € G, we say
that 7 is a continuous factor map and (Y, v, S) is a continuous factor of (X, u,T).

An important class of factors is those with the structure of group rotations.
In particular, for any ergodic G-system (X, u,T) we utilize its Kronecker factor,
which is the maximal factor of the system that is isomorphic to an abelian group
rotation (see [47, Theorem 1]): There exists a compact abelian group Z and a group
homomorphism 6 : G — Z with dense image, such that the Kronecker factor of
(X, u, T) is measurably isomorphic to (Z,m, R), where m is the normalized Haar

measure on Z and R is the rotation by 0, i.e. for all z € Z and g € G,
Ry(z) =6(g) + =. (2.5.1)

In this setting, the acting group G is countable, but not necessarily Z also.

2.6 Nilsystems and uniformity seminorms

A k-step nilsystem (X,T) = (G/T',T) is a dynamical system given by a k-step
nilpotent Lie group G, with I' being a co-compact discrete subgroup, T: X — X
denoting the left translation by a fixed element of G. If u denotes the Haar measure
of X, then (X,u,T) = (G/T,u,T) is a measure-preserving system. For the k-
step nilsystem (X, u,T'), the properties of transitivity, minimality, ergodicity and
unique ergodicity are equivalent. Moreover, if € X is any point, the orbit closure
m is a minimal and uniquely ergodic k-step subnilsystem. An inverse
limit (in either the topological or the measure-theoretic sense) of k-step nilsystems
is called a k-step pronilsystem. An infinite-step pronilsystem is an inverse limit of
a sequence of finite-step pronilsystems of increasing and unbounded step.

All the above properties are preserved under inverse limits of k-step nilsystems,
so they also hold for k-step pronilsystems (e.g. the equivalence between minimality,
ergodicity and unique ergodicity). For these classical facts and other details we refer
the reader to |31, Chapter 11 and Chapter 13].

Let (X, u,T) be an ergodic measure-preserving system. Then, for every k € N,
(X, u, T) has a maximal factor isomorphic to a k-step pronilsystem, called the k-
step pronilfactor. We shall denote this factor by (Zx, my,T"). For k = 1 this factor
corresponds to the Kronecker factor. The inverse limit of ((Z, mk,T))ken is the
infinite-step pronilfactor of X and we denote it by (Zo,m,T). The infinite-step
pronilfactor of X coincides with the maximal factor of X isomorphic to an infinite-
step pronilsystem.

Infinite-step pronilsystems share many properties with finite-step pronilsystems;
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some of those, which are exploited in this thesis, are listed in the end of this sub-
section.

In their seminal paper [32], Host and Kra showed that it is possible to describe an
ergodic system’s k-step pronilfactor by studying uniformity seminorms, classically
referred to as Gowers-Host-Kra seminorms. For an alternative definition of these

factors, see [62], and for the equivalence between them, see [46].

Definition 2.6.1. Let (X, u,T) be an ergodic system and f € L°(u). The k-

uniformity seminorms of f, || f ||y x .1, are defined inductively as follows:

1oy = / 7 du

and
2k+1

o1 —
I w1 (x ) = I}H)nooﬁ Z HfThf (2.6.1)
h<H

2k
UF(X,p,T)

Remark. The function ||-[[;x(y , 7 defines a seminorm when k > 1. The fact that
the limit in (2.6.1) exists is proved in [32] by iterative applications of the mean
ergodic theorem. In the same paper, it is also shown that ||-[[; 41y, 1) Is actually

a norm for k-step pronilsystems.

The main theorem in [32] shows that the k-step pronilfactor, Zj, of an ergodic
system (X, p, T') is characterized by the property

HfHUk"'l(X,;,L,T) - 0 < E(f ’ Zk) = 0,

for any f € L°(u). Similarly, for Z,, we have the following characterization.

Proposition 2.6.2. Let (X, u,T) be an ergodic system and (Zs, m,T') denote its
infinite-step pronilfactor. For any f € L°(u) we have that

”f — E(f ’ ZOO)HU’“(X,M,T) =0 for all £ € N.

Conversely, if h € L*>(u) satisfies |[h|yx(x 1) = 0 for all k € N, then E(h|Zs) = 0.

Proof. By the definition of Z,, we have E(f | Z) = lim E(f | Zs) in L?(u). For
§—00
k € N fixed,

1f =Ef | Z)lorxpry < N —EWf | Zs)llgstrxpr =0 forall s > k.

Thus || f —E(f | Zoo)HUk(X,M,T) = Slijgon —E(f | ZS)HU’“(X,M7T) = 0.
For the converse, assume E(h|Z.) # 0 in L?(u). Then, since E(h|Zy) =
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limg_y00 E(h|Zs) in L?(u), there must exist k¥ € N so that E(h|Z;) # 0 in L?(u).

However this contradicts the assumption that ||Al; 1y, ) = 0. O

In [33] and [57], the theory of regionally proximal relations for pairs of points
in a topological system (X,T) was developed, ultimately leading to a topological
analogue of the pronilfactors (Zy, my,T). Specifically, it was shown that for every
k € N, every minimal system (X,7T) admits a (unique) factor that is a k-step
pronilsystem and which contains all k-step nilfactors of (X, T') as factors. We denote
this factor by (X, T") and it is called the maximal k-step pronilfactor of (X, 7). The
(topological) inverse limit of the sequence ((X%,T'))ren, denoted by (Xoo,T), is the

maximal infinite-step pronilfactor of (X,T).

2.7 Notation

By Z, Ny, N, Q, R and C we denote, respectively, the integers, nonnegative integers,
positive integers (natural numbers), rationals, reals and the complex numbers. In
addition, we use the symbol U to denote unions of pairwise disjoint sets. The one-
dimensional torus is denoted by T = R/Z.

The groups under consideration will always be abelian and group operations are
written additively. If G is an abelian group and A, B C G, then

A+B:={a+b:ac A, be B}.

For g € G, we write
A—g:={heG:h+gec A}

If D: G — G is the doubling map D(g) = 2g, then we write
24:=D(A)={2a:a€ A} and A/2:=D ' (A)={geG:2gc A}.

Given a group G, we denote by eg or 0 the identity element of the group. Finally,
we write og_o0(1) to denote an error term that goes to 0 as k grows to infinity.
For a finite set F', |F'| denotes its cardinality. If X is a topological space and p
is a Borel probability measure on X, then supp(u) denotes the support of p.
Given a measure space (X, B, i), a measurable space (Y,C) and a measurable
function F' : X — Y, we denote by F'u the push-forward of u under F. That is,
Fu(C) = p(F~1C), for any C € C. Moreover, given a measurable transformation
T : X — X and some integer n € N, we let T™ denote the composition ToT o---0oT

taken n-times and we sometimes write 17" f instead of foT", where f: X — Cis a
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measurable map. For k € N we write T for the map T x T2 x --- x T*, and T for
the map T® = T x T x --- x T, where the product is taken k-times, omitting the
dependence on k which is clear from the context.

If S =0 welet T-5FE = X. Also, if S C N is nonempty and E C X, we denote

T°E = ﬂ T "E.
nes

In addition, for a finite set F' C N we define F®° = {0}, and for i € N

P _ {fi+-+fi: fr,..., [i € F distinct} ifi <|F|
0 otherwise

Notice that, under this convention, )®° = {0}. The motivation for introducing such
notation is that if A C N, a € X and E C X are as in Proposition in Chapter
then for any nonempty set S C N, a € T~°F if and only if S C A.

24



Chapter 3

Unrestricted B + B sumsets 1n

the integers

3.1 Overview

This chapter is based on the results of [40]. The goal is to understand what density
conditions are sufficient for a set A C N to contain unrestricted infinite sumsets of

the form
B+B+t:{b1+b2+tib1,b2€B}

for some infinite B C N, and a shift ¢ € Ny.
The starting point, and indeed an ingredient in our proofs, is Theorem [C] of
Kra, Moreira, Richter and Robertson, which states that any set with positive upper

Banach density contains restricted infinite sumsets
B@B-l—t:{bl—i-bg:bl,bg—i-tEB, by %bg}.

Removing the restriction by # by makes the analogous statement false, and this
raises the natural question of whether stronger density assumptions can force the
diagonal into the set as well.

The results of this chapter give a complete answer in terms of the upper and
lower natural asymptotic density in the integers. For a set A C N we characterize
the existence of an infinite set B C N and ¢ € {0, 1} such that B+ B+t C A, where
B+ B = {b1 + ba: b1,b2 € B}, in terms of the density of the set A. Specifically,
when the lower density d(A) > 1/2 or the upper density d(A) > 2/3, the existence
of such aset B C N and t € {0,1} is assured.

Furthermore, whenever d(A) > 3/4 or d(A) > 5/6, we show that the shift ¢ is
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unnecessary and we also provide examples to show that these bounds are sharp.
Finally, we construct a syndetic three-colouring of the natural numbers that does
not contain a monochromatic B + B + ¢ for any infinite set B C N and number
teN

3.2 Introduction

We recall Theorem |C| due to Kra, Moreira, Richter and Robertson from [41], men-
tioned in the introduction, which resolved a longstanding conjecture of Erdés (see
for example [14, |15, |16]).

Theorem For any A C N with positive upper (Banach) density there exists
some infinite set B C N and a number t € N such that

B® B ={by+bz:b1,ba € B, by #b2} C A—t.

As we explained in the introcution, the restriction b; # bs in the sumset is a
necessary one. Indeed, one can easily construct a set A C N of full upper Banach
density and positive lower density that does not contain a set of the form B+ B +t,
for any infinite set B C N and any ¢ € N (see |44, Example 2.3]).

Relevant to this, it turns out that the structure B + B for infinite B C N is
not partition regular. This was first shown by Hindman in [27], who produced a
three-colouring of N that does not contain monochromatic B 4+ B for any infinite
set B C N. The analogous problem for a two-colouring of N (see [36, Problem
E2494]) has only been resolved very recently in [34], but was still open when [40]
was published.

The focus of this chapter is to provide conditions on the density of a set A C N,
in order to ensure the existence of an infinite set B C N such that B+ B +t C A,
for some t € N, where we emphasize that repeated entries are permitted. Naturally,
these conditions are much stricter than those of Theorem

The known examples of integer sets not containing infinite sumsets of the form
B + B were sets of upper density less than 2/3 and lower density less than 1/2,
but arbitrarily close to these values (see |44, Example 3.6]). This led Kra, Moreira,
Richter and Robertson to conjecture that these bounds were sharp [44, Conjecture
3.7]. In Theoremwe show that this holds once we allow a potential shift ¢t > 0,
which can actually be restricted to t € {0,1}. We are able to remove this shift, as
shown in Theorem [1.3.1}, once we increase the lower bounds on the densities and in

Section we show that this increase is necessary and our bounds are optimal.
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Our first main result is the following theorem.

Theorem Let A C N.
1. Ifd(A) > 5/6, there is an infinite set B C N such that B+ B C A.
2. If d(A) > 3/4, there is an infinite set B C N such that B+ B C A.

When we allow for a shift ¢ > 0, we can weaken the assumptions on the density.

Theorem Let A C N.

(1) Ifd(A) > 2/3, there is an infinite set B C N and t € {0,1} such that B+B+t C
A.

(2) Ifd(A) > 1/2, there is an infinite set B C N andt € {0,1} such that B+B+t C
A.

Our approach in order to prove these results is ergodic-theoretic and is based
on the tools developed in [41]. We first translate the problem of finding the desired
infinite configurations to a statement in ergodic theory. In our case, we need to
find a particular system (X,T') and specific points a, z1, 22 € X such that for some
increasing sequence (ng)gen we have (T x T)"* (a,21) — (21, x2), in order to ensure
that B® B C A, and T?"a — x2, in order to ensure that 2B = {2b: b € B} C A.
This leads to consider an appropriated (T2 x T)-invariant probability measure in
({0,1}%2x{0,1}%,T? xT) and devise a new variance of Furstenberg’s correspondence
principle, according to Lemmas and

The phenomena captured by Theorems [1.3.1] and [1.3.2] are directly related to

the distribution of a set A along the even numbers or its distribution along the odd

numbers. More precisely, we show the following corollary of Theorem [1.3.1

Corollary 3.2.1. Let A C N. If one of the following holds:
(1) d(AN2N) > 1/3 or
(2) d(AN2N) > 1/4,

then there is an infinite set B C N such that B+ B C A. Similarly, if one of the
following holds:

(3) d(AN (2N +1)) > 1/3 or
(4) d(AN(2N+1)) > 1/4,

then there is an infinite set B C N such that B+ B +1 C A.
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We prove Corollary 3.2.1] in Section [3.:5.2] In Section [3.5.1] we establish that
the density bounds listed in Theorems [1.3.1] and [1.3.2] are sharp. Specifically, we
construct a set A C N with d(A) = 5/6 which does not contain a sumset B + B, for
any infinite B C N. Moreover, we construct a set A C N with d(A) = 2/3, which
does not contain any shifted infinite sumset B + B + ¢, for any ¢t € N. To complete

the picture, we give analogous constructions of sets A, A’ C N with d(A) = 3/4 and
d(A") = 1/2, that do not contain infinite sumsets of the form B+ B and B+ B +t,
respectively. We note that for the latter two sets, A and A’, their lower densities
are in fact natural densities.

The aforementioned examples include thick sets, i.e. sets which contain ar-
bitrarily large discrete intervals. This lead us to the natural question whether
for any syndetic set A C N there exists an infinite set B C N and some t € N
such that B+ B+t C A. We recall that a set A C N is called syndetic if its
complement is not thick or, equivalently, if there is a number d € N such that
NCcAUA-1)U---U(A—d), where d is called the gap of A. We answer this
question negatively and, consequently, provide an alternative proof of Hindman’s
result [27] on three-colourings. We note that, since all colours are syndetic, this is

a sharpening of Hindman’s construction.

Proposition 3.2.2. There exists a colouring N = C7 U Cy U C3 where the sets
C1,Cs,C3 are all syndetic and there is mo monochromatic sumset B + B for any
infinite set B C N.

The colouring of Proposition [3.2.2]is constructed in Section [3.6

3.3 Ergodic-theoretic terminology and dynamical state-

ments

The proofs of Theorems and are ergodic-theoretic in nature and depend
on manipulations of the new dynamical methods developed in [43] and extended in
[41] in order to find infinite patterns in sets of positive density. Indeed, by handling
this new technology and by extrapolating crucial combinatorial information given
by the densities of the sets we work with, we were able to minimize the technical
details of both proofs.

Our first main dynamical result is the following theorem. In this section we will

show that it implies Theorem |1.3.1
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Theorem 3.3.1. Let (X,u,T) be an ergodic system, let a € gen(u,®) for some
Fyglner sequence ® and Fq, Es C X be open sets satisfying

2u(Es) + u(Ey) > 2. (3.3.1)

Then, there exist 1,12 € X and a strictly increasing sequence (ng)ren of integers,

such that (T x T)™(a,z1) — (x1,22) as k — o0 and (z1,22) € E1 X Es.

Recalling terminology from [43], given a topological system (X,T), a point
(20,1, 72) € X3 will be called a (three-term) Erdds progression if there exists a
strictly increasing sequence (ny)ren in N, such that (1" x T)" (zg,z1) — (21, 22).
We are going to use this concept for the systems arising from Lemma below.
An obvious, yet useful, observation is that Theorem can be restated using this
terminology. Indeed, Theorem m states that when holds, there always
exists an Erdds progression of the form (a,x1,x2) € {a} X E; X Es.

The next result, proven in [43], facilitates the translation of the existence of
Erdos progressions in topological systems to a combinatorial statement about infinite

sumsets in return-times sets related to those systems.

Lemma 3.3.2 ([43, Theorem 2.2]). Fiz a topological system (X, T) and let U,V C X
be open. If there exists an Erdds progression (xg,x1,x2) € X3 with x1 € U and
x9 € V, then there exists some infinite set B C {n € N: T"xy € U} such that
{b1 +bo: b1,bo € B, by <by} C{neN: T"zy € V}.

In order to prove that Theorem implies Theorem [1.3.1] we will make use of
a new variant of Furstenberg’s correspondence principle (cf. Lemma [B]) tailored to
our purposes. For the rest of this section ¥ denotes the space {0, 1}% and is endowed
with the product topology, so that it becomes a compact metrizable space. We also
consider the shift transformation S: ¥ — ¥ given by S(z(n)) = z(n + 1), for any
n €z, x=(x(n))hez € 2.

Lemma 3.3.3. Let A C N.

(1) There exist an ergodic system (X x X, u,S? x S), an open set E C ¥, a point
a € ¥ and a Folner sequence ®, such that (a,a) € gen(u, ®) and
20(Ex E) + p(E x ) >3(2-d(4) —1).

(2) There exist an ergodic system (X x X, u,S? x S), an open set E C X, a point
a € ¥ and a Folner sequence ®, such that (a,a) € gen(u, ®) and

2u(E x B) + u(E x 2) > 2-d(A) + 2 d(4) — 1.
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In both cases we have that A ={n € N: S"a € E}.
Proof. Let A C N. By definition there is a sequence of positive integers (Ny) with

- AN|[1L,N,
- 40

Associate to the set A a point a € ¥ = {0,1}* via

1 ifneA
a(n) =
0 otherwise.
Define the clopen set E = {z € ¥: x(0) = 1} and observe that, by construction,
A ={n € N: S"a € E}. Now let N, = |Ny/2], for all k € N and consider the

sequence of Borel probabilities (u;) on ¥ x ¥ given by

HEe = N/Z(SSQXS (a,a)
k pn=1

We let i/ be a weak* accumulation point of (i), and then it is well-known that g/
is an (92 x S)-invariant measure (see, e.g. [9]). It follows by definition that for all

k € N we have

N/
1 & |AN[L, Nj]|
SxE)=— Y Ogng(E) = — k0 3.2
(S x E) Nl;nz_jls() N, (3.3.2)
For any k£ € N we also have
1 Ny 1 Ny Ny
pp(2 x E) = N7 D Ggnal(E) = N7 D Ggna(E) = > Ssna(E)
n=1 n=1 n=N;+1
N
2 [AN L, Nkl
> — ng(E) — =Ni) =2 -1 3.
> Nk(;(ss (E) E N (3.3.3)
and similarly
1 Ni—1 k
(E X Z Z5S2na = F 6S”a(E> — Z5S2n+1a(E
k n=2 n=1
Ny [AN[L NG| 4
dgng(E) —2—— | =2—"T1—" — — — 1. 3.3.4
- Nk (; o 2 ) Ny Ny, ( )

Taking limits as & — oo in (3.3.2)), (3.3.3)) and (3.3.4) we have, by the definition of
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i, the fact that E C X is clopen and the choice of (Ny) that

W(Ex E)>d(A), (3.3.5)
W(Ex E)>2-d(A) -1, (3.3.6)
W(ExY)>2-d(A) -1, (3.3.7)

respectively. Combining (3.3.5)) and (3.3.7) we have that
2 (X E)+p(ExX)>2-d(A)+2-d(A) — 1.

Although 4/ is not necessarily ergodic, we can use its ergodic decomposition to find

an (5% x S)-ergodic component of it, call it p, such that
2u(Ex E) + (E x ¥) >2-d(A) +2-d(A4) — 1.

Without loss of generality we may assume that p is supported on the orbit closure
of (a,a), since this holds for ' by construction. Then by a standard argument
(see [19, Proposition 3.9]) we see there is a Fglner sequence ® in N, such that
(a,a) € gen(u, ®). This completes the proof of (2).

In a similar fashion, combining (3.3.6) and (3.3.7) and choosing the ergodic
component p accordingly, we recover (1). O

We now use the above construction, the information provided by the density of
our sets and Lemma B.3.2] to deduce Theorem [[.3.1] from Theorem B.3.11

Proof that Theorem [3.3.1] implies Theorem[1.3.1. (1) : Let A C N with d(A4) > 5/6.
By part (1) of Lemma m there exists an ergodic system (X x ¥, pu, 8% x ), an
open set £ C X, a point a € ¥ with A = {n € N: S"a € E} and a Fglner sequence
®, such that (a,a) € gen(u, ®) and

2W(E X E)+ p(ExX)>3(2-d(4)—1) > 2.

We now apply Theorem for the ergodic system (X x X, 1, S? x S), the generic
point (a,a) and the open sets Fy = F x X, Ey = ¥ X E to recover an Erdds

progression ((a, a), (z10,711), (20, 721)) € X6, with
(.%'10,$11,$20,$21) S E1 X E2 =FxYXYxXxFE.
Setting U = F4, V = FEs and applying Lemma [3.3.2] we obtain an infinite set B C N
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such that
Bc{neN: (S*x 8)"(a,a) € ExX}={necN: §%" c E}
and
B®BC{neN: (52x8)"(a,a) €L xE} ={neN: S"ac E} =A.
From the former it follows that 2B = {b+b:b € B} C A, because
5% e E < a(2n) =1 < 2nc A.

This fact together with B® B C A imply that B+ B C A, by the simple observation
that B+ B =2B U (B @ B).

(2) : Let A ¢ Nwith d(A) > 3/4. By part (2) of Lemma there is an ergodic
system (X x X, 1,5 x S), an open set E C X, a point a € ¥ with A = {n € N :
S™a € E} and a Fglner sequence @, such that (a,a) € gen(u, ) and

(L % B) + u(Ex ) >2-d(A)+2-d(A) —1>4-d(A) — 1> 2.

Repeating the argument given at the end of the previous proof, in view of Theorem
and then Lemma we find an infinite set B C N such that B+ B C A. O

Remark 3.3.4. Notice that in our proof that Theorem implies (2) of Theorem
[1.373] we did not really need the condition

4-d(A)—1>2,
but only the weaker condition that
2-d(A)+2-d(A) —1> 2,

which can be rewritten as

d(A) +d(4) > 3/2.

In light of the simple observation made in Remark we see how Theo-
rem also implies the following result, which directly implies part (2|) of Theorem

1.3.1] and may be of independent interest.
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Theorem 3.3.5. Let A C N. If d(A) + d(A) > 3/2, then there is an infinite set
B C N such that B+ B C A.

We now state our second main dynamical result, which implies Theorem [1.3.2

Theorem 3.3.6. Let (X, u,T) be an ergodic system, let a € gen(u,®), for some
Folner sequence ® and E1, Eo, F1, Fy C X be open sets with Fy =T ' Ey and

2u(Es) + p(Er) + p(F1) > 2. (3.3.8)

Then, there exist x1,x2 € X such that (a,x1,12) € X3 is an Erdds progression with
either (x1,x2) € E1 X Eg or (z1,x2) € Fy X Fj.

Note that, by the p-invariance of T" and the definition of Fb, (3.3.8) can be
rewritten as
1(Er) + p(E2) + p(Fr) + p(Fs) > 2.

The next instance of a correspondence principle is the analogue of Lemma |3.3.3
which allows for the transition from the dynamics in Theorem to the combi-
natorics in Theorem [1.3.2

Lemma 3.3.7. Let A C N.

(1) There exists an ergodic system (X x X, pu, 5% x S), an open set E C %, a point
a € ¥ and a Folner sequence ®, such that (a,a) € gen(u, ®) and

2u(E x B) + p(E x 8) + p(ST'Ex $) >2(3-d(4) —1).

(2) There exists an ergodic system (X x ¥, pu, 5% x S), an open set E C X, a point
a € ¥ and a Folner sequence ®, such that (a,a) € gen(u, ®) and

2u(E x B) + p(E x £) + p(ST'E x 8) > 2 (d(A) +d(4)) .

In both cases we have that A= {n € N: S"a € E}.

The proof of the above is almost identical to that of Lemma SO we omit

it. We merely point out that in the context and notation of Lemma [3.3.3] we have
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that

_ 1 1
/Jfk(EXZ)"i_,U/k(S 1Ex2):ﬁ E 5s2na(E)+W E 552n+1a(E)
k n=1 k n=1
L IAN[L NG| 2
> =3 bgna(B) 22 2
= N]; e S a( )_ Nk Nkv

for all k£ € N. Taking limits as k — oo this yields
W(E x X))+ p/(STIE x X) > 2-d(A),

which is now used instead of (3.3.7).

We also remark that in order to prove Theorem from Theorem [3.3.6] one
would use an argument similar to that of recovering Theorem from Theo-
rem [3.3.1] This time, we need Lemma [3.3.7] instead of Lemma and the sets
Ei=ExY, Ehb=Y%xE, F=S"1'TExYand F, =X x ST'E. We omit the
repetitive details.

Moreover, by an observation analogous to Remark we have that Theo-
rem implies the following result, which in turn implies part (2) of Theorem
.o.2

Theorem 3.3.8. Let A C N. If d(A) + d(A) > 1, then there is an infinite set
B C N and a number t € {0,1} such that B4+ B+t C A.

In Section we give an application of Theorem to the question of two-
colourings (36, Problem E2494] mentioned in the introduction. In Chapter [5| we
prove a more general result, namely Theorem of which Theorem [3.3.8] is a

special case.

3.4 Proofs of the dynamical statements

3.4.1 Tools from [43]

As was mentioned in the introduction, the proofs of Theorems and follow
a scheme similar to that of [43]. We therefore need some of the tools introduced
there. In particular, we use some properties of the auxiliary measures defined in
(3.4.1)) and below. For our purposes, we only need the relevant results listed
in Proposition [3.4.2] and Proposition [3.4.3] but we also include the definitions of

these measures for completeness.
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Every ergodic system has a maximal group rotation factor, called the Kronecker
factor and, even though the factor map from an ergodic system (X, pu,T) to its
Kronecker factor (Z, m, R) is a priori only measurable, for our purposes we may
assume that it is also a continuous surjection. Indeed, the following result shows that
any ergodic system has a continuous extension, which has a continuous Kronecker

factor map, and this allows us to reduce matters to this case. The proof of this

reduction is essentially carried out in the proofs of Theorems [3.3.1] and [3.3.6] from
Theorems [3.4.4] and [3.4.5] respectively.

Proposition 3.4.1 (|41, Proposition 3.20]). Let (X, pu,T') be an ergodic system and
let a € gen(u,®) for some Folner sequence ®. Then there is an ergodic system
(X,[L,T), a Folner sequence ¥, a point a € X and a continuous factor 7 X - X,
such that 7(a) = a, a € gen(fi, V) and (f(, fi,T) has a continuous factor map to its

Kronecker factor.

For the rest of this subsection, (X, u,T") denotes an ergodic system with contin-
uous factor map 7 : X — Z to its Kronecker factor (Z,m, R). Let z +— n, denote
the disintegration of p over the factor map 7 (see Theorem [2.4.2). Then, following

[41], for every (x1,z2) € X x X, we define the measures

Aar,az) = /Z Natr(er) X Magr(as) dM(2) (3.4.1)

on X x X. As it was shown in [41, Proposition 3.11], (71,72) = Az 4, IS a
continuous ergodic decomposition of u X u, that is, a disintegration of u x y where the
measures \(;, ) are ergodic for (u x p)-almost every (z1,72) € X x X and the map

(w1, 22) = A is continuous in the weak* topology. To find Erdds progressions

71,22)
with specified first coordinate, a predetermined point @ € X, the authors in [43] also

introduced a measure o, on X x X given by

Oq = /an X 772z—7'r(a) dm(Z) = /Znﬂ(a)+z X nﬂ(u)-{-?z dm(z) (342)

Let us denote by 71 : X x X the projection (1, z2) — x1 onto the first coordinate,
by m: X x X — X the projection onto the second coordinate and by m;0, the
pushforward of o, under 7;, ¢ = 1,2. In addition to the standing assumptions of
this subsection, we let a € gen(u, ®) for some Fglner sequence ®. We collect various

results from [43, Section 3] in the following proposition.

Proposition 3.4.2. Let A\, 4,), for (z1,72) € X X X, and o, be the measures on

X x X defined in (3.4.1)) and (3.4.2)), respectively. Then
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(1) moa = 1 and w0, + Tmo0, = 2.
(2) For o4-almost every (z1,72) € X x X we have that (v1,72) € supp(Naz,))-

(3) There exists a Folner sequence ¥, such that for u-almost every x1 € X the point
(a,z1) belongs to gen(A(qz,), V).

Using these facts we can guarantee many Erdds progressions.

Proposition 3.4.3. Let (X, u,T) be an ergodic system and assume there is a con-
tinuous factor map w: X — Z to its Kronecker factor. Let a € gen(u,®), for some
Folner sequence ®. Then for o4-almost every (x1,x2) € X x X, the point (a,z1,x2)

18 an Erdds progression.

Proof. This proposition is implicit in [43] and the proof is essentially contained in
the first paragraph of the proof of Theorem 3.2 there. Let ¥ be the Fglner sequence
and G C X be the full y-measure set of 1 € X such that (a,z1) belongs to

gen(\ (., V), arising from part (3|) of Proposition By Proposition part
(1), we have that 0,(Gx X) = u(G) = 1 and so, for o4-almost every (z1,22) € X x X
we have that (a,71) € gen(\(4,), V). In view of Proposition m part , it
follows that for o,-almost every (z1,22) € X x X,

(i) (a,z1) € gen(A(gz,), ¥) and
(ii) (z1,22) € supp(Aigq))-

Thus, applying [41, Lemma 2.4], we have that for o,-almost every (z1,z2) € X x X

the point (a,z1,z2) is indeed an Erdds progression. O

3.4.2 Proofs of the main results

We are now in the position to prove the following special case of Theorem [3.3.1

Theorem 3.4.4. Let (X, pu,T) be an ergodic system and assume there is a contin-
uous factor map w to its Kronecker factor. Let a € gen(u,®), for some Folner

sequence ® and Fq, Es C X be open sets with
2u(Ey) + u(Eq) > 2. (3.4.3)

Then, there is an Erdds progression (a,x1,x2) such that (x1,z2) € Ey X Es.
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Proof. We need to find an Erdds progression of the form (a,z1,z2) € X3 with
(z1,22) € F1 x E3. By Proposition it suffices to verify that o,(E1 x E3) > 0.
For this, it is enough to show that

0a(E1 X X) + 0q(X X Ey) > 1, (3.4.4)

because
E1 XEQI(E1XX)Q(XXE2)

and o, is a probability measure. To see why (13.4.4)) holds, observe that
Ua(El X X) + Ua(X X EQ) = 7T10'a(E1) + 7T20'a(E2)

= u(Er) + 2u(By) — mpoa(T™'Ey) by Prop.
= p(Er) +2u(E2) =1 > 1 by (3.4.3),

which concludes the proof. ]

In light of Proposition [3.4.1} it turns out that Theorem [3.3.1] reduces to Theo-
rem [3.4.4

Proof of Theorem [3.3.1. Let (X,u,T), a € X and (X,f1,T), # and @ € X be as in
Proposition As in Theorem let Ey, F5 C X be open sets satisfying

2p(E2) + p(Er) > 2.

Then, we define Fy, = 7 (FE}) and E; = #~'(E;). By the definition of a factor

map we know that 7 = p and so it follows that
2[i(E2) + fi(Ey) > 2.

By Theorem we can find an Erdés progression (a,#1,#2) € X°, such that
(Z1,79) € E; x Ey. The continuity of 7 allows us to conclude that the triple
(a,21,12) = (7(a), 7(&1),7(Z2)) € X3 is also an Erdds progression in (X,T') and
clearly, by definition, (x1,x2) € E1 X Es. O

Likewise, we can deduce Theorem from the following theorem.

Theorem 3.4.5. Let (X, p,T) be an ergodic system and assume there is a contin-

uous factor map w to its Kronecker factor. Let a € gen(u,®), for some Folner
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sequence ® and Ey, Ey, B3 C X be open sets with Fy = T~ Ey and
2u(Es) + u(Eq) + u(Fy) > 2. (3.4.5)

Then, there is an Erdds progression (a,x1,x2) and either (x1,x2) € E1 X Ey or

(331,332) € IN x Fy.

Proof. This time we want to find an Erdés progression of the form (a,x1,z2) € X3
with either (x1,22) € E1 X Eg or (x1,22) € F} x Fy. Again, in view of Proposition
it suffices to show that either o,(E; X E3) > 0 or 04(F; x Fy) > 0. Similarly
to the proof of Theorem the latter follows from o,(F; X X) +04(X x Fy) > 1.
Else, we have that

0a(F1 X X) + 04(X X Fy) <1,

which, using Proposition ({1, we rewrite as
WQUQ(FQ) S 1-— 7T10'a(F1) =1- ,u(Fl) (346)
In this case we also have that

O'a(El X X) —+ O'a(X X EQ) = 7T10'a(E1) + 7T20'a(E2)

= (Er) +2p(Er) — T'mao.(E2) by Prop.
= w(Ey) + 2u(Es) — w0, (Fy) since T"'Ey = F.

Using we obtain that
0a(E1 X X))+ 04(X X Ey) > u(Eq) + 2u(Es) + u(Fy) — 1.
By it finally follows that
0a(E1 X X))+ 04,(X X Ey) > 1

and as before we conclude that o,(FE; x E3) > 0. d

The proof of Theorem [3.3.6|is similar to the one of Theorem and we simply
need to use Theorem B.4.5] instead of Theorem [3.4.4l
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3.5 Sharpness of the bounds and the role of even num-

bers

In this section we show that the lower bounds in Theorem [[.3.1] and Theorem [I.3.2]
are sharp with illustrative examples. Here the proportion of even and odd numbers
in the sets plays a crucial role. That role becomes clear in the constructions and
is even more explicit in Corollary [3.2.1], which we prove below. Finally we provide
several generalizations of Corollary

3.5.1 Sets of large densities not containing infinite sumsets B+B

The following proposition shows that the bounds established in parts (1) of Theo-
rems and are optimal.

Proposition 3.5.1. There erist sets A, A’ C N with d(A) = 2/3 and d(A") = 5/6
and such that for all infinite sets B C N and numberst € N we have B+ B+t ¢ A
and B+ B ¢ A'.

Proof. Let A be the subset of N defined by

A=Nn|J{@" (@2-1/n)-4").

neN

It is clear by the definition of A that d(A) = dg(A), where (®y) is the Fglner
sequence given by N > [1,(2 — 1/N)4V) N N. By standard calculations we see that
d(A) =2/3.

Assume there is an infinite B C N and some ¢t € N with B+ B+t C A.

Then, in particular, for any o' € B fixed there is b € B arbitrarily large such that
{2b+t,b+V +t} C A. Therefore, 2b € [4"T1 (2 — %HM”“)) —t, for some n € N
and diving by 2 we have

1
2-4”+t/2§b—|—t<2<2—>4”+t/2.
n+1

Since t is fixed and b’ is negligible with respect to b (and hence with respect to n),
we see that b+ b +t € [2-47, 4"F1) C N\ A, reaching a contradiction. To see this,
n

1 4
observe that 4"t —2 (2 — > 4" =2 27 50. This completes the first

n+1 n+1
construction.

Keeping A as defined before we now set A’ = AU (2N +1). In other words,
A"=AU((N\ A)N (2N +1)). By the definition of A we have that N\ A is a union
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of discrete intervals of lower density 1/3 and so d((N\ A) N 2N) = 1/6. Since the
complement of A’ is precisely (N '\ A) N 2N, it follows that d(A’) = 5/6.

We now show there is no infinite set B C N with B + B C A’. Indeed, if there
were such a set, we could consider an infinite subset B’ C B consisting of integers
with the same parity and so we would have that B'+ B’ ¢ AN 2N C A. This is a
contradiction to the first part of this proof. O

Analogously to Proposition the next result shows that the bounds estab-
lished in parts (2) of Theorems and are optimal as well.

Proposition 3.5.2. There ezist sets A, A" C N with d(A) = 1/2 and d(A") = 3/4
and such that for all infinite sets B C N and numberst € N we have B+ B+t ¢ A
and B+ B ¢ A'.

Proof. Let Ay, Ay C N be defined by

Ay =Nn [ J[@" (2-1/n)-4")
neN

and
Ay =Nn [ J[(2+1/n) 4", 4™,
neN
It was shown in Proposition that there is no infinite B C N and ¢ € N so that
B+ B+t C Aj. By symmetry, the same argument shows that there is no infinite
B cNandt € Nsothat B+ B+t C Ay either. We remark that the set

N\ (AU 4z) =N (J[(2-1/n)-4",(2+1/n) - 4"]
neN

has zero density. This boils down to the fact that

N
lim # =0
N—o0 71n-4N_” )

To see this, note that n— 1/ (n-4"~") is increasing in [1, N] and so

LON]

1 1-0)N
lim lim Z 4N — Z < lim lim —{—( ) =0.
n-

m . AN—n = 1-0)N
6,1 N—o0 £~ o] n- 4 0 71 N—oo 4(1-0)N N

We now consider the set A C N defined by
A=(A1N2N)U (42N (2N +1)).
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It follows that d(A) = 1/2 and so, in particular, d(A) = 1/2. Moreover, we claim
that there is no infinite set B C N and no ¢t € N such that B+ B+t C A. Indeed, if
this were the case we could consider an infinite subset of B, call it B’, with elements
of the same parity. Then, if ¢ € 2N we should have that B’ + B’ +t C AN2N C A;
and if t + 1 € 2N we should have B'+ B’ +t C AN (2N + 1) C A», a contradiction.

For the second part of the construction we keep A; and As as they were defined
above. Then, we let A’ C N be defined by

As we showed before d(A;UAs) = 1 and from this it easily follows that d(A’) = 3/4,
because we are only removing from A; U Ay a set of density 1/4. Finally, we claim
there is no infinite set B C N satisfying B + B C A’. Indeed, given an infinite set
B we can consider an infinite subset B’ C B with all its elements equivalent mod
4. That is, there exists j € {0,1,2,3} so that b’ = j (mod 4), for any v’ € B’. Note
that if j € {0,2}, then B’ + B’ C 4N and if j € {1,3}, then B'+ B’ C 4N+ 2. In
the former case we must have B’ + B’ C As and in the latter that B’ + B’ C Ay,
which both contradict the results established in the first part. ]

Remark. In the first part of the previous proof, we could instead have considered
the set A C N defined as A = (4; N (2N + 1)) U (A3 N 2N). Notice that as before, A
does not contain an infinite sumset of the form B+ B+t either. The set AU A has
density 1, so with this construction we find a 2-colouring of a set with full density

that does not have a monochromatic infinite sumset B + B + ¢.

Notice that the sets constructed in Proposition [3.5.2) are both sets whose natural
densities exist. Thus, considering this and Theorems [1.3.1] and [1.3.2] we see that

information on the value of the natural density of a set, when it exists, is no more

powerful than information on the value of the lower density of a set, which always

exists. This was also to be expected from Theorems [3.3.5| and [3.3.8] For example,
from we already knew that if there existed a set A C N with d(A) = 1/2 and
such that no sumset B + B + t was contained in A, it would have to be the case
that d(A) = 1/2 too, hence A would have a natural density d(A4) = 1/2.

3.5.2 Density over the even numbers

We begin by stating and proving a seemingly more general result than Corollary

B.21

Proposition 3.5.3. Let A, D C N. If one of the following holds:
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(1) d(AN2D) > 1/3 or
(2) d(AN2D) > 1/4,

then there is an infinite set B C D such that B+ B C A. Likewise, if one of the
following holds:

(3) d(AN (2D +1)) > 1/3 or
(4) d(AN (2D +1)) > 1/4,
then there is an infinite set B C D such that B+ B+ 1 C A.

Proof. (1) : For A, D C N such that d(AN2D) > 1/3 welet A = (AN2D)U(2N+1).
Then by part of Lemma we see that d(A) > 5/6 and so by Theorem m
there is an infinite set B C N such that B + B C A. Without loss of generality we
can assume that the elements of B have the same parity, which means that the set
B + B consists solely of even numbers. Therefore, B+ B C AN2N = AN2D. In
particular, B+ B C A and 2B C 2D, which also implies that B C D.

(3) : For A, D C N such that d (AN (2D + 1)) > 1/3 we can shift to obtain that
d((A—1)N2D) > 1/3. Thus, by (1) there is B C D infinite with B+ B C A — 1
which implies that B+ B+ 1 C A.

(2) : For A, D C N such that d(AN2D) > 1/4 we define A = (AN2D)U (2N +1).
Using part (2) of Lemma we have that d(A) > 3/4, so that by Theorem
there is an infinite set B C N such that B + B C A, and repeating the parity
argument in (1) we conclude.

(4) : This follows from (2) by shifting, exactly like (3) follows from (1). O

A special case of interest of Proposition is when D = A, because it gives
a criterion to ensure the existence of an infinite set B such that BU (B + B) C A.
Moreover, as was mentioned before, Corollary [3.2.1] is a consequence of Proposition
3.5.3l This is clear for and in Corollary by replacing the set D by N.
Now notice that d(AN2N) > 1/3 implies the existence of an infinite set B C N such
that B+ B C A if and only if d(A'N(2N+1)) > 1/3 implies B+ B+1 C A’ (where
A" = A+1). That means and of Corollary are equivalent. The same
can be done to prove that is equivalent to .

We would also like to point out that using the sub-additivity of the upper den-
sity one can also use the equivalent parts (1) and (3) of Corollary to deduce
Theorem [1.3.2] (1) and Theorem (1). We only show the first implication as the

other one is very similar.

42



Proof that Corollary [3.2.1) implies Theorem (1). If A € N has d(4) > 2/3,
then writing A = (AN2N) U (AN 2N + 1), we have by Lemma that either
d(AN2N) > 1/3 or d(AN2N+ 1) > 1/3. In the former we see by (1) of Corollary
that there exists B C N infinite and such that B + B C A and in the latter we
apply (3) of the same corollary, to get an infinite B C N such that B+B+1 C A. [

We finish this section by showing the special role that the powers of 2 play in the
existence of the set B. The next proposition is a generalization of Corollary

but they share a similar proof.

Proposition 3.5.4. Let AC N, n>1and 0 < { < 2" L. If one of the following
holds:

(1) d(AN(2"N+2¢0)) > 1/(3-2""1) or
(2) d(AN(2"N +20)) > 1/2",

then there is an infinite set B C N such that B+ B C A. Similarly, if one of the
following holds:

(3) d(AN(2"N+20+1)) >1/(3-2"71) or
(4) d(AN(2"N + 20+ 1)) > 1/2"+1,

then there is an infinite set B C N such that B+ B+ 1 C A.

