
Infinite sumsets via ergodic theory

by

Ioannis Kousek

Thesis

Submitted to the University of Warwick

for the degree of

Doctor of Philosophy in Mathematics

Warwick Mathematics Institute

October 2026



Contents

Acknowledgments v

Declarations vi

Abstract viii

Chapter 1 Introduction 1

1.1 Background and motivation . . . . . . . . . . . . . . . . . . . . . . . 1

1.1.1 Arithmetic Ramsey theory . . . . . . . . . . . . . . . . . . . . 1
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Tristán Radić, because my thesis would not have been the same without them.

I am also thankful to my collaborators outside of this dissertation’s material,

friends, colleagues who participated in enjoyable reading groups and stimulating

mathematical discussions, and the fellow members of Joel’s research group and

informal seminar: Vicente Saavedra-Araya, Rigoberto Zelada, Konstantinos Tsinas,
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and T. Radić (2025). Preprint at https://arxiv.org/abs/2510.18788. (Ch. 7)

• Sharp density conditions for infinite B+B sumsets in abelian groups

(2026). Preprint at https://arxiv.org/abs/2607.18132. (Ch. 5)

vi



Other published works of the author:

• Revisiting sums and products in countable and finite fields (2025).

Ergodic Theory Dynam. Systems Published online 2025:1-32.

• Uniqueness of a topological Furstenberg system, with Vicente Saavedra-

Araya (2026). To appear in the volume “Perspectives on Ergodic Theory and

Its Interactions - In Honor of Vitaly Bergelson.”

• A refined structure theorem for polynomial return-time sets in mini-

mal systems (2026). Preprint available at https://arxiv.org/abs/2607.18987.

vii



Abstract

Until recently, virtually no results were known concerning the existence of in-
finite arithmetic configurations in sets of integers with positive density. The first
breakthroughs in this thematic area were achieved in [49] by Moreira, Richter and
Robertson and the same authors with Kra in [41, 43, 45]. By introducing new
ergodic-theoretic methods, they verified conjectures of Erdős about infinite sumsets,
and established far-reaching density analogues of Hindman’s finite sums theorem.

Building upon this foundation, we resolve various conjectures and several open
problems in this exciting area of research. One of our results extends the main
theorem of [41], confirming [44, Conjecture 3.10]. Namely, we show that for any set
A ⊂ N with positive upper Banach density and any ℓ,m ∈ N, there exist an infinite
set B ⊂ N and some t ∈ N so that {mb1 + ℓb2 : b1, b2 ∈ B and b1 < b2}+ t ⊂ A.

Under the same assumptions, we show the existence of an infinite set B and
a sequence (tk)k∈N of naturals such that

{︁∑︁
n∈F n : F ⊂ B, |F | = k

}︁
⊂ A − tk, for

every k ∈ N. This strengthens the density finite sums theorem of [45] and, in the
context of density analogues to Hindman’s theorem, is the first result to guarantee
an unbounded number of summands generated by a fixed infinite set. As a corollary
of this, we obtain a sequence (Bn)n∈N of infinite sets of natural numbers such that
B1 + · · · + Bk ⊂ A, for every k ∈ N, thus extending the main result of [43] and
verifying [44, Conjecture 2.10].

We also study unrestricted sumsets, which are not generally contained in ev-
ery set of positive density. We fully characterise, in terms of natural asymptotic
densities, the existence of an infinite B ⊂ N and t ∈ {0, 1} with B + B + t ⊂ A:
such B and t exist whenever d(A) > 1/2 or d(A) > 3/4. Moreover, we show
that for any ℓ,m ∈ N, any set A ⊂ N with d(A) > 1/2 contains a configuration
{mb1 + ℓb2 : b1, b2 ∈ B, b1 ≤ b2}+ t for some infinite B and t ∈ N.

We furthermore expand this framework to countable abelian groups. Under
natural, and necessary, assumptions on the doubling map D : g ↦→ g + g of such a
group (G,+), we show that for any Følner sequence Φ = (ΦN )N in G, if A ⊂ G is
such that dΦ(A) + dΦ/2(A) > 1, then there is an infinite set B ⊂ G and some t ∈ G
for which B +B + t ⊂ A, where Φ/2 = (D−1(ΦN ))N .

For the aforementioned results, the density thresholds are sharp – restricting to
the cases where this statement is a non-trivial one. We show this by constructing
sets that attain the lower bounds but do not contain the related sumsets.

viii



Chapter 1

Introduction

In this thesis, we investigate various problems of additive-combinatorial nature, by

mainly using tools and methods from ergodic theory. The problems we study are

chiefly concerned with the existence of infinite configurations, and in particular,

sumsets, inside sets of integers, and other abelian groups, with positive density.

Our principal contributions can be summarised as follows. First, we establish

weighted infinite sumset results in sets of positive density. Second, we develop

density analogues of Hindman’s finite sums theorem. Third, we determine sharp

density conditions for the existence of unrestricted sumsets in a general abelian

group setting. The underlying common approach is to translate these problems into

statements about recurrence and convergence of orbits in dynamical systems.

The contents of this work thus fall primarily under the scope of ergodic Ram-

sey theory, a relatively young branch of mathematics – originating in Furstenberg’s

foundational work [18] – in which ergodic-theoretic techniques are used to prove

Ramsey-theoretic and, generally, arithmetic-combinatorial statements. The devel-

opments presented herein add yet another witness, to a plethora of pre-existing ones,

illustrating the strength and utility of this perspective.

1.1 Background and motivation

1.1.1 Arithmetic Ramsey theory

Ramsey theory is a branch of combinatorics studying the broad phenomenon of

order appearance in substructures of a given structure, or structure preservation

under finite partitions of a structured object. In the narrower intersection of the field

with arithmetic or additive combinatorics, the key objects of enquiry are partition

regular configurations, that is, configurations that must exist in one cell of any finite
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partition of, say, the natural numbers.

A prototypical result in arithmetic Ramsey theory is a well-known theorem of

Schur [56] – via which Schur proved that Fermat’s last theorem fails in modular

arithmetic (see the discussion in Bergelson’s survey [6, Section 1]) – showing that

for any finite colouring (i.e. partition) N = C1∪· · ·∪Cr, there exists a colour class Ci,

and distinct x, y ∈ N such that {x, y, x+ y} ⊂ Ci, or {x, y, x+ y} is monochromatic.

A more concise way to phrase this is that the configuration {x, y, x+ y} is partition

regular.

Perhaps the most classical result, and the starting point for a huge amount of

research, in the field is van der Waerden’s theorem on arithmetic progressions [61],

which states that arithmetic progressions of arbitrary length, i.e. sets of the form

{x, x+ y, x+ 2y, . . . , x+ ky}, are partition regular in N.
Finally, we also recall the result to which Ramsey theory owes its name, namely,

Ramsey’s theorem [54], as it also happens to be pertinent to our work. A strong

version of it, which is of relevance for us, affirms that for any finite colouring of
(︁N
2

)︁
,

there is an infinite set S ⊂ N such that
(︁
S
2

)︁
, i.e. the set of cardinality 2 subsets of S,

is monochromatic. A direct corollary of this is the fact that for any finite colouring

N = C1 ∪ · · · ∪ Cr, there exists an infinite set B ⊂ N for which

B ⊕B := {b1 + b2 : b1, b2 ∈ B, b1 ̸= b2} = {b1 + b2 : b1, b2 ∈ B, b1 < b2}

is monochromatic. It was observed by Hindman [27] that the restriction b1 ̸= b2 is

necessary for this result to hold.

1.1.2 Hindman’s theorem and Erdős’s insight

A particular, and already very interesting, class of partition regular configurations

is those that arise as solutions of systems of homogeneous equations. For clarity,

a system of homogeneous equations with integer coefficients is partition regular if

the system has a monochromatic solution for any finite colouring of the natural

numbers. Notice that both Schur’s theorem and van der Waerden’s theorem can

be formulated in this terminology, as the configurations under consideration in each

case are solutions of systems of linear equations. Both results are special instances

of Rado’s celebrated theorem [53] characterizing all (finite) partition regular systems

of homogeneous linear equations.

These being examples of finite partition regular configurations, a natural ques-

tion – even more so, in view of Ramsey’s theorem – is what non-trivial infinite

configurations are partition regular. In his landmark work [26], Hindman provided

2



the first example of an infinite partition regular system of equations.

Theorem A (Hindman’s finite sums theorem). Let N = C1 ∪ · · · ∪ Cr be a finite

colouring. Then, there exists a colour class Ci and an infinite set B ⊂ N such that{︄∑︂
n∈F

n : ∅ ̸= F ⊂ B, |F | < ∞

}︄
⊂ Ci. (1.1.1)

As we hinted at in the beginning of the introduction, a principle of Ramsey

theory is that order emerges so long as one considers large enough subsets of a

structured object – the notion of largeness depending on the order under considera-

tion. Specifically for arithmetic configurations in N, an important notion of largeness

is positive upper Banach density; that density being defined for a set A ⊂ N as

d∗(A) := lim sup
N−M→∞

|A ∩ {M,M + 1, . . . , N − 1}|
N −M

.

A representative example of this principle is Szemerédi’s famous theorem [58], ac-

cording to which any set with positive upper Banach density contains arbitrarily

long arithmetic progressions. This is a highly non-trivial strengthening of van der

Waerden’s theorem, since in a finite colouring of N at least one of the colours has

positive upper Banach density, and was conjectured by Erdős and Turán [17], almost

forty years before its proof.

Another influential insight of Erdős was that Hindman’s finite sums theorem

should enjoy a density counterpart. Since the set of odd numbers A = 2N − 1 has

density 1/2 and does not contain configurations as in the LHS of (1.1.1), a direct

density analogue – one paralleling the relation between the theorems of Szemerédi

and van der Waerden – is not possible. Moreover, an example of Straus (published

not by him but by others; see, e.g., [5, Theorem 2.20]) placed even more limitations

on what could potentially be a density version of Hindman’s theorem. In particular,

Straus showed that there are sets A ⊂ N of density arbitrarily close to 1, no shift of

which, i.e. A− t, for t ∈ N, contain infinite sumsets as in (1.1.1). This led Erdős to

conjecture, on different occasions [14, 15, 16], that for any set A ⊂ N with positive

density,

(i) there are infinite sets B,C ⊂ N such that B + C ⊂ A and

(ii) there is an infinite set B ⊂ N and a shift t ∈ N, such that B ⊕B + t ⊂ A.

Apart from a weaker result of Nathanson [50], both conjectures saw no progress

for many years. The first partial result in this direction was established in [12].
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In this work, Di Nasso, Goldbring, Jin, Leth, Lupini and Mahlburg employed non-

standard analysis and ideas from ergodic theory in order to verify (i) for sets with

d∗(A) > 1/2.

1.1.3 Ergodic Ramsey theory and recent breakthroughs

The beginning of ergodic Ramsey theory is traced back to Furstenberg’s highly in-

fluential ergodic proof of Szemerédi’s theorem [18]. The first step in Furstenberg’s

argument was to translate the statement of Szemerédi’s theorem into a statement

about multiple recurrence in measure-preserving systems, which he went on to prove

via a stronger multiple ergodic theorem. This translation step, although not very

technical, was arguably a very insightful part of the proof and has since been termed

Furstenberg’s correspondence principle. To phrase this principle rather vaguely: the

quadruple (N,P(N), d∗, T ) behaves like a measure-preserving system. Here P(N)
denotes the power-set of the integers, and T is a shift map on N, specifically, trans-
lation by 1. More precisely, Furstenberg proved the following result.

Lemma B (Furstenberg’s correspondence principle). Given A ⊂ N there exists a

measure-preserving system (X,B, µ, T ), where (X,B, µ) is a Borel probability space,

and a set E ∈ B with µ(E) = d∗(A), such that for every m ∈ N and any integers

n1, . . . , nm ∈ N, we have that

µ(E ∩ T−n1E ∩ · · · ∩ T−nmE) ≤ d∗(A ∩ (A− n1) ∩ · · · ∩ (A− nm)) (1.1.2)

A few years after [12] was published, in a major breakthrough, Moreira, Richter

and Robertson [49] confirmed the full B + C sumset conjecture of Erdős, using a

mixture of combinatorial and nonstandard analysis, and an ergodic structural result.

Host [30], subsequently gave a shorter and more classical ergodic proof of the same

conjecture.

The next advancement was established in [43] by Kra, Moreira, Richter and

Robertson, who gave a new proof of Erdős’s conjecture (i), and moreover proved

that for any k ∈ N, any set with positive upper Banach density contains infinite

sumsets of the form B1 + · · ·+Bk.

The resolution of the second aforementioned conjecture of Erdős, came from

Kra, Moreira, Richter and Robertson [41] using once again methods from ergodic

theory and building on the techniques developed earlier in [43] by the same authors.

Theorem C ([41, Theorem 1.2]). For any A ⊂ N with d∗(A) > 0 there exists some

4



infinite set B ⊂ N and a number t ∈ N such that

{b1 + b2 : b1, b2 ∈ B, b1 ̸= b2}+ t ⊂ A.

Finally, in compelling work [45], using structure theory of multiple ergodic aver-

ages, Kra, Moreira, Richter and Robertson proved the following truncated density

version of Hindman’s theorem.

Theorem D ([45, Theorem 1.1]). Let A ⊂ N be a set with d∗(A) > 0. Then, for

every k ∈ N, there exists an infinite set Bk ⊂ N and an integer tk ≥ 0 such that{︃∑︂
n∈F

n : F ⊂ Bk with 1 ≤ |F | ≤ k

}︃
+ tk ⊂ A.

In each of these results, a version of the correspondence principle was imple-

mented in order to translate the combinatorial statements into dynamical ones,

specifically about the convergence of special orbits in ergodic systems; an example

of this translation is outlined in the following section.

1.2 Infinite sumsets in sets of positive density

1.2.1 Asymmetric infinite sumsets

With our first main result, published in solo-authored work [38], we extend the

methods developed in [41] in order to strengthen the central result therein, that is,

Theorem C, and verify [44, Conjecture 3.10].

Theorem 1.2.1. For any A ⊂ N with d∗(A) > 0 and ℓ,m ∈ N, there exists an

infinite set B ⊂ N and a number t ∈ N such that

{mb1 + ℓb2 : b1, b2 ∈ B, b1 < b2}+ t ⊂ A.

Observe that Theorem C is a special case of Theorem 1.2.1 for the case ℓ =

m = 1. Our proof of Theorem 1.2.1, presented in Chapter 6, is ergodic-theoretic

in nature and it relies on extensions of the beautiful argument crafted in [41] for

the proof of Theorem C. The main setup for it is laid out in Section 6.4 and it is

completed in Section 6.5, along with a slightly stronger result (see Remark 6.5.3).

To give a preliminary sense of how dynamics enter the picture, given a set A ⊂ N,
we first relate the inclusion

{mb1 + ℓb2 : b1, b2 ∈ B and b1 < b2}+ t ⊂ A
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to the existence of a specific topological dynamical system (X,T ), and a triple

(a, x1, x2) ∈ X3, with a ∈ X being a predetermined point, satisfying the convergence

lim
i→∞

(︂
T ℓ × Tm

)︂ni

(a, x1) = (x1, x2), (1.2.1)

along a sequence (ni)i∈N. We call triples of points satisfying (1.2.1), (ℓ,m)−Erdős

progressions – which may justify the unorthodox order in the notation of Theorem

1.2.1. In Section 6.3.1 we explain how a classical version of Furstenberg’s correspon-

dence principle, which is similar to Lemma B, allows us to translate Theorem 1.2.1

to a dynamical statement of the above form, namely, Theorem 6.3.2. The proof

of the latter is carried out by constructing a special measure on X3 supported on

triples of points satisfying (1.2.1) and the bulk of the argument is to verify some

properties of this measure that allow this to happen.

1.2.2 Density analogues of Hindman’s finite sums theorem

The most technical results in this thesis are presented in Chapter 7 and relate to

extensions of Theorem D, towards more density versions of Hindman’s finite sums

theorem.

To bridge the gap between Theorem D and the counterexample of Straus we

mentioned in Section 1.1.2, Kra, Moreira, Richter and Robertson asked whether a

sequence of shifts – instead of a single shift – would allow for an unbounded number

of summands generated by one infinite set.

Question 1.2.2 ([44, Question 2.11]). Let A ⊂ N be a set with d∗(A) > 0. Does

there exist an infinite set B ⊂ N and a sequence of shifts (tk)k∈N ⊂ N such that{︃∑︂
n∈F

n : F ⊂ B with 1 ≤ |F | ≤ k

}︃
+ tk ⊂ A, for every k ∈ N ?

In joint work with Hernández and Radić [24], we answer Question 1.2.2 in the

negative (see Proposition 7.3.2) by constructing a set of density arbitrarily close to

1 for which even a weaker version of the conclusion fails. However, our main results,

Theorems 1.2.3 and 1.2.4, extend Theorem D in two different directions, achieving

in each case a certain degree of independence between the infinite set B and the

number of summands k ∈ N.

Theorem 1.2.3. Let A ⊂ N be a set with d∗(A) > 0 and ℓ ≥ 0 an integer. Then,
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there exist an infinite set Bℓ ⊂ N and a sequence (tℓ,k)k∈N ⊂ N such that{︃∑︂
n∈F

n : F ⊂ Bℓ with k ≤ |F | ≤ k + ℓ

}︃
+ tℓ,k ⊂ A, for every k ∈ N.

In Section 7.3, we show that Theorem 1.2.3 is optimal in the sense that one

cannot choose the set Bℓ independently of ℓ. We also show that the sequence of

shifts (tℓ,k)k∈N cannot, in general, be bounded.

Theorem 1.2.4. Let A ⊂ N be a set with d∗(A) > 0. Then, there exist an infinite

set B and sequences (sk)k∈N, (tk)k∈N ⊂ N such that{︃∑︂
n∈F

n : F ⊂ B + sk with 1 ≤ |F | ≤ k

}︃
+ tk ⊂ A, for every k ∈ N.

Letting Bk = B + sk, for every k ∈ N, we see that the strength of this result

over Theorem D is that the sets (Bk)k∈N are shifts of a single infinite set B ⊂ N.
Our construction in Section 7.3 shows that one cannot in general remove the shift

sequences (tk)k∈N, (sk)k∈N, as well as the necessity of them being unbounded. The

second auxiliary sequence in Theorem 1.2.4, as opposed to merely shifting the set

A, is naturally introduced to overcome the further local obstructions that arise in

our answer to Question 1.2.2.

Recall that, the main result of [43] shows that for any k ∈ N, any set of positive

density contains a sumset of the form B1 + · · ·+Bk, where B1, . . . , Bk are infinite.

As a corollary of our main theorems, we strengthen this by removing the dependence

of the infinite sets on k. This positively answers [43, Question 8.1] and verifies [44,

Conjecture 2.10].

Corollary 1.2.5. Let A ⊂ N be a set with d∗(A) > 0. Then, there exists an infinite

sequence (Bn)n∈N of infinite sets of natural numbers such that

B1 +B2 + · · ·+Bk ⊂ A, for every k ∈ N.

We remark that Theorem 1.2.3 for ℓ = 0 already implies Corollary 1.2.5 and the

details can be found in Section 7.4.1. Similarly, Theorem 1.2.4 also implies Corollary

1.2.5.

A high-level outline of the ergodic machinery built to prove Theorems 1.2.3 and

1.2.4 is presented in Section 7.2.2.
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1.3 Unrestricted sumsets in sets of large density

For the purposes of contextualizing our next main results, we redirect our attention

to Theorem C. In particular, we point out that the restriction b1 ̸= b2 is necessary

and the nature of the problem changes substantially when it is removed. Indeed, it is

not difficult to exhibit a set of full upper Banach density and positive lower density

that does not contain infinite sumsets of the form B+B+t := {b1+b2 : b1, b2 ∈ B}+t

(see, e.g., [44, Example 2.3]).

A natural question then is whether such unrestricted sumsets are guaranteed in

sets that satisfy stronger density assumptions. We refer to the (unrestricted) B+B

problem as the general problem of finding a density scheme – initially in the integer

setting, and later on in countable abelian groups – for which any set with large

enough density contains a sumset of the form B +B + t.

1.3.1 Sumsets of the form B +B in the integers

The focus of Chapter 3, which is based on the joint work with Radić [40], is to

provide conditions on the density of a set A ⊂ N that ensure the existence of an

infinite set B ⊂ N such that B+B+t ⊂ A, for some t ∈ {0, 1}. These conditions turn
out to be considerably more restrictive than those of Theorem C. With the following

theorems we address [44, Conjecture 3.7] and provide optimal density thresholds for

natural upper and lower densities for the unrestricted B +B problem.

Theorem 1.3.1. Let A ⊂ N.

1. If d(A) > 5/6, there is an infinite set B ⊂ N such that B +B ⊂ A.

2. If d(A) > 3/4, there is an infinite set B ⊂ N such that B +B ⊂ A.

When we allow for a shift, the density assumptions can be weakened.

Theorem 1.3.2. Let A ⊂ N.

1. If d(A) > 2/3, there is an infinite set B ⊂ N and t ∈ {0, 1} such that B+B+

t ⊂ A.

2. If d(A) > 1/2, there is an infinite set B ⊂ N and t ∈ {0, 1} such that B+B+

t ⊂ A.

To prove Theorems 1.3.1 and 1.3.2 we use the tools developed in [41] and trans-

late the problem of finding infinite configurations to a statement in ergodic theory.

As was shown in [41] the containment B⊕B ⊂ A, for some infinite B ⊂ N, is related
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to the existence of a particular system (X,T ) and specific points a, x1, x2 ∈ X such

that for some increasing sequence (nk)k∈N we have (T × T )nk (a, x1) → (x1, x2) (see

[41, Theorem 2.2]). In the present work, we also need that T 2nka → x2 in order

to ensure that 2B := {2b : b ∈ B} ⊂ A. Given that we care simultaneously about

the convergence under iterations of T and T 2, we develop a modified version of

Furstenberg’s correspondence principle, where instead of building an appropriated

ergodic invariant measure on the full shift in two symbols, ({0, 1}Z, T ), we build an

appropriated (T 2 × T )-invariant probability measure on ({0, 1}Z × {0, 1}Z, T 2 × T ).

This is carried out in Lemmas 3.3.3 and 3.3.7 and the proofs of Theorems 1.3.1 and

1.3.2 are presented in Section 3.4.

In Section 3.5.1 we establish that the density bounds listed in Theorems 1.3.1

and 1.3.2 are sharp. As an illustrative example, we construct a set A ⊂ N with

d(A) = 5/6 which does not contain a sumset B +B, for any infinite B ⊂ N.

1.3.2 Sumsets of the form B +B in countable abelian groups

It is natural to ask whether Theorem C could be extended to other countable

amenable (semi)groups. This was explored in [11], where Charamaras and Moun-

takis established an extension of Theorem C for a wide class of such groups. In

particular, [11, Corollary 1.13] asserts that if (G,+) is a countable abelian group

with index [G : 2G] < ∞ and A ⊂ G has positive upper Banach density, there exist

an infinite set B ⊂ A and some t ∈ G such that B ⊕B + t ⊂ A.

To define a density scheme for which any set with large enough density contains

a sumset of the form B +B + t, we use the notion of Følner sequences. Recall that

given an abelian group G, a sequence Φ = (ΦN )N∈N of finite subsets of G is a Følner

sequence if for any g ∈ G,

lim
N→∞

|ΦN ∩ (g +ΦN )|
|ΦN |

= 1.

The upper density of a set A ⊂ G with respect to Φ, is defined as the limit dΦ(A) =

lim supN→∞
|A∩ΦN |
|ΦN | , and we speak of the density dΦ(A) when the limit exists.

We remark that for the results presented in Section 1.3.1, taking the density

with respect to the initial Følner sequence N ↦→ [1, N ] in N is essential, as it is clear

from [44, Example 2.3] that not all Følner sequences can be used to guarantee such

density threshold values.

The main aim of the preceding discussion is to set the stage for the following –

a posteriori natural – questions, which we initially address in Chapter 4: Let G be

a countable abelian group, such that [G : 2G] < ∞.
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(a) Can we find a Følner sequence Φ and a constant c = c(G,Φ) > 0 such that

any set A ⊂ G with dΦ(A) > c contains an unrestricted sumset of the form

B +B + t for some infinite set B ⊂ G and some t ∈ G?

(b) Can we answer (a) in an optimal way?

This is a more precise formulation of the unrestricted B+B problem in countable

abelian groups. In Chapter 4 this exact question is addressed successfully. For

brevity we do not present the main theorems of this chapter here, which are based

on the joint work with Charamaras, Mountakis and Radić [10], but we opt to present

the stronger results of Chapter 5 which are based on the solo-authored recent paper

[39]. Nevertheless, we want to emphasise that the arguments in Chapter 5 are highly

influenced by those developed in [10] and rely on many technical results established

therein.

Throughout, G denotes a countable abelian group and D denotes the doubling

map D : G → G,D(g) = 2g. In addition, given a set A ⊂ G, we write 2A for the

set D(A), and A/2 for D−1(A). The main result of Chapter 5 reads as follows.

Theorem 1.3.3. Let (G,+) be a countable abelian group with ℓ = [G : 2G] < ∞
and r = | ker(D)| < ∞. Let A ⊂ G and Φ be any Følner sequence in G. Pass to a

subsequence of Φ if necessary so that all densities exist. Then the following hold:

(1) If dΦ(A) + dΦ/2(A) > 1, there exist an infinite set B ⊂ G and some t ∈ G such

that B +B + t ⊂ A.

(2) If dΦ(A)+dΦ/2(A) >
2ℓ−1
ℓ , there exists an infinite set B ⊂ G such that B+B ⊂

A.

(3) If dΦ(A∩ 2G) + dΦ/2(A∩ 2G) > 1
ℓ , there exists an infinite set B ⊂ G such that

B +B ⊂ A.

The need to pass to an appropriate subsequence in Theorem 1.3.3 is not a mere

artifact of the proof, but rather we even have the following extreme behaviour if we

consider densities along different subsequences of Φ and Φ/2.

Proposition 1.3.4. Let (G,+) be a countable abelian group with ℓ = [G : 2G] < ∞
and r = | ker(D)| < ∞. There is a set A ⊂ G and a Følner sequence Φ such that

dΦ(A) + dΦ/2(A) = 2,

but there does not exist an infinite set B ⊂ G and t ∈ G with B +B + t ⊂ A.
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We also show the optimality of the density threshold values in Theorem 1.3.3

via the following result.

Theorem 1.3.5. Let (G,+) be a countable abelian group with ℓ = [G : 2G] < ∞
and r = | ker(D)| < ∞. There is a set A ⊂ G such that

dΦ(A) + dΦ/2(A) = 1,

for some Følner sequence Φ in G, but there does not exist an infinite set B ⊂ G and

t ∈ G with B +B + t ⊂ A.

Finally, we want to remark that both the assumptions [G : 2G] < ∞ and r =

| ker(D)| < ∞ are necessary for the previous results to hold. Indeed, this is already

the case for the weaker results of Chapter 4. In particular – even though it may seem

surprising at first since the density thresholds in Theorem 1.3.3 do not depend on

r – there are groups with | ker(D)| = ∞ for which Theorem 1.3.3 fails dramatically

(see Section 4.6.1).

1.3.3 Sumsets of the form mB + ℓB

Analogously, we are also interested in an unrestricted version of Theorem 1.2.1.

Including the diagonal in the sumsets is an important first step in this direction.

Building on the ideas involved in the proofs of Chapter 3 and the proof of Theorem

1.2.1, we are able to prove the following results.

Theorem 1.3.6. Let ℓ,m ∈ N. For any A ⊂ N with d(A) > 1/2, there exist an

infinite set B ⊂ N and some t ∈ N such that

{mb1 + ℓb2 : b1, b2 ∈ B and b1 ≤ b2}+ t ⊂ A.

Theorem 1.3.7. Let ℓ,m ∈ N and k = m/ℓ. For any A ⊂ N with d(A) > 1 −
1/(k + 2), there exist an infinite set B ⊂ N and some t ∈ N such that

{mb1 + ℓb2 : b1, b2 ∈ B and b1 ≤ b2}+ t ⊂ A.

These theorems are proven in Chapter 6. We also prove similar results for the

case of unshifted patterns (see, e.g., Theorem 6.2.2). Once again, we will show that

both previous density threshold bounds are optimal. To demonstrate this, we show,

for example, the following.
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Proposition 1.3.8. Let ℓ,m ∈ N and k = m/ℓ. Then, there exists a set A ⊂ N
with d(A) = 1− 1/(k+2) such that for any infinite set B and any integer t ∈ N we

have that {mb1 + ℓb2 : b1, b2 ∈ B and b1 ≤ b2}+ t ̸⊂ A.

Recall the discussion after Theorem 1.2.1. We try to mimic this approach for the

latter results, but the problem gets more complicated – already at the level of the

correspondence principle – if we also want to include the diagonal in the sumsets.

More precisely, in the dynamical setting of that discussion, in order to guarantee

that {mb1 + ℓb2 : b1, b2 ∈ B and b1 ≤ b2} + t ⊂ A, we additionally need to know

that (T jℓ)nia → x2, for some j ∈ N such that jℓ = ℓ +m. However, this equation

is only solvable if k = m/ℓ is an integer. In this special case, one could devise

a modified version of the correspondence principle, by building an appropriated

(T (k+1) × T )-invariant probability measure on ({0, 1}Z × {0, 1}Z, T (k+1) × T ). For

the case ℓ = m = 1, this argument will be utilised in Chapter 3.

To handle the general case when the ratio k = m/ℓ is not an integer, we consider

a (T (⌈k⌉+1) × T )-invariant probability measure on ({0, 1}Z × {0, 1}Z, T (⌈k⌉+1) × T ),

where ⌈k⌉ denotes the ceiling of k, arising from a generic pair of points (a′, a),

where a corresponds to the indicator of A, and a′ corresponds to the indicator of an

auxiliary set A′ ⊂ N. Essentially, A′ is such that the inclusion (ℓ(⌈k⌉+1)B+ t ⊂ A′

also implies (m + ℓ)B + t ⊂ A. In Section 6.3.2 we formulate this version of the

correspondence principle as Lemma 6.3.8 and use it to deduce Theorem 1.3.7 from

a dynamical statement, namely Theorem 6.3.6.

1.4 Outline of the following chapters

The proofs of our main results rely on arguments from ergodic theory and topological

dynamics. Thus, for completeness, in Chapter 2 we introduce relevant terminology,

and collect several necessary ingredients, as well as classical results that will be

needed. At the end of the chapter we gather the notation that is used throughout

this thesis.

In Chapter 3 we present the results of [40] some of which were laid out in Section

1.3.1. Then, in Chapter 4 we address the problem studied in Chapter 3 to the more

general setting of countable abelian groups. The culmination of these first chapters

is, in a sense, completed in Chapter 5, where we strengthen the results presented

up to that point, as explained in Section 1.3.2.

Chapter 6 contains the results discussed in Sections 1.2.1 and 1.3.3 and is based

on the work [38].

We conclude with Chapter 7 that comprises the results of [24], some of which

12



were presented in Section 1.2.2. We also remark that the ergodic-theoretic machinery

developed and used in this chapter is the most sophisticated of all this thesis.

The appendices, Appendix A and Appendix B, consist, respectively, of useful

general facts about countable abelian groups and Følner sequences, and some tech-

nical examples that justify our approach in Chapter 7.

Finally, we note that to facilitate selective reading, we have chosen to include

detailed introductions of the main results to follow at the beginning of each chapter

– potentially at the cost of slight repetitions of things that appeared in the general

introduction of Chapter 1.

For more work related to this interesting and flourishing theory see also [21, 23,

25, 42, 48, 52, 60].
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Chapter 2

Preliminaries

2.1 Densities and notions of largeness

Let A ⊂ N. The upper and lower asymptotic densities of A are defined, respectively,

by

d(A) := lim sup
N→∞

|A ∩ [1, N ]|
N

and d(A) := lim inf
N→∞

|A ∩ [1, N ]|
N

,

where [1, N ] = {1, . . . , N}, for any N ∈ N. If these two quantities are equal, their

common value is called the natural density of A and is denoted by d(A).

More general notions of density measure the asymptotic proportion of a set’s

elements in other sequences of intervals. In particular, the upper Banach density of

A ⊂ N is

d∗(A) := lim sup
N−M→∞

|A ∩ {M,M + 1, . . . , N − 1}|
N −M

.

and its lower Banach density is

d∗(A) := lim inf
N−M→∞

|A ∩ {M,M + 1, . . . , N − 1}|
N −M

.

One important feature of a density function is shift-invariance. This is guaranteed by

averaging along asymptotically shift-invariant sequences of sets, which is captured

by the notion of Følner sequences.

For the generality that we will be interested in throughout this thesis, let (G,+)

be a countable abelian group. Then, a Følner sequence Φ = (ΦN )N∈N in G is a

sequence of nonempty finite subsets of G which are asymptotically invariant under

any shift, that is,

lim
N→∞

|ΦN ∩ (ΦN + t)|
|ΦN |

= 1,
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for any t ∈ G. The upper density of a set A ⊂ G along Φ is given by

d(A) := lim sup
N→∞

|A ∩ ΦN |
|ΦN |

.

The lower density of A along Φ and the density, when it exists, are then defined

analogously to how asymptotic natural density was defined in N. For reference, the
special sequence N ↦→ [1, N ] in N is typically called the initial Følner sequence.

For a countable abelian group (G,+), the upper Banach density of a set A ⊂ G

is defined as

d∗(A) := sup{dΦ(A) : Φ is a Følner sequence in G}.

The tentative reader may observe that this definition seems to differ from the original

one in N. Nevertheless, it follows (see, e.g. [4, eq. (5)]) that in any abelian group

(G,+), for any set A ⊂ G and any Følner sequence Φ = (ΦN ), there exists a

sequence (tn) in G, such that

d∗(A) = d(ΦN+tN )(A).

Although N is technically only a semigroup, the same results hold for N also.

The following notions of largeness for subsets of N are very important and appear

frequently in the intersection of Ramsey theory and topological dynamics or ergodic

theory. For A ⊂ N and m ∈ N we let A−m := {n ∈ N : n+m ∈ A}. A set A ⊂ N
is

• syndetic if there exists k ∈ N such that
⋃︁k

j=1A− j = N

• thick if for all N ∈ N, there exists m ∈ N such that {m,m+1, . . . ,m+N} ⊂ A

• piecewise syndetic if there exists k ∈ N such that
⋃︁k

j=1A− j is thick.

It is well-known and easy to deduce from the definitions that a set is thick if

and only if it intersects every syndetic set, or equivalently, if its complement is

not syndetic. The roles of thick and syndetic sets in the previous sentence can be

interchanged. Moreover, a set is piecewise syndetic if and only if it is the intersection

of a syndetic and a thick set. Note also that shifts of syndetic, thick or piecewise

syndetic sets are syndetic, thick or piecewise syndetic, respectively. Finally, these

families of sets are upward closed; for example, a set that contains a syndetic set is

also syndetic, and similarly for the rest.
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The same definitions, with obvious modifications, hold in Z. These notions can

also be defined analogously for countable abelian groups, but we will only pursue

this on demand in Chapter 4.

We conclude this section with a simple combinatorial lemma about properties

of the upper and lower density. The proof is elementary and so we omit it. This

result will be particularly useful in Section 3.5.2.

Lemma 2.1.1. Let P(N) denote the power-set of N.

(1) The function d: P(N) → [0, 1] is sub-additive. That is, for any sets A,B ⊂ N,
we have d(A ∪ B) ≤ d(A) + d(B). In the special case that the sets are disjoint

and the density of B exists we have d(A ∪B) = d(A) + d(B).

(2) The function d: P(N) → [0, 1] is super-additive. That is, for any disjoint sets

A,B ⊂ N, we have d(A∪B) ≥ d(A)+d(B). In the special case that the density

of B exists we have d(A ∪B) = d(A) + d(B).

(3) If A,B ⊂ N are such that B = A + t, for some t ∈ N and A ∩ B = ∅, we have

d(A ∪B) = 2 · d(A) and d(A ∪B) = 2 · d(A).

2.2 Topological dynamical systems

Throughout, a topological (dynamical) system is a pair (X,T ), whereX is a compact

metric space and T : X → X is a homeomorphsim.

A system (X,T ) is minimal if every point x has a dense orbit, i.e., the set

{Tnx : n ∈ Z} is dense in X. It is transitive if there exists one dense orbit.

A factor map between two systems (X,T ) and (Y, S) is a continuous surjection

π : X → Y satisfying π ◦ T = S ◦ π, meaning that π(T (x)) = S(π(x)), for all

x ∈ X. In this case, we call (Y, S) a factor of (X,T ) or the latter an extension of

the former and we sometimes use the same letter for the transformations T and S,

writing (Y, T ) instead of (Y, S). If (Y1, T ) and (Y2, T ) are two factors of (X,T ) with

corresponding factor maps π1 : X → Y1 and π2 : X → Y2 and there is another factor

map π : Y1 → Y2 such that π2 = π ◦ π1, we say that (Y1, T ) contains (Y2, T ).

To determine when two topological systems are essentially equivalent, we use

the notion of topological isomorphism (or topological conjugacy). A topological iso-

morphism between two topological systems (X,T ) and (Y, S) is a homeomorpshim

ϕ : X → Y satisfying ϕ ◦ T = S ◦ ϕ. Note that, ϕ is a factor map from (X,T ) to

(Y, S), but it also follows that ϕ−1 ◦ S = T ◦ ϕ−1, and in particular, ϕ−1 is a factor

map from (Y, S) to (X,T ) as well. In this case, we say that (Y, S) and (X,T ) are

topologically isomorphic.
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Let (Xj , Tj)j∈N be a sequence of topological dynamical systems endowed with

factor maps πj,j+1 : Xj+1 → Xj for each j ∈ N. An inverse limit of this sequence of

systems is the unique system (X,T ) (up to topological isomorphism) endowed with

factor maps πj : X → Xj , j ∈ N, such that

(i) πj+1 = πj,j+1 ◦ πj , for every j ∈ N and

(ii)
⋃︁

i∈N{f ◦ πi : f ∈ C(Xi)} is dense in C(X).

2.3 Measure-preserving systems

A measure-preserving system (X,µ, T ) is a triple where (X,T ) is a topological dy-

namical system and µ is a T -invariant Borel probability measure, namely Tµ = µ,

where Tµ denotes the pushforward of µ by T . We stress that, throughout this thesis,

all our measure-preserving systems have an underlying topological stucture.

The system (X,µ, T ) is ergodic if T−1A = A implies that µ(A) ∈ {0, 1} for

any Borel set A. The system (X,T ) is uniquely ergodic if there exists only one

T -invariant measure µ, which makes the system (X,µ, T ) automatically ergodic.

If (X,µ, T ) is measure-preserving, the support of µ is defined as the smallest

closed, full measure subset of X, or equivalently, as

supp(µ) = {x ∈ X : for each open neighbourhood U of x, µ(U) > 0}.

We recall that a measurable map π : X → Y between two systems (X,µ, T ) and

(Y, ν, S) is called a factor map if πµ = ν, where πµ denotes the push forward of µ

by π, and

π ◦ T = S ◦ π µ-almost everywhere. (2.3.1)

In turn, (Y, ν, S) is called a factor of (X,µ, T ) and (X,µ, T ) is called an extension of

(Y, ν, S). If, in addition, π is continuous, surjective and (2.3.1) holds everywhere we

call π a continuous factor map. Again, we use the same letter for the transformation

of a factor and its extension, that is, we write (Y, ν, T ).

Given a factor map π : X → Y and a function f ∈ L2(µ), we consider the

conditional expectation E(f |π−1B(Y )), where B(Y ) is the Borel σ-algebra on Y .

We write E(f |B(Y )) or E(f |Y ) for the B(Y )-measurable function that satisfies

E(f |B(Y )) ◦ π = E(f |π−1B(Y )).

We remark that a factor of an ergodic system is also ergodic. Of special interest

are factors with the structure of group rotations. More precisely, a group rotation

is a system (Z,m,R) where Z is a compact abelian group with its normalized Haar
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measurem and R : Z → Z is the rotation map given by R(z) = z+α, for some α ∈ Z.

Every ergodic system has a maximal group rotation factor, called the Kronecker

factor (see, for example, [13, Theorem 6.10]), and while in general the factor map

from an ergodic system (X,µ, T ) to its Kronecker (Z, ν,R) is only measurable, for

our purposes we may assume that it is also a continuous surjection. We explain this

in Proposition 3.4.1.

Let (Xj , µj , Tj)j∈N be a sequence of measure-preserving systems endowed with

factor maps πj,j+1 : Xj+1 → Xj for each j ∈ N. An inverse limit of this sequence

of systems is the unique system (X,µ, T ) (up to isomorphism) endowed with the

factor maps πj : X → Xj , j ∈ N such that

(i) πj+1 = πj,j+1 ◦ πj , for every j ∈ N and

(ii) For 1 ≤ p < ∞,
⋃︁

i∈N{f ◦ πi : f ∈ Lp(µi)} is dense in Lp(µ).

Given a system (X,µ, T ), a point a ∈ X is generic for µ along a Følner sequence

Φ, written as a ∈ gen(µ,Φ), if

µ = lim
N→∞

1

|ΦN |
∑︂

n∈ΦN

δTna,

where δx is the Dirac mass at x ∈ X and the limit is in the weak* topology. A well-

known consequence of the mean ergodic theorem [51] is that for an ergodic system

(X,µ, T ) and any Følner sequence, there is a subsequence Φ such that µ-almost

every point x ∈ X is generic along Φ (see, e.g. [43, Corollary 2.6]).

Finally, given a measure-preserving system (X,µ, T ), a function f ∈ L2(X) is

called weak-mixing if

lim
N→∞

1

N

N∑︂
n=1

⃓⃓⃓⃓∫︂
X
Tnf · f̄ dµ

⃓⃓⃓⃓
= 0.

2.4 Disintegrations over factors

Ergodic systems are fundamental as building blocks of all systems in the sense of

the ergodic decomposition theorem (see, for example, [13, Theorem 6.2]).

Theorem 2.4.1 (Ergodic decomposition). Let (X,µ, T ) be a measure-preserving

system and let MT (X) denote the set of T -invariant Borel probability measures on

X. Then there exist a Borel probability space (Y,B(Y ), ν) and measures µy ∈ MT (X)

such that,
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(i) y ↦→ µy is measurable, that is, y ↦→
∫︁
X f dµy is measurable for every f ∈ L1(µ)

(ii) µy is ergodic for ν-almost every y ∈ Y , and

(iii) µ =
∫︁
Y µy dν(y), which means that for every f ∈ L1(µ) we have∫︂

X
f(x) dµ(x) =

∫︂
Y

(︃∫︂
X
f(x) dµy(x)

)︃
dν(y).

Remark. Indeed, (Y,B(Y ), ν) can be chosen to be (X,B(X), µ). To be precise, the

theorem’s conclusion means that for any function f ∈ L1(µ), the integral
∫︁
X f dµy

exists for ν-almost all y, and that on this full-measure set,

y ↦→
∫︂
X
f dµy

is measurable and ∫︂
X
f(x) dµ(x) =

∫︂
Y

(︃∫︂
X
f(x) dµy(x)

)︃
dν(y).

Another way to describe the ergodic decomposition is via disintegrations over

certain factor maps, and we explain this more general approach as well since it will

be useful, particularly in Chapter 6.

Let (X,µ, T ) be a measure-preserving system and (Y, ν) a probability space.

Then, a map y ↦→ µy from Y → M(X), the space of Borel probability measures on

X, with the properties

• y ↦→ µy(F ) is measurable for every Borel set F ⊂ X

•
∫︁
Y f dµ =

∫︁
Y

∫︁
X f dµy dν(y), for all measurable and bounded f : X → C,

is called a disintegration of µ.

For an exposition on the following theorem about disintegrations over factor

maps, see for example, [13, Chapter 5].

Theorem 2.4.2. Let π : (X,µ, T ) → (Y, ν, S) be a factor map between measure-

preserving systems. Then, there exists a disintegration y ↦→ µy of µ defined on (Y, ν)

satisfying

E(f |Y ) =

∫︂
X
f dµy,

for ν-a.e. y ∈ Y , whenever f : X → C is measurable and bounded. Moreover, if

y ↦→ ηy is another disintegration with the same property, then ηy = µy for ν-a.e.

y ∈ Y .
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A fruitful idea in ergodic theory, particularly when structural questions are con-

sidered, is that a measurable factor of a measure-preserving system determines

uniquely (up to isomorphism), and is conversely, uniquely determined by, an in-

variant sub-σ-algebra. For a measure-preserving system (X,B, µ, T ), an invariant

sub-σ-algebra is a sub-σ-algebra A ⊂ B with T−1A = A modulo µ). For the details

see [13, Lemma 6.4 and Theorem 6.5].

Using Theorem 2.4.2 one can show that for a measure-preserving system (X,µ, T ),

an ergodic decomposition of µ is given via the disintegration over the invariant fac-

tor, which is the factor identified with the invariant σ-algebra, namely I(T ) = {A ∈
B(X) : T−1A = A (mod µ)}.

2.5 Dynamics of group actions

Throughout this section, letG be a countable abelian group. Given a compact metric

space X = (X, dX), a continuous action T = (Tg)g∈G of G on X is a collection of

continuous functions Tg : X → X such that for any g1, g2 ∈ G, Tg1 ◦ Tg2 = Tg1+g2 .

Given such an action, we call the pair (X,T ) a topological G-system.

Fix a topological G-system (X,T ). A measure µ in the space of Borel probability

measures on X is said to be T -invariant, if it is invariant under Tg for all g ∈ G.

The Borel σ-algebra on X is denoted by B(X) or just B, if no confusion may arise.

The action T on the Borel probability space (X,µ) is called a measure-preserving

G-action and (X,µ, T ) is called a measure-preserving G-system. For simplicity, we

refer to the above as G-actions, and G-systems, respectively. A G-system (X,µ, T )

is called ergodic if for any measurable set A the following holds:

T−1
g A = A for all g ∈ G =⇒ µ(A) = 0 or µ(A) = 1.

Given a G-system (X,µ, T ) and a Følner sequence Φ, a point a ∈ X is called generic

with respect to µ along Φ, denoted by a ∈ gen(µ,Φ), if

lim
N→∞

1

|ΦN |
∑︂
g∈ΦN

δTga = µ,

where δx is the Dirac mass at x ∈ X and the limit is in the weak∗ topology.

Given two G-systems (X,µ, T ) and (Y, ν, S), we say that (Y, ν, S) is a factor

of (X,µ, T ) if there exists a measurable map π : X → Y , which we call factor

map, such that µ(π−1E) = ν(E) for any measurable E ⊂ Y , and for any g ∈ G,

π◦Tg = Sg ◦π holds µ-almost everywhere on X. When, additionally, the factor map
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π is continuous and π ◦ Tg = Sg ◦ π holds everywhere on X for any g ∈ G, we say

that π is a continuous factor map and (Y, ν, S) is a continuous factor of (X,µ, T ).

An important class of factors is those with the structure of group rotations.

In particular, for any ergodic G-system (X,µ, T ) we utilize its Kronecker factor,

which is the maximal factor of the system that is isomorphic to an abelian group

rotation (see [47, Theorem 1]): There exists a compact abelian group Z and a group

homomorphism θ : G → Z with dense image, such that the Kronecker factor of

(X,µ, T ) is measurably isomorphic to (Z,m,R), where m is the normalized Haar

measure on Z and R is the rotation by θ, i.e. for all z ∈ Z and g ∈ G,

Rg(z) = θ(g) + z. (2.5.1)

In this setting, the acting group G is countable, but not necessarily Z also.

2.6 Nilsystems and uniformity seminorms

A k-step nilsystem (X,T ) = (G/Γ, T ) is a dynamical system given by a k-step

nilpotent Lie group G, with Γ being a co-compact discrete subgroup, T : X → X

denoting the left translation by a fixed element of G. If µ denotes the Haar measure

of X, then (X,µ, T ) = (G/Γ, µ, T ) is a measure-preserving system. For the k-

step nilsystem (X,µ, T ), the properties of transitivity, minimality, ergodicity and

unique ergodicity are equivalent. Moreover, if x ∈ X is any point, the orbit closure

{Tnx : n ∈ Z} is a minimal and uniquely ergodic k-step subnilsystem. An inverse

limit (in either the topological or the measure-theoretic sense) of k-step nilsystems

is called a k-step pronilsystem. An infinite-step pronilsystem is an inverse limit of

a sequence of finite-step pronilsystems of increasing and unbounded step.

All the above properties are preserved under inverse limits of k-step nilsystems,

so they also hold for k-step pronilsystems (e.g. the equivalence between minimality,

ergodicity and unique ergodicity). For these classical facts and other details we refer

the reader to [31, Chapter 11 and Chapter 13].

Let (X,µ, T ) be an ergodic measure-preserving system. Then, for every k ∈ N,
(X,µ, T ) has a maximal factor isomorphic to a k-step pronilsystem, called the k-

step pronilfactor. We shall denote this factor by (Zk,mk, T ). For k = 1 this factor

corresponds to the Kronecker factor. The inverse limit of ((Zk,mk, T ))k∈N is the

infinite-step pronilfactor of X and we denote it by (Z∞,m, T ). The infinite-step

pronilfactor of X coincides with the maximal factor of X isomorphic to an infinite-

step pronilsystem.

Infinite-step pronilsystems share many properties with finite-step pronilsystems;
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some of those, which are exploited in this thesis, are listed in the end of this sub-

section.

In their seminal paper [32], Host and Kra showed that it is possible to describe an

ergodic system’s k-step pronilfactor by studying uniformity seminorms, classically

referred to as Gowers-Host-Kra seminorms. For an alternative definition of these

factors, see [62], and for the equivalence between them, see [46].

Definition 2.6.1. Let (X,µ, T ) be an ergodic system and f ∈ L∞(µ). The k-

uniformity seminorms of f , ∥f∥Uk(X,µ,T ), are defined inductively as follows:

∥f∥U0(X,µ,T ) =

∫︂
f dµ

and

∥f∥2
k+1

Uk+1(X,µ,T ) = lim
H→∞

1

H

∑︂
h≤H

⃦⃦⃦
f · T hf

⃦⃦⃦2k
Uk(X,µ,T )

. (2.6.1)

Remark. The function ∥·∥Uk(X,µ,T ) defines a seminorm when k ≥ 1. The fact that

the limit in (2.6.1) exists is proved in [32] by iterative applications of the mean

ergodic theorem. In the same paper, it is also shown that ∥·∥Uk+1(X,µ,T ) is actually

a norm for k-step pronilsystems.

The main theorem in [32] shows that the k-step pronilfactor, Zk, of an ergodic

system (X,µ, T ) is characterized by the property

∥f∥Uk+1(X,µ,T ) = 0 ⇐⇒ E(f | Zk) = 0,

for any f ∈ L∞(µ). Similarly, for Z∞ we have the following characterization.

Proposition 2.6.2. Let (X,µ, T ) be an ergodic system and (Z∞,m, T ) denote its

infinite-step pronilfactor. For any f ∈ L∞(µ) we have that

∥f − E(f | Z∞)∥Uk(X,µ,T ) = 0 for all k ∈ N.

Conversely, if h ∈ L∞(µ) satisfies ∥h∥Uk(X,µ,T ) = 0 for all k ∈ N, then E(h|Z∞) = 0.

Proof. By the definition of Z∞, we have E(f | Z∞) = lim
s→∞

E(f | Zs) in L2(µ). For

k ∈ N fixed,

∥f − E(f | Zs)∥Uk(X,µ,T ) ≤ ∥f − E(f | Zs)∥Us+1(X,µ,T ) = 0 for all s ≥ k.

Thus ∥f − E(f | Z∞)∥Uk(X,µ,T ) = lim
s→∞

∥f − E(f | Zs)∥Uk(X,µ,T ) = 0.

For the converse, assume E(h|Z∞) ̸= 0 in L2(µ). Then, since E(h|Z∞) =
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lims→∞ E(h|Zs) in L2(µ), there must exist k ∈ N so that E(h|Zk) ̸= 0 in L2(µ).

However this contradicts the assumption that ∥h∥Uk+1(X,µ,T ) = 0.

In [33] and [57], the theory of regionally proximal relations for pairs of points

in a topological system (X,T ) was developed, ultimately leading to a topological

analogue of the pronilfactors (Zk,mk, T ). Specifically, it was shown that for every

k ∈ N, every minimal system (X,T ) admits a (unique) factor that is a k-step

pronilsystem and which contains all k-step nilfactors of (X,T ) as factors. We denote

this factor by (Xk, T ) and it is called the maximal k-step pronilfactor of (X,T ). The

(topological) inverse limit of the sequence ((Xk, T ))k∈N, denoted by (X∞, T ), is the

maximal infinite-step pronilfactor of (X,T ).

2.7 Notation

By Z, N0, N, Q, R and C we denote, respectively, the integers, nonnegative integers,

positive integers (natural numbers), rationals, reals and the complex numbers. In

addition, we use the symbol ⊔ to denote unions of pairwise disjoint sets. The one-

dimensional torus is denoted by T = R/Z.
The groups under consideration will always be abelian and group operations are

written additively. If G is an abelian group and A,B ⊂ G, then

A+B := {a+ b : a ∈ A, b ∈ B}.

For g ∈ G, we write

A− g := {h ∈ G : h+ g ∈ A}.

If D : G → G is the doubling map D(g) = 2g, then we write

2A := D(A) = {2a : a ∈ A} and A/2 := D−1(A) = {g ∈ G : 2g ∈ A}.

Given a group G, we denote by eG or 0 the identity element of the group. Finally,

we write ok→∞(1) to denote an error term that goes to 0 as k grows to infinity.

For a finite set F , |F | denotes its cardinality. If X is a topological space and µ

is a Borel probability measure on X, then supp(µ) denotes the support of µ.

Given a measure space (X,B, µ), a measurable space (Y, C) and a measurable

function F : X → Y , we denote by Fµ the push-forward of µ under F . That is,

Fµ(C) = µ(F−1C), for any C ∈ C. Moreover, given a measurable transformation

T : X → X and some integer n ∈ N, we let Tn denote the composition T ◦T ◦ · · · ◦T
taken n-times and we sometimes write Tnf instead of f ◦ Tn, where f : X → C is a
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measurable map. For k ∈ N we write T̃ for the map T × T 2 × · · · × T k, and T∆ for

the map T⊗k = T × T × · · · × T , where the product is taken k-times, omitting the

dependence on k which is clear from the context.

If S = ∅ we let T−SE = X. Also, if S ⊂ N is nonempty and E ⊂ X, we denote

T−SE =
⋂︂
n∈S

T−nE.

In addition, for a finite set F ⊂ N we define F⊕0 = {0}, and for i ∈ N

F⊕i =

⎧⎪⎨⎪⎩
{f1 + · · ·+ fi : f1, . . . , fi ∈ F distinct} if i ≤ |F |

∅ otherwise
.

Notice that, under this convention, ∅⊕0 = {0}. The motivation for introducing such

notation is that if A ⊂ N, a ∈ X and E ⊂ X are as in Proposition 7.4.1 in Chapter

7, then for any nonempty set S ⊂ N, a ∈ T−SE if and only if S ⊂ A.
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Chapter 3

Unrestricted B +B sumsets in

the integers

3.1 Overview

This chapter is based on the results of [40]. The goal is to understand what density

conditions are sufficient for a set A ⊂ N to contain unrestricted infinite sumsets of

the form

B +B + t = {b1 + b2 + t : b1, b2 ∈ B}

for some infinite B ⊂ N, and a shift t ∈ N0.

The starting point, and indeed an ingredient in our proofs, is Theorem C of

Kra, Moreira, Richter and Robertson, which states that any set with positive upper

Banach density contains restricted infinite sumsets

B ⊕B + t = {b1 + b2 : b1, b2 + t ∈ B, b1 ̸= b2}.

Removing the restriction b1 ̸= b2 makes the analogous statement false, and this

raises the natural question of whether stronger density assumptions can force the

diagonal into the set as well.

The results of this chapter give a complete answer in terms of the upper and

lower natural asymptotic density in the integers. For a set A ⊂ N we characterize

the existence of an infinite set B ⊂ N and t ∈ {0, 1} such that B+B+ t ⊂ A, where

B + B = {b1 + b2 : b1, b2 ∈ B}, in terms of the density of the set A. Specifically,

when the lower density d(A) > 1/2 or the upper density d(A) > 2/3, the existence

of such a set B ⊂ N and t ∈ {0, 1} is assured.

Furthermore, whenever d(A) > 3/4 or d(A) > 5/6, we show that the shift t is

25



unnecessary and we also provide examples to show that these bounds are sharp.

Finally, we construct a syndetic three-colouring of the natural numbers that does

not contain a monochromatic B + B + t for any infinite set B ⊂ N and number

t ∈ N.

3.2 Introduction

We recall Theorem C due to Kra, Moreira, Richter and Robertson from [41], men-

tioned in the introduction, which resolved a longstanding conjecture of Erdős (see

for example [14, 15, 16]).

Theorem C. For any A ⊂ N with positive upper (Banach) density there exists

some infinite set B ⊂ N and a number t ∈ N such that

B ⊕B = {b1 + b2 : b1, b2 ∈ B, b1 ̸= b2} ⊂ A− t.

As we explained in the introcution, the restriction b1 ̸= b2 in the sumset is a

necessary one. Indeed, one can easily construct a set A ⊂ N of full upper Banach

density and positive lower density that does not contain a set of the form B+B+ t,

for any infinite set B ⊂ N and any t ∈ N (see [44, Example 2.3]).

Relevant to this, it turns out that the structure B + B for infinite B ⊂ N is

not partition regular. This was first shown by Hindman in [27], who produced a

three-colouring of N that does not contain monochromatic B + B for any infinite

set B ⊂ N. The analogous problem for a two-colouring of N (see [36, Problem

E2494]) has only been resolved very recently in [34], but was still open when [40]

was published.

The focus of this chapter is to provide conditions on the density of a set A ⊂ N,
in order to ensure the existence of an infinite set B ⊂ N such that B + B + t ⊂ A,

for some t ∈ N, where we emphasize that repeated entries are permitted. Naturally,

these conditions are much stricter than those of Theorem C.

The known examples of integer sets not containing infinite sumsets of the form

B + B were sets of upper density less than 2/3 and lower density less than 1/2,

but arbitrarily close to these values (see [44, Example 3.6]). This led Kra, Moreira,

Richter and Robertson to conjecture that these bounds were sharp [44, Conjecture

3.7]. In Theorem 1.3.2 we show that this holds once we allow a potential shift t ≥ 0,

which can actually be restricted to t ∈ {0, 1}. We are able to remove this shift, as

shown in Theorem 1.3.1, once we increase the lower bounds on the densities and in

Section 3.5 we show that this increase is necessary and our bounds are optimal.
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Our first main result is the following theorem.

Theorem 1.3.1. Let A ⊂ N.

1. If d(A) > 5/6, there is an infinite set B ⊂ N such that B +B ⊂ A.

2. If d(A) > 3/4, there is an infinite set B ⊂ N such that B +B ⊂ A.

When we allow for a shift t ≥ 0, we can weaken the assumptions on the density.

Theorem 1.3.2. Let A ⊂ N.

(1) If d(A) > 2/3, there is an infinite set B ⊂ N and t ∈ {0, 1} such that B+B+t ⊂
A.

(2) If d(A) > 1/2, there is an infinite set B ⊂ N and t ∈ {0, 1} such that B+B+t ⊂
A.

Our approach in order to prove these results is ergodic-theoretic and is based

on the tools developed in [41]. We first translate the problem of finding the desired

infinite configurations to a statement in ergodic theory. In our case, we need to

find a particular system (X,T ) and specific points a, x1, x2 ∈ X such that for some

increasing sequence (nk)k∈N we have (T × T )nk (a, x1) → (x1, x2), in order to ensure

that B ⊕ B ⊂ A, and T 2nka → x2, in order to ensure that 2B = {2b : b ∈ B} ⊂ A.

This leads to consider an appropriated (T 2 × T )-invariant probability measure in

({0, 1}Z×{0, 1}Z, T 2×T ) and devise a new variance of Furstenberg’s correspondence

principle, according to Lemmas 3.3.3 and 3.3.7.

The phenomena captured by Theorems 1.3.1 and 1.3.2 are directly related to

the distribution of a set A along the even numbers or its distribution along the odd

numbers. More precisely, we show the following corollary of Theorem 1.3.1.

Corollary 3.2.1. Let A ⊂ N. If one of the following holds:

(1) d(A ∩ 2N) > 1/3 or

(2) d(A ∩ 2N) > 1/4,

then there is an infinite set B ⊂ N such that B + B ⊂ A. Similarly, if one of the

following holds:

(3) d(A ∩ (2N+ 1)) > 1/3 or

(4) d(A ∩ (2N+ 1)) > 1/4,

then there is an infinite set B ⊂ N such that B +B + 1 ⊂ A.
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We prove Corollary 3.2.1 in Section 3.5.2. In Section 3.5.1 we establish that

the density bounds listed in Theorems 1.3.1 and 1.3.2 are sharp. Specifically, we

construct a set A ⊂ N with d(A) = 5/6 which does not contain a sumset B+B, for

any infinite B ⊂ N. Moreover, we construct a set A ⊂ N with d(A) = 2/3, which

does not contain any shifted infinite sumset B +B + t, for any t ∈ N. To complete

the picture, we give analogous constructions of sets A,A′ ⊂ N with d(A) = 3/4 and

d(A′) = 1/2, that do not contain infinite sumsets of the form B+B and B+B+ t,

respectively. We note that for the latter two sets, A and A′, their lower densities

are in fact natural densities.

The aforementioned examples include thick sets, i.e. sets which contain ar-

bitrarily large discrete intervals. This lead us to the natural question whether

for any syndetic set A ⊂ N there exists an infinite set B ⊂ N and some t ∈ N
such that B + B + t ⊂ A. We recall that a set A ⊂ N is called syndetic if its

complement is not thick or, equivalently, if there is a number d ∈ N such that

N ⊂ A ∪ (A − 1) ∪ · · · ∪ (A − d), where d is called the gap of A. We answer this

question negatively and, consequently, provide an alternative proof of Hindman’s

result [27] on three-colourings. We note that, since all colours are syndetic, this is

a sharpening of Hindman’s construction.

Proposition 3.2.2. There exists a colouring N = C1 ∪ C2 ∪ C3 where the sets

C1, C2, C3 are all syndetic and there is no monochromatic sumset B + B for any

infinite set B ⊂ N.

The colouring of Proposition 3.2.2 is constructed in Section 3.6.

3.3 Ergodic-theoretic terminology and dynamical state-

ments

The proofs of Theorems 1.3.1 and 1.3.2 are ergodic-theoretic in nature and depend

on manipulations of the new dynamical methods developed in [43] and extended in

[41] in order to find infinite patterns in sets of positive density. Indeed, by handling

this new technology and by extrapolating crucial combinatorial information given

by the densities of the sets we work with, we were able to minimize the technical

details of both proofs.

Our first main dynamical result is the following theorem. In this section we will

show that it implies Theorem 1.3.1.
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Theorem 3.3.1. Let (X,µ, T ) be an ergodic system, let a ∈ gen(µ,Φ) for some

Følner sequence Φ and E1, E2 ⊂ X be open sets satisfying

2µ(E2) + µ(E1) > 2. (3.3.1)

Then, there exist x1, x2 ∈ X and a strictly increasing sequence (nk)k∈N of integers,

such that (T × T )nk(a, x1) → (x1, x2) as k → ∞ and (x1, x2) ∈ E1 × E2.

Recalling terminology from [43], given a topological system (X,T ), a point

(x0, x1, x2) ∈ X3 will be called a (three-term) Erdős progression if there exists a

strictly increasing sequence (nk)k∈N in N, such that (T × T )nk(x0, x1) → (x1, x2).

We are going to use this concept for the systems arising from Lemma 3.3.3 below.

An obvious, yet useful, observation is that Theorem 3.3.1 can be restated using this

terminology. Indeed, Theorem 3.3.1 states that when (3.3.1) holds, there always

exists an Erdős progression of the form (a, x1, x2) ∈ {a} × E1 × E2.

The next result, proven in [43], facilitates the translation of the existence of

Erdős progressions in topological systems to a combinatorial statement about infinite

sumsets in return-times sets related to those systems.

Lemma 3.3.2 ([43, Theorem 2.2]). Fix a topological system (X,T ) and let U, V ⊂ X

be open. If there exists an Erdős progression (x0, x1, x2) ∈ X3 with x1 ∈ U and

x2 ∈ V , then there exists some infinite set B ⊂ {n ∈ N : Tnx0 ∈ U} such that

{b1 + b2 : b1, b2 ∈ B, b1 < b2} ⊂ {n ∈ N : Tnx0 ∈ V }.

In order to prove that Theorem 3.3.1 implies Theorem 1.3.1 we will make use of

a new variant of Furstenberg’s correspondence principle (cf. Lemma B) tailored to

our purposes. For the rest of this section Σ denotes the space {0, 1}Z and is endowed

with the product topology, so that it becomes a compact metrizable space. We also

consider the shift transformation S : Σ → Σ given by S(x(n)) = x(n + 1), for any

n ∈ Z, x = (x(n))n∈Z ∈ Σ.

Lemma 3.3.3. Let A ⊂ N.

(1) There exist an ergodic system (Σ × Σ, µ, S2 × S), an open set E ⊂ Σ, a point

a ∈ Σ and a Følner sequence Φ, such that (a, a) ∈ gen(µ,Φ) and

2µ(Σ× E) + µ(E × Σ) ≥ 3
(︁
2 · d(A)− 1

)︁
.

(2) There exist an ergodic system (Σ × Σ, µ, S2 × S), an open set E ⊂ Σ, a point

a ∈ Σ and a Følner sequence Φ, such that (a, a) ∈ gen(µ,Φ) and

2µ(Σ× E) + µ(E × Σ) ≥ 2 · d(A) + 2 · d(A)− 1.
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In both cases we have that A = {n ∈ N : Sna ∈ E}.

Proof. Let A ⊂ N. By definition there is a sequence of positive integers (Nk) with

d(A) = lim
k→∞

|A ∩ [1, Nk]|
Nk

.

Associate to the set A a point a ∈ Σ = {0, 1}Z via

a(n) =

⎧⎨⎩ 1 if n ∈ A

0 otherwise.

Define the clopen set E = {x ∈ Σ: x(0) = 1} and observe that, by construction,

A = {n ∈ N : Sna ∈ E}. Now let N ′
k = ⌊Nk/2⌋, for all k ∈ N and consider the

sequence of Borel probabilities (µk) on Σ× Σ given by

µk =
1

N ′
k

N ′
k∑︂

n=1

δ(S2×S)n(a,a).

We let µ′ be a weak* accumulation point of (µk), and then it is well-known that µ′

is an (S2 × S)-invariant measure (see, e.g. [9]). It follows by definition that for all

k ∈ N we have

µk(Σ× E) =
1

N ′
k

N ′
k∑︂

n=1

δSna(E) =
|A ∩ [1, N ′

k]|
N ′

k

. (3.3.2)

For any k ∈ N we also have

µk(Σ× E) =
1

N ′
k

N ′
k∑︂

n=1

δSna(E) =
1

N ′
k

⎛⎝ Nk∑︂
n=1

δSna(E)−
Nk∑︂

n=N ′
k+1

δSna(E)

⎞⎠
≥ 2

Nk
(

Nk∑︂
n=1

δSna(E)− 1

2
Nk) = 2

|A ∩ [1, Nk]|
Nk

− 1 (3.3.3)

and similarly

µk(E × Σ) =
1

N ′
k

N ′
k∑︂

n=1

δS2na(E) ≥ 1

N ′
k

⎛⎝Nk−1∑︂
n=2

δSna(E)−
N ′

k∑︂
n=1

δS2n+1a(E)

⎞⎠
≥ 2

Nk

(︄
Nk∑︂
n=1

δSna(E)− 2− Nk

2

)︄
= 2

|A ∩ [1, Nk]|
Nk

− 4

Nk
− 1. (3.3.4)

Taking limits as k → ∞ in (3.3.2), (3.3.3) and (3.3.4) we have, by the definition of
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µ′, the fact that E ⊂ X is clopen and the choice of (Nk) that

µ′(Σ× E) ≥ d(A), (3.3.5)

µ′(Σ× E) ≥ 2 · d(A)− 1, (3.3.6)

µ′(E × Σ) ≥ 2 · d(A)− 1, (3.3.7)

respectively. Combining (3.3.5) and (3.3.7) we have that

2µ′(Σ× E) + µ′(E × Σ) ≥ 2 · d(A) + 2 · d(A)− 1.

Although µ′ is not necessarily ergodic, we can use its ergodic decomposition to find

an (S2 × S)-ergodic component of it, call it µ, such that

2µ(Σ× E) + µ(E × Σ) ≥ 2 · d(A) + 2 · d(A)− 1.

Without loss of generality we may assume that µ is supported on the orbit closure

of (a, a), since this holds for µ′ by construction. Then by a standard argument

(see [19, Proposition 3.9]) we see there is a Følner sequence Φ in N, such that

(a, a) ∈ gen(µ,Φ). This completes the proof of (2).

In a similar fashion, combining (3.3.6) and (3.3.7) and choosing the ergodic

component µ accordingly, we recover (1).

We now use the above construction, the information provided by the density of

our sets and Lemma 3.3.2 to deduce Theorem 1.3.1 from Theorem 3.3.1.

Proof that Theorem 3.3.1 implies Theorem 1.3.1. (1) : Let A ⊂ N with d(A) > 5/6.

By part (1) of Lemma 3.3.3 there exists an ergodic system (Σ × Σ, µ, S2 × S), an

open set E ⊂ Σ, a point a ∈ Σ with A = {n ∈ N : Sna ∈ E} and a Følner sequence

Φ, such that (a, a) ∈ gen(µ,Φ) and

2µ(Σ× E) + µ(E × Σ) ≥ 3
(︁
2 · d(A)− 1

)︁
> 2.

We now apply Theorem 3.3.1 for the ergodic system (Σ×Σ, µ, S2 × S), the generic

point (a, a) and the open sets E1 = E × Σ, E2 = Σ × E to recover an Erdős

progression ((a, a), (x10, x11), (x20, x21)) ∈ Σ6, with

(x10, x11, x20, x21) ∈ E1 × E2 = E × Σ× Σ× E.

Setting U = E1, V = E2 and applying Lemma 3.3.2, we obtain an infinite set B ⊂ N
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such that

B ⊂ {n ∈ N : (S2 × S)n(a, a) ∈ E × Σ} = {n ∈ N : S2na ∈ E}

and

B ⊕B ⊂ {n ∈ N : (S2 × S)n(a, a) ∈ Σ× E} = {n ∈ N : Sna ∈ E} = A.

From the former it follows that 2B = {b+ b : b ∈ B} ⊂ A, because

S2na ∈ E ⇐⇒ a(2n) = 1 ⇐⇒ 2n ∈ A.

This fact together with B⊕B ⊂ A imply that B+B ⊂ A, by the simple observation

that B +B = 2B ∪ (B ⊕B).

(2) : Let A ⊂ N with d(A) > 3/4. By part (2) of Lemma 3.3.3 there is an ergodic

system (Σ × Σ, µ, S2 × S), an open set E ⊂ Σ, a point a ∈ Σ with A = {n ∈ N :

Sna ∈ E} and a Følner sequence Φ, such that (a, a) ∈ gen(µ,Φ) and

2µ(Σ× E) + µ(E × Σ) ≥ 2 · d(A) + 2 · d(A)− 1 ≥ 4 · d(A)− 1 > 2.

Repeating the argument given at the end of the previous proof, in view of Theorem

3.3.1 and then Lemma 3.3.2 we find an infinite set B ⊂ N such that B+B ⊂ A.

Remark 3.3.4. Notice that in our proof that Theorem 3.3.1 implies (2) of Theorem

1.3.1 we did not really need the condition

4 · d(A)− 1 > 2,

but only the weaker condition that

2 · d(A) + 2 · d(A)− 1 > 2,

which can be rewritten as

d(A) + d(A) > 3/2.

In light of the simple observation made in Remark 3.3.4, we see how Theo-

rem 3.3.1 also implies the following result, which directly implies part (2) of Theorem

1.3.1, and may be of independent interest.
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Theorem 3.3.5. Let A ⊂ N. If d(A) + d(A) > 3/2, then there is an infinite set

B ⊂ N such that B +B ⊂ A.

We now state our second main dynamical result, which implies Theorem 1.3.2.

Theorem 3.3.6. Let (X,µ, T ) be an ergodic system, let a ∈ gen(µ,Φ), for some

Følner sequence Φ and E1, E2, F1, F2 ⊂ X be open sets with F2 = T−1E2 and

2µ(E2) + µ(E1) + µ(F1) > 2. (3.3.8)

Then, there exist x1, x2 ∈ X such that (a, x1, x2) ∈ X3 is an Erdős progression with

either (x1, x2) ∈ E1 × E2 or (x1, x2) ∈ F1 × F2.

Note that, by the µ-invariance of T and the definition of F2, (3.3.8) can be

rewritten as

µ(E1) + µ(E2) + µ(F1) + µ(F2) > 2.

The next instance of a correspondence principle is the analogue of Lemma 3.3.3

which allows for the transition from the dynamics in Theorem 3.3.6 to the combi-

natorics in Theorem 1.3.2.

Lemma 3.3.7. Let A ⊂ N.

(1) There exists an ergodic system (Σ× Σ, µ, S2 × S), an open set E ⊂ Σ, a point

a ∈ Σ and a Følner sequence Φ, such that (a, a) ∈ gen(µ,Φ) and

2µ(Σ× E) + µ(E × Σ) + µ(S−1E × Σ) ≥ 2
(︁
3 · d(A)− 1

)︁
.

(2) There exists an ergodic system (Σ× Σ, µ, S2 × S), an open set E ⊂ Σ, a point

a ∈ Σ and a Følner sequence Φ, such that (a, a) ∈ gen(µ,Φ) and

2µ(Σ× E) + µ(E × Σ) + µ(S−1E × Σ) ≥ 2
(︁
d(A) + d(A)

)︁
.

In both cases we have that A = {n ∈ N : Sna ∈ E}.

The proof of the above is almost identical to that of Lemma 3.3.3, so we omit

it. We merely point out that in the context and notation of Lemma 3.3.3, we have
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that

µk(E × Σ) + µk(S
−1E × Σ) =

1

N ′
k

N ′
k∑︂

n=1

δS2na(E) +
1

N ′
k

N ′
k∑︂

n=1

δS2n+1a(E)

≥ 1

N ′
k

Nk∑︂
n=2

δSna(E) ≥ 2
|A ∩ [1, Nk]|

Nk
− 2

Nk
,

for all k ∈ N. Taking limits as k → ∞ this yields

µ′(E × Σ) + µ′(S−1E × Σ) ≥ 2 · d(A),

which is now used instead of (3.3.7).

We also remark that in order to prove Theorem 1.3.2 from Theorem 3.3.6 one

would use an argument similar to that of recovering Theorem 1.3.1 from Theo-

rem 3.3.1. This time, we need Lemma 3.3.7 instead of Lemma 3.3.3 and the sets

E1 = E × Σ, E2 = Σ × E, F1 = S−1E × Σ and F2 = Σ × S−1E. We omit the

repetitive details.

Moreover, by an observation analogous to Remark 3.3.4, we have that Theo-

rem 3.3.6 implies the following result, which in turn implies part (2) of Theorem

1.3.2.

Theorem 3.3.8. Let A ⊂ N. If d(A) + d(A) > 1, then there is an infinite set

B ⊂ N and a number t ∈ {0, 1} such that B +B + t ⊂ A.

In Section 3.7 we give an application of Theorem 3.3.8 to the question of two-

colourings [36, Problem E2494] mentioned in the introduction. In Chapter 5 we

prove a more general result, namely Theorem 1.3.3, of which Theorem 3.3.8 is a

special case.

3.4 Proofs of the dynamical statements

3.4.1 Tools from [43]

As was mentioned in the introduction, the proofs of Theorems 3.3.1 and 3.3.6 follow

a scheme similar to that of [43]. We therefore need some of the tools introduced

there. In particular, we use some properties of the auxiliary measures defined in

(3.4.1) and (3.4.2) below. For our purposes, we only need the relevant results listed

in Proposition 3.4.2 and Proposition 3.4.3, but we also include the definitions of

these measures for completeness.
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Every ergodic system has a maximal group rotation factor, called the Kronecker

factor and, even though the factor map from an ergodic system (X,µ, T ) to its

Kronecker factor (Z,m,R) is a priori only measurable, for our purposes we may

assume that it is also a continuous surjection. Indeed, the following result shows that

any ergodic system has a continuous extension, which has a continuous Kronecker

factor map, and this allows us to reduce matters to this case. The proof of this

reduction is essentially carried out in the proofs of Theorems 3.3.1 and 3.3.6 from

Theorems 3.4.4 and 3.4.5, respectively.

Proposition 3.4.1 ([41, Proposition 3.20]). Let (X,µ, T ) be an ergodic system and

let a ∈ gen(µ,Φ) for some Følner sequence Φ. Then there is an ergodic system

(X̃, µ̃, T̃ ), a Følner sequence Ψ, a point ã ∈ X̃ and a continuous factor π̃ : X̃ → X,

such that π̃(ã) = a, ã ∈ gen(µ̃,Ψ) and (X̃, µ̃, T̃ ) has a continuous factor map to its

Kronecker factor.

For the rest of this subsection, (X,µ, T ) denotes an ergodic system with contin-

uous factor map π : X → Z to its Kronecker factor (Z,m,R). Let z ↦→ ηz denote

the disintegration of µ over the factor map π (see Theorem 2.4.2). Then, following

[41], for every (x1, x2) ∈ X ×X, we define the measures

λ(x1,x2) =

∫︂
Z
ηz+π(x1) × ηz+π(x2) dm(z) (3.4.1)

on X × X. As it was shown in [41, Proposition 3.11], (x1, x2) ↦→ λ(x1,x2) is a

continuous ergodic decomposition of µ×µ, that is, a disintegration of µ×µ where the

measures λ(x1,x2) are ergodic for (µ× µ)-almost every (x1, x2) ∈ X×X and the map

(x1, x2) ↦→ λ(x1,x2) is continuous in the weak* topology. To find Erdős progressions

with specified first coordinate, a predetermined point a ∈ X, the authors in [43] also

introduced a measure σa on X ×X given by

σa =

∫︂
Z
ηz × η2z−π(a) dm(z) =

∫︂
Z
ηπ(a)+z × ηπ(a)+2z dm(z). (3.4.2)

Let us denote by π1 : X×X the projection (x1, x2) ↦→ x1 onto the first coordinate,

by π2 : X × X → X the projection onto the second coordinate and by πiσa the

pushforward of σa under πi, i = 1, 2. In addition to the standing assumptions of

this subsection, we let a ∈ gen(µ,Φ) for some Følner sequence Φ. We collect various

results from [43, Section 3] in the following proposition.

Proposition 3.4.2. Let λ(x1,x2), for (x1, x2) ∈ X ×X, and σa be the measures on

X ×X defined in (3.4.1) and (3.4.2), respectively. Then
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(1) π1σa = µ and π2σa + Tπ2σa = 2µ.

(2) For σa-almost every (x1, x2) ∈ X ×X we have that (x1, x2) ∈ supp(λ(a,x1)).

(3) There exists a Følner sequence Ψ, such that for µ-almost every x1 ∈ X the point

(a, x1) belongs to gen(λ(a,x1),Ψ).

Using these facts we can guarantee many Erdős progressions.

Proposition 3.4.3. Let (X,µ, T ) be an ergodic system and assume there is a con-

tinuous factor map π : X → Z to its Kronecker factor. Let a ∈ gen(µ,Φ), for some

Følner sequence Φ. Then for σa-almost every (x1, x2) ∈ X×X, the point (a, x1, x2)

is an Erdős progression.

Proof. This proposition is implicit in [43] and the proof is essentially contained in

the first paragraph of the proof of Theorem 3.2 there. Let Ψ be the Følner sequence

and G ⊂ X be the full µ-measure set of x1 ∈ X such that (a, x1) belongs to

gen(λ(a,x1),Ψ), arising from part (3) of Proposition 3.4.2. By Proposition 3.4.2, part

(1), we have that σa(G×X) = µ(G) = 1 and so, for σa-almost every (x1, x2) ∈ X×X

we have that (a, x1) ∈ gen(λ(a,x1),Ψ). In view of Proposition 3.4.2, part (2), it

follows that for σa-almost every (x1, x2) ∈ X ×X,

(i) (a, x1) ∈ gen(λ(a,x1),Ψ) and

(ii) (x1, x2) ∈ supp(λ(a,x1)).

Thus, applying [41, Lemma 2.4], we have that for σa-almost every (x1, x2) ∈ X ×X

the point (a, x1, x2) is indeed an Erdős progression.

3.4.2 Proofs of the main results

We are now in the position to prove the following special case of Theorem 3.3.1.

Theorem 3.4.4. Let (X,µ, T ) be an ergodic system and assume there is a contin-

uous factor map π to its Kronecker factor. Let a ∈ gen(µ,Φ), for some Følner

sequence Φ and E1, E2 ⊂ X be open sets with

2µ(E2) + µ(E1) > 2. (3.4.3)

Then, there is an Erdős progression (a, x1, x2) such that (x1, x2) ∈ E1 × E2.
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Proof. We need to find an Erdős progression of the form (a, x1, x2) ∈ X3 with

(x1, x2) ∈ E1 × E2. By Proposition 3.4.3 it suffices to verify that σa(E1 × E2) > 0.

For this, it is enough to show that

σa(E1 ×X) + σa(X × E2) > 1, (3.4.4)

because

E1 × E2 = (E1 ×X) ∩ (X × E2)

and σa is a probability measure. To see why (3.4.4) holds, observe that

σa(E1 ×X) + σa(X × E2) = π1σa(E1) + π2σa(E2)

= µ(E1) + 2µ(E2)− π2σa(T
−1E2) by Prop. 3.4.2 (1)

≥ µ(E1) + 2µ(E2)− 1 > 1 by (3.4.3),

which concludes the proof.

In light of Proposition 3.4.1, it turns out that Theorem 3.3.1 reduces to Theo-

rem 3.4.4.

Proof of Theorem 3.3.1. Let (X,µ, T ), a ∈ X and (X̃, µ̃, T̃ ), π̃ and ã ∈ X̃ be as in

Proposition 3.4.1. As in Theorem 3.3.1, let E1, E2 ⊂ X be open sets satisfying

2µ(E2) + µ(E1) > 2.

Then, we define Ẽ1 = π̃−1(E1) and Ẽ2 = π̃−1(E2). By the definition of a factor

map we know that π̃µ̃ = µ and so it follows that

2µ̃(Ẽ2) + µ̃(Ẽ1) > 2.

By Theorem 3.4.4 we can find an Erdős progression (ã, x̃1, x̃2) ∈ X̃3, such that

(x̃1, x̃2) ∈ Ẽ1 × Ẽ2. The continuity of π̃ allows us to conclude that the triple

(a, x1, x2) = (π̃(ã), π̃(x̃1), π̃(x̃2)) ∈ X3 is also an Erdős progression in (X,T ) and

clearly, by definition, (x1, x2) ∈ E1 × E2.

Likewise, we can deduce Theorem 3.3.6 from the following theorem.

Theorem 3.4.5. Let (X,µ, T ) be an ergodic system and assume there is a contin-

uous factor map π to its Kronecker factor. Let a ∈ gen(µ,Φ), for some Følner
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sequence Φ and E1, E2, E3 ⊂ X be open sets with F2 = T−1E2 and

2µ(E2) + µ(E1) + µ(F1) > 2. (3.4.5)

Then, there is an Erdős progression (a, x1, x2) and either (x1, x2) ∈ E1 × E2 or

(x1, x2) ∈ F1 × F2.

Proof. This time we want to find an Erdős progression of the form (a, x1, x2) ∈ X3

with either (x1, x2) ∈ E1 × E2 or (x1, x2) ∈ F1 × F2. Again, in view of Proposition

3.4.3 it suffices to show that either σa(E1 × E2) > 0 or σa(F1 × F2) > 0. Similarly

to the proof of Theorem 3.4.4, the latter follows from σa(F1×X)+σa(X×F2) > 1.

Else, we have that

σa(F1 ×X) + σa(X × F2) ≤ 1,

which, using Proposition 3.4.2 (1), we rewrite as

π2σa(F2) ≤ 1− π1σa(F1) = 1− µ(F1). (3.4.6)

In this case we also have that

σa(E1 ×X) + σa(X × E2) = π1σa(E1) + π2σa(E2)

= µ(E1) + 2µ(E2)− Tπ2σa(E2) by Prop. 3.4.2 (1)

= µ(E1) + 2µ(E2)− π2σa(F2) since T−1E2 = F2.

Using (3.4.6) we obtain that

σa(E1 ×X) + σa(X × E2) ≥ µ(E1) + 2µ(E2) + µ(F1)− 1.

By (3.4.5) it finally follows that

σa(E1 ×X) + σa(X × E2) > 1

and as before we conclude that σa(E1 × E2) > 0.

The proof of Theorem 3.3.6 is similar to the one of Theorem 3.3.1, and we simply

need to use Theorem 3.4.5 instead of Theorem 3.4.4.
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3.5 Sharpness of the bounds and the role of even num-

bers

In this section we show that the lower bounds in Theorem 1.3.1 and Theorem 1.3.2

are sharp with illustrative examples. Here the proportion of even and odd numbers

in the sets plays a crucial role. That role becomes clear in the constructions and

is even more explicit in Corollary 3.2.1, which we prove below. Finally we provide

several generalizations of Corollary 3.2.1.

3.5.1 Sets of large densities not containing infinite sumsets B+B

The following proposition shows that the bounds established in parts (1) of Theo-

rems 1.3.1 and 1.3.2 are optimal.

Proposition 3.5.1. There exist sets A,A′ ⊂ N with d(A) = 2/3 and d(A′) = 5/6

and such that for all infinite sets B ⊂ N and numbers t ∈ N we have B+B+ t ̸⊂ A

and B +B ̸⊂ A′.

Proof. Let A be the subset of N defined by

A = N ∩
⋃︂
n∈N

[4n, (2− 1/n) · 4n).

It is clear by the definition of A that d(A) = dΦ(A), where (ΦN ) is the Følner

sequence given by N ↦→ [1, (2− 1/N)4N )∩N. By standard calculations we see that

d(A) = 2/3.

Assume there is an infinite B ⊂ N and some t ∈ N with B + B + t ⊂ A.

Then, in particular, for any b′ ∈ B fixed there is b ∈ B arbitrarily large such that

{2b+ t, b+ b′ + t} ⊂ A. Therefore, 2b ∈ [4n+1, (2− 1
n+1)4

n+1))− t, for some n ∈ N
and diving by 2 we have

2 · 4n + t/2 ≤ b+ t < 2

(︃
2− 1

n+ 1

)︃
4n + t/2.

Since t is fixed and b′ is negligible with respect to b (and hence with respect to n),

we see that b+ b′ + t ∈ [2 · 4n, 4n+1) ⊂ N \A, reaching a contradiction. To see this,

observe that 4n+1−2

(︃
2− 1

n+ 1

)︃
4n = 2 · 4n

n+ 1

n→∞−−−→ ∞. This completes the first

construction.

Keeping A as defined before we now set A′ = A ∪ (2N+ 1). In other words,

A′ = A∪ ((N \A) ∩ (2N+ 1)). By the definition of A we have that N \A is a union
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of discrete intervals of lower density 1/3 and so d((N \A) ∩ 2N) = 1/6. Since the

complement of A′ is precisely (N \A) ∩ 2N, it follows that d(A′) = 5/6.

We now show there is no infinite set B ⊂ N with B + B ⊂ A′. Indeed, if there

were such a set, we could consider an infinite subset B′ ⊂ B consisting of integers

with the same parity and so we would have that B′ +B′ ⊂ A′ ∩ 2N ⊂ A. This is a

contradiction to the first part of this proof.

Analogously to Proposition 3.5.1, the next result shows that the bounds estab-

lished in parts (2) of Theorems 1.3.1 and 1.3.2 are optimal as well.

Proposition 3.5.2. There exist sets A,A′ ⊂ N with d(A) = 1/2 and d(A′) = 3/4

and such that for all infinite sets B ⊂ N and numbers t ∈ N we have B+B+ t ̸⊂ A

and B +B ̸⊂ A′.

Proof. Let A1, A2 ⊂ N be defined by

A1 = N ∩
⋃︂
n∈N

[4n, (2− 1/n) · 4n)

and

A2 = N ∩
⋃︂
n∈N

[(2 + 1/n) · 4n, 4n+1).

It was shown in Proposition 3.5.1 that there is no infinite B ⊂ N and t ∈ N so that

B + B + t ⊂ A1. By symmetry, the same argument shows that there is no infinite

B ⊂ N and t ∈ N so that B +B + t ⊂ A2 either. We remark that the set

N \ (A1 ∪A2) = N ∩
⋃︂
n∈N

[(2− 1/n) · 4n, (2 + 1/n) · 4n]

has zero density. This boils down to the fact that

lim
N→∞

N∑︂
n=1

1

n · 4N−n
= 0.

To see this, note that n ↦→ 1
/︁ (︁

n · 4N−n
)︁
is increasing in [1, N ] and so

lim
θ↗1

lim
N→∞

⌊θN⌋∑︂
n=1

1

n · 4N−n
+

N∑︂
n>⌊θN⌋

1

n · 4N−n
≤ lim

θ↗1
lim

N→∞

1

4(1−θ)N
+

(1− θ)N

N
= 0.

We now consider the set A ⊂ N defined by

A = (A1 ∩ 2N) ∪ (A2 ∩ (2N+ 1)) .
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It follows that d(A) = 1/2 and so, in particular, d(A) = 1/2. Moreover, we claim

that there is no infinite set B ⊂ N and no t ∈ N such that B+B+ t ⊂ A. Indeed, if

this were the case we could consider an infinite subset of B, call it B′, with elements

of the same parity. Then, if t ∈ 2N we should have that B′ +B′ + t ⊂ A∩ 2N ⊂ A1

and if t+ 1 ∈ 2N we should have B′ +B′ + t ⊂ A ∩ (2N+ 1) ⊂ A2, a contradiction.

For the second part of the construction we keep A1 and A2 as they were defined

above. Then, we let A′ ⊂ N be defined by

A′ = (A1 \ 4N) ∪ (A2 \ (4N+ 2)) .

As we showed before d(A1∪A2) = 1 and from this it easily follows that d(A′) = 3/4,

because we are only removing from A1 ∪ A2 a set of density 1/4. Finally, we claim

there is no infinite set B ⊂ N satisfying B + B ⊂ A′. Indeed, given an infinite set

B we can consider an infinite subset B′ ⊂ B with all its elements equivalent mod

4. That is, there exists j ∈ {0, 1, 2, 3} so that b′ ≡ j (mod 4), for any b′ ∈ B′. Note

that if j ∈ {0, 2}, then B′ + B′ ⊂ 4N and if j ∈ {1, 3}, then B′ + B′ ⊂ 4N + 2. In

the former case we must have B′ + B′ ⊂ A2 and in the latter that B′ + B′ ⊂ A1,

which both contradict the results established in the first part.

Remark. In the first part of the previous proof, we could instead have considered

the set Ã ⊂ N defined as Ã = (A1 ∩ (2N+ 1))∪ (A2 ∩ 2N). Notice that as before, Ã

does not contain an infinite sumset of the form B+B+ t either. The set A∪ Ã has

density 1, so with this construction we find a 2-colouring of a set with full density

that does not have a monochromatic infinite sumset B +B + t.

Notice that the sets constructed in Proposition 3.5.2 are both sets whose natural

densities exist. Thus, considering this and Theorems 1.3.1 and 1.3.2 we see that

information on the value of the natural density of a set, when it exists, is no more

powerful than information on the value of the lower density of a set, which always

exists. This was also to be expected from Theorems 3.3.5 and 3.3.8. For example,

from 3.3.8 we already knew that if there existed a set A ⊂ N with d(A) = 1/2 and

such that no sumset B + B + t was contained in A, it would have to be the case

that d(A) = 1/2 too, hence A would have a natural density d(A) = 1/2.

3.5.2 Density over the even numbers

We begin by stating and proving a seemingly more general result than Corollary

3.2.1.

Proposition 3.5.3. Let A,D ⊂ N. If one of the following holds:
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(1) d(A ∩ 2D) > 1/3 or

(2) d(A ∩ 2D) > 1/4,

then there is an infinite set B ⊂ D such that B + B ⊂ A. Likewise, if one of the

following holds:

(3) d (A ∩ (2D + 1)) > 1/3 or

(4) d (A ∩ (2D + 1)) > 1/4,

then there is an infinite set B ⊂ D such that B +B + 1 ⊂ A.

Proof. (1) : For A,D ⊂ N such that d(A∩2D) > 1/3 we let Ã = (A∩2D)∪(2N+1).

Then by part (1) of Lemma 2.1.1 we see that d(Ã) > 5/6 and so by Theorem 1.3.1

there is an infinite set B ⊂ N such that B + B ⊂ Ã. Without loss of generality we

can assume that the elements of B have the same parity, which means that the set

B + B consists solely of even numbers. Therefore, B + B ⊂ Ã ∩ 2N = A ∩ 2D. In

particular, B +B ⊂ A and 2B ⊂ 2D, which also implies that B ⊂ D.

(3) : For A,D ⊂ N such that d (A ∩ (2D + 1)) > 1/3 we can shift to obtain that

d ((A− 1) ∩ 2D) > 1/3. Thus, by (1) there is B ⊂ D infinite with B + B ⊂ A − 1

which implies that B +B + 1 ⊂ A.

(2) : For A,D ⊂ N such that d(A∩2D) > 1/4 we define Ã = (A∩2D)∪(2N+1).

Using part (2) of Lemma 2.1.1 we have that d(Ã) > 3/4, so that by Theorem 1.3.1

there is an infinite set B ⊂ N such that B + B ⊂ Ã, and repeating the parity

argument in (1) we conclude.

(4) : This follows from (2) by shifting, exactly like (3) follows from (1).

A special case of interest of Proposition 3.5.3 is when D = A, because it gives

a criterion to ensure the existence of an infinite set B such that B ∪ (B + B) ⊂ A.

Moreover, as was mentioned before, Corollary 3.2.1 is a consequence of Proposition

3.5.3. This is clear for (1) and (2) in Corollary 3.2.1 by replacing the set D by N.
Now notice that d(A∩2N) > 1/3 implies the existence of an infinite set B ⊂ N such

that B+B ⊂ A if and only if d(A′∩ (2N+1)) > 1/3 implies B+B+1 ⊂ A′ (where

A′ = A + 1). That means (1) and (3) of Corollary 3.2.1 are equivalent. The same

can be done to prove that (2) is equivalent to (4).

We would also like to point out that using the sub-additivity of the upper den-

sity one can also use the equivalent parts (1) and (3) of Corollary 3.2.1 to deduce

Theorem 1.3.2 (1) and Theorem 1.3.1 (1). We only show the first implication as the

other one is very similar.
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Proof that Corollary 3.2.1 implies Theorem 1.3.2 (1). If A ⊂ N has d(A) > 2/3,

then writing A = (A ∩ 2N) ∪ (A ∩ 2N+ 1), we have by Lemma 2.1.1 (1) that either

d(A ∩ 2N) > 1/3 or d(A ∩ 2N+ 1) > 1/3. In the former we see by (1) of Corollary

3.2.1 that there exists B ⊂ N infinite and such that B+B ⊂ A and in the latter we

apply (3) of the same corollary, to get an infinite B ⊂ N such that B+B+1 ⊂ A.

We finish this section by showing the special role that the powers of 2 play in the

existence of the set B. The next proposition is a generalization of Corollary 3.2.1,

but they share a similar proof.

Proposition 3.5.4. Let A ⊂ N, n ≥ 1 and 0 ≤ ℓ < 2n−1. If one of the following

holds:

(1) d(A ∩ (2nN+ 2ℓ)) > 1/(3 · 2n−1) or

(2) d(A ∩ (2nN+ 2ℓ)) > 1/2n+1,

then there is an infinite set B ⊂ N such that B + B ⊂ A. Similarly, if one of the

following holds:

(3) d(A ∩ (2nN+ 2ℓ+ 1)) > 1/(3 · 2n−1) or

(4) d(A ∩ (2nN+ 2ℓ+ 1)) > 1/2n+1,

then there is an infinite set B ⊂ N such that B +B + 1 ⊂ A.

Proof. It is clear that (1) implies (3), because if d(A∩ (2nN+2ℓ+1)) > 1/(3 ·2n−1)

then d((A− 1) ∩ (2nN+ 2ℓ)) > 1/(3 · 2n−1) and then by (1) there is an infinite set

B ⊂ N such that B + B ⊂ A− 1. A similar observation allows us to conclude that

(2) implies (4).

It is also clear that it is enough to prove (1) for the case ℓ = 0. Indeed, if

d(A ∩ (2nN+ 2ℓ)) > 1/(3 · 2n−1), then also d((A− 2ℓ) ∩ 2nN) > 1/(3 · 2n−1) and so

there is an infinite set B′ such that B′ + B′ ⊂ A− 2ℓ, therefore taking B = B′ + ℓ

we conclude that B +B ⊂ A.

We will thus prove by induction in n that whenever d(A ∩ 2nN) > 1/(3 · 2n−1),

there exists B ⊂ N infinite so that B + B ⊂ A. Notice that the base case is given

by Corollary 3.2.1.

Assuming the result for n ∈ N, we let A ⊂ N satisfy d(A ∩ 2n+1N) > 1/(3 · 2n).
We define Ã = (A∩2n+1N)∪

(︁(︁
A ∩ 2n+1N

)︁
+ 2n)

)︁
. Then, Ã = Ã∩2nN and by part

(3) of Lemma 2.1.1 we have

d(Ã ∩ 2nN) = 2 · d(A ∩ 2n+1N) > 2/(3 · 2n) = 1/(3 · 2n−1).
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Thus by the inductive hypothesis, there exists an infinite set B′ ⊂ N such that

B′ + B′ ⊂ Ã. By the pigeonhole principle, if B′
i = {b ∈ B′ : b ≡ i (mod 2n+1)},

i ∈ {0, . . . , 2n+1 − 1}, then one of those B′
i is infinite. Let B′

i0
be such a set and

denote it by B′′. As B′′ + B′′ ⊂ 2n+1N + 2i0 and B′′ + B′′ ⊂ Ã ⊂ 2nN, it must be

the case that i0 ∈ { 0, 2n−1, 2n, 2n−1 + 2n }.
If i0 = 0 then B′′ + B′′ ⊂ Ã ∩ 2n+1N = A ∩ 2n+1N and we are done. Similarly,

if i0 = 2n then B′′ + B′′ ⊂ Ã ∩ (2n+1N+ 2n+1) ⊂ A ∩ 2n+1N and we are also done.

Alternatively, if i0 = 2n−1 then B′′ + B′′ ⊂ Ã ∩ (2n+1N + 2n) =
(︁
A ∩ 2n+1N

)︁
+ 2n

and likewise, for i0 = 2n−1 + 2n, we also get B′′ +B′′ ⊂
(︁
A ∩ 2n+1N

)︁
+ 2n. In both

cases, setting B = B′′ − 2n−1 we deduce that B +B ⊂ A ∩ 2n+1N.
The proof of (2) is completely analogous.

3.6 B+B in syndetic sets and partition regularity

Theorem 1.3.1, Theorem 1.3.2 and the examples constructed in Section 3.5 offer a

characterization of sets A ⊂ N containing B + B or B + B + 1 for some infinite

B ⊂ N in terms of information provided by their upper and lower density. It is

then natural to ask for a similar characterization in terms of upper or lower Banach

density.

It turns out that no conclusions can be drawn from information on the upper

Banach density, because the first example given in Section 3.5.1 has full upper

Banach density and does not contain an infinite sumset B+B+ t ⊂ A, for any shift

t ∈ N.
So far, these results do not offer any insight on the relation between the size of a

set A ⊂ N captured by its lower Banach density and whether it contains B+B+t for

infinite B ⊂ N and a number t ≥ 0, apart from the obvious ones following from the

results on lower density (for example, since for A ⊂ N one always has d(A) ≥ d∗(A),

we know that d∗(A) > 1/2 guarantees B +B + t ⊂ A, some t ∈ {0, 1}).
The question indirectly raised in the last paragraph is also interesting and very

natural for another reason: sets with positive lower Banach density are precisely the

very well−studied syndetic sets. We have the following proposition.

Proposition 3.6.1. There is a syndetic set A ⊂ N with gaps of length two such

that A does not contain any set B +B + t for B ⊂ N infinite and t ∈ N.

Proof. Let T be the 1-dimensional torus R/Z and for a real number x, {x} denotes

its fractional part, that is {x} = x− ⌊x⌋. Let A ⊂ N be given by
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A = {m ∈ N : {θ log2(m)} ∈ U} (3.6.1)

where θ > 0 and the sets U and U + θ (taken mod 1) are separated by a positive

distance as subsets of the torus T. As remarked in [44, Example 3.6], A does not

contain any B + B + t for any infinite set B ⊂ N and shift t ≥ 0. Indeed, for any

infinite set B ⊂ N and t ≥ 0, we can take b′ ∈ B arbitrary and then choose b ∈ B

sufficiently large so that the difference⃓⃓⃓⃓
log2

(︃
2b+ t

b+ b′ + t

)︃
− 1

⃓⃓⃓⃓
is less than the distance d(U,U + θ)/θ. Multiplying by θ this implies that

⃓⃓
θ log2(2b+ t)− θ log2(b+ b′ + t)− θ mod 1

⃓⃓
< d(U,U + θ).

Thus, if {θ log2(b+ b′+ t)} ∈ U , then {θ log2(2b+ t)− θ} is in a small neighborhood

of U , so {θ log2(2b+ t)} /∈ U . Therefore, 2b+ t and b+ b′ + t cannot both belong to

A simultaneously.

Consider now U0 = [0, 1/3 + ε), U1 = [1/3, 2/3 + ε) and U2 = [2/3, 1 + ε) where

0 < ε < 1/6, so that {U1, U2, U3} is a cover of T with small overlapping. Notice that

for i ∈ {0, 1, 2}, the set

Ai = {m ∈ N : {1/2 log2(m)} ∈ Ui}

does not contain any B +B + t for any infinite set B ⊂ N and shift t ≥ 0. Now, we

define the set A as

A = (A0 ∩ 3N) ∪ (A1 ∩ (3N+ 1)) ∪ (A2 ∩ (3N+ 2)).

Then A is clearly syndetic, because A0 ∪A1 ∪A2 = N, each Ai is a disjoint union of

discrete intervals and each interval in Ai is followed by an interval of Ai+1 (mod 3),

i = 1, 2, 3. Moreover, as the sets Ai overlap it is clear that the gaps of A have size

at most 2, that is, A∪ (A− 1)∪ (A− 2) = N (this is why we need to include a small

parameter ε > 0 in the definition of the sets Ui ⊂ T).
Finally A does not contain any B + B + t for any infinite set B ⊂ N and shift

t ≥ 0. Otherwise, without loss of generality, we could assume that the elements of

B are equal mod 3, that is, there exists j ∈ {0, 1, 2} such that for every b ∈ B, b ≡ j

mod 3. Then B + B + t ⊂ 3N + i, where i ≡ 2j + t mod 3. But this would mean

that B +B + t ⊂ A ∩ (3N+ i) ⊂ Ai, which is a contradiction.
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Remark. We note that the sets Ai defined above can also be described as

Ai = N ∩
⋃︂
n∈N

[4i/3 · 4n, 4(i+1)/(3+ε) · 4n),

and this alternative description illustrates the relationship between this example

and those in Propositions 3.5.1 and 3.5.2.

As an immediate corollary of Proposition 3.6.1 we recover Proposition 3.2.2.

Indeed, using the set A constructed in Proposition 3.6.1 we can build a three-

colouring of N with syndetic colours and without any monochromatic infinite sumset

B +B, because N = A ∪ (A− 1) ∪ (A− 2).

Remark. One can also prove Proposition 3.2.2 directly by considering the sets Ai,

i = 1, 2, 3 as in the proof of Proposition 3.6.1, but for U0 = [0, 1/3), U1 = [1/3, 2/3),

and U2 = [2/3, 1) and picking colours C1, C2, C3 given by

C1 = (A0 ∩ 3N) ∪ (A1 ∩ (3N+ 1)) ∪ (A2 ∩ (3N+ 2))

C2 = (A0 ∩ (3N+ 2)) ∪ (A1 ∩ 3N) ∪ (A2 ∩ (3N+ 1))

C3 = (A0 ∩ (3N+ 1)) ∪ (A1 ∩ (3N+ 2)) ∪ (A2 ∩ 3N)

Our example in Proposition 3.6.1 is a set A ⊂ N with d∗(A) = 1/3 that does not

contain any infinite sumset B+B+ t for any t ∈ N. By the trick of gluing to A the

odd integers which belong to its complement, as in the second part of Proposition

3.5.1, we obtain a set A′ = A∪ (2N+ 1) with d∗(A
′) = 2/3 and such that there is no

infinite B ⊂ N so that B+B ⊂ A′. However, we do not yet have a characterization

in terms of information provided by the lower Banach density of a set of integers

and so we ask the following question.

Question 3.6.2. Let A ⊂ N.

(1) If d∗(A) > 1/3, does there exist an infinite set B ⊂ N and a number t ∈ N so

that B +B + t ⊂ A?

(2) If d∗(A) > 2/3, does there exist an infinite set B ⊂ N so that B +B ⊂ A?
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3.7 Digression on monochromatic B+B in 2-colourings

As we mentioned in the introduction, the following question of C.J. Owings is an

old problem that was very recently resolved in [34]. The results of this section thus

become obsolete in some sense, but are nevertheless interesting observations on the

conclusions that can be drawn for this partition regularity problem from our main

theorems.

Question 3.7.1. [36, Problem E2494] Is it true that, no matter how N is partitioned

into two sets, one of the sets must contain B +B for some infinite B ⊂ N?

Remark 3.7.2. By the parity argument repeated in the previous section, this ques-

tion is equivalent to finding a partition in the even numbers such that one of the

sets contains a B+B for some infinite B ⊂ N. But, by translation, this is equivalent

to the analogous statement for the odd numbers and shifted patterns B + B + 1.

Joining both statements we notice that the question is equivalent to whether any

colouring of the natural numbers N in two colours, must contain a monochromatic

B +B + t for some infinite set B ⊂ N and a number t ∈ N.

Using Proposition 3.3.8, we are able to prove the following result which reduces

the problem to a narrower case by adding density restrictions on both sets in the

partition.

Proposition 3.7.3. Let N = C1 ∪ C2 be a partition of N. If there is no infinite

B ⊂ N, no number t ∈ N and i ∈ {1, 2} such that B + B + t ⊂ Ci, then it must be

the case that

d(Ci) + d(Ci) = 1, (3.7.1)

for both i = 1, 2 and so, in particular,

d(C1) = d(C2) and d(C1) = d(C2). (3.7.2)

Proof. By Theorem 3.3.8 we know that if d(Ci) + d(Ci) > 1, then there is B ⊂ N
infinite and t ∈ N such that B +B + t ⊂ Ci and so, under our assumption, it must

be that

d(Ci) + d(Ci) ≤ 1 (3.7.3)

for both i = 1, 2. As {C1, C2} forms a partition of N we have that N \C1 = C2 and

N \ C2 = C1, so that

d(C1) + d(C2) = d(C2) + d(C1) = 1, (3.7.4)
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which follows trivially from the definitions of upper and lower density. Summing

the two leftmost sides in (3.7.4) we get

d(C1) + d(C1) + d(C2) + d(C2) = 2 (3.7.5)

and this forces (3.7.3) to take the form

d(Ci) + d(Ci) = 1,

for both i = 1, 2. This is (3.7.1) and along with the equalities in (3.7.4) we also

obtain (3.7.2).

Remark. Using Theorem 1.3.2 one can also place further constrictions on the val-

ues of the densities of the sets involved in the two-colouring. Indeed, combining

Proposition 3.7.3 with Theorem 1.3.2, if the answer to Question 3.7.1 was negative,

then d(C1) = d(C2) ∈ [1/2, 2/3] and d(C1) = d(C2) ∈ [1/3, 1/2].

Going a step further, if there was a colouring N = C1∪C2 which gave a negative

answer to Question 3.7.1, then it would have to be the case that d(C1∩(2nN+2ℓ)) =

d(C2∩(2nN+2ℓ)) ∈ [1/2n+1, 2/(3·2n)] and d(C1∩(2nN+2ℓ)) = d(C2∩(2nN+2ℓ)) ∈
[1/(3 · 2n), 1/2n+1], for every natural numbers n, ℓ ∈ N. We merely sketch how one

deduces this fact.

The first step is to use Theorem 3.3.5 in order to show that if A ⊂ N satisfies

d(A∩2N)+d(A∩2N) > 1/2, then there exists an infinite B ⊂ N such that B+B ⊂ A.

This is done exactly like part (2) of Corollary 3.2.1 is deduced from Theorem 1.3.1.