Proof. Tt is clear that (1)) implies (3)), because if d(AN (2"N+2¢+1)) > 1/(3-2"71)
then d((A — 1) N (2"N + 2¢)) > 1/(3-2"71) and then by (1)) there is an infinite set
B C N such that B+ B C A — 1. A similar observation allows us to conclude that
implies .

It is also clear that it is enough to prove for the case ¢ = 0. Indeed, if
d(AN(2"N +2¢)) > 1/(3-2"71), then also d((A — 2¢) N 2"N) > 1/(3-2""1) and so
there is an infinite set B’ such that B’ + B’ € A — 2{, therefore taking B = B’ + /
we conclude that B+ B C A.

We will thus prove by induction in n that whenever d(A N 2"N) > 1/(3-2"1),
there exists B C N infinite so that B + B C A. Notice that the base case is given
by Corollary [3.2.1]

Assuming the result for n € N, we let A C N satisfy d(AN2""IN) > 1/(3-2"7).
We define A = (AN2"*IN)U ((A N 2"FIN) +27)). Then, A = AN2"N and by part

of Lemma, we have
d(AN2"N) =2.d(AN2""IN) > 2/(3-2") =1/(3-2"71).
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Thus by the inductive hypothesis, there exists an infinite set B’ C N such that
B' + B’ C A. By the pigeonhole principle, if B} = {b € B': b = i (mod 2"},
i € {0,...,2""1 — 1}, then one of those B! is infinite. Let B;, be such a set and
denote it by B”. As B” + B" C 2""IN + 2, and B” + B” ¢ A C 2"N, it must be
the case that ig € { 0, 2771, 27 271 4 9n

If iy = 0 then B” + B” ¢ AN2""N = AN 2N and we are done. Similarly,
if ig = 2" then B” + B” ¢ An (2"t'N + 2"*t1) ¢ AN 2"*IN and we are also done.
Alternatively, if 4o = 2"~! then B” + B" C An (2"*!N +2") = (4N 2"*N) + 27
and likewise, for ig = 2" + 2", we also get B” + B” C (AN 2"*N) +2". In both
cases, setting B = B” — 2! we deduce that B + B C AN 2"+IN.

The proof of is completely analogous. O

3.6 B-+B in syndetic sets and partition regularity

Theorem Theorem and the examples constructed in Section offer a
characterization of sets A C N containing B + B or B + B + 1 for some infinite
B C N in terms of information provided by their upper and lower density. It is
then natural to ask for a similar characterization in terms of upper or lower Banach
density.

It turns out that no conclusions can be drawn from information on the upper
Banach density, because the first example given in Section has full upper
Banach density and does not contain an infinite sumset B+ B+t C A, for any shift
teN.

So far, these results do not offer any insight on the relation between the size of a
set A C N captured by its lower Banach density and whether it contains B+ B+t for
infinite B C N and a number ¢ > 0, apart from the obvious ones following from the
results on lower density (for example, since for A C N one always has d(A4) > d.(4),
we know that d.(A) > 1/2 guarantees B+ B +t C A, some t € {0,1}).

The question indirectly raised in the last paragraph is also interesting and very
natural for another reason: sets with positive lower Banach density are precisely the

very well—studied syndetic sets. We have the following proposition.

Proposition 3.6.1. There is a syndetic set A C N with gaps of length two such
that A does not contain any set B+ B +t for B C N infinite and t € N.

Proof. Let T be the 1-dimensional torus R/Z and for a real number x, {z} denotes
its fractional part, that is {x} = 2 — |x|. Let A C N be given by
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A= {m e N: {0logy(m)} € U} (3.6.1)

where 6 > 0 and the sets U and U + 6 (taken mod 1) are separated by a positive
distance as subsets of the torus T. As remarked in |44, Example 3.6], A does not
contain any B + B 4+t for any infinite set B C N and shift ¢ > 0. Indeed, for any
infinite set B C N and ¢ > 0, we can take & € B arbitrary and then choose b € B
sufficiently large so that the difference

2 + ¢
e gy o) !

is less than the distance d(U, U + 6)/6. Multiplying by 6 this implies that

|0logy(2b + t) — Ology(b+ ' +t) —6 mod 1| < d(U,U +6).

Thus, if {#logy(b+ b +1t)} € U, then {#logy(2b+t) — 0} is in a small neighborhood
of U, so {0logy(2b+t)} ¢ U. Therefore, 20+t and b+ b’ +t cannot both belong to
A simultaneously.

Consider now Uy = [0,1/3+¢), Uy =[1/3,2/3 +¢) and Uy = [2/3,1 + ¢) where
0 < e < 1/6, so that {Uy, Us,Us} is a cover of T with small overlapping. Notice that
for i € {0,1,2}, the set

A; ={m e N: {1/2logy(m)} € U;}

does not contain any B + B + ¢ for any infinite set B C N and shift ¢ > 0. Now, we
define the set A as

A=(AgN3N)U (A1 NBN+1))U (42N (3N +2)).

Then A is clearly syndetic, because AgU A1 U Ay = N, each A; is a disjoint union of
discrete intervals and each interval in A; is followed by an interval of A; i1 (mod 3)s
i =1,2,3. Moreover, as the sets A; overlap it is clear that the gaps of A have size
at most 2, that is, AU(A—1)U(A—2) = N (this is why we need to include a small
parameter € > 0 in the definition of the sets U; C T).

Finally A does not contain any B + B + t for any infinite set B C N and shift
t > 0. Otherwise, without loss of generality, we could assume that the elements of
B are equal mod 3, that is, there exists j € {0, 1,2} such that for every b € B, b= j
mod 3. Then B+ B+t C 3N + 4, where ¢ = 2j +t mod 3. But this would mean
that B+ B+t C AN (3N +14) C A;, which is a contradiction. O
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Remark. We note that the sets A; defined above can also be described as

Ai — Nﬁ U [41/3 . 4n74(i+1)/(3+8) . 477,)7
neN

and this alternative description illustrates the relationship between this example

and those in Propositions and

As an immediate corollary of Proposition [3.6.1] we recover Proposition [3.2.2
Indeed, using the set A constructed in Proposition [.6.1] we can build a three-

colouring of N with syndetic colours and without any monochromatic infinite sumset
B+ B, because N=AU(A—-1)U(A—-2).

Remark. One can also prove Proposition [3.2.2] directly by considering the sets A;,
1 =1,2,3 as in the proof of Proposition but for Uy = [0,1/3), Uy = [1/3,2/3),
and Uy = [2/3,1) and picking colours C1, Co, C3 given by

Ch = (A() N 3N) U (A1 N (3N + 1)) U (AQ N (3N + 2))
Cy = (AO N (3N + 2)) U (Al N 3N) U (Ag N (3N + 1))
C3 = (A() N (3N + 1)) U (Al N (3N + 2)) U (AQ N 3N)

Our example in Proposition is a set A C N with d.(A) = 1/3 that does not
contain any infinite sumset B+ B +t for any ¢t € N. By the trick of gluing to A the
odd integers which belong to its complement, as in the second part of Proposition
3.5.1, we obtain a set A’ = AU (2N + 1) with d,(A4’) = 2/3 and such that there is no
infinite B C N so that B+ B C A’. However, we do not yet have a characterization
in terms of information provided by the lower Banach density of a set of integers

and so we ask the following question.

Question 3.6.2. Let A C N.

(1) If du(A) > 1/3, does there exist an infinite set B C N and a number ¢ € N so
that B+ B+t C A?

(2) If du(A) > 2/3, does there exist an infinite set B C N so that B + B C A?
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3.7 Digression on monochromatic B+B in 2-colourings

As we mentioned in the introduction, the following question of C.J. Owings is an
old problem that was very recently resolved in [34]. The results of this section thus
become obsolete in some sense, but are nevertheless interesting observations on the
conclusions that can be drawn for this partition regularity problem from our main

theorems.

Question 3.7.1. [36, Problem E2494] Is it true that, no matter how N is partitioned

into two sets, one of the sets must contain B 4+ B for some infinite B C N7

Remark 3.7.2. By the parity argument repeated in the previous section, this ques-
tion is equivalent to finding a partition in the even numbers such that one of the
sets contains a B+ B for some infinite B C N. But, by translation, this is equivalent
to the analogous statement for the odd numbers and shifted patterns B + B + 1.
Joining both statements we notice that the question is equivalent to whether any
colouring of the natural numbers N in two colours, must contain a monochromatic
B + B +t for some infinite set B C N and a number ¢ € N.

Using Proposition we are able to prove the following result which reduces
the problem to a narrower case by adding density restrictions on both sets in the

partition.

Proposition 3.7.3. Let N = Cy U Cy be a partition of N. If there is no infinite
B C N, no number t € N and ¢ € {1,2} such that B+ B+t C C;, then it must be
the case that

d(C;) +d(Cy) =1, (3.7.1)

for both i = 1,2 and so, in particular,
H(Cl) = 8(02) and Q(Cl) = Q(CQ) (3.7.2)

Proof. By Theorem we know that if d(C;) + d(C;) > 1, then there is B C N
infinite and t € N such that B + B 4+t C C; and so, under our assumption, it must
be that

d(Cz) + Q(CZ) <1 (3.7.3)

for both ¢ =1,2. As {C4,C3} forms a partition of N we have that N\ C; = C and
N\ Cy = (Y, so that

d(Cy) +d(C2) = d(Cr) +d(Ch) = 1, (3.7.4)
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which follows trivially from the definitions of upper and lower density. Summing
the two leftmost sides in (3.7.4) we get

d(Cy) +d(C1) +d(Ca) +d(Cs) =2 (3.7.5)

and this forces (3.7.3) to take the form

d(Cy) +d(Cy) =1,

for both i« = 1,2. This is (3.7.1) and along with the equalities in (3.7.4)) we also
obtain (3.7.2)). 0

Remark. Using Theorem one can also place further constrictions on the val-
ues of the densities of the sets involved in the two-colouring. Indeed, combining
Proposition with Theorem if the answer to Question [3.7.1] was negative,
then d(Cy) = d(C3) € [1/2,2/3] and d(C1) = d(Cs) € [1/3,1/2].

Going a step further, if there was a colouring N = C'y UCy which gave a negative
answer to Question then it would have to be the case that d(C;N(2"N+2/)) =
d(C2N(2"N+20)) € [1/27F1,2/(3-2™)] and d(C1N(2"N+-2¢)) = d(CoN(2"N+2¢)) €
[1/(3-2m),1/2"Y, for every natural numbers n, ¢ € N. We merely sketch how one
deduces this fact.

The first step is to use Theorem in order to show that if A C N satisfies
d(AN2N)+d(AN2N) > 1/2, then there exists an infinite B C N such that B+B C A.
This is done exactly like part of Corollary is deduced from Theorem m
Using this new fact as our base case we can prove by induction that if A C N
satisfies d(A N (2"N + 2¢)) + d(A N (2"N + 2¢)) > 1/2", for any n,/ € N, then
there exists an infinite B C N such that B+ B C A. This is established just like
Proposition It’s now easy to extend Proposition Namely, in the context
of its statement, we actually have that d(Cy N (2"N +2¢)) = d(C2 N (2"N+2¢)) and
d(C1N(2"N+2¢)) = d(CaN (2"N+2¢)), for any n, ¢ € N. Finally, the claim follows
from this latter fact and the bounds established in Proposition [3.5.4
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Chapter 4

Unrestricted sumsets in

countable abelian groups

4.1 Overview

This chapter is based on the results of [10] and generalises the results of Chapter
in two ways. First, we expand the framework from the integers to countable abelian
groups. Secondly, we consider more general density schemes, even in the integers,
as opposed to Chapter 3| where densities were only considered over the initial Fglner
sequence N — [1, N].

The second point is in a sense forced by the first one, since there is no obvious
analogue of the initial Fglner sequence in Z for a general group. This leads us to un-
derstand more deeply what structural properties of N +— [1, N| were indirectly used
in the proofs of Chapter [3| and formulate an abstract definition that captures anal-
ogous structural properties for general Fglner sequences, in order to run analogous
arguments.

The transition from Z to a general abelian group (G, +) introduces another issue.
Namely, the parity obstructions in Z become structural obstructions governed by

the behaviour of the doubling map
D:G— G, D(g) = 2g

In Z, the even integers form the image of the doubling map. In a general abelian
group, the image is the subgroup D(G) = 2G := {g+ g : g € G}, and the relevant

quantities for our purposes are

¢ =[G :2G], and r = | ker(D)|.
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As we will see, it is necessary for our results that both ¢ and r are finite and also
that the Fglner sequences we consider interact well with doubling.

In analogy to the results of Chapter |3] the precursor to the results presented
here, and once again, an ingredient in the proofs, is the generalisation of Theorem
to countable abelian groups by Charamaras and Mountakis [11].

Let (G,+) be a countable abelian group such that the subgroup 2G has finite
index and the doubling map g — g+g¢ has finite kernel. We establish lower bounds on
the upper density of a set A C G with respect to an appropriate Fglner sequence, so
that A contains a sumset of the form {b; +ba+t: b1,be € B} or {by1+b2: b1,by € B},
for some infinite B C G and some t € G. Both assumptions on G are necessary for
our results to be true. We also characterize the Fglner sequences for which this is

possible. Finally, we show that our lower bounds are optimal in a strong sense.

4.2 Introduction

For convenience, we recall once again the resolution of Erdés’ conjecture by Kra,
Moreira, Richter and Robertson [41].

Theorem [Cl. For any A C N with positive upper Banach density there exist an
infinite set B C A and some t € N such that

B@B+t:{b1+b2+t:bl,bg€B, bl#bg}CA.

It is natural to ask whether Theorem IC| could be extended to other countable
amenable (semi)groups. This is explored in [11], where Charamaras and Mountakis
establish an extension of Theorem [C] for a wide class of such groups. This class
includes all finitely generated nilpotent groups, and all abelian groups (G, +) with
the property that 2G := {2¢g: g € G}, where 2g := g + g, has finite index.

Throughout, unless explicitly stated otherwise, all the groups we consider are
countable. Then [11, Corollary 1.13] asserts that if (G, +) is a countable abelian
group with index [G : 2G] < oo and A C G has positive upper Banach density, there
exist an infinite set B C A and some t € G such that B& B +t C A.

Another question arising from Theorem @ is whether the restriction b; # bs in
the sumset can be removed and it seems natural to explore what — if any at all
— density assumptions on the set A C N would allow one to drop the restriction
b1 # ba. This was initiated in Chapter [3] and hopefully the results presented there
convinced the reader that this is an interesting line of enquiry. In that chapter it is
shown, for example, that for any A C N such that a([l,N])(A) > 2/3, there are an
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infinite set B C N and some ¢t € {0,1} such that B+ B+t C A. We remark that
taking the density with respect to the initial Fglner sequence N +— [1, N] in N is
essential, as it is clear from [44, Example 2.3] that not all Fglner sequences can be
used to guarantee such density threshold values.

In view of these observations, we repeat the main question addressed in this
chapter, that was already mentioned in Section Let G be an abelian group,
such that [G : 2G] < .

(a) Can we find a Folner sequence ® and a constant ¢ = ¢(G,®) > 0 such that
any set A C G with de(A) > ¢ contains an unrestricted sumset of the form
B + B +t for some infinite set B C G and some t € G7

(b) Can we answer (a) in an optimal way?

We refer to this problem as the (unrestricted) B + B problem. Throughout,
G denotes a countable abelian group and D denotes the doubling map D : G —
G,D(g) = 2¢. In addition, given a set A C G, we denote the set D(A) by 24 and
the set D™(A) by A/2.

As we alluded to earlier, not all Fglner sequences have density thresholds for the
unrestricted B 4+ B problem. However, we are able to pinpoint structural properties
of a Fglner sequence that allow for this to happen and to describe those we introduce

the next definition.

Definition 4.2.1. Let G be a countable abelian group.

(i) We define the doubling ratio of a Folner sequence & = (P )nen in G as

dy/2N0D
ag = lim inf [®n/20Py] (4.2.1)

—00 |D |
Whenever ag > 0, we say that the Fglner sequence ® is quasi-invariant with
respect to doubling with ratio agp, and we abbreviate this as ¢.i.d. with ratio

aPp.

(ii) We define the group doubling ratio as ag = sup{as: ® € Fg}, where Fg

denotes the set of all Fglner sequences in G.

As we show in Section any abelian group G with ¢ = [G : 2G] < oo and
r = |ker(D)| < oo admits Fglner sequences that are quasi-invariant with respect to
doubling. More precisely, we prove that ag = min{1, 7} and that the value ag is

attained, i.e., there is a Fglner sequence ® in G so that ag = ag.
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Next, we state our main theorem, which asserts that the Fglner sequences de-
fined in Definition possess the necessary structural properties to provide an
affirmative answer to question (a). This allows us to resolve this question for all
abelian groups G with [G : 2G] < oo and |ker(D)| < oc.

Theorem 4.2.2. Let (G,+) be a countable abelian group with { = [G : 2G] < 0o
and r = |ker(D)| < co. Let A C G and ® be any Folner sequence in G that is

quasi-invariant with respect to doubling with ratio ag. Then the following hold:

— 1
(1) If dp(A) > 1 — %, then there exists an infinite set B C G and somet € G
r
such that B+ B+t C A.

(2) Ifde(A) > 1 — aiq)’ then there exists an infinite set B C G such that B+ B C
r

{4+
A.
- 1
(3) If do(A N 2G) > 7" chr’ then there exists an infinite set B C G such that

B+ B C A.

The statements (1), (2) and (3) of Theorem are logically equivalent; this
is proved in Section Hence, it suffices to establish only one of the statements.
In Section we reformulate statement (2) into a dynamical statement, which
we then prove in Section 4.4] concluding the proof of Theorem [4.2.2

The second main objective of this paper is to show sharpness of the lower bounds
in Theorem [4.2.2] This is not evident from the proof: the bounds are directly
derived from a variant of Furstenberg’s correspondence principle given in Lemma
4.3.4. The next theorem addresses this question, showing optimality with respect
to the parameters £, r, and ag = min{1, 7}. This indicates that the constant ag
is not an artificial device of the proof, but rather captures an existing phenomenon.
We highlight that in all abelian groups G, both [G : 2G| and |ker(D)|, whenever
finite, are powers of 2 (see Lemma .

Theorem 4.2.3. Let {,r € N be powers of 2. Then, there exist a countable abelian
group G with |G : 2G| = £ and |ker(D)| = r, a Folner sequence ® in G which is
quasi-invariant with respect to doubling with ratio ag = ag, and a set A C G with
de(A) =1— 7%, for which B+ B ¢ A for any infinite B C G.

This result was already known in Z (see Chapter |3)). The proof of Theorem m
is carried out in Section where for every choice of £, r, we construct examples
using the groups Z, Fy, Z(1/2)/Z = {# mod 1 | n,k € Z} and their products.

The most technical and intricate task in the proof is the case ¢ = 2% and r = 2%,
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with di,do > 1. The following table summarizes the groups where we build the

corresponding examples with their respective value of ag.

(=1 (=24 dy > 1

r=1 5, ag=1 74, qg=2"%

r=2%dy>11| (Z(3)/2)">, ac=1|Z" x (Z(3)/Z)", ag=min{l,2%~%}

In a similar spirit, we show that the assumptions concerning the group G and
the Fglner sequence in Theorem are necessary (see Section . In particular,
we construct an abelian group with infinite ker(D), and a set of full density along
a Fglner sequence that is quasi-invariant with respect to doubling, which contains
no infinite sumsets B + B (see Section . In addition, in Section we show
that along any Fglner sequence that is not quasi-invariant with respect to doubling,
there are sets of full upper density that contain no infinite sumsets B + B. Finally,
recall that the assumption of the finiteness of [G : 2G] is imposed by [1]. However,
the results there do not strictly rule out the possibility that there is an abelian group
G with [G : 2G] = oo such that any set of full upper Banach density contains an
infinite sumset B + B + t. In Section [4.6.3] we show that this is the case only if 2G
is finite.

We end this section with open questions arising naturally from our work. The
first is related to recent results [3] for abelian groups G with finite [G: 6G] and sets
that contain a pattern of the form B ® B @ B.

Question 4.2.4. Is it possible to characterize the abelian groups and the Fglner
sequences for which there is a constant ¢ > 0 such that if A C G and dg(4) > ¢,
then there exists B C G infinite such that B+ B+ B C A?

This problem is significantly different from the one we consider. Indeed, while
B+ B=2BU(B® B), B+ B+ B isnot equal to 3BU (B @ B @ B) as one must
additionally account for the sets {b; + 2by: b1,ba € B, b1 < ba}, {2b1 + bo: by, by €
B,b; < ba}. Those two extra components change the nature of the combinatorial
problem; loosely speaking, it is like handling four linear equations instead of two.

The next two questions deal with stronger optimality results for the bounds in

Theorem [£.2.2]

Question 4.2.5. Let G be a countable abelian group with ¢ = [G : 2G| < co and
r = |ker(D)| < oo, and let ® be a Fglner sequence in G that is quasi-invariant with
respect to doubling. Does there exist a set A C G with dg(A4) =1 — 7=, such that
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B+ B ¢ A for any infinite B C G?

Question [£.2.5 asks for the strongest possible notion of optimality for the bounds
in our main result. The following, weaker, natural question has better chances of

having a positive answer.

Question 4.2.6. Let G be a countable abelian group with ¢ = [G : 2G] < oo and
r = |ker(D)| < co. Can one always find a Fglner sequence ® in G that is quasi-
invariant with respect to doubling and a set A C G with dg(A4) =1— 715, such that
B+ B ¢ A for any infinite B C G?

We stress that Theorem does not provide an answer to Question [4.2.6
Indeed, given the parameters ¢ and r, Theorem asserts the existence of some
group G with those values, a set A C G and a Fglner sequence ® in G such that

de(A)=1— 7+ and B+ B ¢ A for any infinite B C G.

Finally, although these questions remain open, they partially motivate the results

of Chapter [5| which generalise those presented in this chapter.

4.3 Translation of Theorem (4.2.2| to a dynamical state-

ment

The proof of Theorem is accomplished via a dynamical systems reformulation.
We start the present section by showing that any one of the statements , or
of Theorem implies the others, and hence it suffices to prove in order
to establish the theorem. The reader may find the background material needed in
order to realize the proof in Section [2.5] Finally, in Section we state our main
dynamical result, Theorem and prove that it implies Theorem |4.2.2

4.3.1 Equivalence of the statements in the main theorem

G always denotes a countable abelian group with ¢ = [G : 2G| < oo. We also fix
gi,-..,9¢ € G so that G = |_|f:1 2G + g;- We omit these assumptions from the

statements of this section.

Lemma 4.3.1. Fiz a subset A C G. The following are equivalent:
(1) A contains B + B for some infinite set B C G.

(2) AN2G contains B + B for some infinite set B C G.

(3) (AN2G)U(G\2G) contains B + B for some infinite set B C G.
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Proof. For any infinite B C G, by the pigeonhole principle, there is an infinite subset
of B which is contained in some coset 2G + g;. Equivalently, there exists an infinite
B’ € 2G and some i € {1,...,¢}, such that B'+g; C B. If B+ B C A, then for B'+g;
chosen as before we have (B'+g¢;)+(B’'+g;) C AN2G, therefore proving = (2).
The implication = is obvious. Finally, that implies is a special case
of the implication (I) = (2)), because (AN2G)U (G \2G))N2G = AN2G. O

Lemma 4.3.2. Fiz a subset A C G. The following are equivalent:

(1) A contains B+ B+t for some t € G and infinite B C G.

(2) A contains B + B+ g; for some i € {1,...,£} and infinite B C G.

(3) (A—g;) N2G contains B+ B for some i € {1,...,£} and infinite B C G.

Proof. The implication = uses the fact that any ¢ € G can be written as
25+ g; for some s € G and i € {1,...,¢}. Thus if we define B’ = B + s we get that
B'+B'+ g, =B+ B+2s+g; C A. Assuming (2), we have that B+ B C A—g;
and then follows directly from the equivalence of and in Lemma m
Finally, (3) = (1)) is obvious. O

Using the previous lemmas we deduce the following proposition.

Proposition 4.3.3. Let ® be a Folner sequence in G, A C G and 8 > 0. Then the

following statements are equivalent:

(1) If de(A) > €8, then A contains B+ B+t for some t € G and some infinite set
BcCQG.

(2) If de(A) > B+ 6_71 then A contains B + B for some infinite set B C G.
(3) If de(AN2G) > B then A contains B + B for some infinite set B C G.

Proof. — (3): If do(AN2G) > B, then we define A= |_|f:1(Aﬂ2G)+gi, and we
have dg(A) > £3. By [, A contains a B+ B+t for some infinite B C G and t € G.
By Lemma we can reduce to the case where t = g; for some i € {1,...,¢(}.
Using Lemma [4.3.1] we can also assume that B+ B C 2G. Therefore, we have that
B+ B+ g; C (AN2G) + g; which concludes the proof.

= ([I): If do(A) > £, then, by sub-additivity of the density, do (AN (2G +
gi)) > 8 for some i € {1,...,¢}. By translation invariance of the density, we see
that do((A — g;) N 2G) > B and therefore by (3), A contains B + B + g; for some
B C G infinite.
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= (@) If do(AN2G) > B, then de((AN2G)U(G\2G)) > B+ FL. Therefore,
by (2), (AN2G) U (G\2G) contains B + B and we conclude using Lemma [4.3.1]

B) = @): If do(A) > B+ 6771 then, using sub-additivity of the density and
the fact that each coset has density %, we get de(AN2G) > B, so we conclude using
(3)- O

From Proposition m it is now immediate that , and of Theo-
rem are equivalent. Therefore, it suffices to prove (2)) in order to establish the

theorem.

4.3.2 Dynamical reformulation of Theorem [4.2.2

To prove Theorem [4.2.2] we follow an ergodic-theoretic approach. In particular,
we translate the problem of finding infinite sumset configurations in subsets of a
group G to a statement in ergodic theory, and particularly to the existence of Erdés
progressions in products of G-systems. These ideas and basic tools necessary for
their implementation were developed in [43] and [41] in the context of finding infinite
configurations in N, and were subsequently exploited for finding other patterns in
N (see Chapter [3)) and generalized in the context of countable amenable groups (see
[11).

Let (G, +) be an abelian group with ¢ = [G : 2G| < oo and r = | ker(D)| < oc.
For the rest of this section ¥ denotes the space {0,1}%, and it is endowed with
the product topology, so that it becomes a compact metrizable space. We also
consider the shift action S: ¥ — X given by Sg(x(h)) = x(h + g), for any h,g € G,
x = (2(g9))gec € X, and note that S is an action of G on X by homeomorphisms.

We use the following variant of Furstenberg’s correspondence principle to reduce
Theorem to a dynamical statement. This variant crucially exploits the special

structure of q.i.d. Fglner sequences. A similar version appears in Lemma [3.3.3

Lemma 4.3.4. Let A C G and ® be any Folner sequence in G that is q.i.d. with
ratio ag. Then there exist a f > ag, an ergodic G-system (L x %, u, S?xS), an open
set E C X, a point a € ¥ and a Folner sequence @', such that (a,a) € gen(u, ?'),
A={geG: S4a € E} and

L+
B

(u(E x BE) + u(E x X) > (dp(A) — 1)+ £+ 1. (4.3.1)

Proof. By definition, and passing to a subsequence of (®p) if necessary, we may
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assume that there exists some 5 > ag so that

. |®N/2r1@N¢ - . L4FW¢N|
lim 1ZN/ZDONT d dp(A) = lim 2N
Nose | G and de(A4) = lim =

Associate to the set A a point a € ¥ = {0,1}% via

1, ifge A,

alg) =
0, otherwise.

Define the clopen set E = {x € ¥: z(eq) = 1} and observe that, by construction,
A = {g € G: Sqa € E}. Since ® is quasi-invariant with respect to doubling,
by Lemma we have that U = (Uy)nen given by Uy = & /2N Py is a
Fglner sequence, and then we can define the sequence of Borel probability measures

(LN)Nen on X X X given by

1
N = T D 8(5yx50) (@)
geY N

We let i1/ be a weak* accumulation point of (un)nen, and then it is easy to see that
i is an (S? x S)-invariant measure. Recall that limpy_ss0 % = 3.
For each N, U C ®p, so we have

|Pn| 1

ww(mm On| — [On| + [TN]),

1
pn (X x E) = 7 > 05,0(E) >
N geEY N

and then sending N — oo yields

HEXE)2 5 ([@al4) ~1+0) = d‘PéA) =

From Lemma we know that N — Fy = cq, g +ker(D) D ¥y is a Folner
in G, and IENI" 51 a5 N — co. From the definition of Fn we get

W]
Z 5529a(E) =T Z 5Sga(E)7

geFN ge2v N

+1. (4.3.2)

and therefore

1 r |En \ Y|
—_ E 1) E)— — E 0s.o(B)| < ————
W] S0 (P) = g selB) S g

gev N ge2v
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which goes to 0 as N — co. In addition, 2¥ y = 2(®Pn/2NPy) C Py N20y C Dy,

for each N € N, and so combining with the previous we get

1 T
NN(E X Z) = w Z 552ga(E) = "I’N| Z (5Sga(E) +0N—>oo(1)
gev N ge2v

|Pn| 1

>ri——— (AN ®N| — |PN| + [2UN]|) + ON—00(1),
|Un| PN

and then sending N — oo yields

/ (3 BY _ rdg(A) _r
w(ExX)> 3 <dq>(A) -1+ 7‘) =3 3 +1, (4.3.3)

where we used that by Lemma|A.0.3 ||2§1\1;’|| — %, SO ||2§1\1]V|‘ — g as k — oo. Combin-

ing (4.3.2]) and (4.3.3]) we obtain (4.3.1)) for x/. The conclusion of the lemma follows
similarly to the proof of Lemma m (for the ergodic decomposition theorem for

group actions see [55, Theorem 6.6] and the analogue of [19, Proposition 3.9] is
straightforward). O

We now state the main dynamical result, which, along with Lemma and
Lemma[4.3.6] below, allows us to prove Theorem For that, we need the notion
of Erdés progressions, which were introduced in N by the authors in [41]. Given a
topological G-system (X,T), a triple (xq,z1,22) € X3 is called a (3-term) Erdés
progression if there exists an infinite sequence (g,)nen in G (that is, the set {g, :

n € N} is infinite) such that (Ty, x Ty, )(zo,z1) — (21, 22) as n — oo.

Theorem 4.3.5. Let (X,u,T) be an ergodic G-system, a € gen(u, ®) for some
Folner sequence @ in G, and FE1, Eo C X be open sets satisfying

Then, there exists an Erdds progression (a,x1,x2) such that (x1,x2) € E1 X Es.

We note here that Theorem was already suggested by Tao (see the dis-
cussion after Theorem 7 in [59]). We postpone the proof of Theorem to Sec-
tion 4.4.2)

Lemma 4.3.6 (|11, Lemma 3.4]). Let (X,T) be a topological G-system and let
E,F C X be open. Assume there exists an Erdds progression (xq,r1,2) € X° with
x1 € E and x9 € F. Then, there exists an infinite sequence B = (by)nen C {g € G :
Ty(z0) € E} such that B&B = {bp+by: n,m e Nyn#m} C {g € G: Ty(xo) € F'}.
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As Lemma [£.3.6] suggests, the existence of the Erdés progressions in the context
of Theorem [4.3.5]is what allows us to recover the combinatorial statements of The-
orem Indeed, the proof that Theorem implies part of Theorem m
— and thus the whole theorem in view of Proposition — is completely analogous
to the proof that Theorem [3.3.1] implies Theorem [1.3.1} and as such is omitted.

4.4 Measures on Erdos progressions and the proof of
Theorem [4.3.5]

In this section we prove Theorem [£.3.5] In Section we collect some useful tools,
and then in Section we present the proof of the theorem.

4.4.1 Erdo6s progressions, measures and their properties

Again, let us fix a countable abelian group (G,+) with ¢ = [G : 2G| < oo, and
g1 = €G,92,--.,9¢ € G such that G = Llle(gi + 2G). Moreover, we fix an ergodic
G-system (X, u,T) admitting a continuous factor map 7 : X — Z to its Kronecker
factor (Z, m, R), a Fglner sequence ® in G and a point a € gen(u, ®).

In Theorem we care about ErdGs progressions with first coordinate equal
to a. To this end, we utilize a natural measure o, on X x X with the property that
oq-almost every pair (z1,x2) is such that (a,x1,x2) projects under the factor map
7 to an Erdés progression (mw(a), w(x1), m(x2)) in the Kronecker factor Z. Although
the definition of this measure is not necessary here, we include it for completeness.

Let z +— 1, denote the disintegration of p over the factor map = (for details see

[55, Section 6]) and for every (x1,x2) € X x X, consider the measure

)\(11,12) = /an-i-ﬂ(xl) X Nztm(x2) dm(z) (441)

on X x X. Then (z1,72) = Az, 4,) I8 @ continuous ergodic decomposition of p x p,
that is, a disintegration of y x u where the measures A(,, ,,) are ergodic for (X p)-
almost every (71, z2) € X x X, and the map (z1,%2) = Az, 4,) 1S continuous in the

weak* topology. We define the measure o, on X x X via

Oaq = /an X Noz—n(a) dm(2) = /Zn,r(a)Jrz X Nr(a)+2= Am(2). (4.4.2)

The previous can be found in [41] for the case of N and in [11] for general amenable

groups G.
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Let us denote by 71, m2: X x X — X the projections (z1, x2) — x1, (x1,x2) — T2

respectively and by m;0, the pushforward of o, under m;, i = 1, 2.

Proposition 4.4.1. Let (z1,x2) be a point in X x X and (3, 2,), 0a be the measures
on X X X defined respectively in and - Then

(1) moq = and %Zle T4, m20q = [1.
(2) For oq-almost every (x1,72) € X x X we have that (x1,72) € supp(Aqe,))-

(8) There exists a Folner sequence ¥, such that for p-almost every x1 € X the point
(a,z1) belongs to gen(A(qz,), V).

The fact that mo, = p is immediate from the definition. The proofs of
and (3) can be found respectively in [41, Lemma 3.7 and Proposition 3.11] and [41,
Lemma 3.12] for the case of N, and in |11, Theorem 4.9 and Lemma 4.14] and [11,
Theorem 4.10 and Lemma 4.14] for the case of more general groups G. Hence we
only need to prove that %Zle Ty,m0q = p. To do this, we need the following
lemma, which asserts that we can find a subcollection (g;;); of {g1,...,g¢} so that
Z can be written as a disjoint union of the cosets 6(g;;) +2Z, where 0: G — Z is

as in equation ([2.5.1)).

Lemma 4.4.2. There exist an integer k with k | £ and integersiy, ..., i € {1,...,¢}
such that

k
|_| (9:,) +22). (4.4.3)

Moreover, for each 1 < j <k, we have [{1 < i < £: 0(g;)+22 = 0(gs;)+22}| = L/ k.
Proof. From the assumptions on G and 6 we have that

¢

14
=0(G) = U 0(G)) = J0(9:) +22).

i=1
The sets 0(g;) + 2Z are cosets of 27 in Z, hence any two such sets either coincide
or they are disjoint. Consider a i1,...,i; € {1,...,¢} for some 1 < k < /¢ such that
the cosets H(gij) + 27 are pairwise distinct, and then follows. It remains to
show that &k | ¢ and that for each 1 < j < k, we have [{1 < i < ¢: 0(¢;) +2Z =
0(gi;) +2Z}| = £/k. The homomorphism ¢ : G — Z induces a homomorphism
g G/2G — Z/2Z, mapping g; + 2G to 0(g;) + 2Z for each 1 < i < £. It follows
by that 0 is a surjective homomorphism of finite groups. Then, by the first
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isomorphism theorem, we have that
G
Z, |\ 70 _
/27 = ( >/ker(«9)’

hence k = ¢/|ker(6)|. This implies that k | £. Moreover, for fixed 1 < j < k, the
above isomorphism implies that there exist exactly | ker(6)| = ¢/k integers 1 < i < ¢
such that 6(g;) +2Z = 0(g;;) + 2Z. This concludes the proof. O

We are now ready to prove of Proposition m

Proof of of Proposition |4.4.1. Let k and iy,is,...,1; as in Lemma It is
immediate from Lemma that m(2Z) = 1/k. Now for each u € {1,...,¢} we
define

mau = k- mlozi6(g.)-

Let mo denote the unique probability Haar measure on 2Z. The pushforward
Dm of the Haar measure m under the doubling map is translation invariant in 27,
and it is a probability measure on 27, so my = Dm. Also, it is not difficult to see
that the probability measure k- m|yz is also translation invariant in 27, so after all,

= Dm =k - m|yz. Now for each u, let D, be the map sending z to 2z + 6(g.,).
Using the previous we then have that mg, = D,m.

We first prove that for each u € {1,...,¢} we have

k
Z =m. (4.4.4)

w\»—t

Fixu € {1,...,¢}. There exists a rearrangement (i ('/~)1<j<k of (ij)1<j<k such that
for each j we have 27 + 0(91-;_) =27+ 0(gi;) + 0(gu). Using Lemma {4.4.2] and the

definition of mo,, we have that for any measurable C' C Z,

m(©)=m(cn ( 60 + 22)) ) = m( |;|1<c (0005 + 8(0n) +22)) )

j=1

I
] =

m(C N (0(gi;) +0(gu) +22)) =
1 J

k
z : 9i; m2u

m((C —0(gi;)) N (2Z + 0(gu)))

M-

1

<.
Il

pwH

I
x| =
'Mw

2.u(C — 0(gi;))

<
Il
-



Now we prove that for each u € {1,...,¢} we have

1 l
ZZ = m. (4.4.5)

We fix u € {1,...,¢}. By the last assertion of Lemma for each 1 < j <k,

we can consider 1 < z(] ) .. ZEJ/L < ¢ such that for each 1 < v < ¢/k, we have
0(9i;) +22Z = 0(g,») + 2Z, which implies that Ry, mau = Ry (;ymau. Moreover,

(4.4.3) implies that {{z}(,j): 1 <wv</{/k}:1<j<k}isa partition of {1,.../¢}.
Combining all the above and using (4.4.4), we have that

t/k

1 1N/ 1 1<
~k Z 9i;M2u = 7 Zl (Wk Zleigj)mQ) i ZleimZua
: Jj= v= 1=

proving (4.4.5)).
Now we can conclude the proof. In view of (4.4.3)), there is u € {1,...,k}
and zp € Z such that m(a) = 6(gy) + 22¢. First, we compute mo, and using the

translation invariance of m we have that

- /Z Mos(ay dm(z) = /Z Msro(ey) dm(z) = /Z n dman(),  (4.4.6)

where the last equality follows from the fact that mg, = D,m. Combining (4.4.5)
and (4.4.6), we obtain that

KZTglﬂ'QO'a— EZ/ o= dma (2 EZ/ MRy, () dm2,u(z)

- [ dQX;Rmz) @)= [ 1o dinls) = =

Using Proposition we can guarantee the existence of many Erdés progres-

sions starting at the point a.

Proposition 4.4.3. Let (X, u,T) be an ergodic G-system and assume there is a
continuous factor map w: X — Z to its Kronecker factor. Let a € gen(u,®), for
some Folner sequence ®. Then for oq-almost every (x1,x22) € X x X, the point

(a,z1,22) is an Erdds progression.

The proof of Proposition [4.4.3]is analogous to the proof of Proposition [3.4.3
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4.4.2 The proof of Theorem [4.3.5

We are now ready to prove Theorem We will only prove the following special
case, but the reader should easily be able to deduce the general case following the

arguments of Section with the role of Proposition being replaced by |11}
Proposition 3.7].

Theorem 4.4.4. Let (X, u, T) be an ergodic G-system admitting a continuous factor
map to its Kronecker factor, a € gen(u,®) for some Folner sequence ® in G, and

Ey, Es C X be open sets satisfying
Lp(Er) + p(Ey) > L. (4.4.7)

Then, there exist an Erdds progression (a,x1,x2) such that (x1,22) € E1 x Es.

Proof. From Proposition for o4-almost every (z1,z2) € X x X, the point
(a,z1,22) is an Erdds progression. Hence it suffices to verify that o,(E; x E2) > 0.
As

Ey x Ey=(E1 x X)N (X x E9),

this reduces to showing that
0a(E1 X X)+ 0, (X x Eg) > 1.

Now,
0a(F1 X X) + 04(X X Ey) = m04(E1) + me04(E2)

and by of Proposition the right hand side equals

((E) + Lp(Ey) — ma0a(Ty, E) — « -« — ma04(T,, Ea).
Therefore,
0a(E1 X X))+ 04(X X Ey) > u(Eq) + u(E2) — (L —1) > 1,
where the last inequality follows by . O

63



4.5 The proof of Theorem [4.2.3: optimality of the lower

bounds

The goal of this section is to prove Theorem [£.2.3] so that the bounds that we get
from Theorem [4.2.2| can be tested to be optimal for any possible value of ¢ and 7.

We begin by proving that ¢ and r can only be powers of 2.