Using this new fact as our base case we can prove by induction that if A ⊂ N
satisfies d(A ∩ (2nN + 2ℓ)) + d(A ∩ (2nN + 2ℓ)) > 1/2n, for any n, ℓ ∈ N, then

there exists an infinite B ⊂ N such that B + B ⊂ A. This is established just like

Proposition 3.5.4. It’s now easy to extend Proposition 3.7.3. Namely, in the context

of its statement, we actually have that d(C1 ∩ (2nN+2ℓ)) = d(C2 ∩ (2nN+2ℓ)) and

d(C1 ∩ (2nN+2ℓ)) = d(C2 ∩ (2nN+2ℓ)), for any n, ℓ ∈ N. Finally, the claim follows

from this latter fact and the bounds established in Proposition 3.5.4.
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Chapter 4

Unrestricted sumsets in

countable abelian groups

4.1 Overview

This chapter is based on the results of [10] and generalises the results of Chapter 3

in two ways. First, we expand the framework from the integers to countable abelian

groups. Secondly, we consider more general density schemes, even in the integers,

as opposed to Chapter 3 where densities were only considered over the initial Følner

sequence N ↦→ [1, N ].

The second point is in a sense forced by the first one, since there is no obvious

analogue of the initial Følner sequence in Z for a general group. This leads us to un-

derstand more deeply what structural properties of N ↦→ [1, N ] were indirectly used

in the proofs of Chapter 3 and formulate an abstract definition that captures anal-

ogous structural properties for general Følner sequences, in order to run analogous

arguments.

The transition from Z to a general abelian group (G,+) introduces another issue.

Namely, the parity obstructions in Z become structural obstructions governed by

the behaviour of the doubling map

D : G → G, D(g) = 2g

In Z, the even integers form the image of the doubling map. In a general abelian

group, the image is the subgroup D(G) = 2G := {g + g : g ∈ G}, and the relevant

quantities for our purposes are

ℓ = [G : 2G], and r = | ker(D)|.
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As we will see, it is necessary for our results that both ℓ and r are finite and also

that the Følner sequences we consider interact well with doubling.

In analogy to the results of Chapter 3, the precursor to the results presented

here, and once again, an ingredient in the proofs, is the generalisation of Theorem

C to countable abelian groups by Charamaras and Mountakis [11].

Let (G,+) be a countable abelian group such that the subgroup 2G has finite

index and the doubling map g ↦→ g+g has finite kernel. We establish lower bounds on

the upper density of a set A ⊂ G with respect to an appropriate Følner sequence, so

that A contains a sumset of the form {b1+b2+t : b1, b2 ∈ B} or {b1+b2 : b1, b2 ∈ B},
for some infinite B ⊂ G and some t ∈ G. Both assumptions on G are necessary for

our results to be true. We also characterize the Følner sequences for which this is

possible. Finally, we show that our lower bounds are optimal in a strong sense.

4.2 Introduction

For convenience, we recall once again the resolution of Erdős’ conjecture by Kra,

Moreira, Richter and Robertson [41].

Theorem C. For any A ⊂ N with positive upper Banach density there exist an

infinite set B ⊂ A and some t ∈ N such that

B ⊕B + t = {b1 + b2 + t : b1, b2 ∈ B, b1 ̸= b2} ⊂ A.

It is natural to ask whether Theorem C could be extended to other countable

amenable (semi)groups. This is explored in [11], where Charamaras and Mountakis

establish an extension of Theorem C for a wide class of such groups. This class

includes all finitely generated nilpotent groups, and all abelian groups (G,+) with

the property that 2G := {2g : g ∈ G}, where 2g := g + g, has finite index.

Throughout, unless explicitly stated otherwise, all the groups we consider are

countable. Then [11, Corollary 1.13] asserts that if (G,+) is a countable abelian

group with index [G : 2G] < ∞ and A ⊂ G has positive upper Banach density, there

exist an infinite set B ⊂ A and some t ∈ G such that B ⊕B + t ⊂ A.

Another question arising from Theorem C is whether the restriction b1 ̸= b2 in

the sumset can be removed and it seems natural to explore what – if any at all

– density assumptions on the set A ⊂ N would allow one to drop the restriction

b1 ̸= b2. This was initiated in Chapter 3, and hopefully the results presented there

convinced the reader that this is an interesting line of enquiry. In that chapter it is

shown, for example, that for any A ⊂ N such that d([1,N ])(A) > 2/3, there are an
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infinite set B ⊂ N and some t ∈ {0, 1} such that B + B + t ⊂ A. We remark that

taking the density with respect to the initial Følner sequence N ↦→ [1, N ] in N is

essential, as it is clear from [44, Example 2.3] that not all Følner sequences can be

used to guarantee such density threshold values.

In view of these observations, we repeat the main question addressed in this

chapter, that was already mentioned in Section 1.3.2. Let G be an abelian group,

such that [G : 2G] < ∞.

(a) Can we find a Følner sequence Φ and a constant c = c(G,Φ) > 0 such that

any set A ⊂ G with dΦ(A) > c contains an unrestricted sumset of the form

B +B + t for some infinite set B ⊂ G and some t ∈ G?

(b) Can we answer (a) in an optimal way?

We refer to this problem as the (unrestricted) B + B problem. Throughout,

G denotes a countable abelian group and D denotes the doubling map D : G →
G,D(g) = 2g. In addition, given a set A ⊂ G, we denote the set D(A) by 2A and

the set D−1(A) by A/2.

As we alluded to earlier, not all Følner sequences have density thresholds for the

unrestricted B+B problem. However, we are able to pinpoint structural properties

of a Følner sequence that allow for this to happen and to describe those we introduce

the next definition.

Definition 4.2.1. Let G be a countable abelian group.

(i) We define the doubling ratio of a Følner sequence Φ = (ΦN )N∈N in G as

αΦ = lim inf
N→∞

|ΦN/2 ∩ ΦN |
|ΦN |

. (4.2.1)

Whenever αΦ > 0, we say that the Følner sequence Φ is quasi-invariant with

respect to doubling with ratio αΦ, and we abbreviate this as q.i.d. with ratio

αΦ.

(ii) We define the group doubling ratio as αG = sup{αΦ : Φ ∈ FG}, where FG

denotes the set of all Følner sequences in G.

As we show in Section 4.7, any abelian group G with ℓ = [G : 2G] < ∞ and

r = | ker(D)| < ∞ admits Følner sequences that are quasi-invariant with respect to

doubling. More precisely, we prove that αG = min{1, rℓ} and that the value αG is

attained, i.e., there is a Følner sequence Φ in G so that αΦ = αG.
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Next, we state our main theorem, which asserts that the Følner sequences de-

fined in Definition 4.2.1 possess the necessary structural properties to provide an

affirmative answer to question (a). This allows us to resolve this question for all

abelian groups G with [G : 2G] < ∞ and | ker(D)| < ∞.

Theorem 4.2.2. Let (G,+) be a countable abelian group with ℓ = [G : 2G] < ∞
and r = | ker(D)| < ∞. Let A ⊂ G and Φ be any Følner sequence in G that is

quasi-invariant with respect to doubling with ratio αΦ. Then the following hold:

(1) If dΦ(A) > 1 − ℓαΦ

ℓ+ r
, then there exists an infinite set B ⊂ G and some t ∈ G

such that B +B + t ⊂ A.

(2) If dΦ(A) > 1− αΦ

ℓ+ r
, then there exists an infinite set B ⊂ G such that B+B ⊂

A.

(3) If dΦ(A ∩ 2G) >
1

ℓ
− αΦ

ℓ+ r
, then there exists an infinite set B ⊂ G such that

B +B ⊂ A.

The statements (1), (2) and (3) of Theorem 4.2.2 are logically equivalent; this

is proved in Section 4.3.1. Hence, it suffices to establish only one of the statements.

In Section 5.4.1, we reformulate statement (2) into a dynamical statement, which

we then prove in Section 4.4, concluding the proof of Theorem 4.2.2.

The second main objective of this paper is to show sharpness of the lower bounds

in Theorem 4.2.2. This is not evident from the proof: the bounds are directly

derived from a variant of Furstenberg’s correspondence principle given in Lemma

4.3.4. The next theorem addresses this question, showing optimality with respect

to the parameters ℓ, r, and αG = min{1, rℓ}. This indicates that the constant αΦ

is not an artificial device of the proof, but rather captures an existing phenomenon.

We highlight that in all abelian groups G, both [G : 2G] and | ker(D)|, whenever
finite, are powers of 2 (see Lemma 4.5.1).

Theorem 4.2.3. Let ℓ, r ∈ N be powers of 2. Then, there exist a countable abelian

group G with [G : 2G] = ℓ and | ker(D)| = r, a Følner sequence Φ in G which is

quasi-invariant with respect to doubling with ratio αΦ = αG, and a set A ⊂ G with

dΦ(A) = 1− αG
ℓ+r , for which B +B ̸⊂ A for any infinite B ⊂ G.

This result was already known in Z (see Chapter 3). The proof of Theorem 4.2.3

is carried out in Section 4.5 where for every choice of ℓ, r, we construct examples

using the groups Z, Fω
p , Z(1/2)/Z = { k

2n mod 1 | n, k ∈ Z} and their products.

The most technical and intricate task in the proof is the case ℓ = 2d1 and r = 2d2 ,
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with d1, d2 ≥ 1. The following table summarizes the groups where we build the

corresponding examples with their respective value of αG.

ℓ = 1 ℓ = 2d1 , d1 ≥ 1

r = 1 Fω
3 , αG = 1 Zd1 , αG = 2−d1

r = 2d2 , d2 ≥ 1 (Z(12)/Z)
d2 , αG = 1 Zd1 × (Z(12)/Z)

d2 , αG = min{1, 2d2−d1}

In a similar spirit, we show that the assumptions concerning the group G and

the Følner sequence in Theorem 4.2.2 are necessary (see Section 4.6). In particular,

we construct an abelian group with infinite ker(D), and a set of full density along

a Følner sequence that is quasi-invariant with respect to doubling, which contains

no infinite sumsets B +B (see Section 4.6.1). In addition, in Section 4.6.2 we show

that along any Følner sequence that is not quasi-invariant with respect to doubling,

there are sets of full upper density that contain no infinite sumsets B +B. Finally,

recall that the assumption of the finiteness of [G : 2G] is imposed by [1]. However,

the results there do not strictly rule out the possibility that there is an abelian group

G with [G : 2G] = ∞ such that any set of full upper Banach density contains an

infinite sumset B +B + t. In Section 4.6.3, we show that this is the case only if 2G

is finite.

We end this section with open questions arising naturally from our work. The

first is related to recent results [3] for abelian groups G with finite [G : 6G] and sets

that contain a pattern of the form B ⊕B ⊕B.

Question 4.2.4. Is it possible to characterize the abelian groups and the Følner

sequences for which there is a constant c > 0 such that if A ⊂ G and dΦ(A) > c,

then there exists B ⊂ G infinite such that B +B +B ⊂ A?

This problem is significantly different from the one we consider. Indeed, while

B +B = 2B ∪ (B ⊕B), B +B +B is not equal to 3B ∪ (B ⊕B ⊕B) as one must

additionally account for the sets {b1 + 2b2 : b1, b2 ∈ B, b1 < b2}, {2b1 + b2 : b1, b2 ∈
B, b1 < b2}. Those two extra components change the nature of the combinatorial

problem; loosely speaking, it is like handling four linear equations instead of two.

The next two questions deal with stronger optimality results for the bounds in

Theorem 4.2.2.

Question 4.2.5. Let G be a countable abelian group with ℓ = [G : 2G] < ∞ and

r = | ker(D)| < ∞, and let Φ be a Følner sequence in G that is quasi-invariant with

respect to doubling. Does there exist a set A ⊂ G with dΦ(A) = 1− αΦ
ℓ+r , such that
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B +B ̸⊂ A for any infinite B ⊂ G?

Question 4.2.5 asks for the strongest possible notion of optimality for the bounds

in our main result. The following, weaker, natural question has better chances of

having a positive answer.

Question 4.2.6. Let G be a countable abelian group with ℓ = [G : 2G] < ∞ and

r = | ker(D)| < ∞. Can one always find a Følner sequence Φ in G that is quasi-

invariant with respect to doubling and a set A ⊂ G with dΦ(A) = 1− αΦ
ℓ+r , such that

B +B ̸⊂ A for any infinite B ⊂ G?

We stress that Theorem 4.2.3 does not provide an answer to Question 4.2.6.

Indeed, given the parameters ℓ and r, Theorem 4.2.3 asserts the existence of some

group G with those values, a set A ⊂ G and a Følner sequence Φ in G such that

dΦ(A) = 1− αG
ℓ+r and B +B ̸⊂ A for any infinite B ⊂ G.

Finally, although these questions remain open, they partially motivate the results

of Chapter 5 which generalise those presented in this chapter.

4.3 Translation of Theorem 4.2.2 to a dynamical state-

ment

The proof of Theorem 4.2.2 is accomplished via a dynamical systems reformulation.

We start the present section by showing that any one of the statements (1), (2) or

(3) of Theorem 4.2.2 implies the others, and hence it suffices to prove (2) in order

to establish the theorem. The reader may find the background material needed in

order to realize the proof in Section 2.5. Finally, in Section 4.3.2 we state our main

dynamical result, Theorem 4.3.5, and prove that it implies Theorem 4.2.2.

4.3.1 Equivalence of the statements in the main theorem

G always denotes a countable abelian group with ℓ = [G : 2G] < ∞. We also fix

g1, . . . , gℓ ∈ G so that G =
⨆︁ℓ

i=1 2G + gi. We omit these assumptions from the

statements of this section.

Lemma 4.3.1. Fix a subset A ⊂ G. The following are equivalent:

(1) A contains B +B for some infinite set B ⊂ G.

(2) A ∩ 2G contains B +B for some infinite set B ⊂ G.

(3) (A ∩ 2G) ∪ (G\2G) contains B +B for some infinite set B ⊂ G.
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Proof. For any infinite B ⊂ G, by the pigeonhole principle, there is an infinite subset

of B which is contained in some coset 2G+ gi. Equivalently, there exists an infinite

B′ ⊂ 2G and some i ∈ {1, . . . , ℓ}, such that B′+gi ⊂ B. If B+B ⊂ A, then for B′+gi

chosen as before we have (B′+gi)+(B′+gi) ⊂ A∩2G, therefore proving (1) =⇒ (2).

The implication (2) =⇒ (3) is obvious. Finally, that (3) implies (2) is a special case

of the implication (1) =⇒ (2), because ((A ∩ 2G) ∪ (G \ 2G)) ∩ 2G = A ∩ 2G.

Lemma 4.3.2. Fix a subset A ⊂ G. The following are equivalent:

(1) A contains B +B + t for some t ∈ G and infinite B ⊂ G.

(2) A contains B +B + gi for some i ∈ {1, . . . , ℓ} and infinite B ⊂ G.

(3) (A− gi) ∩ 2G contains B +B for some i ∈ {1, . . . , ℓ} and infinite B ⊂ G.

Proof. The implication (1) =⇒ (2) uses the fact that any t ∈ G can be written as

2s+ gi for some s ∈ G and i ∈ {1, . . . , ℓ}. Thus if we define B′ = B + s we get that

B′ + B′ + gi = B + B + 2s+ gi ⊂ A. Assuming (2), we have that B + B ⊂ A− gi

and then (3) follows directly from the equivalence of (1) and (2) in Lemma 4.3.1.

Finally, (3) =⇒ (1) is obvious.

Using the previous lemmas we deduce the following proposition.

Proposition 4.3.3. Let Φ be a Følner sequence in G, A ⊂ G and β > 0. Then the

following statements are equivalent:

(1) If dΦ(A) > ℓβ, then A contains B+B+ t for some t ∈ G and some infinite set

B ⊂ G.

(2) If dΦ(A) > β + ℓ−1
ℓ then A contains B +B for some infinite set B ⊂ G.

(3) If dΦ(A ∩ 2G) > β then A contains B +B for some infinite set B ⊂ G.

Proof. (1) =⇒ (3): If dΦ(A∩2G) > β, then we define Ã =
⨆︁ℓ

i=1(A∩2G)+gi, and we

have dΦ(Ã) > ℓβ. By (1), Ã contains a B+B+ t for some infinite B ⊂ G and t ∈ G.

By Lemma 4.3.2 we can reduce to the case where t = gi for some i ∈ {1, . . . , ℓ}.
Using Lemma 4.3.1, we can also assume that B +B ⊂ 2G. Therefore, we have that

B +B + gi ⊂ (A ∩ 2G) + gi which concludes the proof.

(3) =⇒ (1): If dΦ(A) > ℓβ, then, by sub-additivity of the density, dΦ(A∩ (2G+

gi)) > β for some i ∈ {1, . . . , ℓ}. By translation invariance of the density, we see

that dΦ((A − gi) ∩ 2G) > β and therefore by (3), A contains B + B + gi for some

B ⊂ G infinite.
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(2) =⇒ (3): If dΦ(A∩2G) > β, then dΦ((A∩2G)∪(G\2G)) > β+ ℓ−1
ℓ . Therefore,

by (2), (A ∩ 2G) ∪ (G\2G) contains B +B and we conclude using Lemma 4.3.1.

(3) =⇒ (2): If dΦ(A) > β + ℓ−1
ℓ then, using sub-additivity of the density and

the fact that each coset has density 1
ℓ , we get dΦ(A∩2G) > β, so we conclude using

(3).

From Proposition 4.3.3, it is now immediate that (1), (2) and (3) of Theo-

rem 4.2.2 are equivalent. Therefore, it suffices to prove (2) in order to establish the

theorem.

4.3.2 Dynamical reformulation of Theorem 4.2.2

To prove Theorem 4.2.2, we follow an ergodic-theoretic approach. In particular,

we translate the problem of finding infinite sumset configurations in subsets of a

group G to a statement in ergodic theory, and particularly to the existence of Erdős

progressions in products of G-systems. These ideas and basic tools necessary for

their implementation were developed in [43] and [41] in the context of finding infinite

configurations in N, and were subsequently exploited for finding other patterns in

N (see Chapter 3) and generalized in the context of countable amenable groups (see

[11]).

Let (G,+) be an abelian group with ℓ = [G : 2G] < ∞ and r = | ker(D)| < ∞.

For the rest of this section Σ denotes the space {0, 1}G, and it is endowed with

the product topology, so that it becomes a compact metrizable space. We also

consider the shift action S : Σ → Σ given by Sg(x(h)) = x(h+ g), for any h, g ∈ G,

x = (x(g))g∈G ∈ Σ, and note that S is an action of G on X by homeomorphisms.

We use the following variant of Furstenberg’s correspondence principle to reduce

Theorem 4.2.2 to a dynamical statement. This variant crucially exploits the special

structure of q.i.d. Følner sequences. A similar version appears in Lemma 3.3.3.

Lemma 4.3.4. Let A ⊂ G and Φ be any Følner sequence in G that is q.i.d. with

ratio αΦ. Then there exist a β ≥ αΦ, an ergodic G-system (Σ×Σ, µ, S2×S), an open

set E ⊂ Σ, a point a ∈ Σ and a Følner sequence Φ′, such that (a, a) ∈ gen(µ,Φ′),

A = {g ∈ G : Sga ∈ E} and

ℓµ(Σ× E) + µ(E × Σ) ≥ ℓ+ r

β

(︁
dΦ(A)− 1

)︁
+ ℓ+ 1. (4.3.1)

Proof. By definition, and passing to a subsequence of (ΦN ) if necessary, we may
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assume that there exists some β ≥ αΦ so that

lim
N→∞

|ΦN/2 ∩ ΦN |
|ΦN |

= β and dΦ(A) = lim
N→∞

|A ∩ ΦN |
|ΦN |

.

Associate to the set A a point a ∈ Σ = {0, 1}G via

a(g) =

⎧⎪⎨⎪⎩
1, if g ∈ A,

0, otherwise.

Define the clopen set E = {x ∈ Σ: x(eG) = 1} and observe that, by construction,

A = {g ∈ G : Sga ∈ E}. Since Φ is quasi-invariant with respect to doubling,

by Lemma A.0.5 we have that Ψ = (ΨN )N∈N given by ΨN = ΦN/2 ∩ ΦN is a

Følner sequence, and then we can define the sequence of Borel probability measures

(µN )N∈N on Σ× Σ given by

µN =
1

|ΨN |
∑︂
g∈ΨN

δ(S2g×Sg)(a,a).

We let µ′ be a weak* accumulation point of (µN )N∈N, and then it is easy to see that

µ′ is an (S2 × S)-invariant measure. Recall that limN→∞
|ΨN |
|ΦN | = β.

For each N , ΨN ⊂ ΦN , so we have

µN (Σ× E) =
1

|ΨN |
∑︂
g∈ΨN

δSga(E) ≥ |ΦN |
|ΨN |

1

|ΦN |
(|A ∩ ΦN | − |ΦN |+ |ΨN |),

and then sending N → ∞ yields

µ′(Σ× E) ≥ 1

β

(︁
dΦ(A)− 1 + β

)︁
=

dΦ(A)

β
− 1

β
+ 1. (4.3.2)

From Lemma A.0.3 we know that N ↦→ FN =
⋃︁

g∈ΨN
g + ker(D) ⊃ ΨN is a Følner

in G, and |FN |
|ΨN | → 1 as N → ∞. From the definition of FN we get

∑︂
g∈FN

δS2ga(E) = r
∑︂

g∈2ΨN

δSga(E),

and therefore⃓⃓⃓⃓
⃓⃓ 1

|ΨN |
∑︂
g∈ΨN

δS2ga(E)− r

|ΨN |
∑︂

g∈2ΨN

δSga(E)

⃓⃓⃓⃓
⃓⃓ ≤ |FN \ΨN |

|ΨN |
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which goes to 0 as N → ∞. In addition, 2ΨN = 2(ΦN/2∩ΦN ) ⊂ ΦN ∩ 2ΦN ⊂ ΦN ,

for each N ∈ N, and so combining with the previous we get

µN (E × Σ) =
1

|ΨN |
∑︂
g∈ΨN

δS2ga(E) =
r

|ΨN |
∑︂

g∈2ΨN

δSga(E) + oN→∞(1)

≥ r
|ΦN |
|ΨN |

1

|ΦN |
(|A ∩ ΦN | − |ΦN |+ |2ΨN |) + oN→∞(1),

and then sending N → ∞ yields

µ′(E × Σ) ≥ r

β

(︃
dΦ(A)− 1 +

β

r

)︃
=

rdΦ(A)

β
− r

β
+ 1, (4.3.3)

where we used that by Lemma A.0.3, |2ΨN |
|ΨN | → 1

r , so
|2ΨN |
|ΦN | → β

r as k → ∞. Combin-

ing (4.3.2) and (4.3.3) we obtain (4.3.1) for µ′. The conclusion of the lemma follows

similarly to the proof of Lemma 3.3.3 (for the ergodic decomposition theorem for

group actions see [55, Theorem 6.6] and the analogue of [19, Proposition 3.9] is

straightforward).

We now state the main dynamical result, which, along with Lemma 4.3.4 and

Lemma 4.3.6 below, allows us to prove Theorem 4.2.2. For that, we need the notion

of Erdős progressions, which were introduced in N by the authors in [41]. Given a

topological G-system (X,T ), a triple (x0, x1, x2) ∈ X3 is called a (3-term) Erdős

progression if there exists an infinite sequence (gn)n∈N in G (that is, the set {gn :

n ∈ N} is infinite) such that (Tgn × Tgn)(x0, x1) −→ (x1, x2) as n → ∞.

Theorem 4.3.5. Let (X,µ, T ) be an ergodic G-system, a ∈ gen(µ,Φ) for some

Følner sequence Φ in G, and E1, E2 ⊂ X be open sets satisfying

ℓµ(E2) + µ(E1) > ℓ. (4.3.4)

Then, there exists an Erdős progression (a, x1, x2) such that (x1, x2) ∈ E1 × E2.

We note here that Theorem 4.3.5 was already suggested by Tao (see the dis-

cussion after Theorem 7 in [59]). We postpone the proof of Theorem 4.3.5 to Sec-

tion 4.4.2.

Lemma 4.3.6 ([11, Lemma 3.4]). Let (X,T ) be a topological G-system and let

E,F ⊂ X be open. Assume there exists an Erdős progression (x0, x1, x2) ∈ X3 with

x1 ∈ E and x2 ∈ F . Then, there exists an infinite sequence B = (bn)n∈N ⊂ {g ∈ G :

Tg(x0) ∈ E} such that B⊕B = {bn+bm : n,m ∈ N, n ̸= m} ⊂ {g ∈ G : Tg(x0) ∈ F}.
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As Lemma 4.3.6 suggests, the existence of the Erdős progressions in the context

of Theorem 4.3.5 is what allows us to recover the combinatorial statements of The-

orem 4.2.2. Indeed, the proof that Theorem 4.3.5 implies part (2) of Theorem 4.2.2

– and thus the whole theorem in view of Proposition 4.3.3 – is completely analogous

to the proof that Theorem 3.3.1 implies Theorem 1.3.1, and as such is omitted.

4.4 Measures on Erdős progressions and the proof of

Theorem 4.3.5

In this section we prove Theorem 4.3.5. In Section 4.4.1 we collect some useful tools,

and then in Section 4.4.2 we present the proof of the theorem.

4.4.1 Erdős progressions, measures and their properties

Again, let us fix a countable abelian group (G,+) with ℓ = [G : 2G] < ∞, and

g1 = eG, g2, . . . , gℓ ∈ G such that G =
⨆︁ℓ

i=1(gi + 2G). Moreover, we fix an ergodic

G-system (X,µ, T ) admitting a continuous factor map π : X → Z to its Kronecker

factor (Z,m,R), a Følner sequence Φ in G and a point a ∈ gen(µ,Φ).

In Theorem 4.3.5 we care about Erdős progressions with first coordinate equal

to a. To this end, we utilize a natural measure σa on X ×X with the property that

σa-almost every pair (x1, x2) is such that (a, x1, x2) projects under the factor map

π to an Erdős progression (π(a), π(x1), π(x2)) in the Kronecker factor Z. Although

the definition of this measure is not necessary here, we include it for completeness.

Let z ↦→ ηz denote the disintegration of µ over the factor map π (for details see

[55, Section 6]) and for every (x1, x2) ∈ X ×X, consider the measure

λ(x1,x2) =

∫︂
Z
ηz+π(x1) × ηz+π(x2) dm(z) (4.4.1)

on X ×X. Then (x1, x2) ↦→ λ(x1,x2) is a continuous ergodic decomposition of µ× µ,

that is, a disintegration of µ×µ where the measures λ(x1,x2) are ergodic for (µ× µ)-

almost every (x1, x2) ∈ X ×X, and the map (x1, x2) ↦→ λ(x1,x2) is continuous in the

weak* topology. We define the measure σa on X ×X via

σa =

∫︂
Z
ηz × η2z−π(a) dm(z) =

∫︂
Z
ηπ(a)+z × ηπ(a)+2z dm(z). (4.4.2)

The previous can be found in [41] for the case of N and in [11] for general amenable

groups G.
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Let us denote by π1, π2 : X×X → X the projections (x1, x2) ↦→ x1, (x1, x2) ↦→ x2

respectively and by πiσa the pushforward of σa under πi, i = 1, 2.

Proposition 4.4.1. Let (x1, x2) be a point in X×X and λ(x1,x2), σa be the measures

on X ×X defined respectively in (4.4.1) and (4.4.2). Then

(1) π1σa = µ and 1
ℓ

∑︁ℓ
i=1 Tgiπ2σa = µ.

(2) For σa-almost every (x1, x2) ∈ X ×X we have that (x1, x2) ∈ supp(λ(a,x1)).

(3) There exists a Følner sequence Ψ, such that for µ-almost every x1 ∈ X the point

(a, x1) belongs to gen(λ(a,x1),Ψ).

The fact that π1σa = µ is immediate from the definition. The proofs of (2)

and (3) can be found respectively in [41, Lemma 3.7 and Proposition 3.11] and [41,

Lemma 3.12] for the case of N, and in [11, Theorem 4.9 and Lemma 4.14] and [11,

Theorem 4.10 and Lemma 4.14] for the case of more general groups G. Hence we

only need to prove that 1
ℓ

∑︁ℓ
i=1 Tgiπ2σa = µ. To do this, we need the following

lemma, which asserts that we can find a subcollection (gij )j of {g1, . . . , gℓ} so that

Z can be written as a disjoint union of the cosets θ(gij ) + 2Z, where θ : G → Z is

as in equation (2.5.1).

Lemma 4.4.2. There exist an integer k with k | ℓ and integers i1, . . . , ik ∈ {1, . . . , ℓ}
such that

Z =
k⨆︂

j=1

(θ(gij ) + 2Z). (4.4.3)

Moreover, for each 1 ≤ j ≤ k, we have |{1 ≤ i ≤ ℓ : θ(gi)+2Z = θ(gij )+2Z}| = ℓ/k.

Proof. From the assumptions on G and θ we have that

Z = θ(G) =
ℓ⋃︂

i=1

(︁
θ(gi) + 2θ(G)

)︁
=

ℓ⋃︂
i=1

(θ(gi) + 2Z).

The sets θ(gi) + 2Z are cosets of 2Z in Z, hence any two such sets either coincide

or they are disjoint. Consider a i1, . . . , ik ∈ {1, . . . , ℓ} for some 1 ≤ k ≤ ℓ such that

the cosets θ(gij ) + 2Z are pairwise distinct, and then (4.4.3) follows. It remains to

show that k | ℓ and that for each 1 ≤ j ≤ k, we have |{1 ≤ i ≤ ℓ : θ(gi) + 2Z =

θ(gij ) + 2Z}| = ℓ/k. The homomorphism θ : G → Z induces a homomorphism˜︁θ : G/2G → Z/2Z, mapping gi + 2G to θ(gi) + 2Z for each 1 ≤ i ≤ ℓ. It follows

by (4.4.3) that ˜︁θ is a surjective homomorphism of finite groups. Then, by the first
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isomorphism theorem, we have that

Z⧸2Z ≃
(︂
G⧸2G

)︂
⧸ker(˜︁θ),

hence k = ℓ/| ker(˜︁θ)|. This implies that k | ℓ. Moreover, for fixed 1 ≤ j ≤ k, the

above isomorphism implies that there exist exactly | ker(˜︁θ)| = ℓ/k integers 1 ≤ i ≤ ℓ

such that θ(gi) + 2Z = θ(gij ) + 2Z. This concludes the proof.

We are now ready to prove (1) of Proposition 4.4.1.

Proof of (1) of Proposition 4.4.1. Let k and i1, i2, . . . , ik as in Lemma 4.4.2. It is

immediate from Lemma 4.4.2 that m(2Z) = 1/k. Now for each u ∈ {1, . . . , ℓ} we

define

m2,u = k ·m|2Z+θ(gu).

Let m2 denote the unique probability Haar measure on 2Z. The pushforward

Dm of the Haar measure m under the doubling map is translation invariant in 2Z,

and it is a probability measure on 2Z, so m2 = Dm. Also, it is not difficult to see

that the probability measure k ·m|2Z is also translation invariant in 2Z, so after all,

m2 = Dm = k ·m|2Z . Now for each u, let Du be the map sending z to 2z + θ(gu).

Using the previous we then have that m2,u = Dum.

We first prove that for each u ∈ {1, . . . , ℓ} we have

1

k

k∑︂
j=1

Rgij
m2,u = m. (4.4.4)

Fix u ∈ {1, . . . , ℓ}. There exists a rearrangement (i′j)1≤j≤k of (ij)1≤j≤k such that

for each j we have 2Z + θ(gi′j ) = 2Z + θ(gij ) + θ(gu). Using Lemma 4.4.2 and the

definition of m2,u, we have that for any measurable C ⊂ Z,

m(C) = m

(︃
C ∩

(︃ k⨆︂
j=1

(θ(gi′j ) + 2Z)

)︃)︃
= m

(︃ k⨆︂
j=1

(C ∩ (θ(gij ) + θ(gu) + 2Z))

)︃

=
k∑︂

j=1

m(C ∩ (θ(gij ) + θ(gu) + 2Z)) =
k∑︂

j=1

m((C − θ(gij )) ∩ (2Z + θ(gu)))

=
1

k

k∑︂
j=1

m2,u(C − θ(gij )) =
1

k

k∑︂
j=1

Rgij
m2,u(C).
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Now we prove that for each u ∈ {1, . . . , ℓ} we have

1

ℓ

ℓ∑︂
i=1

Rgim2,u = m. (4.4.5)

We fix u ∈ {1, . . . , ℓ}. By the last assertion of Lemma 4.4.2, for each 1 ≤ j ≤ k,

we can consider 1 ≤ i
(j)
1 , . . . , i

(j)
ℓ/k ≤ ℓ such that for each 1 ≤ v ≤ ℓ/k, we have

θ(gij ) + 2Z = θ(g
i
(j)
v
) + 2Z, which implies that Rgij

m2,u = Rg
i
(j)
v

m2,u. Moreover,

(4.4.3) implies that {{i(j)v : 1 ≤ v ≤ ℓ/k} : 1 ≤ j ≤ k} is a partition of {1, . . . ℓ}.
Combining all the above and using (4.4.4), we have that

m =
1

k

k∑︂
j=1

Rgij
m2,u =

1

k

k∑︂
j=1

(︃
1

ℓ/k

ℓ/k∑︂
v=1

Rg
i
(j)
v

m2

)︃
=

1

ℓ

ℓ∑︂
i=1

Rgim2,u,

proving (4.4.5).

Now we can conclude the proof. In view of (4.4.3), there is u ∈ {1, . . . , k}
and z0 ∈ Z such that π(a) = θ(gu) + 2z0. First, we compute π2σa and using the

translation invariance of m we have that

π2σa =

∫︂
Z
η2z+π(a) dm(z) =

∫︂
Z
η2z+θ(gu) dm(z) =

∫︂
Z
ηz dm2,u(z), (4.4.6)

where the last equality follows from the fact that m2,u = Dum. Combining (4.4.5)

and (4.4.6), we obtain that

1

ℓ

ℓ∑︂
i=1

Tgiπ2σa =
1

ℓ

ℓ∑︂
i=1

∫︂
Z
Tgiηz dm2,u(z) =

1

ℓ

ℓ∑︂
i=1

∫︂
Z
ηRgi (z)

dm2,u(z)

=

∫︂
Z
ηz d

(︃
1

ℓ

ℓ∑︂
i=1

Rgim2,u

)︃
(z) =

∫︂
Z
ηz dm(z) = µ.

Using Proposition 4.4.1 we can guarantee the existence of many Erdős progres-

sions starting at the point a.

Proposition 4.4.3. Let (X,µ, T ) be an ergodic G-system and assume there is a

continuous factor map π : X → Z to its Kronecker factor. Let a ∈ gen(µ,Φ), for

some Følner sequence Φ. Then for σa-almost every (x1, x2) ∈ X × X, the point

(a, x1, x2) is an Erdős progression.

The proof of Proposition 4.4.3 is analogous to the proof of Proposition 3.4.3.

62



4.4.2 The proof of Theorem 4.3.5

We are now ready to prove Theorem 4.3.5. We will only prove the following special

case, but the reader should easily be able to deduce the general case following the

arguments of Section 3.4.2, with the role of Proposition 3.4.1 being replaced by [11,

Proposition 3.7].

Theorem 4.4.4. Let (X,µ, T ) be an ergodic G-system admitting a continuous factor

map to its Kronecker factor, a ∈ gen(µ,Φ) for some Følner sequence Φ in G, and

E1, E2 ⊂ X be open sets satisfying

ℓµ(E2) + µ(E1) > ℓ. (4.4.7)

Then, there exist an Erdős progression (a, x1, x2) such that (x1, x2) ∈ E1 × E2.

Proof. From Proposition 4.4.3, for σa-almost every (x1, x2) ∈ X × X, the point

(a, x1, x2) is an Erdős progression. Hence it suffices to verify that σa(E1 ×E2) > 0.

As

E1 × E2 = (E1 ×X) ∩ (X × E2) ,

this reduces to showing that

σa(E1 ×X) + σa (X × E2) > 1.

Now,

σa(E1 ×X) + σa(X × E2) = π1σa(E1) + π2σa(E2)

and by (1) of Proposition 4.4.1, the right hand side equals

µ(E1) + ℓµ(E2)− π2σa(T
−1
g2 E2)− · · · − π2σa(T

−1
gℓ

E2).

Therefore,

σa(E1 ×X) + σa(X × E2) ≥ µ(E1) + ℓµ(E2)− (ℓ− 1) > 1,

where the last inequality follows by (4.4.7).
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4.5 The proof of Theorem 4.2.3: optimality of the lower

bounds

The goal of this section is to prove Theorem 4.2.3, so that the bounds that we get

from Theorem 4.2.2 can be tested to be optimal for any possible value of ℓ and r.

We begin by proving that ℓ and r can only be powers of 2.

Lemma 4.5.1. If G is an abelian group with ℓ = [G : 2G] and r = | ker(D)| then

• if ℓ < ∞, there exists d1 ∈ N0 such that ℓ = 2d1 and

• if r < ∞, there exists d2 ∈ N0 such that r = 2d2.

Proof. Since G is an abelian group, G/2G and ker(D) are also abelian groups and

therefore they have a Z-module structure. Furthermore, G/2G and ker(D) have

an F2 = Z/2Z-module structure. Indeed, if g ∈ ker(D) then 2g = g + g = 0 by

definition. Likewise, if h ∈ G/2G then h = γ + 2G for some γ ∈ G and 2h =

2γ +2G = 0+ 2G which is the identity element. Since F2 is a field, then G/2G and

ker(D) are vector spaces over F2, in particular they are isomorphic to
⨁︂
i∈I1

F2 and⨁︂
i∈I2

F2 for some index set I1 and I2 respectively.

We conclude by observing that ℓ < ∞ (respectively r < ∞) if and only if |I1| < ∞
(respectively |I2| < ∞) and in that case ℓ = 2|I1| (respectively r = 2|I2|).

In what follows, for each possible value of ℓ and r we provide a group G, a

Følner sequence Φ = (ΦN )N∈N and a subset A of that group the density of which

achieves the bound established in Theorem 4.2.3, while not containing an infinite

subset of the form B+B. The main idea is to reverse-engineer the proof of Lemma

4.3.4 and construct a subset A ⊂ G whose density achieves the bounds derived from

that result. Even though this was done for the group Z (see Section 3.5) and is

directly generalized to Zd in Section 4.5.2, the construction becomes less clear for

other groups. For example, in the case of Zd1 × (Z(1/2)/Z)d2 we must consider a

Følner sequence different from the product Følner sequence to properly account for

the distinct behavior that the doubling map induces in this group, where, informally

speaking, it expands along the Zd1 coordinates and contracts along the (Z(1/2)/Z)d2

coordinates; see Sections 4.5.4 and 4.5.5 for more details.

We highlight that as a consequence of Proposition 4.3.3, if we show that one of

the bounds in Theorem 4.2.2 is sharp, then the other two are also sharp. Thus, for

each value of ℓ and r we shall provide an example that achieves optimal density for

(2) of Theorem 4.2.2.
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4.5.1 Case ℓ = 1 and r = 1

We recall that for a prime number p, Fp = Z/pZ and for any group G, Gω is the

group of sequences (gi)i∈N of elements in G such that gi ̸= eG for finitely many

i ∈ N. We construct this example in Fω
p for some odd prime p, such that there is a

set Ep ⊂ Fp with Ep ∩ 2Ep = ∅ and |Ep| = (p− 1)/2. This is the case for p = 3 with

E3 = {1}, and p = 11 with E11 = {1, 3, 4, 5, 9}. However, there is no such set Ep

when p = 7.1 Let p be an odd prime with this property.

We denote ΦN = {x ∈ Fω
p : xi = 0 for all i > N}, Φ0 = {0}, and by eN we

denote the canonical vector, that is (eN )i = 1 if i = N and (eN )i = 0 otherwise.

Notice that Φ = (ΦN )N∈N is a Følner sequence in Fω
p with αΦ = αFω

p
= 1. For each

N , let AN =
⨆︁

i∈Ep
ΦN−1 + i · eN , and take

A =
⨆︂
N≥1

AN =
⨆︂
N≥1

⎛⎝ ⨆︂
i∈Ep

ΦN−1 + i · eN

⎞⎠ (4.5.1)

Notice that

|A ∩ ΦN |
|ΦN |

=
p− 1

2
· 1 + p+ · · ·+ pN−1

pN
=

p− 1

2

(︃
1− 1/pN

p− 1

)︃
.

Therefore, taking limit as N → ∞ we get dΦ(A) =
1
2 = 1−

αFωp
ℓFωp +rFωp

.

Lemma 4.5.2. If B +B ⊂ A for A as in (4.5.1) and B ⊂ Fω
p , then B is finite.

Proof. Suppose there is an infinite B ⊂ Fω
p such that B + B ⊂ A. For x ∈ Fω

p ,

we denote by ι(x) the greatest index i such that xi ̸= 0. We can take a subset

{b(j)}j∈N = B′ ⊂ B such that ι(b(j)) < ι(b(j + 1)) for all j ∈ N.
Let b, b′ ∈ B′ distinct, without loss of generality ι(b′) < ι(b). Since b + b′ ∈ A,

there exists N ≥ 1 such that b + b′ ∈ AN . In particular, ι(b + b′) = N and

(b+ b′)N ∈ Ep. But since ι(b′) < ι(b), we have that ι(b) = N , b′N = 0 and bN ∈ Ep.

Finally, ι(2b) = N , 2bN ∈ 2Ep which implies 2b ∈
⋃︂

i∈2Ep

(ΦN−1 + i · eN ) but this set

is disjoint from A, contradicting the fact that 2b ∈ A.

Lemma 4.5.2 concludes the proof of the bound’s sharpness in Fω
p .

Remark. Another natural example of a group with r = ℓ = 1 is the rational

numbers Q. We have constructed an example of a Følner sequence Φ and a set

1If πp : FX
p → FX

p is the permutation induced by multiplication by 2 in the group of units of Fp,
then such a set Ep exists if and only if the disjoint decomposition of πp consists exclusively of odd
cycles. For instance, π3 = (1 2), π11 = (1 2 4 8 5 10 9 7 3 6), but π7 = (1 2 4)(3 6 5).
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A in Q such that αΦ = 1, dΦ(A) ≥ 1
2 and A contains no B + B for an infinite

set B ⊂ Q, therefore proving optimality of the lower bounds in Theorem 4.2.2 for

(Q,+). However, since the construction is somewhat lengthy, we decided to not

include it in the paper.

4.5.2 Case r = 1 and ℓ = 2d, d ≥ 1

The following examples are defined in Zd for d ≥ 1 and they are a direct gener-

alization of the one given in Section 3.5 that was constructed in N. For a vector

x = (x1, . . . , xd) ∈ Zd, we denote ∥x∥∞ = max
i=1,...,d

|xi|.

Lemma 4.5.3. Let A′ ⊂ N be such that if B′ + B′ + t′ ⊂ A′ for some B′ ⊂ N and

t′ ∈ N, then B′ is finite. Let A = {x ∈ Zd : ∥x∥∞ = a, a ∈ A′}. Then, if there exist

B ⊂ Zd and t ∈ Zd such that B +B + t ⊂ A, it necessarily holds that B is finite.

Proof. First, reasoning by contradiction, suppose that there exists an element t ∈ Zd

and an infinite set B ⊂ Zd such that B + B + t ⊂ A. By pigeonhole principle, we

know that there exists an infinite subset of B (that we keep calling B) all the

elements of which have the same sign in each coordinate, that is, for every x, y ∈ B,

xi · yi ≥ 0 for all i ∈ {1, . . . , d}. Without loss of generality we can assume that the

coordinates of t have the same signs as the respective coordinates of the elements

in B.

Using again the pigeonhole principle, we can suppose that there exists a fixed

index i0 ∈ {1, . . . , d} such that ∥x∥∞ = xi0 for all x ∈ B. Now, choose two arbitrary

elements x, y ∈ B. Since x + y + t ∈ A, there exists a′ ∈ A′ such that a′ =

|xi0 + yi0 + ti0 |, in particular, by symmetry of A we can suppose that the i0-th

coordinate of every element in B is nonnegative.

After all the previous reductions, define Bi0 = {xi0 : x ∈ B} ⊂ N and there-

fore, by construction, Bi0 + Bi0 + ti0 ⊂ A′. Thus, Bi0 is finite. Finally, if m =

max{n ∈ Bi0} we notice that B ⊂ {x : ∥x∥∞ ≤ m} which implies that B is finite

(contradiction).

In this and the following sections we use the interval notation for discrete inter-

vals, for example if a, b ∈ R, we write [a, b] for [a, b] ∩ Z. Consider the set

A′ =
⋃︂
n∈N

[4n, (2− 1/n) · 4n),

which, as was proven in Chapter 3, does not contain an infinite sumset of the form

B′+B′+t′ with B′ ⊂ N and t′ ∈ N. Let Ad = {x ∈ Zd : ∥x∥∞ = a, a ∈ A′}. Another
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way of writing the set Ad (more similar to the one used in the next sections) is

Ad =
⨆︂
n∈N

(−(2− 1/n) · 4n, (2− 1/n) · 4n)d\(−4n, 4n)d.

Notice that Zd has a natural Følner sequence given by Φd
N = [−N,N ]d for N ∈ N

and that αΦd = αZd = 1
2d
. Computing the density of Ad with respect to that Følner

sequence we find

d(Ad) = lim
N→∞

|[−(2− 1/N)4N , (2− 1/N)4N ]d ∩Ad|
|[−(2− 1/N)4N , (2− 1/N)4N ]d|

= lim
N→∞

1

(2− 1/N)d4Nd

(︄
(2d − 1)

4d(N+1) − 1

4d − 1

)︄
= 1− 1

2d + 1
= 1− ℓZdαZd

rZd + ℓZd

.

Using Lemma 4.5.3, the set Ad ⊂ Zd gives us the sharpness of the corresponding

bound.

4.5.3 Case ℓ = 1 and r = 2d, d ≥ 1

In this subsection and the following ones we use the group of dyadic points in R/Z,
that is, G = Z(1/2)/Z = {k/2N mod 1 : k,N ∈ N} and the disjoint family of

subsets (Cn)n≥0 given by

C0 = {0}, C1 = {1/2} and in general Cn =

{︃
k

2n
: 0 ≤ k < 2n, k odd

}︃
for n ≥ 0.

(4.5.2)

Notice that G =
⋃︂
n≥0

Cn = {(2k + 1)/2n ∈ Q/Z : k, n ≥ 0}. Also notice that

C0/2 = {0, 1/2} = C0 ∪ C1, and Cn/2 = Cn+1 for n ≥ 1. (4.5.3)

The equation (4.5.3) is a key feature for this and the following examples. With this

family of sets, one can also describe a natural Følner sequence F = (FN )N≥0 in G

given by FN = {K/2N : 0 ≤ k < 2N} =
⨆︁N

n=0Cn. Using (4.5.3) we deduce that

FN/2 = FN+1 = FN ∪ CN+1 and therefore αF = 1.

Consider the group Gd and notice that ℓGd = 1, rGd = 2d. We construct some-

thing similar to the example given in the previous subsection. Let Φ = (ΦN )N∈N be

the Følner sequence in Gd defined by ΦN = FN × · · · × FN⏞ ⏟⏟ ⏞
d times

. As before, for each N ,

ΦN/2 ⊃ ΦN , which implies that αΦ = 1.
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Before enouncing the example we define some functions that are also useful in

the following examples. Consider θ : G → N0 be the function such that

θ

(︃
2k + 1

2n

)︃
= n for all g =

2k + 1

2n
∈ G. (4.5.4)

That is, for every g ∈ G, θ(g) = n if and only if g ∈ Cn (see (4.5.2)). Notice that, for

g, g′ ∈ G, if θ(g) ̸= θ(g′), then θ(g+g′) = max(θ(g), θ(g′)), while if θ(g) = θ(g′), then

θ(g+g′) < θ(g). Using the function θ : G → N0 we define two functions w : Gd → N0

and η : Gd → {1, . . . , d} as follows: for y = (y1, . . . , yd) ∈ Gd

w(y) = max{θ(yj) : j = 1, . . . , d} (4.5.5)

η(y) = min{i ∈ {1, . . . , d} : θ(yi) = w(y)} (4.5.6)

where η(y) should be interpreted as the index i ∈ {1, . . . , d} where the maximum

defined in w(y) is achieved, but since that index is not necessarily unique we pick

the minimum for convenience. For instance in G3, η
(︁
0, 18 ,

3
8

)︁
= 2.

To understand the following example, it might be useful to think that we try to

replicate the example in Zd, where now the function θ : G → N0 plays an analogous

role to the one of the absolute value and w : Gd → N0 to the uniform norm.

Lemma 4.5.4. Let A ⊂ (Z(12)/Z)
d be the set given by

A =
⋃︂
n≥0

(F2n+1 × · · · × F2n+1)\(F2n × · · · × F2n) =
⋃︂
n≥0

(Φ2n+1\Φ2n). (4.5.7)

If B +B ⊂ A for some B ⊂ Gd then B is finite.

Proof. By contradiction, suppose that there exists an infinite set B ⊂ Gd such that

B +B ⊂ A. Notice that, using (4.5.5) and (4.5.6), we can rewrite A as

A = {y ∈ Gd : w(y) is odd}.

Since B is infinite, without loss of generality, one can suppose that there exists

i ∈ {1, . . . , d} such that for all b ∈ B, η(b) = i. Moreover, since B is infinite and

each Cn is finite, one can suppose that for every distinct b, b′ ∈ B, w(b) ̸= w(b′).

Take b(1), b(2) ∈ B, and assume that w(b(1)) < w(b(2)). Then 2b(1), 2b(2) ∈ A,

so for w(2b(1)) = w(b(1)) − 1 is odd, so w(b(1)) is even. Using the same reasoning,

w(b(2)) is also even.

But then, since w(b(1)) < w(b(2)) and η(b(1)) = η(b(2)), we have that w(b(1) +

b(2)) = θ(b
(1)
i + b

(2)
i ) = max{θ(b(1)i ), θ(b

(2)
i )} = θ(b

(2)
i ) = w(b(2)), which is even,
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and therefore b(1) + b(2) is not in A, which is a contradiction and we conclude the

lemma.

We conclude the sharpness of the bound given by Theorem 4.2.2 by computing

the density of A,

dΦ(A) = lim
N→∞

∑︁N
n=0 |(F2n+1 × · · · × F2n+1)\(F2n × · · · × F2n)|

|Φ2N+1|

= lim
N→∞

∑︁N
n=0(2

2n+1)d − (22n)d

(22N+1)d
=

2d

2d + 1
= 1− αGd

ℓGd + rGd

.

4.5.4 Case ℓ = 2d1 and r = 2d2 with d1 ≥ d2 ≥ 1

In this subsection, we construct the desired examples for general ℓ, r > 1 with ℓ ≥ r.

From Lemma 4.5.1 we know that for any countable abelian group G, the quantities

r = | ker(D)|, ℓ = [G : 2G] are integer powers of 2. Let d1, d2 ∈ N with d1 ≥ d2,

and consider the group G = Zd1 × (Z(1/2)/Z)d2 . Then r = 2d2 and ℓ = 2d1 and

ℓ ≥ r. For an element z ∈ G, we write z = (z(1), z(2)), where z(1) ∈ Zd1 and

z(2) ∈ (Z(1/2)/Z)d2 .
Let c(N), v(N) be two strictly increasing sequences of natural numbers so that

c(N) is always even and v(N + 1) > v(N) + c(N) + 1 for all N ∈ N (for example,

take v(N) = 3N , c(N) = 2N). For k ∈ N, we recall that Ck ⊂ Z(12)/Z is the set

defined in (4.5.2) and we also write Ik = [−2k, 2k] \ {0}. For each N , let

ΦN =

c(N)−1⨆︂
m=0

Id1c(N)−m × Cd2
v(N)+m+1. (4.5.8)

We highlight that, in the definition of Ik we remove 0 from the discrete interval

[−2k, 2k] only to simplify the computations it what follows, but the same result is

true if we do not remove it.

As v(N) + c(N) < v(N + 1), the ΦN ’s are pairwise disjoint. We prove that

(ΦN )N∈N is a Følner sequence in G, and that αΦ = r
ℓ = min{1, rℓ}.

For each N ,

|ΦN | =
c(N)−1∑︂
m=0

(︁
2 · 2c(N)−m

)︁d1(︁2v(N)+m
)︁d2 = 2d1c(N)+d1+d2v(N)

c(N)−1∑︂
m=0

2(d2−d1)m.

(4.5.9)
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Calculating in (4.5.9), one sees that

|ΦN | =

⎧⎪⎪⎨⎪⎪⎩
c(N)2d1c(N)+d1v(N)+d1 , if d1 = d2

2d1c(N)+d1+d2v(N) · 1−(2d2−d1 )c(N)

1−2d2−d1
, if d1 ̸= d2.

(4.5.10)

Let (x, y) ∈ G, where x = (x1, . . . , xd1) and y = (y1, . . . , yd2). Recall the defi-

nition of w(y) given in (4.5.5). Then for all integers k1, . . . , kd2 > w(y), y + Ck1 ×
· · · × Ckd2

= Ck1 × · · · × Ckd2
. In particular if v(N) > w(y), then Cd1

v(N)+m+1 + y =

Cd1
v(N)+m+1 for every m ∈ N.
For each N , by construction v(N) ≥ N , so for N > w(y), v(N) > w(y), and

therefore

(︁
(x, y) + ΦN

)︁
△ΦN =

c(N)−1⨆︂
m=0

(︂(︁
x+ Id1c(N)−m

)︁
△Id1c(N)−m

)︂
× Cd2

v(N)+m+1.

Computing the cardinality we get

⃓⃓(︁
x+ Id1c(N)−m

)︁
△Id1c(N)−m

⃓⃓
≤ 2d1

(︁
2c(N)−m

)︁d1−1
d1∑︂
i=1

2|xi|,

and therefore

⃓⃓(︁
(x, y) + ΦN

)︁
△ΦN

⃓⃓
≤

c(N)−1∑︂
m=0

2d1
(︁
2c(N)−m

)︁d1−1
(︂ d1∑︂

i=1

2|xi|
)︂(︁

2v(N)+m
)︁d2

=
(︂ d1∑︂

i=1

2|xi|
)︂
2d1+d1c(N)+d2v(N)−c(N)

c(N)−1∑︂
m=0

(︁
2d2+1−d1

)︁m
.

Finally,

⃓⃓(︁
(x, y) + ΦN

)︁
△ΦN

⃓⃓
≤⎧⎪⎪⎨⎪⎪⎩

c(N)
(︁∑︁d1

i=1 2|xi|
)︁
2d1+d1c(N)+d2v(N)−c(N), if d1 = d2 + 1(︁∑︁d1

i=1 2|xi|
)︁
2d1+d1c(N)+d2v(N)−c(N) · 1−(2d2+1−d1 )c(N)

1−2d2+1−d1
, else.

(4.5.11)

Using (4.5.10) and (4.5.11), we can prove the following lemma:

Lemma 4.5.5. For all d1 ≥ d2, (ΦN )N∈N defined in (4.5.8) is a Følner sequence
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in Zd1 × (Z(1/2)/Z)d2.

Proof. If d1 = d2, then

|((x, y) + ΦN )△ΦN |
|ΦN |

≤
∑︁d1

i=1 2|xi|
c(N)

(1− 2−c(N))
N→∞−−−−→ 0

Similarly, if d1 = d2 + 1, then

|((x, y) + ΦN )△ΦN |
|ΦN |

≤
c(N)

(︁∑︁d1
i=1 2|xi|

)︁
2d2+1+d2c(N)+d2v(N)

(1− 2−c(N))2d2c(N)+c(N)+d2v(N)+d2+2
=

∑︁d1
i=1 2|xi|

1− 2−c(N)
· c(N)

2c(N)+1
.

(4.5.12)

Since limh→∞
h

2h+1 = 0 and c(N) → ∞, we have that c(N)

2c(N)+1 → 0 as N → ∞. Also,

1 − 2−c(N) → 1 as N → ∞, so from (4.5.12) we see that |((x,y)+ΦN )△ΦN |
|ΦN | → 0 as

N → ∞.

Finally, if d1 ̸= d2 and d1 ̸= d2 + 1, then d1 ≥ d2 + 2 and

|((x, y) + ΦN )△ΦN |
|ΦN |

≤
(︁
1− 2d2−d1

)︁(︁∑︁d1
i=1 2|xi|

)︁
1− 2d2+1−d1

· 1− 2(d2+1−d1)c(N)

1− 2(d2−d1)c(N)
· 2−c(N).

(4.5.13)

Since d1 ≥ d2 + 2, we have that 2(d2+1−d1)c(N), 2(d2−d1)c(N) → 0 as N → ∞, so from

(4.5.13) we see that again |((x,y)+ΦN )△ΦN |
|ΦN | → 0 as N → ∞.

Lemma 4.5.6. For all d1 ≥ d2, the Følner sequence (ΦN )N∈N defined in (4.5.8)

has ratio αΦ = αG = 2d2−d1.

Proof. For each N ,

ΦN/2 =

c(N)−1⨆︂
m=0

Id1c(N)−m−1 × Cd2
v(N)+m+2 =

c(N)⨆︂
m=1

Id1c(N)−m × Cd2
v(N)+m+1,

so ΦN \ (ΦN/2) = Id1c(N) × Cd2
v(N)+1.

If d1 = d2, then

|ΦN \ (ΦN/2)|
|ΦN |

=
2d1(c(N)+1)+d1v(N)

c(N)2d1c(N)+d1v(N)+d1
=

1

c(N)

N→∞−−−−→ 0

Therefore, |ΦN∩(ΦN/2)|
|ΦN | = 1− |ΦN\(ΦN/2)|

|ΦN | → 1 = r
ℓ as N → ∞.

Similarly, if d1 > d2, then

|ΦN \ (ΦN/2)|
|ΦN |

=
2d1(c(N)+1)+d2v(N)

2d1c(N)+d1+d2v(N) · 1−(2d2−d1 )c(N)

1−2d2−d1

=
1− 2d2−d1

1− (2d2−d1)c(N)

N→∞−−−−→ 1−2d2−d1
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where in the final limit we use that lim
N→∞

2(d2−d1)c(N) = 0. Thus, |ΦN∩(ΦN/2)|
|ΦN | →

2d2−d1 = r
ℓ as N → ∞.

To conclude this section, we build a set A ⊂ G with dΦ(A) = 1− r
ℓ(ℓ+r) = 1− αΦ

ℓ+r

so that A contains no B+B for some infinite B. We highlight that for this example

the density of A exists, that is the upper and lower density coincide.

Recall that for each N ∈ N, by construction, c(N) is even. Let

A2,N =

c(N)
2

−1⨆︂
m=0

(︁
Ic(N)−2m ∩ 2Z

)︁d1 × Cd2
v(N)+2m+1,

that is A2,N consists of the elements of ΦN for which every Z-coordinates are even

and their (Z(1/2)/Z)d2 part belongs to Cd2
v(N)+j for an odd index j ∈ {1, . . . , c(N)}.

Observe that the A2,N ’s are pairwise disjoint. Let A2 =
⨆︁

N∈NA2,N . We also

define a useful set that is used in this and in the next example,

Od1 = (Zd1 \ (2Z)d1) = {(x1, . . . , xd1) ∈ Zd1 : at least one xi is odd} (4.5.14)

and then A1 = Od1 × (Z(1/2)/Z)d2 . Finally, take A = A1 ⊔A2. Notice that

A ∩ ΦN =

[︄
c(N)−1⨆︂
m=0

Id1c(N)−m ∩Od1 × Cd2
v(N)+m+1

]︄
⊔A2,N . (4.5.15)

We provide a figure below to illustrate ΦN (in black) and A ∩ ΦN (in red) in the

case d1 = d2 = 1, that is G = Z×Z(1/2)/Z. The dotted lines indicate that we only

take elements with odd Z-coordinate.
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−2c(N) −2c(N)−1 −2c(N)−2
. . . −4 −2 2 4

. . .
2c(N)−22c(N)−1 2c(N)

Cv(N)+1

Cv(N)+2

Cv(N)+3

. . .

Cv(N)+c(N)−1

Cv(N)+c(N)

Z

Z(1/2)/Z

ΦN

With this formula we can compute the density of A. First notice that for each

m ∈ {0, 1, . . . , c(N)− 1},⃓⃓
Id1c(N)−m ∩Od1

⃓⃓⃓⃓
Id1c(N)−m

⃓⃓ = 1−

⃓⃓
Id1c(N)−m ∩ 2Zd1

⃓⃓⃓⃓
Id1c(N)−m

⃓⃓ =
2d1 − 1

2d1
. (4.5.16)

Therefore, ⃓⃓ ⨆︁c(N)−1
m=0

(︁
Id1c(N)−m ∩Od1

)︁
× Cd2

v(N)+m+1

⃓⃓
|ΦN |

=
2d1 − 1

2d1
.

On the other hand, |A2,N | =

⎧⎪⎪⎨⎪⎪⎩
c(N)
2 2d1c(N)+d1v(N) if d1 = d2

2d1c(N)+d2v(N) · 1−2(d2−d1)c(N)

1−22(d2−d1)
if d1 ̸= d2

Therefore, if d1 = d2, then using (4.5.10), (4.5.15), (4.5.17) and the previous

calculation for |A2,N | one sees that

|A ∩ ΦN |
|ΦN |

=
2d1 − 1

2d1
+

1

2d1+1
=

2d1+1 − 1

2d1+1
= 1− αΦ

ℓ+ r
.

Therefore, the density dΦ(A) exists and is equal to 1− αΦ
ℓ+r .

Now, if d1 ̸= d2, then again using (4.5.10), (4.5.15), (4.5.17) and the previous

calculation for |A2,N | one sees that

|A ∩ ΦN |
|ΦN |

=
2d1 − 1

2d1
+

1

2d1 + 2d2
=

22d1 + 2d1+d2 − 2d2

2d1(2d1 + 2d2)
= 1− αΦ

ℓ+ r
.
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Therefore, also in the case d1 ̸= d2, the density dΦ(A) exists and is equal to 1− αΦ
ℓ+r .

Now, it remains to prove that there is no infinite B so that B+B ⊂ A. Assume

that there is some infinite B so that B + B ⊂ A. Since B is infinite, we may

assume that all the elements of B have the same parity in their Z-coordinates, that
is if b = (x, y) and b′ = (x′, y′) two elements in B, then xi = x′i mod 2 for all

i = 1, . . . , d1.

Fix b = (x, y) ∈ B. Then by assumption 2b ∈ A and also 2b ∈ (2Z)d1 ×
(Z(1/2)/Z)d2 . Therefore 2b ∈ A2, in particular there is unique N1 ∈ N so that

2b ∈ A2,N1 . Since B is infinite and
⋃︁

j≤N1
A2,j is finite, there exists b′ = (x′, y′) ∈ B

so that 2b′ ∈ A2,N2 for some N2 > N1.

Then, from the definition of the A2,N ’s we see that there are m1 ∈ {0, . . . , c(N1)
2 −

1} and m2 ∈ {0, . . . , c(N2)
2 − 1} so that 2b ∈

(︁
Ic(N1)−2m1

∩ 2Z
)︁d1 ×Cd2

v(N1)+2m1+1 and

2b′ ∈
(︁
Ic(N2)−2m2

∩ 2Z
)︁d1 × Cd2

v(N2)+2m2+1. From the previous we infer that

x ∈ Id1c(N1)−2m1−1, y ∈ Cd2
v(N1)+2m1+2, x′ ∈ Id1c(N2)−2m2−1 and y′ ∈ Cd2

v(N2)+2m2+2.

By the parity assumption in B, x + x′ ∈ (2Z)d1 , so from the definition of A

and since b + b′ ∈ A, we obtain that b + b′ ∈ A2. Now since v(N2) + 2m2 + 2 >

v(N1)+2m1+2 and using the properties of the function θ : Z(1/2)/Z → N0 defined

in (4.5.4), we have that for all j = 1, . . . , d2, θ(yj + y′j) = max{θ(yj), θ(y′j)} =

max{v(N1) + 2m1 + 2, v(N2) + 2m2 + 2} and therefore yj + y′j ∈ Cd2
v(N2)+2m2+2.

Thus b + b′ = (x + x′, y + y′) ∈ (2Z)d1 × Cd2
v(N2)+2m2+2, which is disjoint from

A2. This is a contradiction and therefore, there is no infinite B so that B +B ⊂ A,

concluding the construction of the example in the case ℓ ≥ r.

4.5.5 Case ℓ = 2d1 and r = 2d2 with 1 ≤ d1 < d2

In this subsection, for d1, d2 ∈ N with d1 < d2, we consider again the group G =

Zd1 × (Z(1/2)/Z)d2 , so ℓ = 2d1 and r = 2d2 , but this time we have ℓ < r. As before,

for every z ∈ G, we write z = (z(1), z(2)), where z(1) ∈ Zd1 and z(2) ∈ (Z(1/2)/Z)d2 .
For constructing the correspondent Følner sequence and the set A, again we use the

sets Ck ⊂ Z(1/2)/Z defined in (4.5.2), Ik = [−2k, 2k] \ {0} ⊂ Z and Od1 ⊂ Zd1 as in

(4.5.14).

For this example, again we use c(N), v(N) be two strictly increasing sequences

of natural numbers with similar properties. In particular, c(N) is even and v(N +

1) − c(N + 1) > v(N) + 1 for all N ∈ N. In this case we still can take can take

v(N) = 3N and c(N) = 2N . In this subsection, many computations are omitted, as

they are very similar to the ones carried out in Section 4.5.4.
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The first major change is the definition of the Følner sequence. For each N , let

ΦN be defined via

ΦN =

c(N)−1⨆︂
m=0

Id1c(N)+m × Cd2
v(N)−m. (4.5.17)

As v(N+1)−c(N+1) > v(N)+1, the ΦN ’s are pairwise disjoint. The proof that

(ΦN )N∈N is a Følner sequence in G is analogous to the one carried out in Lemma

4.5.5, so it is omitted. Similarly to Section 4.5.4 we have:

Lemma 4.5.7. For all d1 < d2, the Følner sequence (ΦN )N∈N defined in (4.5.17)

has ratio αΦ = 1.

Using the same structure as in Section 4.5.4, we end this section by building a

set A ⊂ G such that dΦ(A) = 1− 1
ℓ+r = 1− αΦ

ℓ+r and if B +B ⊂ A then B is finite.

We highlight that, as last time, the density of the set A exists. The construction of

A is also similar. First, for all N ∈ N set

A2,N =

c(N)
2

−1⨆︂
m=0

(︁
Ic(N)+2m ∩ 2Z

)︁d1 × Cd2
v(N)−2m.

Observe that the A2,N ’s are pairwise disjoint, so conveniently we define A2 =⨆︁
N∈NA2,N . Like last time, A1 = Od1 × (Z(1/2)/Z)d2 and A = A1 ⊔ A2. The proof

that A does not contain an infinite sumset B + B is completely analogous to the

one in the previous section. The only slightly different part in this argument is

computing the density of A along Φ but this is an easy exercise.

We note here that in both Sections 4.5.4 and 4.5.5 the the Følner sequences have

the same triangular shape: they are of the form ΦN =
⨆︁

m Id1c1(m) × Cd2
c2(m), where

as c2(m) grows larger, so we take more elements from (Z(1/2)/Z)d2 , c1(m) becomes

smaller, so we have less elements from Zd1 . However, the Følner sequence Φ defined

in Section 4.5.4 is not a Følner sequence in the case ℓ > r (because then 2d2−d1 > 1).

This is the reason why we have to consider different Φ’s in the two cases.

4.6 Necessity of the assumptions in the main theorem

Herein, we show that the assumptions on the group and the Følner sequence in

Theorem 4.2.2 are necessary.

4.6.1 The kernel of the doubling map has to be finite

We first prove that the assumption r = | ker(D)| < ∞ is necessary.
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Proposition 4.6.1. There is a group G with r = | ker(D)| = ∞, a Følner sequence

Φ in G with αΦ = 1, and a set A ⊂ G with dΦ(A) = 1 so that for any infinite B ⊂ G

we have B +B ̸⊂ A.

Proof. Let G = Z(12)/Z and consider the group Gω defined by

Gω =
⨁︂
i∈N

G = {g = (gi)i∈N ∈ GN | gi ̸= 0 for finitely many i’s}.

Then ℓGω = 1, rGω = ∞. Recall the definition of Cn given in (4.5.2). We have

|C0| = 1, |Cn| = 2n−1 for n ∈ N, the sets (Cn)n∈N0 are pairwise disjoint and

G =
⋃︁

n∈N0
Cn. Also, the sequence F = (FN )N∈N defined by FN =

⋃︁
0≤n≤N Cn is a

Følner sequence in G and FN/2 = FN+1 = FN ∪CN+1 ⊃ FN , so |FN/2∩FN |
|FN | = 1 and

hence αF = 1. Also, for all N ∈ N, |FN | = 2N .

Now, consider the sequence (ΦN )N∈N of subsets of Gω defined by

ΦN = FN × · · · × FN⏞ ⏟⏟ ⏞
N times

×{0}ω = {g = (gi)i∈N : gi ∈ FN for 1 ≤ i ≤ N, gi = 0 for i > N}.

Then Φ = (ΦN )N∈N is a Følner sequence in Gω. This Følner sequence shares some

properties with the one in Gd studied in Section 4.5.3. In particular,

ΦN/2 = FN/2× · · · × FN/2⏞ ⏟⏟ ⏞
N times

×{0, 1/2}ω = FN+1 × · · · × FN+1⏞ ⏟⏟ ⏞
N times

×{0, 1/2}ω ,

and therefore, ΦN ⊂ ΦN/2, which implies that αΦ = 1.

Consider now the set

A =
⨆︂
m∈N

⎡⎣(︁F2m+1 × · · · × F2m+1⏞ ⏟⏟ ⏞
2m+1 times

×{0}ω
)︁
\
(︁
F2m × · · · × F2m⏞ ⏟⏟ ⏞

2m+1 times

×{0}ω
)︁⎤⎦ .

Then for each N ∈ N we have that

A ∩ Φ2N+1 ⊃
(︁
F2N+1 × · · · × F2N+1⏞ ⏟⏟ ⏞

2N+1 times

×{0}ω
)︁
\
(︁
F2N × · · · × F2N⏞ ⏟⏟ ⏞

2N+1 times

×{0}ω
)︁
,

so |A ∩ Φ2N+1| ≥ |F2N+1|2N+1 − |F2N |2N+1 = 2(2N+1)2 − 22N(2N+1), which in turn

implies that

lim
N→∞

|A ∩ Φ2N+1|
|Φ2N+1|

≥ lim
N→∞

2(2N+1)2 − 22N(2N+1)

2(2N+1)2
= 1− lim

N→∞

1

22N+1
= 1
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Thus, we have that dΦ(A) = 1. We are left with proving there is no infinite set

B ⊂ Gω so that B +B ⊂ A.

We denote denote by 0 the identity element (0, 0, . . . , 0, . . . ) of Gω. Consider

the map θ : G → N0 defined in (4.5.4). Similarly to (4.5.5), let w : Gω → N0 be

the function given by w(g) = max{θ(gi) : i ∈ N}. We also define τ : Gω → N0 by

τ(0) = 0 and τ(g) = max{i ∈ N : gi ̸= 0} for g ̸= 0. As in the finite dimensional

case, for g, g′ ∈ Gω, w(g + g′) ≤ max{w(g), w(g′)} and if w(g) ̸= w(g′), then

w(g + g′) = max{w(g), w(g′)}. Observe that

A =
⨆︂
m∈N

{g ∈ Gω | w(g) = 2m+ 1, τ(g) ≤ 2m+ 1}. (4.6.1)

Assume that there is an infinite set B ⊂ Gω so that B + B ⊂ A, and without loss

of generality assume that 0 /∈ B. We want to reach a contradiction, and for that we

separate cases.

First, assume that the set {w(b) : b ∈ B} is finite, and take M ∈ N so that

w(b) ≤ 2M + 1 for all b ∈ B. Then for all b, b′ ∈ B we have that w(b + b′) ≤
max{w(b), w(b′)} ≤ 2M + 1. Therefore, using (4.6.1) we get

B +B ⊂
⨆︂

1≤m≤M

{g ∈ Gω : w(g) = 2m+ 1 and τ(g) ≤ 2m+ 1} ⊂ Φ2M+1, (4.6.2)

which implies that B +B is finite and in particular 2B is finite. Since B is infinite,

by pigeonhole principle, there exists a ∈ Φ2M+1 and an infinite subset B′ ⊂ B such

that 2b = a for all b ∈ B′. Also by pigeonhole principle, we can suppose, without

loss of generality, that the first 2M + 1 coordinates of the elements in B′ are equal.

Let b, b′ be two distinct elements in B′. Since bi = b′i for all i ≤ 2M +1, there exists

a coordinate j > 2M + 1 such that bj ̸= b′j . Fixing that index j > 2M + 1, since

a ∈ Φ2M+1, aj = 0 and hence 2bj = 2b′j = 0. This implies that bj , b
′
j ∈ {0, 12} and

therefore, using that bj ̸= b′j , we must have bj + b′j =
1
2 , contradicting (4.6.2). Thus,

the set {w(b) : b ∈ B} has to be infinite.

Now, similarly to the proof of Lemma 4.5.4, suppose {w(b) : b ∈ B} is infinite

and let b, b′ ∈ B with w(b′) > w(b) > 0. Notice that w(2b) = w(b)−1 and therefore,

since 2b ∈ A, from (4.6.1) we have that w(2b) is odd, so w(b) is even. The same is

true for w(b′). Then we have that w(b + b′) = max{w(b), w(b′)} = w(b′) which is

even, and from (4.6.1) this contradicts the fact that b+ b′ ∈ A.

To summarize, A has full upper density with respect to the q.i.d. Følner sequence

Φ with ratio αΦ = αG = 1, but there is no infinite set B ⊂ Gω so that B+B ⊂ A.
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4.6.2 The Følner sequence has to be quasi-invariant with respect

to doubling

Here we show that, if G is a countable abelian group with 2G infinite (note that if

[G : 2G] < ∞, then 2G is infinite), then the q.i.d. assumption is necessary for a

density solution to the unrestricted B+B problem. We include the following useful

remark, the proof of which is straightforward, so it is omitted.

Remark 4.6.2. Let G be a countable abelian group and Φ = (ΦN )N∈N be a Følner

sequence in G. Then

(i) If Ψ = (ΨN )N∈N is a sequence of subsets of G so that ΨN ⊂ ΦN for all N and

|ΨN |/|ΦN | → 1 as N → ∞, then Ψ is also a Følner in G.

(ii) If H is a subgroup of G so that [G : H] = ∞, then for every g ∈ G we have

dΦ(g +H) = 0.

(iii) Using the sub-additivity of the density, if E1, E2 ⊂ G are such that the densities

dΦ(E1), dΦ(E2) exist and dΦ(E1) = 1, then the density dΦ(E1∩E2) exists and

it is equal to dΦ(E2).

To achieve our aim we need the following lemma.

Lemma 4.6.3. Let G be a countable abelian group with 2G infinite, let Φ be a

Følner sequence in G that is not quasi-invariant with respect to doubling, and let G =

{x1, x2, x3, . . .} be an enumeration of G. Then there is a subsequence Ψ = (ΨN )N∈N

of Φ and a Følner sequence F = (FN )N∈N in G so that for all N , FN ⊂ ΨN ,

(Fj + xi)/2 ∩ FN = ∅ whenever i, j < N , and

lim
N→∞

|FN |
|ΨN |

= 1 and lim
N→∞

|FN/2 ∩ FN |
|FN |

= 0.

Proof. Since Φ is not q.i.d., we may pass to a subsequence, which by abuse of

notation we also denote by Φ = (ΦN )N∈N, so that

lim
N→∞

|ΦN/2 ∩ ΦN |
|ΦN |

= 0. (4.6.3)

From the first isomorphism theorem for groups we have that G/ ker(D) ∼= 2G,

and since 2G is infinite, we have that [G : ker(D)] = ∞. Then from Remark 4.6.2

(ii), each coset of ker(D) in G has zero density with respect to Φ. We will inductively

construct a strictly increasing sequence of natural numbers (Nk)k∈N and a sequence
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of sets F = (Fk)k∈N so that if Ψk = ΦNk
, then for all k ∈ N, Fk ⊂ Ψk,

|Fk|
|Ψk| > 1− 1

k ,

and for 1 ≤ i, j < k, (Fj + xi)/2 ∩ Fk = ∅.
Let N1 = 1 and take F1 = Φ1. Now, assume that for some k ≥ 1 we have

constructed N1 < N2 < . . . < Nk and F1, . . . , Fk so that the previous hold.

Observe that
⋃︁k

i,j=1(Fj + xi)/2 is a (possibly empty) finite union of cosets of

ker(D), so

dΦ

(︃ k⋃︂
i,j=1

(Fj + xi)/2

)︃
= 0,

and therefore there is Nk+1 > Nk so that

|ΦNk+1
\
⋃︁k

i,j=1(Fj + xi)/2|
|ΦNk+1

|
> 1− 1

k + 1
. (4.6.4)

Taking Fk+1 = ΦNk+1
\
⋃︁k

i,j=1(Fj+xi)/2 one sees that F1, . . . , Fk+1 have the desired

properties.

Observe that |Fk|/|Ψk| → 1 as k → ∞, so from Remark 4.6.2 (i) we have that

F is indeed a Følner in G. From the construction we get that (Fj + xi)/2 ∩ Fk = ∅
whenever i, j < k. Finally, using that Fk ⊂ Ψk, and that |Ψk/2∩Ψk|

|Ψk| =
|ΦNk

/2∩ΦNk
|

|ΦNk
| →

0 and |Ψk|/|Fk| → 1 as k → ∞, we get that |Fk/2∩Fk|
|Fk| → 0 as k → ∞. This concludes

the proof of the lemma.

We are now ready to prove the necessity of the q.i.d. assumption.

Proposition 4.6.4. Let G be a countable abelian group so that 2G is infinite, and

let Φ be a Følner sequence in G that is not quasi-invariant with respect to doubling.

Then there exists a set A ⊂ G with dΦ(A) = 1 such that B + B + t ̸⊂ A for any

infinite set B ⊂ G and any element t ∈ G.

Proof. Let us fix an enumeration of G and write G = {x1, x2, x3, . . .}. Since Φ is

not quasi-invariant with respect to doubling, we may use Lemma 4.6.3 to find a

subsequence Ψ = (ΨN )N∈N of Φ and a Følner sequence F = (FN )N∈N in G so that

for all N , FN ⊂ ΨN , (Fj + xi)/2 ∩ FN = ∅ whenever i, j < N ,

lim
N→∞

|FN |
|ΨN |

= 1 and lim
N→∞

|FN/2 ∩ FN |
|FN |

= 0. (4.6.5)

We will now choose a subsequence (FNk
)k∈N of (FN )N∈N as follows. For k ∈ N, let

c(k) be a small positive constant to be determined later. Now, given FN1 , . . . , FNk−1
,

we choose Nk > Nk−1 large enough so that

(i) |FNk
∩ FNk

/2| < c(k)|FNk
|
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(ii)
⃓⃓⃓
FNk

∩
⋃︁k−1

i,j=1 2FNj + xi

⃓⃓⃓
< c(k)|FNk

|

(iii)
⃓⃓⃓⋃︁k−1

i=1 FNk
△(FNk

+ xi)
⃓⃓⃓
< c(k)|FNk

|.

Let us comment on why such a choice of Nk is possible. For (i), it suffices use the

second equation in (4.6.5) and (ii) is possible because
⋃︁k−1

i,j=1 2FNj +xi is a finite set,

while |FN | → ∞ as N → ∞. Finally, for (iii), one simply has to use the fact that F

is a Følner sequence. With that in mind, we choose c(k) so that, if

ANk
:=

(︄
FNk

∩
k−1⋂︂
i=1

FNk
+ xi

)︄
\

⎛⎝FNk
/2 ∪

k−1⋃︂
i,j=1

2FNj + xi

⎞⎠ ,

then |ANk
| >

(︁
1− 1

k

)︁
|FNk

|. Letting A =
⋃︁

k∈NANk
it follows by the latter that

limk→∞
|A∩FNk

|
|FNk

| = 1. Since FNk
⊂ ΨNk

and
|FNk

|
|ΨNk

| → 1 as k → ∞, the previous

implies that limk→∞
|A∩ΨNk

|
|ΨNk

| = 1, and since Ψ is a subsequence of Φ, this implies

that dΦ(A) = 1.

It remains to prove that for any infinite B ⊂ G and any t ∈ G, B +B + t ̸⊂ A.

Assume that there is some t ∈ G and some infinite B ⊂ G so that B+B+t ⊂ A. Let

b1 ∈ B so that t+ 2b1 ∈ ANk1
for some k1 ∈ N. Let i1, i2 ∈ N so that xi1 = t+ 2b1,

xi2 = −(t+2b1). Since the ANk
’s are finite, there is b2 ∈ B so that t+b1+b2 ∈ ANk2

for some k2 > max{i1, i2, k1}. We have that t+ 2b2 ∈ ANk3
for some k3 ∈ N.

If k3 > k2, then from the definition of ANk3
we have that t+2b2 /∈ 2FNk2

+xi2 . On

the other hand, since t+ b1+ b2 ∈ ANk2
⊂ FNk2

, we have that 2t+2b1+2b2 ∈ 2FNk2

which implies that t+ 2b2 ∈ 2FNk2
+ xi2 , so we reach a contradiction.

If k3 = k2, then we have that t + b1 + b2 /∈ FNk2
/2, so 2t + 2b1 + 2b2 /∈ FNk2

.

Since k2 > i2, t+ 2b2 ∈ ANk2
implies that t+ 2b2 ∈ FNk2

+ xi2 , which in turn gives

that 2t+ 2b1 + 2b2 ∈ FNk2
, so again we reach a contradiction.

Finally, if k3 < k2, then t + 2b2 ∈ ANk3
implies that t + 2b2 ∈ FNk3

, so 2t +

2b1 +2b2 ∈ FNk3
+ xi1 , and therefore t+ b1 + b2 ∈ (FNk3

+ xi1)/2. Since k3, i1 < k2,

we have that FNk2
∩ (FNk3

+ xi1)/2 = ∅, and therefore t + b1 + b2 /∈ FNk2
, so also

t + b1 + b2 /∈ ANk2
, which again is a contradiction. Hence in every case we reach a

contradiction, so after all, for any infinite B ⊂ G and any t ∈ G, B+B+ t ̸⊂ A.

We also show that non-q.i.d Følner sequences always exist in countable abelian

groups.

Lemma 4.6.5. Let G be a countable abelian group. Then, there exist Følner se-

quences in G which are not quasi-invariant with respect to doubling.
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Proof. Let Φ = (ΦN )N∈N be a Følner sequence in G. Then, as each ΦN is a finite set

we can find gN ∈ G such that gN /∈ ΦN−2ΦN . Consider the sequence Ψ = (ΨN )N∈N

defined via ΨN = gN + ΦN for every N ∈ N. It follows by Lemma A.0.1 (iii) (see

also Remark A.0.2) that Ψ is a Følner sequence in G. Moreover, for any N ∈ N we

see by the choice of gN that ΨN/2 ∩ ΨN = ∅. Indeed, if this wasn’t the case we

would have 2(ΨN/2)∩(2ΨN ) ̸= ∅ for some N ∈ N and this in turn would imply that

(gN + ΦN ) ∩ (2gN + 2ΦN ) ̸= ∅. But this contradicts the fact that gN /∈ ΦN − 2ΦN

and thus we conclude.

As an immediate consequence of the construction in Proposition 4.6.4, combined

with the fact that non-q.i.d. Følner sequences always exist, we deduce the following.

Corollary 4.6.6. Let G be a countable abelian group so that 2G is infinite. Then,

there exists a set A ⊂ G with upper Banach density equal to 1 and such that B +

B + t ̸⊂ A for any infinite set B ⊂ G and any element t ∈ G.

4.6.3 The case of infinite index [G : 2G] = ∞

In [1] it is shown that if [G : 2G] = ∞, then for any ε > 0 there exists a set with upper

Banach density at least 1−ε that contains no shift of an infinite sumset. However, it

could be that sets of full density always contain B+B+t. An interesting dichotomy

manifests itself in this case. Indeed, as we show below, if 2G is a finite set (e.g.,

when G = Fω
2 ), then any set of full upper Banach density contains a shifted sumset

B + B + t. On the other hand, once 2G is an infinite set (assuming [G : 2G] = ∞)

we construct – along any given Følner sequence – a set of full density that fails to

contain such sumsets.

We begin with a simple observation.

Lemma 4.6.7. Let G be an abelian group with [G : 2G] = ∞ and let Φ be any

Følner sequence in G. Then there is a set A ⊂ G with dΦ(A) = 1 so that for all

infinite B ⊂ G, B +B ̸⊂ A.

Proof. From Remark 4.6.2 (ii) we have that dΦ(2G) = 0. Let A = G \ 2G. Then

dΦ(A) = 1 and A ∩ 2G = ∅, so for each nonempty B ⊂ G, 2B ∩ A = ∅. This

concludes the proof.

Allowing for the possibility of shifted sumsets makes the situation more delicate.

Proposition 4.6.8. Let G be a countable abelian group so that 2G is finite. If

A ⊂ G has upper Banach density 1, then for every t ∈ A there is some infinite

B ⊂ A so that B +B + t ⊂ A.
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Proof. Let Ψ = (ΨN )N∈N be a Følner sequence along which the density of A is equal

to 1, i.e.

lim
N→∞

|A ∩ΨN |
|ΨN |

= 1.

From the first isomorphism theorem for groups we have that G/ ker(D) ∼= 2G,

which implies that s := [G : ker(D)] < ∞. Then, using [11, Lemma 5.4] we have

that dΨ(ker(D)) = 1
s > 0, where the previous density exists.

Let t ∈ A. Then dΨ(A) = 1, so from Remark 4.6.2 (iii) we have that dΨ(A ∩
ker(D)) = 1

s . Pick b1 ∈ A ∩ ker(D). Since b1 ∈ ker(D), we have t+ 2b1 = t ∈ A.

Since dΨ(A − t − b1) = 1, we have that dΨ(A ∩ (A − t − b1) ∩ ker(D)) = 1
s , so

we may pick b2 ∈ A∩ (A− t− b1)∩ ker(D), with b2 ̸= b1. Again, since b2 ∈ ker(D),

we have t+ 2b2 = t ∈ A, and since b2 ∈ A− t− b1 we have t+ b1 + b2 ∈ A.

Next, since dΨ(A−t−b2) = 1, we have dΨ(A∩(A−t−b1)∩(A−t−b2)∩ker(D)) =
1
s , so we may pick b3 ∈ A∩(A−t−b1)∩(A−t−b2)∩ker(D), with b3 ̸= b1, b2. Again,

since b3 ∈ ker(D), we have t+2b3 = t ∈ A, and since b3 ∈ (A− t− b1)∩ (A− t− b2)

we have t+ b1 + b2, t+ b1 + b3 ∈ A.

Continuing inductively, we end up finding a sequence of different elements (bj)j∈N ⊂
A so that for all i, j ∈ N with i ̸= j we have t + bi + bj ∈ A and t + 2bi = t ∈ A.

Hence for the infinite set B = {bj : j ∈ N} ⊂ A we have B +B + t ⊂ A.

Remark 4.6.9. Recall that a set A ⊂ G is thick if for any finite set F ⊂ G there

is some t ∈ G such that t + F ⊂ A. It is not difficult to see that this happens

if and only if for any finite set F ⊂ G there is some t ∈ A such that t + F ⊂ A.

Now, it is an easy exercise to verify that sets of upper Banach density 1 are thick.

Also, it is well-known (see for example [8, Lemma 4.5]) that thick sets are IP-

sets. That is, if A ⊂ G is thick, there exists an infinite set B ⊂ G such that

FS(B) :=
{︁∑︁

b∈H b : H ⊂ B, H is finite
}︁
⊂ A.

Therefore, in the setting of Proposition 4.6.8, the set A is thick and so there

exists t ∈ A so that t+2G ⊂ A. Moreover, A− t is also thick and thus we may find

B ⊂ A − t infinite with FS(B) + t ⊂ A. In particular, since 2B ⊂ 2G ⊂ A− t, we

actually have that (B +B + t) ∪ (t+ FS(B)) ⊂ A.

We conclude with the following strengthening of Proposition 4.6.4 in the case

that [G : 2G] = ∞.

Proposition 4.6.10. Let G be an abelian group so that 2G is infinite and [G :

2G] = ∞, and let Φ = (ΦN )N∈N be any Følner sequence in G. Then there is a set

A ⊂ G so that dΦ(A) = 1 and for all infinite B ⊂ G and t ∈ G, B +B + t ̸⊂ A.
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Proof. From the first isomorphism theorem for groups we have thatG/ ker(D) ∼= 2G,

so in particular [G : ker(D)] = ∞, and therefore from Remark 4.6.2 (ii) we infer

that dΦ(g+ker(D)) = 0 for all g ∈ G. Also, since [G : 2G] = ∞, again from Remark

4.6.2 (ii) we have dΦ(g + 2G) = 0 for all g ∈ G.

We inductively construct a strictly increasing sequence (Nk)k∈N of natural num-

bers and a sequence of pairwise disjoint finite sets Ak ⊂ ΦNk
, k ∈ N, as follows.

Take N1 = 1 and A1 = Φ1. Now, for k ≥ 2, given N1, . . . , Nk−1 and A1, . . . , Ak−1,

let Dk =
⋃︁k−1

i=1 Ai, which is finite. Then E1,k = Dk+2G is a finite union of cosets of

2G, so dΦ(E1,k) = 0, and E2,k = Dk + ker(D) is a finite union of cosets of ker(D),

so also dΦ(E2,k) = 0. Hence, letting Ek = E1,k ∪E2,k we have dΦ(Ek) = 0, so there

is Nk > Nk−1 with
|ΦNk

\ Ek|
|ΦNk

|
> 1− 1

k
. (4.6.6)

Take Ak = ΦNk
\ Ek, and let A =

⋃︁∞
k=1Ak. Then from (4.6.6) we have that

limk→∞
|A∩ΦNk

|
|ΦNk

| = 1, so in particular dΦ(A) = 1. Also, since each ΦN is finite,

from the construction one can see that for all g ∈ G, the sets A ∩ (g + 2G) and

A ∩ (g + ker(D)) are finite.

Now, assume that there is some t ∈ G and some infinite B ⊂ G so that B+B+t ⊂
A. Suppose that some coset of ker(D) contains infinitely many elements of B,

i.e. there is g0 ∈ G so that B′ = B ∩ (g0 + ker(D)) is infinite. It follows that

t+B′+B′ ⊂ A∩ (t+2g0+ker(D)), and therefore A∩ (t+2g0+ker(D)) is infinite,

contradicting the fact that A has finite intersection with every coset of ker(D).

Thus, for every g ∈ G, B ∩ (g + ker(D)) is finite, and since B is infinite, there

is an infinite B′ ⊂ B so that every two elements of B′ belong to different cosets of

ker(D). In particular for b1, b2 ∈ B′ with b1 ̸= b2, we have 2b1 ̸= 2b2, so the set

{t + 2b′ : b′ ∈ B′} is infinite. We have {t + 2b′ : b′ ∈ B′} ⊂ A and {t + 2b′ : b′ ∈
B′} ⊂ t + 2G, so A ∩ (t + 2G) is infinite, contradicting the fact that A has finite

intersection with every coset of 2G. Hence after all, if t ∈ G and B ⊂ G is infinite,

then B +B + t ̸⊂ A, which concludes the proof.

4.7 Existence of Følner sequences that are quasi-invariant

with respect to doubling

The goal of this section is to prove that any abelian group G with [G : 2G] < ∞ and

| ker(D)| < ∞ admits a q.i.d. Følner sequence. In fact, we establish the following

even stronger result. Recall that αG = sup{αΦ : Φ ∈ FG}, where FG denotes the

collection of all Følner sequences in G.
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Theorem 4.7.1. If G is a countable abelian group with ℓ = [G : 2G] < ∞ and

r = | ker(D)| < ∞, then the following hold:

(a) αG = min{1, rℓ}. In particular, G admits Følner sequence that is quasi-invariant

with respect to doubling.

(b) There exists a Følner sequence Φ in G such that αΦ = αG.

We start by proving (b) of Theorem 4.7.1.

Proof of b in Theorem 4.7.1. If αG = 0, then for all Ψ ∈ FG, αΨ = 0, and the result

follows immediately.

On the other hand, if αG > 0, then there is a sequence αk → αG and a sequence

(Ψ(k))k∈N =
(︁(︁
Ψ

(k)
N

)︁
N∈N

)︁
k∈N of Følner sequences in G so that for all k, αk = αΨ(k) .

Let G = {x1, x2, x3, . . .} be an enumeration of the elements of G. Then for each

k ∈ N there is Nk ∈ N so that for all N ≥ Nk we have⃓⃓
Ψ

(k)
N △

(︁
xs +Ψ

(k)
N

)︁⃓⃓⃓⃓
Ψ

(k)
N

⃓⃓ <
1

k
, for all s ∈ {1, . . . , k}, and

⃓⃓
Ψ

(k)
N ∩ (Ψ

(k)
N /2)

⃓⃓⃓⃓
Ψ

(k)
N

⃓⃓ > αk −
1

k
.

(4.7.1)

Take a strictly increasing sequence (Nk)k∈N so that for all k ∈ N, (4.7.1) holds

for Nk and for each k, let Φk = Ψ
(k)
Nk

. For x = xn0 ∈ G and k ≥ n0 we have
|Φk△(x+Φk)|

|Φk| < 1
k

k→∞−−−→ 0, so Φ = (Φk)k∈N is indeed a Følner inG. Also, |Φk∩(Φk/2)|
|Φk| >

αk − 1
k

k→∞−−−→ αG, so αΦ ≥ αG. By definition, we also have that αΦ ≤ αG, so after

all, αΦ = αG. This concludes the proof.

Now we move to the proof of (a) of Theorem 4.7.1. For that we need the following

lemma.

Lemma 4.7.2. Let G be a countable abelian group with ℓ = [G : 2G] < ∞ and

r = | ker(D)| < ∞. Let g1, . . . , gℓ ∈ G so that g1 = eG and G =
⨆︁ℓ

i=1 gi + 2G.

If Ψ = (ΨN )N∈N is any Følner sequence in G, and we let FN =
⨆︁ℓ

i=1(gi + 2ΨN ),

N ∈ N, then F = (FN )N∈N is also a Følner sequence in G.

Proof. Let g ∈ G and ε > 0. Then there exist 1 ≤ i0 ≤ ℓ and h ∈ G such that

g = gi0 + 2h. Then

(g + FN ) ∩ FN =

(︃ ℓ⨆︂
i=1

(gi0 + gi + 2(h+ΨN ))

)︃
∩
(︃ ℓ⨆︂

i=1

(gj + 2ΨN )

)︃
. (4.7.2)

Since the cosets gj + 2G are disjoint, it follows that for each 1 ≤ i ≤ ℓ, there exists

a unique 1 ≤ j(i) ≤ ℓ such that gi0 + gi ∈ gj(i) + 2G, so there is yi ∈ G such that
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gi0 +gi = gj(i)+2yi. In addition, if we assume that for i1 ̸= i2 we have j(i1) = j(i2),

then we have that gi1 − gi2 = 2yi1 − 2yi2 ∈ 2G, so gi1 + 2G = gi2 + 2G, which is a

contradiction. Therefore, the map j : {1, . . . , ℓ} → {1, . . . , ℓ}, i ↦→ j(i) is a bijection,

and then (4.7.2) becomes

(g + FN ) ∩ FN =
ℓ⨆︂

i=1

(︁
gj(i) + (2(yi + h+ΨN ) ∩ 2ΨN )).

We thus have that

|(g+FN )∩FN | =
ℓ∑︂

i=1

|2(yi+h+ΨN )∩2ΨN )| ≥
ℓ∑︂

i=1

|2((yi+h+ΨN )∩ΨN )|. (4.7.3)

Now since Ψ is a Følner sequence in G, for N sufficiently large, we have that for

every 0 ≤ i ≤ ℓ,

|(yi + h+ΨN )△ΨN | ≤ ε

r
|ΨN |,

and then we have that

|2((yi + h+ΨN ) ∩ΨN )|
|2ΨN |

≥ 1− r|ΨN△(yi + h+ΨN )|
|ΨN |

≥ 1− ε, (4.7.4)

where for the second inequality above we used that |2(ΨN△(yj + h + ΨN ))| ≤
|(ΨN△(yj + h+ΨN ))| and that |2ΨN | ≥ |ΨN |

r . Then, combining (4.7.3) and (4.7.4)

we get that for N sufficiently large,

|(g + FN ) ∩ FN |
|FN |

≥ ℓ(1− ε)|2ΨN |
|FN |

= 1− ε.

Since ε > 0 was arbitrary, it follows that limN→∞
|(g+FN )∩FN |

|FN | = 1. Thus, (FN )N∈N

is a Følner sequence in G.

Proof of (a) in Theorem 4.7.1. Fix a countable abelian groupG with ℓ = [G : 2G] <

∞ and r = | ker(D)| < ∞. We need to prove that αG = min{1, r/ℓ}.
Let Φ = (ΦN )N∈N be a Følner sequence in G. By definition, αΦ ≤ 1. On the

other hand, from Lemma A.0.4 we know that |ΦN/2|
|ΦN | → r

ℓ as N → ∞. For each N ,
|ΦN/2∩ΦN |

|ΦN | ≤ |ΦN/2|
|ΦN | , so taking lim infN→∞ we obtain that αΦ ≤ r

ℓ . Therefore, for

each Φ ∈ FG, αΦ ≤ min
{︁
1, rℓ
}︁
, which implies that αG ≤ min{1, r/ℓ}.

To conclude the proof, it suffices to prove that αG ≥ min{1, r/ℓ}. We split the

proof into three cases, according to whether ℓ > r, ℓ < r or ℓ = r.

The case ℓ > r: In this case min{1, r/ℓ} = r/ℓ. Let Ψ = (ΨN )N∈N be any Følner
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sequence in G. Let also g1, . . . , gℓ ∈ G so that g1 = eG and G =
⨆︁ℓ

i=1 gi + 2G. For

each N ∈ N, let

H
(1)
N =

ℓ⨆︂
i=1

(gi + 2ΨN ) and H
(j)
N =

ℓ⨆︂
i=1

(︁
gi + 2H

(j−1)
N

)︁
, for j > 1.

From Lemma 4.7.2, we inductively get that for all j ∈ N, H(j) =
(︁
H

(j)
N

)︁
N∈N is a

Følner sequence in G. For each k,N ∈ N, let

F
(k)
N =

k⋃︂
j=1

H
(j)
N .

From Lemma A.0.1 (i) we have that for all k ∈ N, F (k) =
(︁
F

(k)
N

)︁
N∈N is also a

Følner sequence in G. We have H
(1)
N /2 = (2ΨN )/2 = ΨN + ker(D) and for each

j > 1, H
(j)
N /2 =

(︁
2H

(j−1)
N

)︁
/2 = H

(j−1)
N + ker(D). In addition, using Lemma A.0.3

we get that for each j ∈ N, |H(j)
N | = ℓ|2H(j−1)

N | = ℓ
r |H

(j−1)
N | + oN→∞(|H(j−1)

N |), so
inductively we get that for each j,

⃓⃓
H

(j)
N

⃓⃓
=
(︂ ℓ
r

)︂j
|ΨN |+ oN→∞(|ΨN |). (4.7.5)

For each k,N ∈ N we have F
(k)
N /2 = (ΨN + ker(D)) ∪

⋃︁k−1
j=1

(︁
H

(j)
N + ker(D)

)︁
and

(F
(k)
N /2)\F (k)

N ⊂ (ΨN +ker(D))∪
⋃︁k−1

j=1

(︁
H

(j)
N +ker(D)

)︁
\H(j)

N . Also, from the proof

of Lemma A.0.3 we have that |ΨN+ker(D)|
|ΨN | → 1 and

|H(j)
N +ker(D)|
|H(j)

N |
→ 1 as N → ∞.

Combining those with (4.7.5) we infer that⃓⃓
(F

(k)
N /2) \ F (k)

N

⃓⃓⃓⃓
F

(k)
N /2

⃓⃓ ≤ |ΨN + ker(D)|⃓⃓
F

(k)
N /2

⃓⃓ +

k−1∑︂
j=1

⃓⃓
(H

(j)
N + ker(D)) \H(j)

N

⃓⃓⃓⃓
F

(j)
N

⃓⃓
≤ |ΨN + ker(D)|

|ΨN |
|ΨN |⃓⃓
H

(k−1)
N

⃓⃓ + k−1∑︂
j=1

(︄
1−

⃓⃓
H

(j)
N

⃓⃓⃓⃓
H

(j)
N + ker(D)

⃓⃓)︄ N→∞−−−−→
(︂r
ℓ

)︂k−1
,

which implies that

lim sup
N→∞

⃓⃓
(F

(k)
N /2) \ F (k)

N

⃓⃓⃓⃓
F

(k)
N /2

⃓⃓ ≤
(︂r
ℓ

)︂k−1
.

From Lemma A.0.4 we know that
|F (k)

N /2|
|F (k)

N |
→ r

ℓ as N → ∞ and therefore αk =
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αF (k) equals

lim inf
N→∞

|F (k)
N ∩ F

(k)
N /2|

|F (k)
N |

= lim inf
N→∞

|F (k)
N /2|
|F (k)

N |

(︄
1−

|(F (k)
N /2) \ F (k)

N |
|F (k)

N /2|

)︄
≥ r

ℓ

(︃
1−

(︂r
ℓ

)︂k−1
)︃
.

Using that ( rℓ )
k−1 ↘ 0 as k → ∞ we get αG ≥ sup{αk : k ∈ N} = r

ℓ , which

concludes the proof in that case.

The case ℓ < r: In this case we have min{1, r/ℓ} = 1. Let Ψ = (ΨN )N∈N be any

Følner sequence in G. By an application of Lemma A.0.1 (iv), we have that for each

j ∈ N, (ΨN/2j)N∈N is also a Følner sequence in G. By the same lemma, if for each

k,N ∈ N we define

F
(k)
N =

k⋃︂
j=0

ΨN/2j ,

then we have that F (k) = (F
(k)
N )N∈N is also Følner sequence. In addition, for each

j ∈ N we have that

|ΨN/2j | =
(︂r
ℓ

)︂j
|ΨN |+ oN→∞(|ΨN |),

by induction and Lemma A.0.4. Therefore, we see that⃓⃓
F

(k)
N \ (F (k)

N /2)
⃓⃓⃓⃓

F
(k)
N

⃓⃓ ≤ |ΨN |
|ΨN/2k|

N→∞−−−−→
(︂ ℓ
r

)︂k
,

which implies that

αk := αF (k) = lim inf
N→∞

⃓⃓
F

(k)
N ∩ (F

(k)
N /2)

⃓⃓
|F (k)

N |
= lim inf

N→∞

(︄
1−

⃓⃓
F

(k)
N \ (F (k)

N /2)
⃓⃓

|F (k)
N |

)︄
≥ 1−

(︂ ℓ
r

)︂k
.

Using that ( ℓr )
k ↘ 0 as k → ∞ we get αG ≥ sup{αk : k ∈ N} = 1, which concludes

the proof in that case.

The case ℓ = r: In case ℓ = r, we have min{1, r/ℓ} = 1. Let Ψ = (ΨN )N∈N

be any Følner in G. As before, for each k ∈ N0 consider the Følner sequence

F (k) =
(︁
F

(k)
N

)︁
N∈N defined by

F
(k)
N =

k⋃︂
j=0

ΨN/2j .

Also, for each k ∈ N0, let αk = αF (k) = lim infN→∞
|F (k)

N ∩(F (k)
N /2)|

|F (k)
N |

. By employing
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a diagonal argument and passing to a subsequence, we may assume that the limits

exist, so αk = limN→∞
|F (k)

N ∩(F (k)
N /2)|

|F (k)
N |

.

Assume that sup{αk : k ∈ N0} = α < 1. Then for each j ∈ N0 we have

(︁
F

(j)
N /2

)︁
\ F (j)

N =
(︁
ΨN/2j+1

)︁
\
(︁ j⋃︂
m=0

ΨN/2m
)︁
. (4.7.6)

Also, since r = ℓ and F (j) is a Følner, from Lemma A.0.4 we have that limN→∞
|F (j)

N /2|
|F (j)

N |
=

1. Using the previous we get that

αj = lim
N→∞

⃓⃓
(F

(j)
N /2) ∩ F

(j)
N

⃓⃓⃓⃓
F

(j)
N

⃓⃓ = lim
N→∞

⃓⃓
(F

(j)
N /2) ∩ F

(j)
N

⃓⃓⃓⃓
F

(j)
N /2

⃓⃓ = lim
N→∞

[︂
1−
⃓⃓
(F

(j)
N /2) \ F (j)

N

⃓⃓⃓⃓
F

(j)
N /2

⃓⃓ ]︂
,

which implies that limN→∞
|(F (j)

N /2)\F (j)
N |

|F (j)
N /2|

= 1− αj , and therefore

lim
N→∞

⃓⃓
(F

(j)
N /2) \ F (j)

N

⃓⃓⃓⃓
F

(j)
N

⃓⃓ = 1− αj . (4.7.7)

Observe that ΨN ⊂ F
(j)
N , and combining this with (4.7.6) and (4.7.7) we get that

lim inf
N→∞

⃓⃓(︁
ΨN/2j+1

)︁
\
(︁⋃︁j

m=0ΨN/2m
)︁⃓⃓⃓⃓

ΨN

⃓⃓ ≥ 1− αj ≥ 1− α > 0. (4.7.8)

For each k ∈ N, utilizing (4.7.8) for j ∈ {0, 1, . . . , k−1} we can find an Nk ∈ N such

that for all N ≥ Nk,

⃓⃓(︁
ΨN/2j+1

)︁
\
(︁ j⋃︂
m=0

ΨN/2m
)︁⃓⃓

> (1− α)(1− 2−k)
⃓⃓
ΨN

⃓⃓
, for all j ∈ {0, 1, . . . , k − 1}.

(4.7.9)

Observe that F
(k)
N = ΨN⊔

⨆︁k
j=1

(︁
ΨN/2j

)︁
\
(︁⋃︁j−1

m=0ΨN/2m
)︁
= ΨN⊔

⨆︁k−1
j=0

(︁
ΨN/2j+1

)︁
\(︁⋃︁j

m=0ΨN/2m
)︁
, so for N ≥ Nk we have

|F (k)
N | = |ΨN |+

k−1∑︂
j=0

⃓⃓(︁
ΨN/2j+1

)︁
\
(︁ j⋃︂
m=0

ΨN/2m
)︁⃓⃓

> k(1−α)(1−2−k)|ΨN |. (4.7.10)
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Since F
(k)
N \ (F (k)

N /2) ⊂ ΨN , combining with (4.7.10) we get that for N ≥ Nk,⃓⃓
F

(k)
N \ (F (k)

N /2)
⃓⃓⃓⃓

F
(k)
N

⃓⃓ ≤ 1

k(1− α)(1− 2−k)
, (4.7.11)

which implies that

αk = αF (k) = lim inf
N→∞

⃓⃓
F

(k)
N ∩ (F

(k)
N /2)

⃓⃓
|F (k)

N |
≥ 1− 1

k(1− α)(1− 2−k)
.

Since 1
k(1−α)(1−2−k)

→ 0 as k → ∞ we get that αk → 1 as k → ∞, which contradicts

our original assumption that sup{αk : k ∈ N0} < 1. Therefore, sup{αk : k ∈ N0} =

1, which implies that αG ≥ 1 and concludes the proof in the case ℓ = r, and with it

the proof of (a) of Theorem 4.7.1.
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Chapter 5

Sharp density conditions for

B+B sumsets in abelian groups

5.1 Overview

In this chapter, which is based on the results of [39], we continue our investigations

around the unrestricted B + B problem, started in Chapter 3 and generalised in

Chapter 4. In particular, motivated by the results of Chapter 4 on infinite sumsets

of the form B+B = {b1+ b2 : b1, b2 ∈ B} in large subsets of abelian groups, and an

old problem of Owings [36, Problem E2494] about the partition regularity of B+B

in 2 colours, we show the following theorem. Let (G,+) be a countable abelian

group such that the subgroup {g+ g : g ∈ G} has finite index and the doubling map

D : g ↦→ g + g has finite kernel. Let also Φ = (ΦN )N be any Følner sequence in G

and Φ/2 = (D−1(ΦN ))N . Then, if A ⊂ G is such that dΦ(A) + dΦ/2(A) > 1, there

is an infinite set B ⊂ G and some t ∈ G for which B +B + t ⊂ A.

We prove that this result implies the main result of Chapter 4, namely Theorem

4.2.2, and construct an example to show the reverse implication does not hold.

Moreover, we show that our main theorem is optimal in a strong sense. Namely, for

any countable abelian group (G,+) with the aforementioned assumptions – which

are necessary – there exists a Følner sequence Φ and a set A ⊂ G so that dΦ(A) +

dΦ/2(A) = 1, but there is no infinite set B ⊂ G and t ∈ G for which B+B+ t ⊂ A.

5.2 Introduction

Motivated by recent breakthroughs [43, 41, 49] on the general problem of finding

infinite sumsets in sets with positive density, and specifically by a conjecture of Kra,
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Moreira, Richter and Robertson [44, Conjecture 3.7], Radić and the author [40]

proved the first density regularity type of results for unrestricted infinite sumsets

(presented in Chapter 3). In Theorems 1.3.2 and 1.3.1 it was shown, for example,

that for A ⊂ N with d(A) > 1/2, there is an infinite set B ⊂ N and some integer

t ≥ 0, such that B +B + t ⊂ A.

In consistency with Section 3.2, we refer to the (unrestricted) B +B problem as

the general problem of finding a density scheme – in a countable abelian group – for

which any set with large enough density contains a sumset of the form B +B + t.

Our main result reads as follows.