Lemma 4.5.1. If G is an abelian group with ¢ = [G: 2G] and r = | ker(D)| then
o if { < 00, there exists di € Ny such that £ = 24 gnd
o if r < 00, there exists dy € Ny such that r = 2%,

Proof. Since G is an abelian group, G/2G and ker(D) are also abelian groups and
therefore they have a Z-module structure. Furthermore, G/2G and ker(D) have
an Fo = Z/2Z-module structure. Indeed, if g € ker(D) then 2g = g+ g = 0 by
definition. Likewise, if h € G/2G then h = v 4 2G for some v € G and 2h =
27+ 2G = 0+ 2G which is the identity element. Since Fs is a field, then G/2G and

ker(D) are vector spaces over [y, in particular they are isomorphic to @IFQ and
i€l
@]FQ for some index set I and o respectively.
icls
We conclude by observing that £ < oo (respectively r < co) if and only if | 1| < oo

(respectively |I5| < oo) and in that case £ = 2111l (respectively 7 = 2/21), O

In what follows, for each possible value of ¢ and r we provide a group G, a
Fglner sequence ® = (®y)nen and a subset A of that group the density of which
achieves the bound established in Theorem [£.2.3] while not containing an infinite
subset of the form B + B. The main idea is to reverse-engineer the proof of Lemma
[4.3-4) and construct a subset A C G whose density achieves the bounds derived from
that result. Even though this was done for the group Z (see Section and is
directly generalized to Z? in Section the construction becomes less clear for
other groups. For example, in the case of Z% x (Z(1/2)/Z)% we must consider a
Fglner sequence different from the product Fglner sequence to properly account for
the distinct behavior that the doubling map induces in this group, where, informally
speaking, it expands along the Z% coordinates and contracts along the (Z(1/2)/7)%
coordinates; see Sections and for more details.

We highlight that as a consequence of Proposition [4.3.3] if we show that one of
the bounds in Theorem is sharp, then the other two are also sharp. Thus, for

each value of £ and r we shall provide an example that achieves optimal density for

of Theorem
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451 Casel/=1landr=1

We recall that for a prime number p, F,, = Z/pZ and for any group G, G is the
group of sequences (g;)ien of elements in G such that g; # eg for finitely many
i € N. We construct this example in ;) for some odd prime p, such that there is a
set B, C F), with E,N2E, = () and |E,| = (p—1)/2. This is the case for p = 3 with
E3 = {1}, and p = 11 with Ey; = {1,3,4,5,9}. However, there is no such set E,
when p = 7E| Let p be an odd prime with this property.

We denote &y = {z € Fy : 7; = 0 for alli > N}, & = {0}, and by ey we
denote the canonical vector, that is (ex); = 1 if ¢ = N and (ey); = 0 otherwise.
Notice that ® = (®y)nen is a Fglner sequence in Fy with ae = aps = 1. For each
N,let Ay = |_|i€Ep dy_1+1i-en, and take

A= I_I Ay = |_| |_| Py _1+i-en (4.5.1)

N>1 N>1 \i€E,

Notice that

Andy| p—1 14p+---4+pV 1 p-1 (1—1/pN>

|P N | 2 N 2 p—1
. . 1 QFy
Therefore, taking limit as N — oo we get de(A4) =5 =1— m.

Lemma 4.5.2. If B+ B C A for A as in (4.5.1)) and B C Ty, then B is finite.

Proof. Suppose there is an infinite B C F) such that B + B C A. For z € F},
we denote by ¢(z) the greatest index i such that z; # 0. We can take a subset
{b(4)}jen = B’ C B such that ¢(b(j)) < ¢(b(j + 1)) for all j € N.

Let b0 € B’ distinct, without loss of generality ¢(b’) < ¢(b). Since b+ b € A,
there exists N > 1 such that b+ € Ay. In particular, ¢(b + V') = N and
(b+b')n € E,. But since ¢(b') < 1(b), we have that ¢(b) = N, by =0 and by € E,,.

Finally, ¢(2b) = N, 2by € 2E, which implies 2b € U (Py—_1+7-en) but this set
i€2E,
is disjoint from A, contradicting the fact that 2b € A. O

Lemma concludes the proof of the bound’s sharpness in F.

Remark. Another natural example of a group with » = ¢ = 1 is the rational

numbers Q. We have constructed an example of a Fglner sequence ® and a set

Tf 7, ]Fff — IFff is the permutation induced by multiplication by 2 in the group of units of Fy,,
then such a set F, exists if and only if the disjoint decomposition of 7, consists exclusively of odd
cycles. For instance, 73 = (12), 711 = (12485109 736), but 17 = (124)(365).
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A in Q such that ag = 1, dp(A) > 3 and A contains no B + B for an infinite
set B C Q, therefore proving optimality of the lower bounds in Theorem for
(Q,+). However, since the construction is somewhat lengthy, we decided to not

include it in the paper.

4.5.2 Caser=1and (=2% d>1

The following examples are defined in Z? for d > 1 and they are a direct gener-
alization of the one given in Section that was constructed in N. For a vector

= (x1,...,19) € Z%, we denote ||z]o = 4IIllaXd|£L'Z'|.
=

=1,..,

Lemma 4.5.3. Let A’ C N be such that if B'+ B’ +t' C A" for some B’ C N and
t' € N, then B’ is finite. Let A ={x € Z: ||2||co = a,a € A’}. Then, if there exist
B C Z% and t € Z% such that B+ B +t C A, it necessarily holds that B is finite.

Proof. First, reasoning by contradiction, suppose that there exists an element ¢ € Z¢
and an infinite set B C Z¢ such that B+ B +t C A. By pigeonhole principle, we
know that there exists an infinite subset of B (that we keep calling B) all the
elements of which have the same sign in each coordinate, that is, for every x,y € B,
x;-y; > 0foralli e {1,...,d}. Without loss of generality we can assume that the
coordinates of ¢t have the same signs as the respective coordinates of the elements
in B.

Using again the pigeonhole principle, we can suppose that there exists a fixed
index ig € {1,...,d} such that |||/ = =i, for all z € B. Now, choose two arbitrary
elements x,y € B. Since z +y +t € A, there exists @’ € A’ such that o’ =
|ziy + Yiy + tiy|, in particular, by symmetry of A we can suppose that the ip-th
coordinate of every element in B is nonnegative.

After all the previous reductions, define B;, = {z;, : * € B} C N and there-
fore, by construction, B;, + Bj, + ti, C A’. Thus, B, is finite. Finally, if m =
max{n € B;,} we notice that B C {x : ||z||cc < m} which implies that B is finite

(contradiction). O

In this and the following sections we use the interval notation for discrete inter-

vals, for example if a,b € R, we write [a, b] for [a,b] N Z. Consider the set

A= i, @ - 1) -4m),

neN

which, as was proven in Chapter [3] does not contain an infinite sumset of the form
B'+ B+t with B ¢ Nand t' € N. Let A3 = {z € Z%: ||z|ls = a,a € A’}. Another
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way of writing the set Ay (more similar to the one used in the next sections) is

Ag=| |(=(@2=1/n) 4", (2= 1/n) - 4")"\ (=4, 47)%.

neN

Notice that Z? has a natural Felner sequence given by ®4 = [-N, N]¢ for N € N
and that age = age = 2%. Computing the density of A; with respect to that Fglner

sequence we find

[=(2—1/N)4Y, (2 — 1/N)4N] 0 Ayl

d(Ay) = 1
(Aq) = i [=(2 = 1/N)4N (2 = 1/N)4N]d|
) 1 4AN+) 1 1 lracura
= Jdim o (@ Vg ) Tl T
N—oo (2 —1/N)d4 4d — 1 2d 1 1 g + Ly

Using Lemma the set Ag C Z¢ gives us the sharpness of the corresponding
bound.

4.5.3 Casel/=1landr=2% d>1

In this subsection and the following ones we use the group of dyadic points in R/Z,
that is, G = Z(1/2)/Z = {k/2" mod 1 : k,N € N} and the disjoint family of
subsets (Cp)n>0 given by

k
Co = {0},C1 = {1/2} and in general C,, = {271: 0<k<2"k odd} for n > 0.

(4.5.2)
Notice that G = U Cn,={2k+1)/2" € Q/Z : k,n > 0}. Also notice that
n>0
Co/2 = {0,1/2} = CoUCy, and Cp/2 = Cyyyy for n > 1. (4.5.3)

The equation is a key feature for this and the following examples. With this
family of sets, one can also describe a natural Fglner sequence F' = (Fy)n>o in G
given by Fy = {K/2V:0 < k < 2V} = |_|T]>T:0 C). Using we deduce that
Fn/2 = Fni1 = Fy UCny1 and therefore ap = 1.

Consider the group G and notice that £ga = 1, rqa = 2%. We construct some-
thing similar to the example given in the previous subsection. Let ® = (®y)nen be
the Folner sequence in G% defined by ®n = Fy X --- x Fy. As before, for each N,

N—_———

d times

®n/2 D &, which implies that ag = 1.
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Before enouncing the example we define some functions that are also useful in

the following examples. Consider §: G — Ny be the function such that

2k +1 2k +1
0( 2:_ ) =n forall g= 2: eG. (4.5.4)

That is, for every g € G, 6(g) = nif and only if g € C,, (see (4.5.2))). Notice that, for
9,9 € G,if0(g) # 0(¢'), then 0(g+¢') = max(0(g),0(¢")), while if 0(g) = 0(¢’), then
0(g+g') < 0(g). Using the function 6: G — Ny we define two functions w: G¢ — Ny
and n: G — {1,...,d} as follows: for y = (y1,...,yq) € G¢

w(y) = max{O(y;): j=1,...,d} (4.5.5)
n(y) =min{i € {1,...,d}: 0(y;) = w(y)} (4.5.6)
where 7)(y) should be interpreted as the index i € {1,...,d} where the maximum

defined in w(y) is achieved, but since that index is not necessarily unique we pick
the minimum for convenience. For instance in G2, n (0, é, %) =2.

To understand the following example, it might be useful to think that we try to
replicate the example in Z¢, where now the function §: G — Ny plays an analogous

role to the one of the absolute value and w: G — Ny to the uniform norm.

Lemma 4.5.4. Let A C (Z(3)/Z)? be the set given by

A= Fongr x -+ X Fonp)\(Fan X -+ X Fan) = [ (®@2041\P2n).  (4.5.7)

n>0 n>0
If B+ B C A for some B C G% then B is finite.

Proof. By contradiction, suppose that there exists an infinite set B C G¢ such that
B+ B C A. Notice that, using (4.5.5) and (4.5.6), we can rewrite A as

A={yeG% w(y) is odd}.

Since B is infinite, without loss of generality, one can suppose that there exists
i € {1,...,d} such that for all b € B, n(b) = i. Moreover, since B is infinite and
each (), is finite, one can suppose that for every distinct b, b’ € B, w(b) # w(b').

Take b, b3 € B, and assume that w(b")) < w(b®). Then 26,262 € A,
so for w(2b()) = w(dM) — 1 is odd, so w(b() is even. Using the same reasoning,

w(b?)) is also even.
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and therefore b + b2 is not in A, which is a contradiction and we conclude the

lemma. O

We conclude the sharpness of the bound given by Theorem by computing
the density of A,

- ZnN:0|<F2n+lX"‘XF2n+1)\(F2nX"‘XFQn)’

de(A) = lim
cp( ) N—o0 |(I>2N+1|
i ZnN:0(22n+1)d _ (22n)d 9d aga
= 11m e = _—_—
N—o0 (22N+1)d 2d +1 ng + TGd

4.5.4 Case ( =2 and r = 2% with d; > d, > 1

In this subsection, we construct the desired examples for general £, > 1 with £ > r.
From Lemma we know that for any countable abelian group G, the quantities
r = |ker(D)|,£ = [G : 2G| are integer powers of 2. Let dj,d2 € N with d; > da,
and consider the group G = Z% x (Z(1/2)/Z)%. Then r = 2% and ¢ = 2% and
¢ > r. For an element z € G, we write z = (2(1),2(2)), where z(1) € Z% and
22 e (2(1/2))2)%.

Let ¢(N),v(N) be two strictly increasing sequences of natural numbers so that
¢(N) is always even and v(IN 4+ 1) > v(N) + ¢(N) + 1 for all N € N (for example,
take v(N) = 3V, ¢(N) = 2N). For k € N, we recall that C, C Z(3)/Z is the set
defined in and we also write I, = [~2%,2¥]\ {0}. For each N, let

c¢(N)—1
d d
Oy = | Iiv—m X Cotnyamer (4.5.8)
m=0

We highlight that, in the definition of I} we remove 0 from the discrete interval
[—2F,2%] only to simplify the computations it what follows, but the same result is
true if we do not remove it.

As v(N) 4+ ¢(N) < v(N + 1), the ®x’s are pairwise disjoint. We prove that
(®n)nen is a Fglner sequence in G, and that ag = 7 = min{1, 7}.

For each NN,

c¢(N)—1 c(N)—1
|®N| _ Z (2 . 2C(N)7m)d1 (2'0(N)+m)d2 — 2d16(N)+d1+d2’U(N) Z 2(d27d1)m'
m=0 m=0

(4.5.9)
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Calculating in (4.5.9)), one sees that

C(N)2d1c(N)+d1v(N)+d1’ if di = dy
1By | = (4.5.10)

do—dq\c
e+ bdyo(N)  1=@2 A g g g,

Let (z,y) € G, where © = (z1,...,24,) and ¥y = (y1,...,Ya,). Recall the defi-

nition of w(y) given in (4.5.5). Then for all integers ki, ..., kg, > w(y), y + Ck, X

d X Ciyy = Cy X -+ X C, . In particular if v(N) > w(y), then C:;l(lN)+m+1 +y=
C 1

v(N)+m-+1
For each N, by construction v(N) > N, so for N > w(y), v(N) > w(y), and

therefore

for every m € N.

¢(N)-1
((z, )+ ®y) A0y = | | ((5” + Ig(lN)—m)AIg(IN)—m> X szl(2N)+m+1'

m=0
Computing the cardinality we get
di—1 &
d d d N)— -
|($+Ic(1N)—m)AIC(IN)—m‘ <2 1(26( ) m) ' 22‘$1|7

1=1

and therefore

c(N)-1 d
|((z,y) + Dn)AdN| < ) 2% (QC(N)_m)dlfl(Z2‘xi’> (20N +m) s
m=0 i=1
dy

c(N)—1
— ( Z 2|x1’> 2d1+d1c(N)+d2v(N)fc(N) (2d2+17d1)m.

i=1

Z

3
]
o

Finally,

|((z,y) + @n)APy| <

C(N)(Z?il 2|xiD2d1+d10(N)+d2v(N)—c(N)7 ifdy = dy+1
(Z;il 2|xi|)2d1+d1c(N)+d2v(N)—c(N) . %7 else.
(4.5.11)

Using (4.5.10) and (4.5.11)), we can prove the following lemma;:

Lemma 4.5.5. For all dy > d2, (®Pn)nen defined in (4.5.8)) is a Folner sequence
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in Z4 x (Z(1/2)/2)%.

Proof. If di = do, then

(@, y) + 2n)ADN| _ T, 2ail

. —c(N) N—oo
T STawy 4mrT T

Similarly, if d; = ds + 1, then

() + @) ABN| _ c(N) (3052, 2ai[)205H oMo 57 90| o(N)
|q>N| - (1 _ 27C(N))2dQC(N)+C(N)+d2’U(N)+d2+2 1 — 2—¢c(N) 9¢(N)+1°
(4.5.12)
Since limy,_s o 2,1% =0 and ¢(IN) — oo, we have that Zf(gv% — 0 as N — oco. Also,

1-27<N) 5 1 as N — oo, so from (4.5.12) we see that —l((m’y)T;g")Aq)N‘ — 0 as

N — o0.
Finally, if dy # do and dy # do + 1, then di > do + 2 and

((z,y) + Pn)AON| _ (1—2d=d) (o0 2[z]) 1 — 2(d2t1=di)e(N) _g—c(N)

|q)N| - 1 — 2d2+1-d1 1 — 2(d2—d1)c(N)
(4.5.13)
Since d; > ds + 2, we have that 2(d2H1=d)e(N) old2—d1)e(N) _y ) a5 N — 00, so from
we see that again Ww —0as N — o0. O

Lemma 4.5.6. For all dy > da, the Folner sequence (Pn)nen defined in (4.5.8))

has ratio ap = ag = 29274,

Proof. For each N,

e(N)—1 ) . c(N) . .
On/2= |_| Le(ny—m—1 % Colwytmea = |_| Le(wy=m X Colny+m1:
m=0 m=1

0 v\ (2n/2) = Lity) X Ol -
If d1 = do, then
DN\ (Pn/2)] 9d1(c(N)+1)+d1v(N) 1 s

1Dy T (V)2 Fdv(N)+d — ¢(N) 0

r

[ex(@n /2] _ S\ ) r g N s o,

[ N] - [P N]
Similarly, if dy > do, then

Therefore,

|Dn\ (Pn/2)] 21 (e(N)+1)+dzv(N) L=2870 N | i
|® | " 9die(N)+di+dav(N) 1—(12d;;:_13£“v> T 1 — (2d2=h)e(N) B
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where in the final limit we use that lim 2(@~d)eN) — q Thus, exa(@n/2)| _,

N—oo L3
202741 = I a5 N — oo. o
To conclude this section, we build a set A C G with de(A4) = 1— % =1-7%

so that A contains no B + B for some infinite B. We highlight that for this example
the density of A exists, that is the upper and lower density coincide.
Recall that for each N € N, by construction, ¢(V) is even. Let

-(N)
Sl

d1 d
AN = |_| (IC(N)—2m O2Z) X CU(QN)+2m+1’
m=0
that is Ay n consists of the elements of ®y for which every Z-coordinates are even
and their (Z(1/2)/Z)% part belongs to CS(QN)H for an odd index j € {1,...,¢(N)}.
Observe that the Ay y’s are pairwise disjoint. Let As = | | Nen A2, . We also

define a useful set that is used in this and in the next example,
Og4, = (Z9\ (22)") = {(z1,...,xq,) € Z%: at least one z; is odd}  (4.5.14)

and then A; = Oy, x (Z(1/2)/Z)%. Finally, take A = A; LI A3. Notice that

c¢(N)—1

Andy = | || Iy NO4 x C U Agy. (4.5.15)
m=0

v(N)+m+1
We provide a figure below to illustrate ®y (in black) and A N @y (in red) in the

case dy = do = 1, that is G = Z x Z(1/2)/Z. The dotted lines indicate that we only

take elements with odd Z-coordinate.
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Dy

Z(1/2)/Z
Con)+e(n), |

CoNytey=1 | ___

Co(n)13 |

....................... Coda | o

Cony+1 |

_9e(N) C9e(N)=1 _ge(N)=2 T —4—2 2 4 T ge(N)-ge(N)-1 9¢(N)

With this formula we can compute the density of A. First notice that for each
m e {0,1,...,¢(N)—1},

‘IS(IN)fm N Odl‘ _ 1 . ‘Ig(lN)*m a 2Zd1‘ _ 2d1 -1 (4 5 16)
|25y 2oyl o h

Therefore,
¢(N)=1 [ 1d d
| I—lﬂ’(L:()) (IC(IN)—m N0g4) x C (QN)—&-m-H‘ 2t

v

[Py 241

@lec(N)+d1v(N) if di =ds

On the other hand, |4y | =

dic(N)+dov(N)  1—=2(d2—dp)e(N) .
9dic(N)+dzv(N) TG if di # do

Therefore, if d; = da, then using (4.5.10), (4.5.15), (4.5.17) and the previous
calculation for |Ay | one sees that

[An®y| 29 -1 Lo_2H-1 . ae
Dy 24 M ST e R

Therefore, the density de(A) exists and is equal to 1 — 2.

Now, if d; # da, then again using (4.5.10)), (4.5.15)), (4.5.17) and the previous
calculation for |Ay | one sees that

\Aﬂ<1>zv|_2d1—1+ 1 2204 pditdz o
N 2d1 4 2d2 — 2di(2d1 y 2d2) T g4 p”
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Therefore, also in the case dj # dg, the density de(A) exists and is equal to 1 — ZC-%‘

Now, it remains to prove that there is no infinite B so that B+ B C A. Assume
that there is some infinite B so that B + B C A. Since B is infinite, we may
assume that all the elements of B have the same parity in their Z-coordinates, that
is if b = (z,y) and b’ = (2/,y’) two elements in B, then z; = 2 mod 2 for all
1=1,...,d;.

Fix b = (z,y) € B. Then by assumption 26 € A and also 2b € (2Z)% x
(Z(1/2)/7Z)%. Therefore 2b € Ay, in particular there is unique N7 € N so that
2b € Az n,. Since B is infinite and |J;<y, A2,; is finite, there exists b’ = (2',y') € B
so that 2b' € As y, for some Ny > Nj.

Then, from the definition of the Ay y’s we see that there are m; € {0,..., C(gl) —
1} and mq € {0, ..., @ — 1} so that 2b € (Io(ny)—2m, ﬂ2Z)d1 x 0%

U(N1)+2m1+1
20 € (IC(NQ),QmQ N 2Z) i, Cg(2N2)+2m2+1' From the previous we infer that

and

and y € C%

d1 d2 / d1
rel C r el o(Na)+2mat2°

e(N)—2mi—10 Y € Cu(Ny)+2mi 420 ¢(N2)—2ma—1

By the parity assumption in B, z + 2’ € (2Z)%, so from the definition of A
and since b+ b’ € A, we obtain that b + 0 € As. Now since v(N2) + 2mg + 2 >
v(N1) 4 2m; +2 and using the properties of the function 6: Z(1/2)/Z — Ny defined
in (4.5.4), we have that for all j = 1,...,ds, 0(y; + ;) = max{0(y;),0(y;)} =
max{v(N1) + 2m1 + 2,v(N2) + 2mg + 2} and therefore y; + v € Cg(QNg)+2m2+2'

Thus b+ ¥ = (z + 2,y +¢/) € (2Z) x 05(2N2)+2m2+2’ which is disjoint from
As. This is a contradiction and therefore, there is no infinite B so that B+ B C A,

concluding the construction of the example in the case ¢ > r.

4.5.5 Case ({ =2% and r = 2% with 1 < d; < ds

In this subsection, for dy,ds € N with d; < da, we consider again the group G =
7% x (Z(1/2)/Z)%, so £ = 2%+ and r = 292 but this time we have ¢ < . As before,
for every z € G, we write z = (21, 2?)), where z() € Z% and 2 € (Z(1/2)/Z)%.
For constructing the correspondent Fglner sequence and the set A, again we use the
sets O, C Z(1/2)/Z defined in (£5.2)), I = [-2*,2%]\ {0} C Z and Oy, C Z% asin
@51,

For this example, again we use ¢(N),v(N) be two strictly increasing sequences
of natural numbers with similar properties. In particular, ¢(N) is even and v(N +
1) —¢(N+1) >v(N)+1 for all N € N. In this case we still can take can take
v(N) =3 and ¢(N) = 2N. In this subsection, many computations are omitted, as
they are very similar to the ones carried out in Section
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The first major change is the definition of the Fglner sequence. For each N, let
® be defined via

c¢(N)-1
d d
n= || Zinyim X Cotnym: (4.5.17)
m=0

Asv(N+1)—¢(N+1) > v(N)+1, the ®x’s are pairwise disjoint. The proof that
(Pn)nen is a Folner sequence in G is analogous to the one carried out in Lemma
so it is omitted. Similarly to Section we have:

Lemma 4.5.7. For all di < da, the Folner sequence (®n)nen defined in (4.5.17))

has ratio ap = 1.

Using the same structure as in Section [4.5.4] we end this section by building a
set A C G such that de(A) = I—H% =1- 7% and if B+ B C A then B is finite.
We highlight that, as last time, the density of the set A exists. The construction of

A is also similar. First, for all N € N set

(N
C<2 )_1

Aoy = || (Luwyom N22)™ x C) o
m=0

Observe that the A n’s are pairwise disjoint, so conveniently we define Ay =
Uyen A2,n. Like last time, 41 = Oq, x (Z(1/2)/Z)% and A = A; U Ay. The proof
that A does not contain an infinite sumset B + B is completely analogous to the
one in the previous section. The only slightly different part in this argument is

computing the density of A along ® but this is an easy exercise.
We note here that in both Sections and the the Fglner sequences have
the same triangular shape: they are of the form ®n = || Igll(m) X C’g;(m),
as ca(m) grows larger, so we take more elements from (Z(1/2)/Z)%, ¢;(m) becomes

where

smaller, so we have less elements from Z% . However, the Folner sequence ® defined
in Section is not a Fglner sequence in the case £ > r (because then 29279 > 1),
This is the reason why we have to consider different ®’s in the two cases.

4.6 Necessity of the assumptions in the main theorem

Herein, we show that the assumptions on the group and the Fglner sequence in

Theorem |4.2.2] are necessary.

4.6.1 The kernel of the doubling map has to be finite

We first prove that the assumption r = |ker(D)| < oo is necessary.
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Proposition 4.6.1. There is a group G with r = | ker(D)| = oo, a Fglner sequence
® in G with ag = 1, and a set A C G with de(A) = 1 so that for any infinite B C G
we have B+ B ¢ A.

Proof. Let G = Z(1)/Z and consider the group G* defined by

G* = @G = {g = (gi)ien € GV | g; # 0 for finitely many 7’s}.
€N
Then lgo = 1,rqge = oo. Recall the definition of C), given in (4.5.2). We have
|Col = 1, |Cpn| = 277! for n € N, the sets (Cy)nen, are pairwise disjoint and
G = UneNO Cp. Also, the sequence F' = (Fy)nen defined by Fy = UogngN C, is a
Fglner sequence in G and Fy/2 = Fy41 = Fy UCN41 D Fi, so % =1 and
hence ap = 1. Also, for all N € N, |Fy| = 2V.

Now, consider the sequence (®y)nen of subsets of G¥ defined by
by = Fy X ---XFNX{O}w:{gz(gi)ieNigZ’EFN fOYlSiSN,giZOfOFi>N}.
—_————
N times
Then ® = (Py)nen is a Folner sequence in G*. This Fglner sequence shares some

properties with the one in G¢ studied in Section In particular,

ON/2=FnN/2x - x Fn/2x{0,1/2}* = Fn41 X -+ X Fy41 x {0,1/2}¥

N times N times

and therefore, &y C ® /2, which implies that ag = 1.

Consider now the set

A= |_| (F2m+1 X oo X F2m+1 X{O}w) \ (Fgm X oo X Fgm X{O}w)

meN 2m~+1 times 2m+1 times

Then for each N € N we have that

Aﬂ(I)QN_H D (F2N+1 X oo X Fongr X{O}w) \ (FQN X -+ X Fyn X{O}w),
2N+1 times 2N+1 times

0 |[AN ®ony1| > [Fongr |2V — [Fyp| 2N+ = 2@N+D? _ 92N@N+Y - which in turn

implies that

(2N+1)2 _ 92N(2N+1)
fim A0 P2l 2 2 =1- lim

= =7 ——— =1
N—oo |Poni1| — Nooo 2(2N+1)? N—ooo 22N+1
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Thus, we have that de(A) = 1. We are left with proving there is no infinite set
B C G¥ so that B+ B C A.

We denote denote by 0 the identity element (0,0,...,0,...) of G¥. Consider
the map #: G — Ny defined in . Similarly to , let w: G* — Ny be
the function given by w(g) = max{0(g;): i € N}. We also define 7: G¥ — Ny by
7(0) = 0 and 7(g9) = max{i € N: g; # 0} for g # 0. As in the finite dimensional
case, for g,¢' € G¥, w(g + ¢') < max{w(g),w(g’)} and if w(g) # w(g’'), then
w(g + g') = max{w(g),w(g’)}. Observe that

A= | |{geG”|w(g)=2m+1,7(g) <2m+1}. (4.6.1)
meN

Assume that there is an infinite set B C G“ so that B + B C A, and without loss
of generality assume that 0 ¢ B. We want to reach a contradiction, and for that we
separate cases.

First, assume that the set {w(b) : b € B} is finite, and take M € N so that
w(b) < 2M + 1 for all b € B. Then for all b,b' € B we have that w(b + b’) <
max{w(b), w(b')} <2M + 1. Therefore, using we get

B+BC |_| {g € G’ w(g)=2m+1and 7(g) <2m+ 1} C Papr41, (4.6.2)
1<m<M

which implies that B + B is finite and in particular 2B is finite. Since B is infinite,
by pigeonhole principle, there exists a € ®op711 and an infinite subset B’ C B such
that 2b = a for all b € B’. Also by pigeonhole principle, we can suppose, without
loss of generality, that the first 2M + 1 coordinates of the elements in B’ are equal.
Let b, b’ be two distinct elements in B’. Since b; = ¥/, for all ¢ < 2M +1, there exists
a coordinate j > 2M + 1 such that b; # b}. Fixing that index 5 > 2M + 1, since
a € ®opry1, a; = 0 and hence 2b; = 2b; = 0. This implies that b;,; € {0, 5} and
therefore, using that b; # b;, we must have b; 4 b;- = %, contradicting . Thus,
the set {w(b) : b € B} has to be infinite.

Now, similarly to the proof of Lemma [4.5.4] suppose {w(b) : b € B} is infinite
and let b,b" € B with w(b’) > w(b) > 0. Notice that w(2b) = w(b)—1 and therefore,
since 2b € A, from (4.6.1)) we have that w(2b) is odd, so w(b) is even. The same is
true for w(d’). Then we have that w(b + b’) = max{w(b), w(b’)} = w(b’) which is
even, and from this contradicts the fact that b+ b’ € A.

To summarize, A has full upper density with respect to the q.i.d. Fglner sequence
® with ratio g = ag = 1, but there is no infinite set B C G* so that B+B C A. [
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4.6.2 The Fglner sequence has to be quasi-invariant with respect
to doubling

Here we show that, if G is a countable abelian group with 2G infinite (note that if
[G : 2G] < oo, then 2@G is infinite), then the q.i.d. assumption is necessary for a
density solution to the unrestricted B + B problem. We include the following useful

remark, the proof of which is straightforward, so it is omitted.

Remark 4.6.2. Let G be a countable abelian group and ® = (P )nen be a Fglner

sequence in G. Then

(i) If ¥ = (V) nen is a sequence of subsets of G so that ¥ C @y for all N and
|Un|/|®n| — 1 as N — oo, then U is also a Fglner in G.

(ii) If H is a subgroup of G so that [G : H] = oo, then for every g € G we have
dq> (g + H) =0.

(iii) Using the sub-additivity of the density, if F1, F5 C G are such that the densities
de(E1),de(F>) exist and dg(E7) = 1, then the density dg(FE1 N Es) exists and
it is equal to dg(E»).

To achieve our aim we need the following lemma.

Lemma 4.6.3. Let G be a countable abelian group with 2G infinite, let ® be a
Falner sequence in G that is not quasi-invariant with respect to doubling, and let G =
{x1, 9, 3,...} be an enumeration of G. Then there is a subsequence ¥ = (V) nen
of ® and a Folner sequence ' = (Fn)nen in G so that for all N, Fy C ¥y,
(Fj + z;)/2N Fn = 0 whenever i,j < N, and
F Fy/2NF
lim m:1 and lim M:O.
N—oo |U ]| N—o0 | Fv|
Proof. Since ® is not q.i.d., we may pass to a subsequence, which by abuse of
notation we also denote by ® = (®x)nen, so that
dy/2N P
lim 1 2N/202N] (4.6.3)
N—o0 |(I)N‘
From the first isomorphism theorem for groups we have that G/ ker(D) = 2G,
and since 2G is infinite, we have that [G : ker(D)] = co. Then from Remark
, each coset of ker(D) in G has zero density with respect to ®. We will inductively

construct a strictly increasing sequence of natural numbers (Vg )ren and a sequence
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of sets F = (Fj,)pen so that if U), = &y, , then for all k € N, F}, C Uy, % >1-1
and for 1 <4,j <k, (F; +x;)/2N F}, = 0.

Let N7 = 1 and take F; = ®;. Now, assume that for some £ > 1 we have
constructed N1 < Ng < ... < Ni and F7,..., F} so that the previous hold.

Observe that Uﬁjzl(Fj + x;)/2 is a (possibly empty) finite union of cosets of
ker(D), so

k
d<p< U @+ zi>/2) =0,
ij=1
and therefore there is Ni1 > Nj so that
|(I)Nk+1 \Ui;:l(Fj +z:)/2] 1 1

>1—-—-. 4.6.4
|(I)Nk+1| k+1 ( )

Taking Fiy1 = ®n, \UfJ:l(FJ +x;)/2 one sees that Fi, ..., Fjy; have the desired
properties.
Observe that |Fj|/|¥;| — 1 as k — 00, so from Remark we have that

F is indeed a Fglner in G. From the construction we get that (F; + z;)/2N F, =0
t |O,/200,] PN, /20PN, |
el [P, |

— 0 as k — oo. This concludes

whenever i, j < k. Finally, using that Fy, C ¥y, and tha
0 and [Wg|/|Fk| — 1 as k — oo, we get that %

the proof of the lemma. O

We are now ready to prove the necessity of the q.i.d. assumption.

Proposition 4.6.4. Let G be a countable abelian group so that 2G is infinite, and
let ® be a Folner sequence in G that is not quasi-invariant with respect to doubling.
Then there erxists a set A C G with de(A) = 1 such that B+ B+t ¢ A for any
infinite set B C G and any element t € G.

Proof. Let us fix an enumeration of G and write G = {x1,x9,23,...}. Since ® is
not quasi-invariant with respect to doubling, we may use Lemma to find a
subsequence ¥ = (VU y)yen of @ and a Fglner sequence F' = (Fy)nen in G so that
for all N, Fy C ¥y, (Fj + x;)/2N Fy = 0 whenever i,j < N,

F Fx/2NF
lim —’ v =1and lim 7| /20 Fy| =

0. 4.6.5
N—ro00 ’\I’N| N—o0 ‘FN| ( )

We will now choose a subsequence (Fi, )ken of (F'v)nen as follows. For k € N, let
c¢(k) be a small positive constant to be determined later. Now, given Fy,, ..., Fn,_,,

we choose Ni > Nj_1 large enough so that

(i) |FNk N FNk/2| < C(k)|FNk|
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(ii) ’FNk MUY 2PN, + 2| < c(k)|Fy
(i) |URS) P (P, + @) < e(l)] P |-

Let us comment on why such a choice of Ny is possible. For (fif), it suffices use the
second equation in (4.6.5)) and is possible because Ufj_:ll 2FN; +; is a finite set,
while [Fy| — co as N — oo. Finally, for (iil), one simply has to use the fact that F

is a Folner sequence. With that in mind, we choose ¢(k) so that, if

k—1 k—1
ANk = <FNkﬂﬂFNk+l'i>\ FNk/QU U QFNj—{—Jii ,
=1 i,j=1

then |An,| > (1— ) [Fn,|- Letting A = {J,cn An, it follows by the latter that

limy o0 AR 1. Since Fy, C Yy, and T, |

[ANWy, |
VN |

— 1 as £k — oo, the previous

implies that limy_, = 1, and since ¥ is a subsequence of ®, this implies
that dg(A4) = 1.

It remains to prove that for any infinite B C G and any t € G, B4+ B+t ¢ A.
Assume that there is some ¢ € GG and some infinite B C G so that B+ B+t C A. Let
by € B so that t + 2b; € ANk1 for some k; € N. Let 71,42 € N so that x;, =t + 2by,
xi, = —(t+2b1). Since the Ay, ’s are finite, there is by € B so that t+b;+by € ANk2
for some ky > max{iy,i2, k1}. We have that ¢ + 2bs € ANk3 for some k3 € N.

If k3 > ko, then from the definition of ANk3 we have that t+2by ¢ 2FNk2 +x;,. On
the other hand, since t + b1 + by € AN,€2 C FN,627 we have that 2¢+2by +2by € QFNk2
which implies that ¢ + 2by € 2F Ny, T Tiz, SO We reach a contradiction.

If k3 = ko, then we have that t + by + ba ¢ FNk2 /2, so 2t + 2b; + 2by ¢ FN;Q-
Since kg > 9, t + 2by € ANk2 implies that ¢ + 2by € FNkQ + x;,, which in turn gives
that 2t + 2by; + 2by € FNk2, so again we reach a contradiction.

Finally, if k3 < ko, then t 4 2by € ANk3 implies that ¢ 4+ 2by € FNk3, so 2t +
2b1 + 2by € FNk3 + x;,, and therefore ¢ + by + by € (FNk3 + x4,)/2. Since ks, i1 < ko,
we have that Fy, N (FNk3 + x4,)/2 = 0, and therefore t + by + by ¢ Fl,,, so also
t+by+b ¢ A Ny which again is a contradiction. Hence in every case we reach a
contradiction, so after all, for any infinite B C Gand anyt € G, B+ B+t¢ A. O

We also show that non-q.i.d Fglner sequences always exist in countable abelian

groups.

Lemma 4.6.5. Let G be a countable abelian group. Then, there exist Folner se-

quences in G which are not quasi-invariant with respect to doubling.
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Proof. Let ® = (®x)nen be a Folner sequence in G. Then, as each @ is a finite set
we can find gy € G such that gy ¢ ®y—2®P . Consider the sequence ¥ = (V) yen
defined via U = gy + Py for every N € N. It follows by Lemma (see
also Remark that W is a Fglner sequence in G. Moreover, for any N € N we
see by the choice of gy that /2N Uy = (). Indeed, if this wasn’t the case we
would have 2(Ux/2)N(2W ) # 0 for some N € N and this in turn would imply that
(gn + ®N) N (298 + 2@ ) # 0. But this contradicts the fact that gy ¢ &y — 20y

and thus we conclude. O

As an immediate consequence of the construction in Proposition [4.6.4] combined

with the fact that non-q.i.d. Fglner sequences always exist, we deduce the following.

Corollary 4.6.6. Let G be a countable abelian group so that 2G is infinite. Then,
there exists a set A C G with upper Banach density equal to 1 and such that B +
B+t ¢ A for any infinite set B C G and any element t € G.

4.6.3 The case of infinite index [G : 2G] = c©

In [1] it is shown that if [G : 2G| = oo, then for any € > 0 there exists a set with upper
Banach density at least 1 —¢ that contains no shift of an infinite sumset. However, it
could be that sets of full density always contain B+ B+t. An interesting dichotomy
manifests itself in this case. Indeed, as we show below, if 2G is a finite set (e.g.,
when G = F%), then any set of full upper Banach density contains a shifted sumset
B + B +t. On the other hand, once 2G is an infinite set (assuming [G : 2G] = o0)
we construct — along any given Fglner sequence — a set of full density that fails to
contain such sumsets.

We begin with a simple observation.

Lemma 4.6.7. Let G be an abelian group with |G : 2G| = oo and let ® be any
Folner sequence in G. Then there is a set A C G with de(A) = 1 so that for all
infinite BC G, B+ B ¢ A.

Proof. From Remark we have that dg(2G) = 0. Let A = G \ 2G. Then
de(A) = 1 and AN 2G = 0, so for each nonempty B C G, 2BN A = (. This

concludes the proof. O
Allowing for the possibility of shifted sumsets makes the situation more delicate.

Proposition 4.6.8. Let G be a countable abelian group so that 2G is finite. If
A C G has upper Banach density 1, then for every t € A there is some infinite
B C A sothat B+ B+t C A.
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Proof. Let ¥ = (V) nen be a Fglner sequence along which the density of A is equal
to 1, i.e.
X ’A N \I/N| -

1
Nose [Ty

From the first isomorphism theorem for groups we have that G/ker(D) = 2G,
which implies that s := [G : ker(D)] < oo. Then, using [11, Lemma 5.4] we have
that dy(ker(D)) = L > 0, where the previous density exists.

Let t € A. Then dg(A) = 1, so from Remark we have that dg(A N
ker(D)) = 1. Pick b1 € ANker(D). Since by € ker(D), we have ¢t +2b; =t € A.

Since dy(A —t — by) = 1, we have that dg(AN (A —t— b)) Nker(D)) =1, s0
we may pick by € AN(A—t—by)Nker(D), with by # b;. Again, since by € ker(D),
we have t +2by =t € A, and since by € A —t — by we have t + by + by € A.

Next, since dy (A—t—b2) = 1, we have dgy (AN(A—t—b1)N(A—t—b2)Nker(D)) =
1, s0 we may pick by € AN(A—t—b1)N(A—t—bs)Nker(D), with bs # by, by. Again,
since bs € ker(D), we have t +2bs =t € A, and since b3 € (A—t—b1)N(A—t—ba)
we have t + by + bo,t + b1 + b3 € A.

Continuing inductively, we end up finding a sequence of different elements (b;)jen C
A so that for all 4,7 € N with ¢ # j we have t +b; +b; € Aand t +2b; =t € A.

Hence for the infinite set B = {b; : j € N} C A we have B+ B+t C A. O

Remark 4.6.9. Recall that a set A C G is thick if for any finite set F' C G there
is some t € G such that t + F C A. It is not difficult to see that this happens
if and only if for any finite set F' C G there is some t € A such that t + F C A.
Now, it is an easy exercise to verify that sets of upper Banach density 1 are thick.
Also, it is well-known (see for example [8, Lemma 4.5]) that thick sets are IP-
sets. That is, if A C G is thick, there exists an infinite set B C G such that
FS(B) :={Ycyb: H C B, H is finite} C A.

Therefore, in the setting of Proposition the set A is thick and so there
exists t € A so that t+2G C A. Moreover, A —t is also thick and thus we may find
B C A —t infinite with F'S(B) 4+t C A. In particular, since 2B C 2G C A — t, we
actually have that (B+ B +1t)U (t + FS(B)) C A.

We conclude with the following strengthening of Proposition in the case
that [G : 2G| = oo.

Proposition 4.6.10. Let G be an abelian group so that 2G is infinite and [G :
2G| = o0, and let & = (Pn)nen be any Folner sequence in G. Then there is a set
A C G so that de(A) =1 and for all infinite BC G andt € G, B+ B+t ¢ A.

82



Proof. From the first isomorphism theorem for groups we have that G/ ker(D) = 2G,
so in particular [G : ker(D)] = oo, and therefore from Remark we infer
that dg(g+ker(D)) = 0 for all g € G. Also, since [G : 2G] = oo, again from Remark
we have do(g +2G) =0 for all g € G.