Theorem 1.3.3. Let (G,+) be a countable abelian group with ℓ = [G : 2G] < ∞
and r = | ker(D)| < ∞. Let A ⊂ G and Φ be any Følner sequence in G. Pass to a

subsequence of Φ if necessary so that all densities exist. Then the following hold:

(1) If dΦ(A) + dΦ/2(A) > 1, there exist an infinite set B ⊂ G and some t ∈ G such

that B +B + t ⊂ A.

(2) If dΦ(A)+dΦ/2(A) >
2ℓ−1
ℓ , there exists an infinite set B ⊂ G such that B+B ⊂

A.

(3) If dΦ(A∩ 2G) + dΦ/2(A∩ 2G) > 1
ℓ , there exists an infinite set B ⊂ G such that

B +B ⊂ A.

We want to stress the need to pass to an appropriate subsequence in Theorem

1.3.3. As the proof in Section 5.4 reveals, we want to consider densities of the form

d(ΦNk
)(A) + d(ΦNk

/2)(A),

along the same subsequence (Nk). As mentioned in the introduction, we may even

have the following extreme behaviour if we don’t consider densities along the same

subsequence.

Proposition 1.3.4. Let (G,+) be a countable abelian group with ℓ = [G : 2G] < ∞
and r = | ker(D)| < ∞. There is a set A ⊂ G and a Følner sequence Φ such that

dΦ(A) + dΦ/2(A) = 2,

but there does not exist an infinite set B ⊂ G and t ∈ G with B +B + t ⊂ A.

Returning to our original discussion, the results in [40] were restricted to taking

upper and lower densities with respect to the original Følner sequence N ↦→ [1, N ] =
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{1, . . . , N} in N. The threshold values established therein were proved to be optimal,

and while it was known that not all Følner sequences can be used to obtain analogous

results (see, for example, [44, Example 3.6]), it was not explored any further whether

other density schemes, e.g. density of a set along other Følner sequences, could be

used to address the B +B problem in N.
Around the same time, Charamaras and Mountakis [11] proved the analogue of

the main result in [41] for the widest class of countable abelian groups possible. In

particular, they showed that for countable abelian groups G with [G : 2G] < ∞,

any set with positive upper Banach density contains an infinite sumset B⊕B+ t =

{b1 + b2 + t : b1, b2 ∈ B, and b1 ̸= b2}. In an effort to extend the results of [11] to

cover unrestricted sumsets, and to understand more deeply the necessary structural

properties of Følner sequences that can be used as averaging schemes to a density

solution for the B+B problem, Charamaras, Mountakis, Radić and the author [10]

introduced the notion of quasi-invariant to doubling Følner sequences. Recall that

for a set C ⊂ G of an abelian group (G,+), we write 2C = D(C) and C/2 = D−1(C),

where D : G → G is the doubling map g ↦→ 2g.

Definition 5.2.1 (cf. Definition 4.2.1). Let G be a countable abelian group. The

the doubling ratio of a Følner sequence Φ = (ΦN )N∈N in G is defined as

αΦ = lim inf
N→∞

|ΦN/2 ∩ ΦN |
|ΦN |

. (5.2.1)

If αΦ > 0, we say that the Følner sequence Φ is quasi-invariant with respect to

doubling (q.i.d.) with ratio αΦ.

As explained in Chapter 4, the q.i.d. assumption can be used to provide density

threshold values for the B+B problem via the following theorem, which we restate

for convenience.

Theorem 4.2.2. Let (G,+) be a countable abelian group with ℓ = [G : 2G] < ∞
and r = | ker(D)| < ∞. Let A ⊂ G and Φ be any Følner sequence in G that is

quasi-invariant with respect to doubling with ratio αΦ. Then the following hold:

(1) If dΦ(A) > 1 − ℓαΦ

ℓ+ r
, there exist an infinite set B ⊂ G and some t ∈ G such

that B +B + t ⊂ A.

(2) If dΦ(A) > 1− αΦ

ℓ+ r
, there exists an infinite set B ⊂ G such that B +B ⊂ A.

(3) If dΦ(A∩2G) >
1

ℓ
− αΦ

ℓ+ r
, there exists an infinite set B ⊂ G such that B+B ⊂

A.
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To complement this result, it was shown in Proposition 4.6.4 that if a Følner

sequence is not q.i.d. there is a set of full density along this sequence that contains

no sumset as in (1). In that sense, the q.i.d. assumption is necessary for Theorem

4.2.2. This proposition (and thus Definition 5.2.1) will be used repeatedly in the

constructions of Section 5.6.

It is not obvious, but it turns out that Theorem 1.3.3 implies Theorem 4.2.2

and we prove this in Proposition 5.3.2. Perhaps even more interesting is the fact

that the reverse implication is false. Namely, Theorem 4.2.2 cannot be used to

deduce Theorem 1.3.3 as there exist sets that satisfy, say, condition (1) of Theorem

1.3.3 along some Følner sequence, but not condition (1) of Theorem 4.2.2 along any

Følner sequence.

Proposition 5.2.2. There is a set A ⊂ Z such that

dΦ(A) ≤ 1− ℓαΦ

ℓ+ r
,

for every Følner sequence Φ in Z, but

dF (A) + dF/2(A) > 1,

for some Følner sequence F in Z.

We also remark that the three statements in Theorem 1.3.3 are equivalent and

we show this in Section 5.3.

The proof of Theorem 1.3.3 is dynamical, similarly to the proof of Theorem 4.2.2.

In fact, the main dynamical result behind both theorems is the same; Theorem 4.3.5.

The difference lies in the way we implement the correspondence principle, which is

used to translate the combinatorial input of the statement into an assumption about

a corresponding dynamical system.

The reason why the stronger Theorem 1.3.3 was not found in [10] has to do with

the broader viewpoint of how the problem was formulated and thus approached

there. In particular, from the perspective of the authors in [10] “the main question

to address is whether for a given abelian group G one can find a Følner sequence Φ

and a constant c = c(G,Φ) > 0 such that any set A ⊂ G with upper density

dΦ(A) = lim sup
N→∞

|A ∩ ΦN |
|ΦN |

> c

contains an unrestricted sumset of the form B +B for some infinite set B ⊂ G.”

The reason why Theorem 1.3.3 was found now is twofold. Firstly, it appeared
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naturally in considerations of questions about the optimality of Theorem 4.2.2 (op-

timality in the sense of sharpness of the threshold bounds). These questions were

formulated in Questions 4.2.5 and 4.2.6. We present here their analogues for Theo-

rem 1.3.3. The first question asks whether the result is optimal in any group where

it holds.

Question 5.2.3 (cf. Question 4.2.6). Let G be a countable abelian group with

ℓ = [G : 2G] < ∞ and r = | ker(D)| < ∞. Can one always find a Følner sequence Φ

in G and a set A ⊂ G with dΦ(A) + dΦ/2(A) = 1, such that B +B + t ̸⊂ A for any

infinite B ⊂ G and t ∈ G?

The answer to Question 4.2.6 is not known; however, the weaker assumptions in

our main result allow us to address its analogue, Question 5.2.3, in full generality.

Theorem 1.3.5. Let (G,+) be a countable abelian group with ℓ = [G : 2G] < ∞
and r = | ker(D)| < ∞. There is a set A ⊂ G such that

dΦ(A) + dΦ/2(A) = 1,

for some Følner sequence Φ in G, but there does not exist an infinite set B ⊂ G and

t ∈ G with B +B + t ⊂ A.

The second question asks for the strongest possible notion of optimality for the

bounds in our main result.

Question 5.2.4 (cf. Question 4.2.5). Let G be a countable abelian group with

ℓ = [G : 2G] < ∞ and r = | ker(D)| < ∞, and let Φ be a Følner sequence in G.

Does there exist a set A ⊂ G with dΨ(A) + dΨ/2(A) = 1, along some subsequence

Ψ of Φ, and such that B +B + t ̸⊂ A for any infinite B ⊂ G and t ∈ G?

Answering Question 5.2.4 is probably very difficult in full generality (unless the

answer is negative and we are missing an easy counterexample), but we can address

it in the integers along sequences of intervals. Indeed, this relates to the second

reason why Theorem 1.3.3 was found. An old Problem of C.J. Owings [36, Problem

E2494] asks whether, for any colouring (partition) of N into two sets, one of the sets

must contain B +B for some infinite B ⊂ N. This problem was studied by various

authors (see, for example, [28, 29, 37]) and is rather interesting because Hindman

[27] showed the analogue for three-colourings to have a negative answer. In the

author’s effort to address this problem with some type of a density argument (which

was motivated by the joint work with Radić [40]), it was observed that if Theorem

1.3.3 was not optimal, Owings’ question would have a positive answer. The details
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are explained in Section 5.7. As an interesting historical remark, the same day that

the paper [39] appeared on the arXiv, a solution to Owings’ problem appeared as

well [34]. This probably means that other than serving as a motivation for the main

results of this chapter, the results of Section 5.7 are obsolete; nevertheless, we chose

to keep it for completeness and because the arguments used there may turn out to

be of some independent value.

Here, now, is the special case of Question 5.2.4 that we can address.

Proposition 5.2.5. Let Φ be any Følner sequence of intervals in Z. Then, there

exists a set A ⊂ Z such that dΨ(A) + dΨ/2(A) = 1, where Ψ is a subsequence of Φ

along which the densities exist, for which B+B+ t ̸⊂ A, for any infinite set B and

any t ∈ Z.

Finally, we want to briefly explain the assumptions that [G : 2G] < ∞ and

r = | ker(D)| < ∞ in all our results. In Section 4.6.1 it was shown that there

exists an abelian group with infinite ker(D), and a set of full density along a Følner

sequence that is q.i.d., which contains no infinite sumsets B+B. It was also proved

in Section 4.6.3 that when 2G is infinite and [G : 2G] = ∞, Theorem 4.2.2 fails even

with density 1. The second assumption was also imposed by the results in [1]. Since

these assumptions were already known to be necessary for Theorem 4.2.2, they have

to be assumed for Theorem 1.3.3 to hold as well, in view of the relation between the

two results (Proposition 5.3.2).

5.3 Theorem 1.3.3 implies Theorem 4.2.2

As was mentioned before, G always denotes a countable abelian group with ℓ = [G :

2G] < ∞. We also fix g1, . . . , gℓ ∈ G so that G =
⨆︁ℓ

i=1 2G + gi. We omit these

assumptions from the statements of this section.

The main purpose of this section is to prove that our main result implies the

main result of [10], Theorem 4.2.2. Since the conclusion of both theorems is the

same, this amounts to showing that the assumptions of Theorem 1.3.3 are weaker

than those of Theorem 4.2.2. We begin by showing in Proposition 5.3.1 that the

three statements of Theorem 1.3.3 are equivalent, in analogy to Section 4.3.1. This

is also useful when showing that the bounds are optimal, because we only need to

do this for one of the bounds.

Proposition 5.3.1. Let (G,+) be a countable abelian group with ℓ = [G : 2G] < ∞.

Let A ⊂ G and Φ be any Følner sequence in G. Then the following statements are

equivalent:
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(1) If dΦ(A) + dΦ/2(A) > 1, there exist an infinite set B ⊂ G and some t ∈ G such

that B +B + t ⊂ A.

(2) If dΦ(A)+dΦ/2(A) >
2ℓ−1
ℓ , there exists an infinite set B ⊂ G such that B+B ⊂

A.

(3) If dΦ(A∩ 2G) + dΦ/2(A∩ 2G) > 1
ℓ , there exists an infinite set B ⊂ G such that

B +B ⊂ A.

Proof. The proof is very similar to that of Proposition 4.3.3, and as an indicative

example we prove the equivalence between (1) and (3).

(1) =⇒ (3): If dΦ(A∩2G)+dΦ/2(A∩2G) > 1
ℓ , we let Ã =

⨆︁ℓ
i=1(A∩2G)+gi, and

the invariance of Φ and Φ/2 gives that dΦ(Ã) + dΦ/2(Ã) > 1. By (1), Ã contains a

sumset of the form B+B+t for some infinite B ⊂ G and t ∈ G. By Lemma 4.3.2 we

can reduce to the case where t = gi for some i ∈ {1, . . . , ℓ}. Using Lemma 4.3.1, we

can also assume that B+B ⊂ 2G. Therefore, we have that B+B+gi ⊂ (A∩2G)+gi

which concludes the proof.

(3) =⇒ (1): Suppose dΦ(A) + dΦ/2(A) > 1. By sub-additivity of the density,

dΦ(A) + dΦ/2(A) ≤
ℓ∑︂

i=1

dΦ(A ∩ (2G+ gi)) + dΦ/2(A ∩ (2G+ gi)),

so there is i ∈ {1, . . . , ℓ} for which dΦ(A∩ (2G+ gi)) + dΦ/2(A∩ (2G+ gi)) >
1
ℓ . By

translation invariance of the density and (3), it follows that A contains B +B + gi

for some B ⊂ G infinite.

We now prove the main result of this section.

Proposition 5.3.2. Theorem 1.3.3 implies Theorem 4.2.2.

Proof. In view of Proposition 4.3.3 and Proposition 5.3.1, it suffices to show that

(1) of Theorem 1.3.3 implies (1) of Theorem 4.2.2. As explained in the beginning

of this section, we only have to prove that that the assumptions of the latter imply

the assumptions of the former.

Let Φ = (ΦN ) be a Følner sequence in G with doubling ratio

0 < αΦ = lim inf
N→∞

|ΦN/2 ∩ ΦN |
|ΦN |

and, by passing to a subsequence of Φ if necessary, suppose that A ⊂ G with dΦ(A) >

1− ℓαΦ
ℓ+r and that dΦ/2(A) exists as well. We will next verify that dΦ(A)+dΦ/2(A) > 1.
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Observe that

|A ∩ ΦN | = |A ∩ ΦN ∩ ΦN/2|+ |A ∩ (ΦN \ ΦN/2)|

and thus

|A ∩ ΦN | ≤ |A ∩ ΦN ∩ ΦN/2|+ |ΦN | − |ΦN ∩ ΦN/2| .

Using the density assumption and the doubling ratio property, it follows that

lim sup
N→∞

|A ∩ ΦN ∩ ΦN/2|
|ΦN |

> αΦ

(︃
1− ℓ

ℓ+ r

)︃
=

(︃
rαΦ

ℓ+ r

)︃
. (5.3.1)

Using Lemma A.0.4, we see that

dΦ/2(A) = lim
N→∞

|A ∩ ΦN/2|
|ΦN/2|

= lim
N→∞

ℓ |A ∩ ΦN/2|
r |ΦN |

.

Hence, in view of (5.3.1), we have that

dΦ(A) + dΦ/2(A) > 1− ℓαΦ

ℓ+ r
+ lim

N→∞

ℓ |A ∩ ΦN/2|
r |ΦN |

≥ 1− ℓαΦ

ℓ+ r
+ lim sup

N→∞

ℓ |A ∩ ΦN ∩ ΦN/2|
r |ΦN |

> 1− ℓαΦ

ℓ+ r
+

(︃
ℓαΦ

ℓ+ r

)︃
= 1.

5.4 Proof of the main result

In this section we present the proof of Theorem 1.3.3.

5.4.1 A correspondence principle

As we explained in the introduction, the difference between the proofs of Theorems

1.3.3 and 4.2.2 lies at the level of the correspondence principle. More precisely,

starting from a set A ⊂ G and a Følner sequence Φ, the correspondence principle

associates to (A,Φ) an ergodic system which, in some sense, encodes the statistical

behavior of A along Φ. The improvement of this approach is that allowing for a

more flexible averaging scheme, where we consider the density of a set along two

distinct, but related, Følner sequences, allows us to obtain a better lower bound for

the measures of some important sets in the ergodic system associated to A.

Again, let (G,+) be an abelian group with ℓ = [G : 2G] < ∞ and r = | ker(D)| <
∞. By Σ we denote the space {0, 1}G, endowed with the product topology, which
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becomes a compact metrizable space. We also consider the shift action S = (Sg)g∈G

defined by Sg : Σ → Σ, Sg(x(h)) = x(h + g), for any h, g ∈ G, x = (x(g))g∈G ∈ Σ,

and note that S is an action of G on X by homeomorphisms. We further denote

the G-action g ↦→ S2g by S2.

Via the following variant of Furstenberg’s correspondence principle, we can re-

duce Theorem 1.3.3 to the dynamical statement of Theorem 4.3.5.

Lemma 5.4.1. Let A ⊂ G and Φ be any Følner sequence in G (and pass to a

subsequence if necessary so that all densities exist). There exist an ergodic G-system

(Σ × Σ, µ, S2 × S), an open set E ⊂ Σ, a point a ∈ Σ and a Følner sequence Φ′,

such that (a, a) ∈ gen(µ,Φ′), A = {g ∈ G : Sga ∈ E} and

ℓµ(Σ× E) + µ(E × Σ) ≥ ℓ · (dΦ/2(A) + dΦ(A))− ℓ+ 1. (5.4.1)

Proof. By definition,

dΦ/2(A) = lim
N→∞

|A ∩ ΦN/2|
|ΦN/2|

.

We associate to the set A a point a ∈ Σ = {0, 1}G via

a(g) =

⎧⎪⎨⎪⎩
1, if g ∈ A,

0, otherwise.

Letting E = {x ∈ Σ: x(eG) = 1} – which, we note, is a clopen set – observe that,

by construction, A = {g ∈ G : Sga ∈ E}. We can define the sequence of Borel

probability measures (µN )N∈N on Σ× Σ given by

µN =
1

|ΦN/2|
∑︂

g∈ΦN/2

δ(S2g×Sg)(a,a).

If µ′ is a weak* accumulation point of (µN )N∈N, then µ′ is an (S2 × S)-invariant

measure. Now, since for each N ∈ N, we have

µN (Σ× E) =
1

|ΦN/2|
∑︂

g∈ΦN/2

δSga(E) =
|A ∩ ΦN/2|
|ΦN/2|

,

sending N → ∞ yields

µ′(Σ× E) = dΦ/2(A). (5.4.2)
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Now, Lemma A.0.3 gives that

lim
N→∞

|{g ∈ ΦN/2 : g + ker(D) ⊂ ΦN/2}|
|ΦN/2|

= 1.

Moreover, if we consider the Følner sequence N ↦→ FN =
⋃︁

g∈ΦN/2 g + ker(D) ⊃
ΦN/2 (where (FN ) is Følner since | ker(D)| = r < ∞), it is easy to see that∑︁

g∈FN
δS2ga(E) = r

∑︁
g∈2(ΦN/2) δSga(E). Therefore, it follows that⃓⃓⃓⃓

⃓⃓ 1

|ΦN/2|
∑︂

g∈ΦN/2

δS2ga(E)− r

|ΦN/2|
∑︂

g∈2(ΦN/2)

δSga(E)

⃓⃓⃓⃓
⃓⃓ ≤ |FN \ ΦN/2|

|ΦN/2|
N→∞−−−−→ 0.

We thus see that

µN (E × Σ) =
1

|ΦN/2|
∑︂

g∈ΦN/2

δS2ga(E) =
r

|ΦN/2|
∑︂

g∈2(ΦN/2)

δSga(E) + oN→∞(1)

≥ ℓ

|ΦN |
|A ∩ 2(ΦN/2)|+ oN→∞(1), (5.4.3)

by Lemma A.0.4. Since 2(ΦN/2) = ΦN ∩ 2G, we have

|A ∩ 2(ΦN/2)| = |A ∩ ΦN | − |A ∩ (ΦN \ 2(ΦN/2))| ≥ |A ∩ ΦN | − |ΦN |+ |ΦN ∩ 2G|.

Hence, using [11, Lemma 5.4], it follows by (5.4.3) as N → ∞ that

µ′(E × Σ) ≥ ℓ

(︃
dΦ(A)− 1 +

1

ℓ

)︃
= ℓdΦ(A)− ℓ+ 1. (5.4.4)

Combining (5.4.2) and (5.4.4) we obtain (5.5.1) for µ′. Although µ′ is not necessarily

ergodic, the argument that allows us to find an ergodic measure µ satisfying (5.5.1)

follows just as in the proof of Lemma 3.3.3.

5.4.2 The proof of Theorem 1.3.3

We can now use the correspondence principle of Lemma 5.4.1 and Lemma 4.3.6 in

order to deduce (2) of Theorem 1.3.3, which, in view of Proposition 5.3.1 shows the

full theorem.

Proof of Theorem 1.3.3. Let G, ℓ, r,Φ be as in the assumptions of Theorem 1.3.3.

Let also A ⊂ G satisfy dΦ(A) + dΦ/2(A) >
2ℓ−1
ℓ . Using Lemma 5.4.1 we can find an

ergodic G-system (Σ×Σ, µ, S2×S), an open set E ⊂ Σ, a point a ∈ Σ and a Følner
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sequence Φ′ in G, such that (a, a) ∈ gen(µ,Φ′), A = {g ∈ G : Sga ∈ E} and

ℓµ(Σ× E) + µ(E × Σ) ≥ ℓ · (dΦ/2(A) + dΦ(A))− ℓ+ 1.

Because of the assumptions on A, we get

ℓµ(Σ× E) + µ(E × Σ) > ℓ.

Applying Theorem 4.3.5 and Lemma 4.3.6 we can conclude similarly to the proof of

Theorem 1.3.1 from Theorem 3.3.1.

5.5 A slightly stronger result

With not much more effort, we can actually prove something slightly more general

than Theorem 1.3.3.

Theorem 5.5.1. Let (G,+) be a countable abelian group with ℓ = [G : 2G] < ∞
and r = | ker(D)| < ∞. Let A,A′ ⊂ G and Φ be any Følner sequence in G. Then

the following hold:

1. If dΦ(A
′) + dΦ/2(A) > 1, there exist an infinite set B ⊂ G and some t ∈ G

such that B ⊕B + t ⊂ A and t+ 2B ⊂ A′.

2. If dΦ(A
′) + dΦ/2(A) > 2ℓ−1

ℓ , there exists an infinite set B ⊂ G such that

B ⊕B ⊂ A and 2B ⊂ A′.

3. If dΦ(A
′ ∩ 2G) + dΦ/2(A ∩ 2G) > 1

ℓ , there exists an infinite set B ⊂ G such

that B ⊕B ⊂ A and 2B ⊂ A′.

The proof of the equivalences between the statements in Theorem 5.5.1 is similar

to the proof of Proposition 5.3.1 and so we omit it. In order to actually prove

Theorem 5.5.1 we use the same dynamical result that we used for Theorem 1.3.3,

that is Theorem 4.3.5, and a more general form of the correspondence principle to

capture the statistics of both sets.

Lemma 5.5.2. Let A,A′ ⊂ G and Φ be any Følner sequence in G (and pass to a

subsequence if necessary so that all densities exist). There exist an ergodic G-system

(Σ×Σ, µ, S2×S), an open set E ⊂ Σ, and points a, a′ ∈ Σ and a Følner sequence Φ′,

such that (a, a′) ∈ gen(µ,Φ′), A = {g ∈ G : Sga ∈ E} and A′ = {g ∈ G : Sga
′ ∈ E}

with

ℓµ(Σ× E) + µ(E × Σ) ≥ ℓ · (dΦ/2(A) + dΦ(A
′))− ℓ+ 1. (5.5.1)
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Proof. The only difference with the proof of Lemma 5.4.1 is that we now introduce

two points a, a′ ∈ Σ which correspond to the indicators of A and A′, respectively,

and then consider the measures (µN )N∈N on Σ× Σ given by

µN =
1

|ΦN/2|
∑︂

g∈ΦN/2

δ(S2g×Sg)(a′,a).

The rest of the proof proceeds analogously.

The question of whether Theorem 5.5.1 is optimal is easily seen to be a trivial

one, which makes it less interesting than the more natural results, Theorem 4.2.2

and Theorem 1.3.3. Indeed, taking any Følner sequence Φ and any set A ⊂ G with

full density along Φ and A′ = ∅, we see at once that the threshold values in (1) and

(3) of the theorem are obtained, but the conclusion fails.

5.6 Optimality and relations between main theorems

We next show that Theorem 4.2.2 does not imply Theorem 1.3.3; that is, the density

assumption of Theorem 4.2.2 cannot be used to deduce the density assumption of

Theorem 1.3.3. This is already the case in the integers, which was rather unexpected.

However, the construction seems to be adaptable in all groups satisfying the standing

assumptions, although we do not pursue this in detail. This result was presented as

Proposition 5.2.2 and we repeat the statement here for convenience.

Proposition 5.6.1. There is a set A ⊂ Z such that

dΦ(A) ≤ 1− ℓαΦ

ℓ+ r
,

for every Følner sequence Φ in Z, but

dF (A) + dF/2(A) > 1,

for some Følner sequence F in Z.

Proof. We let F = (FN )N∈N be a Følner sequence that is not q.i.d. and such

that F1, F1/2, F1/4, F2, F2/2, F2/4, . . . are pairwise disjoint. For example, let FN =

[42N , 2 · 42N ) ∩ N, for N ∈ N. In particular, FN/2 = [2 · 42N−1, 42N ) ∩ N and

FN/4 = [42N−1, 2 · 42N−1) ∩ N. We then consider a set A ⊂ N defined via

A =

(︄ ∞⋃︂
N=1

FN

)︄⋃︂(︄ ∞⋃︂
N=1

FN/2 ∩ kN

)︄
,
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with k ∈ N, k ≥ 3. Essentially, this could be generalized by replacing kN with a

syndetic set of sufficiently small density.

First, we observe that

dF (A) + dF/2(A) = 1 +
1

k
> 1.

We remark that, in view of Theorem 1.3.3, this implies the existence of some infinite

set B ⊂ N and t ∈ N0 such that B + B + t ⊂ A; this is, however, not a necessary

part of this proof.

We proceed to prove that for every Følner sequence Φ in Z, it holds that

dΦ(A) ≤ 1− ℓαΦ

ℓ+ r
. (5.6.1)

By the definition of A, we only have to consider Følner sequences that only intersect

non-trivially with F and F/2. For, if ΦN = GN ∪BN , where GN ⊂
⋃︁∞

N=1 FN ∪FN/2

and BN ∩ (
⋃︁∞

N=1 FN ∪ FN/2) = ∅, it holds that

dΦ(A) = lim sup
N→∞

|A ∩ ΦN |
|ΦN |

= lim sup
N→∞

|A ∩GN |
|GN |+ |BN |

≤ lim sup
N→∞

|A ∩GN |
|GN |

.

To easy the presentation, we first address two simple cases. If Φ = F or Φ = F/2,

we have that αF = 0, and so (5.6.1) holds by default. Next, we consider the case

that (ΦN )N∈N = (FN ∪ FN/2)N∈N. Then we have that

αΦ = lim
N→∞

|FN/2|
|FN |+ |FN/2|

=
1

3
.

In the integers we have that ℓ = 2 and r = 1, so this means that the right hand side

on (5.6.1) equals 7/9. At the same time

dΦ(A) = lim
N→∞

|FN |+ |FN/2|/k
|FN |+ |FN/2|

=
2 + 1/k

3
=

2k + 1

3k
≤ 7

9
,

for k ≥ 3. Similar calculations show (5.6.1) in the case that ΦN = (GN ∪HN )N∈N,

where GN ⊂ FN and HN ⊂ FN/2.

Finally, we consider the general case where ΦN = (GN ∪HN )N∈N, with GN =

GNk1
∪ · · · ∪GNkN

for GNki
⊂ Fn(N,ki), and HN = HNm1

∪ · · · ∪HNmN
for HNmi

⊂
Fm(N,mi)/2. Note that, (GN )N∈N and (HN )N∈N have to be Følner sequences also.

In order to verify (5.6.1) it suffices to show that for every N ∈ N,

|A ∩ ΦN |+ 2

3
|ΦN ∩ ΦN/2| ≤ |ΦN |+ oN→∞(1),
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which is implied by

3 |A ∩ ΦN |+ 2 |ΦN ∩ ΦN/2| ≤ 3 |ΦN |+ oN→∞(1). (5.6.2)

Now, using the definition of ΦN and A, we see that the left hand side in (5.6.2)

equals

3|GN |+ 3

k
|HN |+ 2|GN/2 ∩HN |+ oN→∞(1),

which equals

3

kN∑︂
i=1

⃓⃓⃓
GNki

⃓⃓⃓
+

3

k

mN∑︂
j=1

⃓⃓⃓
HNmj

⃓⃓⃓
+ 2

∑︂
i,j

⃓⃓⃓
GNki

/2 ∩HNmj

⃓⃓⃓
+ oN→∞(1).

Note that we have here used the fact that (HN ) is Følner and the assumption that

{FN , FN/2, FN/4 : N ∈ N} are all disjoint, because otherwise we could have other

non-trivial intersections in

ΦN ∩ ΦN/2 = (GN ∪HN ) ∩ (GN/2 ∪HN/2).

But observe that GNki
/2∩HNmj

̸= ∅ only if Fn(N,ki)/2∩Fm(N,mi)/2 ̸= ∅, i.e. only if

n(N, ki) = m(N,mi). Note also that in this case, we have |GNki
/2∩HNmj

| ≤ |HNmj
|.

For k ≥ 3 it thus follows that

3 |A ∩ ΦN |+ 2 |ΦN ∩ ΦN/2| ≤ 3

kN∑︂
i=1

⃓⃓⃓
GNki

⃓⃓⃓
+ 3

mN∑︂
j=1

⃓⃓⃓
HNkj

⃓⃓⃓
+ oN→∞(1)

=3|GN |+ 3|HN |+ oN→∞(1) = 3|ΦN |+ oN→∞(1),

showing (5.6.2) and therefore the result.

Now we prove that Theorem 1.3.3 is optimal in the sense of Question 5.2.3.

That is, for any countable abelian group, we can find a Følner sequence along which

some set achieves the threshold density of (1) Theorem 1.3.3, without containing

the sumsets of the statement. This is Theorem 1.3.5 from the introduction.

Theorem 5.6.2. Let (G,+) be a countable abelian group with ℓ = [G : 2G] < ∞.

There is a set A ⊂ G such that

dΦ(A) + dΦ/2(A) = 1,

for some Følner sequence Φ in G, but there does not exist an infinite set B ⊂ G and
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t ∈ G with B +B + t ⊂ A.

Proof. In Corollary 4.6.6 it was shown that in every countable abelian group with

[G : 2G] < ∞ there is a Følner sequence Φ that is not q.i.d. and a set A ⊂
⋃︁∞

N=1ΦN

with dΦ(A) = 1 and such that B + B + t ̸⊂ A for any infinite set B ⊂ G and any

element t ∈ G.

It follows by the proof of this corollary, and in particular, the construction in

Lemma 4.6.5 that Φ and A can be chosen so that dΦ/2(A) = 0. Hence, by passing

to a subsequence of Φ, which we still write as Φ, we obtain

dΦ(A) + dΦ/2(A) = 1,

and the proof is complete.

A similar argument shows the need to consider the same subsequence in the

densities over the two Følner sequences in Theorem 1.3.3, namely Proposition 1.3.4.

Proposition 5.6.3. Let (G,+) be a countable abelian group with ℓ = [G : 2G] < ∞
and r = | ker(D)| < ∞. There is a set A ⊂ G and a Følner sequence Φ such that

dΦ(A) + dΦ/2(A) = 2,

but there does not exist an infinite set B ⊂ G and t ∈ G with B +B + t ⊂ A.

Proof. We again rely on Corollary 4.6.6. Indeed, we can consider a non-q.i.d. Følner

sequence Φ = (ΦN ), so that Φ/2 = (ΦN/2) is also a non-q.i.d. Følner and even

ΦN ∩ (ΦN/2) = ∅ and ΦN ∩ (ΦN/4) = ∅. Moreover, we can choose Φ = (ΦN ) so

that the sets ΦN are pairwise disjoint and so are the sets ΦN/2 (see the proof of

Lemma 4.6.5 for the construction of a non-q.i.d. Følner ; this is not necessary, we

could alternatively refine the sequence so that |ΦN+1| >> |ΦN |).
Then, we consider the Følner sequence F = (FN ) defined via FN = Φ2N ∪

(Φ2N+1/2). Then, FN/2 = (Φ2N/2)∪(Φ2N+1/4) and by the disjointness assumptions

it follows that F = (FN ) is non-q.i.d. Passing to a subsequence of (FN ) if needed,

we then find a set A =
⋃︁∞

N=1AN so that AN ⊂ FN and dF (A) = 1 and there does

not exist an infinite set B ⊂ G and t ∈ G with B +B + t ⊂ A. Finally, note that

dΦ(A) + dΦ/2(A) = d(Φ2N )(A) + d(Φ2N+1/2)(A) = 2.

Addressing the optimality of Theorem 1.3.3 in the strong sense of Question 5.2.4

for all abelian groups under consideration and all Følner sequences seems to be
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a very difficult task. For the moment, we confine ourselves to proving that our

theorem is optimal in the integer setting for some special class of Følner sequences.

This is already interesting, and useful – enriching our discussion in Section 5.7 – but

the construction exploits the structure of the group Z crucially as the reader may

observe.

We say that Φ = (ΦN ) is a Følner sequence of intervals in Z if each ΦN is an

interval. In some sense, such special sequences are the building blocks of all Følner

sequences in Z. We do not make this fact precise, but the point is that the generality

of the next result (which is Proposition 5.2.5 from the introduction) is non-trivial.

Proposition 5.6.4. Let Φ be any Følner sequence of intervals in Z. Then, there

exists a set A ⊂ Z such that dΨ(A) + dΨ/2(A) = 1, along a subsequence Ψ of Φ for

which the densities exist, for which B + B + t ̸⊂ A, for any infinite set B and any

t ∈ Z.

Proof. We will choose a sequence (Nm)m∈N and construct a Følner sequence F =

(Fm)m∈N that is not q.i.d. for which Fm ⊂ ΦNm ∪ΦNm/2, such that A′ =
⋃︁∞

m=1 Fm

satisfies dΦ(A
′) + dΦ/2(A

′) = 1 and (Nm)m∈N is chosen so that

dΦ(A
′) + dΦ/2(A

′) = lim
m→∞

|Fm ∩ ΦNm |
|ΦNm |

+ lim
m→∞

|Fm ∩ ΦNm/2|
|ΦNm/2|

.

This can be arranged, for example, by choosing (Nm) so that
|ΦNm |

|ΦNm+1
|

m→∞−−−−→ 0.

Having done that, we can then use Proposition 4.6.4 in order to find a sequence

(mk)k∈N and set A ⊂ Z such that A =
⋃︁∞

k=1Amk
, where Amk

⊂ Fmk
and dF (A) =

d(Fmk
)(A) = 1, for which B+B+ t ̸⊂ A, for any infinite set B and any t ∈ Z. These

properties of A and the definition of F and A′ in turn imply that dΨ(A)+dΨ/2(A) =

1, where Ψ = (ΦNmk
)k∈N, concluding the proof.

We are left with constructing F = (Fm)m∈N. To ease notation, without loss

of generality we assume that Nm = m, so that (a posteriori) A′ =
⋃︁∞

N=1 FN with

FN ⊂ ΦN ∪ ΦN/2.

For each N ∈ N, we let SN,0 = ΦN \ ΦN/2. Then, we define SN,1 = SN,0/2
2 =

(ΦN/4) \ (ΦN/8), SN,2 = SN,0/2
4 = (ΦN/16) \ (ΦN/32) and more generally

SN,j = SN,0/2
2j = (ΦN/22j) \ (ΦN/22j+1),

for j = 0, . . . , kN , where kN is the largest integer j for which ΦN/22j∩(ΦN ∪ ΦN/2) ̸=
∅.

We then define FN =
⋃︁kN

j=0 SN,j . Observe that by the definitions, the previous

union is a disjoint union, and this will be important in the calculations to follow.
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We remark that we have used our assumption that (ΦN ) is a sequence of intervals

here.

Moreover, we observe that (SN,0) is a sequence of intervals whose lengths increase

to infinity and it readily follows that (FN ) is asymptotically invariant, i.e. a Følner

sequence. Finally,

FN/2 =

kN⋃︂
j=0

SN,j/2 =

kN⋃︂
j=0

(ΦN/22j+1) \ (ΦN/22(j+1)),

so that FN ∩ FN/2 = ∅. Thus (FN ) is a q.i.d. Følner sequence.

We then see that

|FN ∩ ΦN |
|ΦN |

=

kN∑︂
j=0

|SN,j ∩ ΦN |
|ΦN |

=
|ΦN \ ΦN/2|

|ΦN |
+

kN∑︂
j=1

|(ΦN ∩ ΦN/22j) \ ΦN/22j+1|
|ΦN |

=1− |ΦN ∩ ΦN/2|
|ΦN |

+

kN∑︂
j=1

|ΦN ∩ ΦN/22j |
|ΦN |

−
kN∑︂
j=1

|(ΦN ∩ ΦN/22j) ∩ ΦN/22j+1|
|ΦN |

.

(5.6.3)

Similarly, but noting that SN,0∩ΦN/2 = ∅, and since |HN/2| = |HN |/2+oN→∞(1),

for any Følner sequence (HN ) in Z, we get that

|FN ∩ ΦN/2|
|ΦN/2|

=

kN∑︂
j=1

|ΦN ∩ ΦN/22j−1|
|ΦN |

−
kN∑︂
j=1

|(ΦN ∩ ΦN/22j−1) ∩ ΦN/22j |
|ΦN |

+oN→∞(1).

(5.6.4)

Now, observe that ΦN ∩ΦN/2i∩ΦN/2i+1 = ΦN ∩ΦN/2i+1, where we have crucially

used that (ΦN ) is a sequence of intervals once again. Using this in (5.6.3) and (5.6.4)

we obtain that

|FN ∩ ΦN |
|ΦN |

= 1− |ΦN ∩ ΦN/2|
|ΦN |

+

kN∑︂
j=1

|ΦN ∩ ΦN/22j |
|ΦN |

−
kN∑︂
j=1

|ΦN ∩ ΦN/22j+1|
|ΦN |

(5.6.5)

and

|FN ∩ ΦN/2|
|ΦN/2|

=

kN∑︂
j=1

|ΦN ∩ ΦN/22j−1|
|ΦN |

−
kN∑︂
j=1

|ΦN ∩ ΦN/22j |
|ΦN |

+ oN→∞(1). (5.6.6)

It follows that
|FN ∩ ΦN |

|ΦN |
+

|FN ∩ ΦN/2|
|ΦN/2|

= 1 + oN→∞(1),
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where we also used that ΦN ∩ΦN/22kN+1 = ∅. Indeed, if ΦN ∩ΦN/22kN+1 ̸= ∅ then

we would also have ΦN/2 ∩ ΦN/22(kN+1) ̸= ∅, contradicting the definition of kN .

Therefore,

dΦ(A
′) + dΦ/2(A

′) = 1

and this concludes the proof.

5.7 Owings’ problem

We now present a connection between the main result and Owings’ problem men-

tioned in the introduction. The observations presented herein merely serve the

purpose of illustrating one of the reasons why our main result, Theorem 1.3.3, was

discovered – as explained in Section 5.2. Indeed, Owings’ problem was solved in the

positive very recently in [34]. Perhaps one conclusion of the considerations to follow

is, in our opinion, that there probably is no density-type of argument solution to

the problem.

Question 5.7.1. Let N = C1 ∪ C2 be a 2-colouring of the natural numbers. Does

there exist an infinite set B = {b1 < b2 < · · · } ⊂ N, such that B + B = {bi + bj :

i, j ∈ N} ⊂ Ck, for some k ∈ {1, 2}?

As was observed in Remark 3.7.2, in order to answer Question 5.7.1, one may

allow a shift in the sumsets. This follows directly from the fact that N = C1/2∪C2/2,

where Ck/2 = {n ∈ N : 2n ∈ Ck}, is also a 2-colouring of N, and the observation

that B + B + t ⊂ Ck/2 implies that (2B + t) + (2B + t) ⊂ Ck. Specifically, the

following question is equivalent to Question 5.7.1.

Question 5.7.2. Let N = C1 ∪ C2 be a 2-colouring of the natural numbers. Does

there exist an infinite set B = {b1 < b2 < · · · } ⊂ N, and some t ∈ N0, such that

B +B + t = {t+ bi + bj : i, j ∈ N} ⊂ Ck, for some k ∈ {1, 2}?

We repeat that Questions 5.7.1 and 5.7.2 both have a positive answer, as shown

in [34].

Theorem 5.7.3 ([34, Theorem 1.1]). Let N = C1 ∪C2. Then there exists i ∈ {1, 2}
and an infinite B ⊂ N such that B +B ⊂ Ci.

As an immediate corollary of Theorem 1.3.3 for the integers we obtain the result

in the natural numbers as well.

Corollary 5.7.4. Let A ⊂ N be a set and Φ = (ΦN )N∈N be a Følner sequence in

N. Then, if

dΦ(A) + dΦ/2(A) > 1, (5.7.1)
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it follows that there exists an infinite set B ⊂ N and some t ∈ N0 such that B+B ⊂
A− t.

The important observation is that if Corollary 5.7.4 (or, Theorem 1.3.3 in the

integers) was not optimal, then we would obtain an answer to Question 5.7.1 as

a direct application of this. More precisely, assume there exists a Følner sequence

Φ in N and some ε > 0 such that (5.7.1) in the context of Corollary 5.7.4 can be

replaced by dΦ(A) + dΦ/2(A) > 1 − ε, yielding the same conclusion. Then, given

any colouring N = C1 ∪C2, and passing to a subsequence of Φ = (ΦN ) if necessary,

it must be the case that

dΦ(C1) + dΦ/2(C1) + dΦ(C2) + dΦ/2(C2) = 2,

which implies that for some k ∈ {1, 2}, dΦ(Ck) + dΦ/2(Ck) > 1− ε, and thus there

exist infinite B ⊂ N and t ∈ N such that B +B ⊂ Ck − t.

We have already showed that Corollary 5.7.4 is optimal along Følner sequences

of intervals and we believe the proof should extend to all Følner sequences. In

particular, this would mean that an argument as the one laid out here cannot be

used to answer Question 5.7.2, i.e. to given an alternative proof of Theorem 5.7.3.
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Chapter 6

Asymmetric infinite sumsets

6.1 Overview

This chapter is based on the results of [38]. The first main result herein is a natural

strengthening of Theorem C, and resolves a conjecture of Kra, Moreira, Richter and

Robertson [44, Conjecture 3.10]. We show that for any set A ⊂ N with positive

upper Banach density and any ℓ,m ∈ N, there exist an infinite set B ⊂ N and some

t ∈ N so that {mb1 + ℓb2 : b1, b2 ∈ B and b1 < b2}+ t ⊂ A.

We also consider the patterns {mb1 + ℓb2 : b1, b2 ∈ B and b1 ≤ b2}, for infinite

B ⊂ N and prove that any set A ⊂ N with lower density d(A) > 1/2 contains such

configurations up to a shift. We show that the value 1/2 is optimal and obtain

analogous results for values of upper density and when no shift to the sumsets

is allowed. As in the preceding chapters, including the diagonal requires stronger

density hypotheses, and the optimal thresholds depend on the precise density notion

and on the parameters ℓ,m.

6.2 Introduction

In a survey paper, Kra, Moreira, Richter and Robertson, proposed a conjecture (see

[44, Conjecture 3.10]) which would generalise Theorem C for weighted sumsets. Our

first main result in this chapter verifies this conjecture and is the following.

Theorem 1.2.1. For any A ⊂ N with positive upper Banach density and ℓ,m ∈ N,
there exists some infinite set B ⊂ N and a number t ∈ N such that

{mb1 + ℓb2 : b1, b2 ∈ B, b1 < b2}+ t ⊂ A.
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Remark 6.2.1. If ℓ = m = 1, Theorem 1.2.1 coincides with Theorem C and more

generally, when ℓ = m, Theorem 1.2.1 can easily be deduced from Theorem C. If

ℓ ̸= m, shifts of the patterns {mb1 + ℓb2 : b1, b2 ∈ B, b1 ̸= b2} can not always be

found in sets of positive density. In fact, these sumsets are not even partition regular

as shown in [44, Example 3.9].

Our proof of Theorem 1.2.1 is ergodic-theoretic in nature. The main setup for

it is laid out in Section 6.4 and it is completed in Section 6.5, along with a slightly

stronger result (see Remark 6.5.3).

Analogously to the results of Chapter 3, we are also interested in an unrestricted

version of Theorem 1.2.1. Including the diagonal in the sumsets is an important first

step in this direction – perhaps even the best one possible.

Theorem 1.3.6. Let ℓ,m ∈ N. For any A ⊂ N with d(A) > 1/2, there exist an

infinite set B ⊂ N and some t ∈ N such that

{mb1 + ℓb2 : b1, b2 ∈ B and b1 ≤ b2}+ t ⊂ A.

Theorem 1.3.7. Let ℓ,m ∈ N and k = m/ℓ. For any A ⊂ N with d(A) > 1 −
1/(k + 2), there exist an infinite set B ⊂ N and some t ∈ N such that

{mb1 + ℓb2 : b1, b2 ∈ B and b1 ≤ b2}+ t ⊂ A.

We will in fact show that both the previous bounds are optimal (in the sense of

Propositions 3.5.1 and 3.5.2). We also stress that the bound established in Theorem

1.3.6 does not depend on the parameters m, ℓ, unlike the bound in Theorem 1.3.7,

which does so implicitly, as it depends on the ratiom/ℓ. On another note, it is easy to

see that the shift t in Theorems 1.2.1, 1.3.6 and 1.3.7 can be chosen from {0, 1, . . . , ℓ+
m−1}. Indeed, write t = (ℓ+m)j+ i, for some j ∈ N0 and i ∈ {0, 1, . . . , ℓ+m−1}.
Then, for example, the inclusion {mb1 + ℓb2 : b1, b2 ∈ B and b1 ≤ b2} + t ⊂ A can

be rewritten as {mb1 + ℓb2 : b1, b2 ∈ (B + j) and b1 ≤ b2}+ i ⊂ A.

We also prove similar results for the case of unshifted patterns.

Theorem 6.2.2. Let ℓ,m ∈ N and k = m/ℓ. For any A ⊂ N with d(A) > 1 −
1/ (ℓ(k + 1)(k + 2)), there exists an infinite set B ⊂ N such that

{mb1 + ℓb2 : b1, b2 ∈ B and b1 ≤ b2} ⊂ A.

In Section 6.6 we prove that Theorems 1.3.7 and 6.2.2 are optimal. An analogue

of Theorem 6.2.2 with lower density threshold of d(A) > 1− 1/(2(ℓ+m)) is proven

110



in Section 6.7, where we also show that this and Theorem 1.3.6 are optimal. For a

discussion about other potential unrestricted versions of Theorem 1.2.1 we refer the

reader to Section 6.8.

Our proofs of the above results use ergodic theory. An overview of how the

translation to a dynamical statement is achieved was described in Section 1.2.1.

For convenience, recall that we first relate the inclusion {mb1 + ℓb2 : b1, b2 ∈
B and b1 < b2} + t ⊂ A to the existence of a specific system (X,µ, T ), and a

triple (a, x1, x2) ∈ X3, with predetermined a ∈ X, such that
(︁
T ℓ × Tm

)︁ni (a, x1) →
(x1, x2), along a sequence (ni)i∈N. In Section 6.3.1 we explain how a classical version

of Furstenberg’s correspondence principle allows us to translate Theorem 1.2.1 to a

dynamical statement of the above form, that is, Theorem 6.3.2.

In this dynamical setting, in order to guarantee that {mb1+ℓb2 : b1, b2 ∈ B and b1 ≤
b2} + t ⊂ A, we moreover need to know that (T jℓ)nia → x2, for some j ∈ N such

that jℓ = ℓ + m. To handle the general case when the ratio k = m/ℓ is not nec-

essarily an integer, we consider a (T (⌈k⌉+1) × T )-invariant probability measure in

({0, 1}Z × {0, 1}Z, T (⌈k⌉+1) × T ), where ⌈k⌉ denotes the ceiling of k, arising from

a generic pair of points (a′, a), where a corresponds to the indicator of A, and a′

corresponds to the indicator of an auxiliary set A′ ⊂ N.
In Section 6.3.2 we formulate this version of the correspondence principle as

Lemma 6.3.8 and use it in order to deduce Theorem 1.3.7 from a dynamical state-

ment, namely Theorem 6.3.6. The proof of Lemma 6.3.8, along with that of an-

other correspondence principle which is used for the case of unshifted patterns

{mb1 + ℓb2 : b1, b2 ∈ B and b1 ≤ b2}, is given in Section 6.4.5.

Finally, we should remark that since the publication of [38], Theorem 1.2.1 has

been generalised by Hernández [22] with a far reaching result covering linear sumsets

with any finite number of summands building on the groundbreaking work of Kra,

Moreira, Richter and Robertson [45] proving a truncated density analogue of Hind-

man’s finite sums theorem. This discussion will be particularly relevant in Chapter

7.

6.3 Translation to dynamics

6.3.1 Restricted sumsets

We next define the concept of dynamical progressions – which parallels that of

Erdős progressions introduced in [41] – which as we shall see are connected to the

combinatorial patterns that we are looking for in Theorem 1.2.1.
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Definition 6.3.1. Given a topological system (X,T ) and natural numbers ℓ,m,

we say that a point (x0, x1, x3) ∈ X3 is an (ℓ,m)-Erdős progression if there exists

a sequence n1 < n2 < · · · of integers such that (T ℓ × Tm)ni(x0, x1) −→ (x1, x2) as

i → ∞.

Our first main dynamical result, the one behind Theorem 1.2.1, is the following

theorem.

Theorem 6.3.2. Let (X,µ, T ) be an ergodic system, let a ∈ gen(µ, T,Φ) for some

Følner sequence Φ and E ⊂ X be an open set with µ(E) > 0. Then, for each

ℓ,m ∈ N, there exist x1, x2 ∈ X and t ∈ N so that (a, x1, x2) ∈ X3 is an (ℓ,m)-

Erdős progression and T tx2 ∈ E.

It turns out that Theorems 1.2.1 and 6.3.2 are actually equivalent, but we shall

only deal with the required direction here. For this we need the following – parallel

of [41, Theorem 2.2] – result.

Proposition 6.3.3. Fix a topological system (X,T ) and open sets U, V ⊂ X. If

there exists an (ℓ,m)-Erdős progression (x0, x1, x2) ∈ X3 with x1 ∈ U and x2 ∈ V ,

then there exists some infinite set B ⊂ {n ∈ N : T ℓnx0 ∈ U} such that {mb1 +

ℓb2 : b1, b2 ∈ B, b1 < b2} ⊂ {n ∈ N : Tnx0 ∈ V }.

Proof. By the definition of (ℓ,m)-Erdős progressions we can find a strictly increasing

sequence (cn)n∈N such that (T ℓ × Tm)cn(x0, x1) −→ (x1, x2) as n → ∞ and each cn

is such that T ℓcnx0 ∈ U . We will construct B ⊂ {cn : n ∈ N} inductively and,

the basis of the induction being simple, we only prove the inductive step. Suppose

b1 < · · · < bn have been chosen so that

x0 ∈
⋂︂

1≤i<j≤n

T−mbi−ℓbjV and x1 ∈
⋂︂

1≤i≤n

T−mbiV.

Then, we can choose bn+1 ∈ {ck : k ∈ N} with bn+1 > bn and such that

(T ℓ × Tm)bn+1(x0, x1) ∈

⎛⎝ ⋂︂
1≤i≤n

T−mbiV

⎞⎠× V.

It follows that

x0 ∈
⋂︂

1≤i<j≤n+1

T−mbi−ℓbjV and x1 ∈
⋂︂

1≤i≤n+1

T−mbiV

and this concludes the induction. Letting B = {bn : n ∈ N}, the proof is complete.
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To prove that Theorem 6.3.2 implies Theorem 1.2.1 we shall use the following

classical version of Furstenberg’s correspondence principle.

Lemma 6.3.4 ([43, Theorem 2.10]). For a set A ⊂ N with d∗(A) > 0 there exists

an ergodic system (X,µ, T ), a Følner sequence Φ, a point a ∈ gen(µ, T,Φ) and a

clopen set E ⊂ X such that µ(E) > 0 and A = {n ∈ N : Tna ∈ E}.

Proof that Theorem 6.3.2 implies Theorem 1.2.1. Let A ⊂ N with d∗(A) > 0 and

(X,µ, T ), a ∈ X, Φ and E ⊂ X be those arising from Lemma 6.3.4. By Theorem

6.3.2, there exists a t ∈ N and an (ℓ,m)-Erdős progression (a, x1, x2) ∈ {a} ×
X × T−tE. Invoking Proposition 6.3.3 we obtain an infinite set B ⊂ N, such that

{mb1 + ℓb2 : b1, b2 ∈ B, b1 < b2} ⊂ {n ∈ N : Tna ∈ T−tE}. Since A = {n ∈ N :

Tna ∈ E}, we see that A− t = {n ∈ N : Tna ∈ T−tE}, so the theorem follows.

Apropos of this discussion, we address the necessity of the shift in Theorem

1.2.1 and also the density threshold for the unshifted version. This is merely an

observation, but for the reader’s convenience we prove it in the next proposition.

Proposition 6.3.5. Let ℓ,m ∈ N. If A ⊂ N with d∗(A) > 1− 1
(ℓ+m) , then there is

an infinite set B ⊂ N such that

{mb1 + ℓb2 : b1, b2 ∈ B, b1 < b2} ⊂ A.

Otherwise, the shift in Theorem 1.2.1 is in general necessary.

Proof. Observe that the set A = N \ (ℓ + m)N has natural density 1 − 1
(ℓ+m) and

contains no infinite sumset of the form {mb1+ ℓb2 : b1, b2 ∈ B, b1 < b2}. Indeed, the
infinity of B allows us to choose an infinite subset of it, say B′ ⊂ B, all the elements

of which are equal modulo (ℓ+m). That is, there is some j ∈ {0, 1, . . . , ℓ+m− 1}
so that any b ∈ B′ is of the form b = (ℓ + m)n + j, some n ∈ N. It follows that

mb1 + ℓb2 ∈ (ℓ + m)N, for any b1, b2 ∈ B′. This means that the shift above is

necessary and the density threshold cannot be improved.

On the other hand, if A ⊂ N with d∗(A) > 1 − 1
(ℓ+m) , it is easy to see that

d∗(A∩ (ℓ+m)N) > 0 and then by Theorem 1.2.1 there is some infinite B ⊂ N such

that

{mb1 + ℓb2 : b1, b2 ∈ B, b1 < b2} ⊂ A ∩ (ℓ+m)N ⊂ A.

Again, for the first inclusion we implicitly used the fact that infinity of B allows

us to choose an infinite subset of it, all the elements of which are equal modulo

(ℓ+m).

113



6.3.2 Lifting restrictions

In order to prove the combinatorial results in Theorems 1.3.7 and 6.2.2 we will use

the following dynamical results respectively. Recall that for a real number r ∈ R,
⌈r⌉ ∈ Z denotes its ceiling.

Theorem 6.3.6. Let (X,µ, T ) be an ergodic system and a ∈ gen(µ,Φ) for some

Følner sequence Φ. Moreover, let ℓ,m ∈ N, q = ⌈m/ℓ⌉ and consider open sets

E1, . . . , Eℓ+m, F1, . . . , Fℓ+m ⊂ X such that Fj = T−(j−1)F1, j = 1, . . . , ℓ + m,

Ei+(q+1) = T−1Ei, for i = 1, . . . , ℓ+m− q − 1, and also

(ℓ+m)µ(F1) + ℓ (µ(E1) + · · ·+ µ(Eq+1)) > ℓ(q + 1). (6.3.1)

Then, for some j ∈ {1, . . . , ℓ+m}, there exist x1, x2 ∈ X so that (a, x1, x2) ∈ X3 is

an (ℓ,m)-Erdős progression and (x1, x2) ∈ Ej × Fj.

Theorem 6.3.7. Let (X,µ, T ) be an ergodic system, let a ∈ gen(µ,Φ) for some

Følner sequence Φ and E,F ⊂ X be an open sets with

(ℓ+m)µ(F ) + ℓµ(E) > 2ℓ+m− 1, (6.3.2)

for some ℓ,m ∈ N. Then, there exist x1, x2 ∈ X such that (a, x1, x2) ∈ X3 is an

(ℓ,m)-Erdős progression and also (x1, x2) ∈ E × F .

To facilitate the transition from ergodic theory to combinatorics in this setting,

we shall again utilise the notion of (ℓ,m)−Erdős progressions as in Definition 6.3.1,

as well as Proposition 6.3.3. However, the previously used, more classical version

of Furstenberg’s correspondence principle seems to no longer be useful and we need

the adaptations presented in Lemmas 6.3.8 and 6.3.9 below, for Theorems 1.3.7 and

6.2.2, respectively.

Before stating the lemmas, we establish some notation; Σ denotes the space

{0, 1}Z and is endowed with the product topology so that it is compact metrizable.

We also let S : Σ → Σ denote the shift transformation given by S(x(n)) = x(n+1),

for any n ∈ Z, x = (x(n))n∈Z ∈ Σ.

Lemma 6.3.8. Let A ⊂ N and ℓ,m ∈ N with k = m/ℓ and let q = ⌈k⌉. Then, there

exist an ergodic system (Σ× Σ, µ, S(q+1) × S), an open set E ⊂ Σ, a pair of points

a, a′ ∈ Σ and a Følner sequence Φ, such that (a′, a) ∈ gen(µ,Φ) and

(ℓ+m)µ(Σ×E)+ℓ

q∑︂
j=0

µ(S−jE×Σ) ≥ (ℓ+m)
(︁
(k + 1) · d(A)− k

)︁
+ℓ(k+1)·d(A)+ℓ(q−k).
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It also holds that A = {n ∈ N : Sna ∈ E} and (A − j)/(ℓ + m) = {n ∈ N :

S(q+1)ℓn+ja′ ∈ E}, for each j = 0, 1, . . . , ℓ +m − 1, where (A − j)/(ℓ +m) = {n ∈
N : n(ℓ+m) + j ∈ A}.

Lemma 6.3.9. Let A ⊂ N and ℓ,m ∈ N with k = m/ℓ. Then, there exists an

ergodic system (Σ×Σ, µ, S × S), an open set E ⊂ Σ, a pair of points a′′, a ∈ Σ and

a Følner sequence Φ, such that (a′′, a) ∈ gen(µ,Φ) and

(ℓ+m)µ(Σ× E) + ℓµ(E × Σ) ≥ (2ℓ+m)
(︁
(k + 1) · d(A)− k

)︁
.

It also holds that A = {n ∈ N : Sna ∈ E} and A/(ℓ+m) = {n ∈ N : Sℓna′′ ∈ E}.

We postpone the proofs of Lemmas 6.3.8 and 6.3.9 until the end of Section 6.4.

Instead, we will finish this section by showing how to deduce Theorems 1.3.7 and

6.2.2 from their dynamical counterparts, using the tools we have acquired thus far.

To this end, we reverse the order of presentation and start with the case of no shift

because the proof is, at the very least notationally, lighter.

Proof that Theorem 6.3.7 implies Theorem 6.2.2. Let ℓ,m ∈ N and let k = m/ℓ.

Given A ⊂ N with d(A) > 1− 1/ (ℓ(k + 1)(k + 2)), we find, by way of Lemma 6.3.9,

an ergodic system (Σ× Σ, µ, S × S), an open set E ⊂ Σ, a pair of points a′′, a ∈ Σ

and a Følner sequence Φ, such that (a′′, a) ∈ gen(µ,Φ) and

(ℓ+m)µ(Σ× E)+ℓµ(E × Σ) ≥ (2ℓ+m)
(︁
(k + 1) · d(A)− k

)︁
>

(2ℓ+m)(1− 1

ℓ(k + 2)
) = 2ℓ+m− 1,

because ℓ+m = ℓ(k+1), hence ℓ(k+2) = 2ℓ+m. It follows by Theorem 6.3.7 that

there exist points (x10, x11), (x20, x21) ∈ Σ×Σ so that ((a′′, a), (x10, x11), (x20, x21)) ∈
(Σ×Σ)3 is an (ℓ,m)-Erdős progression for (Σ×Σ, µ, S×S) and ((x10, x11), (x20, x21)) ∈
(E × Σ)× (Σ× E). Then, an application of Proposition 6.3.3 yields an infinite set

B ⊂ N such that

B ⊂ {n ∈ N : (S × S)ℓn(a′′, a) ∈ E × Σ} = {n ∈ N : Sℓna′′ ∈ E}

and similarly,

{mb1 + ℓb2 : b1, b2 ∈ B and b1 < b2} ⊂ {n ∈ N : Sna ∈ E}.

Since Sℓna′′ ∈ E ⇐⇒ (ℓ+m)n ∈ A, the former inclusion rewrites as (ℓ+m)B ⊂ A

and the latter as {mb1 + ℓb2 : b1, b2 ∈ B and b1 < b2} ⊂ A. Combining these two
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we conclude that {mb1 + ℓb2 : b1, b2 ∈ B and b1 ≤ b2} ⊂ A.

Proof that Theorem 6.3.6 implies Theorem 1.3.7. Let m, ℓ ∈ N and k = m/ℓ, q =

⌈k⌉. Given A ⊂ N with d(A) > (k+1)/(k+2), we find, by way of Lemma 6.3.8, an

ergodic system (Σ×Σ, µ, S(q+1) × S), an open set E ⊂ Σ, a pair of points a′, a ∈ Σ

and a Følner sequence Φ, such that (a′, a) ∈ gen(µ,Φ) and

(ℓ+m)µ(Σ×E)+ℓ

q∑︂
j=0

µ(S−jE×Σ) ≥ (2ℓ+m)(k+1) ·d(A)+ℓ(q−k)−(ℓ+m)k >

(2ℓ+m)(k+1)
k + 1

k + 2
+ℓ(q−k)−ℓ(k+1)k = ℓ(k+1)(k+1)+ℓ(q−k)−ℓ(k+1)k = ℓ(q+1),

We now justify why Theorem 6.3.6 applies in order for us to recover an (ℓ,m)-Erdős

progression ((a′, a), (x10, x11), (x20, x21)) ∈ (Σ× Σ)3, with

(x10, x11, x20, x21) ∈ Ej × Fj = S−(j−1)E × Σ× Σ× S−(j−1)E,

for some j ∈ {1, 2, . . . , ℓ + m}. To see this, note that Ej = S−(j−1)E × Σ and so

Ej+(q+1) = (S(q+1) × S)−1Ej , for j ∈ {1, . . . , ℓ +m − q − 1}. Moreover we showed

above that

(ℓ+m)µ(Σ× E) + ℓ

q∑︂
j=0

µ(S−jE × Σ) > ℓ(q + 1),

which is precisely (6.3.1). Then, using Proposition 6.3.3 we find an infinite set

B ⊂ N such that

B ⊂ {n ∈ N : S(q+1)ℓna′ ∈ S−(j−1)E}

and

{mb1 + ℓb2 : b1, b2 ∈ B and b1 < b2} ⊂ {n ∈ N : Sna ∈ S−(j−1)E},

for some j ∈ {1, . . . , ℓ + m}. From the defining properties of a′, we see that the

former becomes B ⊂ (A− (j − 1))/(ℓ+m). Thus, unraveling the definitions, we see

that these two inclusions together translate to

{mb1 + ℓb2 : b1, b2 ∈ B and b1 ≤ b2} ⊂ A− (j − 1),

and so we conclude.
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6.4 The ergodic theory setup

6.4.1 An overview

A sufficient condition for a triple (x0, x1, x2) ∈ X3 to be an (ℓ,m)-Erdős progression

is that (x0, x1) is a (T
ℓ×Tm)-generic point for some invariant measure and (x1, x2) ∈

X × X is in the support of that measure. This is a general fact which can easily

be deduced from the definitions (see, for example, [43, Lemma 2.4]). A well-known

consequence of the mean ergodic theorem is that for an ergodic system (Y, ν, S) and

any Følner sequence, there is a subsequence Φ such that ν-almost every point y ∈ Y

is S-generic along Φ. Hence, if in the above setting µ is a T -invariant measure, we

want to consider an ergodic decomposition of µ× µ.

As in [41] we are interested in progressions with prescribed first coordinate a ∈ X

and so we will reduce to the case that the ergodic decomposition is continuous.

However, our work is different here because we need typical points to be (T ℓ×Tm)-

generic for general ℓ,m ∈ N. Another important aspect of this problem is that the

linear patterns we are looking for are still dynamically controlled by the Kronecker

factor. Therefore, we find it useful to introduce a measure σ on X ×X which gives

full measure to the set of points (x1, x2) such that (a, x1, x2) projects to an (ℓ,m)-

three term progression on the Kronecker, in a way similar to that done in [41] for

the case ℓ = m = 1.

6.4.2 Continuous ergodic decomposition

While in general the factor map from an ergodic system (X,µ, T ) to its Kronecker

(Z, ν,R) is only measurable, for our purposes we may assume that it is also a con-

tinuous surjection. Indeed, using Proposition 3.20 from [43] one can show that

Theorem 6.3.2 follows from the next seemingly weaker result. The proof of this

implication is the same as the proof that Theorem 3.2 implies Theorem 1.4 in [41]

or the proof of Theorem 3.3.1 via Theorem 3.4.4 in Chapter 3.

Theorem 6.4.1. Let (X,µ, T ) be an ergodic system and assume there is a continu-

ous factor map π to its Kronecker. Let a ∈ gen(µ, T,Φ), for some Følner sequence

Φ and E ⊂ X be an open set with µ(E) > 0. Then, there exist x1, x2 ∈ X and t ∈ N
so that (a, x1, x2) ∈ X3 is an (ℓ,m)-Erdős progression such that T tx2 ∈ E.

In a similar fashion, Theorems 6.3.6 and 6.3.7 follow from the next seemingly

weaker results, respectively, where the system is assumed to have a continuous

Kronecker factor map (essentially, the proof of Theorem 3.3.1 from Theorem 3.4.4

in Chapter 3 contains one of the analogous arguments in the case m = ℓ = 1).
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Theorem 6.4.2. Let (X,µ, T ) be an ergodic system and assume there is a continu-

ous factor map π to its Kronecker and a ∈ gen(µ, T,Φ) for some Følner sequence Φ.

Moreover, let ℓ,m ∈ N, q = ⌈m/ℓ⌉ and assume that E1, . . . , Eℓ+m, F1, . . . , Fℓ+m ⊂ X

are open sets such that Fj = T−(j−1)F1, j = 1, . . . , ℓ + m, Ei+(q+1) = T−1Ei, for

i = 1, . . . , ℓ+m− q − 1, and also

(ℓ+m)µ(F1) + ℓ (µ(E1) + · · ·+ µ(Eq+1)) > ℓ(q + 1). (6.4.1)

Then, for some j ∈ {1, . . . , ℓ+m}, there exist x1, x2 ∈ X so that (a, x1, x2) ∈ X3 is

an (ℓ,m)-Erdős progression and (x1, x2) ∈ Ej × Fj.

Theorem 6.4.3. Let (X,µ, T ) be an ergodic system and assume there is a contin-

uous factor map π to its Kronecker. Let a ∈ gen(µ, T,Φ) for some Følner sequence

Φ and E,F ⊂ X be an open sets with

(ℓ+m)µ(F ) + ℓµ(E) > 2ℓ+m− 1. (6.4.2)

Then, there exist x1, x2 ∈ X so that (a, x1, x2) ∈ X3 is an (ℓ,m)-Erdős progression

and (x1, x2) ∈ E × F .

We fix ℓ,m ∈ N and an ergodic system (X,µ, T ) with a continuous factor map

π to its Kronecker (Z, ν,R). We also fix a disintegration z ↦→ ηz of µ over the

Kronecker. Then, for every (x1, x2) ∈ X ×X we define the measure

λ(x1,x2) =

∫︂
Z
ηℓz+π(x1) × ηmz+π(x2) dν(z) (6.4.3)

on X×X. We stress that (6.4.3) is well-defined since, for each (x1, x2) ∈ X×X the

measures ηℓz+π(x1) and ηmz+π(x2) are defined for ν-almost every z ∈ Z. Note that,

because of the ergodicity of R, the subgroups ℓZ and mZ of Z both have positive

measure (see the proof of Lemma 6.4.7 for more details on this). We next examine

some properties of this (a posteriori) disintegration of µ× µ.

Proposition 6.4.4. In the above setting, the map (x1, x2) ↦→ λ(x1,x2) satisfies the

following properties.

(i). The map (x1, x2) ↦→ λ(x1,x2) is continuous.

(ii). The map (x1, x2) ↦→ λ(x1,x2) is a disintegration of µ× µ, meaning that∫︂
X×X

λ(x1,x2) d(µ× µ)(x1, x2) = µ× µ.
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(iii). For (µ × µ)-almost every (x1, x2) ∈ X ×X, the point (x1, x2) is (T ℓ × Tm)-

generic for λ(x1,x2) and λ(x1,x2) is (T ℓ × Tm)-ergodic.

(iv). For every (x1, x2) ∈ X ×X, we have that λ(x1,x2) = λ(T ℓx1,Tmx2).

The rest of this subsection is devoted to the proof of Proposition 6.4.4. The first

step is a result showing that in some sense the Kronecker is a characteristic factor.

Proposition 6.4.5. Fix an ergodic system (X,µ, T ) with Kronecker factor (Z, ν,R)

and factor map π : X → Z. Then, for any ℓ,m ∈ N and f, g ∈ L∞(X,µ) we have

that

lim
N→∞

1

N

N∑︂
n=1

f(T ℓnx0)·g(Tmnx1) = lim
N→∞

1

N

N∑︂
n=1

E(f |Z)(Rℓnπ(x0))·E(g|Z)(Rmnπ(x1)),

(6.4.4)

for (µ× µ)-almost every (x0, x1) ∈ X ×X.

Proof. Both limits in (6.4.4) exist by the pointwise ergodic theorem, so we simply

need to establish their equality in the L2 norm. By the Jacobs-de Leeuw-Glicksberg

decomposition (see [35, Theorem 2.24]) this reduces to showing that whenever either

f or g is a weak-mixing function, then

lim
N→∞

1

N

N∑︂
n=1

T ℓnf ⊗ Tmng = 0, (6.4.5)

in L2(µ×µ). Assuming, without loss of generality, that f is the weak-mixing function

and setting un = T ℓnf ⊗ Tmng this follows directly by the van der Corput lemma

(originally proven in this version in [7, Theorem 1.4]), for⃓⃓⃓⃓
⃓ 1K

K∑︂
k=1

1

N

N∑︂
n=1

⟨un+k, un⟩

⃓⃓⃓⃓
⃓ =

⃓⃓⃓⃓
⃓ 1K

K∑︂
k=1

∫︂
X
T ℓkf · f dµ

∫︂
X
Tmkg · g dµ

⃓⃓⃓⃓
⃓ ≤

∥g∥2∞
1

K

K∑︂
k=1

⃓⃓⃓⃓∫︂
X
T ℓkf · f dµ

⃓⃓⃓⃓
,

which goes to 0 as K → ∞ by the definition of weak-mixing functions and the

inequality

1

K

K∑︂
k=1

⃓⃓⃓⃓∫︂
X
T ℓkf · f dµ

⃓⃓⃓⃓
≤ ℓ

ℓK

ℓK∑︂
k=1

⃓⃓⃓⃓∫︂
X
T kf · f dµ

⃓⃓⃓⃓
.

We are now in the position to prove the main result of this subsection.
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Proof of Proposition 6.4.4. We begin by showing the map (x1, x2) ↦→ λ(x1,x2) is a

disintegration of µ× µ. Let f, g ∈ L∞(µ). Then,∫︂
X2

f ⊗ g dλ(x1,x2)d(µ× µ)(x1, x2)

=

∫︂
X2

∫︂
Z

∫︂
X
f dηℓz+π(x1)

∫︂
X
g dηmz+π(x2) dν(z)dµ(x1)dµ(x2)

=

∫︂
Z

(︃∫︂
X

∫︂
X
f dηℓz+π(x1) dµ(x1)×

∫︂
X

∫︂
X
g dηmz+π(x2) dµ(x2)

)︃
dν(z)

=

∫︂
Z

(︃∫︂
X
f dµ×

∫︂
X
g dµ

)︃
dν(z) =

∫︂
f ⊗ g d(µ× µ),

because of (6.4.3) and the fact that for each w ∈ Z,

µ =

∫︂
Z
ηz dν(z) =

∫︂
Z
ηz d(πµ)(z) =

∫︂
X
ηπ(x) dµ(x) =

∫︂
X
ηw+π(x) dµ(x).

Part (ii) follows by standard approximation arguments using Stone-Weierstrass’

theorem and the Riesz-Markov-Kakutani representation theorem.

To prove that (x1, x2) ↦→ λ(x1,x2) is continuous we need to show that for each

F ∈ C(X × X), the map (x1, x2) ↦→
∫︁
X×X F dλ(x1,x2) is continuous, because –

implicitly – the topology we endow the space of Borel measures on X × X with

is the weak* topology. To this end, by another application of Stone-Weierstrass’

theorem, we can assume that F ∈ C(X ×X) in the previous is of the form f ⊗ g,

for some f, g ∈ C(X). Now, letting f, g ∈ C(Z), these functions are also uniformly

continuous (by compactness) and so the map

(v, w) ↦→
∫︂
Z
f(ℓz + v) g(mz + w) dν(z)

is continuous. Thus, the density of C(Z) in L2(Z,m) implies the continuity of the

analogous map for f, g ∈ L2(Z,m).

Now, if f, g ∈ C(X), we have that E(f |Z),E(g|Z) ∈ L2(Z,m) and so we see that

(x1, x2) ↦→
∫︂
Z
E(f |Z)(ℓz + π(x1)) E(g|Z)(mz + π(x2)) dν(z)

is continuous as the composition of continuous maps. Noting that E[f |Z](z) =∫︁
X f dηz for ν-almost every z ∈ Z, we see that∫︂

X×X
f ⊗ g dλ(x1,x2) =

∫︂
Z
E(f |Z)(ℓz + π(x1)) E(g|Z)(mz + π(x2)) dν(z) (6.4.6)
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and so the continuity of (x1, x2) ↦→ λ(x1,x2) follows.

Property (iv) is immediate up to null sets because π ◦ T = R ◦ π as π is a

factor map and then, the established continuity of the decomposition implies it for

all points (x1, x2) ∈ X ×X.

We are only left with proving that (x1, x2) ↦→ λ(x1,x2) is a (T ℓ × Tm)−ergodic

decomposition of µ × µ, because then part (iii) follows as a consequence of the

pointwise ergodic theorem (see, for example, [43, Corollary 2.9]). In other words,

we have to show that for each bounded and measurable F : X × X → C it holds

that ∫︂
X×X

F dλ(x1,x2) = E(F |I)(x1, x2),

for (µ × µ)−almost every (x1, x2) ∈ X × X, where I denotes the σ-algebra of

(T ℓ × Tm)−invariant sets on X ×X. By the ergodic theorem, this is equivalent to

showing that

lim
N→∞

1

N

N∑︂
n=1

F (T ℓnx1, T
mnx2) =

∫︂
X×X

F dλ(x1,x2),

for (µ×µ)−almost every (x1, x2) ∈ X×X and by standard approximation arguments

this reduces to showing that

lim
N→∞

1

N

N∑︂
n=1

f(T ℓnx1) · g(Tmnx2) =

∫︂
X×X

f ⊗ g dλ(x1,x2),

for (µ× µ)−almost every (x1, x2) ∈ X ×X and every f, g ∈ L∞(X,µ). By (6.4.4),

it suffices to show that

lim
N→∞

1

N

N∑︂
n=1

E(f |Z)(Rℓnπ(x1)) ·E(g|Z)(Rmnπ(x2)) =

∫︂
X×X

f⊗g dλ(x1,x2), (6.4.7)

for (µ × µ)-almost every (x1, x2) ∈ X × X. As the limit in (6.4.7) exists almost

everywhere, and the dominated convergence theorem applies, it suffices to prove

convergence in L2(µ × µ). By (6.4.6) and the density of (tensor products of) con-

tinuous functions in L2(ν × ν) it thus suffices to show that

lim
N→∞

1

N

N∑︂
n=1

ϕ1(R
ℓnz1) · ϕ2(R

mnz2) =

∫︂
Z

ϕ1(ℓz + z1) · ϕ2(mz + z2) dν(z), (6.4.8)

for any ϕ1, ϕ2 ∈ C(Z) and any z1, z2 ∈ Z.

With this reduction, the algebraic structure of rotations in compact abelian
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groups (see, for example, [31, Chapter 4]) allows us to conclude. More precisely,

given ϕ1, ϕ2 ∈ C(Z) and z1, z2 ∈ Z, the function ϕ : Z → C given by

ϕ(z) = ϕ1(ℓz + z1) · ϕ2(mz + z2)

is continuous, and therefore by the unique ergodicity of group rotations we have

that

lim
N→∞

1

N

N∑︂
n=1

ϕ(Rn(0)) =

∫︂
Z
ϕ(z) dν(z) =

∫︂
Z
ϕ1(ℓz + z1) · ϕ2(mz + z2) dν(z).

Finally, ϕ(Rn(0)) = ϕ1(R
ℓnz1) ·ϕ2(R

mnz2), for each n ∈ N, and thus (6.4.8) follows.

6.4.3 A measure on (ℓ,m)−Erdős progressions and some properties

As above, (X,µ, T ) is an ergodic system and (Z, ν,R) is its Kronecker factor with

(continuous) factor map π : X → Z, and R is a rotation by some b ∈ Z. Moreover,

we let a ∈ gen(µ, T,Φ), for some Følner sequence Φ. Given ℓ,m ∈ N we consider

the measure

σa =

∫︂
Z
ηℓz+π(a) × η(ℓ+m)z+π(a) dν(z) (6.4.9)

on X × X. The first useful property of σa which relates to the disintegration

(x1, x2) ↦→ λ(x1,x2) reads as follows.

Lemma 6.4.6. For σa-almost every (x1, x2) ∈ X×X it holds that λ(a,x1) = λ(x1,x2).

Proof. It is obvious from the definition of σa that the set P defined by

P = {(x1, x2) ∈ X×X : π(x1) = ℓw+π(a) and π(x2) = (ℓ+m)w+π(a), for some w ∈ Z}

has σa(P ) = 1. We fix (x1, x2) ∈ P and let w ∈ Z be such that π(x1) = ℓw + π(a)

and π(x2) = (ℓ + m)w + π(a). The proof will be complete once we show that

λ(x1,x2) = λ(a,x1). To this end, since ν is a shift invariant measure, making the

change of variables z ↦→ z − w we get that

λ(x1,x2) =

∫︂
Z
ηℓz+ℓw+π(a)×ηmz+(ℓ+m)w+π(a) dν(z) =

∫︂
Z
ηℓz+π(a)×ηmz+ℓw+π(a) dν(z),

which equals λ(a,x1) since π(x1) = ℓw + π(a).

The last result illuminates why this particular definition of σa is useful. The

measure was defined so that it essentially only witnesses pairs (x1, x2) ∈ X×X whose

122



projection on the Kronecker give rise to 3-term (ℓ,m)-progressions in Z through

(π(a), π(x1), π(x2)). This is apparent from the equalities π(x1) − π(a) = ℓw and

π(x2)− π(x1) = mw, some w ∈ Z, which hold for any (x1, x2) ∈ P.

Then, a potential route to finding (ℓ,m)-Erdős progressions of the form (a, x1, x2) ∈
X3 is laid out. It is sufficient to find a pair (x1, x2) ∈ P with (x1, x2) ∈ suppλ(x1,x2),

and such that (a, x1) is (T
ℓ×Tm)-generic for λ(a,x1), which coincides with λ(x1,x2). To

this end, we shall also need two relations between the measure µ and push-forwards

of projections of σa.

Lemma 6.4.7. Let πi : X ×X → X denote the projection (x1, x2) ↦→ xi onto the

i-th coordinate, where i ∈ {1, 2}. Then, 1
ℓ

(︁
π1σa + Tπ1σa + · · ·+ T ℓ−1π1σa

)︁
= µ

and 1
ℓ+m

(︁
π2σa + Tπ2σa + · · ·+ T ℓ+m−1π2σa

)︁
= µ.

Proof. We only prove the first claim as the second one follows similarly. Let ℓZ

denote the subgroup {ℓz = z + z + · · · + z with ℓ summands: z ∈ Z} and let ξ

denote its Haar measure. Ergodicity of R means that {Rn0 : n ∈ N} is dense in Z,

and thus Z = (ℓZ)∪ (R(ℓZ))∪ · · · ∪ (Rℓ−1(ℓZ)). Therefore, there exists w ∈ Z and

j ∈ {0, 1, . . . , ℓ− 1} such that π(a) = Rj(ℓw) = ℓw + jb, so that

π1σa =

∫︂
Z
ηℓz+π(a) dν(z) =

∫︂
Z
ηℓ(z+w)+jb dν(z) =

∫︂
ℓZ+jb

ηu d(Rjξ)(u).

Finally, T iηu = ηRiu and Rℓξ = ξ, which implies that

1

ℓ
T iπ1σa =

∫︂
ℓZ+jb

T iηu d
1

ℓ
(Rjξ)(u) =

∫︂
ℓZ+(j+i)b

ηu d
1

ℓ
(Rj+iξ)(u),

for each i ∈ {0, 1, . . . , ℓ− 1}, where j + i is taken mod ℓ and thus

1

ℓ

(︂
π1σa + · · ·+ T ℓ−1π1σa

)︂
=

∫︂
Z
ηz d

1

ℓ
(ξ +Rξ + · · ·+Rℓ−1ξ)(z) = µ.

6.4.4 Support of the measure on (ℓ,m)−Erdős progressions

We begin with some notational remarks. Recall our setting; We have an ergodic

system (X,µ, T ) with a continuous factor map π to its Kronecker (Z, ν,R), say R

is the rotation by some b ∈ Z, and a generic point a ∈ gen(µ, T,Φ) for some Følner

sequence Φ. We write z → ηz for the disintegretion of µ over π. Then if k ∈ N is

any, we can define Xi = π−1(Ri(kZ)), for i = 0, 1, . . . , k−1 and consider the ergodic
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components of µ for the transformation T k given by

µi =

∫︂
Z
ηkz+ib dν(z) =

∫︂
kZ+ib

ηu d(Riζ)(u), (6.4.10)

where ζ is the Haar measure on kZ. This subsection is devoted to showing that if

S = {(x1, x2) ∈ X ×X : (x1, x2) ∈ supp(λ(x1,x2))}, (6.4.11)

then σa(S) = 1. We begin with an extension of [41, Proposition 3.10].

Remark 6.4.8. In the above setting, for any x ∈ Xi we have that π(x) = kw + ib,

some w ∈ Z, i = 0, 1, . . . , k − 1.

For the next result we use notation from [41]. In particular, F(X) denotes the

family of non-empty and closed subsets of the compact metric space (X, d), endowed

with the Hausdorff metric, denoted by H.

Proposition 6.4.9. Fix a system (X,µ, T ) and a continuous factor map π to its

Kronecker factor (Z, ν,R). Also fix k ∈ N and a disintegration z ↦→ ηz over π. There

is a sequence δ(j) → 0, such that for µ-almost every x ∈ X (with π(x) = kw+ ib as

in Remark 6.4.8 ) the following holds: for every neighbourhood U of x we have

lim
j→∞

ν ({z ∈ Z : ηkz+ib(U) > 0} ∩B(w, δ(j)))

ν(B(w, δ(j)))
= 1. (6.4.12)

Remark. This result almost follows directly from [41, Proposition 3.10] by consider-

ing the finitely many ergodic components of (X,µ, T k). Some additional information

provided here is the fact that the sequence (δ(j))j∈N does not depend on the choice

of the ergodic component.

Proof. We consider the maps Φi : Z → (X) defined by Φi(z) = supp(ηkz+ib), for

any z ∈ Z and i ∈ {0, 1, 2, . . . , k − 1}. These maps are Borel measurable as the

composition of three Borel measurable maps, z ↦→ kz+ ib, z ↦→ ηz and ν ↦→ supp(ν)

(the latter is measurable in way of Lemma 3.8 of [41]).

Just like in the proof of Proposition 3.10 of [41], by Lusin’s theorem, for each

j ∈ N there is a closed set Zi,j ⊂ Z with ν(Zi,j) > 1− 2−j and a δ(i, j) > 0 so that

for all z1, z2 ∈ Zi,j ,

d(z1, z2) ≤ δ(i, j) =⇒ H(Φi(z1),Φi(z2)) <
1

j
.
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If we consider the sets

Ki,j = {z ∈ Zi,j : ν (B(z, δ(i, j)) ∩ Zi,j) >

(︃
1− 1

j

)︃
ν (B(z, δ(i, j))}

and let Ki =
⋃︁

M≥1

⋂︁
j≥M Ki,j it follows by the same argument as in the proof of

Proposition 3.10 in [41] that ν(Ki) = 1.

Next, we let L′
i = {x ∈ X : x ∈ supp(ηπ(x))} ∩ π−1(kKi + ib). By the above we

see that ν(kKi) = ν(kZ) and since µ({x ∈ X : x ∈ supp(ηπ(x))}) = 1 (see Lemma

3.9 in [41]) it follows that µi(L
′
i) = 1. Thus, setting L′ = L′

0 ∪ L′
1 ∪ · · · ∪ L′

k−1 we

have µ(L′) = 1.

Fix x ∈ L′, and i ∈ {0, 1, . . . , k − 1} so that x ∈ L′
i and let U be an open

neighbourhood of x. In this case π(x) = kw + ib, some w ∈ Ki, because π(x) ∈
kKi + ib. Now, as w ∈ Ki and U is open there is j0 ∈ N such that w ∈ Ki,j and

B(x, 1/j) ⊂ U , for all j ≥ j0. We claim that

B(w, δ(i, j)) ∩ Zi,j ⊂ H := {z ∈ Z : ηkz+ib(U) > 0}. (6.4.13)

Indeed, let w′ ∈ B(w, δ(i, j)) ∩ Zi,j . As d(w′, w) < δ(i, j) and w′, w are continuity

points for Φi, we see that H(Φi(w),Φi(w
′)) < 1/j. Then, because x ∈ Φi(w), there

exists x′ ∈ Φi(w
′) with d(x, x′) < 1/j. This of course implies that x′ ∈ U and so

x′ ∈ U ∩ Φi(w
′). As Φi(w

′) = supp(ηkw′+ib) it follows that ηkw′+ib(U) > 0, that is

w′ ∈ H. As w ∈ Ki,j it follows from (6.4.13) and by the construction of Zi,j that

ν(H ∩B(w, δ(i, j))

ν(B(w, δ(i, j))
≥ 1− 1

j
,

for all j ≥ j0. This then implies that

lim
j→∞

ν(H ∩B(w, δ(i, j))

ν(B(w, δ(i, j))
= 1.

Setting δ(j) = min{i=0,1,...,k−1} δ(i, j), for each j ∈ N, gives (6.4.12).

We are now in the position to prove the main result of this section.

Proposition 6.4.10. Let S = {(x1, x2) ∈ X ×X : (x1, x2) ∈ supp(λ(x1,x2))} as in

(6.4.11). Then σa(S) = 1.

Proof. Using Proposition 6.4.9 above for k = ℓ and k = m, we find a sequence

δ(j) → 0 and two sets L,L′ ⊂ X such that each point x′ ∈ L′ satisfies (6.4.12)

with k = ℓ and each x ∈ L satisfies (6.4.12) with k = m. Now, µ(L) = µ(L′) = 1
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and using Lemma 6.4.7 we see that σa(L
′ × L) = 1. To see this simply note that

L′ × L = (L′ ×X) ∩ (X × L) and π1σa(L
′) = π2σa(L) = 1. We have thus reduced

matters to showing that L′ × L ⊂ S.

To this end, let (x0, x1) ∈ L′ × L and U0, U1 be neighbourhoods of x0, x1 re-

spectively. It suffices to verify that λ(x0,x1)(U) > 0, where U = U0 × U1. Writing

π(x0) = ℓw0 + i0b and π(x1) = mw1 + i1b as in Remark 6.4.8, we have that

λ(x0,x1) =

∫︂
Z
ηℓz+ℓw0+i0b × ηmz+mw1+i1b dν(z)

and making the change of variables z ↦→ z − w0 we see that

λ(x0,x1)(U) =

∫︂
Z
ηℓz+i0b(U0)× ηmz+m(w1−w0)+i1b(U1) dν(z).

Now, as x0 ∈ L′ and x1 ∈ L, there is δ > 0 such that

ν ({z ∈ Z : ηℓz+i0b(U0) > 0} ∩B(w0, δ))

ν(B(w0, δ))
≥ 5

6
(6.4.14)

and also
ν ({z ∈ Z : ηmz+i1b(U1) > 0} ∩B(w1, δ))

ν(B(w1, δ))
≥ 5

6
.

But {z ∈ Z : ηmz+i1b(U1) > 0} − (w1 − w0) = {z ∈ Z : ηmz+m(w1−w0)+i1b(U1) > 0}
and so we get

ν
(︁
{z ∈ Z : ηmz+m(w1−w0)+i1b(U1) > 0} ∩B(w0, δ)

)︁
ν(B(w0, δ))

≥ 5

6
. (6.4.15)

Finally, we consider the set G defined by

W = {z ∈ Z : ηℓz+i0b(U0) > 0 and ηmz+m(w1−w0)+i1b(U1) > 0}.

It is clear from (6.4.14) and (6.4.15) that W contains at least half of the ball B(w0, δ)

and thus ν(W ) > 0. As for all z ∈ W we have

ηℓz+i0b × ηmz+m(w1−w0)+i1b(U0 × U1) > 0

and ν(W ) > 0, it follows that λ(x0,x1)(U0 × U1) > 0, as desired.
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6.4.5 Proofs of correspondence principles

We move on to prove the correspondence principle-type of results stated in Lemmas

6.3.8 and 6.3.9. We start with the latter as it has a slightly simpler proof.

Recall that Σ denotes the space {0, 1}Z and is endowed with the product topology

so that it is compact metrizable. We also let S : Σ → Σ denote the shift transfor-

mation given by S(x(n)) = x(n + 1), for any n ∈ Z, x = (x(n))n∈Z ∈ Σ. We also

recall the statements for convenience.

Lemma 6.3.9. Let A ⊂ N and ℓ,m ∈ N with k = m/ℓ. Then, there exists an

ergodic system (Σ×Σ, µ, S × S), an open set E ⊂ Σ, a pair of points a′′, a ∈ Σ and

a Følner sequence Φ, such that (a′′, a) ∈ gen(µ,Φ) and

(ℓ+m)µ(Σ× E) + ℓµ(E × Σ) ≥ (2ℓ+m)
(︁
(k + 1) · d(A)− k

)︁
.

It also holds that A = {n ∈ N : Sna ∈ E} and A/(ℓ+m) = {n ∈ N : Sℓna′′ ∈ E}.

Proof. Let A ⊂ N. By definition, there exists a sequence (Ni) of positive integers

such that

d(A) = lim
i→∞

|A ∩ [1, Ni]|
Ni

.

We let a ∈ Σ = {0, 1}Z be the indicator of A, that is,

a(n) =

⎧⎨⎩ 1 if n ∈ A

0 otherwise.

Moreover, we let a′′ ∈ Σ be defined by

a′′(n) =

⎧⎨⎩ a((ℓ+m)i) if n = ℓi, some i ∈ N

1 otherwise.

If E = {x ∈ Σ: x(0) = 1}, we observe that E is clopen in Σ, A = {n ∈ N : Sna ∈ E}
and also

{n ∈ N : Sℓna′′ ∈ E} = {n ∈ N : S(ℓ+m)na ∈ E} = A/(ℓ+m).

Now let N ′
i = ⌊Ni/(k + 1)⌋, for all i ∈ N, i ≥ k + 1, and consider the sequence of

Borel probability measures (µi) on Σ× Σ given by

µi =
1

N ′
i

N ′
i∑︂

n=1

δ(S×S)n(a′′,a).
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Letting µ′ be a weak* accumulation point of (µi) we obtain an (S × S)-invariant

measure. It follows by definition that for all i ∈ N, i ≥ k + 1, we have

µi(Σ× E) =
1

N ′
i

N ′
i∑︂

n=1

δSna(E) =
|A ∩ [1, N ′

i ]|
N ′

i

. (6.4.16)

For any such i we also have that

µi(Σ× E) =
1

N ′
i

N ′
i∑︂

n=1

δSna(E) =
1

N ′
i

⎛⎝ Ni∑︂
n=1

δSna(E)−
Ni∑︂

n=N ′
i+1

δSna(E)

⎞⎠
≥ k + 1

Ni

(︄
Ni∑︂
n=1

δSna(E)− k

k + 1
Ni + oNi→∞(Ni)

)︄

= (k + 1)
|A ∩ [1, Ni]|

Ni
− k + oNi→∞(1) (6.4.17)

Taking limits in (6.4.17) as i → ∞ we have, by the definition of µ′, the fact that

E ⊂ X is clopen and the choice of (Ni) that

µ′(Σ× E) ≥ (k + 1) · d(A)− k. (6.4.18)

On the other hand, for any i ∈ N, i ≥ k + 1, we have that

µi(E × Σ) =
1

N ′
i

N ′
i∑︂

n=1

δSna′′(E) =
1

N ′
i

⎛⎝ N ′
i∑︂

n=1,n/∈ℓN

δSna′′(E) +

⌊N ′
i/ℓ⌋∑︂

n=1

δSℓna′′(E)

⎞⎠
=

1

N ′
i

⎛⎝N ′
i − ⌊N

′
i

ℓ
⌋+

⌊N ′
i/ℓ⌋∑︂

n=1

δS(ℓ+m)na(E)

⎞⎠ ≥ 1− 1

ℓ
+

1

N ′
i

⌊Ni/(ℓ+m)⌋−2∑︂
n=1

δS(ℓ+m)na(E)

= 1− 1

ℓ
+ (k + 1)

|A ∩ (ℓ+m)N ∩ [1, Ni]|
Ni

+ oNi→∞(1), (6.4.19)

where in the inequality we used that ℓ+m = ℓ(k + 1). Now, observe that

|A ∩ (ℓ+m)N ∩ [1, Ni]| = |A ∩ [1, Ni]| − |A ∩ (N \ (ℓ+m)N) ∩ [1, Ni]|,

so that

lim inf
i→∞

|A ∩ (ℓ+m)N ∩ [1, Ni]|
Ni

≥ d(A)− 1 +
1

(ℓ+m)
.
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Using this and taking limits as i → ∞ in (6.4.19) we see that

µ′(E × Σ) ≥ 1− 1

ℓ
+ (k + 1)

(︃
d(A)− 1 +

1

ℓ+m

)︃
= (k + 1) · d(A)− k. (6.4.20)

Combining (6.4.18) and (6.4.20) we have that

(ℓ+m)µ′(Σ× E) + ℓµ′(E × Σ) ≥ (2ℓ+m)
(︁
(k + 1) · d(A)− k

)︁
.

Although µ′ is not necessarily ergodic, we can use its ergodic decomposition to find

an (S × S)-ergodic component of it, call it µ, such that

(ℓ+m)µ(Σ× E) + ℓµ(E × Σ) ≥ (2ℓ+m)
(︁
(k + 1) · d(A)− k

)︁
.

We conclude as in the proof of Lemma 3.3.3.

Lemma 6.3.8. Let A ⊂ N and ℓ,m ∈ N with k = m/ℓ and let q = ⌈k⌉, the ceiling

of k. Then, there exist an ergodic system (Σ×Σ, µ, S(q+1)×S), an open set E ⊂ Σ,

a pair of points a, a′ ∈ Σ and a Følner sequence Φ, such that (a′, a) ∈ gen(µ,Φ) and

(ℓ+m)µ(Σ×E)+ℓ

q∑︂
j=0

µ(S−jE×Σ) ≥ (ℓ+m)
(︁
(k + 1) · d(A)− k

)︁
+ℓ(k+1)·d(A)+ℓ(q−k).

It also holds that A = {n ∈ N : Sna ∈ E} and (A − j)/(ℓ + m) = {n ∈ N :

S(q+1)ℓn+ja′ ∈ E}, for each j = 0, 1, . . . , ℓ +m − 1, where (A − j)/(ℓ +m) = {n ∈
N : n(ℓ+m) + j ∈ A}.

Proof. Let A ⊂ N. As before, let (Ni) be a sequence of integers such that

d(A) = lim
i→∞

|A ∩ [1, Ni]|
Ni

and a ∈ Σ = {0, 1}Z be the indicator of A. This time we let a′ ∈ Σ be defined by

a′(n) =

⎧⎨⎩ a(ℓ(k + 1)i+ j) if n = ℓ(q + 1)i+ j, i ∈ N, j ∈ {0, 1, . . . , ℓ(k + 1)− 1}

1 otherwise.

Observe that a′ is well-defined because ℓ(k+1) ≤ ℓ(q+1). If E = {x ∈ Σ: x(0) = 1},
we observe that E is clopen in Σ, A = {n ∈ N : Sna ∈ E} and, since (ℓ + m)n =

ℓ(k + 1)n,

{n ∈ N : S(q+1)ℓn+ja′ ∈ E} = {n ∈ N : S(ℓ+m)n+ja ∈ E} = (A− j)/(ℓ+m),
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for each j ∈ {0, 1, . . . , ℓ + m − 1}. Now let N ′
i = ⌊Ni/(k + 1)⌋, for all i ∈ N and

consider the sequence of Borel probability measures (µi) on Σ× Σ given by

µi =
1

N ′
i

N ′
i∑︂

n=1

δ(S(q+1)×S)n(a′,a),

if i ≥ k + 1, and let µ′ be a weak* accumulation point of (µi). As before we have

that

µ′(Σ× E) ≥ (k + 1) · d(A)− k, (6.4.21)

On the other hand, for any i ∈ N, i ≥ k + 1, we have that

q∑︂
j=0

µi(S
−jE × Σ) =

1

N ′
i

q∑︂
j=0

N ′
i∑︂

n=1

δS(q+1)na′(S
−jE)

=
k + 1

Ni

⎛⎝N ′
i(q+1)∑︂
n=1

δSna′(E)

⎞⎠+ oNi→∞(1). (6.4.22)

We can relate this with the density of A because

N ′
i(q+1)∑︂
n=1

δSna′(E)

=

⌊Ni/(ℓ(k+1))⌋∑︂
n=1

ℓ(k+1)−1∑︂
j=0

δSℓ(q+1)n+ja′(E) +

⌊Ni/(ℓ(k+1))⌋∑︂
n=1

ℓ(q+1)−1∑︂
j=ℓ(k+1)

1 + oNi→∞(Ni)

=

⌊Ni/(ℓ(k+1))⌋∑︂
n=1

ℓ+m−1∑︂
j=0

δS(ℓ+m)n+ja(E) +
Ni

ℓ(k + 1)
(ℓ(q + 1)− ℓ(k + 1)) + oNi→∞(Ni)

=

Ni∑︂
n=1

δSna +Ni
q − k

k + 1
+ oNi→∞(Ni) = |A ∩ [1, Ni]|+Ni

q − k

k + 1
+ oNi→∞(Ni),

where we have used, when convenient, the equality ℓ + m = ℓ(k + 1) and the fact

that q = ⌈k⌉ ≥ k. Using this in (6.4.22) and taking limits as i → ∞ we see that

q∑︂
j=0

µ′(S−jE × Σ) ≥ (k + 1) · d(A) + q − k. (6.4.23)
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It follows by combining (6.4.21) and (6.4.23) that

(ℓ+m)µ′(Σ× E) + ℓ

q∑︂
j=0

µ′(S−jE × Σ) ≥

(ℓ+m)
(︁
(k + 1) · d(A)− k

)︁
+ ℓ(k + 1) · d(A) + ℓ(q − k).

The rest of the proof follows the same arguments as the previous one.

6.5 Proofs of main dynamical theorems

For the proof of our main result we need a lemma that guarantees (T ℓ×Tm)-generic

points, for almost all the measures λ(a,x1) with prescribed first coordinate.

Lemma 6.5.1. If (X,µ, T ) is an ergodic system and a ∈ gen(µ,Φ) for some Følner

sequence Φ, then for µ-almost every x1 ∈ X we have that (a, x1) is (T
ℓ×Tm)-generic

for λ(a,x1).

Proof. The proof is an adaptation of the proof of [41, Lemma 3.12], but requires a

few adjustments which are not immediately obvious.

Using property (iii) of Proposition 6.4.4 and Fubini’s theorem it follows that for

each one of a full measure set of points x′ ∈ supp(µ) there is a full measure set of

points x ∈ X so that (x′, x) ∈ gen(λ(x′,x), T
ℓ×Tm,Φ′), where Φ′ = ({1, . . . , N})N∈N.

We let (Gj)
∞
j=1 be a dense subset of C(X×X) and for each j ∈ N we set G̃j(x, y) =∫︁

X×X Gj dλ(x,y). As the map (x1, x2) ↦→ λ(x1,x2) is continuous and (T ℓ × Tm)-

invariant, it follows that each G̃j is continuous and (T ℓ × Tm)-invariant.

Now, as a ∈ gen(µ, T,Φ) we have that supp(µ) ⊂ OT (a) ⊂
⋃︁ℓ−1

j=0OT ℓ(T ja),

where OS(a) is the (forward) orbit of a under a homeomorphism S : X → X,

i.e. {Sna : n ∈ N}. Therefore, µ(OT ℓ(a)) > 0 and so we can choose some x′ as

above with x′ ∈ OT ℓ(a). This allows us to find, for each k ∈ N and N(k) ∈ N,
an s(k) ∈ N such that max1≤n≤N(k)

⃦⃦
Gj(T

ℓnx′, ·)−Gj(T
ℓ(n+s(k))a, ·)

⃦⃦
∞ < 2−k and⃦⃦⃦

G̃j(x
′, ·)− G̃j(T

ℓs(k)a, ·)
⃦⃦⃦
∞

< 2−k for all j ≤ k.

Because (x′, x) is (T ℓ ×Tm)-generic for λ(x′,x) for µ-almost every x ∈ X, we can

find for each k ∈ N some N(k) ∈ N such that

Fk(x) = max
1≤j≤k

⃓⃓⃓⃓
⃓⃓ 1

N(k)

N(k)∑︂
n=1

Gj(T
ℓnx′, Tmnx)− G̃j(x

′, x)

⃓⃓⃓⃓
⃓⃓
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satisfies ∥Fk∥L1(µ) < 2−k. By the choice of s(k) we have that

F̃k(x) := max
1≤j≤k

⃓⃓⃓⃓
⃓⃓ 1

N(k)

N(k)∑︂
n=1

Gj(T
ℓ(n+s(k))a, Tmnx)− G̃j(T

ℓs(k)a, x)

⃓⃓⃓⃓
⃓⃓

satisfies
⃦⃦⃦
F̃k

⃦⃦⃦
L1(µ)

< 3
/︁
2k. Then, by the (T ℓ×Tm)-invariance of G̃j , we can consider

Ψk = {s(k) + 1, . . . , s(k) +N(k)} and then we see that

F ′
k(x) := F̃k(T

ms(k)x) = max
1≤j≤k

⃓⃓⃓⃓
⃓⃓ 1

|Ψk|
∑︂
n∈Ψk

Gj(T
ℓna, Tmnx)− G̃j(a, x)

⃓⃓⃓⃓
⃓⃓ .

As µ is T−invariant it follows that ∥F ′
k∥L1(µ) =

⃦⃦⃦
F̃k

⃦⃦⃦
L1(µ)

and so, if we define

F (x) :=
∑︁∞

k=1 F
′
k(x) it follows that ∥F∥L1(µ) < ∞ and so F is finite µ-almost

everywhere. Finally, for each x1 ∈ X such that F (x1) < ∞ it must hold that

F ′
k(x1) −→ 0 as k → ∞ and so (a, x1) ∈ gen(λ(a,x1), T

ℓ × Tm,Ψ).

Combining some of the above results we can guarantee the existence of (ℓ,m)-

Erdős progressions via the following analogue of Proposition 3.4.3. The proof is

almost identical and so we omit it. For reference, the established properties of the

measures σa and λ(x1,x2) used in the proof are those in Lemmas 6.4.7, 6.5.1, and

Proposition 6.4.10.

Proposition 6.5.2. Let (X,µ, T ) be an ergodic system and assume there is a con-

tinuous factor map π : X → Z to its Kronecker factor. Let a ∈ gen(µ,Φ), for some

Følner sequence Φ. Then for σa-almost every (x1, x2) ∈ X×X, the point (a, x1, x2)

is an (ℓ,m)-Erdős progression.

We are now in the position to prove all our main dynamical results. Before

presenting the proofs, we emphasise again that, according to our discussion in the

beginning of Section 6.4.2, these theorems also imply Theorems 6.3.2, 6.3.6 and

6.3.7, respectively.

Proof of Theorem 6.4.1. Since for σa-almost every point (x1, x2) ∈ X×X the triple

(a, x1, x2) is an (ℓ,m)-Erdős progression by Proposition 6.5.2, we simply need to

show that σa(X × T−tE) > 0 for some t ∈ N. The latter follows directly by the fact

that π2σa
(︁⋃︁

t∈N T−tE
)︁
> 0. Indeed, as µ is ergodic we have that µ(

⋃︁
t∈N T−tE) = 1

and thus, in way of Lemma 6.4.7, we actually see that π2σa
(︁⋃︁

t∈N T−tE
)︁
= 1.
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Remark 6.5.3. In fact one can modify the above proof to show that there exist

t1, t2 ∈ N such that σa(E × T−t1E) > 0 and σa(T
−t2E × T−t2E) > 0. These in turn

guarantee (ℓ,m)-Erdős progressions (a, x1, x2), (a, x
′
1, x

′
2) ∈ X3 with

(x1, T
t1x2), (T

t2x′1, T
t2x′2) ∈ E × E

and then, Theorem 1.2.1 can be strengthened, so that for any set A ⊂ N with

d∗(A) > 0 the following hold:

(i) There exist an infinite set B ⊂ N and a shift t ∈ N such that ℓB ⊂ A and

{mb1 + ℓb2 : b1, b2 ∈ B, b1 < b2}+ t ⊂ A.

(ii) There exist an infinite set B ⊂ N and a shift t ∈ N such that

ℓB ∪ {mb1 + ℓb2 : b1, b2 ∈ B, b1 < b2} ⊂ A− t.

Proof of Theorem 6.4.2. Applying Proposition 6.5.2 once again, we only have to

show that for some j ∈ {1, . . . , ℓ +m}, σa(Ej × Fj) > 0, because this would imply

the existence of x1, x2 ∈ X so that (a, x1, x2) ∈ X3 is an (ℓ,m)-Erdős progression

and (x1, x2) ∈ Ej × Fj . This would follow from the inequality

σa(Ej ×X) + σa(X × Fj) > 1, (6.5.1)

because

Ej × Fj = (Ej ×X) ∩ (X × Fj)

and σa is a probability measure. It suffices to show that (6.5.1) has to be satisfied

with j = 1 provided that it fails for j = 2, . . . , ℓ+m. In particular, we assume that

ℓ+m∑︂
j=2

(σa(Ej ×X) + σa(X × Fj)) ≤ ℓ+m− 1,

which can be rewritten as

ℓ+m∑︂
j=2

(π1σa(Ej) + π2σa(Fj)) ≤ ℓ+m− 1. (6.5.2)

Under this assumption, we have to show that π1σa(E1) + π2σa(F1) > 1, which by

133



Lemma 6.4.7 can be rewritten as

π1σa(E1) + (ℓ+m)µ(F1)−
ℓ+m−1∑︂
j=1

T jπ2σa(F1) > 1. (6.5.3)

Recalling that Fj = T−(j−1)F1, for each j = 1, . . . , ℓ + m, we see that (6.5.3) is

equivalent to

π1σa(E1) + (ℓ+m)µ(F1)−
ℓ+m∑︂
j=2

π2σa(Fj) > 1,

which by (6.5.2) would follow from

π1σa(E1) + (ℓ+m)µ(F1) +

ℓ+m∑︂
j=2

π1σa(Ej)− (ℓ+m− 1) > 1. (6.5.4)

Next, we note that (6.5.4) can be rewritten as

(ℓ+m)µ(F1) +
ℓ+m∑︂
j=1

π1σa(Ej) > ℓ+m. (6.5.5)

We now recall that Ei+(q+1) = T−1Ei, for i = 1, . . . , ℓ+m− q − 1, and if q > m/ℓ

(i.e. whenever m/ℓ /∈ Z) we also consider auxiliary sets Eℓ+m+1, . . . , Eℓ(q+1) such

that Ei+(q+1) = T−1Ei, for i = 1, . . . , (ℓ− 1)(q + 1). Then,

ℓ(q+1)∑︂
j=1

π1σa(Ej) =

q+1∑︂
j=1

ℓ−1∑︂
i=0

T iπ1σa(Ej) = ℓ

q+1∑︂
j=1

µ(Ej)

in accordance with Lemma 6.4.7. We also make the trivial observation that

ℓ(q+1)∑︂
j=1

π1σa(Ej)−
ℓ+m∑︂
j=1

π1σa(Ej) =

ℓ(q+1)∑︂
j=ℓ(k+1)+1

π1σa(Ej) ≤ ℓ(q − k),

since ℓ(k + 1) = ℓ+m. Therefore, it follows that

(ℓ+m)µ(F1) +

ℓ+m∑︂
j=1

π1σa(Ej) ≥ (ℓ+m)µ(F1) + ℓ

q+1∑︂
j=1

µ(Ej)− ℓ(q − k)

and so (6.5.5) follows from (6.4.1).

Proof of Theorem 6.4.3. We need to find an Erdős progression of the form (a, x1, x2) ∈
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X3 with (x1, x2) ∈ E×F and as before, by Proposition 6.5.2 it suffices to show that

σa(E × F ) > 0. Once again, this would follow from

σa(E ×X) + σa(X × F ) > 1.