We inductively construct a strictly increasing sequence (Ng)ren of natural num-
bers and a sequence of pairwise disjoint finite sets Ay C ®n,, k € N, as follows.
Take N1 =1 and A; = ®&;. Now, for k > 2, given Ny,...,Ni_1 and Aq,..., Ax_1,
let Dy = Uf;ll A;, which is finite. Then E; ; = Dy +2G is a finite union of cosets of
2G, so dg(E1 ) = 0, and Ey ) = Dy + ker(D) is a finite union of cosets of ker(D),
so also do(F2,) = 0. Hence, letting Ej, = E4 j, U Ey j, we have de(E)) = 0, so there
is Ny > Nj_1 with

‘(I)Nk \ Ek| 1
—_—>1— . 4.6.6
@] z (60
Take A = ®n, \ Eg, and let A = |Jp2; Ax. Then from (4.6.6) we have that
limy o0 % = 1, so in particular dg(A4) = 1. Also, since each ®y is finite,
k

from the construction one can see that for all g € G, the sets AN (g + 2G) and
AN (g + ker(D)) are finite.

Now, assume that there is some t € G and some infinite B C G so that B+ B+t C
A. Suppose that some coset of ker(D) contains infinitely many elements of B,
i.e. there is g9 € G so that B' = B N (go + ker(D)) is infinite. It follows that
t+ B+ B C AN (t+2gp+ker(D)), and therefore AN (t+ 2go + ker(D)) is infinite,
contradicting the fact that A has finite intersection with every coset of ker(D).

Thus, for every g € G, BN (g + ker(D)) is finite, and since B is infinite, there
is an infinite B’ C B so that every two elements of B’ belong to different cosets of
ker(D). In particular for by,by € B’ with by # by, we have 2b; # 2bg, so the set
{t + 20 : b/ € B’} is infinite. We have {t + 20 : b/ € B’} C Aand {t+2V : ¥ €
B’} C t+2G, so AN (t+ 2G) is infinite, contradicting the fact that A has finite
intersection with every coset of 2G. Hence after all, if £ € G and B C G is infinite,
then B+ B+t ¢ A, which concludes the proof. O

4.7 Existence of Fglner sequences that are quasi-invariant
with respect to doubling

The goal of this section is to prove that any abelian group G with [G : 2G| < oo and

|ker(D)| < oo admits a q.i.d. Folner sequence. In fact, we establish the following

even stronger result. Recall that ag = sup{ag: ® € Fg}, where Fg denotes the

collection of all Fglner sequences in G.
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Theorem 4.7.1. If G is a countable abelian group with ¢ = [G : 2G| < oo and
r = | ker(D)| < oo, then the following hold:

(a) g = min{1, %} In particular, G admits Falner sequence that is quasi-invariant

with respect to doubling.

(b) There exists a Folner sequence ® in G such that ap = ag.

We start by proving (]E[) of Theorem m

Proof of [0} in Theorem[{.7.1 If ag = 0, then for all ¥ € Fg, ag = 0, and the result
follows immediately.

On the other hand, if ag > 0, then there is a sequence o — a¢ and a sequence
(U ey = ((\I’E\I;))NGN)keN of Fglner sequences in G so that for all k, ay = agw).
Let G = {x1,z9,23,...} be an enumeration of the elements of G. Then for each
k € N there is N, € N so that for all N > N, we have

(k) (k) (k) (k)
’\IJN A($Sk+\I’N)‘ < —, forall se{l,...,k}, and ‘\I,N m(‘fN /2)’ >04k—1.
TG/ il ;
(4.7.1)

Take a strictly increasing sequence (Ng)gen so that for all £ € N, (4.7.1) holds

for Nj and for each k, let &, = ‘IIEIV‘:Z For x = z,, € G and k > ng we have

|q>’“A|gjq>’“)| < % R0 0, 50 B = (Pr)ken is indeed a Fglner in G. Also, W >

k .-
o — l LimiaN aa, SO ap > ag. By definition, we also have that ag < ag, so after

all, ap = ag. This concludes the proof. ]

Now we move to the proof of () of Theorem For that we need the following

lemma.

Lemma 4.7.2. Let G be a countable abelian group with ¢ = [G : 2G] < oo and
r = |ker(D)| < co. Let g1,...,9¢ € G so that g1 = e and G = |_|f:19¢ + 2G.
If UV = (Un)nen is any Folner sequence in G, and we let Fy = |_|f:1(9z‘ +2Wy),
N €N, then F = (Fn)nen 18 also a Folner sequence in G.

Proof. Let g € G and € > 0. Then there exist 1 < ig < £ and h € G such that
g = gi, + 2h. Then

l
(g+FN ﬂFN— <|_| gzg+gz+2 h—i-\I/N) ) N (Ll(g]—l-Q\I/N)) (472)
i=1 =1

Since the cosets g; 4+ 2G are disjoint, it follows that for each 1 <14 < /¢, there exists
a unique 1 < j(i) < £ such that g;, + g; € gj(;) + 2G, so there is y; € G such that
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Gio +9i = ;@) +2yi- In addition, if we assume that for i; # iy we have j(i1) = j(i2),
then we have that ¢;; — gi, = 2yi, — 2ys, € 2G, so ¢;, + 2G = g;, + 2G, which is a
contradiction. Therefore, the map j: {1,...,¢} — {1,...,¢},i — j(i) is a bijection,

and then (4.7.2]) becomes

l
(g+Fn)NFy =| | (gj6) + Qi + h+ Ty) N2Ty)).

i=1
We thus have that

¢ ¢
((g+Fn)NFx| = 2(pi+h+Tn)N2TN) > Y [2((gi+h+Tn)NTy)|. (4.7.3)
=1

i=1

Now since V is a Fglner sequence in G, for N sufficiently large, we have that for
every 0 <7 </,
€
(i + 7+ UN)ATN| < —[Tn],

and then we have that

20w +h+ TN NN T[ONA b+ Ty))|
2¥ x| - k2%

>1—¢, (4.7.4)

where for the second inequality above we used that [2(UnA(y; + h + ¥Un))| <

|(UnA(y; +h+TYy))| and that [2¥ x| > @ Then, combining (4.7.3) and (4.7.4))
we get that for IV sufficiently large,

g+ Fn) N EN| £ —e)[29n] _ |
|| - [Fn|

Since € > 0 was arbitrary, it follows that limy_ s W = 1. Thus, (Fy)nNeN

is a Fglner sequence in G. O

Proof of (d) in Theorem[{.7.1 Fix a countable abelian group G with ¢ = [G : 2G] <
oo and r = |ker(D)| < co. We need to prove that ag = min{l,r/¢}.

Let ® = (®n)nen be a Folner sequence in G. By definition, g < 1. On the
‘Tgﬁ' — 7 as N — oo. For each N,

, so taking liminfy_,, we obtain that ag < 7. Therefore, for

other hand, from Lemma [A.0.4{ we know that

|on/200N| - |PN/2|
|Pn] = |on]

each ® € Fg, ag < min {1, %}, which implies that ag < min{l,r/¢}.
To conclude the proof, it suffices to prove that ag > min{1,r/¢}. We split the

proof into three cases, according to whether ¢ > r, { <r or £ =r.
The case ¢ > r: In this case min{1,r/¢} = r/¢. Let ¥ = (¥ )nen be any Fglner
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sequence in G. Let also g1,...,g9¢ € G so that g1 = eg and G = |_|f:1 gi + 2G. For
each N € N, let

¢ 4
HY = | J(g:+20n) and HY = | | (g;+2H] "), for j > 1.
i=1 i=1

From Lemma [4.7.2] we inductively get that for all j € N, HU) = (H](\?) is a

Fglner sequence in G. For each k, N € N, let

)NeN

From Lemma |A.0.1] (i) we have that for all k € N, F(k) — (F](\;C))NeN is also a
Fglner sequence in G. We have H /2 = (2¥nN)/2 = ¥y + ker(D) and for each
Jj>1, H](\J, /2 = (QHAJ, 1))/2 = % Uy ker(D). In addition, using Lemma
we get that for each j € N, \H](\?)| = €|2H](\§'71)| = §|H](\;71)] + ON~>oo(|H](\?71)|)u so
inductively we get that for each j,

Y] = () 10nl 4+ oxsoe (1)), (4.7.5)

For each k, N € N we have F /2 = (Un + ker(D)) U U ( Nt ker(D)) and

(F ]f)/Q)\F]\;C) C (Un +ker(D )UUk 1(H(J +ker(D ))\H]) Also, from the proof

of Lemma |A.0.3| we have that W — 1 and w

|H (J)l
Combining those with (4.7.5) we infer that

—1as N — oo.

(Fx /2D \FR| _ [y + ker(D)] +k‘ L |(HY + ker(D))\ HY|

TSP I 1 S0 79|
k—1 (4)
Uy + ker(D)| |¥ H ekl
S’ N+\P er(D)| |(,£’1) n <1_ (j)} N | ) N—s (g) |

which implies that

F&) oy (k) k1
lim sup ‘( N /(kg\ N ‘ < (C) .
Nroo |Fy7 /2] ¢
1F /2|
From Lemma |A.0.4] we know that |}V<,€)‘ — 7 as N — oo and therefore ay =
N
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vy equals

k k k k k
b ENCOEN 20 2] <1 ) |<F}V>/2>\F}V>|> T (1 ) (r)“) |
N—oo |F](\;€)| N—oo ’F](\;V)’ |FJ(\;€)/2‘ 14 L

Using that (5)*! \, 0 as k — oo we get ag > sup{oy, : k € N} = 7, which
concludes the proof in that case.

The case ¢ < r: In this case we have min{1,7/¢} = 1. Let ¥ = (¥ ) nen be any
Fglner sequence in G. By an application of Lemma , we have that for each
j €N, (¥y/27)nen is also a Fglner sequence in G. By the same lemma, if for each
k,N € N we define

k
FY = ww/2,
§=0

then we have that F(®) = (F](\;C )) Nen is also Fglner sequence. In addition, for each
7 € N we have that

. r\J
/2] = (5) 191+ onsos 1)),

by induction and Lemma Therefore, we see that

F N E /)] ] oo (9"
FOL T e/

)

r

which implies that

Q= Qp = liminf
k F(k) Ny

(o) |F](\;€)| N—oo r

(k) (k) (k) (k)
[EN]

Using that (£)¥ \, 0 as k — oo we get ag > sup{ay, : k € N} = 1, which concludes
the proof in that case.

The case £ =r: In case ¢ = r, we have min{l,r/¢} = 1. Let ¥ = (Un)nen

be any Fglner in GG. As before, for each k € Ny consider the Fglner sequence
k
Fk) — (F](V))NGN defined by

k
Fy =] on/2.
§=0

k k
IFONES /2)]

Also, for each k € Ny, let a, = apr) = liminfy_o ey
N

. By employing
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a diagonal argument and passing to a subsequence, we may assume that the limits
[FONES /2)
7]
N
Assume that sup{aj : k € No} = @ < 1. Then for each j € Ny we have

exist, so ay = limy_00

(FP/2) \ FY = (W /27+1) \ ( L]J Uy /2™). (4.7.6)

m=0

| /2]

Also, since r = £ and F9) is a Fglner, from LemmalA.0.4|we have that impy_,oc B
N

1. Using the previous we get that

o P E) | E 0 E (P /2)\ FY)|
U N ) ~ N () ~ N [1_ ) ]
I PN /2] PN /2]

(FY /2\FY|

which implies that llmy_so0 G

=1 — a;, and therefore

() ()
lim (N /2),\FN | =1-aq. (4.7.7)
N—o0 \F](\M J

Observe that ¥y C F G ), and combining this with (4.7.6) and (4.7.7]) we get that

lim inf ‘(\I’N/QHI) \ (Uin:o ‘I’N/Qm)}
N—o0 ‘\I’N‘

>l—a;>1—a>0. (4.7.8)

For each k € N, utilizing (4.7.8) for j € {0,1,...,k—1} we can find an N, € N such
that for all N > Ny,

[(Tn /2N ([ on/27)| > (1= )(1 = 277)[Ty], forall j €{0,1,... .k —1}.
m=0

(4.7.9)
Observe that Fy’ = WxULL_y (¥v/2)\(UjZy ¥ /27) = UnULZs (2av/277)\
( zn:O \IIN/2m), so for N > N, we have

k—1 J
IFS ] = [0+ S [ (/2 (| On/2™)] > k(L —a)(1—275)[Wy]. (4.7.10)
7=0 m=0
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Since F{P\ (FF /2) € Wy, combining with (E7.10) we get that for N > Ny,

k k
A\ /)] ! (4.7.11)
7 =kl —a)(1—27F) o
which implies that
|FW A (P /2)] 1
= = lim inf =& N >1— .
= Are = F®) = T kA —a)(1—27F)

Since — 0 as k — oo we get that ap, — 1 as k — oo, which contradicts

1
K(l—a)(1-2-F)
our original assumption that sup{ay : k € Ng} < 1. Therefore, sup{ay, : k € Ny} =
1, which implies that ¢ > 1 and concludes the proof in the case £ = r, and with it

the proof of @ of Theorem m O
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Chapter 5

Sharp density conditions for

B+B sumsets in abelian groups

5.1 Overview

In this chapter, which is based on the results of [39], we continue our investigations
around the unrestricted B + B problem, started in Chapter [3| and generalised in
Chapter [4 In particular, motivated by the results of Chapter |4 on infinite sumsets
of the form B+ B = {b; + by : b1, by € B} in large subsets of abelian groups, and an
old problem of Owings |36, Problem E2494] about the partition regularity of B + B
in 2 colours, we show the following theorem. Let (G,+) be a countable abelian
group such that the subgroup {g+ ¢: g € G} has finite index and the doubling map
D : g — g+ g has finite kernel. Let also ® = (®y)x be any Folner sequence in G
and ®/2 = (D~ (®y))n. Then, if A C G is such that dg(A) + dg2(A) > 1, there
is an infinite set B C G and some t € G for which B+ B+t C A.

We prove that this result implies the main result of Chapter [4) namely Theorem
4.2.2) and construct an example to show the reverse implication does not hold.
Moreover, we show that our main theorem is optimal in a strong sense. Namely, for
any countable abelian group (G, +) with the aforementioned assumptions — which
are necessary — there exists a Fglner sequence ® and a set A C G so that de(A) +
dg/2(A) = 1, but there is no infinite set B C G and t € G for which B+ B+t C A.

5.2 Introduction

Motivated by recent breakthroughs 43| |41} |49] on the general problem of finding

infinite sumsets in sets with positive density, and specifically by a conjecture of Kra,
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Moreira, Richter and Robertson [44, Conjecture 3.7], Radi¢ and the author [40]

proved the first density regularity type of results for unrestricted infinite sumsets

(presented in Chapter [3). In Theorems [1.3.2] and [1.3.1] it was shown, for example,
that for A C N with d(A) > 1/2, there is an infinite set B C N and some integer
t > 0, such that B+ B+t C A.

In consistency with Section we refer to the (unrestricted) B + B problem as

the general problem of finding a density scheme — in a countable abelian group — for

which any set with large enough density contains a sumset of the form B + B + t.

Our main result reads as follows.

Theorem Let (G,+) be a countable abelian group with { = [G : 2G| < oo
and r = |ker(D)| < co. Let A C G and ® be any Folner sequence in G. Pass to a

subsequence of ® if necessary so that all densities exist. Then the following hold:

(1) If do(A) +dg2(A) > 1, there exist an infinite set B C G and some t € G such
that B+ B+t C A.

(2) If de(A)+dg/2(A) > Lg_l, there exists an infinite set B C G such that B+ B C
A.

(3) If de(AN2G) +dg/2(AN2G) > 2, there exists an infinite set B C G such that
B+ BCA.

We want to stress the need to pass to an appropriate subsequence in Theorem
As the proof in Section reveals, we want to consider densities of the form

d(@n,)(A) + d(@y, /2)(4),

along the same subsequence (/NV). As mentioned in the introduction, we may even
have the following extreme behaviour if we don’t consider densities along the same

subsequence.

Proposition Let (G, +) be a countable abelian group with £ = [G : 2G] < 0o
and r = |ker(D)| < co. There is a set A C G and a Folner sequence ® such that

de(A) +dga(A) = 2,

but there does not exist an infinite set B C G and t € G with B+ B+t C A.

Returning to our original discussion, the results in [40] were restricted to taking

upper and lower densities with respect to the original Fglner sequence N +— [1, N] =
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{1,..., N} in N. The threshold values established therein were proved to be optimal,
and while it was known that not all Fglner sequences can be used to obtain analogous
results (see, for example, [44, Example 3.6]), it was not explored any further whether
other density schemes, e.g. density of a set along other Fglner sequences, could be
used to address the B + B problem in N.

Around the same time, Charamaras and Mountakis [11] proved the analogue of
the main result in [41] for the widest class of countable abelian groups possible. In
particular, they showed that for countable abelian groups G with [G : 2G| < oo,
any set with positive upper Banach density contains an infinite sumset B® B+t =
{by + by +t:b1,bp € B, and by # by}. In an effort to extend the results of [11] to
cover unrestricted sumsets, and to understand more deeply the necessary structural
properties of Fglner sequences that can be used as averaging schemes to a density
solution for the B + B problem, Charamaras, Mountakis, Radi¢ and the author [10]
introduced the notion of quasi-invariant to doubling Fglner sequences. Recall that
for aset C' C G of an abelian group (G, +), we write 2C = D(C) and C/2 = D~1(C),
where D: G — G is the doubling map g — 2g.

Definition 5.2.1 (cf. Definition [4.2.1). Let G be a countable abelian group. The
the doubling ratio of a Felner sequence ® = (Py)nen in G is defined as

dy/2ND
ap = liminfM.

5.2.1
N—00 ’(I)N’ ( )

If ap > 0, we say that the Fglner sequence ® is quasi-invariant with respect to

doubling (q.i.d.) with ratio ag.

As explained in Chapter 4| the q.i.d. assumption can be used to provide density
threshold values for the B + B problem via the following theorem, which we restate

for convenience.

Theorem Let (G,4) be a countable abelian group with { = [G : 2G] < oo
and r = |ker(D)| < oo. Let A C G and ® be any Folner sequence in G that is
quasi-invariant with respect to doubling with ratio ag. Then the following hold:

Lo
® , there exist an infinite set B C G and some t € G such
,

that B+ B+t C A.

(2) If de(A) > 1 — gof , there exists an infinite set B C G such that B+ B C A.
r

— 1

(3) If do(AN2G) > 7 ;Tq), there ezists an infinite set B C G such that B+ B C
T

A.
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To complement this result, it was shown in Proposition [£.6.4] that if a Fglner
sequence is not q.i.d. there is a set of full density along this sequence that contains
no sumset as in . In that sense, the q.i.d. assumption is necessary for Theorem
This proposition (and thus Definition will be used repeatedly in the
constructions of Section 5.6

It is not obvious, but it turns out that Theorem [1.3.3] implies Theorem
and we prove this in Proposition [5.3.2] Perhaps even more interesting is the fact
that the reverse implication is false. Namely, Theorem cannot be used to
deduce Theorem as there exist sets that satisfy, say, condition of Theorem
along some Fglner sequence, but not condition of Theorem along any
Foglner sequence.

Proposition 5.2.2. There is a set A C Z such that

EO&@

for every Folner sequence ® in Z, but
dp(A) +dpjp(4) > 1,

for some Fglner sequence F in 7Z.

We also remark that the three statements in Theorem |1.3.3| are equivalent and
we show this in Section (.3l

The proof of Theorem [1.3.3|is dynamical, similarly to the proof of Theorem [4.2.2
In fact, the main dynamical result behind both theorems is the same; Theorem [4.3.5]
The difference lies in the way we implement the correspondence principle, which is
used to translate the combinatorial input of the statement into an assumption about
a corresponding dynamical system.

The reason why the stronger Theorem was not found in [10] has to do with
the broader viewpoint of how the problem was formulated and thus approached
there. In particular, from the perspective of the authors in [10] “the main question
to address is whether for a given abelian group G one can find a Fglner sequence ®

and a constant ¢ = ¢(G, ®) > 0 such that any set A C G with upper density

contains an unrestricted sumset of the form B + B for some infinite set B C G.”

The reason why Theorem [1.3.3] was found now is twofold. Firstly, it appeared

93



naturally in considerations of questions about the optimality of Theorem m (op-
timality in the sense of sharpness of the threshold bounds). These questions were
formulated in Questions and We present here their analogues for Theo-
rem [1.3.3] The first question asks whether the result is optimal in any group where
it holds.

Question 5.2.3 (cf. Question . Let G be a countable abelian group with
¢ =[G :2G] < 0o and r = | ker(D)| < co. Can one always find a Fglner sequence @
in G and a set A C G with dg(A) +dg/2(A) =1, such that B+ B+t ¢ A for any
infinite B C G and t € G?

The answer to Question [4.2.6]is not known; however, the weaker assumptions in

our main result allow us to address its analogue, Question [5.2.3] in full generality.

Theorem Let (G,+) be a countable abelian group with £ = [G : 2G] < oo
and r = | ker(D)| < oo. There is a set A C G such that

de(A) +dg/2(A4) =1,

for some Folner sequence ® in G, but there does not exist an infinite set B C G and
teG with B+B+tCA.

The second question asks for the strongest possible notion of optimality for the

bounds in our main result.

Question 5.2.4 (cf. Question . Let G be a countable abelian group with
¢ =[G :2G] < 0o and r = |ker(D)| < oo, and let ® be a Fglner sequence in G.
Does there exist a set A C G with dy(A) + dy/2(A) = 1, along some subsequence
¥ of &, and such that B+ B+t ¢ A for any infinite B C G and t € G?

Answering Question is probably very difficult in full generality (unless the
answer is negative and we are missing an easy counterexample), but we can address
it in the integers along sequences of intervals. Indeed, this relates to the second
reason why Theorem Was found. An old Problem of C.J. Owings [36, Problem
E2494] asks whether, for any colouring (partition) of N into two sets, one of the sets
must contain B + B for some infinite B C N. This problem was studied by various
authors (see, for example, [28, 29, 37]) and is rather interesting because Hindman
[27] showed the analogue for three-colourings to have a negative answer. In the
author’s effort to address this problem with some type of a density argument (which
was motivated by the joint work with Radi¢ [40]), it was observed that if Theorem

was not optimal, Owings’ question would have a positive answer. The details
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are explained in Section As an interesting historical remark, the same day that
the paper [39] appeared on the arXiv, a solution to Owings’ problem appeared as
well [34]. This probably means that other than serving as a motivation for the main
results of this chapter, the results of Section are obsolete; nevertheless, we chose
to keep it for completeness and because the arguments used there may turn out to
be of some independent value.

Here, now, is the special case of Question that we can address.

Proposition 5.2.5. Let ® be any Folner sequence of intervals in Z. Then, there
exists a set A C Z such that dy(A) + dy/2(A) = 1, where ¥ is a subsequence of ®
along which the densities exist, for which B+ B+t ¢ A, for any infinite set B and
any t € 7.

Finally, we want to briefly explain the assumptions that [G : 2G] < oo and
r = |ker(D)| < oo in all our results. In Section it was shown that there
exists an abelian group with infinite ker(D), and a set of full density along a Fglner
sequence that is q.i.d., which contains no infinite sumsets B + B. It was also proved
in Section that when 2@ is infinite and [G : 2G] = oo, Theorem [1.2.2] fails even
with density 1. The second assumption was also imposed by the results in [1]. Since
these assumptions were already known to be necessary for Theorem they have
to be assumed for Theorem to hold as well, in view of the relation between the
two results (Proposition .

5.3 Theorem implies Theorem [4.2.2]

As was mentioned before, G always denotes a countable abelian group with £ = [G :
2G] < oo. We also fix ¢1,...,9¢ € G so that G = |_|f:1 2G + g;. We omit these
assumptions from the statements of this section.

The main purpose of this section is to prove that our main result implies the
main result of [10], Theorem Since the conclusion of both theorems is the
same, this amounts to showing that the assumptions of Theorem [1.3.3| are weaker
than those of Theorem [£.2.2l We begin by showing in Proposition that the
three statements of Theorem [1.3.3]| are equivalent, in analogy to Section This
is also useful when showing that the bounds are optimal, because we only need to

do this for one of the bounds.

Proposition 5.3.1. Let (G,+) be a countable abelian group with £ = [G : 2G] < co.
Let A C G and ® be any Folner sequence in G. Then the following statements are

equivalent:
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(1) If de(A) +dg/2(A) > 1, there exist an infinite set B C G and some t € G such
that B+ B+t C A.

(2) If de(A)+dg/a(A) > Le_l, there exists an infinite set B C G such that B+ B C
A.

(3) If do(AN2G) +dg/2(AN2G) > 2, there exists an infinite set B C G such that
B+ BCA.

Proof. The proof is very similar to that of Proposition and as an indicative
example we prove the equivalence between and .

= (@): If do(AN2G) +dg2(AN2G) > L, welet A= | _ (AN2G)+g;, and
the invariance of ® and ®/2 gives that de(A) + d(p/g(fl) > 1. By (i), A contains a
sumset of the form B+ B+t for some infinite B C G and ¢t € G. By Lemmal[4.3.2) we
can reduce to the case where t = g; for some i € {1,...,¢}. Using Lemma we
can also assume that B+ B C 2G. Therefore, we have that B+ B+g; C (AN2G)+g;
which concludes the proof.

= ((I): Suppose do(4) + dg/2(A) > 1. By sub-additivity of the density,

¢
de(A) + dga(A) <D de(AN(2G + g:)) + de/2(AN (2G + g5)),
=1

so there is i € {1,...,¢} for which de(AN (2G + g;)) + dg/2(AN (2G + gi)) > . By
translation invariance of the density and , it follows that A contains B + B + g;
for some B C G infinite. O

We now prove the main result of this section.
Proposition 5.3.2. Theorem [1.5.3 implies Theorem [{.2.3.

Proof. In view of Proposition [£.3.3] and Proposition [5.3.1] it suffices to show that

of Theorem implies of Theorem As explained in the beginning
of this section, we only have to prove that that the assumptions of the latter imply

the assumptions of the former.

Let & = (®x) be a Fglner sequence in G with doubling ratio

O /2N P
0 < ag — liminf | 2V/20Px]
N—o0 ’(I)N’

and, by passing to a subsequence of ® if necessary, suppose that A C G with dg(A) >
1- iaﬁ and that dg /9(A) exists as well. We will next verify that de(A)+dg/o(A4) > 1.
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Observe that
[ANON|=[ANPNNON/2|+ AN (PN \ PN /2)]

and thus
[ANON| < |ANPyNPN/2|+ |PN| — |Pv N DN /2.

Using the density assumption and the doubling ratio property, it follows that

. |Aﬂ<I)Nﬂ(I)N/2‘ V4 raP
| 1— = . 5.3.1
e D] S G T+r (5:3.1)

Using Lemma we see that

. [An®N/2] . AN DyN/2|
A)= lim ——— = lim —————.
do/>(4) Novoo |P N /2| Novoo r|®y|

Hence, in view of (5.3.1), we have that

lag . €|AQ(I)N/2|
lim ———
{+7r N—00 T“(I)N‘
€|AQ@NQ(I)N/2| lag Lag
> 1
{4+

dq;(A) + dq;./g(A) >1—

14
AP + lim sup

>1— _ e
+7r Nesoo r|®y| L+

5.4 Proof of the main result

In this section we present the proof of Theorem [1.3.3

5.4.1 A correspondence principle

As we explained in the introduction, the difference between the proofs of Theorems

[1.3.3] and [4.2.2] lies at the level of the correspondence principle. More precisely,

starting from a set A C G and a Fglner sequence ®, the correspondence principle
associates to (A, ®) an ergodic system which, in some sense, encodes the statistical
behavior of A along ®. The improvement of this approach is that allowing for a
more flexible averaging scheme, where we consider the density of a set along two
distinct, but related, Fglner sequences, allows us to obtain a better lower bound for
the measures of some important sets in the ergodic system associated to A.

Again, let (G, +) be an abelian group with £ = [G : 2G] < co and r = |ker(D)| <
00. By ¥ we denote the space {0,1}%, endowed with the product topology, which
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becomes a compact metrizable space. We also consider the shift action S = (Sy)seq
defined by Sy: ¥ — %, Sy(x(h)) = z(h + g), for any h,g € G, x = (2(9))4ec € %,
and note that S is an action of G on X by homeomorphisms. We further denote
the G-action g — Sy, by S2.

Via the following variant of Furstenberg’s correspondence principle, we can re-
duce Theorem to the dynamical statement of Theorem

Lemma 5.4.1. Let A C G and ® be any Folner sequence in G (and pass to a
subsequence if necessary so that all densities exist). There exist an ergodic G-system
(X x 2,1,82 x S), an open set E C %, a point a € ¥ and a Folner sequence @,
such that (a,a) € gen(p,®’), A={g € G: Sqa € E} and

(S X B) + (B x T) > - (dgo(A) + dp(A)) — £+ 1. (5.4.1)

Proof. By definition,

_ o [Anen/2|
daj2(4) = lim Dn/2]

We associate to the set A a point a € ¥ = {0,1}% via

1, ifge A,

a(g) =
0, otherwise.

Letting £ = {z € ¥: z(eg) = 1} — which, we note, is a clopen set — observe that,
by construction, A = {g € G: Sga € E}. We can define the sequence of Borel

probability measures (un)ven on X X X given by

1
N = 5n 72 D O(sngxSy)(aa);
9gEPN /2

If i/ is a weak*® accumulation point of (uy)nen, then g/ is an (S? x S)-invariant

measure. Now, since for each N € N, we have

1 ANdy/2
pn(E X E) = o 3 dsu(E) = 0T

sending N — oo yields
W(Ex E)= dg/2(A). (5.4.2)
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Now, Lemma [A70.3 gives that

lim {g € Pn/2: g+ ker(D) C ®n/2} _

1.
N—o00 |(I)N/2|

Moreover, if we consider the Fglner sequence N — Fy = (J gean/29 + ker(D) D
Oy /2 (where (Fy) is Folner since |ker(D)| = r < o0), it is easy to see that
> gy 0829a(E) =13 co(ay /2) 05,a(E). Therefore, it follows that

1 r |FN \ PN /2] Nooo
3y a(E) — — 8s,a(E)| < » 0.
Gz 2 SsuelE) g D 0sa(B) < g

gED N /2 g€2(PN/2)

We thus see that

1 T
N(Ex D) = 3 ba(B) = = 3 b5,0(E) + o eel1)
PN /2| PN /2]
gEP N /2 9€2(2n/2)

> L AN 2@x/2)] +oxm(l), (5-43)
[P ]

by Lemma[A.0.4] Since 2(®y/2) = @y N 2G, we have

[AN2(Pn/2) = |[ANDN|— AN (PN \2(PN/2))| > |[ANDN| — |DN| + |2y N2G].

Hence, using |11, Lemma 5.4], it follows by (5.4.3)) as N — oo that

{(E % %) 2£<dq>(A)1+2> = 0de(A) — £+ 1. (5.4.4)

Combining (5.4.2]) and (5.4.4)) we obtain (5.5.1)) for x/. Although 4 is not necessarily
ergodic, the argument that allows us to find an ergodic measure p satisfying (5.5.1)

follows just as in the proof of Lemma [3.3.3 O

5.4.2 The proof of Theorem (1.3.3

We can now use the correspondence principle of Lemma and Lemma |4.3.6in
order to deduce (2)) of Theorem which, in view of Proposition shows the

full theorem.

Proof of Theorem|[1.5.3, Let G,¢,r,® be as in the assumptions of Theorem [I.3.3
Let also A C G satisfy dg(A) +dg/2(A) > 25771. Using Lemma we can find an
ergodic G-system (X x X, i, S? x S), an open set E C ¥, a point a € ¥ and a Fglner
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sequence ®' in G, such that (a,a) € gen(p, ®'), A= {g € G: Sya € E} and
(XX E) + p(E x %) > £ (dg2(A) +de(A)) — £+ 1.
Because of the assumptions on A, we get
(2 X E) 4+ pw(E x X) > L.

Applying Theorem and Lemma we can conclude similarly to the proof of
Theorem [1.3.1] from Theorem B.3.11 O

5.5 A slightly stronger result

With not much more effort, we can actually prove something slightly more general
than Theorem [[.3.3]

Theorem 5.5.1. Let (G,+) be a countable abelian group with ¢ = [G : 2G| < oo
and r = | ker(D)| < co. Let A, A’ C G and ® be any Folner sequence in G. Then
the following hold:

1. If de(A') + de/2(A) > 1, there exist an infinite set B C G and some t € G
such that B® B+t C A andt+2B C A'.

2. If de(A’) + dg/2(A) > Ml%l, there exists an infinite set B C G such that

B®BCAand2BC A.

8. If de(A' N 2G) + dg 2 (AN 2G) > %, there exists an infinite set B C G such
that B& B C A and 2B C A'.

The proof of the equivalences between the statements in Theorem is similar
to the proof of Proposition [5.3.1] and so we omit it. In order to actually prove
Theorem [5.5.1] we use the same dynamical result that we used for Theorem [1.3.3
that is Theorem [£.3.5] and a more general form of the correspondence principle to

capture the statistics of both sets.

Lemma 5.5.2. Let A, A’ C G and ® be any Folner sequence in G (and pass to a
subsequence if necessary so that all densities exist). There exist an ergodic G-system
(X% X, 1, S?x S), an open set E C %, and points a,a’ € ¥ and a Folner sequence ®,
such that (a,ad’) € gen(p, @), A={g€ G: Sga € E} and A’ = {g € G: Syd’ € E}
with

(2 X E) + p(E x X) > £+ (dg/(A) +de(A')) — £+ 1. (5.5.1)
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Proof. The only difference with the proof of Lemma [5.4.1]is that we now introduce
two points a,a’ € ¥ which correspond to the indicators of A and A’ respectively,

and then consider the measures (uy)yen on X x 3 given by

1
N =GN D (g ara)
geEDPN/2

The rest of the proof proceeds analogously. O

The question of whether Theorem is optimal is easily seen to be a trivial
one, which makes it less interesting than the more natural results, Theorem
and Theorem Indeed, taking any Fglner sequence ® and any set A C G with
full density along ® and A’ = (), we see at once that the threshold values in and
of the theorem are obtained, but the conclusion fails.

5.6 Optimality and relations between main theorems

We next show that Theorem [4.2.2]does not imply Theorem that is, the density
assumption of Theorem [4.2.2] cannot be used to deduce the density assumption of
Theorem This is already the case in the integers, which was rather unexpected.
However, the construction seems to be adaptable in all groups satisfying the standing
assumptions, although we do not pursue this in detail. This result was presented as

Proposition and we repeat the statement here for convenience.

Proposition 5.6.1. There is a set A C Z such that

log

for every Folner sequence ® in Z, but
dp(A) +dpjp2(A4) > 1,

for some Folner sequence F in Z.

Proof. We let F = (Fn)nen be a Fglner sequence that is not q.i.d. and such
that Fy, F1/2, F1 /4, Fy, F5/2, F5/4, ... are pairwise disjoint. For example, let Fy =
[42N 2. 42Ny NN, for N € N. In particular, Fy/2 = [2-4?V~1 42¥) N N and
Fyn/4 = [42N=1 2. 42N=1) A N. We then consider a set A C N defined via

A= (G FN>U<[] FN/2OI<:N>,

N=1 N=1
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with k£ € N, k£ > 3. Essentially, this could be generalized by replacing kN with a
syndetic set of sufficiently small density.

First, we observe that
1
dr(A) + dF/g(A) =1+ % > 1.

We remark that, in view of Theorem this implies the existence of some infinite
set B C N and ¢t € Ny such that B+ B +t C A; this is, however, not a necessary
part of this proof.

We proceed to prove that for every Fglner sequence ® in Z, it holds that

— 60@
A)<1-— .
de(4) < £+

(5.6.1)

By the definition of A, we only have to consider Fglner sequences that only intersect
non-trivially with ' and F'/2. For, if ®x = GyUBn, where Gy C JN_y FNUFN/2
and By N (UN=1 En U Fn/2) = 0, it holds that

lims |AﬂGN| < lims |AOGN|
— = 111N upi =~ 11m upi
Nooo || Nooo |GN|+|Bn| ~ Now  |GN]

To easy the presentation, we first address two simple cases. If & = F or & = F/2,
we have that ap = 0, and so ([5.6.1) holds by default. Next, we consider the case
that (Pn)veny = (Fnv U Fn/2)nen. Then we have that

RN
N—oo |FN|+|FN/2| 3
In the integers we have that £ = 2 and r = 1, so this means that the right hand side
on (5.6.1) equals 7/9. At the same time

= . |En|+ |Fn/2|/k 241/ 2k+1 7
dp(A) = 1 - = <L
o) = Jim e T T2 3 3k — 9

for k > 3. Similar calculations show in the case that &y = (Gy U Hy)nyen,
where Gy C Fy and Hy C Fy/2.

Finally, we consider the general case where ®n = (Gy U Hy)nen, with Gy =
Gn,, U---UGN, for Gn, C Fyn gy, and Hy = Hy,, U---UHy,, for Hy,, C
Fon(Nm;)/2- Note that, (Gy)nen and (Hy)nen have to be Folner sequences also.
In order to verify it suffices to show that for every N € N,

2
AN ®N|+ 3 (PN N PN /2| < [PN] + ONoo(l),
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which is implied by
3‘Aﬂq)N|+2’(I)Nﬂ(I)N/2| §3’(I)N’+0N—>oo(1)- (5.6.2)

Now, using the definition of ®n and A, we see that the left hand side in (5.6.2))

equals
3
3|GN| + %|HN| +2|Gn /2N HN| + onsoo(1),

which equals

kn
35" |G,
i=1

3 X
+ kzl ‘Hij ‘ +22 ‘GNki/2mHij +ON—>oo(1)-
J= @,

Note that we have here used the fact that (Hy) is Fglner and the assumption that
{Fn,Fn/2,Fn/4: N € N} are all disjoint, because otherwise we could have other

non-trivial intersections in
by N (I)N/Q = (GN UHN) N (GN/Q UHN/2).

But observe that GNki/2ﬁHij # 0 only if Fyy(n ,) /2N Eyy(Nma) /2 # 0, ie. only if
n(N, k;) = m(IN,m;). Note also that in this case, we have |Gy, /QOHij | < |Hij |.
For k > 3 it thus follows that

kn
3|ANy|+ 2|y N Dy /2 §3Z’GN,% + 0Noo0(1)

my
+3 Z ‘HNkj
i1 j=1

=3|GN| + 3[HN| + on—oo(1) = 3|PN| + 0N —00(1),

showing (5.6.2]) and therefore the result. O

Now we prove that Theorem [I.3.3] is optimal in the sense of Question
That is, for any countable abelian group, we can find a Fglner sequence along which

some set achieves the threshold density of Theorem without containing
the sumsets of the statement. This is Theorem [[.3.5] from the introduction.

Theorem 5.6.2. Let (G,+) be a countable abelian group with ¢ = [G : 2G] < co.
There is a set A C G such that

de(A) +dg/2(A) =1,

for some Fglner sequence ® in G, but there does not exist an infinite set B C G and
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te G with B+ B+tCA.

Proof. In Corollary it was shown that in every countable abelian group with
[G : 2G] < oo there is a Folner sequence ® that is not q.i.d. and aset A C Ux_; P~
with dg(A) = 1 and such that B + B +t ¢ A for any infinite set B C G and any
element t € G.

It follows by the proof of this corollary, and in particular, the construction in
Lemma that ® and A can be chosen so that a¢/2(A) = 0. Hence, by passing

to a subsequence of ®, which we still write as ®, we obtain
de(A) +dg/e(A) =1,

and the proof is complete. O

A similar argument shows the need to consider the same subsequence in the
densities over the two Fglner sequences in Theorem [1.3.3] namely Proposition

Proposition 5.6.3. Let (G, +) be a countable abelian group with ¢ =[G : 2G| < 0o
and r = |ker(D)| < co. There is a set A C G and a Folner sequence ® such that

de(A) +dga(A) = 2,

but there does not exist an infinite set B C G and t € G with B+ B+t C A.

Proof. We again rely on Corollary [£.6.6] Indeed, we can consider a non-q.i.d. Fglner
sequence ® = (®y), so that /2 = (Py/2) is also a non-q.i.d. Fglner and even
Oy N (Py/2) =0 and & N (Pn/4) = (). Moreover, we can choose ® = (®y) so
that the sets ®y are pairwise disjoint and so are the sets ®x/2 (see the proof of
Lemma for the construction of a non-q.i.d. Fglner ; this is not necessary, we
could alternatively refine the sequence so that |®nyi| >> [Pn]).

Then, we consider the Fglner sequence F' = (Fy) defined via Fy = ®ony U
(Pan+1/2). Then, Fn/2 = (Pan/2)U(Pan+1/4) and by the disjointness assumptions
it follows that F' = (Fy) is non-q.i.d. Passing to a subsequence of (Fy) if needed,
we then find a set A = [J3_; An so that Ay C Fy and dp(A) = 1 and there does
not exist an infinite set B C G and t € G with B + B +t C A. Finally, note that

de(A) + de)2(A) = d(@,)(A) + d(@,y .1 /2)(4) = 2.
]

Addressing the optimality of Theorem [1.3.3]in the strong sense of Question [5.2.4]

for all abelian groups under consideration and all Fglner sequences seems to be
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a very difficult task. For the moment, we confine ourselves to proving that our
theorem is optimal in the integer setting for some special class of Fglner sequences.
This is already interesting, and useful — enriching our discussion in Section [5.7]— but
the construction exploits the structure of the group Z crucially as the reader may
observe.

We say that ® = (®p) is a Folner sequence of intervals in Z if each ® is an
interval. In some sense, such special sequences are the building blocks of all Fglner
sequences in Z. We do not make this fact precise, but the point is that the generality
of the next result (which is Proposition from the introduction) is non-trivial.

Proposition 5.6.4. Let ® be any Folner sequence of intervals in Z. Then, there
exists a set A C Z such that dy(A) + dy/2(A) = 1, along a subsequence ¥ of ® for
which the densities exist, for which B+ B+t ¢ A, for any infinite set B and any
teZ.