To this end, we simply note that

σa(E ×X) + σa(X × F ) = π1σa(E) + π2σa(F )

= ℓµ(E) + (ℓ+m)µ(F )−
ℓ−1∑︂
j=1

π1σa(T
−jE)−

ℓ+m−1∑︂
i=1

π2σa(T
−iF )

≥ ℓµ(E) + (ℓ+m)µ(F )− (ℓ− 1)− (ℓ+m− 1) > 1,

where the second equality follows by Lemma 6.4.7 and the strict inequality by the

assumption in (6.4.2). This concludes the proof.

6.6 Examples for optimality

In this short section we will show that Theorems 1.3.7 and 6.2.2 are optimal. That

is, the density thresholds presented in both these results cannot be improved. We

do not include the details of the proof as they are easy to fill from the examples in

Section 3.5.1.

Proposition 6.6.1 (cf. Proposition 1.3.8). Let ℓ,m ∈ N and k = m/ℓ. Then,

there exist two sets A,A′ ⊂ N with d(A) = (k + 1)/(k + 2) = 1 − 1/(k + 2) and

d(A′) = 1 − 1/ (ℓ(k + 1)(k + 2)) such that for any infinite set B and any integer

t ∈ N we have that {mb1 + ℓb2 : b1, b2 ∈ B and b1 ≤ b2} + t ̸⊂ A and {mb1 + ℓb2 :

b1, b2 ∈ B and b1 ≤ b2} ̸⊂ A′.

Proof of Proposition 6.6.1. The set A in the statement is defined as

A = N ∩
⋃︂
n∈N

[(k + 1)2n, (k + 1− 1/n) · (k + 1)2n).

It is clear by the definition of A that d(A) = dΦ(A), where Φ = (ΦN ) is the Følner

sequence given by N ↦→ [1, (k + 1 − 1/N)(k + 1)2N ) ∩ N and one can readily check

that d(A) = (k + 1)/(k + 2).

Keeping A as above we consider A′ = A ∪
(︂⋃︁ℓ+m−1

j=1 (ℓ+m)N+ j
)︂
. In other

words, A′ = A∪ ((N \A) \ ((ℓ+m)N)). Then, d(A′) = 1− 1/ (ℓ(k + 1)(k + 2)) and

there is no infinite set B ⊂ N satisfying {mb1+ℓb2 : b1, b2 ∈ B and b1 ≤ b2} ⊂ A′.
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6.7 Lower density results

We also want to briefly explore what further results we can get by considering the

input of the information provided by a set’s lower asymptotic density. The proofs

in this section are straightforward adaptations of the arguments used thus far, so

we omit repetitive details, but we include comments regarding all the non-obvious

changes in the argumentation.

A possibility to capture this new input – one that has been tried and found

to be fruitful in [40] – is to replace (6.4.18), which appears in both correspondence

principles in Lemmas 6.3.8 and 6.3.9, by the always true inequality µ′(Σ×E) ≥ d(A).

To see this recall that µ′ is defined as a weak* limit of the sequence of measures (µi)

and take the liminf as i → ∞ in (6.4.16). Making this simple change in the proofs

of the correspondence principles we recover the following results.

Lemma 6.7.1. Let A ⊂ N and ℓ,m ∈ N with k = m/ℓ and let q = ⌈k⌉, the ceiling

of k. Then, there exist an ergodic system (Σ×Σ, µ, S(q+1)×S), an open set E ⊂ Σ,

a pair of points a, a′ ∈ Σ and a Følner sequence Φ, such that (a′, a) ∈ gen(µ,Φ) and

(ℓ+m)µ(Σ×E) + ℓ

q∑︂
j=0

µ(S−jE ×Σ) ≥ (ℓ+m) · d(A) + ℓ(k + 1) · d(A) + ℓ(q − k).

It also holds that A = {n ∈ N : Sna ∈ E} and (A − j)/(ℓ + m) = {n ∈ N :

S(q+1)ℓn+ja′ ∈ E}, for each j = 0, 1, . . . , ℓ +m − 1, where (A − j)/(ℓ +m) = {n ∈
N : n(ℓ+m) + j ∈ A}.

Lemma 6.7.2. Let A ⊂ N and ℓ,m ∈ N with k = m/ℓ. Then, there exists an

ergodic system (Σ×Σ, µ, S × S), an open set E ⊂ Σ, a pair of points a′′, a ∈ Σ and

a Følner sequence Φ, such that (a′′, a) ∈ gen(µ,Φ) and

(ℓ+m)µ(Σ× E) + ℓµ(E × Σ) ≥ (ℓ+m) · d(A) + ℓ
(︁
(k + 1) · d(A)− k

)︁
.

It also holds that A = {n ∈ N : Sna ∈ E} and A/(ℓ+m) = {n ∈ N : Sℓna′′ ∈ E}.

Now that we have these additional correspondence principles we may expand on

the arguments presented in Section 6.3.2, using Theorems 6.3.6, 6.3.7 and Proposi-

tion 6.3.3 to get the following combinatorial result.

Theorem 6.7.3. Let A ⊂ N and ℓ,m ∈ N.

1. If d(A) + d(A) > 1, there is an infinite set B ⊂ N and some t ∈ {0, 1, . . . , ℓ+
m− 1} such that {mb1 + ℓb2 : b1, b2 ∈ B, b1 ≤ b2}+ t ⊂ A.
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2. If d(A) + d(A) > 2 − 1/(ℓ + m), there is an infinite set B ⊂ N such that

{mb1 + ℓb2 : b1, b2 ∈ B, b1 ≤ b2} ⊂ A.

We have the following immediate corollary of Theorem 6.7.3.

Corollary 6.7.4. Let A ⊂ N and ℓ,m ∈ N.

1. If d(A) > 1/2, there is an infinite set B ⊂ N and some t ∈ {0, 1, . . . , ℓ+m−1}
such that {mb1 + ℓb2 : b1, b2 ∈ B, b1 ≤ b2}+ t ⊂ A.

2. If d(A) > 1 − 1/(2(ℓ +m)), there is an infinite set B ⊂ N such that {mb1 +

ℓb2 : b1, b2 ∈ B, b1 ≤ b2} ⊂ A.

Remark. Compare this result with the upper density analogues in Theorems 1.3.7

and 6.2.2. In particular, the threshold values for upper density depend on the

parameters m and ℓ involved in the sumsets. It is surprising that this is no longer

the case for threshold values of lower density, at least in the case of shifted sumsets.

Of course, some kind of dependence in the case of unshifted patterns is enforced by

the fact that infinite sumsets mB+ ℓB essentially “live” in (m+ ℓ)N, as was utilised
in the proof of Proposition 6.3.5.

We will conclude this discussion by explaining how Corollary 6.7.4 (and thus

Theorem 6.7.3 too) is also optimal.

Proposition 6.7.5. Let ℓ,m ∈ N. There exist two sets A,A′ ⊂ N with d(A) = 1/2

and d(A′) = 1− 1/(2(ℓ+m)) such that for any infinite set B and any integer t ∈ N
we have that {mb1 + ℓb2 : b1, b2 ∈ B and b1 ≤ b2}+ t ̸⊂ A and {mb1 + ℓb2 : b1, b2 ∈
B and b1 ≤ b2} ̸⊂ A′.

Proof of Proposition 6.7.5. Once again, the details of the proof are easily filled fol-

lowing the examples of Section 3.5.1. Let k = m/ℓ and A1, A2 be the subsets of N
defined by

A1 = N ∩
⋃︂
n∈N

[(k + 1)2n, (k + 1− 1/n) · (k + 1)2n)

and

A2 = N ∩
⋃︂
n∈N

[(k + 1 + 1/n) · (k + 1)2n, (k + 1)2(n+1)).

Observe that the set

N \ (A1 ∪A2) = N ∩
⋃︂
n∈N

[︁
(k + 1− 1/n) · (k + 1)2n, (k + 1 + 1/n) · (k + 1)2n

]︁
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has zero density. The set A ⊂ N is defined by

A = (A1 ∩ 2N) ∪ (A2 ∩ (2N+ 1)) .

Keeping A1 and A2 as they were defined above, A′ ⊂ N is defined by

A′ = (A1 \ (2(ℓ+m)N) ∪ (A2 \ (2(ℓ+m)N+ (ℓ+m))) .

Remark 6.7.6. We stress that for both sets A,A′ above we actually have that their

natural densities are realised. This was to be expected because of Theorem 6.7.3.

See also the discussion in the last paragraph of Section 3.5.1.

6.8 Remarks and questions about further extensions

A significant part of this work was focused on extensions of Theorem 1.2.1 by relaxing

the restrictions imposed on the sumsets involved. In short, we managed to provide

complete characterisation for the existence of the patterns {mb1 + ℓb2 : b1, b2 ∈
B and b1 ≤ b2} for infinite B ⊂ N in shifts of a set A ⊂ N, based on the values for

the upper and lower asymptotic densities of A.

Another direction could be to consider patterns of the form {mb1+ ℓb2 : b1, b2 ∈
B and b1 ̸= b2}. We recall Remark 6.2.1, according to which an assumption of

positive upper density is not sufficient to find shifts of such infinite sumsets in a

subset of the integers (unless, of course, ℓ = m). A natural question, then, is if this

problem has a ‘density solution’. We present two related constructions and then

state the question precisely.

Proposition 6.8.1. Let ℓ,m ∈ N be distinct with ℓ > m. There exist two sets

A,A′ ⊂ N with d(A) = ℓ/(ℓ + m) and d(A′) = 1 − m/(ℓ + m)2 such that for any

infinite set B ⊂ N and any t ∈ N we have {mb1+ℓb2 : b1, b2 ∈ B and b1 ̸= b2} ̸⊂ A−t

and {mb1 + ℓb2 : b1, b2 ∈ B and b1 ̸= b2} ̸⊂ A′.

Remark 6.8.2. It may be interesting to compare these bounds with the optimal

bounds established for the sumsets {mb1+ℓb2 : b1, b2 ∈ B, and b1 ≤ b2} in Theorems

1.3.7, 6.2.2 and Proposition 6.6.1. In particular, by assumption we have that k =

m/ℓ < 1 and then ℓ/(ℓ +m) = 1/(k + 1), and this is greater than (k + 1)/(k + 2),

whenever k(k+1) < 1. Also, 1−m/(ℓ+m)2 is greater than 1−1/(ℓ(k+1)(k+2)) =

1− 1/((ℓ+m)(k + 2)), again, precisely when k(k + 1) < 1.

138



The surprising fact that springs from this observation is the following; Say,

without loss of generality, that ℓ > m. Then, the largest bounds (we can find)

for the value of upper density for a set that doesn’t contain sumsets of the form

{mb1 + ℓb2 : b1, b2 ∈ B, and b1 ̸= b2} are greater than the optimal bounds for a

set that doesn’t contain sumsets {mb1 + ℓb2 : b1, b2 ∈ B, and b1 ≤ b2} whenever

ℓ/m = 1/k is greater than the Golden ratio! The relation between the bounds is

reversed if ℓ/m = 1/k is less than the Golden ratio and the same comparisons hold

for unshifted patterns.

We can also compare the bounds of Proposition 6.8.1 with the ones from the

aforementioned results, for the sumsets {ℓb1 +mb2 : b1, b2 ∈ B and b1 ≤ b2}. In this

case, the comparison is not nearly as mystical, for the latter sumsets cannot be found

in sets of upper density up to (k−1 +1)/(k−1 +2) and 1− 1/(m(k−1 +1)(k−1 +2)),

for the cases of shift and no shift, respectively. But both of these are larger than

the respective bounds from Proposition 6.8.1, i.e. ℓ/(ℓ+m) and 1−m/(ℓ+m)2.

Proof of Proposition 6.8.1. The details of the proof are once again omitted to ease

exposition.

The set A ⊂ N satisfying the assumptions of the statement is defined by

A = N ∩
⋃︂
n∈N

[(ℓ/m)2n, (ℓ/m− 1/n) · (ℓ/m)2n).

The set A′ ⊂ N is defined by

A′ = A ∪

⎛⎝ℓ+m−1⋃︂
j=1

(ℓ+m)N+ j

⎞⎠ .

Remark. Observe that the set A ⊂ N above is thick and as such d∗(A) = 1.

Despite the urge to make a conjecture, due to limited dynamical as well as

combinatorial evidence – apart from the very interesting Remark 6.8.2, which hints

that the bounds of Proposition 6.8.1 may not be unrelated to the optimal bounds –

we constrain ourselves to asking the following question.

Question 6.8.3. Let ℓ,m ∈ N be distinct with ℓ > m and let A ⊂ N.

(i) If d(A) > ℓ/(ℓ + m), does there exist an infinite set B ⊂ N and some t ∈ N
such that {mb1 + ℓb2 : b1, b2 ∈ B and b1 ̸= b2}+ t ⊂ A?
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(ii) If d(A) > 1 − m/(ℓ + m)2, does there exist an infinite set B ⊂ N such that

{mb1 + ℓb2 : b1, b2 ∈ B and b1 ̸= b2} ⊂ A?

With the sets constructed in Proposition 6.8.1 as a basis, we can recover the

following result.

Proposition 6.8.4. Let ℓ,m ∈ N be distinct with ℓ > m. There exist two sets

A,A′ ⊂ N with d(A) = 1/2 and d(A′) = 1− 1/(2(ℓ+m)) such that for any infinite

set B and any integer t ∈ N we have that {mb1+ℓb2 : b1, b2 ∈ B and b1 ̸= b2}+t ̸⊂ A

and {mb1 + ℓb2 : b1, b2 ∈ B and b1 ̸= b2} ̸⊂ A′.

Proof. Let A1, A2 ⊂ N be defined by

A1 = N ∩
⋃︂
n∈N

[(ℓ/m)2n, (ℓ/m− 1/n) · (ℓ/m)2n)

and

A2 = N ∩
⋃︂
n∈N

[(ℓ/m+ 1/n) · (ℓ/m)2n, (ℓ/m)2(n+1)).

Then, the claimed properties are satisfied by the sets A = (A1∩2N)∪(A2∩(2N+1))

and A′ = (A1 \ 2(ℓ+m)N) ∪ (A2 \ (2(ℓ+m)N+ (ℓ+m))).

Therefore, we also ask the following.

Question 6.8.5. Let ℓ,m ∈ N be distinct and let A ⊂ N.

(i) If d(A) > 1/2, does there exist an infinite set B ⊂ N and some t ∈ N such that

{mb1 + ℓb2 : b1, b2 ∈ B and b1 ̸= b2}+ t ⊂ A?

(ii) If d(A) > 1 − 1/(2(ℓ +m)), does there exist an infinite set B ⊂ N such that

{mb1 + ℓb2 : b1, b2 ∈ B and b1 ̸= b2} ⊂ A?

Provided Question 6.8.3 has a positive answer one should also inquire about the

completely unrestricted problem, that is, the existence of infinite sumsetsmB+ℓB =

{mb1 + ℓb2 : b1, b2 ∈ B}. To this end, we ask two more questions after making an

observation which follows from current results.

Proposition 6.8.6. Let ℓ,m ∈ N be distinct with m > ℓ and let k = m/ℓ.

Then, there exist sets A,A′ ⊂ N with d(A) = (k + 1)/(k + 2) and d(A′) = 1 −
1/ (ℓ(k + 1)(k + 2)) such that for any infinite set B and any integer t ∈ N we have

that {mb1 + ℓb2 : b1, b2 ∈ B}+ t ̸⊂ A and {mb1 + ℓb2 : b1, b2 ∈ B} ̸⊂ A′.

Proof. All we need to observe is that both sumsets {mb1 + ℓb2 : b1, b2 ∈ B and b1 ≤
b2} and {ℓb1+mb2 : b1, b2 ∈ B and b1 ≤ b2} are contained in {mb1+ℓb2 : b1, b2 ∈ B},
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for any B ⊂ N, and so we can reduce to Proposition 6.6.1. Indeed, if a set fails to

contain either of the former sumsets, then it will also fail to contain {mb1 + ℓb2 :

b1, b2 ∈ B and b1 ≤ b2}. Now, as k > 1, we have that

max{(k + 1)/(k + 2), (k−1 + 1)/(k−1 + 2)} = (k + 1)/(k + 2),

and so it follows by Proposition 6.6.1 that there exists a set A ⊂ N with d(A) =

(k + 1)/(k + 2) and such that for any infinite B ⊂ N and t ∈ N we have that

{mb1 + ℓb2 : b1, b2 ∈ B and b1 ≤ b2} + t ̸⊂ A. In particular, it follows that

{mb1 + ℓb2 : b1, b2 ∈ B} ̸⊂ A− t. The existence of A′ is proved following the exact

same argument and using the set A′ provided by Proposition 6.6.1.

Repeating the same observation for values of lower density and Proposition 6.7.5

we have the following proposition.

Proposition 6.8.7. Let ℓ,m ∈ N. There exist two sets A,A′ ⊂ N with d(A) = 1/2

and d(A′) = 1− 1/(2(ℓ+m)) such that for any infinite set B and any integer t ∈ N
we have that {mb1 + ℓb2 : b1, b2 ∈ B} ̸⊂ A− t and {mb1 + ℓb2 : b1, b2 ∈ B} ̸⊂ A′.

It would not be surprising if either of the next questions had a negative answer

(particularly Question 6.8.8), but apart from our inability to improve on the previous

constructions there is no evidence suggesting the opposite.

Question 6.8.8. Let ℓ,m ∈ N be distinct with m > ℓ and let k = m/ℓ. Let also

A ⊂ N.

(i) If d(A) > (k + 1)/(k + 2), does there exist an infinite set B ⊂ N and some

t ∈ N such that {mb1 + ℓb2 : b1, b2 ∈ B}+ t ⊂ A?

(ii) If d(A) > 1− 1/ (ℓ(k + 1)(k + 2)), does there exist an infinite set B ⊂ N such

that {mb1 + ℓb2 : b1, b2 ∈ B} ⊂ A?

Question 6.8.9. Let ℓ,m ∈ N be distinct and A ⊂ N.

(i) If d(A) > 1/2 does there exist an infinite set B ⊂ N and some t ∈ N such that

{mb1 + ℓb2 : b1, b2 ∈ B}+ t ⊂ A?

(ii) If d(A) > 1 − 1/(2(ℓ + m)) does there exist an infinite set B ⊂ N such that

{mb1 + ℓb2 : b1, b2 ∈ B} ⊂ A?

As the above exposition on unrestricted sumsets mB+ℓB focused on the case of

distinct ℓ and m, we want to highlight that, since {mb1 +mb2 : b1, b2 ∈ B and b1 ≤
b2} = mB+mB, the special unrestricted sumsets of the form mB+mB are already
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covered in Theorems 1.3.7, 6.2.2, Corollary 6.7.4 and Propositions 6.6.1, 6.7.5. In

particular, for some A ⊂ N and m ∈ N we have the following implications, all of

which are optimal.

(i) If d(A) > 2/3, there exist some infinite set B ⊂ N and some t ∈ {0, 1, . . . , 2m−
1} such that mB +mB + t ⊂ A.

(ii) If d(A) > 1 − 1/(6m), there exists some infinite set B ⊂ N such that mB +

mB ⊂ A.

(iii) If d(A) > 1/2, there exist some infinite set B ⊂ N and some t ∈ {0, 1, . . . , 2m−
1} such that mB +mB + t ⊂ A.

(iv) If d(A) > 1 − 1/(4m), there exists some infinite set B ⊂ N such that mB +

mB ⊂ A.

We note that the bound in (i) does not depend on m, because the optimal

bound established in Theorem 1.3.7 explicitly depends only on the ratio k = m/ℓ,

which in this case is always 1. This suggests that perhaps (i) above already follows

from Theorem 1.3.2, and this is indeed the case. The proof of this fact is not very

complicated, but serves no other purpose as to be included here. Similarly, using

Theorem 1.3.1, one can prove that for any set A ⊂ N with d(A) > 5/6, there exists

B ⊂ N infinite and some t ∈ {0, 1, . . . ,m− 1} such that mB +mB + t ⊂ A – note

the difference for the range of the shift – but of course, density larger than 5/6 is no

longer sufficient for us to remove potential shifts, as the bounds in part (ii) above

are optimal.

We finish with a proof of the last claim, showing that the range of shifts can be

shortened. Observe that the set A ⊂ N can be written as the disjoint union

A = m(A/m) ∪ (m((A− 1)/m) + 1) ∪ · · · ∪ (m((A− (m− 1))/m) + (m− 1)) ,

where (A− i)/m = {n ∈ N : nm+ i ∈ A} and then m((A− i)/m)+ i = A∩ (mN+ i),

for each i ∈ {0, 1, . . . ,m − 1}. Moreover, m · d(m((A − i)/m)) ≤ d((A − i)/m).

Hence,

d(A) ≤
m−1∑︂
i=0

d(m((A− i)/m)) ≤
m−1∑︂
i=0

(
1

m
)d((A− i)/m).

As d(A) > 5/6, the previous implies that d((A − i)/m) > 5/6 for some i ∈
{0, 1, . . . ,m − 1}. Then, by Theorem 1.3.1, there exists an infinite set B ⊂ N
such that B + B ⊂ (A − i)/m, which means that m(B + B) + i ⊂ A, and i ∈
{0, 1, . . . ,m− 1}.
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We conclude with some related conjectures in view of the results presented in

this chapter as well as those of Chapter 5, and particularly Theorem 1.3.3. The

bounds of the first one are suggested by Theorem 6.7.3. The (conceived proof of

the) third one seems to be dependant on (the conceived proof of the) second one,

and the details in the statements of the last two are slightly more speculative at the

moment, although most likely correct.

For simplicity, we fix ℓ,m ∈ N such that k = m/ℓ ∈ N. Note that ℓ(k+1) = m+ℓ.

We expect similar results to hold in the case thatm/ℓ /∈ N, by replacing this quantity

with its ceiling (as was done in this chapter).

Conjecture 6.8.10. Let A ⊂ N be a set, Φ = (ΦN )N∈N be a Følner sequence in N,
and Φ/(k+1) = (ΦN/(k+1))N∈N, where ΦN/(k+1) = {n ∈ N : n · (k+1) ∈ ΦN}.
Then, the following hold:

(i) dΦ(A)+ dΦ/(k+1)(A) > 1, there exists an infinite set B ⊂ N and some integer

0 ≤ t ≤ ℓ+m− 1 such that {mb1 + ℓb2 : b1, b2 ∈ B, b1 ≤ b2}+ t ⊂ A.

(ii) If dΦ(A) + dΦ/(k+1)(A) > 2− 1
m+ℓ , there exists an infinite set B = {bn : n ∈

N} ⊂ N such that {mbi + ℓbj : i ≤ j} ⊂ A.

(iii) If dΦ(A∩ (m+ ℓ)G)+ dΦ/(k+1)(A∩ (m+ ℓ)G) > 1
m+ℓ , there exists an infinite

set B = {bn : n ∈ N} ⊂ N such that {mbi + ℓbj : i ≤ j} ⊂ A.

Indeed, following an argument similar to the proof of Proposition 5.3.1, state-

ments (i), (ii) and (iii) of Conjecture 6.8.10 should be equivalent. Then, its validity

should follow from Theorem 6.3.7 via a correspondence principle that strengthens

Lemma 6.3.9, analogous to Lemma 5.4.1 used in Chapter 5. The precise details of

this last step are not immediately obvious and should be checked.

For a countable abelian group G, we let Dℓ,m : G → G denote the map g ↦→
(m+ ℓ)g, and we also let s = [G : (m+ ℓ)G] and r = | ker(Dℓ,m)|.

Conjecture 6.8.11. Let (G,+) be a countable abelian group with s < ∞. Let

A ⊂ G such that d∗(A) > 0. Then, there exist an infinite set B = {bn : n ∈ N} ⊂ G

and some t ∈ G such that t+ {mbi + ℓbj : i < j} ⊂ A.

Conjecture 6.8.11 should hold more generally for all countable amenable groups

that are (m + ℓ)-absolutely continuous (which has the obvious meaning according

to [11, Definition 1.4]) and any set A ⊂ G which has positive upper density with

respect to some left Følner sequence (see [11, Definition 1.3]).

We also believe the following extension of Theorem 1.3.3 to be true and the

conjectured bounds to be optimal in the sense of Theorem 1.3.5.
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Conjecture 6.8.12. Let (G,+) be a countable abelian group with s < ∞ and r < ∞.

Let A ⊂ G and Φ be any Følner sequence in G. Pass to a subsequence of Φ if

necessary so that the densities exist. Then the following hold:

(1) If dΦ(A) + dΦ/(k+1)(A) > 1, there exist an infinite set B = {bn : n ∈ N} ⊂ G

and some t ∈ G such that {mbi + ℓbj : i ≤ j}+ t ⊂ A.

(2) If dΦ(A)+ dΦ/(k+1)(A) >
2s−1
s , there exists an infinite set B = {bn : n ∈ N} ⊂

G such that {mbi + ℓbj : i ≤ j} ⊂ A.

(3) If dΦ(A∩ (m+ ℓ)G) + dΦ/(k+1)(A∩ (m+ ℓ)G) > 1
s , there exists an infinite set

B = {bn : n ∈ N} ⊂ G such that {mbi + ℓbj : i ≤ j} ⊂ A.
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Chapter 7

Density analogues of Hindman’s

finite sums theorem

7.1 Overview

This chapter is based on the results of [24] and it concerns density analogues of

Hindman’s finite sums theorem. Our starting point and motivation is the main

result of [45] which is a truncated density version of Hindman’s finite sums theorem.

For any set A of natural numbers with positive upper Banach density, we show

the existence of an infinite set B and sequences (tk)k∈N, (sk)k∈N of natural num-

bers such that
{︁∑︁

n∈F n : F ⊂ B + sk, 1 ≤ |F | ≤ k
}︁
+ tk ⊂ A, for every k ∈ N.

This strengthens the aforementioned density finite sums theorem of Kra, Moreira,

Richter, and Robertson [45].

We further show, given such a set A, the existence of an infinite set B and a

sequence (tk)k∈N of natural numbers such that
{︁∑︁

n∈F n : F ⊂ B, |F | = k
}︁
+tk ⊂ A,

for every k ∈ N. As a corollary, we obtain a sequence (Bn)n∈N of infinite sets of

natural numbers such that B1+ · · ·+Bk ⊂ A, for every k ∈ N. We also establish the

optimality of our main theorems by providing counterexamples to potential further

generalizations, and thereby addressing questions of the aforementioned authors.

Finally, it is noteworthy that, in the context of density analogues to Hindman’s

finite sums theorem, the results of this chapter are the first – and as of now, only –

ones to guarantee sumsets with an unbounded number of summands generated by

a fixed infinite set, contained in sets of positive density.
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7.2 Introduction

7.2.1 Main results

In 1974, Hindman [26] proved the celebrated finite sums theorem, showing that for

any finite partition of the natural numbers, N = C1 ∪ C2 ∪ · · · ∪ Ck, there exists an

infinite set B ⊂ N such that{︂∑︂
n∈F

n : F ⊂ B, 1 ≤ |F | < ∞
}︂
⊂ Ci, for some i = 1, . . . , k. (7.2.1)

Erdős [14, 16] was interested in extending Hindman’s result to a density analogue,

namely by finding infinite sumset patterns similar to those in (7.2.1), in any set

A ⊂ N whose upper (Banach) density is positive. Obvious parity obstructions and a

construction of Straus (recall our discussion in Section 1.1.2) rendered unclear what

could potentially be a density analogue of Hindman’s theorem.

A series of breakthroughs in the last decade revealed that infinite sumset patterns

of increasing complexities can be found in sets of positive density. These results

verified conjectures predicted by Erdős and gave rise to further natural questions and

conjectures (most of which were formulated in [44]). In particular, using structure

theory of multiple ergodic averages, Kra, Moreira, Richter and Roberson proved a

truncated density version of Hindman’s theorem, which we recall for convenience.

Theorem D. Let A ⊂ N be a set with d∗(A) > 0. Then, for every k ∈ N, there
exists an infinite set Bk ⊂ N and an integer tk ≥ 0 such that{︃∑︂

n∈F
n : F ⊂ Bk with 1 ≤ |F | ≤ k

}︃
+ tk ⊂ A.

Again, Straus’s example shows that one cannot choose the set Bk and the shift

tk independently of k. However, the same authors asked if a sequence of shifts to

the dense sets would allow for an unbounded number of summands generated by a

fixed infinite set.

Question 7.2.1 ([44, Question 2.11]). Let A ⊂ N be a set with d∗(A) > 0. Does

there exist an infinite set B ⊂ N and a sequence of shifts (tk)k∈N ⊂ N such that{︃∑︂
n∈F

n : F ⊂ B with 1 ≤ |F | ≤ k

}︃
+ tk ⊂ A, for every k ∈ N ?

We answer Question 7.2.1 in the negative (see Proposition 7.3.2) by constructing

a set of density arbitrarily close to 1 for which even a weaker version of the conclusion
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fails. However, our main results, Theorems 1.2.3 and 1.2.4, extend Theorem D in

two different directions, achieving in each case a certain degree of independence

between the infinite set B and the number of summands k ∈ N.

Theorem 1.2.3. Let A ⊂ N be a set with d∗(A) > 0 and ℓ ≥ 0 an integer. Then,

there exist an infinite set Bℓ ⊂ N and a sequence (tk,ℓ)k∈N ⊂ N, such that{︃∑︂
n∈F

n : F ⊂ Bℓ with k ≤ |F | ≤ k + ℓ

}︃
+ tk,ℓ ⊂ A, for every k ∈ N.

In Section 7.3, we show that Theorem 1.2.3 is optimal in the sense that one

cannot choose the set Bℓ independently of ℓ. We also show that the sequence of

shifts (tk)k∈N cannot, in general, be bounded. Moreover, by the proof of Theorem

1.2.3, we can choose the sequence (tk,ℓ)k∈N to be increasing.

Theorem 1.2.4. Let A ⊂ N be a set with d∗(A) > 0. Then, there exist an infinite

set B and sequences (sk)k∈N ⊂ N, (tk)k∈N such that{︃∑︂
n∈F

n : F ⊂ B + sk with 1 ≤ |F | ≤ k

}︃
+ tk ⊂ A, for every k ∈ N.

Letting Bk = B + sk, for every k ∈ N, we immediately see how this im-

plies Theorem D. Our construction in Section 7.3 shows that the shift sequences

(tk)k∈N, (sk)k∈N are needed, as well as the necessity of them being unbounded. The

second auxiliary sequence in Theorem 1.2.4, as opposed to only shifting the set of

positive density, is natural in view of the construction that addresses Question 7.2.1.

Furthermore, we prove a combination of the conclusions of Theorems 1.2.3 and 1.2.4

(see Proposition 7.7.8 for more details).

The main result of [43] shows that for any k ∈ N, any set of positive density

contains a sumset of the form B1 + · · · + Bk, where B1, . . . , Bk are infinite. As a

corollary of our main theorems (see Section 7.4.1), we strengthen this by removing

the dependence of the infinite sets on k. This positively answers [43, Question 8.1]

and verifies [44, Conjecture 2.10].

Corollary 1.2.5. Let A ⊂ N be a set with d∗(A) > 0. Then, there exists an infinite

sequence (Bn)n∈N of infinite sets of natural numbers such that

B1 +B2 + · · ·+Bk ⊂ A, for every k ∈ N.
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7.2.2 Dynamical reformulation and key ingredients

In this section, we summarize our approach to prove Theorem 1.2.3 and Theorem

1.2.4, highlighting the new tools developed to address them. We make use of notation

and terminology that is defined in Chapter 2.

Inspired by the aforementioned literature [22, 30, 41, 43, 45], after using Fursten-

berg’s correspondence principle, we reinterpret the combinatorial statements into an

ergodic language. Concerning Theorem 1.2.3, the dynamical result that implies it

is the following.

Theorem 7.2.2. Let (X,µ, T ) be an ergodic measure-preserving system with a point

a ∈ X such that µ
(︂
{Tna : n ∈ N}

)︂
= 1. Let also ℓ ≥ 0 be fixed and E ⊂ X be an

open set with µ(E) > 0. Then, there exist an infinite set B ⊂ N and sequence

(tk)k∈N ⊂ N such that

T (tk+b1+···+bi)a ∈ E, (7.2.2)

for all k ∈ N, all k ≤ i ≤ k + ℓ, and b1, b2, . . . , bi distinct elements in B.

To prove a similar dynamical statement, the authors of [45] introduce a family

of measures on finite product spaces, which they call progressive measures (see

Definition 7.5.2). The positivity of finite cartesian products of open sets with respect

to such measures is used to recover Theorem D. However, since we are looking for

sumset patterns with an unbounded number of summands, we need to deal with

infinite cartesian products of open sets and in general, these sets have zero measure

with respect to any useful measure.

We then first adapt the definition of progressive measures to measures on XN0

and build one, denoted by σ ∈ (XN0), by lifting a natural measure ξ on ZN
∞, where

(Z∞,m, T ) is the infinite-step pronilfactor. This is a natural approach, and it turns

out that the marginals of this measure σ in the first k + 1 coordinates do not

necessarily coincide with the measures constructed in [45] by lifting measures from

the k-step pronilfactor Zk−1 (see Appendix B for relevant examples). One can

actually recover the proof of Theorem D by considering σ lifted from Z∞, but for

this result the original measures of [45] give an optimal control.

Another obstacle is that we cannot obtain our main results from statements

about convergence of orbits in dynamical systems. In previous works, the intro-

duction of Erdős progressions (see [45, Definition 2.1]) was critical for obtaining

sumset-type configurations; see, for instance, [2, 3, 10, 11, 38, 40, 43, 45, 49]. In

contrast, the use of Erdős progressions could only lead to weaker versions of Theo-

rems 1.2.3 and 1.2.4, in particular versions with nested infinite sets, as we explain
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in Proposition 7.3.8 (see also the remark following this proposition). Instead, ex-

panding on the ideas already present in [22], we construct the sumsets inductively,

using properties of the measure σ.

For the following discussion and to illustrate the properties of σ, fix k = 4, and

denote by σ4 the projection on the first 5 coordinates. We use that the first marginal

of σ is the Dirac mass of the predetermined point a ∈ X in Theorem 7.2.2 and the

following:

1. An initialization property ; for an open set E ⊂ X, if µ(E) > 0, then

σ4(X × T−tE × T−tE × T−tE × T−tE) > 0,

for some t ∈ N (see Proposition 7.6.1).

2. Left-progressiveness (see Definition 7.5.2); if U1, U2, U3 ⊂ X are open sets and

σ4(X × U1 × U2 × U3 ×X) > 0, then

σ4(T
−nU1 × (U1 ∩ T−nU2)× (U2 ∩ T−nU3)× U3 ×X) > 0,

for infinitely many n ∈ N.

3. Right-progressiveness (see Definition 7.5.2); if U1, U2, U3 ⊂ X are open sets

and σ4(X × U1 × U2 × U3 ×X) > 0, then

σ4(X × U1 × (U2 ∩ T−nU1)× (U3 ∩ T−nU2) ∩ T−nU3) > 0,

for infinitely many n ∈ N.

The first two properties were already exploited in [45], where the second was called

progressiveness. This notion is not sufficient for our purposes, and we refer to it as

left-progressiveness, because we need to exploit its symmetrical version described

in 3. It is this last property that enables us to enlarge the distance to the first

coordinate, which ultimately allows us to increase the number of summands in the

sumsets of Theorem 7.2.2.

To put things into perspective, for an open set E ⊂ X with σ4(X
2×E×X2) > 0,

a first application of left-progressiveness allows us to find b1 ∈ N such that

σ4(X × T−b1E × E ×X ×X) > 0, (7.2.3)
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and with a second application of the same property, we find b2 > b1 such that

σ4(T
−(b1+b2)E ×

(︂
T−b1E ∩ T−b2E

)︂
× E ×X ×X) > 0.

Since the first marginal of σ is δa, we get that T b1+b2a ∈ E. Continuing this

process, we get a sumset {bi + bj : bi, bj ∈ B distinct} inside the set of return times

{n ∈ N : Tna ∈ E} of a to E. However, if we apply right-progressiveness beforehand

in (7.2.3), we find t ∈ N such that

σ4(X × T−b1E × (E ∩ T−t−b1E)× T−tE ×X) > 0.

In particular, σ4(X ×X × T−b1Ẽ × Ẽ ×X) > 0 where Ẽ = T−tE and b1 ∈ N is the

same as in (7.2.3). Therefore applying left-progressiveness multiple times as before,

we find that not only {bi + bj : bi, bj ∈ B distinct} is in the set {n ∈ N : Tna ∈ E},
but also t+ {bi + bj + bm : bi, bj , bm ∈ B distinct}.

The previous discussion gives a sense of how to obtain Theorem 7.2.2 (and

therefore Theorem 1.2.3) from the initialization property, left-progressiveness, and

right-progressiveness. Nevertheless, when it comes to Theorem 1.2.4, this method

is insufficient. The dynamical reformulation of this theorem is the following.

Theorem 7.2.3. Let (X,µ, T ) be an ergodic measure-preserving system with a point

a ∈ X such that µ
(︂
{Tna : n ∈ N}

)︂
= 1. Let also E ⊂ X be an open set with µ(E) >

0. Then, there exist an infinite set B ⊂ N and sequences (sk)k∈N, (tk)k∈N ⊂ N such

that

T (tk+isk+b1+···+bi)a ∈ E, (7.2.4)

for all k ∈ N, all 1 ≤ i ≤ k, and b1, b2, . . . , bi distinct elements in B.

In order to prove Theorem 7.2.3 we need to use an additional property of our

measure σ ∈ (XN0) which we term multiple right-progressiveness. This notion is

derived from appropriated double ergodic averages. To prove it, we first show an

analogue of Furstenberg’s multiple recurrence theorem and then that for these re-

lated ergodic averages, the infinite-step pronilfactor is characteristic; the details can

be found in Section 7.7.

We refer to Definition 7.7.4 for more details, but when, for instance, k = 4,

multiple right-progressiveness implies that for open sets U1, U2 ⊂ X, if

σ4(X × U1 × U2 ×X ×X) > 0,
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then there are t, s ∈ N such that

σ4(X×U1×(U2∩T−(t+s)U1)×(T−(t+s)U2∩T−(t+2s)U1)×(T−(t+2s)U2∩T−(t+3s)U1)) > 0.

This property recovers both right-progressiveness and the initialization property

(see Remark 7.7.5). Multiple right-progressiveness not only serves to translate sets

to the right, but it also allows us to consider an increasing number of patterns

with increasing length, by paying the cost of adding an extra shift s ∈ N, which
corresponds to the second shift appearing in Theorem 1.2.4.

7.2.3 Other directions

Given an infinite sequence (Bn)n∈N of infinite sets of natural numbers, and α =

{α1, . . . , αk} ⊂ N, some finite subset of N, we write

Bα =
∑︂
i∈α

Bi = Bα1 + · · ·+Bαk
.

In this notation, Corollary 1.2.5 can be rewritten as follows:

Corollary 1.2.5. Let A ⊂ N be a set with d∗(A) > 0. Then, there exists an infinite

sequence (Bn)n∈N of infinite sets of natural numbers such that Bα(k) ⊂ A, for every

α(k) = {1, . . . , k} ⊂ N, for every k ∈ N.

Indeed, it follows from the proof of Corollary 1.2.5 from Theorem 1.2.3 (given at

the end of Section 7.4.1) that for any ℓ ∈ N, we could use the family of finite subsets

of N given by {α(k) = {ℓ + 1, . . . , ℓ + k} : k ∈ N} in place of {α(k) = {1, . . . , k} :

k ∈ N} and the result would still hold.

A natural question that follows from these observations is what other families of

finite sets can be used as indices for an extension of Corollary 1.2.5 to hold.

Problem 7.2.4. Describe all the families of finite subsets of N, {α(k) : k ∈ N}, for
which the following holds:

Let A ⊂ N be a set with d∗(A) > 0. Then, there exists an infinite sequence

(Bn)n∈N of infinite sets of natural numbers such that Bα(k) ⊂ A, for every k ∈ N.

Note that some restrictions have to be placed on the family {α(k) : k ∈ N} for

such a result to hold. For example, if {α(k) : k ∈ N} is the family of all subsets of

N of cardinality m, for some m ∈ N, then the conclusion of Problem 7.2.5 forces A

to be an IP-set (see Remark 4.6.9 for the definition).
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Given that our approach deduces Corollary 1.2.5 from Theorem 1.2.3 (or The-

orem 1.2.4) it makes sense to ask for extensions of these results in the direction of

Problem 7.2.5. For simplicity, we make this precise only for Theorem 1.2.3.

Problem 7.2.5. Describe all the families of finite subsets of N, {α(k) : k ∈ N}, for
which the following holds:

Let A ⊂ N be a set with d∗(A) > 0. Then, there exist an infinite set B ⊂ N and

a sequence (tk)k∈N ⊂ N, such that{︃∑︂
n∈F

n : F ⊂ B with |F | ∈ α(k)

}︃
+ tk ⊂ A, for every k ∈ N.

Another direction of inquiry is related to extending our results in more general

countable abelian group settings. We state a question that aims to extend Theorem

1.2.3 for ℓ = 0 to initiate this discussion.

Problem 7.2.6. Suppose (G,+) is a countably infinite abelian group, such that

[G : kG] < ∞, for every k ∈ N. Does the following hold?

Let A ⊂ G be a set with d∗(G) > 0. Then, there exist an infinite set B ⊂ G and

a sequence (tk)k∈N ⊂ G, such that{︃∑︂
n∈F

n : F ⊂ B with |F | = k

}︃
+ tk ⊂ A, for every k ∈ N.

The assumption that [G : kG] < ∞ for all k ∈ N seems necessary in view

of the extension of Straus’s example in abelian groups due to Ackelsberg [1], that

was discussed in Chapter 4. Indeed, as explained in [3],the counterexample to [3,

Proposition 1.12] can be extended directly to k-fold sumsets. Since the conclusion

of Problem 7.2.6 gives, in particular, k-fold sumsets for every k ∈ N in every set of

positive density, this forces the assumption that [G : kG] < ∞ for all k ∈ N.
In analogy to how Theorem 1.2.3 generalizes Theorem D, Problem 7.2.6 aims to

generalize the conjectured analogue of Theorem D to abelian groups, which is still

open.

Conjecture 7.2.7 (cf. [3, Conjecture 1.13]). Let k ∈ N. Let (G,+) be a countably

infinite abelian group such that [G : k!G] < ∞. If A ⊂ G has positive upper Banach

density, there exists an infinite set B ⊂ G and some t ∈ G such that{︃∑︂
n∈F

n : F ⊂ B with 1 ≤ |F | ≤ k

}︃
+ t ⊂ A.
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The main stumbling blocks towards a proof of Conjecture 7.2.7, and hence,

towards an answer to Problem 7.2.6 also, are laid out in [3, Section 1], right after

its formulation. Essentially, the structure theory of Host and Kra as well as key

equidistribution results for orbits in nilsystems, are both unavailable for G-systems

of arbitrarily high order, when G is an infinitely generated abelian group.

We conclude with a problem that seems to be within reach with current methods.

In analogy to how Theorem 1.2.1 generalizes Theorem C, Hernández in [22] char-

acterized all the integer weighted sumsets for which Theorem D still holds. More

precisely:

Theorem 7.2.8 (cf. [22, Theorem 1.3]). Let d, k, r ∈ N and A ⊂ N with d∗(A) > 0.

There exists an infinite set B ⊂ N and some t ∈ N0 such that{︃
kb1 + w1b2 + · · ·+ wdbd+1 : b1, . . . , bd+1 ∈ B and b1 > b2 > · · · > bd+1

}︃
,

for all w1, . . . , wd ∈ {−r, . . . , r} and k ̸= −
∑︁j

i=1wi, for all j ∈ {1, . . . , d}.

Restricting, once again for simplicity, to the statement of Theorem 1.2.3, one

may wish to find a weighted version, paralleling the relationship between Theorem

D and Theorem 7.2.8. However, a direct analogue of Theorem 7.2.8 fails even when

ℓ = 0.

Proposition 7.2.9. For every ε > 0, there exists a set A ⊂ N with d∗(A) > 1− ε,

and such that for any infinite set B ⊂ N and sequence of shifts (tk)k∈N, it does not

hold that{︃
b1+

k∑︂
j=2

wjbj : b1, . . . , bk ∈ B and b1 > · · · > bk and w1, . . . , wk ∈ {1, 2}
}︃
+ tk ⊂ A.

Proof. The set A defined in (7.3.1) works and this can be shown using a similar

argument as in the proof of Proposition 7.3.2.

In view of Proposition 7.2.9 we ask the following question, which should be

viewed as a first step towards the open-ended problem of finding the correct weighted

versions of Theorems 1.2.3 and 1.2.4.

Question 7.2.10. Let r ∈ N be given. Is it true that for any A ⊂ N with d∗(A) > 0,

and any sequence (wk)k∈N ⊂ {1, . . . , r}, there exists an infinite set B ⊂ N and
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sequence (tk)k∈N (which are allowed to depend on (wk)) such that

{︃ k∑︂
j=1

wjbj : b1, . . . , bk ∈ B and b1 > · · · > bk

}︃
+ tk ⊂ A?

7.3 Negative results and optimality of the main theo-

rems

In [44], several possible results serving the purpose of a potential analogue to Hind-

man’s finite sums theorem were conjectured or asked. We begin with a weaker

version of Question 7.2.1 stated in the introduction.

Question 7.3.1 ([44, Question 2.12]). Let A ⊂ N with d∗(A) > 0. Does there exist

a nested sequence of infinite sets B1 ⊃ B2 ⊃ B3 ⊃ . . . , where Bk+1 is cofinite in Bk

for each k ∈ N, and a sequence of shifts (tk)k∈N such that, for any k ∈ N it holds

that {︃∑︂
n∈F

n : F ⊂ Bk with 1 ≤ |F | ≤ k

}︃
+ tk ⊂ A ?

Note that a positive answer to Question 7.2.1 would clearly imply a positive

answer to Question 7.3.1. But one could – ostensibly – weaken these statements

even further and in the setting of Question 7.3.1 simply ask for a nested sequence

of infinite sets B1 ⊃ B2 ⊃ B3 ⊃ . . . , without demanding they be cofinite in B1. We

remark that in fact this last statement is equivalent to that of Question 7.3.1 and

a proof of this equivalence is included in Proposition 7.3.5 below. The next result,

which follows by a modification of Straus’s example mentioned in the introduction,

disproves this statement.

Proposition 7.3.2. Given any ε > 0 there exists a set A ⊂ N with d∗(A) > 1 − ε

such that for any sequence (ki)i∈N, for any nested sequence B1 ⊃ B2 ⊃ . . ., of infinite

sets, and any sequence (ti)i∈N, it does not hold that{︃∑︂
n∈F

n : F ⊂ Bi with ki ≤ |F | ≤ ki + i

}︃
+ ti ⊂ A, for every i ∈ N.

Before proving Proposition 7.3.2, we list some consequences.

Remark 7.3.3. The set A ⊂ N provided by Proposition 7.3.2 is such that:

1. Taking ki = 1 for each i ∈ N, then for any nested sequence B1 ⊃ B2 ⊃ B3 ⊃
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. . . , of infinite sets and any sequence of shifts (tk)k∈N, it does not hold that{︃∑︂
n∈F

n : F ⊂ Bk with 1 ≤ |F | ≤ k

}︃
+ tk ⊂ A, for every k ∈ N.

In view of the discussion prior to the statement of Proposition 7.3.2, this

answers Questions 7.2.1 and 7.3.1. Note that it also shows the necessity of the

auxiliary shift-sequence (sk)k∈N in the statement of Theorem 1.2.4.

2. If we let ki = i for each i ∈ N, then for any infinite set B ⊂ N and any sequence

(tk,ℓ)k,ℓ∈N it does not hold that{︃∑︂
n∈F

n : F ⊂ B with k ≤ |F | ≤ k + ℓ

}︃
+ tk,ℓ ⊂ A,

for each k, ℓ ∈ N. This shows that Theorem 1.2.3 cannot be improved in the

sense of allowing the infinite set B to be independent of ℓ.

Proof of Proposition 7.3.2. Let ε > 0 be fixed and consider an increasing sequence

of prime numbers (pn)n∈N such that
∑︁∞

n=1 n/pn < ε. Then, we define the set

A = N \
∞⋃︂
n=1

⎛⎝n−1⋃︂
j=0

pnN+ j

⎞⎠ . (7.3.1)

By the choice of (pn) it readily follows that d∗(A) > 1−ε. Now, assume there exists

an infinite sequence of sets B1 ⊃ B2 ⊃ B3 ⊃ . . . and a sequence of shifts (ti)i∈N

such that for each i ∈ N it holds that{︃∑︂
n∈F

n : F ⊂ Bi with ki ≤ |F | ≤ ki + i

}︃
+ ti ⊂ A.

Notice that, if r > i, the fact that Br ⊂ Bi implies{︃∑︂
n∈F

n : F ⊂ Br with ki ≤ |F | ≤ ki + i

}︃
+ ti ⊂ A.

Fix i,m, n, r ∈ N with ti < n < pn < r < m and i < r < m so that Bm ⊂ Br ⊂ Bi.

Assume first that there is an infinite set B̃m ⊂ Bm ∩ pnN. In particular,{︃∑︂
n∈F

n : F ⊂ B̃m with |F | = ki

}︃
⊂ pnN.
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Then, by assumption and the above discussion, it must be the case that{︃∑︂
n∈F

n : F ⊂ B̃m with |F | = ki

}︃
+ ti ⊂ A.

However, ti < n and thus

{︃∑︂
n∈F

n : F ⊂ B̃m with |F | = ki

}︃
+ ti ⊂

n−1⋃︂
j=0

pnN+ j ⊂ N \A,

which is a contradiction.

Therefore, by the pigeonhole principle, we may assume there exists cn ∈ {1, . . . , pn−
1} and an infinite set B̃m ⊂ Bm ∩ (pnN + cn). As before, the preceding discussion

implies that {︃∑︂
n∈F

n : F ⊂ B̃m with kr ≤ |F | ≤ kr + r

}︃
+ tr ⊂ A.

Now, pn is a prime and cn ̸≡ 0 (mod pn), hence cn is a generator in Zpn . As r > pn

this means that there exists some d ∈ {kr, . . . , kr + r} such that dcn + tr ≡ 0

(mod pn). We have thus established that{︃∑︂
n∈F

n : F ⊂ B̃m with |F | = d

}︃
+ tr ⊂ A ∩ (pnN+ dcn + tr) ⊂ A ∩ pnN = ∅,

which is again a contradiction.

Proposition 7.3.4. There exists a set A ⊂ N with d∗(A) > 0 such that the state-

ment of Theorem 1.2.4 fails if either of the sequences (tk)k∈N or (sk)k∈N is bounded.

Remark. The analogous is true for the statement of Theorem 1.2.3.

Proof. Take A ⊂ N as in (7.3.1). Suppose Theorem 1.2.4 holds with a bounded

sequence of shifts (tk)k∈N and some sequence (sk)k∈N. Let n > q = max{tk : k ∈ N}.
Assume that for some k > pn there exists an infinite set B̃+sk ⊂ (B+sk)∩(pnN+dn)

for some dn ∈ {1, . . . , pn − 1}. Then, as dn is a generator in Zpn and k > pn we can

find d ∈ {1, . . . , k} so that d · dn + tk ≡ 0 (mod pn). We thus reach a contradiction

because{︃∑︂
n∈F

n : F ⊂ B̃ + sk with |F | = d

}︃
+ tk ⊂ pnN+ d · dn + tk ⊂ pnN ⊂ N \A.
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Hence, for every k > pn, there is an infinite set B̃+sk ⊂ (B+sk)∩pnN. This leads
to a contradiction once again, since {

∑︁
n∈F n : F ⊂ B̃ + sk with |F | = k}+ tk ⊂ A

and{︃∑︂
n∈F

n : F ⊂ B̃+sk with |F | = k

}︃
+tk ⊂ pnN+tk ⊂

q⋃︂
j=0

pnN+j ⊂
n⋃︂

j=0

pnN+j ⊂ N\A.

To see that Theorem 1.2.4 does not in general hold with a finite sequence (sk)k∈N,

note that, if it did we would find by the pigeonhole principle an infinite set B, an

integer s ∈ N and sequences (nk)k∈N, (tk)k∈N so that{︃∑︂
n∈F

n : F ⊂ B + s with 1 ≤ |F | ≤ nk

}︃
+ tk ⊂ A, for every k ∈ N.

This would contradict our negative answer to Question 7.2.1.

We next show that imposing a cofiniteness assumption for nested versions of

infinite sumsets results, as, for instance, in Question 7.3.1, is superfluous in the

following sense.

Proposition 7.3.5. If A ⊂ N, then the following are equivalent:

(i) There exists a nested sequence of infinite sets B1 ⊃ B2 ⊃ B3 ⊃ . . . , where

Bk+1 is cofinite in Bk, for each k ∈ N, and a sequence of shifts (tk)k∈N such

that, for any k ∈ N{︃∑︂
n∈F

n : F ⊂ Bk with 1 ≤ |F | ≤ k

}︃
+ tk ⊂ A (7.3.2)

(ii) There exists a nested sequence of infinite sets B1 ⊃ B2 ⊃ B3 ⊃ . . . , and a

sequence of shifts (tk)k∈N such that, (7.3.2) holds for any k ∈ N.

Proof. It is clear that (i) implies (ii). For the converse, suppose (Bi)i∈N satisfies (ii).

Let b1 = min{b : b ∈ B1} and then, let b2 = min{b : b ∈ B2 \ {b1}}. Inductively,

we can choose bi+1 = min{b : b ∈ Bi+1 \ {b1, . . . , bi}}. With that we have built a

sequence (bi)i∈N which is infinite because every set Bi is infinite. For each i ∈ N,
define Ci = {bj : j ≥ i} and observe that, since Ci ⊂ Bi, the sequence C1 ⊃ C2 ⊃
C3 ⊃ . . . fulfills (7.3.2). Finally, by construction, Ci\Ci+1 = {bi+1}, hence Ci+1 is

cofinite in Ci, concluding the proof.

Remark 7.3.6. The same proof can be performed for other types of sumsets results.

In the present work, our “positive” results are proven in non-nested versions, that
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is, the strongest possible. We do not know, however, if Theorem 1.2.3 and Theorem

1.2.4 are equivalent to their respective nested versions. It could be the case, for

example, that every element b ∈ B1 appears only in finitely many Bi which a priori

makes the construction of a single infinite set B impossible.

We finish this section by showing that infinite analogues of Erdős progressions

(see [45, Definition 2.1]) can be utilized to obtain weaker versions of our main

results, Theorem 1.2.3 and Theorem 1.2.4. The sumsets obtained via this method

are generated by a nested sequence of infinite sets.