Proof. We will choose a sequence (N,,)men and construct a Felner sequence F' =
(Fin)men that is not g.i.d. for which Fy,, C ®y,, U®y;,, /2, such that A" = J7~_, Fyy,
satisfies dg(A’) + dg/2(A’) = 1 and (Npn)men is chosen so that

— — . F,Ndoy ‘ . |Fmﬂq)]v /2‘
de(A) +d AN = lim ’77" + lim —2—.
<I>( ) <I>/2( ) gl ‘(I)Nm| 50 ’(I)Nm/2’

|PN,,| m—oo 0
|¢Nm+1 |
Having done that, we can then use Proposition [£.6.4] in order to find a sequence

(my)ren and set A C Z such that A = J72| A, where Ay, C F,, and dp(A) =
d(ka)(A) = 1, for which B+ B+t ¢ A, for any infinite set B and any ¢ € Z. These
properties of A and the definition of F' and A’ in turn imply that dg (A)+dyg/2(A4) =
1, where U = (®y,, )ken, concluding the proof.

This can be arranged, for example, by choosing (N,,) so that

We are left with constructing F' = (Fy;,)men. To ease notation, without loss
of generality we assume that N,, = m, so that (a posteriori) A’ = (J¥_; Fn with
Fy C Oy Udy/2.

For each N € N, we let Sy = ®x \ ®x/2. Then, we define Sy 1 = Sy/2% =
(®n/4)\ (PN /8), SN2 = Sno/2% = (®n/16) \ (Pn/32) and more generally

Snj = Sno/27 = (PN /27)\ (PN /2711,

for j =0,...,ky, where ky is the largest integer j for which ® /2% N(®y U @y /2) #
0.
We then define Fy = U?ﬁo Sn,j. Observe that by the definitions, the previous

union is a disjoint union, and this will be important in the calculations to follow.
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We remark that we have used our assumption that (®y) is a sequence of intervals
here.

Moreover, we observe that (Sy ) is a sequence of intervals whose lengths increase
to infinity and it readily follows that (Fl) is asymptotically invariant, i.e. a Fglner

sequence. Finally,

kN k:N
Fyn/2 = Sn;/2 = J(@n/27T)\ (D /22011,
Jj=0 j=0

so that Fy N Fy/2 = 0. Thus (Fy) is a q.i.d. Fglner sequence.
We then see that

|Fn N @y Z [Sni N On| _ |28\ On/2| Z (Pn N @N/2%)\ Dy /2%
O] O] O] [P

=1 —

kn 2j 27 2j+1
Oy Ndy/2 Oy NDy/29 <I> Nno QJ N®dp /24
\ N N/|+Z\ N N/ ! Z| N N/ / \

O] st D] O]

(5.6.3)

Similarly, but noting that Sy oN®x/2 = (), and since |[Hy /2| = |Hn|/24+0N—00(1),
for any Folner sequence (Hy) in Z, we get that

‘FNQ(I)N/2| Z"I)NQ(IJN/QZj_1| Z‘ @Nﬂ(p]v/22j l)ﬂ@N/22j‘
PN /2| || [P

+ON—>00(1)'

(5.6.4)
Now, observe that &y N®y /2N Py /20 = &y NPy /207! where we have crucially
used that (@) is a sequence of intervals once again. Using this in (5.6.3)) and (5.6.4)

we obtain that

kn 271k 2j+1
Fnno Py NPy/2 Oy N Dy /24 Oy NDy/29
[Evnon| _, [®n N/\+Z!N N/ \_Z!N N/297)

—1_ 5.6.5
@] Ey Ey oy 0)

and

k : k .
‘FN ﬂ(I)N/Q‘ _ EN: ’(I)N ﬂ(I)N/22]71| B EN: ‘(I)N ﬁ(I)N/QZJ’

+o0 1). (5.6.6
| PN /2] |y Dy Nooo(1). ( )

j=1 j=1

It follows that
‘FNQ(I)N| |FNﬂ(I)N/2|

O] [N /2]

=1 +ON—>00(1)a
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where we also used that &y N®y /22N +1 = (). Indeed, if & NPy /2281 =£ () then
we would also have ®x /2N ®y/22kNv+1) £ (§ contradicting the definition of ky.

Therefore,
do(A') +dg/a(A') =1

and this concludes the proof. O

5.7 Owings’ problem

We now present a connection between the main result and Owings’ problem men-
tioned in the introduction. The observations presented herein merely serve the
purpose of illustrating one of the reasons why our main result, Theorem [1.3.3] was
discovered — as explained in Section Indeed, Owings’ problem was solved in the
positive very recently in [34]. Perhaps one conclusion of the considerations to follow
is, in our opinion, that there probably is no density-type of argument solution to

the problem.

Question 5.7.1. Let N = C] U (5 be a 2-colouring of the natural numbers. Does
there exist an infinite set B = {b; < by < ---} C N, such that B+ B = {b; + b; :
i,j € N} C C, for some k € {1,2}7

As was observed in Remark in order to answer Question [5.7.1] one may
allow a shift in the sumsets. This follows directly from the fact that N = C /20UC5/2,
where C%/2 = {n € N : 2n € C}}, is also a 2-colouring of N, and the observation
that B + B +t C C}/2 implies that (2B +t) + (2B + t) C Cj. Specifically, the

following question is equivalent to Question [5.7.1

Question 5.7.2. Let N = (] U (s be a 2-colouring of the natural numbers. Does
there exist an infinite set B = {b; < by < ---} C N, and some t € Ny, such that
B+B+t={t+b;+bj:i,j €N} CCy, for some k € {1,2}?

We repeat that Questions and both have a positive answer, as shown
in [34].
Theorem 5.7.3 ([34, Theorem 1.1]). Let N = CyUCy. Then there exists i € {1,2}
and an infinite B C N such that B+ B C Cj.

As an immediate corollary of Theorem for the integers we obtain the result

in the natural numbers as well.

Corollary 5.7.4. Let A C N be a set and & = (Py)nen be a Folner sequence in
N. Then, if
de(A) + dg/a(4) > 1, (5.7.1)
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it follows that there exists an infinite set B C N and some t € Ny such that B+ B C
A—t.

The important observation is that if Corollary (or, Theorem in the
integers) was not optimal, then we would obtain an answer to Question as
a direct application of this. More precisely, assume there exists a Fglner sequence
® in N and some £ > 0 such that in the context of Corollary can be
replaced by dg(A) + dg/a(A) > 1 — ¢, yielding the same conclusion. Then, given
any colouring N = C U (s, and passing to a subsequence of ® = (®y) if necessary,

it must be the case that
de(C1) + do/e(C1) + de(C2) + dg/e(C2) =2,

which implies that for some k € {1,2}, de(Ck)+ dg/2(Cr) > 1—¢, and thus there
exist infinite B C N and ¢t € N such that B+ B C Cj, — t.

We have already showed that Corollary is optimal along Fglner sequences
of intervals and we believe the proof should extend to all Fglner sequences. In
particular, this would mean that an argument as the one laid out here cannot be

used to answer Question i.e. to given an alternative proof of Theorem [5.7.3
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Chapter 6

Asymmetric infinite sumsets

6.1 Overview

This chapter is based on the results of [38]. The first main result herein is a natural
strengthening of Theorem [C] and resolves a conjecture of Kra, Moreira, Richter and
Robertson |44, Conjecture 3.10]. We show that for any set A C N with positive
upper Banach density and any ¢, m € N, there exist an infinite set B C N and some
t € N so that {mby + lba: b1,be € B and by < by} +t C A.

We also consider the patterns {mb; + ¢by: b1,by € B and b; < be}, for infinite
B C N and prove that any set A C N with lower density d(A) > 1/2 contains such
configurations up to a shift. We show that the value 1/2 is optimal and obtain
analogous results for values of upper density and when no shift to the sumsets
is allowed. As in the preceding chapters, including the diagonal requires stronger
density hypotheses, and the optimal thresholds depend on the precise density notion

and on the parameters £, m.

6.2 Introduction

In a survey paper, Kra, Moreira, Richter and Robertson, proposed a conjecture (see
[44, Conjecture 3.10]) which would generalise Theorem |C|for weighted sumsets. Our

first main result in this chapter verifies this conjecture and is the following.

Theorem For any A C N with positive upper Banach density and £,m € N,

there exists some infinite set B C N and a number t € N such that

{mb1+€b2: bi,bs € B, by <b2}+tCA.
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Remark 6.2.1. If £ = m = 1, Theorem [I.2.T] coincides with Theorem [C] and more
generally, when ¢ = m, Theorem [I.2.1] can easily be deduced from Theorem [C] If
¢ # m, shifts of the patterns {mb; + lby: by,be € B, by # by} can not always be
found in sets of positive density. In fact, these sumsets are not even partition regular

as shown in |44, Example 3.9].

Our proof of Theorem is ergodic-theoretic in nature. The main setup for
it is laid out in Section and it is completed in Section [6.5] along with a slightly
stronger result (see Remark [6.5.3)).

Analogously to the results of Chapter [3] we are also interested in an unrestricted
version of Theorem [I.2.1] Including the diagonal in the sumsets is an important first

step in this direction — perhaps even the best one possible.

Theorem Let £,m € N. For any A C N with d(A) > 1/2, there exist an
infinite set B C N and some t € N such that

{mb1+€bQ: bi,bs € B and by Sbg}—i—tCA.

Theorem Let {m € N and k = m/{. For any A C N with d(A) > 1 —
1/(k 4 2), there exist an infinite set B C N and some t € N such that

{mb1 + £by : b1,by € B and by §b2}+tCA.

We will in fact show that both the previous bounds are optimal (in the sense of
Propositions and . We also stress that the bound established in Theorem
does not depend on the parameters m, ¢, unlike the bound in Theorem [1.3.7
which does so implicitly, as it depends on the ratio m/¢. On another note, it is easy to
see that the shift ¢ in Theorems|1.2.1} [1.3.6/and |1.3.7|can be chosen from {0, 1, ..., (+
m —1}. Indeed, write t = (£+m)j +1, for some j € Ny and i € {0,1,...,f+m—1}.
Then, for example, the inclusion {mb; + ¢bs : by, by € B and by < ba} +1¢ C A can
be rewritten as {mbj + lbs : b1,be € (B+j) and by < by} +1i C A.

We also prove similar results for the case of unshifted patterns.

Theorem 6.2.2. Let {,m € N and k = m/l. For any A C N with d(A) > 1 —
1/ (U(k+1)(k+2)), there exists an infinite set B C N such that

{mb1 + £by : b1,by € B and by < bg} C A.

In Section we prove that Theorems and are optimal. An analogue
of Theorem with lower density threshold of d(A) > 1—1/(2(¢ +m)) is proven
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in Section [6.7] where we also show that this and Theorem [I.3.6] are optimal. For a
discussion about other potential unrestricted versions of Theorem [1.2.1| we refer the
reader to Section [6.8

Our proofs of the above results use ergodic theory. An overview of how the
translation to a dynamical statement is achieved was described in Section [1.2.1

For convenience, recall that we first relate the inclusion {mb; + €by: by, by €
B and by < by} +t C A to the existence of a specific system (X, u,T), and a
triple (a,1,22) € X3, with predetermined a € X, such that (TE X Tm)ni (a,z1) —
(x1,22), along a sequence (n;);en. In Section we explain how a classical version
of Furstenberg’s correspondence principle allows us to translate Theorem to a
dynamical statement of the above form, that is, Theorem [6.3.2

In this dynamical setting, in order to guarantee that {mb;+£ba: b1,be € B and by <
bo} +t C A, we moreover need to know that (T79¢)"a — zo, for some j € N such
that j¢ = ¢ + m. To handle the general case when the ratio & = m/¢ is not nec-
essarily an integer, we consider a (T(WH) x T')-invariant probability measure in
({0,1}% x {0,1}%, 7K1+ x T, where [k] denotes the ceiling of k, arising from
a generic pair of points (a’,a), where a corresponds to the indicator of A, and a’
corresponds to the indicator of an auxiliary set A’ C N.

In Section [6.3.2] we formulate this version of the correspondence principle as
Lemma [6.3.8 and use it in order to deduce Theorem [I.3.7] from a dynamical state-
ment, namely Theorem [6.3.6, The proof of Lemma [6.3.8] along with that of an-
other correspondence principle which is used for the case of unshifted patterns
{mby + lba: b1,by € B and by < ba}, is given in Sectionm

Finally, we should remark that since the publication of [38], Theorem has
been generalised by Hernandez [22] with a far reaching result covering linear sumsets
with any finite number of summands building on the groundbreaking work of Kra,
Moreira, Richter and Robertson [45] proving a truncated density analogue of Hind-

man’s finite sums theorem. This discussion will be particularly relevant in Chapter

!

6.3 Translation to dynamics

6.3.1 Restricted sumsets

We next define the concept of dynamical progressions — which parallels that of
Erdés progressions introduced in [41] — which as we shall see are connected to the

combinatorial patterns that we are looking for in Theorem [1.2.1
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Definition 6.3.1. Given a topological system (X,7") and natural numbers ¢, m,
we say that a point (xq,x1,73) € X3 is an (£, m)-Erdbs progression if there exists
a sequence n; < ng < --- of integers such that (T x T™)" (xg,x1) — (x1,72) as

7 — 00.

Our first main dynamical result, the one behind Theorem is the following

theorem.

Theorem 6.3.2. Let (X, pu,T) be an ergodic system, let a € gen(u, T, ®) for some
Folner sequence ® and E C X be an open set with p(FE) > 0. Then, for each
¢,m € N, there exist x1,20 € X and t € N so that (a,21,72) € X3 is an (£, m)-
Erdés progression and T'xo € E.

It turns out that Theorems and are actually equivalent, but we shall
only deal with the required direction here. For this we need the following — parallel
of |41, Theorem 2.2] — result.

Proposition 6.3.3. Fiz a topological system (X,T) and open sets U,V C X. If
there exists an (¢, m)-Erdés progression (wo,x1,72) € X> with v1 € U and x5 €V,
then there exists some infinite set B C {n € N: T™xq € U} such that {mb; +
lhy: by,bo € B, by < by} C{neN: T'zy e V}.

Proof. By the definition of (¢, m)-Erdés progressions we can find a strictly increasing
sequence (¢, )nen such that (T x T™)¢ (g, 1) — (x1,22) as n — oo and each ¢,
is such that T*rzy € U. We will construct B C {¢, : n € N} inductively and,
the basis of the induction being simple, we only prove the inductive step. Suppose
by < --- < b, have been chosen so that

T € ﬂ T~y and 2, € ﬂ T-mbiy,

1<i<j<n 1<i<n
Then, we can choose b, 11 € {c : k € N} with b,; > b, and such that
(T x T™)P 41 (g, e0) € [ () TV | x V.
1<i<n

It follows that

To € ﬂ T—mbi=5/ and 24 € ﬂ T—mbiy,

1<i<j<n+1 1<i<n+1

and this concludes the induction. Letting B = {b, : n € N}, the proof is complete.
O
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To prove that Theorem [6.3.2] implies Theorem [1.2.1] we shall use the following

classical version of Furstenberg’s correspondence principle.

Lemma 6.3.4 (|43, Theorem 2.10]). For a set A C N with d*(A) > 0 there exists
an ergodic system (X, u,T), a Folner sequence ®, a point a € gen(u,T,P) and a
clopen set E C X such that p(E) >0 and A={n e N:T"a € E}.

Proof that Theorem[6.3.9 implies Theorem [I.2.1]. Let A C N with d*(4) > 0 and
(X, 1, T), a € X, ® and E C X be those arising from Lemma m By Theorem
there exists a ¢ € N and an (¢,m)-Erd6s progression (a,z1,z2) € {a} X
X x T7'E. Invoking Proposition we obtain an infinite set B C N, such that
{mby + lby: b1,by € B, by < by} C {n € N: T"a € T"'E}. Since A = {n € N :
T"a € E}, we see that A —t = {n € N: T"a € T"'E}, so the theorem follows. [J

Apropos of this discussion, we address the necessity of the shift in Theorem
and also the density threshold for the unshifted version. This is merely an

observation, but for the reader’s convenience we prove it in the next proposition.

Proposition 6.3.5. Let {,m € N. If A C N with d*(A) > 1 — (lem)’ then there is
an infinite set B C N such that

{mb1 4+ £lby: b1,bs € B, b1 < bQ} C A.

Otherwise, the shift in Theorem [1.2.1] is in general necessary.

Proof. Observe that the set A = N\ (¢ + m)N has natural density 1 — ﬁ and
contains no infinite sumset of the form {mb; + €ba: by, by € B, by < ba}. Indeed, the
infinity of B allows us to choose an infinite subset of it, say B’ C B, all the elements
of which are equal modulo (¢ 4+ m). That is, there is some j € {0,1,...,0+m — 1}
so that any b € B’ is of the form b = ({ + m)n + j, some n € N. It follows that
mby + lby € (¢ + m)N, for any by,by € B’. This means that the shift above is
necessary and the density threshold cannot be improved.

On the other hand, if A C N with d*(4) > 1 — (ETlm)’ it is easy to see that
d*(AN (¢ +m)N) > 0 and then by Theorem there is some infinite B C N such
that

{mbl 4+ £¢by: by,by € B, by <b2}CAﬁ(f+m)NCA.

Again, for the first inclusion we implicitly used the fact that infinity of B allows
us to choose an infinite subset of it, all the elements of which are equal modulo
(L4 m). O

113



6.3.2 Lifting restrictions

In order to prove the combinatorial results in Theorems and we will use
the following dynamical results respectively. Recall that for a real number r € R,

[r] € Z denotes its ceiling.

Theorem 6.3.6. Let (X, u,T) be an ergodic system and a € gen(u, ®) for some
Folner sequence ®. Moreover, let {,m € N, ¢ = [m/l] and consider open sets
B, ...Bpm, Fryoo o Foym C X such that Fj = T-UVF, j = 1,...,0 +m,
Eit(g+1) =T7'E;, fori=1,....,0+m —q—1, and also

(C+m)u(Fr) + € (u(Er) + -+ w(Eqy1)) > (g + 1). (6.3.1)

Then, for some j € {1,...,£+m}, there exist 1,72 € X so that (a,x1,72) € X3 is
an (¢, m)-Erdds progression and (z1,x2) € E; x Fj.

Theorem 6.3.7. Let (X,pu,T) be an ergodic system, let a € gen(u,®) for some
Fglner sequence ® and E,F C X be an open sets with

(€ +m)u(F) + Lu(E) > 20 +m — 1, (6.3.2)

for some £;m € N. Then, there exist 1,70 € X such that (a,x1,72) € X3 is an

(¢, m)-Erdés progression and also (x1,z2) € E X F.

To facilitate the transition from ergodic theory to combinatorics in this setting,
we shall again utilise the notion of (¢, m)—Erdés progressions as in Definition m
as well as Proposition [6.3.3] However, the previously used, more classical version
of Furstenberg’s correspondence principle seems to no longer be useful and we need
the adaptations presented in Lemmas and below, for Theorems[1.3.7|and
6.2.2] respectively.

Before stating the lemmas, we establish some notation; ¥ denotes the space
{0,1}% and is endowed with the product topology so that it is compact metrizable.
We also let S: ¥ — ¥ denote the shift transformation given by S(z(n)) = z(n+ 1),
for any n € Z, z = (z(n))nez € X.

Lemma 6.3.8. Let A C N and ¢{,m € N with k = m/{ and let ¢ = [k]. Then, there
exist an ergodic system (X x X, u, Slat1) S), an open set E C X, a pair of points
a,a’ € X and a Folner sequence ®, such that (a’,a) € gen(u, ®) and

q

(l+m)u(SXE)+L) " u(STEXT) > (t4+m) ((k + 1) - d(A) — k)+L(k+1)-d(A)+L(g—F).
j=0
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It also holds that A = {n € N : S"a € E} and (A —j)/l +m) = {n € N :
Slatintia! ¢ EY, for each j = 0,1,...,0 +m — 1, where (A —j§)/({ +m) = {n €
N:n(l+m)+je€ A}.

Lemma 6.3.9. Let A C N and {,m € N with k = m/{. Then, there exists an

ergodic system (X x 3, u, S x S), an open set E C X, a pair of points a”,a € ¥ and
a Folner sequence ®, such that (a”,a) € gen(u, ®) and

(C+m)u(S x E) + 0u(E x %) > (20+m) ((k+1) - d(A) — k).

It also holds that A= {n € N: S"a € E} and A/({ +m) = {n € N: S ¢ E}.

We postpone the proofs of Lemmas [6.3.8 and until the end of Section
Instead, we will finish this section by showing how to deduce Theorems [1.3.7] and
from their dynamical counterparts, using the tools we have acquired thus far.
To this end, we reverse the order of presentation and start with the case of no shift

because the proof is, at the very least notationally, lighter.

Proof that Theorem[6.3.7 implies Theorem[6.2.3. Let £,m € N and let kK = m//.
Given A C N with d(A4) > 1—1/ (¢(k + 1)(k + 2)), we find, by way of Lemmam
an ergodic system (X X X, u, S x S), an open set F C X, a pair of points a”,a € ¥
and a Fglner sequence ®, such that (a”,a) € gen(u, ®) and

(C+m)u(E x E)+lu(E x X) > (20+m) ((k+1) - d(4) — k) >

(20+m)(1 — )=20+m—1,

ok +2)

because £ +m = ((k+ 1), hence {(k+2) = 20+ m. It follows by Theorem [6.3.7] that
there exist points (210, 211), (z20, z21) € XXX so that ((a”, a), (10, 11), (x20, x21)) €
(£xX)3is an (£, m)-Erdés progression for (£ x, i1, Sx.S) and (219, 211), (20, 221)) €
(E x X) x (¥ x E). Then, an application of Proposition yields an infinite set
B C N such that

Bc{neN:(Sx8)"(a" a)c ExY}y={neN: 5" ¢ E}
and similarly,
{mb1 4+ ¢by : b1,by € B and b; < bz} C {n eN:S"% e E}

Since Sa” € E <= (£+m)n € A, the former inclusion rewrites as ({+m)B C A
and the latter as {mby + €by : by, by € B and b; < be} C A. Combining these two
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we conclude that {mb; + €by : by, by € B and by < by} C A. d

Proof that Theorem implies Theorem[1.3.7]. Let m,¢ € N and k = m/{, ¢ =
[k]. Given A C N with d(A) > (k+1)/(k+2), we find, by way of Lemma an
ergodic system (X x X, u, Slat1) S), an open set E C 3, a pair of points a/,a € 2
and a Fglner sequence ®, such that (a’,a) € gen(u, ®) and

(é—i-m),u(ExE)—l—Eiu(S_jExE) > (204m)(k+1)-d(A)+L(g—k)— (L+m)k >
=0

E+1
(2€+m)(k+1)k7j_2+€(q—k:)—€(k:+1)k =l(k+1)(k+1)+l(qg—k)—L(k+1)k = £(q+1),
We now justify why Theorem applies in order for us to recover an (¢, m)-Erd6s
progression ((a’, a), (z10, 11), (T20,721)) € (¥ x )3, with

(210, 211, T20,221) € Bj x F; = S U VEXx B x % x §~U-VE,

for some j € {1,2,...,£ 4+ m}. To see this, note that F; = S~U-VE x 3 and so
Eifg+1) = (SlatD) S)1E;, for j € {1,...,£+m — q— 1}. Moreover we showed

above that .

(C+m)u(Ex E)+£) u(STExT) > (g+1),
j=0
which is precisely (6.3.1). Then, using Proposition we find an infinite set
B C N such that
BcC{neN: gty ¢ g-G-p)

and
{mby + by : by, by € Band by < by} C {neN:S"ac S~U"VE},

for some j € {1,...,£+ m}. From the defining properties of a’, we see that the
former becomes B C (A— (j —1))/(¢ +m). Thus, unraveling the definitions, we see

that these two inclusions together translate to
{mby + €by : by, by € Band by <bo} C A—(j—1),

and so we conclude. O
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6.4 The ergodic theory setup

6.4.1 An overview

A sufficient condition for a triple (xg, z1,22) € X> to be an (¢, m)-Erdés progression
is that (2o, 1) is a (T x T™)-generic point for some invariant measure and (z1, x2) €
X x X is in the support of that measure. This is a general fact which can easily
be deduced from the definitions (see, for example, [43, Lemma 2.4]). A well-known
consequence of the mean ergodic theorem is that for an ergodic system (Y, v, .S) and
any Fglner sequence, there is a subsequence ® such that r-almost every point y € Y
is S-generic along ®. Hence, if in the above setting p is a T-invariant measure, we
want to consider an ergodic decomposition of pu x pu.

As in |41] we are interested in progressions with prescribed first coordinate a € X
and so we will reduce to the case that the ergodic decomposition is continuous.
However, our work is different here because we need typical points to be (T x T™)-
generic for general £,m € N. Another important aspect of this problem is that the
linear patterns we are looking for are still dynamically controlled by the Kronecker
factor. Therefore, we find it useful to introduce a measure ¢ on X x X which gives
full measure to the set of points (x1,x2) such that (a,z;,z2) projects to an (¢, m)-
three term progression on the Kronecker, in a way similar to that done in [41] for

the case £ = m = 1.

6.4.2 Continuous ergodic decomposition

While in general the factor map from an ergodic system (X, i, T) to its Kronecker
(Z,v, R) is only measurable, for our purposes we may assume that it is also a con-
tinuous surjection. Indeed, using Proposition 3.20 from [43] one can show that
Theorem follows from the next seemingly weaker result. The proof of this
implication is the same as the proof that Theorem 3.2 implies Theorem 1.4 in [41]
or the proof of Theorem via Theorem in Chapter

Theorem 6.4.1. Let (X, u,T) be an ergodic system and assume there is a continu-
ous factor map w to its Kronecker. Let a € gen(u, T, ®), for some Folner sequence
® and E C X be an open set with (E) > 0. Then, there exist v1,x2 € X andt € N
so that (a,z1,72) € X3 is an (£, m)-Erdés progression such that T'xs € E.

In a similar fashion, Theorems [6.3.6] and [6.3.7] follow from the next seemingly
weaker results, respectively, where the system is assumed to have a continuous
Kronecker factor map (essentially, the proof of Theorem from Theorem

in Chapter [3| contains one of the analogous arguments in the case m = ¢ = 1).
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Theorem 6.4.2. Let (X, u,T) be an ergodic system and assume there is a continu-
ous factor map w to its Kronecker and a € gen(u, T, ®) for some Folner sequence ®.
Moreover, let {,m € N, g = [m/l] and assume that E1, ..., Eprm, F1, ..., Forom C X
are open sets such that F; = T-U-VE, j=1,...,0 +m, Eiqgr1) = T E;, for
i=1,....4+m—q—1, and also

(C4+m)u(Fr) +(w(Er) + -+ pw(Egq1)) > g+ 1). (6.4.1)

Then, for some j € {1,...,£+m}, there exist 1,72 € X so that (a,x1,72) € X3 is
an (¢, m)-Erdds progression and (z1,x2) € E; x Fj.

Theorem 6.4.3. Let (X, u,T) be an ergodic system and assume there is a contin-
uous factor map w to its Kronecker. Let a € gen(u, T, ®) for some Folner sequence
® and E, F C X be an open sets with

L+ m)u(F)+Lu(E) >20+m — 1. (6.4.2)

Then, there exist 1,719 € X so that (a,z1,72) € X3 is an (¢, m)-Erdds progression
and (z1,x2) € E x F.

We fix ¢,m € N and an ergodic system (X, u,T") with a continuous factor map
7 to its Kronecker (Z,v, R). We also fix a disintegration z — 7, of u over the

Kronecker. Then, for every (z1,z2) € X x X we define the measure

A(961,962) = /Zn€z+7r(z1) X Nmz+m(zz) dV(Z) (643)

on X x X. We stress that is well-defined since, for each (z1,z2) € X x X the
Measures 7Ny, x(z;) and Npzyr(z,) are defined for v-almost every z € Z. Note that,
because of the ergodicity of R, the subgroups £Z and mZ of Z both have positive
measure (see the proof of Lemma for more details on this). We next examine

some properties of this (a posteriori) disintegration of p x p.

Proposition 6.4.4. In the above setting, the map (w1, 72) — A satisfies the

z1,%2)

following properties.
(i). The map (x1,22) = Az, 2,) 05 continuous.

(ii). The map (1, %2) = N(g, 20) 5 @ disintegration of pn X p, meaning that

/ )‘(561,332) d(p x p)(w1,2) = p X pu.
XxX
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(i4). For (u x p)-almost every (w1,x2) € X x X, the point (x1,x9) is (T* x T™)-
generic for Nz, z) and Az, 2,) 5 (T x T™)-ergodic.

(v). For every (z1,72) € X x X, we have that Az, 2,) = N1tz Tmzy)-

The rest of this subsection is devoted to the proof of Proposition The first

step is a result showing that in some sense the Kronecker is a characteristic factor.

Proposition 6.4.5. Fiz an ergodic system (X, u, T') with Kronecker factor (Z,v, R)
and factor map w: X — Z. Then, for any {,m € N and f,g € L>®(X, u) we have
that

N
lim S F(T ) g (™) = Jim S E(7]2)(Rn(x0)) E(|2)(R™"x (1)),
n=1 n=1

(6.4.4)
for (pu x w)-almost every (zo,x1) € X x X.

Proof. Both limits in exist by the pointwise ergodic theorem, so we simply
need to establish their equality in the L? norm. By the Jacobs-de Leeuw-Glicksberg
decomposition (see [35, Theorem 2.24]) this reduces to showing that whenever either
f or g is a weak-mixing function, then
LN
lim — > T"f@T™g =0, (6.4.5)

N—oco N
n=1

in L?(ux ). Assuming, without loss of generality, that f is the weak-mixing function
and setting u, = T f ® T™"g this follows directly by the van der Corput lemma

(originally proven in this version in |7, Theorem 1.4]), for
1 = .
= Z/ T”“f'fdu/ ™% g dp
K= Jx X
| K
2
ol 7

which goes to 0 as K — oo by the definition of weak-mixing functions and the

<

1 1 &
? Z N Z<un+kaun>
k

=1 n=1

/XT”“f-fdu',

inequality

1 K
3
k=1

) (K
THf.F dul < —
|t ﬂ]_€K§

/XT’“f-fdu‘-

We are now in the position to prove the main result of this subsection.
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Proof of Proposition[6.4.4. We begin by showing the map (z1,22) = Az, 4,) is a
disintegration of p x p. Let f,g € L®(u). Then,

S ®9 e, o)A X p) (w1, 72)

/)(2// S ez xl)/ 9 Aoy AV (2)dp(z1)dp(z2)
:/ (/ / T dezn(an) A1) X/ / 9 Azt (a2) dM(m)) dv(z)
/</fdu></gdu>du /f®9du><u)

because of (6.4.3) and the fact that for each w € Z,

p= /Z . dv(z) = /Z . d(mp)(2) = /X Nr(e) dp(z) = /X Nwtr(z) ().

Part (ii) follows by standard approximation arguments using Stone-Weierstrass’
theorem and the Riesz-Markov-Kakutani representation theorem.

To prove that (z1,72) = A(y, 4,) IS continuous we need to show that for each
F € C(X x X), the map (z1,72) = [y, xF dX\y, 4,) is continuous, because —
implicitly — the topology we endow the space of Borel measures on X x X with
is the weak® topology. To this end, by another application of Stone-Weierstrass’
theorem, we can assume that F' € C(X x X) in the previous is of the form f ® g,
for some f,g € C(X). Now, letting f,g € C(Z), these functions are also uniformly

continuous (by compactness) and so the map
(v,w) — / flz+v) glmz 4+ w) dv(z)
Z
is continuous. Thus, the density of C(Z) in L?(Z,m) implies the continuity of the

analogous map for f,g € L*(Z,m).
Now, if f,g € C(X), we have that E(f|Z),E(g|Z) € L?>(Z, m) and so we see that

(21, 22) - /Z E(f12)(¢z + (1)) E(g]Z)(mz + m(z2)) dv(z)

is continuous as the composition of continuous maps. Noting that E[f|Z](z) =

Jx [ dn. for v-almost every z € Z, we see that

/ F© 9 dAay) = / E(f|2)(¢z + w(x1) E(g]2)(mz + m(22)) dv(z) (6.4.6)
XxX Z
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and so the continuity of (z1,72) = Az, 4,) follows.

Property (iv) is immediate up to null sets because ToT = Rom as 7 is a
factor map and then, the established continuity of the decomposition implies it for
all points (x1,x2) € X x X.

We are only left with proving that (z1,72) = Az, 2,) is & (T* x T™)—ergodic
decomposition of pu X p, because then part (iii) follows as a consequence of the
pointwise ergodic theorem (see, for example, [43, Corollary 2.9]). In other words,
we have to show that for each bounded and measurable F' : X x X — C it holds
that

[P @ =BED ),
XxX

for (u x p)—almost every (z1,z2) € X x X, where Z denotes the o-algebra of
(T* x T™)—invariant sets on X x X. By the ergodic theorem, this is equivalent to

showing that

N
.1 Z ¢
J\}l—ril)o N ot P, Te2) = /X><X F dA (@0,

for (ux p)—almost every (x1,x2) € X x X and by standard approximation arguments

this reduces to showing that

N
. 1 In mn
lim N;f(T x1) - g(T"™"x9) = /X J ®g d\z 20)s

N—oo x X

for (pu x p)—almost every (z1,x2) € X x X and every f,g € L>®(X, n). By (6.4.4),
it suffices to show that

N—ooo N

N
lim Z (f12)(R™n(a1))- (QIZ)(Rm"W(@)):/XXx f®9 A, ms), (6-4.7)

for (u x p)-almost every (z1,z2) € X x X. As the limit in (6.4.7) exists almost
everywhere, and the dominated convergence theorem applies, it suffices to prove
convergence in L%(u x u). By (6.4.6) and the density of (tensor products of) con-

tinuous functions in L?(v x v) it thus suffices to show that

lim 72@ (R™21) - po(R™20) = /Z D10z + 21) - po(mz + 22) dv(z), (6.4.8)

for any ¢1,¢2 € C(Z) and any 21,22 € Z.

With this reduction, the algebraic structure of rotations in compact abelian
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groups (see, for example, [31, Chapter 4]) allows us to conclude. More precisely,
given ¢1, ¢y € C(Z) and 21, 29 € Z, the function ¢ : Z — C given by

¢(2) = ¢1(lz + 21) - pa(mz + 22)

is continuous, and therefore by the unique ergodicity of group rotations we have
that

lim iZqS R™(0 /gb ) dv(z /gbl (bz + z1) - pa(mz + 2z2) dv(z).

N—oo N

Finally, ¢(R"(0)) = ¢1(R"21) - ¢p2(R™"23), for each n € N, and thus (6.4.8)) follows.
O

6.4.3 A measure on (¢, m)—Erd6s progressions and some properties

As above, (X, u,T) is an ergodic system and (Z, v, R) is its Kronecker factor with
(continuous) factor map 7 : X — Z, and R is a rotation by some b € Z. Moreover,
we let a € gen(u, T, @), for some Fglner sequence ®. Given ¢,m € N we consider

the measure
Oq = /ZnZz+7r(a) X N(+m)z+m(a) dV(Z) (6'4'9)

on X x X. The first useful property of o, which relates to the disintegration
(71, 72) = Az, 2,) Teads as follows.
Lemma 6.4.6. For o,-almost every (x1,x2) € X x X it holds that )‘(a,m) = )\(

x1,x2)"

Proof. 1t is obvious from the definition of o, that the set P defined by
P = {(z1,22) € XxX: 7(21) = bw+n(a) and w(x2) = ({+m)w+mn(a), for some w € Z}

has 0,(P) = 1. We fix (x1,22) € P and let w € Z be such that 7(z1) = lw + 7(a)
and 7(x2) = ({ + m)w + m(a). The proof will be complete once we show that
A@1,22) = Mayy)- 1o this end, since v is a shift invariant measure, making the

change of variables z — z — w we get that

)‘(acl,acg) = /Zn€z+€w+7r(a) X Nmz+(0+m)w+m(a) dl/(z) = /anz-‘ﬂr(a) X NMmz+lw+r(a) du(z),

which equals A, ;) since 7(x1) = fw + 7(a). O

The last result illuminates why this particular definition of o, is useful. The

measure was defined so that it essentially only witnesses pairs (z1, z2) € X x X whose
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projection on the Kronecker give rise to 3-term (¢, m)-progressions in Z through
(m(a), m(x1),m(x2)). This is apparent from the equalities 7(z1) — 7(a) = fw and
m(x2) — m(z1) = mw, some w € Z, which hold for any (z1,x2) € P.

Then, a potential route to finding (¢, m)-Erdés progressions of the form (a, z1, z2) €
X? is laid out. It is sufficient to find a pair (x1,z2) € P with (21, 22) € SUPPA(4, 2,):
. To

this end, we shall also need two relations between the measure u and push-forwards

and such that (a, 1) is (T xT™)-generic for A(a,z1), Which coincides with A, 4.)

of projections of o,.

Lemma 6.4.7. Let m; : X x X — X denote the projection (x1,x2) — x; onto the
i-th coordinate, where i € {1,2}. Then, % (maa +Tmog+--- +T€fl7rlaa) = U
1

and T (ﬂ'QO'a + Troo, + -+ + T“‘m_l@ga) = .

Proof. We only prove the first claim as the second one follows similarly. Let £Z
denote the subgroup {¢z = z + z + --- + z with £ summands: z € Z} and let ¢
denote its Haar measure. Ergodicity of R means that {R"0 : n € N} is dense in Z,
and thus Z = ((Z)U (R(£Z))U---U(R*"Y(¢Z)). Therefore, there exists w € Z and
j€{0,1,...,¢— 1} such that 7(a) = R/ (fw) = fw + jb, so that

T0q = / Nez+n(a) dl/(Z) = / Ne(z4w)+4b du(z) = / T d(RJf)(u)
Z Z LZ+j5b

Finally, T, = npgi, and R€ = ¢, which implies that

1 . ) 1, . 1 ..
“T'mo = / T'ny d-(R7€)(u) = / M d (R77€) (u),
¢ 0Z+3jb t 0Z+(j+i)b ¢

for each i € {0,1,...,¢ — 1}, where j + i is taken mod ¢ and thus

1 1
i (mowt o+ 7m0l = [ ager Re+ o+ RIOE =0

6.4.4 Support of the measure on (¢, m)—Erd&s progressions

We begin with some notational remarks. Recall our setting; We have an ergodic
system (X, u,T') with a continuous factor map 7 to its Kronecker (Z,v, R), say R
is the rotation by some b € Z, and a generic point a € gen(u, T, ®) for some Fglner
sequence ®. We write z — 1, for the disintegretion of p over w. Then if k € N is
any, we can define X; = 7~ 1(R'(kZ)), fori = 0,1,...,k—1 and consider the ergodic
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components of 4 for the transformation T given by

pi= [ e dv(c) = [ e d(R O, (6.4.10)

z kZ+ib

where ( is the Haar measure on kZ. This subsection is devoted to showing that if
S = {(.731,.%2) e X xX: (1:1,.1:2) S Supp()\(xl’m))}, (6.4.11)

then 0,(S) = 1. We begin with an extension of [41, Proposition 3.10].

Remark 6.4.8. In the above setting, for any = € X; we have that 7(z) = kw + b,
somew € Z,1=0,1,...,k—1.

For the next result we use notation from [41]. In particular, F(X) denotes the
family of non-empty and closed subsets of the compact metric space (X, d), endowed
with the Hausdorff metric, denoted by H.

Proposition 6.4.9. Fizx a system (X, u,T) and a continuous factor map m to its
Kronecker factor (Z,v, R). Also fiz k € N and a disintegration z — n, over w. There
is a sequence 6(j) — 0, such that for p-almost every x € X (with w(z) = kw +1ib as
in Remark) the following holds: for every neighbourhood U of x we have

o VU2 € Z 5 misin(U) > 0} 1 Bw, ()
o0 Y(B(w.3()))

Remark. This result almost follows directly from |41, Proposition 3.10] by consider-

= 1. (6.4.12)

ing the finitely many ergodic components of (X, y, T%). Some additional information
provided here is the fact that the sequence (6(j));en does not depend on the choice

of the ergodic component.

Proof. We consider the maps ®; : Z — (X) defined by ®;(z) = supp(nkztip), for
any z € Z and i € {0,1,2,...,k — 1}. These maps are Borel measurable as the
composition of three Borel measurable maps, z — kz +ib, z — 1, and v — supp(v)
(the latter is measurable in way of Lemma 3.8 of [41]).

Just like in the proof of Proposition 3.10 of [41], by Lusin’s theorem, for each
j € N there is a closed set Z; ; C Z with v(Z; ;) >1—277 and a §(4,5) > 0 so that
for all 21,29 € Z; 5,

Cl(zl,ZQ) < 5(Z,j) - H((I)Z‘(Zl),q)i(ZQ)) < ;
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If we consider the sets

K@j = {Z € ZZ‘J'Z I/(B(Z,(s(i,j)) N Zi,j) > <1 - ;) v (B(Z,(s(l,j))}

and let K; = Ule ﬂsz K; ; it follows by the same argument as in the proof of
Proposition 3.10 in [41] that v(K;) = 1.

Next, we let L) = {x € X : 2 € supp(nx(z))} N 7 1(kK; + ib). By the above we
see that v(kK;) = v(kZ) and since u({z € X : x € supp(ny(z))}) = 1 (see Lemma
3.9 in [41]) it follows that p;(L}) = 1. Thus, setting L' = Ly UL U--- U L) | we
have p(L') = 1.

Fix # € L', and i € {0,1,...,k — 1} so that © € L} and let U be an open
neighbourhood of x. In this case 7(z) = kw + ib, some w € Kj;, because m(x) €
kK; +ib. Now, as w € K; and U is open there is jo € N such that w € K;; and
B(z,1/j) C U, for all j > jo. We claim that

B(w, 5(1,])) N Zz',j C H:= {Z S 77kz+ib(U> > O} (6.4.13)

Indeed, let w' € B(w,d(i,7)) N Z; ;. As d(w',w) < §(i,j) and w’,w are continuity

points for ®;, we see that H(®;(w), ®;(w’)) < 1/j. Then, because x € ®;(w), there

exists 2/ € ®;(w’) with d(x,2’) < 1/j. This of course implies that 2’ € U and so

e UN®;(w). As @;(w') = supp(Nkw +ip) it follows that 1, 14(U) > 0, that is

w' € H. As w € K; j it follows from and by the construction of Z; ; that
v(H N B(w, (i, j)) 1

V(Bw,o.g)

for all 7 > jp. This then implies that

v(H N B(w, (i, 7))

lim =1.
j=oo  v(B(w, (i, j))
Setting d(j) = ming;—g 1, k1) 6(7, ), for each j € N, gives (6.4.12)). O

We are now in the position to prove the main result of this section.

Proposition 6.4.10. Let S = {(z1,72) € X x X : (71, 72) € supp(\(z,,20))} as in
(6A11). Then 0a(S) = 1.

Proof. Using Proposition above for k = ¢ and k = m, we find a sequence
5(j) = 0 and two sets L, L’ C X such that each point ' € L' satisfies ((6.4.12)
with k = ¢ and each z € L satisfies (6.4.12) with & = m. Now, u(L) = p(L') =1
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and using Lemma we see that o,(L' x L) = 1. To see this simply note that
L'x L= (L'xX)N(X x L) and m0,(L") = m0,(L) = 1. We have thus reduced
matters to showing that L' x L C S.

To this end, let (zg,z1) € L' x L and Uy, U; be neighbourhoods of xg,z1 re-
spectively. It suffices to verify that A, ,,)(U) > 0, where U = Up x U;. Writing
m(xo) = bwo + ipb and 7(x1) = mw; + i1b as in Remark we have that

)‘(930,931) = /Zn€z+€wo+iob X 77mz+mw1+i1bdu(2)

and making the change of variables z — z — wg we see that

/\(xo,m)(U) = /ZWeriob(UO) x nmz+M(w17wo)+i1b(U1)dV(z)-

Now, as xg € L' and x1 € L, there is 6 > 0 such that

v ({Z €Z: nferiob(UO) > 0} n B(w075)) §
V(B(w, ) > 5 (6.4.14)
and also
V({Z €Z: nmz+i1b(U1) > 0} ﬂB(wl,é)) > §
v(B(w1,0)) 6

But {Z €Z: 77mz+i1b(U1) > 0} - (wl - wO) = {Z €Z: nmz—‘rm(wl—wo)-i-hb(Ul) > O}
and so we get

v ({Z €Z: nmz+m(w17wo)+i1b(U1) > O} N B(w07 6))
v(B(wo, 0))

5

> —. (6.4.15)
6

Finally, we consider the set G defined by

W ={2 € Z : neztiop(Uo) > 0 and Nz m(w) —wo)+i:6(U1) > 0}

It is clear from ((6.4.14)) and (6.4.15]) that W contains at least half of the ball B(wy, 9)
and thus v(W) > 0. As for all z € W we have

Nez+igh X 77mz+m(w17wo)+i1b(U0 X Ul) >0

and v(W) > 0, it follows that A, 5,)(Uo x U1) > 0, as desired. O
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6.4.5 Proofs of correspondence principles

We move on to prove the correspondence principle-type of results stated in Lemmas
and We start with the latter as it has a slightly simpler proof.

Recall that 3 denotes the space {0, 1}Z and is endowed with the product topology
so that it is compact metrizable. We also let S: 3% — ¥ denote the shift transfor-
mation given by S(xz(n)) = x(n + 1), for any n € Z, x = (z(n))nez € X. We also
recall the statements for convenience.

Lemma 6.3.9. Let A C N and {,m € N with k = m/{. Then, there exists an
ergodic system (X x 3, u, S x S), an open set E C X, a pair of points a”,a € ¥ and
a Folner sequence ®, such that (a”,a) € gen(u, ®) and

(C+m)u(E x E) +lu(Ex X) > (20+m) ((k+1)-d(A) — k).

It also holds that A= {n € N: S"a € E} and A/({ +m) = {n € N: §™d" c E}.

Proof. Let A C N. By definition, there exists a sequence (NN;) of positive integers

such that AN N
d(4) = lim AL

1—00 Nz

We let a € ¥ = {0,1}” be the indicator of A, that is,

1 ifneAd
a(n) =
0 otherwise.

Moreover, we let a” € ¥ be defined by

a(({ +m)i) if n=/{i, some i €N
a//(n) —
1 otherwise.

If E={x € X: 2(0) =1}, we observe that E is clopen in ¥, A = {n € N: S"a € E}

and also
{(neN:S"" e By ={neN:S"mngec B} = A/({ +m).

Now let N/ = |N;/(k+1)], for all i € N, i > k + 1, and consider the sequence of
Borel probability measures (u;) on ¥ x 3 given by

N/
1 1
Wi = N Z O(Sx8)n(a” a)-

* n=1
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Letting ¢/ be a weak* accumulation point of (x;) we obtain an (S x S)-invariant

measure. It follows by definition that for all € N, i > k + 1, we have

AN[1, N/
(2 x E) Z&Sn ’][V,” (6.4.16)
Z n=1 [

For any such i we also have that

1 N; N;
(2 x E) Zasn = D bsna(BE) = Y dsnalE

z n=1 v \n=1 n=N/+1

k 1 k
+ <255 nq - TN +0N *)OO(Nl)>

(AN, Nl

=(k+1) N, — k+ 0N, 500(1) (6.4.17)

Taking limits in (6.4.17) as ¢ — oo we have, by the definition of y/, the fact that
E C X is clopen and the choice of (N;) that

W(Ex E)>(k+1)-d(A) — k. (6.4.18)

On the other hand, for any ¢ € N, ¢ > k + 1, we have that

1 Nj LVi /4]
i(E X %) Z5Sn n(E) = N Z dgnar (E) + Z dgemgn (E
Z n=1 v \n=1,n¢¢N n=1
1 N LV; /) 1 1 [Ni/(E+m)] -2
= FZ/ Z 6s(i+m)na > 1 - Z + ﬁ Zl (55(€+m)na(E)
—1- % +(k+1) 40 (£+ ”}\;ZN NILN]| 0N, —00(1), (6.4.19)

where in the inequality we used that £ +m = ¢(k + 1). Now, observe that
AN (@ +m)NA[L N = AN 1N~ [An (N (£ + m)N) 0 [1, N,
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Using this and taking limits as ¢ — co in (6.4.19) we see that

W(ExY)>1-— % +(k+1) (d(A) —1+ Hlm) =(k+1)-d(A) — k. (6.4.20)

Combining ((6.4.18)) and (6.4.20) we have that
(C+m)p (X x E)+ 0/ (ExX) > (204+m) ((k+1)-d(A) — k).

Although 4/ is not necessarily ergodic, we can use its ergodic decomposition to find

an (S x S)-ergodic component of it, call it p, such that
(L+m)u(E x E) + lu(Ex2) > (20+m) ((k+1)-d(A) — k).

We conclude as in the proof of Lemma [3.3.3 O

Lemma 6.3.8. Let A C N and ¢,m € N with k = m/{ and let ¢ = [k], the ceiling
of k. Then, there exist an ergodic system (3 x X, u, Slat1) S), an open set E C %,
a pair of points a,a’ € ¥ and a Folner sequence ®, such that (a’,a) € gen(u, ®) and

(+m)u(Sx E)+4 Zq: p(STTEXYE) > (b4m) ((k +1) - d(A) — k) +£(k+1)-d(A)+L(g—Fk).
§=0

It also holds that A = {n € N: S"a € E} and (A —j)/l+m) = {n € N :
Slatintia! ¢ EY, for each j = 0,1,...,0 +m — 1, where (A —j§)/({+m) = {n €
N:n(l+m)+je A}.

Proof. Let A C N. As before, let (N;) be a sequence of integers such that

3(4) = lim AC LN

and a € X = {0, 1}% be the indicator of A. This time we let a’ € ¥ be defined by

a'(n) =

all(k+1)yi+j) ifn=»lg+1)i+j,ieN,je{0,1,....,0k+1)—1}
1 otherwise.

Observe that o’ is well-defined because £(k+1) < {(¢+1). f E = {x € ¥: 2(0) = 1},
we observe that E is clopen in ¥, A = {n € N: §"a € E} and, since ({ + m)n =
Uk + 1)n,

{neN:sthintiy ¢ By = {n e N: §UMn+ig c B} = (A—j)/(L+m),
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for each j € {0,1,...,£+m —1}. Now let N/ = |N;/(k +1)], for all i € N and

consider the sequence of Borel probability measures (1;) on ¥ x X given by

N!
1 T
Hi = N Z 5(5(‘1+1>><S)”(a’7a)’
! n=1
if i > k+1, and let i/ be a weak* accumulation point of (u;). As before we have
that
W(ExE)>(k+1)-d(A) -k, (6.4.21)

On the other hand, for any i € N, ¢ > k£ + 1, we have that

q q N

i 1 —j
ZM(S TExX) = N Zz5s(q+1>na'(5 'E)
§=0 1 j=0n=1
Ni(g+1)

k+1
= D bsna(E) | + onsoo(1). (6.4.22)
n=1

N;

We can relate this with the density of A because

Ni(g+1)
> bsna(E)
n=1

LNi/(£(k+1)) ] £(k+1)—1 [N/ (E(k+1)) ] £(g+1)—1

= Z Z dgetarymtsg (E) + Z Z 1+ 0N, 00 (Ni)
n=1 j=0 n=1 j=L(k+1)
LNi/(E(k+1))] £4+m—1

- X X FsnresialB) + s (Ua-+ 1) = €+ 1)) + o)

N,

- q—k q—k
= dsng + Nj—— —oo(Ni) = [AN[L, Ni]| + Nj—— —00(Ni),
T;S + Niy—7 + oNimoo(Ni) = [AN [, N + Nig— + 0nicsoo (Vi)

where we have used, when convenient, the equality ¢ + m = ¢(k + 1) and the fact
that ¢ = [k] > k. Using this in (6.4.22)) and taking limits as i — oo we see that

Eq: W(STEXxY)> (k+1)-d(A) +q— k. (6.4.23)
j=0
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It follows by combining (6.4.21]) and (6.4.23)) that
q .
C+m)(SxE)+£Y p(STExD) >
=0
(C+m)((k+1)-d(A) — k) +£(k+1)-d(A) + £(q — k).

The rest of the proof follows the same arguments as the previous one. ]

6.5 Proofs of main dynamical theorems

For the proof of our main result we need a lemma that guarantees (T x T™)-generic

points, for almost all the measures A(, ,,) with prescribed first coordinate.

Lemma 6.5.1. If (X, u,T) is an ergodic system and a € gen(u, ®) for some Folner

sequence ®, then for p-almost every x1 € X we have that (a, 1) is (T* x T™)-generic

f07‘ )‘(a,m)’

Proof. The proof is an adaptation of the proof of [41, Lemma 3.12], but requires a
few adjustments which are not immediately obvious.

Using property (iii) of Proposition and Fubini’s theorem it follows that for
each one of a full measure set of points z’ € supp(u) there is a full measure set of
points z € X so that (2',2) € gen(\(y z), T!xT™, ®'), where ® = ({1,..., N}) yen.
We let (G;)32, be a dense subset of C(X x X) and for each j € N we set Gj(x,y) =

Jxxx Gi ANy As the map (z1,22) — X is continuous and (T x T™)-

1,22
invariant, it follows that each G} is continuous and) (T* x T™)-invariant.

Now, as a € gen(u, T, ®) we have that supp(y) C Or(a) C UE;EW,
where Og(a) is the (forward) orbit of a under a homeomorphism S : X — X,

{S™a: n € N}. Therefore, u(Ope(a)) > 0 and so we can choose some z’ as

above with 2’ € Ogpe(a). This allows us to find, for each k € N and N(k) € N,
an s(k) € N such that max; <, <y ||G5(T™2,-) — G; (T +s(k))g, | <27Fa
Héj(w’, ) = G(T4Wa, )H <2 % forall j <k.

Because (2/,2) is (T* xo%m)—generic for Ay o) for p-almost every z € X, we can
find for each k£ € N some N (k) € N such that

N(k)
1 In | mn ol /
Fle) = s g 2 G ) =Gl )
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satisfies || Fi[ 11, < 27%. By the choice of s(k) we have that

N(k)
5y 1 rpb(ns(k)) . mny A ls(k)
Fy(z) := 1I£chmg)(k N ;::1 G,(T a, T™"x) — G;(T*\"a,x)

satisfies HFkHLl( : < 3/2’“. Then, by the (T xT™)-invariance of @j, we can consider
n
U = {s(k)+1,...,s(k) + N(k)} and then we see that

- 1 -
k § : i
n k

and so, if we define
L ()

F(z) == 3052, Fy(x) it follows that ||F;1(,) < oo and so F is finite p-almost
everywhere. Finally, for each ;1 € X such that F(z1) < oo it must hold that
F/(xz1) — 0 as k — oo and so (a,z1) € gen()\(am),Té x T™ W). O

As p is T—invariant it follows that HFIQHLl(p) = Hﬁk‘

Combining some of the above results we can guarantee the existence of (¢, m)-
Erdés progressions via the following analogue of Proposition [3.4.3] The proof is
almost identical and so we omit it. For reference, the established properties of the

measures 0, and A, 5,) used in the proof are those in Lemmas and
Proposition [6.4.10

Proposition 6.5.2. Let (X, u,T) be an ergodic system and assume there is a con-
tinuous factor map w: X — Z to its Kronecker factor. Let a € gen(u,®), for some
Folner sequence ®. Then for o4-almost every (x1,x2) € X x X, the point (a,x1, x2)

is an (¢, m)-Erdds progression.

We are now in the position to prove all our main dynamical results. Before
presenting the proofs, we emphasise again that, according to our discussion in the
beginning of Section these theorems also imply Theorems and
respectively.

Proof of Theorem [6.4.1] Since for o,-almost every point (z1,22) € X x X the triple
(a,z1,22) is an (¢, m)-Erdés progression by Proposition we simply need to
show that 0,(X x T'E) > 0 for some ¢ € N. The latter follows directly by the fact
that w204 (Ujey T F) > 0. Indeed, as p is ergodic we have that u(,en TF) = 1
and thus, in way of Lemma we actually see that mao, (UteN T*tE) =1. O
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Remark 6.5.3. In fact one can modify the above proof to show that there exist
t1,t2 € N such that o, (E x T E) > 0 and 0,(T"2E x T~ E) > 0. These in turn

guarantee (¢, m)-Erdds progressions (a, 1, 72), (a, 2}, xh) € X3 with

(z1, T x), (T2}, T?24) € E x E
and then, Theorem can be strengthened, so that for any set A C N with
d*(A) > 0 the following hold:

(i) There exist an infinite set B C N and a shift ¢t € N such that /B C A and

{mb1+€bgt bi,by € B, by <b2}+tCA.

(ii) There exist an infinite set B C N and a shift ¢ € N such that

fBU{mb1+€b2: b1,b0 € B, b <b2}CA—t.

Proof of Theorem[6.4.4 Applying Proposition once again, we only have to
show that for some j € {1,...,0 4+ m}, 0,(F; x F;) > 0, because this would imply
the existence of x1, 72 € X so that (a,r1,22) € X3 is an (¢,m)-Erdés progression

and (z1,22) € Ej x F}j. This would follow from the inequality

0a(Ej x X) 4+ 04q(X x Fj) > 1, (6.5.1)
because

By x Fy = (B x X)N (X x F))

and o, is a probability measure. It suffices to show that (6.5.1)) has to be satisfied

with j = 1 provided that it fails for j = 2,...,¢+ m. In particular, we assume that

+m
> (0a(Bj x X) 4 0a(X x Fj)) < L+m—1,
§=2

which can be rewritten as

{+m
Z (m10q(Ej) + m04(F;)) <€ +m— 1. (6.5.2)
j=2

Under this assumption, we have to show that mo,(E1) + ma0,(F1) > 1, which by
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Lemma [6.4.7] can be rewritten as

l+m—1
moa(B) + (C+m)u(Fy) — Y Timoa(Fy) > 1. (6.5.3)
j=1

Recalling that F; = T~U~VFy, for each j = 1,...,¢ + m, we see that (6.5.3) is

equivalent to
{4+m

m10q(E1) + (0 + m)u(Fr) — Z o0 (Fj) > 1,
which by (6.5.2]) would follow from

l+m
m0q(E1) + (0 4+ m)u(F1) + Zﬂ'laa —(l+m-1)>1. (6.5.4)

Next, we note that (6.5.4]) can be rewritten as

l+m
(0 +m)u(Fy) + Z moa(Ej) > £+ m. (6.5.5)

We now recall that E; ;1) = T-'E; fori=1,....0+m—q—1,and if ¢ > m/¢
(i.e. whenever m/{ ¢ Z) we also consider auxiliary sets Epipm1,- .-, Eyg41) such
that Fj 411 = T1E;, fori=1,...,(¢ —1)(g+1). Then,

£(q+1) q+1 0—1 q+1
Z mo.(E ZZTmaa —ZZM
j=1 7j=1 =0

in accordance with Lemma [6.4.71 We also make the trivial observation that

£q+1) +m &q+1)
> moa(E Z moa(Bj) = Y moa(E;) <lq—k),
Jj=1 j=L(k+1)+1

since ¢(k + 1) = ¢ + m. Therefore, it follows that

l+m q+1
(0 4 m)pu(Fy) +Z7T1aa > (C+m)u(Fy) + 0> p(Ey) — g — k)
and so (6.5.5]) follows from (6.4.1)). O

Proof of Theorem[6.4.3 We need to find an Erdés progression of the form (a, z1, x2) €
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X3 with (21, 22) € E x F and as before, by Proposition it suffices to show that
oa(E x F) > 0. Once again, this would follow from

0a(E X X))+ 04X x F) > 1.
To this end, we simply note that

0a(E X X) 4+ 04(X X F) =moa(FE) + m0.(F)

/—1 l+m—1
= (p(E) + (L+m)u(F) =Y moa(T7E)— Y moa(T'F)
j=1 i=1

>Uu(EY+(l+m)u(F)—(¢(—-1)—(l+m—1)>1,

where the second equality follows by Lemma [6.4.7] and the strict inequality by the
assumption in (6.4.2)). This concludes the proof. O

6.6 Examples for optimality

In this short section we will show that Theorems and are optimal. That
is, the density thresholds presented in both these results cannot be improved. We

do not include the details of the proof as they are easy to fill from the examples in

Section B.5.11

Proposition 6.6.1 (cf. Proposition . Let {,m € N and k = m/{. Then,
there erxist two sets A, A" C N with d(A) = (k+1)/(k+2) =1—-1/(k+2) and
d(A") = 1—1/(l(k+1)(k+2)) such that for any infinite set B and any integer
t € N we have that {mby + by : by,bs € B and by < by} +t ¢ A and {mby + (b :
bi,bo € B and by < by} ¢ A'.

Proof of Proposition |6.6.1. The set A in the statement is defined as

A=Nn [ Jl(k+1 (k+1-1/n)- (k+1)*").
neN

It is clear by the definition of A that d(A) = dg(A), where ® = (®y) is the Fglner
sequence given by N + [1, (k41— 1/N)(k + 1)>Y) NN and one can readily check
that d(A) = (k+1)/(k + 2).

Keeping A as above we consider A’ = A U (U?iT_l(ﬁ +m)N —|—j). In other
words, A’ = AU((N\ A) \ ((¢+m)N)). Then, d(A") =1—1/(¢(k+1)(k +2)) and
there is no infinite set B C N satisfying {mb;+£€by : b1,bs € Band by < by} C A’. O
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6.7 Lower density results

We also want to briefly explore what further results we can get by considering the
input of the information provided by a set’s lower asymptotic density. The proofs
in this section are straightforward adaptations of the arguments used thus far, so
we omit repetitive details, but we include comments regarding all the non-obvious
changes in the argumentation.

A possibility to capture this new input — one that has been tried and found
to be fruitful in [40] — is to replace , which appears in both correspondence

principles in Lemmas and by the always true inequality ¢/ (X x E) > d(A).
To see this recall that i is defined as a weak™ limit of the sequence of measures (11;)

and take the liminf as i — oo in (6.4.16]). Making this simple change in the proofs

of the correspondence principles we recover the following results.

Lemma 6.7.1. Let A C N and ¢,m € N with k = m/{ and let ¢ = [k], the ceiling
of k. Then, there ezist an ergodic system (X X X, i, Slat1) S), an open set E C X,
a pair of points a,a’ € ¥ and a Folner sequence ®, such that (a’,a) € gen(u, ®) and
q . —
(L+m)n(X x E) +€Z,u(S*3E XxX)>U+m)-d(A)+Ll(k+1)-d(A) + £(q— k).
§=0

It also holds that A = {n € N : S"a € E} and (A—j)/l+m) = {n € N :
Slathintia/ ¢ EY, for each j = 0,1,...,0 +m — 1, where (A —j)/({+m) = {n €
N:n(l+m)+je A}.

Lemma 6.7.2. Let A C N and ¢,m € N with k = m/{. Then, there exists an
ergodic system (X x 3, u, S x S), an open set E C X, a pair of points a”,a € ¥ and
a Folner sequence ®, such that (a”,a) € gen(u, ®) and

(L+m)u(S x E) +lu(ExX) > (0+m)-d(A) + £ ((k+1)-d(4) — k).

It also holds that A= {n € N: S"a € E} and A/({+m) ={n € N:S"d" ¢ E}.

Now that we have these additional correspondence principles we may expand on
the arguments presented in Section [6.3.2} using Theorems [6.3.6] [6.3.7] and Proposi-
tion to get the following combinatorial result.

Theorem 6.7.3. Let ACN and £,m € N.

1. If d(A) +d(A) > 1, there is an infinite set B C N and some t € {0,1,...,0+
m — 1} such that {mby + £by: by, by € B, by <bs} +t C A.
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2. If d(A) + d(A) > 2 — 1/(¢ + m), there is an infinite set B C N such that
{mb1 4+ £lby: b1,by € B, b1 < bg} C A.

We have the following immediate corollary of Theorem [6.7.3
Corollary 6.7.4. Let AC N and ¢,m € N.

1. Ifd(A) > 1/2, there is an infinite set B C N and somet € {0,1,...,0+m—1}
such that {mb1 + lby: b1,bo € B, b1 < bg} +t C A

2. If d(A) > 1 —1/(2(¢ +m)), there is an infinite set B C N such that {mb; +
0by: bi,bs € B, by < b2} C A.

Remark. Compare this result with the upper density analogues in Theorems
and [6.2.2] In particular, the threshold values for upper density depend on the
parameters m and ¢ involved in the sumsets. It is surprising that this is no longer
the case for threshold values of lower density, at least in the case of shifted sumsets.
Of course, some kind of dependence in the case of unshifted patterns is enforced by
the fact that infinite sumsets mB + ¢B essentially “live” in (m+ /)N, as was utilised

in the proof of Proposition [6.3.5

We will conclude this discussion by explaining how Corollary (and thus
Theorem too) is also optimal.

Proposition 6.7.5. Let ¢{,m € N. There exist two sets A, A’ C N with d(A) =1/2
and d(A") =1—1/(2(£+m)) such that for any infinite set B and any integer t € N
we have that {mby + £by : b1,ba € B and by < bs} +t ¢ A and {mby + lby : by, by €
B andby <by} ¢ A.

Proof of Proposition[6.7.5, Once again, the details of the proof are easily filled fol-
lowing the examples of Section Let k = m/¢ and Ay, A2 be the subsets of N
defined by
Ay =Nn [+ 1>, (k+1=1/n)- (k+1)*")
neN

and

Ay =Nn [ J[(k+1+41/n) - (k+1)>", (k+ 1)),
neN

Observe that the set
N\ (AUAdy) =Nn [ J [(k+1=1/n)- (k+ 1> (k+1+1/n) (k+1)*]

neN
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has zero density. The set A C N is defined by
A=(A1N2N)U (A2 N (2N +1)).
Keeping A; and A, as they were defined above, A’ C N is defined by
A= A1\ QU +m)N)U (A2 \ 2(( + m)N + (£ +m))).

O]

Remark 6.7.6. We stress that for both sets A, A’ above we actually have that their
natural densities are realised. This was to be expected because of Theorem [6.7.3

See also the discussion in the last paragraph of Section [3.5.1

6.8 Remarks and questions about further extensions

A significant part of this work was focused on extensions of Theorem [I.2.1]by relaxing
the restrictions imposed on the sumsets involved. In short, we managed to provide
complete characterisation for the existence of the patterns {mb; + fbs : by, by €
B and by < by} for infinite B C N in shifts of a set A C N, based on the values for
the upper and lower asymptotic densities of A.

Another direction could be to consider patterns of the form {mb; 4 ¢bs : by, bs €
B and b; # be}. We recall Remark according to which an assumption of
positive upper density is not sufficient to find shifts of such infinite sumsets in a
subset of the integers (unless, of course, £ = m). A natural question, then, is if this
problem has a ‘density solution’. We present two related constructions and then

state the question precisely.

Proposition 6.8.1. Let {,m € N be distinct with £ > m. There exist two sets
A A" C N with d(A) = £/({ +m) and d(A") = 1 — m/(£ + m)? such that for any
infinite set B C N and any t € N we have {mby+£bs : b1,by € B and by # by} ¢ A—t
and {mby + by : b1,bs € B and by £ by} ¢ A’.

Remark 6.8.2. It may be interesting to compare these bounds with the optimal
bounds established for the sumsets {mbj +¢bs: b1,by € B, and b; < by} in Theorems
and Proposition In particular, by assumption we have that k =
m/¢ < 1 and then ¢/(¢ +m) = 1/(k + 1), and this is greater than (k+1)/(k + 2),
whenever k(k+1) < 1. Also, 1—m/(£+m)? is greater than 1—1/(£(k+1)(k+2)) =
1—1/((¢+ m)(k + 2)), again, precisely when k(k + 1) < 1.
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The surprising fact that springs from this observation is the following; Say,
without loss of generality, that £ > m. Then, the largest bounds (we can find)
for the value of upper density for a set that doesn’t contain sumsets of the form
{mby + lba: by,by € B, and by # by} are greater than the optimal bounds for a
set that doesn’t contain sumsets {mb; + ¢bo: b1,by € B, and b; < by} whenever
¢/m = 1/k is greater than the Golden ratio! The relation between the bounds is
reversed if £/m = 1/k is less than the Golden ratio and the same comparisons hold
for unshifted patterns.

We can also compare the bounds of Proposition with the ones from the
aforementioned results, for the sumsets {¢b; + mba: b1,be € B and by < by}. In this
case, the comparison is not nearly as mystical, for the latter sumsets cannot be found
in sets of upper density up to (k~' +1)/(k~'+2)and 1 — 1/(m(k~' +1)(k~' +2)),
for the cases of shift and no shift, respectively. But both of these are larger than
the respective bounds from Proposition ie. £/(4+m)and 1 —m/(+m)2

Proof of Proposition[6.8.1. The details of the proof are once again omitted to ease
exposition.

The set A C N satisfying the assumptions of the statement is defined by

A=Nn [ Jl@/m)*, (t/m—1/n)- (£/m)*").

neN
The set A’ C N is defined by

l+m—1
A=Aaul | (t+m)N+j
j=1

Remark. Observe that the set A C N above is thick and as such d*(A) = 1.

Despite the urge to make a conjecture, due to limited dynamical as well as
combinatorial evidence — apart from the very interesting Remark [6.8.2] which hints
that the bounds of Proposition [6.8.1) may not be unrelated to the optimal bounds —

we constrain ourselves to asking the following question.

Question 6.8.3. Let £,m € N be distinct with £ > m and let A C N.

(i) If d(A) > £/(£ + m), does there exist an infinite set B C N and some t € N
such that {mbl + £by : b1,by € B and by 75 bz} +tC A?
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(i) If d(A) > 1 — m/(¢ +m)?, does there exist an infinite set B C N such that
{mb1 + by : b1,by € B and by 7& bz} C A?

With the sets constructed in Proposition [6.8.1] as a basis, we can recover the

following result.

Proposition 6.8.4. Let {,m € N be distinct with £ > m. There exist two sets
A A" C N with d(A) =1/2 and d(A”) =1 —1/(2(£ + m)) such that for any infinite
set B and any integert € N we have that {mby+£€ba : b1,ba € B and by # ba}+t ¢ A
and {mby + by : b1,ba € B and by # by} ¢ A'.

Proof. Let A1, Ao C N be defined by

Av=Nn (J[(e/m)*, (¢/m —1/n) - (£/m)*")

neN
and
Ay =N J(€/m 4 1/n) - (¢/m)", (¢/m)*"+D),
neN
Then, the claimed properties are satisfied by the sets A = (A1 N2N)U(A2N(2N+1))
and A" = (A1 \ 2+ m)N) U (A2 \ (2(¢ + m)N + (£ +m))). O

Therefore, we also ask the following.

Question 6.8.5. Let £,m € N be distinct and let A C N.

(i) If d(A) > 1/2, does there exist an infinite set B C N and some ¢ € N such that
{mb1 + by : b1,bs € B and by # bg} +tC A?

(ii) If d(A) > 1 —1/(2(¢£ + m)), does there exist an infinite set B C N such that
{mbl + by : b1,by € B and by 7& bQ} c A?

Provided Question has a positive answer one should also inquire about the
completely unrestricted problem, that is, the existence of infinite sumsets mB+{B =
{mby + by : by,be € B}. To this end, we ask two more questions after making an

observation which follows from current results.

Proposition 6.8.6. Let {,m € N be distinct with m > ¢ and let k = m/L.
Then, there exist sets A, A" C N with d(A) = (k+ 1)/(k + 2) and d(A") = 1 —
1/ (6(k + 1)(k + 2)) such that for any infinite set B and any integer t € N we have
that {mby + lby : b1, by € B} +t ¢ A and {mby + lby : by,by € B} ¢ A’.

Proof. All we need to observe is that both sumsets {mb; + ¢by : b1,bs € B and by <
bo} and {€by+mby : b1,by € B and by < by} are contained in {mby+£by : by, by € B},
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for any B C N, and so we can reduce to Proposition [6.6.1] Indeed, if a set fails to
contain either of the former sumsets, then it will also fail to contain {mb; + by :
b1,by € B and by < be}. Now, as k > 1, we have that

max{(k+1)/(k+2), '+ 1)/ +2)} = (k+1)/(k +2),

and so it follows by Proposition that there exists a set A C N with d(4) =
(k+ 1)/(k + 2) and such that for any infinite B C N and t € N we have that
{mby + lby : b1,bo € B and by < by} +t ¢ A. In particular, it follows that
{mby + ¢by : by,by € B} ¢ A —t. The existence of A’ is proved following the exact
same argument and using the set A’ provided by Proposition [6.6.1} O

Repeating the same observation for values of lower density and Proposition [6.7.5

we have the following proposition.

Proposition 6.8.7. Let ¢{,m € N. There exist two sets A, A’ C N with d(A) =1/2
and d(A") =1—1/(2(£+m)) such that for any infinite set B and any integer t € N
we have that {mby + Lby : by, by € B} ¢ A —t and {mby + Lby : by, by € B} ¢ A'.

It would not be surprising if either of the next questions had a negative answer
(particularly Question[6.8.8]), but apart from our inability to improve on the previous

constructions there is no evidence suggesting the opposite.

Question 6.8.8. Let £,m € N be distinct with m > ¢ and let k = m/{. Let also
ACN.

(i) If d(A) > (k +1)/(k + 2), does there exist an infinite set B C N and some
t € N such that {mb; + ¢by : b1,by € B} +t C A?

(ii) If d(A) > 1 —1/(¢(k+ 1)(k +2)), does there exist an infinite set B C N such
that {mby + fby : by, by € B} C A?

Question 6.8.9. Let ¢/,m € N be distinct and A C N.

(i) If d(A) > 1/2 does there exist an infinite set B C N and some ¢ € N such that
{mb1 + by : by, by € B}—I—t C A?

(ii) If d(A) > 1 —1/(2(¢£ + m)) does there exist an infinite set B C N such that
{mb1 + by : by, by € B} C A?

As the above exposition on unrestricted sumsets mB + ¢B focused on the case of
distinct ¢ and m, we want to highlight that, since {mb; + mby: b1,by € B and by <

ba} = mB+mB, the special unrestricted sumsets of the form mB +mB are already

141



covered in Theorems [1.3.7} [6.2.2] Corollary [6.7.4] and Propositions [6.6.1], In

particular, for some A C N and m € N we have the following implications, all of

which are optimal.

(i) If d(A) > 2/3, there exist some infinite set B C N and some ¢ € {0,1,...,2m —
1} such that mB + mB +t C A.

(i) If d(A) > 1 — 1/(6m), there exists some infinite set B C N such that mB +
mB C A.

(iii) If d(A) > 1/2, there exist some infinite set B C N and some ¢t € {0,1,...,2m—
1} such that mB +mB +t C A.

(iv) If d(A) > 1 — 1/(4m), there exists some infinite set B C N such that mB +
mB C A.

We note that the bound in (i) does not depend on m, because the optimal
bound established in Theorem _ 1.3.7| explicitly depends only on the ratio k = m/¢,
which in this case is always 1. This suggests that perhaps (i) above already follows
from Theorem [[.3.2] and this is indeed the case. The proof of this fact is not very
complicated, but serves no other purpose as to be included here. Similarly, using
Theorem one can prove that for any set A C N with d(A) > 5/6, there exists
B C N infinite and some t € {0,1,...,m — 1} such that mB + mB +t C A — note
the difference for the range of the shift — but of course, density larger than 5/6 is no
longer sufficient for us to remove potential shifts, as the bounds in part (i) above
are optimal.

We finish with a proof of the last claim, showing that the range of shifts can be

shortened. Observe that the set A C N can be written as the disjoint union

A=m(A/m)U (m((A=1)/m)+1)U---U(m((A - (m—1))/m)+(m—1)),

where (A—i)/m ={n € N:nm+i € A} and then m((A—1i)/m)+i = AN (mN+1),
for each i € {0,1,...,m — 1}. Moreover, m - d(m((A — i)/m)) < d((A — i)/m).

Hence,
m—1 m—1

—1i)/m)) —1i)/m).

1=0 1=0
As d(A) > 5/6, the previous implies that d((4 — i)/m) > 5/6 for some i €
{0,1,...,m — 1}. Then, by Theorem there exists an infinite set B C N
such that B+ B C (A — i)/m, which means that m(B + B) +i C A, and i €

{0,1,...,m—1}.

1
m
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We conclude with some related conjectures in view of the results presented in
this chapter as well as those of Chapter [ and particularly Theorem [1.3.3] The
bounds of the first one are suggested by Theorem m The (conceived proof of
the) third one seems to be dependant on (the conceived proof of the) second one,
and the details in the statements of the last two are slightly more speculative at the
moment, although most likely correct.

For simplicity, we fix ¢, m € Nsuch that k = m/¢ € N. Note that ¢(k+1) = m+~.
We expect similar results to hold in the case that m/¢ ¢ N, by replacing this quantity

with its ceiling (as was done in this chapter).

Conjecture 6.8.10. Let A C N be a set, ® = (Py)nen be a Folner sequence in N,
and ®/(k+1) = (Pn/(k+1))ven, where Py /(k+1)={neN:n-(k+1) € dy}.
Then, the following hold:

(i) de(A)+ de@41)(A) > 1, there exists an infinite set B C N and some integer
0<t<{l+m-—1 such that {mby + by : b1,bs € B, by < by} +t C A.

(ii) If de(A)+ de/we)(A4) >2— ﬁ, there exists an infinite set B = {b, : n €
N} C N such that {mb; + ¢b; : i < j} C A.

(i) If de(AN(m+L0)G)+ do/gg1)(AN(Mm+0)G) > ﬁ, there exists an infinite

set B = {by : n € N} C N such that {mb; + ¢b; : i < j} C A.

Indeed, following an argument similar to the proof of Proposition [5.3.1] state-
ments (4), (i) and (i) of Conjecture[6.8.10]should be equivalent. Then, its validity
should follow from Theorem [6.3.7] via a correspondence principle that strengthens
Lemma [6.3.9, analogous to Lemma used in Chapter [l The precise details of
this last step are not immediately obvious and should be checked.

For a countable abelian group G, we let Dy, : G — G denote the map g
(m+4£)g, and we also let s = [G : (m + £)G] and r = | ker(Dy,,)|.

Conjecture 6.8.11. Let (G,+) be a countable abelian group with s < oo. Let
A C G such that d*(A) > 0. Then, there exist an infinite set B = {b, : n € N} C G
and some t € G such that t + {mb; + £b; : i < j} C A.

Conjecture [6.8.11| should hold more generally for all countable amenable groups
that are (m + £)-absolutely continuous (which has the obvious meaning according
to [11, Definition 1.4]) and any set A C G which has positive upper density with
respect to some left Folner sequence (see [11, Definition 1.3]).

We also believe the following extension of Theorem to be true and the

conjectured bounds to be optimal in the sense of Theorem [1.3.5
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Conjecture 6.8.12. Let (G, +) be a countable abelian group with s < co andr < oo.
Let A C G and ® be any Folner sequence in G. Pass to a subsequence of ® if

necessary so that the densities exist. Then the following hold:

(1) If de(A) + dojr41)(A) > 1, there exist an infinite set B = {b, : n € N} C G
and some t € G such that {mb; + ¢bj : i < j} +t C A.

(2) If do(A)+ dgjpi1)(A) > 221, there exists an infinite set B = {b, : n € N} C
G such that {mb; + (b; : i < j} C A.

(3) If de(AN(m+£)G)+ dojrs1)(AN(M+0)G) > 1. there exists an infinite set
B = {b, : n € N} C G such that {mb; + ¢b; : i < j} C A.
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Chapter 7

Density analogues of Hindman’s

finite sums theorem

7.1 Overview

This chapter is based on the results of [24] and it concerns density analogues of
Hindman’s finite sums theorem. Our starting point and motivation is the main
result of [45] which is a truncated density version of Hindman'’s finite sums theorem.

For any set A of natural numbers with positive upper Banach density, we show
the existence of an infinite set B and sequences (t)ken, (Sk)ken of natural num-
bers such that {Znan :FCB+sp,1<|F| < k:} + tp, C A, for every k € N.
This strengthens the aforementioned density finite sums theorem of Kra, Moreira,
Richter, and Robertson [45].

We further show, given such a set A, the existence of an infinite set B and a
sequence (tj,)gen of natural numbers such that {3, cpn: F C B,|F| =k} +t, C A,
for every k € N. As a corollary, we obtain a sequence (B, )nen of infinite sets of
natural numbers such that B1+---+ By C A, for every k € N. We also establish the
optimality of our main theorems by providing counterexamples to potential further
generalizations, and thereby addressing questions of the aforementioned authors.

Finally, it is noteworthy that, in the context of density analogues to Hindman’s
finite sums theorem, the results of this chapter are the first — and as of now, only —
ones to guarantee sumsets with an unbounded number of summands generated by

a fixed infinite set, contained in sets of positive density.
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7.2 Introduction

7.2.1 Main results

In 1974, Hindman [26] proved the celebrated finite sums theorem, showing that for
any finite partition of the natural numbers, N = C; U Cy U - - - U C}, there exists an
infinite set B C N such that

{Zn:FCB,lS\F!<oo}CCi, for some i =1,...,k. (7.2.1)
nel

Erd6s [14, |16] was interested in extending Hindman’s result to a density analogue,
namely by finding infinite sumset patterns similar to those in , in any set
A C N whose upper (Banach) density is positive. Obvious parity obstructions and a
construction of Straus (recall our discussion in Section rendered unclear what
could potentially be a density analogue of Hindman’s theorem.

A series of breakthroughs in the last decade revealed that infinite sumset patterns
of increasing complexities can be found in sets of positive density. These results
verified conjectures predicted by Erd6s and gave rise to further natural questions and
conjectures (most of which were formulated in [44]). In particular, using structure
theory of multiple ergodic averages, Kra, Moreira, Richter and Roberson proved a

truncated density version of Hindman’s theorem, which we recall for convenience.

Theorem D] Let A C N be a set with d*(A) > 0. Then, for every k € N, there
exists an infinite set By C N and an integer t;, > 0 such that

{Zn: F C By, wz’th1§|F|§k}+tkCA.
nekF

Again, Straus’s example shows that one cannot choose the set By and the shift
t independently of k. However, the same authors asked if a sequence of shifts to
the dense sets would allow for an unbounded number of summands generated by a

fixed infinite set.

Question 7.2.1 ([44, Question 2.11]). Let A C N be a set with d*(A) > 0. Does
there exist an infinite set B C N and a sequence of shifts (¢x)ren C N such that

{Zn: FCBWith1§|F\§k}+tkCA, for every k € N 7
nekF
We answer Question in the negative (see Proposition [7.3.2)) by constructing

a set of density arbitrarily close to 1 for which even a weaker version of the conclusion
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fails. However, our main results, Theorems [1.2.3] and [T.2.4], extend Theorem [D] in

two different directions, achieving in each case a certain degree of independence

between the infinite set B and the number of summands k € N.

Theorem Let A C N be a set with d*(A) > 0 and £ > 0 an integer. Then,
there exist an infinite set By C N and a sequence (ty¢)ren C N, such that

{Zn: F C By with k < |F)| §k+€}+tkngA, for every k € N.
neF

In Section we show that Theorem [1.2.3| is optimal in the sense that one
cannot choose the set By independently of ¢. We also show that the sequence of
shifts (tx)ken cannot, in general, be bounded. Moreover, by the proof of Theorem
we can choose the sequence (t;¢)ren to be increasing.

Theorem Let A C N be a set with d*(A) > 0. Then, there exist an infinite
set B and sequences (sk)keny C N, (tx)ken such that

{Zn: FCB+ sk with1§|F|§k}+tkCA, for every k € N.
neF

Letting By, = B + si, for every £k € N, we immediately see how this im-
plies Theorem [D} Our construction in Section shows that the shift sequences
(tk)ken, (Sk)ken are needed, as well as the necessity of them being unbounded. The
second auxiliary sequence in Theorem [1.2.4] as opposed to only shifting the set of
positive density, is natural in view of the construction that addresses Question [7.2.1]
Furthermore, we prove a combination of the conclusions of Theorems and
(see Proposition for more details).

The main result of [43] shows that for any k& € N, any set of positive density
contains a sumset of the form By + --- + B}, where Bi,..., B, are infinite. As a
corollary of our main theorems (see Section , we strengthen this by removing
the dependence of the infinite sets on k. This positively answers [43, Question 8.1]

and verifies [44, Conjecture 2.10].

Corollary Let A C N be a set with d*(A) > 0. Then, there exists an infinite

sequence (Bp)nen of infinite sets of natural numbers such that

By +By+---+ By C A, for every k € N.
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7.2.2 Dynamical reformulation and key ingredients

In this section, we summarize our approach to prove Theorem [1.2.3] and Theorem
highlighting the new tools developed to address them. We make use of notation
and terminology that is defined in Chapter

Inspired by the aforementioned literature [22, 30, 41, 43, 45|, after using Fursten-
berg’s correspondence principle, we reinterpret the combinatorial statements into an
ergodic language. Concerning Theorem the dynamical result that implies it

is the following.

Theorem 7.2.2. Let (X, u,T) be an ergodic measure-preserving system with a point
a € X such that p (m) = 1. Let also £ > 0 be fized and E C X be an
open set with u(E) > 0. Then, there exist an infinite set B C N and sequence
(tx)ken C N such that

Ttbittbi)g ¢ B, (7.2.2)

forallk e N, allk <i<k+{, and b1,be,...,b; distinct elements in B.

To prove a similar dynamical statement, the authors of [45] introduce a family
of measures on finite product spaces, which they call progressive measures (see
Definition . The positivity of finite cartesian products of open sets with respect
to such measures is used to recover Theorem [D] However, since we are looking for
sumset patterns with an unbounded number of summands, we need to deal with
infinite cartesian products of open sets and in general, these sets have zero measure
with respect to any useful measure.

We then first adapt the definition of progressive measures to measures on X0
and build one, denoted by o € (XN0), by lifting a natural measure £ on Z. | where
(Zoo,m, T) is the infinite-step pronilfactor. This is a natural approach, and it turns
out that the marginals of this measure ¢ in the first k¥ 4+ 1 coordinates do not
necessarily coincide with the measures constructed in [45] by lifting measures from
the k-step pronilfactor Z;_; (see Appendix [B| for relevant examples). One can
actually recover the proof of Theorem [D] by considering o lifted from Z,, but for
this result the original measures of [45] give an optimal control.

Another obstacle is that we cannot obtain our main results from statements
about convergence of orbits in dynamical systems. In previous works, the intro-
duction of Erdds progressions (see [45, Definition 2.1]) was critical for obtaining
sumset-type configurations; see, for instance, |2, |3, 10, (L1}, 38, 140l 43, 45 49]. In
contrast, the use of Erdds progressions could only lead to weaker versions of Theo-

rems [1.2.3] and [1.2.4], in particular versions with nested infinite sets, as we explain
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in Proposition (see also the remark following this proposition). Instead, ex-
panding on the ideas already present in [22], we construct the sumsets inductively,
using properties of the measure o.

For the following discussion and to illustrate the properties of o, fix k = 4, and
denote by o4 the projection on the first 5 coordinates. We use that the first marginal
of ¢ is the Dirac mass of the predetermined point ¢ € X in Theorem and the

following;:

1. An initialization property; for an open set E C X, if u(FE) > 0, then
oA X XTH'EXT'EXT'ExTE) >0,

for some ¢t € N (see Proposition [7.6.1)).
2. Left-progressiveness (see Definition [7.5.2)); if Uy, Uy, Us C X are open sets and
04(X x Uy x Uy x Ug x X) > 0, then

O’4(T_nU1 X (Ul ﬁT_nUQ) X (UQ ﬂT_nUg) x Usg x X) > 0,

for infinitely many n € N.

3. Right-progressiveness (see Definition [7.5.2)); if Uy, Us,Us C X are open sets
and O’4(X x Up x Uy x U3 X X) > O, then

U4(X x Uy % (UQ ﬁT_nUl) X (Ug ﬂT_nUQ) ﬂT_nUg) > 0,

for infinitely many n € N.

The first two properties were already exploited in |45, where the second was called
progressiveness. This notion is not sufficient for our purposes, and we refer to it as
left-progressiveness, because we need to exploit its symmetrical version described
in It is this last property that enables us to enlarge the distance to the first
coordinate, which ultimately allows us to increase the number of summands in the
sumsets of Theorem [7.2.21

To put things into perspective, for an open set £ C X with o4(X%2x Ex X?) > 0,

a first application of left-progressiveness allows us to find b; € N such that

o X XTMEXExXxX)>0, (7.2.3)
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and with a second application of the same property, we find b2 > b; such that
oo(T~ O+ B (T*”IE N T*b2E> X Ex X x X)>0.

Since the first marginal of o is d,, we get that T"*%2q € E. Continuing this
process, we get a sumset {b; + b; : b;,b; € B distinct} inside the set of return times

{n € N:T"a € E} of a to E. However, if we apply right-progressiveness beforehand
in (7.2.3)), we find ¢t € N such that

(X xTMEX (ENT 72 E)x T7'E x X) > 0.

In particular, o4(X x X x T""E x E x X) > 0 where E = T~'F and b; € N is the
same as in . Therefore applying left-progressiveness multiple times as before,
we find that not only {b; + b; : b;,b; € B distinct} is in the set {n € N: T"a € E},
but also t + {b; + bj + by, : b;, bj, by, € B distinct}.

The previous discussion gives a sense of how to obtain Theorem (and
therefore Theorem from the initialization property, left-progressiveness, and
right-progressiveness. Nevertheless, when it comes to Theorem this method

is insufficient. The dynamical reformulation of this theorem is the following.

Theorem 7.2.3. Let (X, u,T) be an ergodic measure-preserving system with a point
a € X such that p (M) = 1. Let also E C X be an open set with u(E) >
0. Then, there exist an infinite set B C N and sequences (si)ken, (tk)ren C N such
that

TtetisiTbi+bi)y ¢ | (7.2.4)

forallk €N, all1 <i <k, and by,ba,...,b; distinct elements in B.

In order to prove Theorem [7.2.3] we need to use an additional property of our
measure o € (X°) which we term multiple right-progressiveness. This notion is
derived from appropriated double ergodic averages. To prove it, we first show an
analogue of Furstenberg’s multiple recurrence theorem and then that for these re-
lated ergodic averages, the infinite-step pronilfactor is characteristic; the details can
be found in Section

We refer to Definition for more details, but when, for instance, k = 4,
multiple right-progressiveness implies that for open sets Uy, Us C X, if

(T4()(><U1><U2><_Xv><_X)>O7
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then there are ¢, s € N such that
o(X x UL x (UpNT~ U ) 5 (T~ UpnT =290 ) (T~ 2 Upn =390 )) > 0.

This property recovers both right-progressiveness and the initialization property
(see Remark . Multiple right-progressiveness not only serves to translate sets
to the right, but it also allows us to consider an increasing number of patterns
with increasing length, by paying the cost of adding an extra shift s € N, which

corresponds to the second shift appearing in Theorem [1.2.4]

7.2.3 Other directions

Given an infinite sequence (Bj)nen of infinite sets of natural numbers, and o =

{a1,...,ax} C N, some finite subset of N, we write

By=)» Bi=DBs + -+ Ba,.

1€Q
In this notation, Corollary can be rewritten as follows:

Corollary Let A C N be a set with d*(A) > 0. Then, there exists an infinite
sequence (Bp)nen of infinite sets of natural numbers such that B,y C A, for every
alk) ={1,...,k} CN, for every k € N.

Indeed, it follows from the proof of Corollary from Theorem m (given at
the end of Section that for any £ € N, we could use the family of finite subsets
of N given by {a(k) = {¢+1,...,0+ k} : k € N} in place of {a(k) = {1,...,k} :
k € N} and the result would still hold.

A natural question that follows from these observations is what other families of
finite sets can be used as indices for an extension of Corollary to hold.

Problem 7.2.4. Describe all the families of finite subsets of N, {a(k) : k € N}, for
which the following holds:

Let A C N be a set with d*(A) > 0. Then, there exists an infinite sequence
(Bn)nen of infinite sets of natural numbers such that Byyy C A, for every k € N.

Note that some restrictions have to be placed on the family {a(k) : £ € N} for
such a result to hold. For example, if {a(k) : k& € N} is the family of all subsets of
N of cardinality m, for some m € N, then the conclusion of Problem forces A
to be an IP-set (see Remark for the definition).
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Given that our approach deduces Corollary from Theorem [I.2.3] (or The-
orem [1.2.4)) it makes sense to ask for extensions of these results in the direction of
Problem For simplicity, we make this precise only for Theorem [1.2.3

Problem 7.2.5. Describe all the families of finite subsets of N, {a(k) : k € N}, for
which the following holds:

Let A C N be a set with d*(A) > 0. Then, there exist an infinite set B C N and
a sequence (tg)keny C N, such that

{Zn: F C B with |F| Eoz(k:)}—l—tkCA, for every k € N.
ner

Another direction of inquiry is related to extending our results in more general
countable abelian group settings. We state a question that aims to extend Theorem
[1.2.3] for £ = 0 to initiate this discussion.

Problem 7.2.6. Suppose (G,+) is a countably infinite abelian group, such that
[G : kG| < o0, for every k € N. Does the following hold?

Let A C G be a set with d*(G) > 0. Then, there exist an infinite set B C G and
a sequence (tg)keny C G, such that

{Zn: F C B with |F|:k:}+tkCA, for every k € N.
nelr

The assumption that [G : kG] < oo for all & € N seems necessary in view
of the extension of Straus’s example in abelian groups due to Ackelsberg [1], that
was discussed in Chapter 4l Indeed, as explained in [3],the counterexample to [3,
Proposition 1.12] can be extended directly to k-fold sumsets. Since the conclusion
of Problem [7.2.6] gives, in particular, k-fold sumsets for every k € N in every set of
positive density, this forces the assumption that [G : kG] < oo for all k € N.

In analogy to how Theorem [1.2.3| generalizes Theorem |[D| Problem aims to
generalize the conjectured analogue of Theorem [D] to abelian groups, which is still

open.

Conjecture 7.2.7 (cf. [3, Conjecture 1.13]). Let k € N. Let (G,+) be a countably
infinite abelian group such that [G : k!G] < oo. If A C G has positive upper Banach
density, there exists an infinite set B C G and some t € G such that

{Zn:FCBwithlg\F\gk}+tCA.
nekF
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The main stumbling blocks towards a proof of Conjecture [7.2.7] and hence,
towards an answer to Problem also, are laid out in [3| Section 1], right after
its formulation. Essentially, the structure theory of Host and Kra as well as key
equidistribution results for orbits in nilsystems, are both unavailable for G-systems
of arbitrarily high order, when G is an infinitely generated abelian group.

We conclude with a problem that seems to be within reach with current methods.
In analogy to how Theorem m generalizes Theorem Herndndez in [22] char-
acterized all the integer weighted sumsets for which Theorem [D] still holds. More

precisely:

Theorem 7.2.8 (cf. |22, Theorem 1.3]). Let d,k,r € N and A C N with d*(A) > 0.
There exists an infinite set B C N and some t € Ny such that

{k‘b1+w1b2+---+wdbd+1 2b1,...,bq+1 € B and by >bQ>-">bd+1},

for allwy,...;wg € {—r,...,r} and k # — j: w;, for all j € {1,...,d}.
=1

Restricting, once again for simplicity, to the statement of Theorem [1.2.3] one
may wish to find a weighted version, paralleling the relationship between Theorem
and Theorem [7.2.8] However, a direct analogue of Theorem [7.2.§] fails even when
¢ =0.

Proposition 7.2.9. For every ¢ > 0, there exists a set A C N with d*(A) > 1 —¢,

and such that for any infinite set B C N and sequence of shifts (tx)ken, it does not
hold that

k
{b1+ijbj:bl,...,bk€B and by > --- > by andwl,...,wk6{1,2}}+tkCA.
j=2

Proof. The set A defined in (7.3.1)) works and this can be shown using a similar

argument as in the proof of Proposition [7.3.2 O

In view of Proposition [7.2.9] we ask the following question, which should be
viewed as a first step towards the open-ended problem of finding the correct weighted
versions of Theorems [[.2.3] and [[.2.4

Question 7.2.10. Let r € N be given. Is it true that for any A C N with d*(A) > 0,
and any sequence (wg)ren C {1,...,7}, there exists an infinite set B C N and
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sequence (tx)ren (which are allowed to depend on (wy)) such that

k
{ijbj:bl,...,bkeBandb1>--->bk }+tkcA?
j=1

7.3 Negative results and optimality of the main theo-

rems

In [44], several possible results serving the purpose of a potential analogue to Hind-
man’s finite sums theorem were conjectured or asked. We begin with a weaker
version of Question [7.2.1] stated in the introduction.

Question 7.3.1 (|44, Question 2.12]). Let A C N with d*(A) > 0. Does there exist
a nested sequence of infinite sets By D By D B3 D ..., where By is cofinite in By
for each k € N, and a sequence of shifts (¢x)ren such that, for any k£ € N it holds
that
{Zn:FCBkwith1§|F|gk}thkCA?
neF

Note that a positive answer to Question would clearly imply a positive
answer to Question [7.3.1] But one could — ostensibly — weaken these statements
even further and in the setting of Question [7.3.1] simply ask for a nested sequence
of infinite sets B D By D B3 D ..., without demanding they be cofinite in B;. We
remark that in fact this last statement is equivalent to that of Question and
a proof of this equivalence is included in Proposition below. The next result,
which follows by a modification of Straus’s example mentioned in the introduction,

disproves this statement.

Proposition 7.3.2. Given any € > 0 there exists a set A C N with d*(A) >1—¢
such that for any sequence (k;)icn, for any nested sequence By D Ba D ..., of infinite

sets, and any sequence (t;)ien, it does not hold that

{Zn:FCBi withki§|F|§k:¢+i}+tiCA, for every i € N,
nekl

Before proving Proposition we list some consequences.

Remark 7.3.3. The set A C N provided by Proposition [7.3.2]is such that:

1. Taking k; = 1 for each ¢ € N, then for any nested sequence By D By D B3y D
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..., of infinite sets and any sequence of shifts (¢;)ren, it does not hold that

{Zn:FCBkwithlg]F!gk}—i—tkCA, for every k € N.
ner

In view of the discussion prior to the statement of Proposition this
answers Questions and Note that it also shows the necessity of the
auxiliary shift-sequence (si)ren in the statement of Theorem m

2. If we let k; = i for each ¢ € N, then for any infinite set B C N and any sequence
(tke)keen it does not hold that

{Zn:FCBWithkg|F|§k—|—€}~|—tk7gCA,
nelr

for each k,¢ € N. This shows that Theorem [1.2.3] cannot be improved in the

sense of allowing the infinite set B to be independent of 4.

Proof of Proposition[7.3.3. Let € > 0 be fixed and consider an increasing sequence
of prime numbers (py)nen such that Y o2 n/p, < e. Then, we define the set

[oe] n—1
A=N\ U1 LJOpnN+j . (7.3.1)
n= J=

By the choice of (p,,) it readily follows that d*(A) > 1—e. Now, assume there exists
an infinite sequence of sets B; D By D B3 D ... and a sequence of shifts (¢;)ien
such that for each ¢ € N it holds that

neFr
Notice that, if r > 4, the fact that B, C B; implies
{Zn:FCBr with k; < |F| gki+i}+tiCA.
nekl

Fix i,m,n,r e Nwitht; <n <p, <r<mandi<r<msothat B, C B, C B;.
Assume first that there is an infinite set Bm C B,, Np,N. In particular,

{Zn:FCBm with |F| :ki} C puN.
ner

155



Then, by assumption and the above discussion, it must be the case that
{Zn:FCf)’m with ]F|:kl}—|—tiCA.

nekF
However, t; < n and thus

n—1

{Zn:FCBm with | F)| :kl}—i—ti c JpN+jcN\4,
nekr 7=0
which is a contradiction.
Therefore, by the pigeonhole principle, we may assume there exists ¢, € {1,...,pp—

1} and an infinite set B, C By, N (pnN + ¢,). As before, the preceding discussion
implies that

{Zn:FCBm with &, < |F| Skr+r}+trcA.

neF
Now, py, is a prime and ¢, # 0 (mod py,), hence ¢, is a generator in Z,,,. Asr > p,
this means that there exists some d € {k,,...,k, + r} such that dec, + ¢, = 0
(mod py,). We have thus established that

{Zn:FCBm with |F|:d}—i—trCAﬁ(pnN—f—alcn-|—t7»)CAﬁpnN:@7
neF

which is again a contradiction. O

Proposition 7.3.4. There exists a set A C N with d*(A) > 0 such that the state-
ment of Theorem fails if either of the sequences (ti)ken or (Sk)ken is bounded.

Remark. The analogous is true for the statement of Theorem [1.2.3

Proof. Take A C N as in . Suppose Theorem holds with a bounded
sequence of shifts (tx)ren and some sequence (sg)ken. Let n > ¢ = max{ty : k € N}.
Assume that for some k > p,, there exists an infinite set B+s;, C (B+s)N(p.N+d,)
for some d,, € {1,...,p, —1}. Then, as d,, is a generator in Z,, and k > p, we can
find d € {1,...,k} so that d-dy, +t; =0 (mod p,). We thus reach a contradiction

because

{Zn:FCB+sk with |F|:d}+tk CpnN+d-d,+ty Cpp,NCN\ A
neF
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Hence, for every k > p,,, there is an infinite set B+s;, C (B+sg)NppN. This leads
to a contradiction once again, since {}_ .pn: F C B+ s;, with |F| =k} +t, C A

and

q n
{ > n:F C Btsywith |F| = k}+tk C paN+te C | paN+j € | paN4+j C N\A.

nel j=0 7=0

To see that Theorem does not in general hold with a finite sequence (sg)ren,
note that, if it did we would find by the pigeonhole principle an infinite set B, an

integer s € N and sequences (ng)ken, (tx)ken so that
{Zn:FCB+swith1< |F| <nk}+tkCA, for every k € N.
ner

This would contradict our negative answer to Question [7.2.1] O

We next show that imposing a cofiniteness assumption for nested versions of
infinite sumsets results, as, for instance, in Question [7.3.1] is superfluous in the

following sense.
Proposition 7.3.5. If A C N, then the following are equivalent:

(i) There exists a nested sequence of infinite sets B1 D By D B3 D ..., where
By11 is cofinite in By, for each k € N, and a sequence of shifts (ty)ren such
that, for any k € N

{Zn:FCBkwz’thl§]F]§k}+tkCA (7.3.2)
nelF
(i) There exists a nested sequence of infinite sets By D Bs D B3 D ..., and a

sequence of shifts (tx)ken such that, (7.3.2)) holds for any k € N.

Proof. Tt is clear that (i) implies . For the converse, suppose (B;);en satisfies .
Let by = min{b : b € B;} and then, let by = min{b : b € By \ {b1}}. Inductively,
we can choose biy; = min{b : b € Bj41 \ {b1,...,b;}}. With that we have built a
sequence (b;);en which is infinite because every set B; is infinite. For each i € N,
define C; = {bj: j > i} and observe that, since C; C B, the sequence C; D Cy D
Cs D ... fulfills . Finally, by construction, C;\Ciy1 = {b;y+1}, hence Cjyq is

cofinite in C;, concluding the proof. O

Remark 7.3.6. The same proof can be performed for other types of sumsets results.

In the present work, our “positive” results are proven in non-nested versions, that
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is, the strongest possible. We do not know, however, if Theorem [I.2.3] and Theorem
are equivalent to their respective nested versions. It could be the case, for
example, that every element b € B; appears only in finitely many B; which a priori

makes the construction of a single infinite set B impossible.

We finish this section by showing that infinite analogues of Erdos progressions
(see [45, Definition 2.1]) can be utilized to obtain weaker versions of our main
results, Theorem and Theorem The sumsets obtained via this method

are generated by a nested sequence of infinite sets.

Definition 7.3.7. Let X be a compact metric space and T: X — X a homeomor-
phism. A sequence (zy)ren, in X is called an infinite Erdés progression if there
exists an increasing sequence (¢, )pen of natural numbers such that

lim T"xy = xpy1, for every k € Ny.
n—r0o0

Proposition 7.3.8. Let X be a compact metric space, T: X — X a homeomor-
phism and (Ux)nen a sequence of open subsets of X. Assume there exists an infinite
Erdés progression (Ti)ken, such that xy € Uy for each k € N. Then, there exists a
sequence of infinite sets By, Ba, ... such that Biy1 C By and

{SnFcB, |Fl=k}c{meN: Tz e},
neF

for every k € N.

Proof. Let (cp)nen be a sequence such that the convergence in Definition is
satisfied. Fixing k € N, the proof of |45, Lemma 2.2] gives an infinite set By C {¢, :
n € N} such that

{Zn:FCBk, ]F|:k}c{m€N:me0€Uk}.

neF

Then, writing By, = {by1 < b2 < ---}, since (bpn)nen is a subsequence of (¢p)nen
we have

lim Tb’“”xm = Tpm41, for every m € N.
n—oo

Another application of [45, Lemma 2.5] then gives an infinite set By C {byn : 1 €
N} so that

{Zn:FchH, F)| :k+1} C {meN: Tz eUkH}.
neF
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Continuing inductively we obtain the result. In fact, the proof of Proposition [7.3.5]
shows that we can actually choose the sets By, Ba, ..., so that By \ Bii1 is a finite
set for each k € N, O

Remark. Indeed, it is also the case that Proposition is, in general, optimal.
Namely, there are infinite Erdds progressions that can only be translated to sumsets
generated by nested sequences.

Let (z1)gen, denote an infinite Erdds progression with (c,)nen being the se-
quence such that lim,cy T xp, = zj41. For e > 0 fixed, define the sequence (ng)ken
by ng = min{c, : d(T g, xp11) < €}

Assume that the Erdds progression is chosen in a way that for some € > 0, the
sequence (ng)ken is increasing (all we need is for it to be unbounded). Then, there
cannot exist an infinite B C {c, : n € N} such that B C {n : d(T"xo, 1) < £/2},
for every k € N.

Indeed, if b is the smallest element in B = {b; < by < --- }, simply choose k € N
so that ng_1 > b1. Then, we should have

d(Tb1+b2+' - ‘H’kxo, x) < €/2,

for all by < -+ < by in B. But if b, ..., by are large enough (each one in relation to
the previous) then
d(Tb1+b2+' o +bkl‘0, Tbll’k_l) < 5/2.

By the choice of ny_; we have that d(T® xp_q,2) > €, which would lead to a

contradiction.

7.4 Dynamical interpretation

7.4.1 Translation to dynamics

The proofs of our main combinatorial results begin by translating them to statements
in ergodic theory. A fundamental step in order to facilitate this reformulation is a
version of Furstenberg’s correspondence principle introduced in [18]. For a proof of

this version, we refer the reader to [43].

Proposition 7.4.1. Let A C N be a set of with d*(A) > 0. Then, there exists an
ergodic system (X, u,T), a point a € X with u ({T”a in € N}> =1 and a clopen
set E C X such that A={n e N:T"a € E} and u(E) > 0.

We show the deduction of our main combinatorial results, Theorems [1.2.3] and
from the dynamical theorems mentioned in the introduction.
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Proof that Theorem [7.2.3 implies Theorem[1.2.]. Let A C N be a set with d*(4) >
0. By the correspondence principle (Proposition we find an ergodic system
(X,u, T), apoint a € X with p <m> =1 and a clopen set £ C X such
that A = {n € N: T"a € E} and p(£) > 0. Theorem then guarantees the
existence of an infinite set B C N and sequences (Si)ken, (tk)reny C N such that

T(tk+’isk+b1+“'+bi)a €E,

for every k € N and for every 1 < i < k, and by, b, ..., b; distinct elements of B.
Since A = {n € N: T"a € E} we have that

by + -+ b +isp +1p €A,

for every k € N and for every 1 < i < k, and by, b, ..., b; distinct elements of B.

This translates to

{Zn: FCB+5kWith1§|F]§k:}+tkCA, for every k € N,
nekF

which is precisely the statement of Theorem O

The proof that Theorem[7.2.2]implies Theorem [I.2.3]is analogous to the previous
and as such we omit it. Let us also show that Theorem for example, implies

Corollary [T.2.5]

Proof that Theorem[1.2.5 implies Corollary[1.2.5 Let B C N and (t)ren C N be
the infinite set and the sequence obtained by Theorem for £ = 0, so that

{Zb:FCB,F|:k}—|—tkCA, for every k € N. (7.4.1)
beF

Let B = {b; : k € N} be an enumeration of the set B, let {p; : k € N} be an
enumeration of the primes and for each k € N define By, = {bPZ +itp—ti—1: ke N}

where tg = 0. By (|7.4.1)) we have that

k k

Z(bp:}i +t;—tioq) = (pr?i> +tp C A,

=1 =1

for every k € N and any nq,...,n; € N. By definition, this implies that By + Bs +
-+ By, C A, for every k € N, concluding the proof. O
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We saw that the dynamical results, Theorems[7.2.2| and [7.2.3] imply respectively
Theorems [1.2.3] and [1.2.4] - and hence, also, Corollary Their proofs are then

the main focus of the rest of this paper.

7.5 Progressive measures and infinite-step nilsystems

A property that we use throughout the article is that of unique ergodicity of orbit

closures in infinite-step pronilsystems.

Proposition 7.5.1. Let (Z,m,T) be an infinite-step pronilsystem, d > 1 and ® =

(®n)Nen @ Folner sequence in Z%. Then, for every k > 2, any x1,..., 2, € Z and
any S; = T%1 x T%?2 x ... x T%k where ai1,-..,a;% are arbitrary integers, for
i=1,...,d, the measure

: 1 n
p=dim g D (ST S

N—o0
(n1,...,ng)EPN

where the limit is in the weak™ topology, is well-defined. Moreover p is independent

from the Falner sequence ®.

Proof. Let Zg be the s-step pronilfactor of Z with factor map ns: Z7 — Zs. It
follows by [32] that m;: Z — Z is continuous. Let €, be the orbit closure of
(ms(z1), 75(22), . .., 7s(2)) € ZF under the Z%action given by the maps S, ..., Sg.
By properties of pronilsystems, (s, S1,...,.S¢) is minimal and uniquely ergodic. If
Qo is the orbit closure of (z1,z2,...,2k) € ZF under the Z%action given by the
maps Si,...,5, then Q is the inverse limit of (25)secny and therefore is minimal

and uniquely ergodic which concludes the proposition. ]

7.5.1 Progressive measures

We now define the notion of progressiveness for measures on finite (and infinite)
product spaces. This property can be viewed as a variation of recurrence. Later, we
introduce a more general property, which can analogously be viewed as variation of
multiple recurrence. These properties are the key ingredients that allow us to prove

our main dynamical theorems.

Definition 7.5.2. Let (X,T) be a topological system and let k¥ € N. We say
that a Borel probability measure 7 € (X*+1) is left-progressive if for all open sets
Ui,..., Uy C X with

T(X xUp x -+ xUg) >0,
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there exist infinitely many n € N such that
T(X xU X+ xU)N(Tx -+ xT)"™(Up x -+ xUp x X)) >0.

We say that 7 as above is right-progressive if for all open sets Uy,...,Ux_1 C X
with
T(X xUp X+ xUp_1 x X) >0,

there exist infinitely many n € N such that
T(XxUp X+ xUpg x X)N(Tx -+ xT)"™X x X xUp x -+ xUg_1)) > 0.

Finally, a measure is progressive if it is both left- and right-progressive.

For some measures on product spaces that we consider, the first marginal has
a distinguished role from the rest. As a useful convention we index such measures

starting from the 0-th coordinate.

Remark. In [45, Definition 3.1], the authors introduced a notion of progressive

measures that coincides with what we refer to as left-progressive.
We naturally extend this notion to measures 7 € (X0).

Definition 7.5.3. Let (X,T) be a topological system. We say that a Borel prob-
ability measure 7 € (XN0) is progressive if Pt is progressive for all k > 2, where
P XNo — X+l s the projection onto the first k 4+ 1 coordinates (including the
0-th coordinate).

We now proceed to define a Borel measure ¢ on the infinite product space XNo,
with base space coming from a given measure-preserving system (X, u,T"), which
turns out to be progressive. In order to achieve this we first define a measure £ on
ZY . where (Z,,, m,T) is the infinite-step pronilfactor of (X, u, T) and then lift this
measure on X0, We remark that the definition of o crucially depends on a single
predetermined point a € X. However, the factor map 7 : X — Z.,, which is used to
lift £ to o, is a priori only measurable and thus defined almost everywhere (hence,
potentially, not on a). Fortunately, we can assume that the factor map is actually
continuous, a manoeuvre known among aficionados that was also exploited in [45].

This reduction is formally proven at the end of this section.

Definition 7.5.4. We say that (X, u, T) has a topological infinite-step pronilfactor
if there is a continuous factor map 7o : X — Zs, where (Z, m,T') denotes the

infinite-step pronilfactor of (X, u, T).
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Let (X, u,T) be an ergodic system with topological infinite-step pronilfactor
(Zso,m,T). Let also ® = (®n)nen be a Folner sequence in N and a € gen(u, P).

Similarly to [45], our goal is to construct a measure & € (ZY) given by

5_]\/151’100@ Z H(ST”WT (a), (751)

nedy =1

where the limit (assuming it exists) is in the weak™ topology, then lift it and build
a progressive measure o € (XN0) (see (7.5.2))). For that we first need to ensure that

the limit in (7.5.1]) is well-defined.

Lemma 7.5.5. Let (Z,m,T) be an infinite-step pronilsystem, a € Z and ® =
(Pn)Nen a Folner sequence in N. Then for every k > 2, the measure

gk lim ‘@N’ Z 6T’n X 5T2"a o X 5Tk”a

N—oo
nedyn

1s well-defined. Moreover & is independent from the Folner sequence ®.

Proof. This is a corollary of Propositionwith d=1,8 =TxT?x---xTk. O
By a classical approximation argument we deduce that the limit in exists.

Corollary 7.5.6. The measure given by is well-defined.

Proof. This follows at once from Lemma using the definition of weak* conver-
gence, the observation that P&, = &, for each k,n € N, with & < n, where P
denotes the projection onto the first k& coordinates, and the fact that {f1 ®---® f :
k€N, fi,..., fr € C(Zs)} is densely embedded in C(ZY). O

With that we can define the Borel probability measure o € (X0) through the

use of Kolmogorov’s extension theorem as follows.

Definition 7.5.7. For k € N, we define the measure o, € (X**1) via the formula

/Xk+1 Jo®f1®: - ® fr dog :fo(a)/k E(f1 | Zoo)®: - QE(fr | Zoo) dPEE, (7.5.2)

Z

oo

for all fo, f1,..., fr € C(X), where P denotes the projection onto the coordinates
{1,...,k} (excluding the 0-th coordinate). It follows by Stone-Weierstrass’ theorem
that each o}, is well-defined via . The sequence of measures (o} )gen satisfies
the compatibility condition of Kolmogorov’s extension theorem, so we denote by

o € (XNo) the unique extension of this sequence.
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Remark. By definition, for any k£ € N, P,o = o, where Py denotes the projection
onto the first k41 coordinates, including the 0-th coordinate. It follows immediately
from the definition that Pyo is invariant under Id x T x --- x T*. Moreover, for
each k € N and for each ¢ = 1,..., k we have that the marginals Pyo; of Pyo satisfy
Pro; <ip, ie., Pyoi(A) < ip(A) for any Borel set A C X. This follows using the
unique ergodicity of orbits on (Zs,T) and the T"-invariance of the marginals P}¢;
of P¢ as in [45, Lemma 4.6].

In order to prove Theorems [7.2.2] and [7.2.3] we first work under the assumption
of topological infinite-step pronilfactors. This allows us to define the measure o as

above, and using this we prove the following theorems.

Theorem 7.5.8. Let (X,u,T) be an ergodic system with topological infinite-step
pronilfactor. Let ® = (Pn)nen be a Folner sequence, let a € gen(u, ®) and let o

be the measure defined in Definition [7.5.7. Then, for £ € N fized and any open set
E C X with u(E) > 0 there exist sequences (by)nen, (tk)ren C N such that

k+1 k+0+1 i+L

o<arert [V IT ) T_<ti+B’?h_j>E ;

=1 7=0 h=max(j,i)
for every k € N, where By, = {by,...,b;}.

Theorem 7.5.9. Let (X, u,T) be an ergodic system with topological infinite-step
pronilfactor. Let ® = (Pn)nen be a Folner sequence, let a € gen(u, ®) and let o
be the measure defined in Definition |7.5.71. Then, for every open set E C X with
w(E) > 0 there exist sequences (by)nen, (Sk)ken, (tk)ken C N such that

k k+1 i+1

_— m H ﬂ T (ti+ési+Bg9@*j)E >0,

i=1 j=0 {=max(j,1)
for every k € N, where B, = {b1,...,by}.

To prove that these results suffice to recover Theorems [7.2.2] and [7.2.3] the

only necessary ingredient is the fact that for a general measure preserving system

(X, 1, T) with a priori measurable pronilfactors, one can pass to an extension with
continuous factor map onto X and with topological infinite-step topological pronil-
factor that agrees with that of X. This technical result was established in [43,
Proposition 5.7 and Lemma 5.8] for pronilfactors of finite-step. The proof extends

to the case of infinite-step pronilfactors needed for our setting.
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Proposition 7.5.10. Let (X, u,T) be an ergodic system and a € X be a transitive
point. Then there exists an ergodic system (f( ,/l,T) with topological infinite-step
pronilfactor, a Folner sequence ¥ in N, a point a € gen(fi, ¥) and a continuous fac-
tor map m: X — X with n(a) = a. Moreover (X, fi,T) and (X, u, T) are measurably
isomorphic and (X, i, T) is a joining of X and Zs.

Proof. By [43, Lemma 5.7] we can find (X, /i,7) which is measurably isomorphic
to (X, u,T), m: X — X is continuous, 7(d) = a and such that the maps 7: X —

Z(X) are continuous and Zj(X) is isomorphic to Z(X) for every k € N. It follows
by the definition of infinite-step pronilfactors that Z,(X) is measurably isomorphic
t0 Zso(X). By the continuity of the factor maps 7y it follows that Z.(X) is a
topological inverse limit of ((Z,(X),T))ren. Hence by the universal property of
topological inverse limits, there exists a continuous factor map 7o : X - ZOO(X' ),

concluding the proof. O

Proof that Theorem[7.5.9 implies Theorem [7.2.3 Fix an ergodic system (X, u,T),
a Folner sequence ® = (Py)nen, a point a € gen(u, ) and an open set E C X
with p(E) > 0. By Proposition there is an ergodic extension (X, fi,T) with
a continuous factor map 7 : X — X that has topological infinite-step pronilfactor
and there is a Folner sequence ® = (®y)yen and a point @ € gen(fi, ®) such that
7(d) = a. Let & be the measure on XNo given by Definition and o on XMNo
be its pushforward under 7°° (equivalently, o on X No {5 the unique extension with
projections the compatible measures o, on X**! defined as the pushforwards of &y,
by 7%+ on X*+1). Finally, let £ = 7~ '(E). Applying Theorem to (X,f1,T)
we find strictly increasing sequences (by,)nen, (Sk)ken, (tk)ken € N such that
1 it .
Ok+1 ﬁlﬁ ﬁ p (a5 > 0,

i=1 j=0 {=max(7,1)

for every k € N, where By, = {b1,...,by}. Note that G, 1({a} x X¥*1) = 1. By the
definition of 6 and the fact that 7 is a factor map it follows that
E k+1 4l e
aa [N N T (resBf) g ) S, (7.5.3)

1=1 j=0 f=max(j,1)

for every k € N, and also that oy, 1({a} x X**1) = 1, for every k € N. In particular,
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considering only the 0-th coordinate in (7.5.3]) we see that

k i+1 .
e (ﬂ 7-sstscvf >E> |
i=1 \4=1

for every k € N. It follows that, for each k e N, 1 <i <k, and 1 < /¢ <,

0 e T—-ti+tsi+BY) .

As this holds for every k € N we actually get that

a € T—(ti-‘rgsi—‘rB@e)E
for all i € N and 1 < ¢ < i, where B = (b, )nen, which is the statement of Theo-
rem [7.2.3] O

The proof that Theorem [7.5.8| implies Theorem [7.2.2] is very similar and thus is

omitted.

7.6 Theorem [7.5.8| via progressive measures.

7.6.1 The measure o is progressive

In this section we recover some statements analogous to the key intermediate results
used in the proof of the main theorem in [45]. These are exactly the tools we use
to prove that the measure o defined above is progressive. While some proofs are
quite similar, we unfortunately cannot always cite the needed results from [45],
since the measures we study are defined via the infinite-step pronilfactor, whereas
the analogous measures therein were defined via finite-step pronilfactors.

Throughout this section, we let (X, u, T') be an ergodic system with topological
infinite-step promilfactor and ¢ € M(X™) be the measure defined in Definition
7.5.7. The first result we need is the initialization step of the inductive proofs of
Theorem and Theorem

Proposition 7.6.1 (Initialization step). For any k € N and any open set E C X
with u(E) > 0, there exist infinitely many n € N such that

op(X X TR(E x ---x E)) > 0.

A proof of this result relies on an analogue of |45, Theorem 5.2] in our setting.

The proof of this is almost identical to the one in [45], except for the justification of
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exchanging the order of limits in the averages analogous to (5.3) and (5.4) therein,
which in our context is possible via Proposition However, we can also recover
Proposition from a new key property of our measure o, that is, multiple right-
progressiveness, which is introduced in Section [7.7.1] This self-contained proof of
Proposition [7.6.1] can be found in Remark below.

We use the following result which extends [45, Lemma 6.11] for infinite-step

pronilsystems.

Lemma 7.6.2. Let (X,u,T) be an ergodic system, a € gen(u, ®) for some Folner
sequence ® = (Pn)nen and denote by (Zoo,m,T) the infinite-step pronilfactor of
this system. Assume (Y,v,S) is an infinite-step pronilsystem. Then, for every
geC(X),yeY and F € C(Y) we have that

lim sup m Z g(T"a)F(S"y)| < ||E(g|ZOO)HL1(m) [ F s - (7.6.1)

N—o0 nedy

Proof. We first refine (® n) yen so that it realises the limsup on the LHS of as
a limit and then find a further subsequence (®y;);jen so that (a,y) is generic along
(®n,) for some (T x S)-invariant measure p on X x Y. If v is an S-invariant measure
on the pronilsystem Y such that y € gen(v, ®), since a € gen(u, P), we see that the
first and second marginals of p are p and v, respectively. Letting § = E(g|Z) we

only have to prove that
/ (9g—9)®@F dp=0 (7.6.2)
XxY

Although p may not be ergodic, it suffices to prove assuming p is an ergodic
measure and then using its ergodic decomposition.

Using Proposition we have that [[(g —9) @ L|yrxxy,prxs) = 0 for all
k € N. By the same proposition we then see that (¢ — g) ® 1 is orthogonal to the
infinite-step pronilfactor of (X x Y, p, T x .S). On the other hand, (Y, v, S) is a factor
of (X xY,p, T xS), and so 1 ® F is measurable with respect to the maximal factor
of (X xY,p, T xS) that is an infinite-step pronilsystem, namely its infinite-step
pronilfactor. The functions (¢ — §) ® 1 and 1 ® F' are thus orthogonal in L?(p) and

(7.6.2) follows. O

Because each oy, for k > 2, is invariant under Id x T x - - - x T* and its marginals

satisfy og; <ip, fori =1,...,k, we can apply [45, Theorem 6.6] directly.

Proposition 7.6.3. Let k € N, with k > 2 and let ® = (Pn)nen be Folner sequence
in N. Then, for any fi,..., fr—1 € L*(un) and any bounded sequence b : N — C we
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have that

. 1 n n
hmwp——fE b(n) - (LRT"fi® - @T"fr_1 ® 1)
N—oc0 |(I)N‘ nedy L2(01)

[

< Cp - [bllog - min|[ fill e poyry s 1 <7<k =1},

where C, > 0 is a constant that only depends on k.

This, in combination with Lemma together imply the analogue of [45, The-
orem 6.2] for oy, by repeating the proof in [45] Section 6.4] (we also use Proposition
that allows us to interchange the order of analogous limits). Namely, we have
the following.

Proposition 7.6.4. Let k € N with k > 2. For any function F € C(X*) we have
that

1 1
lim ||— TR(IF®1) — —— T(1®F = 0.

N—o0
nE<I>N L2(O'k)

Finally, [45, Theorem 6.1] also applies for each measure oy, k € N, (more pre-
cisely, for the projection of o to its last k-coordinates) because the only assumption

there is that the measure is (T x T? x --- x T*)—invariant.

Proposition 7.6.5. Let k € N with k > 2. Let F € C(X¥) be a nonnegative
function and ® = (Py)nen be a Folner sequence in N. Then

1
/1®Fdak>0:>liminf > /TX(H@F)-(H@F)dak>O.
N—ro00 ‘(I)N‘ =

Remark 7.6.6. In fact, it follows from the proof of [45, Theorem 6.1], and in
particular from the use of Furstenberg’s multiple recurrence theorem, that in the

notation of the proposition, for any € > 0 there is § > 0 so that

1
/IL@Fdak >e = liminf — > /Tﬁ(ﬂ@F)-(ﬂ@F)do—k>5.
N—o00 |(I)N| o

As shown in [45| Section 6.1], these last two results together imply that each oy,

k > 2, is left-progressive. Since Pyo = oy, we have shown the following.
Proposition 7.6.7. The measure o defined via (7.5.2)) is left-progressive.

The proof of Proposition (this is implicit in [45]) actually gives the following.
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Proposition 7.6.8. Let F' € C(X*) be a nonnegative function with J1®F doy, > 0.
Then,

liminf —— Z /TA (a,21,...,25-1)®1)- (1 ® F(x1,...,2x)) dog(z) > 0.
\‘I’N\

N—oo

Next we show that o is right-progressive.
Proposition 7.6.9. The measure o defined via (7.5.2)) is right-progressive.

Proof. Let k € N with k > 2 be fixed. Let Uy,...,Ur_1 C X be open sets with
O'k(XXUl XUy x -+ xUg_1 XX)>0.

AsV =Uy x---xUg_1 C X*1is an open set, we can find a function G € C(X* 1)
such that 0 < G < 1y and ka+1 1® G® 1do, > 0. We thus have

liminf —— (X XV x X)NTA\"(X x X xV))
N—oo |®N|n§N

> li f—— (1 1) - TAh(1®1 d
im in "I)N| Z /Xk+1 RGR1)-TA(1®1®G)doy

N—oo
ned

=1 f— (IeGE®l)- TA(l1eGE®1)d
i gy X [, 1860 TEaeEe T,

where the equality follows by an application of Proposition for the continuous
function 1 ® G € C(X*) and the measure 0. Applying Proposition for the
continuous function 1 ® G ® 1 € C(X**1) it follows that the last expression is

positive. Hence, there exist infinitely many n € N such that
o(X xUp x -+ x Uy x X)NTR"(X x X x Uy x -+ x Up—1)) >0

and this concludes the proof. O

We remark in passing that the proof of Proposition actually shows the

following result, although we do not need to use it.

Proposition 7.6.10. Let F' € C(X*1) be a nonnegative function with [1® F ®
1dog > 0. Then,

liminf —— Z /Il@]l@ TRF(xz2,...,2)) (L F(x1,...,25—1)®1)dog(z) > 0.
N—o0 ’ N|n€‘1>
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As a corollary of Propositions [7.6.7] and [7.6.9] we deduce the following.

Theorem 7.6.11. The measure o defined via ((7.5.2) is progressive.

7.6.2 Proof of Theorem [7.5.8

We now prove Theorem [7.5.8] using the results of the previous subsection and an
inductive argument. We repeat the statement of the theorem for the convenience of

the reader.

Theorem Let (X,pu,T) be an ergodic system with topological infinite-step
pronilfactor. Let ® = (Pn)nen be a Folner sequence, let a € gen(u, ®) and let o
be the measure defined in Definition [7.5.7. Then, for £ € N fized and any open set
E C X with u(E) > 0 there exist sequences (by)nen, (tk)ken C N such

k+1k+0+1 i+L

o<omen [N IT N 75 B,

i=1 j=0 h=max(j,i)
for every k € N, where B, = {b1,...,by}.

The diagram sketching the proof Theorem is the following.

Finds ¢; such that

Initialization step f----------------- >
ora(X xTTUE x -+ x T7HE) > 0

Right-progressiveness

Finds b;. and ¢ such that

,,,,,,,,,, Sh—j
EA1 ppk+0+1 ~it+l —(t+BE"
0k+é+1< i=1 11j=0 ﬂ )T (I g )E > 0.

h=max(j,i

Left-progressiveness

Figure 7.1: Diagram of the proof of Theorem [7.5.8|

Proof. By Proposition [7.6.1] we can find ¢; € N such that
oo (X xTMEx - xT™ME) > 0.
As o is right-progressive we can find t}, such that if t3 = ¢}, + ¢1, it holds that
(X XTMEX - xTUEXxX)N (X x X xT2E x---x T 2E)) > 0.
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Using left-progressiveness we obtain b; € N such that the gy measure of

(7B X (T EATE) o x (T ENT™ME) x T™HE x X))

N (X « T~ (t240) B <T_(t2+b1) n T—t2E> N (T‘<t2+b1)E N T‘tQE) x T—t2E)

is positive. Recall the notational conventions from Section [2.7) and observe that this

can be rewritten as

2 042 i+L

o2 |{IT N (5 g S,

=1 j=0 h=max(j,7)

where By = {b1}, using for example that B" = § and so T-@+BYE = X for
h > 2. In this fashion we construct the sequences of the statement inductively.

Assume we have constructed by < --- < by and t; < -+ < tr11 € N such that if
By, = {b1,...,by}, we have that

k+1k+041 i+4

ot |[(VIT () T E+22 ) g ) s 0. (7.6.3)

i=1 j=0 h=max(j,i)
We note in particular that

k41 k4L (i +BE")
oo | ] N 7" JE| >o. (7.6.4)
Jj=0 h=max(j,k+1)

As o is a right-progressive measure we can apply the defining property in Definition
7.5.2, only considering the set isolated in (7.6.4), in order to find #}_, such that if
thyo = )9 + try1, then the op 4o measure of the set

k+1 k+0+2 i+4

NIT N =@ e

i=1 j=0 h=max(j,i)
k+041 k+1+¢

X x H ﬂ T (tk+2+Bl§9h—j> E

Jj=0 h=max(j,k+1)

is positive. The projection onto the 0-th coordinate of this set equals

k+1 i+£ k+2 i+4
(T o = (7o)
i=1 h=i i=1 h=1
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and the projection onto the rest k 4+ ¢ + 2 coordinates becomes

k+1 k4442 i+£ k+1+2£ .
Dh—j _ ©h—j+1

NI N e A e
i=1 j=1 h=max(j,i) h=max(j—1,k+1)

k+1 k4042 i+4 k+2+¢ )

Sh—j _ Dh—j

_ ﬂ H m T (t +B, >E A ﬂ T (tk+2+Bk >E

i=1 j=1 h=max(j,i) h=max(j,k+2)

k+2 k44042 i+4

-NII N e
i=1 j=1 h=max(j,i)

In total, this gives that

k+2 k+0+2 i+4

o [V T N 7% )E] >0
i=1 j=0 h=max(j,i)

By left-progressiveness, we obtain bg1 > by such that the opy¢19 measure of

k+2 k+04-2 i+£ k42 k+042 i+4

m H m T (z—s—B m H ﬂ T—(ti+bk+1+3§h‘j‘1)E

=1 7=0 h=max(j,i) =1 j=0 h=max(j+1,i)
k42 k4042 i+l i+L .
(4. Gh—j—1
_ ﬂ H ﬂ T <t +B >E A ﬂ T <t1+bk+1+Bk )E
i=1 j5=0 h=max(j,i) h=max(j+1,i)

is positive. If we let By = {b1,..., bk, bx+1}, we have thus established that

k+2 k+0+2 i+L

o<ome [N T N 7 &5 )E],

=1 j=0 h=max(j,i)

concluding the induction. O

7.7 Theorem [7.5.9| via multiple right-progressive mea-

sures

7.7.1 The measure o is multiple right-progressive

For a metric space X, a homeomorphism 7: X — X and a vector u = (uq,...,ux) €
NF we write T% = T% x --- x T%. Based on Furstenberg-Katznelson’s multiple
recurrence theorem [20, Theorem A], we extend [45, Theorem 6.3] to a multiple

recurrence statement.
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Theorem 7.7.1. Let X be a compact metric space, let T1,...,Tp: X — X be com-
muting homeomorphisms for some £ € N and ® = (Pn)nen be a Folner sequence.
Let also k € N, v1,...,v, € N¥ and v € (X*) be a Borel probability measure invari-
ant under T;}j, for j =1,...,L. For every measurable set A = A; x --- x A C XF
with v(A) > 0, and every uy, ..., up € N¥, it holds that

liminf —— v(ANn(Ty) "An---n(T,*)™"A) >0 7.7.1
i |¢N|n§N (1)) (7.1.1)
Remark. In this work we are merely concerned with the case Ty = --- =T, =T

for a fixed T: X — X, v; = (1,2,...,k) and u; = (4,...,i) e N forall i = 1,..., L.
But we believe the general statement is of independent interest. Notice that when
v; = u; foralli =1,..., ¢, the statement is a special case of Furstenberg-Katznelson’s
multiple recurrence theorem [20]. We also remark that the assumption that A is
a product set is necessary, as shown in [45, Example 6.4] for the single recurrence

statement proven there.

Proof. This proof is similar to the one of [45, Theorem 6.3]. We let v; = (vi1,...,vi%) €
NF and u; = (Uins-- o uig) € N*, for i = 1,...,¢, be vectors as in the statement of
the theorem.

Let ¢ = LOCM(v;j: 1 <4 < £,1 < j < k) be the least common multiple of the

coordinates of v1,...,v, and set w;; = ¢ “ e N, forl<i</landl<j<Ek.
Vi,j

Observe that
(]‘;”i)*wi,j(Xjfl « A] « Xk*]) _ (Iﬂzuz)fC(X]fl « A] % Xk*j)’

foralli=1,...,fand j=1,...,k. Thus, for any n € N we see that

Dw

(1)~ A = (Y(T2) (X7 x Ay x XA

<.
Il
—

k
(Tivi)_wi’jn(Xj_l % Aj % Xk;—j) > ﬂ(Tivi)_wi’jnA.
j=1

I

Il
A

J

For the Fglner sequence ¥ = (V) nen given by Uy = ®n/c = {n € N: cn € ®y},
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we have

liminfL Z v(AN(Ty)™AN---N(T,*) " A)

N—oo |<I>N| nedy
> liminf —— 3" w(AN(T) AN 0 (T0) " 4)
~ N—oo C’\I’N| 1 ¢
nevy
1 k k
s U1\ —w1, ;N Vg —wy ;N
=t gy 2 v(an (e oen (@)
new 7=1 ]:1
Since v is invariant under 77", ..., T,* (and therefore by (7,7)"#i for alli =1,...,¢
and j = 1,...,k), the last average is positive by Furstenberg-Katznelson’s multiple
recurrence theorem, so we conclude. O
Remark. Notice that if we consider the special case where Ty = --- = Ty = T for

a fixed T: X — X in the previous proof, it suffices to apply Furstenberg’s multiple

recurrence.

Throughout this section, we let (X, u,T') be an ergodic system with topological
infinite-step promilfactor (Zso,m,T), and o € M(X™N0) be the measure defined in
Definition for some generic point a € gen(u, ®). We use Theorem to

obtain the following result.

Corollary 7.7.2. Let k,¢ € N with k > 2. Let f1,..., fr € C(X) be nonnegative
functions and ® = (Pn)nen be a Folner sequence in N. If F=1® fi ® -+ ® f

and
/FdO'k > 0,

then we have that

0
1 1 )
lim inf lim inf —— — F-|lTiF :
it g 3 5o 3[R I Ea o
med s ned =1
Proof. Denote F* = f; ® --- ® fx. Letting supp(f;) = {z: fi(z) > 0}, for i =
1,...,k, and setting A = supp(f1) X - - - x supp(fx), it follows by the assumption that
[ F*dPfo > 0 and hence that P;fo(A) > 0. This allows us to apply Theorem m

for the set A € X* defined above and the measure P}o, which is invariant under

T x T? x --- x T*. In particular, with k,¢ € N as above and u; = (i,...,4) for each
ie[l],and Th =--- =T, =T, we obtain

o 1 . _ )

%n;?ofm > Pio(ANTy"AN---NTy™A) > 0.

med s
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As f1,..., fr are continuous functions, this implies that

. . * 2m *

lim nf - @M' > /F HTA F*dP{o > 0.

med s
Equivalently, for some € > 0, the set
e .
P.={meN: /F ] TA"F* dPgo > €}
i=1

is such that dg(P:) > 0. Then, it follows by Proposition (see also Remark
7.6.6)) that there exists ¢’ > 0 such that for each m € P,

l
lim inf —— ) / F*. H TP - TRF* - [[TRY"F* dPfo > €,
N=voo ’ ’ne@ i=1
which in turn implies that
liminf —— /F* T mE*dPro > &
N—s00 |<1>N| n; H F
for some ¢” > 0. As dg(P-) > 0 we conclude that

1 .
liminf —— liminf —— /F* T"“mF’k dPfo > 0,
M—o00 |(I)M’m§ N—oo |<I>N|n§ k

which implies the conclusion of the theorem. O

The main result of this section is the following proposition which is an indirect

consequence of Theorem

Proposition 7.7.3. Let k,¢ € N with k > 2. Let f1,..., fr € C(X) be nonnegative
functions and ® = (Pn)nen be a Folner sequence in N. If F =1® fi ® -+ ® f

and
/Fdo*k > 0,

then we have that

L
1
lim inf lim inf —— / (Fo1%9)- (TR ™ (1% 0 Fo197%) dog e > 0.
M—o00 N—roco ‘(I)M‘ medas N| nEZ{’ Z];Il

Observe that for £ = 1 this implies Proposition This result allows us to
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utilize the following property that we naturally term multiple right-progressiveness.

Definition 7.7.4. Let (X, T) be a topological system. We say that a Borel proba-
bility measure 7 € M(X™N0) is multiple right-progressive if for each k, ¢ € N and any
open sets Uy,...,Ur C X with

Tk(XXUl X oo XUk) > 0,
there exist infinitely many n,m € N such that
st ((X x U x X NI (X2 x U x X1 0o n Ty Hm (X « U)) >0,

where U = Uy X -+ x Uy, and 73, and 74 are the projections onto the first (k + 1)
and (k 4+ ¢+ 1) coordinates of 7, respectively.

Remark. We want to emphasize that Proposition [7.7.3] implies that o is multiple
right-progressive. Moreover, note that for £ = 1, this property coincides with right-

progressiveness.

Remark 7.7.5. The initialization step, i.e. Proposition[7.6.1} for the proofs of The-
orem and Theorem [7.5.9] can be obtained as a consequence of multiple right-
progressiveness and left-progressiveness. Indeed, by multiple right-progressiveness
for the case k =1, £ € Nand U; = E an open set with p(E) > 0, we obtain infinitely
many n,m € N such that

o1 (X x Ex T~ p o p=t2m ooy prntmi gy 5 g,
Disregarding the second coordinate and using left-progressiveness, we find 7 with

0 < 0p(X x T~ tm) o p=(42m) g oo p=(itm) )
=o((IgxT) ™ X xT"EXxT "E x--- x T™"E))
=X x TA(E x -+ x E)),

obtaining the conclusion of Proposition [7.6.1]

The proof of Proposition for infinite-step pronilsystems is straightforward
from the definition of ¢. In fact, in this special case we do not need to average along
the transformation TX, and the result is a corollary of Theorem Our goal
then is to show that the infinite-step pronilfactor is characteristic. To prove this, it
would be enough to show the related ergodic averages are controlled by uniformity

seminorms. As we show in Appendix these seminorms do not always control
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the single average, hence the need to introduce a second averaging over TX. However,
for the double averages in Proposition we have the following.

Lemma 7.7.6. Let (X, i1, T) be an ergodic system, k,¢ € N with k > 2, let T € (X*)
be a (T x T? x - - - x T*)-invariant measure with marginals 7; < Cu for some C > 0.
Moreover, let fi,...,fr € C(X) and ® = (Py)nven a Folner sequence in N. If
F=f®: - ® f, then

l
. , 1 1 . .
lim sup lim sup W Z m Z HTZHmF < Ok min {||fj||Uk»£(X7M7T)}a

1<5<k
M—o0  N—oo med nedy i—1 12(r) =)=

where Cy ¢ > 0 is a constant that only depends on k and £.

Proof. Let ¢ = LCM(2,...,k). Considering the Fglner sequence ¥ = (¥y)nen
given by
Uy=&&y/c={n:cne ®y}, for NeN,

and applying [45, Lemma 6.8], we get that

l
1 1 ;
lim sup lim sup Z Z HTZH’”F <
Moo Noo |||l med @] nedy i=1
M N LQ(T)

1 c—1 1 1 k

= lim sup limsup || —— — penticmrir! f: 7] 7
2 2 tmswplimewp | 0 ) g 2 (LTI 2

/= M ne¥y \j=1li=1 L2(7)

where for a function f € C(X) we denote fUl(z1,...,21) = f(z;), for (z1,...,z1) €

Xk’, FiXingT,""/G{O,...,C*l} andlettingS:TxTQX,_‘XTk, aDde:C/j fOI'
7 =1,....k, we get that

k¢
1 1 . .y .
lim sup lim sup T Z 7 Z H H(Tcn—i-zcm—i-r-i-zr f])[]]
M—oco N—oo | M| meW | N| nevy \j=1li=1 LQ(T)
— lim sup lim sup ‘1}7 Z 7 Z H Sein (H S’Lcjm(T’l”+’L’l" fj)[]]>
M—oo Nooo |||V mew V| ne¥y \Jj=1 i=1 L2(7)

By [63, Theorem 1.1], the previous double limsup is actually a limit, and it is equal
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to

s 1 1 - e < - icjm (rprir ¢ [j])
Pl ot 5, ot g\ AL )]

(7.7.2)
Notice that for an integer u > kc, the function (i,j5) € {1,..., 0} x {1,...,k} —
uc; + icj is injective. For a fixed such v € N, making the change of variables

n — n + um, we obtain that the quantity in ((7.7.2) becomes

k L
1 1 , . .
lim lim |[—— — Seim Glucitici)m prir’ ¢ y[j]
N—o00 M —00 “I/M| mEZ\IJM ‘\I/N| nEZ\IIN E (};[1 ( fﬂ) e
1 1 k L
< lim — lim ||[—— Sein S(u0j+iCj)m(TT+i7"’ f.)[j}
N—o0 ’\I/N| ngll:N M—o0 |\I/M‘ mgll:M g]:[1 <Zl:[ J e

Sc]-n(TT—i-ir’ f]) 7] }

1
< opy i LY ]|
> k’,ZNgr(l)o |\IIN| - Hlln{
nevy

= C,’M min { H (TH'"/fj)[j]‘

:1§j§k,1§z’§£}
URL(XF 7,8)

:1§j§k,1§z’§£},
URL(XF 7,9)

where the last inequality and the constant C} , > 0 come from [45, Lemma 6.7 (iii)].
Finally, by [45, Lemma 6.7(iv)], there exists a constant C}/, > 0 such that

r+ir’ £ \[J] _ r+ir’ o 1" ]
H(T 13) ‘ Ukt(Xkr8) HT fj‘ Ut Xy 1) Che 1 sllueex
and so we conclude the result by defining Cy. ¢ = Cj, ,- C}, > 0. O

The fact that we can project to the infinite-step pronilfactor allows us to prove
the following result.

Lemma 7.7.7. If k,0 € N with k > 2, F € C(X*) and (®Pn)nen is a Folner
sequence, then

¢

1 1 ;
lim limsup T ™1 @ Fo1Y)-—
M—00 N—so9 ’(I)M’m;]v ‘(I)N’neziwil;[l .

¢
1 1 . . .
B 2 oy & LA e Fe1t =0.
MU ey N ncay i=1 L2(01e)

Proof. We follow the proof of |45, Theorem 6.2]. By an approximation argument,
we can assume F' = f1 ® -+ @ f for f1,...,fr € C(X). Set G =10 ¢ ® - Q gk
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where g; = E(fi|Z~) for each i € [k]. Using Lemma and approximating g; by
continuous functions since the marginals of & satisty & < imyz_ _, we see that it is
enough to prove the statement in Z, with F' = f1 ®---® fi for f1,..., fr € C(Zx)
and a € Zy. Using these reductions, by unique ergodicity of orbit closures in a

pronilsystem, and the definition of &, it suffices therefore to show that

2

L )4
HTZ-Hm(F ® ]18) _ HTX—H’m(li QF® ]léi)]
L2

1 1
[P sl Z |Pn| Z

med s nedy

i=1 i=1

(Erre)

vanishes as N, M — oco. The last expression becomes

l
! § 1 n—4im i i
’(I)M’ ’(PN’ Z HTA F(T]a7_“’T ]a)

1
li —
Jm o D
jED;

mECI>M nE(I'Nizl
1 1 d ?
- — Trtimpptig  pitkig
B 2 oy 2 LI7ATE )
mG(PM nethzfl
1 1 1 ¢
— 5 — TRF(T" ™q, ... TH+m
155 | Z 10| > | > H Ak ( @reees @)
jED; med s nedy i=1

2

L

1 1 3 ] ] . . .

oy 2 oy o HITRP@Er e g
me®np nedy i=1

We are thus left with showing that

¢
1 1 N N
[®n] Z || Z HTXF(THWCL,...,T"CHWG)

med s nedy i=1

. . 1
Iim lim — g
N,M—oc0 J—o0 ’(I)J‘ :
jed
2

L
L5 LS [raeaosnseng, g —o
N

|(I)M| mE‘PM TZE(I)N =1

Arguing as in Proposition the unique ergodicity allows to exchange the order

of the limits, so that the above becomes

N,J—o00 M—0c0

l
1 1 n iy iy
J+im kj+im
T S Tl ST I TRE(Ttima, ... Th+ima)
med s nedy i=1

1
Iim lim — E
||
JED,

2

4
— ‘(I)M‘ Z |CI)N| Z H TZF(T(lJrl)JJrzma’ o ’T(z+k)]+1ma>
me® nedy i=1
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Making the change of variables m — m — j allows us to conclude, because
¢ ‘ 2
S J[TRF@tma,. . T ey - " [[TAF (T ™, ..., T ™)) |

medyy i=1 mED 47 i=1

equals 0p/—00(|Pas|), for any n,j € N, by the asymptotic invariance of Fglner se-

quences. =
We are finally in a position to prove Proposition

Proof of Proposition[7.7.3. We want to show that

14

1 ) ) )
li fli f—— F ﬂ@f Tn-Hm ]l®z F ﬂ@éfz d
it g0 3 g0 3 [ (e JIux 0 ere1®) da.

is positive. We can apply Lemma and the above averages become

l
1
lim inf lim inf —— / (F 1% . (TAH™(F @ 19%)) dojpe.
M—o0 N-—o0 |(I)M| med N’nesz zl;[l

Note that we can rewrite these averages as

1
lim inf lim inf ——— F-l[Tit™mFa
it S g 3 f H L
med s nedyn
and the latter expression is positive by Corollary O

7.7.2 Proof of Theorem [7.5.9]

Before presenting its proof, we restate Theorem for the convenience of the

reader.

Theorem Let (X, pu,T) be an ergodic system with topological infinite-step
pronilfactor. Let ® = (Pn)nven be a Folner sequence, let a € gen(u, ®) and let o
be the measure defined in Definition |7.5.71. Then, for every open set E C X with
w(E) > 0 there exist sequences (b )nen, (Sk)keN, (tk)keny C N such that
E ok+1 it
aa [N N T (st B2 ) ) S (7.7.3)

1=1 j=0 ¢=max(j,1)

for every k € N, where By, = {b,...,b;}.
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The proof of Theorem [7.5.9) can be summarized in the following diagram.

Finds ¢; such that

Initialization step----------------- - (X x T-NE x T-1E) > 0
o X X T™ME x T >

Left-progressiveness

Finds by, t, and sy such that

i (4054 5O
- (mfl Hfié i+1 T (titsi+ By )E> -

7777777777

(=max(j,1)

Multiple
Right-progressiveness

Figure 7.2: Diagram of the proof of Theorem

Proof. Recall that o is progressive (see Theorem [7.6.11)) as in Deﬁnitionm Take
s1 =0. As u(E) > 0, by Proposition there is t; € N such that

(X xTTMExT™ME) > 0.
By left-progressiveness of o9, there is b1 € N such that
oo(T~ B s (T~ EA T~ E) x T E) > 0.

If we set By = {b1}, the previous is equivalent to

1 2 i+1 »
o ﬂ H h T (trl—ﬁsi-&-B?Z ])E > 0,

i=1 =0 (=max(j,1)

in accordance with the notation in (7.7.3)). If we let B} = X x T-(h+b)p x 70 F
and By = T~ gy (T~ (4 ENT~1 E) x T~1 B, then we can use the multiple
right-progressiveness of o to find s2 > s1 and ¢ € N such that

o5 ((Byx X)NTR 2 (X x By x X2)NTR 252 (X2 By x X)NT R 1392 (X3 % By)) > 0.
If we let t5 =t + t1, observe that the set

TR (X x By x X2 n TR 22 (X2 x By x X)n Ty ) (X3« By)
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is actually equal to the set

(X2 x T~ (ts2tb) p o Pt B o x2) (X3 x p(t2s2tb) g o p(4292) o x)
(X x 7= a3satbn o p=(at3sa) ),

Thus, we have that the o5 measure of the intersection of (E; x X?3) with the set

X2 x p-(tsatb) gy (p-(et2s24b) p o p-(ts2) gy
(T—(fz+382+b1)E N T_(£2+282)E) > T—(f2+382)E

is positive. By left-progressiveness (applied twice, only to the latter product set),
we can find t, so that if to = t} + f5, then the o3 measure of the intersection of
(E1 X X) with

T—(t2+s2+b1) By (T_(t2+2s2+b1)EﬂT_(t2+82)E) x (T_(t2+352+b1)EﬂT_(t2+252)E) «T—(t243s2) p

is positive. Applying left-progressiveness once again to the last intersection and

using the definition of F1, we find bs > b1 such that the o3 measure of

(T (ti+b1) g NT~ (ti+b2) p NT~ (t1+b2+b1)E)

(
(T~ pn -t AT E) x TTHE x X)N
(T~ (tzts2tb) g o p=(tat2satbitbe) p o p=(fatsatbe) By o
(

(

T—(t2+2s2+01) o NT~ (ta+s2) g NT~ (ta+3s2+b1+b2) p NT~ (t2+232+b2)E) %

T t2+382+b1)E NT~ (t2+282)E NT~ (t2+382+bz)E> % T—(t2+352)E>

is positive. If we let By = {b1, b2}, the previous is equivalent to the following:

3 i+1

ﬂH ﬂ T(t+€sl+B >E S0

=1 j=0 ¢=max(j,1)

In this fashion we construct the sequences of the statement inductively. Assume
that we have created by < --- < b, t1 < -+ <t and s1 < --- < s such that

k k+1 i+1

aa [N N T (tettsct B ) > 0, (7.7.4)

i=1 j=0 {=max(j,1)

182



where Bk = {bl, AP ,bk}. Call

k41 . k+1 .
Dk+1— 7 Dk+1—
=] 7 (et e st BEEHIT) 11 7 (4B )
3=0 §=0
where #), = t;, + (k + 1)s;. Notice that
k+1 k+1 @r—j k k+1 i+1 ] L pPl—i
B O H ﬂ T (thrfSkJer >E 5 m H ﬂ T (tz+€sl+Bk >E
J=0 ¢=max(j,1) 1=1 j=0 ¢=max(j,1)

Using multiple right-progressiveness in (7.7.4)) with Ej solely, we find sp11 > s and

t' € N such that the o9;, 3 measure of the intersection of

ﬁkﬁ ﬁl g (st BET) B ) e

1=1 j=0 ¢=max(j,1)

with
TA_(t,+Sk+1)(X % Ek % Xk?-‘rl) AN TA_(t,+(k+2)5k+1)(Xk‘+2 % Ek:)
is positive. We notice that the set
k42 k+2 5 »
XTI N (Bt tsn i +B)

J7=0 ¢=max(j,1)

contains the set
TA—(t/-i-Sk-!—l)(X x Ep x X" n...n TA_(tl+(k+2)5k+l)(Xk+2 x Ey). (7.7.5)

as the set in the (k + 2 + j)-th coordinate of the set in (7.7.5) is

k42 v
) e
N 7 (Bt s +BY)

¢=max(j,1)

)

for each j € {0,...,k + 2}. To see this, notice, for example, that the (k + 2)-th
coordinate of the set in ([7.7.5)) is given by intersecting the (k4 2 — £)-th coordinates
of Ej, under T +0sk+1) for ¢ =1,...,k + 1, and so it equals

k+1 k+2

~ Dk+1—(k+2—0—1) -
ﬂ Ti(t,+£8k+1)T7 (tk+Bk )E — ﬂ T—(tk+t'+fsk+1+B?£)E’
/=1 /=1
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since BZH = 0.

Hence, by left-progressiveness applied k£ 4+ 1 times and disregarding the last
coordinates, we can find txy1 > t; (which groups each tr,t" and the shift given by
the (k + 1) applications of left-progressiveness) such that the oo measure of

E k+2 i+l , k+2 k42 j
(4405, +5B—I - G-y
m H ﬂ T (tz+€51+Bk )E n H ﬂ T (tk+1+€3k+1+Bk >E
i=1 j=0 ¢=max(j,1) J=0 f=max(j,1)
k+1k+2 i+l

_ mH m Tf<ti+€si+Bff[*j>E

1=1 j=0 f=max(j,1)

is positive. Now, by left-progressiveness once again, we obtain by > by such that

the o9 measure of

k41 k+2 i+1

m H m T (tz'-i-ési-i-Bff[_j) Eln

i=1 j=0 ¢=max(j,1)
k+1k+2 i+1

ﬂ H m T*<t¢+€si+bk+1+3§9£7j,1>E

i=1 j=0 ¢=max(j+1,1)

k1 k+2 i+l » i+1 o
= ﬂ H ﬂ T—(ti+fsi+B,?Z j)Em ﬂ T—(ti+zsi+bk+1+3§’f J 1>E
=1 =0 \{=max(j,1) l=j+1

is positive. If we set Bpi1 = By U {bg+1}, we then have that

k+1k+2 i+1 .
_(¢: . Dl—j
0 < Thro m H m T (tz-l-ﬁs,—&-BkH )E

i=1 j=0 f=max(j,1)

concluding the induction. We have constructed sequences (b, )nen, (tk)ken, (Sk)keN
such that (7.7.3) holds for each k € N and thus the proof is complete. O

It is possible to find a set B C N that satisfies the statements of both Theo-
rem and Theorem at the same time. As Fig. and Fig. show, the
proofs of these theorems only differ in the iterative application of multiple right-
progressiveness to find the shifts ¢y, s for Theorem and right-progressiveness
to find the shift t; for Theorem [1.2.3] Thus, we can use both multiple right-

progressiveness and right-progressiveness, in addition to left-progressiveness, to have,
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in each iteration, three shifts ¢;,¢) and s; such that

k+1 k4041 il B
Chrtal [( ﬂ H ﬂ T (ti—l-B]?h J)E> ﬂ

=1 j=0 h=max(j,i)

<(k] (lﬁl ﬁl T‘(ti”sﬁB?Z_j)E) « Xf>

1=1 \ j=0¢=max(j,1)

>0,

which would imply that the same infinite set B C N satisfies the conclusions of

Theorems [1.2.4] and [1.2.3] simultaneously. Hence, we obtain the following result.

Proposition 7.7.8. Let A C N be a set with d*(A) > 0 and £ > 0 an integer. Then,

there exist an infinite set B C N and sequences (t)ren, (th)ken, (Sk)ren C N such
that

{Zn: FCBwithkﬁ]F|§k+€}+t~kCA, for every k € N,

nekl
and
{Zn: F C B+ s with 1 < |F)| Sk}—i—tk C A, for every k € N,
nekl
stmultaneously.

185



Appendix A

Properties of abelian groups

and their Fglner sequences

In this appendix, which is particularly useful for Chapters [ and 5] we collect several
results regarding Fglner sequences in abelian groups that we need. Let G denote a
countable abelian group with ¢ = [G : 2G| < oo and r = | ker(D)| < oo.

Lemma A.0.1. Let ®, ¥ be Fglner sequences in G. Then the following hold:

(i) UV = (OPn UV N)Nen is a Folner sequence in G.

y .. PN . |V | .. NN Ty
1) If 0 < liminf < limsup —— < 400 and, liminf ————— > 0 or
() If N—oo [Py Noose @] N—oo  |Wn|
dyNY
lim infM >0, then NV = (OPx N VUnN)nen s a Folner sequence in
N—roc0 |(I)N‘
G.

(iii) If (gn)Nen is a sequence of elements of G, then the sequence of shifts (gn +
Dn)Nen 18 a Folner sequence in G.

(iv) ®/2 = (Pn/2)Nen is a Folner sequence in G.

Proof. Statements (i) and follow immediately from the definitions, and while
should be known to aficionados, the proof is also a simple consequence of the
definitions. Let us now prove (iv). From [11, Lemma 5.4] we know that N
dy =Py N2G, N € Nis a Fglner sequence in 2G. Observe that for each NV € N,
®y/2 = ®y/2. Let g € G. Then for each N we have that (g + ®n/2)A(Py/2) C
(29 + @N)ADN) /2.

Observing that (2g+®n)APy C 2G and ¢ C 2G, it follows from the definition
of the kernel of the doubling map D that |((2g+ ®n)A®N) /2| = r|(29+ Pn)ADN]|
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and |®x /2| = r|®y|. Thus, we get that

(g +On/2)A(PN/2)] (9 +Pn/2)A(PN/2)] < Qg+ Pn) APy

|P /2] B PN /2| - |P| ’

which goes to 0 as N — oo, because (®y)nen is a Fglner in 2G. This concludes the

proof of . O

Remark A.0.2. We remark here that statements , and hold in any

countable abelian group, irrespectively of whether the values r, £ are finite or infinite.

Lemma A.0.3. Let ¥ = (Uy)nen be a Folner sequence in G. Then

. {g € Un:g+ker(D) C Uy} _

1 1. A.0.1
Ngnoo |\IJN| ( )
In particular, this implies that |‘2§]€’|‘ = % + oN—oo(1).

Proof. Let ker(D) = {hy,...,h,}. For each N we have that

{geUn:g+ker(D) ¢ Un}=|J{geUn:gt+hi ¢ Unt=]Un\(Tn—h)
i=1 =1

which is a subset of |J;_; YnA(¥y — h;) and therefore

g€y g+ ker(D) £ U} _ Z [UNAWN = ki)l (A.0.2)
=1

W] ¥ |

Since V is a Fglner sequence in G, each summand in the right hand side of (A.0.2))

goes to 0 as N — o0, so

lim \{g ISR g—l—ker(D) §Z \I/N}‘ _

0
N—=00 ‘\I/N’ ’

which implies (A.0.1]). Now, for each N, if welet &y = {g € Un : g+ker(D) C Uy},
then we have that ®x C Un C U ey, g+ ker(D), which gives that

20n] < 20n] < [2 | g+ker(D)|. (A.0.3)
geEY N

Consider the equivalence relation in G defined by a = b <= a — b € ker(D),
and for each g € G let [g] denote the equivalence class of g. Note that for g, ¢ € G,
[g)N[¢] #0 < [g] = [¢']. Let Rx be the number of distinct equivalence classes
[g] contained in ®y. Then |®y| = rRy and |2® x| = Ry, because 2(g + h;) = 2¢
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for each g € G, h; € ker(D), combined with the fact that whenever [g] N [¢'] = 0 we
also have that 2g # 2¢’. Hence, [20y]| = %|(I>N\.

Let also Fiy = Uyey, 9 +ker(D), and let Ly be the number of different equiv-
alent classes appearing in Wy. As before we see that |Fy| = rLy and [2Fy| = Ly,
so that [2Fy| = 1|Fy|. Moreover,

Fy\¥nc )  g+ke(D),

geEY N
g+ker(D)Z ¥ N

so [Fn \Un| <r[{ge¥n:gtker(D) g Un}| =r[Un\ On| =r([¥n]—|Pn]).
Dividing by |¥ x|, taking N — oo and using that ENl‘ — 1, we get that w — 0,

|FN\P N |

so also — 0, and since ¥y C Fl, we get that % — 1. Now, dividing by

|FN|
; 2@ | 29N  [2FN] [20n] _ 1|®n] 1
|¥n| in (A.0.3), we get that Tl S oAl S oy Fhen gt = pigy — y and
REN|] _ 1 |FN| — 7, which implies that 2¥n] 1 59 N =5 oo and concludes the
[V ] r[UN] V] T
proof of the lemma. O

As a special case of the above result we also obtain the following.

Lemma A.0.4. For any Folner sequence ® = (®n)nen in G we have that |<}>q1>v]¥w/22c|;| =
T+ ON—oo(1) and 'T%f' 7 T ONSoo(1).

Proof. Applying Lemma with Uy = ®n/2 and observing that 2(dy/2) =
dy N 2G, we get that k‘fﬂ/;(';‘ =T 4+ ON—oo(1). Combining the previous with [11]

Lemma 5.4] we get that |Tg/|2‘ =7 FoNoo(l). O

Lemma A.0.5. If a Folner sequence ® = (®n)nyen in G is quasi-invariant with
respect to doubling, then (Pn NP /2)NeN is also a Folner sequence in G.

Proof. From Lemma we know that ®/2 = (®xn/2)nen is also a Fglner
in G. Now, from Lemma and since ¢ is q.i.d. we see that ®, /2 satisfy the
assumptions of Lemma (i), and the lemma follows. O
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Appendix B

Progressive measures, averages

and seminorms

The purpose of this appendix is to justify our choice of the way to define the pro-
gressive measures used in Chapter [7] and to explain why it is necessary to consider
double averages in Theorem

B.0.1 Progressive measures coming from finite-step nilsystems are
distinct

For an ergodic system (X, uu, T') with continuous pronilfactors, the progressive mea-
sures 0%k for k > 1 are defined in [45] as follows: Consider a € gen(u, ®) and Zj
the k-step pronilfactor with continuous factor map 7 : X — Z;. Define £k € (Z,]j)
to be the Haar measure of the orbit closure of (7 (a),...,mx(a)) under the trans-
formation T x --- x T* and for fo, f1,..., fx € C(X) the measure o € (X*+1) is

defined via

[ oo hwe oo = fulo) [

| E(h 120 @E(fi | Z0) g%, (B)

k

Herein, we want to illustrate that there are cases where if Pyyq1: X k+2 _y xk+1
is the projection to the first k& + 1 coordinates, then Py 0%+ and 0% are distinct
(see also [3, Example 3.19]).

Fix s > 2 and let X = T% and T: X — X be the affine transformation given
by T(x1,...,zs) = (x1 + o, 29 + 221 + @y ..., x5 + ST5_1 + (;)ms_g—i— s 4 sz + ).
This transformation has been repeatedly used in the literature; see, for example,
[19) Proposition 3.11]. In particular if a = (0,...,0) then T"a = (na, n’aq, ..., na)

Notice that the factors Z;(X) for k < s in this case are the systems Zj, = T with
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factor maps 7, : X — Zj given by projecting onto the first k£ coordinates. Moreover,

for every k < s, 0%+ is the Haar measure on the manifold

(

Vo Vo = a,
U1 vy = (T‘tl, T2t2, RN (’l“ + 1)rtk, Up 1y aur,s—l—l—k)’
Qk — e (Ts)k+2
: ti,...,tp € T and
Vk+1 Uply-eo s Upsri—p €T forr=1,...k+1
where we recall that a = (0,...,0) € T® = X. For instance, when s = 3,

Q1 ={(0,0,0, t,u,v, 2t,w,w') | t,u,v,w,w’ € T} c X2
Q= {(0,0,0, t,r,u, 2t,4r,v, 3t,9r,w) | t,r,u,v,w € T} C X*T2

Q3 = {(0,0,0, t,r,s, 2t,4r 8s, 3t,9r, 27s, 4t,16r,64s) | t,r,s € T} C X>2

Notice that Py () is strictly contained in €j_1, so in particular they are distinct.
Since Haar measures of nilmanifolds are fully supported, it follows that the measures
Pyy10%% and g%k are distinct for all k < s.

For the same reason, the measures 0% are not ergodic under the action of
Id x T x -+ x T% for k < s. In fact, the nilmanifold P (f2s), where P, denotes
the projection map P j: X2 — X**+2 to the first k + 2 coordinates, is a minimal
component of 2, for the transformation Id x T x - - - x T*. This shows that €, itself

Zy,

is not minimal for Id x T x - - - x T* and hence its Haar measure o%* is not ergodic.

B.0.2 Double average for seminorm control

Here we use the same family of examples to prove that the seminorms control is
only guaranteed in the double averaging version of Lemma More precisely, we
build an example where if one consider a single average, the L? norm is no longer
controlled by the seminorms of fi, fo.

Consider X = T3 with the transformation 7': T3 — T2 given by (z,y,2) —
(r+a,y+2x+ a,z+ 3y + 3x + «) for « irrational. Let also 0 = (0,0,0) and

Q = Orbyy,2(0,0) = {(t,s,7,2t,4s,97) | t,s,7 € T} C X?
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with its Haar measure £&. Then, (€2, &, T x T?) is a minimal and ergodic system. No-
tice that, for F' € C(Q) and (o, so, 70, 2to, 450, 970) € €2, the conditional expectation
onto W = Z(9,&,T x T?) is given by

E(F ’ W)(to,So,T0,2t0,480,97’0) Z/F<t0,80,7“, 2t0,480,97‘) dm(r)
T

Then, if fl, fQ € C(T?’) are given by f1 = HT2><(0,1/92) +1 and fg = HT2><(1/9,2/9) + 1,
we have that

E(f1| Za) =E(Lq2x(0,1/92) | Z2) +1=1+1/9"

E(f2 | Z2) =E(Ir2x(1/9,2/9) | Z2) +1=1+1/9

E(f1® fa | W) =E(Lr2x(0,1/92) ® Lr25c(1/9,2/9) | W) + E(L125(0,1/92) + L1250 (1/9,2/9) | Z2) + 1
=0+1/92+1/9+1

In particular, E(f1 ® fo | W) —E(f1 | Z2) @ E(f2 | Z2) # 0. Moreover, we have that

lim % Z (T"f1 - T*" f1) @ (T" f2 - T*" f2)

N—o0
n=h 12(§)

is controlled by

. 1 T4n 2n T
M NZT4 (A®L)-T*(fi® fo) - T"(1® f2) ;
sl L2(€)

by similar arguments as in the proof of Lemma where here T = T x T2. By

[32] we can replace it by

lim % Z TYE(fi@l | W) -T*E(fi @ fo | W) -T"E(1® f2 | W)

N—o0
n<N

=(1/9° + 1)(1/9* + 1/9+ 1)(1/9 + 1)

L2(£)

On the other hand,

i % D TME(f1 | Zo) @ 1) - T (E(f1 | Z2) @ E(f2 | Z2)) - T* (1 @ E(f2 | Za))
n=h L2(¢)

=(1/9° +1)%(1/9 + 1)2.
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