Definition 7.3.7. Let X be a compact metric space and T : X → X a homeomor-

phism. A sequence (xk)k∈N0 in X is called an infinite Erdős progression if there

exists an increasing sequence (cn)n∈N of natural numbers such that

lim
n→∞

T cnxk = xk+1, for every k ∈ N0.

Proposition 7.3.8. Let X be a compact metric space, T : X → X a homeomor-

phism and (Uk)n∈N a sequence of open subsets of X. Assume there exists an infinite

Erdős progression (xk)k∈N0 such that xk ∈ Uk for each k ∈ N. Then, there exists a

sequence of infinite sets B1, B2, . . . such that Bk+1 ⊂ Bk and{︂∑︂
n∈F

n : F ⊂ Bk, |F | = k
}︂
⊂
{︂
m ∈ N : Tmx0 ∈ Uk

}︂
,

for every k ∈ N.

Proof. Let (cn)n∈N be a sequence such that the convergence in Definition 7.3.7 is

satisfied. Fixing k ∈ N, the proof of [45, Lemma 2.2] gives an infinite set Bk ⊂ {cn :

n ∈ N} such that{︃∑︂
n∈F

n : F ⊂ Bk, |F | = k

}︃
⊂
{︃
m ∈ N : Tmx0 ∈ Uk

}︃
.

Then, writing Bk = {bk,1 < bk,2 < · · · }, since (bk,n)n∈N is a subsequence of (cn)n∈N

we have

lim
n→∞

T bk,nxm = xm+1, for every m ∈ N.

Another application of [45, Lemma 2.5] then gives an infinite set Bk+1 ⊂ {bk,n : n ∈
N} so that{︃∑︂

n∈F
n : F ⊂ Bk+1, |F | = k + 1

}︃
⊂
{︃
m ∈ N : Tmx0 ∈ Uk+1

}︃
.
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Continuing inductively we obtain the result. In fact, the proof of Proposition 7.3.5

shows that we can actually choose the sets B1, B2, . . . , so that Bk \Bk+1 is a finite

set for each k ∈ N.

Remark. Indeed, it is also the case that Proposition 7.3.8 is, in general, optimal.

Namely, there are infinite Erdős progressions that can only be translated to sumsets

generated by nested sequences.

Let (xk)k∈N0 denote an infinite Erdős progression with (cn)n∈N being the se-

quence such that limn∈N T cnxk = xk+1. For ε > 0 fixed, define the sequence (nk)k∈N

by nk = min{cn : d(T cnxk, xk+1) < ε}.
Assume that the Erdős progression is chosen in a way that for some ε > 0, the

sequence (nk)k∈N is increasing (all we need is for it to be unbounded). Then, there

cannot exist an infinite B ⊂ {cn : n ∈ N} such that B⊕k ⊂ {n : d(Tnx0, xk) < ε/2},
for every k ∈ N.

Indeed, if b1 is the smallest element in B = {b1 < b2 < · · · }, simply choose k ∈ N
so that nk−1 > b1. Then, we should have

d(T b1+b2+. . .+bkx0, xk) < ε/2,

for all b2 < · · · < bk in B. But if b2, . . . , bk are large enough (each one in relation to

the previous) then

d(T b1+b2+. . .+bkx0, T
b1xk−1) < ε/2.

By the choice of nk−1 we have that d(T b1xk−1, xk) ≥ ε, which would lead to a

contradiction.

7.4 Dynamical interpretation

7.4.1 Translation to dynamics

The proofs of our main combinatorial results begin by translating them to statements

in ergodic theory. A fundamental step in order to facilitate this reformulation is a

version of Furstenberg’s correspondence principle introduced in [18]. For a proof of

this version, we refer the reader to [43].

Proposition 7.4.1. Let A ⊂ N be a set of with d∗(A) > 0. Then, there exists an

ergodic system (X,µ, T ), a point a ∈ X with µ
(︂
{Tna : n ∈ N}

)︂
= 1 and a clopen

set E ⊂ X such that A = {n ∈ N : Tna ∈ E} and µ(E) > 0.

We show the deduction of our main combinatorial results, Theorems 1.2.3 and

1.2.4, from the dynamical theorems mentioned in the introduction.

159



Proof that Theorem 7.2.3 implies Theorem 1.2.4. Let A ⊂ N be a set with d∗(A) >

0. By the correspondence principle (Proposition 7.4.1) we find an ergodic system

(X,µ, T ), a point a ∈ X with µ
(︂
{Tna : n ∈ N}

)︂
= 1 and a clopen set E ⊂ X such

that A = {n ∈ N : Tna ∈ E} and µ(E) > 0. Theorem 7.2.3 then guarantees the

existence of an infinite set B ⊂ N and sequences (sk)k∈N, (tk)k∈N ⊂ N such that

T (tk+isk+b1+···+bi)a ∈ E,

for every k ∈ N and for every 1 ≤ i ≤ k, and b1, b2, . . . , bi distinct elements of B.

Since A = {n ∈ N : Tna ∈ E} we have that

b1 + · · ·+ bi + isk + tk ∈ A,

for every k ∈ N and for every 1 ≤ i ≤ k, and b1, b2, . . . , bi distinct elements of B.

This translates to{︃∑︂
n∈F

n : F ⊂ B + sk with 1 ≤ |F | ≤ k

}︃
+ tk ⊂ A, for every k ∈ N,

which is precisely the statement of Theorem 1.2.4.

The proof that Theorem 7.2.2 implies Theorem 1.2.3 is analogous to the previous

and as such we omit it. Let us also show that Theorem 1.2.3, for example, implies

Corollary 1.2.5.

Proof that Theorem 1.2.3 implies Corollary 1.2.5. Let B ⊂ N and (tk)k∈N ⊂ N be

the infinite set and the sequence obtained by Theorem 1.2.3 for ℓ = 0, so that{︄∑︂
b∈F

b : F ⊂ B, |F | = k

}︄
+ tk ⊂ A, for every k ∈ N. (7.4.1)

Let B = {bk : k ∈ N} be an enumeration of the set B, let {pk : k ∈ N} be an

enumeration of the primes and for each k ∈ N define Bk = {bpnk + tk − tk−1 : k ∈ N},
where t0 = 0. By (7.4.1) we have that

k∑︂
i=1

(bpni
i

+ ti − ti−1) =
(︂ k∑︂

i=1

bpni
i

)︂
+ tk ⊂ A,

for every k ∈ N and any n1, . . . , nk ∈ N. By definition, this implies that B1 +B2 +

· · ·+Bk ⊂ A, for every k ∈ N, concluding the proof.
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We saw that the dynamical results, Theorems 7.2.2 and 7.2.3, imply respectively

Theorems 1.2.3 and 1.2.4 – and hence, also, Corollary 1.2.5. Their proofs are then

the main focus of the rest of this paper.

7.5 Progressive measures and infinite-step nilsystems

A property that we use throughout the article is that of unique ergodicity of orbit

closures in infinite-step pronilsystems.

Proposition 7.5.1. Let (Z,m, T ) be an infinite-step pronilsystem, d ≥ 1 and Φ =

(ΦN )N∈N a Følner sequence in Zd. Then, for every k ≥ 2, any x1, . . . , xk ∈ Z and

any Si = T ai,1 × T ai,2 × · · · × T ai,k , where ai,1, . . . , ai,k are arbitrary integers, for

i = 1, . . . , d, the measure

ρ = lim
N→∞

1

|ΦN |
∑︂

(n1,...,nd)∈ΦN

(Sn1
1 · · ·Snd

d )δ(x1,...,xk),

where the limit is in the weak* topology, is well-defined. Moreover ρ is independent

from the Følner sequence Φ.

Proof. Let Zs be the s-step pronilfactor of Z with factor map πs : Z → Zs. It

follows by [32] that πk : Z → Zs is continuous. Let Ωs be the orbit closure of

(πs(x1), πs(x2), . . . , πs(xk)) ∈ Zk
s under the Zd-action given by the maps S1, . . . , Sd.

By properties of pronilsystems, (Ωs, S1, . . . , Sd) is minimal and uniquely ergodic. If

Ω∞ is the orbit closure of (x1, x2, . . . , xk) ∈ Zk under the Zd-action given by the

maps S1, . . . , Sd, then Ω∞ is the inverse limit of (Ωs)s∈N and therefore is minimal

and uniquely ergodic which concludes the proposition.

7.5.1 Progressive measures

We now define the notion of progressiveness for measures on finite (and infinite)

product spaces. This property can be viewed as a variation of recurrence. Later, we

introduce a more general property, which can analogously be viewed as variation of

multiple recurrence. These properties are the key ingredients that allow us to prove

our main dynamical theorems.

Definition 7.5.2. Let (X,T ) be a topological system and let k ∈ N. We say

that a Borel probability measure τ ∈ (Xk+1) is left-progressive if for all open sets

U1, . . . , Uk ⊂ X with

τ(X × U1 × · · · × Uk) > 0,
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there exist infinitely many n ∈ N such that

τ((X × U1 × · · · × Uk) ∩ (T × · · · × T )−n(U1 × · · · × Uk ×X)) > 0.

We say that τ as above is right-progressive if for all open sets U1, . . . , Uk−1 ⊂ X

with

τ(X × U1 × · · · × Uk−1 ×X) > 0,

there exist infinitely many n ∈ N such that

τ((X × U1 × · · · × Uk−1 ×X) ∩ (T × · · · × T )−n(X ×X × U1 × · · · × Uk−1)) > 0.

Finally, a measure is progressive if it is both left- and right-progressive.

For some measures on product spaces that we consider, the first marginal has

a distinguished role from the rest. As a useful convention we index such measures

starting from the 0-th coordinate.

Remark. In [45, Definition 3.1], the authors introduced a notion of progressive

measures that coincides with what we refer to as left-progressive.

We naturally extend this notion to measures τ ∈ (XN0).

Definition 7.5.3. Let (X,T ) be a topological system. We say that a Borel prob-

ability measure τ ∈ (XN0) is progressive if Pkτ is progressive for all k ≥ 2, where

Pk : X
N0 → Xk+1 is the projection onto the first k + 1 coordinates (including the

0-th coordinate).

We now proceed to define a Borel measure σ on the infinite product space XN0 ,

with base space coming from a given measure-preserving system (X,µ, T ), which

turns out to be progressive. In order to achieve this we first define a measure ξ on

ZN
∞, where (Z∞,m, T ) is the infinite-step pronilfactor of (X,µ, T ) and then lift this

measure on XN0 . We remark that the definition of σ crucially depends on a single

predetermined point a ∈ X. However, the factor map π : X → Z∞, which is used to

lift ξ to σ, is a priori only measurable and thus defined almost everywhere (hence,

potentially, not on a). Fortunately, we can assume that the factor map is actually

continuous, a manoeuvre known among aficionados that was also exploited in [45].

This reduction is formally proven at the end of this section.

Definition 7.5.4. We say that (X,µ, T ) has a topological infinite-step pronilfactor

if there is a continuous factor map π∞ : X → Z∞, where (Z∞,m, T ) denotes the

infinite-step pronilfactor of (X,µ, T ).
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Let (X,µ, T ) be an ergodic system with topological infinite-step pronilfactor

(Z∞,m, T ). Let also Φ = (ΦN )N∈N be a Følner sequence in N and a ∈ gen(µ,Φ).

Similarly to [45], our goal is to construct a measure ξ ∈ (ZN
∞) given by

ξ = lim
N→∞

1

|ΦN |
∑︂

n∈ΦN

∞∏︂
i=1

δT inπ∞(a), (7.5.1)

where the limit (assuming it exists) is in the weak* topology, then lift it and build

a progressive measure σ ∈ (XN0) (see (7.5.2)). For that we first need to ensure that

the limit in (7.5.1) is well-defined.

Lemma 7.5.5. Let (Z,m, T ) be an infinite-step pronilsystem, a ∈ Z and Φ =

(ΦN )N∈N a Følner sequence in N. Then for every k ≥ 2, the measure

ξk = lim
N→∞

1

|ΦN |
∑︂

n∈ΦN

δTna × δT 2na × · · · × δTkna

is well-defined. Moreover ξk is independent from the Følner sequence Φ.

Proof. This is a corollary of Proposition 7.5.1 with d = 1, S1 = T×T 2×· · ·×T k.

By a classical approximation argument we deduce that the limit in (7.5.1) exists.

Corollary 7.5.6. The measure given by (7.5.1) is well-defined.

Proof. This follows at once from Lemma 7.5.5 using the definition of weak* conver-

gence, the observation that P ∗
k ξn = ξk, for each k, n ∈ N, with k ≤ n, where P ∗

k

denotes the projection onto the first k coordinates, and the fact that {f1⊗· · ·⊗ fk :

k ∈ N, f1, . . . , fk ∈ C(Z∞)} is densely embedded in C(ZN
∞).

With that we can define the Borel probability measure σ ∈ (XN0) through the

use of Kolmogorov’s extension theorem as follows.

Definition 7.5.7. For k ∈ N, we define the measure σk ∈ (Xk+1) via the formula∫︂
Xk+1

f0⊗f1⊗· · ·⊗fk dσk = f0(a)

∫︂
Zk
∞

E(f1 | Z∞)⊗· · ·⊗E(fk | Z∞) dP ∗
k ξ, (7.5.2)

for all f0, f1, . . . , fk ∈ C(X), where P ∗
k denotes the projection onto the coordinates

{1, . . . , k} (excluding the 0-th coordinate). It follows by Stone-Weierstrass’ theorem

that each σk is well-defined via (7.5.2). The sequence of measures (σk)k∈N satisfies

the compatibility condition of Kolmogorov’s extension theorem, so we denote by

σ ∈ (XN0) the unique extension of this sequence.
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Remark. By definition, for any k ∈ N, Pkσ = σk, where Pk denotes the projection

onto the first k+1 coordinates, including the 0-th coordinate. It follows immediately

from the definition that Pkσ is invariant under Id × T × · · · × T k. Moreover, for

each k ∈ N and for each i = 1, . . . , k we have that the marginals Pkσi of Pkσ satisfy

Pkσi ≤ iµ, i.e., Pkσi(A) ≤ iµ(A) for any Borel set A ⊂ X. This follows using the

unique ergodicity of orbits on (Z∞, T ) and the T i-invariance of the marginals P ∗
k ξi

of P ∗
k ξ as in [45, Lemma 4.6].

In order to prove Theorems 7.2.2 and 7.2.3 we first work under the assumption

of topological infinite-step pronilfactors. This allows us to define the measure σ as

above, and using this we prove the following theorems.

Theorem 7.5.8. Let (X,µ, T ) be an ergodic system with topological infinite-step

pronilfactor. Let Φ = (ΦN )N∈N be a Følner sequence, let a ∈ gen(µ,Φ) and let σ

be the measure defined in Definition 7.5.7. Then, for ℓ ∈ N fixed and any open set

E ⊂ X with µ(E) > 0 there exist sequences (bn)n∈N, (tk)k∈N ⊂ N such that

0 < σk+ℓ+1

⎛⎝k+1⋂︂
i=1

k+ℓ+1∏︂
j=0

i+ℓ⋂︂
h=max(j,i)

T
−
(︂
ti+B⊕h−j

k

)︂
E

⎞⎠ ,

for every k ∈ N, where Bk = {b1, . . . , bk}.

Theorem 7.5.9. Let (X,µ, T ) be an ergodic system with topological infinite-step

pronilfactor. Let Φ = (ΦN )N∈N be a Følner sequence, let a ∈ gen(µ,Φ) and let σ

be the measure defined in Definition 7.5.7. Then, for every open set E ⊂ X with

µ(E) > 0 there exist sequences (bn)n∈N, (sk)k∈N, (tk)k∈N ⊂ N such that

σk+1

⎛⎝ k⋂︂
i=1

k+1∏︂
j=0

i+1⋂︂
ℓ=max(j,1)

T
−
(︂
ti+ℓsi+B⊕ℓ−j

k

)︂
E

⎞⎠ > 0,

for every k ∈ N, where Bk = {b1, . . . , bk}.

To prove that these results suffice to recover Theorems 7.2.2 and 7.2.3, the

only necessary ingredient is the fact that for a general measure preserving system

(X,µ, T ) with a priori measurable pronilfactors, one can pass to an extension with

continuous factor map onto X and with topological infinite-step topological pronil-

factor that agrees with that of X. This technical result was established in [43,

Proposition 5.7 and Lemma 5.8] for pronilfactors of finite-step. The proof extends

to the case of infinite-step pronilfactors needed for our setting.
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Proposition 7.5.10. Let (X,µ, T ) be an ergodic system and a ∈ X be a transitive

point. Then there exists an ergodic system (X̃, µ̃, T̃ ) with topological infinite-step

pronilfactor, a Følner sequence Ψ in N, a point ã ∈ gen(µ̃,Ψ) and a continuous fac-

tor map π : X̃ → X with π(ã) = a. Moreover (X̃, µ̃, T̃ ) and (X,µ, T ) are measurably

isomorphic and (X̃, µ̃, T̃ ) is a joining of X and Z∞.

Proof. By [43, Lemma 5.7] we can find (X̃, µ̃, T̃ ) which is measurably isomorphic

to (X,µ, T ), π : X̃ → X is continuous, π(ã) = a and such that the maps π̃k : X̃ →
Zk(X̃) are continuous and Zk(X̃) is isomorphic to Zk(X) for every k ∈ N. It follows
by the definition of infinite-step pronilfactors that Z∞(X̃) is measurably isomorphic

to Z∞(X). By the continuity of the factor maps π̃k it follows that Z∞(X̃) is a

topological inverse limit of ((Zk(X̃), T ))k∈N. Hence by the universal property of

topological inverse limits, there exists a continuous factor map π̃∞ : X̃ → Z∞(X̃),

concluding the proof.

Proof that Theorem 7.5.9 implies Theorem 7.2.3. Fix an ergodic system (X,µ, T ),

a Følner sequence Φ = (ΦN )N∈N, a point a ∈ gen(µ,Φ) and an open set E ⊂ X

with µ(E) > 0. By Proposition 7.5.10 there is an ergodic extension (X̃, µ̃, T̃ ) with

a continuous factor map π : X̃ → X that has topological infinite-step pronilfactor

and there is a Følner sequence Φ̃ = (Φ̃N )N∈N and a point ã ∈ gen(µ̃, Φ̃) such that

π(ã) = a. Let σ̃ be the measure on X̃N0 given by Definition 7.5.7 and σ on XN0

be its pushforward under π∞ (equivalently, σ on XN0 is the unique extension with

projections the compatible measures σk on Xk+1 defined as the pushforwards of σ̃k

by πk+1 on X̃k+1). Finally, let Ẽ = π−1(E). Applying Theorem 7.5.9 to (X̃, µ̃, T̃ )

we find strictly increasing sequences (bn)n∈N, (sk)k∈N, (tk)k∈N ⊂ N such that

σ̃k+1

⎛⎝ k⋂︂
i=1

k+1∏︂
j=0

i+1⋂︂
ℓ=max(j,1)

T
−
(︂
ti+ℓsi+B⊕ℓ−j

k

)︂
Ẽ

⎞⎠ > 0,

for every k ∈ N, where Bk = {b1, . . . , bk}. Note that σ̃k+1({ã} ×Xk+1) = 1. By the

definition of σ̃ and the fact that π is a factor map it follows that

σk+1

⎛⎝ k⋂︂
i=1

k+1∏︂
j=0

i+1⋂︂
ℓ=max(j,1)

T
−
(︂
ti+ℓsi+B⊕ℓ−j

k

)︂
E

⎞⎠ > 0, (7.5.3)

for every k ∈ N, and also that σk+1({a}×Xk+1) = 1, for every k ∈ N. In particular,
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considering only the 0-th coordinate in (7.5.3) we see that

a ∈
k⋂︂

i=1

(︄
i+1⋂︂
ℓ=1

T−(ti+ℓsi+B⊕ℓ
k )E

)︄
,

for every k ∈ N. It follows that, for each k ∈ N, 1 ≤ i ≤ k, and 1 ≤ ℓ ≤ i,

a ∈ T−(ti+ℓsi+B⊕ℓ
k )E.

As this holds for every k ∈ N we actually get that

a ∈ T−(ti+ℓsi+B⊕ℓ)E,

for all i ∈ N and 1 ≤ ℓ ≤ i, where B = (bn)n∈N, which is the statement of Theo-

rem 7.2.3.

The proof that Theorem 7.5.8 implies Theorem 7.2.2 is very similar and thus is

omitted.

7.6 Theorem 7.5.8 via progressive measures.

7.6.1 The measure σ is progressive

In this section we recover some statements analogous to the key intermediate results

used in the proof of the main theorem in [45]. These are exactly the tools we use

to prove that the measure σ defined above is progressive. While some proofs are

quite similar, we unfortunately cannot always cite the needed results from [45],

since the measures we study are defined via the infinite-step pronilfactor, whereas

the analogous measures therein were defined via finite-step pronilfactors.

Throughout this section, we let (X,µ, T ) be an ergodic system with topological

infinite-step pronilfactor and σ ∈ M(XN0) be the measure defined in Definition

7.5.7. The first result we need is the initialization step of the inductive proofs of

Theorem 7.5.8 and Theorem 7.5.9.

Proposition 7.6.1 (Initialization step). For any k ∈ N and any open set E ⊂ X

with µ(E) > 0, there exist infinitely many n ∈ N such that

σk(X × Tn
∆(E × · · · × E)) > 0.

A proof of this result relies on an analogue of [45, Theorem 5.2] in our setting.

The proof of this is almost identical to the one in [45], except for the justification of
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exchanging the order of limits in the averages analogous to (5.3) and (5.4) therein,

which in our context is possible via Proposition 7.5.1. However, we can also recover

Proposition 7.6.1 from a new key property of our measure σ, that is, multiple right-

progressiveness, which is introduced in Section 7.7.1. This self-contained proof of

Proposition 7.6.1 can be found in Remark 7.7.5 below.

We use the following result which extends [45, Lemma 6.11] for infinite-step

pronilsystems.

Lemma 7.6.2. Let (X,µ, T ) be an ergodic system, a ∈ gen(µ,Φ) for some Følner

sequence Φ = (ΦN )N∈N and denote by (Z∞,m, T ) the infinite-step pronilfactor of

this system. Assume (Y, ν, S) is an infinite-step pronilsystem. Then, for every

g ∈ C(X), y ∈ Y and F ∈ C(Y ) we have that

lim sup
N→∞

⃓⃓⃓⃓
⃓⃓ 1

|ΦN |
∑︂

n∈ΦN

g(Tna)F (Sny)

⃓⃓⃓⃓
⃓⃓ ≤ ∥E(g|Z∞)∥L1(m) · ∥F∥∞ . (7.6.1)

Proof. We first refine (ΦN )N∈N so that it realises the limsup on the LHS of (7.6.1) as

a limit and then find a further subsequence (ΦNj )j∈N so that (a, y) is generic along

(ΦNj ) for some (T×S)-invariant measure ρ on X×Y . If ν is an S-invariant measure

on the pronilsystem Y such that y ∈ gen(ν,Φ), since a ∈ gen(µ,Φ), we see that the

first and second marginals of ρ are µ and ν, respectively. Letting g̃ = E(g|Z∞) we

only have to prove that ∫︂
X×Y

(g − g̃)⊗ F dρ = 0 (7.6.2)

Although ρ may not be ergodic, it suffices to prove (7.6.2) assuming ρ is an ergodic

measure and then using its ergodic decomposition.

Using Proposition 2.6.2 we have that ∥(g − g̃)⊗ 1∥Uk(X×Y,ρ,T×S) = 0 for all

k ∈ N. By the same proposition we then see that (g − g̃) ⊗ 1 is orthogonal to the

infinite-step pronilfactor of (X×Y, ρ, T ×S). On the other hand, (Y, ν, S) is a factor

of (X ×Y, ρ, T ×S), and so 1⊗F is measurable with respect to the maximal factor

of (X × Y, ρ, T × S) that is an infinite-step pronilsystem, namely its infinite-step

pronilfactor. The functions (g− g̃)⊗ 1 and 1⊗F are thus orthogonal in L2(ρ) and

(7.6.2) follows.

Because each σk, for k ≥ 2, is invariant under Id×T ×· · ·×T k and its marginals

satisfy σki ≤ iµ, for i = 1, . . . , k, we can apply [45, Theorem 6.6] directly.

Proposition 7.6.3. Let k ∈ N, with k ≥ 2 and let Φ = (ΦN )N∈N be Følner sequence

in N. Then, for any f1, . . . , fk−1 ∈ L∞(µ) and any bounded sequence b : N → C we
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have that

lim sup
N→∞

⃦⃦⃦⃦
⃦⃦ 1

|ΦN |
∑︂

n∈ΦN

b(n) · (1⊗ Tnf1 ⊗ · · · ⊗ Tnfk−1 ⊗ 1)

⃦⃦⃦⃦
⃦⃦
L2(σk)

≤ Ck · ∥b∥∞ ·min{∥fi∥Uk(X,µ,T ) : 1 ≤ i ≤ k − 1},

where Ck > 0 is a constant that only depends on k.

This, in combination with Lemma 7.6.2, together imply the analogue of [45, The-

orem 6.2] for σk, by repeating the proof in [45, Section 6.4] (we also use Proposition

7.5.1 that allows us to interchange the order of analogous limits). Namely, we have

the following.

Proposition 7.6.4. Let k ∈ N with k ≥ 2. For any function F ∈ C(Xk) we have

that

lim
N→∞

⃦⃦⃦⃦
⃦⃦ 1

|ΦN |
∑︂

n∈ΦN

Tn
∆(F ⊗ 1)− 1

|ΦN |
∑︂

n∈ΦN

Tn
∆(1⊗ F )

⃦⃦⃦⃦
⃦⃦
L2(σk)

= 0.

Finally, [45, Theorem 6.1] also applies for each measure σk, k ∈ N, (more pre-

cisely, for the projection of σk to its last k-coordinates) because the only assumption

there is that the measure is (T × T 2 × · · · × T k)−invariant.

Proposition 7.6.5. Let k ∈ N with k ≥ 2. Let F ∈ C(Xk) be a nonnegative

function and Φ = (ΦN )N∈N be a Følner sequence in N. Then∫︂
1⊗ Fdσk > 0 =⇒ lim inf

N→∞

1

|ΦN |
∑︂

n∈ΦN

∫︂
Tn
∆(1⊗ F ) · (1⊗ F ) dσk > 0.

Remark 7.6.6. In fact, it follows from the proof of [45, Theorem 6.1], and in

particular from the use of Furstenberg’s multiple recurrence theorem, that in the

notation of the proposition, for any ε > 0 there is δ > 0 so that∫︂
1⊗ Fdσk > ε =⇒ lim inf

N→∞

1

|ΦN |
∑︂

n∈ΦN

∫︂
Tn
∆(1⊗ F ) · (1⊗ F ) dσk > δ.

As shown in [45, Section 6.1], these last two results together imply that each σk,

k ≥ 2, is left-progressive. Since Pkσ = σk, we have shown the following.

Proposition 7.6.7. The measure σ defined via (7.5.2) is left-progressive.

The proof of Proposition 7.6.7 (this is implicit in [45]) actually gives the following.
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Proposition 7.6.8. Let F ∈ C(Xk) be a nonnegative function with
∫︁
1⊗F dσk > 0.

Then,

lim inf
N→∞

1

|ΦN |
∑︂

n∈ΦN

∫︂
(Tn

∆F (a, x1, . . . , xk−1)⊗ 1) · (1⊗ F (x1, . . . , xk)) dσk(x) > 0.

Next we show that σ is right-progressive.

Proposition 7.6.9. The measure σ defined via (7.5.2) is right-progressive.

Proof. Let k ∈ N with k ≥ 2 be fixed. Let U1, . . . , Uk−1 ⊂ X be open sets with

σk(X × U1 × U2 × · · · × Uk−1 ×X) > 0.

As V = U1×· · ·×Uk−1 ⊂ Xk−1 is an open set, we can find a function G ∈ C(Xk−1)

such that 0 ≤ G ≤ 1V and
∫︁
Xk+1 1⊗G⊗ 1 dσk > 0. We thus have

lim inf
N→∞

1

|ΦN |
∑︂

n∈ΦN

σk((X × V ×X) ∩ T−n
∆ (X ×X × V ))

≥ lim inf
N→∞

1

|ΦN |
∑︂

n∈ΦN

∫︂
Xk+1

(1⊗G⊗ 1) · Tn
∆(1⊗ 1⊗G) dσk

= lim inf
N→∞

1

|ΦN |
∑︂

n∈ΦN

∫︂
Xk+1

(1⊗G⊗ 1) · Tn
∆(1⊗G⊗ 1) dσk,

where the equality follows by an application of Proposition 7.6.4 for the continuous

function 1 ⊗ G ∈ C(Xk) and the measure σk. Applying Proposition 7.6.5 for the

continuous function 1 ⊗ G ⊗ 1 ∈ C(Xk+1) it follows that the last expression is

positive. Hence, there exist infinitely many n ∈ N such that

σk((X × U1 × · · · × Uk−1 ×X) ∩ T−n
∆ (X ×X × U1 × · · · × Uk−1)) > 0

and this concludes the proof.

We remark in passing that the proof of Proposition 7.6.9 actually shows the

following result, although we do not need to use it.

Proposition 7.6.10. Let F ∈ C(Xk−1) be a nonnegative function with
∫︁
1⊗ F ⊗

1 dσk > 0. Then,

lim inf
N→∞

1

|ΦN |
∑︂

n∈ΦN

∫︂
1⊗1⊗(Tn

∆F (x2, . . . , xk)) ·(1⊗F (x1, . . . , xk−1)⊗1) dσk(x) > 0.
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As a corollary of Propositions 7.6.7 and 7.6.9 we deduce the following.

Theorem 7.6.11. The measure σ defined via (7.5.2) is progressive.

7.6.2 Proof of Theorem 7.5.8

We now prove Theorem 7.5.8 using the results of the previous subsection and an

inductive argument. We repeat the statement of the theorem for the convenience of

the reader.

Theorem 7.5.8. Let (X,µ, T ) be an ergodic system with topological infinite-step

pronilfactor. Let Φ = (ΦN )N∈N be a Følner sequence, let a ∈ gen(µ,Φ) and let σ

be the measure defined in Definition 7.5.7. Then, for ℓ ∈ N fixed and any open set

E ⊂ X with µ(E) > 0 there exist sequences (bn)n∈N, (tk)k∈N ⊂ N such

0 < σk+ℓ+1

⎛⎝k+1⋂︂
i=1

k+ℓ+1∏︂
j=0

i+ℓ⋂︂
h=max(j,i)

T
−
(︂
ti+B⊕h−j

k

)︂
E

⎞⎠ ,

for every k ∈ N, where Bk = {b1, . . . , bk}.

The diagram sketching the proof Theorem 7.5.8 is the following.

Initialization step

Right-progressiveness

Left-progressiveness

Finds t1 such that

σℓ+2(X × T−t1E × · · · × T−t1E) > 0

Finds bk and tk such that

σk+ℓ+1

(︃⋂︁k+1
i=1

∏︁k+ℓ+1
j=0

⋂︁i+ℓ
h=max(j,i) T

−
(︂
ti+B

⊕h−j
k

)︂
E

)︃
> 0.

Figure 7.1: Diagram of the proof of Theorem 7.5.8

Proof. By Proposition 7.6.1 we can find t1 ∈ N such that

σℓ+1(X × T−t1E × · · · × T−t1E) > 0.

As σ is right-progressive we can find t′2 such that if t2 = t′2 + t1, it holds that

σℓ+2((X × T−t1E × · · · × T−t1E ×X) ∩ (X ×X × T−t2E × · · · × T−t2E)) > 0.
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Using left-progressiveness we obtain b1 ∈ N such that the σℓ+2 measure of(︂
T−(t1+b1)E ×

(︂
T−(t1+b1)E ∩ T−t1E

)︂
× · · · ×

(︂
T−(t1+b1)E ∩ T−t1E

)︂
× T−t1E ×X

)︂
⋂︂(︂

X × T−(t2+b1)E ×
(︂
T−(t2+b1) ∩ T−t2E

)︂
× · · · ×

(︂
T−(t2+b1)E ∩ T−t2E

)︂
× T−t2E

)︂
is positive. Recall the notational conventions from Section 2.7 and observe that this

can be rewritten as

σℓ+2

⎛⎝ 2⋂︂
i=1

ℓ+2∏︂
j=0

i+ℓ⋂︂
h=max(j,i)

T
−
(︂
ti+B⊕h−j

1

)︂
E

⎞⎠ > 0,

where B1 = {b1}, using for example that B⊕h
1 = ∅ and so T−(t2+B⊕h

1 )E = X, for

h ≥ 2. In this fashion we construct the sequences of the statement inductively.

Assume we have constructed b1 < · · · < bk and t1 < · · · < tk+1 ∈ N such that if

Bk = {b1, . . . , bk}, we have that

σk+ℓ+1

⎛⎝k+1⋂︂
i=1

k+ℓ+1∏︂
j=0

i+ℓ⋂︂
h=max(j,i)

T
−
(︂
ti+B⊕h−j

k

)︂
E

⎞⎠ > 0. (7.6.3)

We note in particular that

σk+ℓ+1

⎛⎝k+ℓ+1∏︂
j=0

k+1+ℓ⋂︂
h=max(j,k+1)

T
−
(︂
tk+1+B⊕h−j

k

)︂
E

⎞⎠ > 0. (7.6.4)

As σ is a right-progressive measure we can apply the defining property in Definition

7.5.2, only considering the set isolated in (7.6.4), in order to find t′k+2 such that if

tk+2 = t′k+2 + tk+1, then the σk+ℓ+2 measure of the set⎡⎣⎛⎝k+1⋂︂
i=1

k+ℓ+2∏︂
j=0

i+ℓ⋂︂
h=max(j,i)

T
−
(︂
ti+B⊕h−j

k

)︂
E

⎞⎠⎤⎦∩

⎡⎣X ×
k+ℓ+1∏︂
j=0

⎛⎝ k+1+ℓ⋂︂
h=max(j,k+1)

T
−
(︂
tk+2+B⊕h−j

k

)︂
E

⎞⎠⎤⎦
is positive. The projection onto the 0-th coordinate of this set equals

k+1⋂︂
i=1

i+ℓ⋂︂
h=i

T−(ti+B⊕h
k ) =

k+2⋂︂
i=1

i+ℓ⋂︂
h=i

T−(ti+B⊕h
k )
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and the projection onto the rest k + ℓ+ 2 coordinates becomes

k+1⋂︂
i=1

k+ℓ+2∏︂
j=1

⎛⎝ i+ℓ⋂︂
h=max(j,i)

T
−
(︂
ti+B⊕h−j

k

)︂
E ∩

k+1+ℓ⋂︂
h=max(j−1,k+1)

T
−
(︂
tk+2+B⊕h−j+1

k

)︂
E

⎞⎠
=

k+1⋂︂
i=1

k+ℓ+2∏︂
j=1

⎛⎝ i+ℓ⋂︂
h=max(j,i)

T
−
(︂
ti+B⊕h−j

k

)︂
E ∩

k+2+ℓ⋂︂
h=max(j,k+2)

T
−
(︂
tk+2+B⊕h−j

k

)︂
E

⎞⎠
=

k+2⋂︂
i=1

k+ℓ+2∏︂
j=1

i+ℓ⋂︂
h=max(j,i)

T
−
(︂
ti+B⊕h−j

k

)︂
E.

In total, this gives that

σk+ℓ+2

⎛⎝k+2⋂︂
i=1

k+ℓ+2∏︂
j=0

i+ℓ⋂︂
h=max(j,i)

T
−
(︂
ti+B⊕h−j

k

)︂
E

⎞⎠ > 0.

By left-progressiveness, we obtain bk+1 > bk such that the σk+ℓ+2 measure of⎛⎝k+2⋂︂
i=1

k+ℓ+2∏︂
j=0

i+ℓ⋂︂
h=max(j,i)

T
−
(︂
ti+B⊕h−j

k

)︂
E

⎞⎠ ∩

⎛⎝k+2⋂︂
i=1

k+ℓ+2∏︂
j=0

i+ℓ⋂︂
h=max(j+1,i)

T
−
(︂
ti+bk+1+B⊕h−j−1

k

)︂
E

⎞⎠
=

k+2⋂︂
i=1

k+ℓ+2∏︂
j=0

⎛⎝ i+ℓ⋂︂
h=max(j,i)

T
−
(︂
ti+B⊕h−j

k

)︂
E ∩

i+ℓ⋂︂
h=max(j+1,i)

T
−
(︂
ti+bk+1+B⊕h−j−1

k

)︂
E

⎞⎠
is positive. If we let Bk+1 = {b1, . . . , bk, bk+1}, we have thus established that

0 < σk+ℓ+2

⎛⎝k+2⋂︂
i=1

k+ℓ+2∏︂
j=0

i+ℓ⋂︂
h=max(j,i)

T
−
(︂
ti+B⊕h−j

k+1

)︂
E

⎞⎠ ,

concluding the induction.

7.7 Theorem 7.5.9 via multiple right-progressive mea-

sures

7.7.1 The measure σ is multiple right-progressive

For a metric space X, a homeomorphism T : X → X and a vector u = (u1, . . . , uk) ∈
Nk we write T u = T u1 × · · · × T uk . Based on Furstenberg-Katznelson’s multiple

recurrence theorem [20, Theorem A], we extend [45, Theorem 6.3] to a multiple

recurrence statement.
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Theorem 7.7.1. Let X be a compact metric space, let T1, . . . , Tℓ : X → X be com-

muting homeomorphisms for some ℓ ∈ N and Φ = (ΦN )N∈N be a Følner sequence.

Let also k ∈ N, v1, . . . , vℓ ∈ Nk and ν ∈ (Xk) be a Borel probability measure invari-

ant under T
vj
j , for j = 1, . . . , ℓ. For every measurable set A = A1 × · · · × Ak ⊂ Xk

with ν(A) > 0, and every u1, . . . , uℓ ∈ Nk, it holds that

lim inf
N→∞

1

|ΦN |
∑︂

n∈ΦN

ν(A ∩ (T u1
1 )−nA ∩ · · · ∩ (T uℓ

ℓ )−nA) > 0 (7.7.1)

Remark. In this work we are merely concerned with the case T1 = · · · = Tℓ = T

for a fixed T : X → X, vi = (1, 2, . . . , k) and ui = (i, . . . , i) ∈ Nk for all i = 1, . . . , ℓ.

But we believe the general statement is of independent interest. Notice that when

vi = ui for all i = 1, . . . , ℓ, the statement is a special case of Furstenberg-Katznelson’s

multiple recurrence theorem [20]. We also remark that the assumption that A is

a product set is necessary, as shown in [45, Example 6.4] for the single recurrence

statement proven there.

Proof. This proof is similar to the one of [45, Theorem 6.3]. We let vi = (vi,1, . . . , vi,k) ∈
Nk and ui = (ui,1, . . . , ui,k) ∈ Nk, for i = 1, . . . , ℓ, be vectors as in the statement of

the theorem.

Let c = LCM(vi,j : 1 ≤ i ≤ ℓ, 1 ≤ j ≤ k) be the least common multiple of the

coordinates of v1, . . . , vℓ and set wi,j = c
ui,j
vi,j

∈ N, for 1 ≤ i ≤ ℓ and 1 ≤ j ≤ k.

Observe that

(T vi
i )−wi,j (Xj−1 ×Aj ×Xk−j) = (T ui

i )−c(Xj−1 ×Aj ×Xk−j),

for all i = 1, . . . , ℓ and j = 1, . . . , k. Thus, for any n ∈ N we see that

(T ui
i )−cnA =

k⋂︂
j=1

(T ui
i )−cn(Xj−1 ×Aj ×Xk−j)

=
k⋂︂

j=1

(T vi
i )−wi,jn(Xj−1 ×Aj ×Xk−j) ⊃

k⋂︂
j=1

(T vi
i )−wi,jnA.

For the Følner sequence Ψ = (ΨN )N∈N given by ΨN = ΦN/c = {n ∈ N : cn ∈ ΦN},
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we have

lim inf
N→∞

1

|ΦN |
∑︂

n∈ΦN

ν(A ∩ (T u1
1 )−nA ∩ · · · ∩ (T uℓ

ℓ )−nA)

≥ lim inf
N→∞

1

c|ΨN |
∑︂

n∈ΨN

ν(A ∩ (T u1
1 )−cnA ∩ · · · ∩ (T uℓ

ℓ )−cnA)

≥ lim inf
N→∞

1

c|ΨN |
∑︂

n∈ΨN

ν
(︂
A ∩

(︂ k⋂︂
j=1

(T v1
1 )−w1,jnA

)︂
∩ · · · ∩

(︂ k⋂︂
j=1

(T vℓ
ℓ )−wℓ,jnA

)︂)︂
.

Since ν is invariant under T v1
1 , . . . , T vℓ

ℓ (and therefore by (T vi
i )wi,j for all i = 1, . . . , ℓ

and j = 1, . . . , k), the last average is positive by Furstenberg-Katznelson’s multiple

recurrence theorem, so we conclude.

Remark. Notice that if we consider the special case where T1 = · · · = Tℓ = T for

a fixed T : X → X in the previous proof, it suffices to apply Furstenberg’s multiple

recurrence.

Throughout this section, we let (X,µ, T ) be an ergodic system with topological

infinite-step pronilfactor (Z∞,m, T ), and σ ∈ M(XN0) be the measure defined in

Definition 7.5.7 for some generic point a ∈ gen(µ,Φ). We use Theorem 7.7.1 to

obtain the following result.

Corollary 7.7.2. Let k, ℓ ∈ N with k ≥ 2. Let f1, . . . , fk ∈ C(X) be nonnegative

functions and Φ = (ΦN )N∈N be a Følner sequence in N. If F = 1 ⊗ f1 ⊗ · · · ⊗ fk

and ∫︂
F dσk > 0,

then we have that

lim inf
M→∞

lim inf
N→∞

1

|ΦM |
∑︂

m∈ΦM

1

|ΦN |
∑︂

n∈ΦN

∫︂
F ·

ℓ∏︂
i=1

Tn+im
∆ F dσk > 0.

Proof. Denote F ∗ = f1 ⊗ · · · ⊗ fk. Letting supp(fi) = {x : fi(x) > 0}, for i =

1, . . . , k, and setting A = supp(f1)×· · ·×supp(fk), it follows by the assumption that∫︁
F ∗ dP ∗

kσ > 0 and hence that P ∗
kσ(A) > 0. This allows us to apply Theorem 7.7.1

for the set A ⊂ Xk defined above and the measure P ∗
kσ, which is invariant under

T × T 2 × · · · × T k. In particular, with k, ℓ ∈ N as above and ui = (i, . . . , i) for each

i ∈ [ℓ], and T1 = · · · = Tℓ = T , we obtain

lim inf
M→∞

1

|ΦM |
∑︂

m∈ΦM

P ∗
kσ(A ∩ T−m

∆ A ∩ · · · ∩ T−ℓm
∆ A) > 0.
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As f1, . . . , fk are continuous functions, this implies that

lim inf
M→∞

1

|ΦM |
∑︂

m∈ΦM

∫︂
F ∗ ·

ℓ∏︂
i=1

T im
∆ F ∗ dP ∗

kσ > 0.

Equivalently, for some ε > 0, the set

Pε = {m ∈ N :

∫︂
F ∗ ·

ℓ∏︂
i=1

T im
∆ F ∗ dP ∗

kσ > ε}

is such that dΦ(Pε) > 0. Then, it follows by Proposition 7.6.5 (see also Remark

7.6.6) that there exists ε′ > 0 such that for each m ∈ Pε,

lim inf
N→∞

1

|ΦN |
∑︂

n∈ΦN

∫︂
F ∗ ·

ℓ∏︂
i=1

T im
∆ F ∗ · Tn

∆F
∗ ·

ℓ∏︂
i=1

Tn+im
∆ F ∗ dP ∗

kσ > ε′,

which in turn implies that

lim inf
N→∞

1

|ΦN |
∑︂

n∈ΦN

∫︂
F ∗ ·

ℓ∏︂
i=1

Tn+im
∆ F ∗ dP ∗

kσ > ε′′,

for some ε′′ > 0. As dΦ(Pε) > 0 we conclude that

lim inf
M→∞

1

|ΦM |
∑︂

m∈ΦM

lim inf
N→∞

1

|ΦN |
∑︂

n∈ΦN

∫︂
F ∗ ·

ℓ∏︂
i=1

Tn+im
∆ F ∗ dP ∗

kσ > 0,

which implies the conclusion of the theorem.

The main result of this section is the following proposition which is an indirect

consequence of Theorem 7.7.1.

Proposition 7.7.3. Let k, ℓ ∈ N with k ≥ 2. Let f1, . . . , fk ∈ C(X) be nonnegative

functions and Φ = (ΦN )N∈N be a Følner sequence in N. If F = 1 ⊗ f1 ⊗ · · · ⊗ fk

and ∫︂
Fdσk > 0,

then we have that

lim inf
M→∞

lim inf
N→∞

1

|ΦM |
∑︂

m∈ΦM

1

|ΦN |
∑︂

n∈ΦN

∫︂
(F⊗1⊗ℓ)·

ℓ∏︂
i=1

(Tn+im
∆ (1⊗i⊗F⊗1⊗ℓ−i)) dσk+ℓ > 0.

Observe that for ℓ = 1 this implies Proposition 7.6.10. This result allows us to

175



utilize the following property that we naturally term multiple right-progressiveness.

Definition 7.7.4. Let (X,T ) be a topological system. We say that a Borel proba-

bility measure τ ∈ M(XN0) is multiple right-progressive if for each k, ℓ ∈ N and any

open sets U1, . . . , Uk ⊂ X with

τk(X × U1 × · · · × Uk) > 0,

there exist infinitely many n,m ∈ N such that

τk+ℓ

(︂
(X × U ×Xℓ) ∩ T

−(n+m)
∆ (X2 × U ×Xℓ−1) ∩ · · · ∩ T

−(n+ℓm)
∆ (Xℓ+1 × U)

)︂
> 0,

where U = U1 × · · · × Uk and τk and τk+ℓ are the projections onto the first (k + 1)

and (k + ℓ+ 1) coordinates of τ , respectively.

Remark. We want to emphasize that Proposition 7.7.3 implies that σ is multiple

right-progressive. Moreover, note that for ℓ = 1, this property coincides with right-

progressiveness.

Remark 7.7.5. The initialization step, i.e. Proposition 7.6.1, for the proofs of The-

orem 7.5.8 and Theorem 7.5.9, can be obtained as a consequence of multiple right-

progressiveness and left-progressiveness. Indeed, by multiple right-progressiveness

for the case k = 1, ℓ ∈ N and U1 = E an open set with µ(E) > 0, we obtain infinitely

many n,m ∈ N such that

σℓ+1(X × E × T−(n+m)E × T−(n+2m)E × · · · × T−(n+ℓm)E) > 0.

Disregarding the second coordinate and using left-progressiveness, we find ñ with

0 < σℓ(X × T−(ñ+m)E × T−(ñ+2m)E × · · · × T−(ñ+ℓm)E)

= σℓ((Id × T̃ )−m(X × T−ñE × T−ñE × · · · × T−ñE))

= σℓ(X × T−ñ
∆ (E × · · · × E)),

obtaining the conclusion of Proposition 7.6.1.

The proof of Proposition 7.7.3 for infinite-step pronilsystems is straightforward

from the definition of σ. In fact, in this special case we do not need to average along

the transformation Tn
∆, and the result is a corollary of Theorem 7.7.1. Our goal

then is to show that the infinite-step pronilfactor is characteristic. To prove this, it

would be enough to show the related ergodic averages are controlled by uniformity

seminorms. As we show in Appendix B.0.2 these seminorms do not always control
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the single average, hence the need to introduce a second averaging over Tn
∆. However,

for the double averages in Proposition 7.7.3 we have the following.

Lemma 7.7.6. Let (X,µ, T ) be an ergodic system, k, ℓ ∈ N with k ≥ 2, let τ ∈ (Xk)

be a (T ×T 2×· · ·×T k)-invariant measure with marginals τi ≤ Cµ for some C > 0.

Moreover, let f1, . . . , fk ∈ C(X) and Φ = (ΦN )N∈N a Følner sequence in N. If

F = f1 ⊗ · · · ⊗ fk, then

lim sup
M→∞

lim sup
N→∞

⃦⃦⃦⃦
⃦⃦ 1

|ΦM |
∑︂

m∈ΦM

1

|ΦN |
∑︂

n∈ΦN

ℓ∏︂
i=1

Tn+im
∆ F

⃦⃦⃦⃦
⃦⃦
L2(τ)

≤ Ck,ℓ min
1≤j≤k

{∥fj∥Uk·ℓ(X,µ,T )},

where Ck,ℓ > 0 is a constant that only depends on k and ℓ.

Proof. Let c = LCM(2, . . . , k). Considering the Følner sequence Ψ = (ΨN )N∈N

given by

ΨN = ΦN/c = {n : cn ∈ ΦN}, for N ∈ N,

and applying [45, Lemma 6.8], we get that

lim sup
M→∞

lim sup
N→∞

⃦⃦⃦⃦
⃦⃦ 1

|ΦM |
∑︂

m∈ΦM

1

|ΦN |
∑︂

n∈ΦN

ℓ∏︂
i=1

Tn+im
∆ F

⃦⃦⃦⃦
⃦⃦
L2(τ)

≤

1

c2

c−1∑︂
r,r′=0

lim sup
M→∞

lim sup
N→∞

⃦⃦⃦⃦
⃦⃦ 1

|ΨM |
∑︂

m∈ΨM

1

|ΨN |
∑︂

n∈ΨN

⎛⎝ k∏︂
j=1

ℓ∏︂
i=1

(T cn+icm+r+ir′fj)
[j]

⎞⎠⃦⃦⃦⃦⃦⃦
L2(τ)

,

where for a function f ∈ C(X) we denote f [j](x1, . . . , xk) = f(xj), for (x1, . . . , xk) ∈
Xk. Fixing r, r′ ∈ {0, . . . , c− 1} and letting S = T ×T 2× · · · ×T k, and cj = c/j for

j = 1, . . . , k, we get that

lim sup
M→∞

lim sup
N→∞

⃦⃦⃦⃦
⃦⃦ 1

|ΨM |
∑︂

m∈ΨM

1

|ΨN |
∑︂

n∈ΨN

⎛⎝ k∏︂
j=1

ℓ∏︂
i=1

(T cn+icm+r+ir′fj)
[j]

⎞⎠⃦⃦⃦⃦⃦⃦
L2(τ)

= lim sup
M→∞

lim sup
N→∞

⃦⃦⃦⃦
⃦⃦ 1

|ΨM |
∑︂

m∈ΨM

1

|ΨN |
∑︂

n∈ΨN

⎛⎝ k∏︂
j=1

Scjn

(︄
ℓ∏︂

i=1

Sicjm(T r+ir′fj)
[j]

)︄⎞⎠⃦⃦⃦⃦⃦⃦
L2(τ)

.

By [63, Theorem 1.1], the previous double limsup is actually a limit, and it is equal
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to

lim
N→∞

lim
M→∞

⃦⃦⃦⃦
⃦⃦ 1

|ΨM |
∑︂

m∈ΨM

1

|ΨN |
∑︂

n∈ΨN

⎛⎝ k∏︂
j=1

Scjn

(︄
ℓ∏︂

i=1

Sicjm(T r+ir′fj)
[j]

)︄⎞⎠⃦⃦⃦⃦⃦⃦
L2(τ)

.

(7.7.2)

Notice that for an integer u > kc, the function (i, j) ∈ {1, . . . , ℓ} × {1, . . . , k} ↦→
ucj + icj is injective. For a fixed such u ∈ N, making the change of variables

n ↦→ n+ um, we obtain that the quantity in (7.7.2) becomes

lim
N→∞

lim
M→∞

⃦⃦⃦⃦
⃦⃦ 1

|ΨM |
∑︂

m∈ΨM

1

|ΨN |
∑︂

n∈ΨN

⎛⎝ k∏︂
j=1

Scjn

(︄
ℓ∏︂

i=1

S(ucj+icj)m(T r+ir′fj)
[j]

)︄⎞⎠⃦⃦⃦⃦⃦⃦
L2(τ)

≤ lim
N→∞

1

|ΨN |
∑︂

n∈ΨN

lim
M→∞

⃦⃦⃦⃦
⃦⃦ 1

|ΨM |
∑︂

m∈ΨM

⎛⎝ k∏︂
j=1

Scjn

(︄
ℓ∏︂

i=1

S(ucj+icj)m(T r+ir′fj)
[j]

)︄⎞⎠⃦⃦⃦⃦⃦⃦
L2(τ)

≤ C ′
k,ℓ lim

N→∞

1

|ΨN |
∑︂

n∈ΨN

min

{︃⃦⃦⃦
Scjn(T r+ir′fj)

[j]
⃦⃦⃦
Uk·ℓ(Xk,τ,S)

: 1 ≤ j ≤ k, 1 ≤ i ≤ ℓ

}︃
= C ′

k,ℓmin

{︃⃦⃦⃦
(T r+ir′fj)

[j]
⃦⃦⃦
Uk·ℓ(Xk,τ,S)

: 1 ≤ j ≤ k, 1 ≤ i ≤ ℓ

}︃
,

where the last inequality and the constant C ′
k,ℓ > 0 come from [45, Lemma 6.7 (iii)].

Finally, by [45, Lemma 6.7(iv)], there exists a constant C ′′
k,ℓ > 0 such that⃦⃦⃦

(T r+ir′fj)
[j]
⃦⃦⃦
Uk·ℓ(Xk,τ,S)

=
⃦⃦⃦
T r+ir′fj

⃦⃦⃦
Uk·ℓ(X,τj ,T j)

≤ C ′′
k,ℓ ∥fj∥Uk·ℓ(X,µ,T )

and so we conclude the result by defining Ck,ℓ = C ′
k,ℓ · C ′′

k,ℓ > 0.

The fact that we can project to the infinite-step pronilfactor allows us to prove

the following result.

Lemma 7.7.7. If k, ℓ ∈ N with k ≥ 2, F ∈ C(Xk) and (ΦN )N∈N is a Følner

sequence, then

lim
M→∞

lim sup
N→∞

⃓⃓⃓⃓
⃓
⃓⃓⃓⃓
⃓ 1

|ΦM |
∑︂

m∈ΦN

1

|ΦN |
∑︂

n∈ΦN

ℓ∏︂
i=1

Tn+im
∆ (1⊗ F ⊗ 1

ℓ)−

1

|ΦM |
∑︂

m∈ΦM

1

|ΦN |
∑︂

n∈ΦN

ℓ∏︂
i=1

Tn+im
∆ (11+i ⊗ F ⊗ 1

ℓ−i)

⃓⃓⃓⃓
⃓
⃓⃓⃓⃓
⃓
L2(σk+ℓ)

= 0.

Proof. We follow the proof of [45, Theorem 6.2]. By an approximation argument,

we can assume F = f1 ⊗ · · · ⊗ fk for f1, . . . , fk ∈ C(X). Set G = 1 ⊗ g1 ⊗ · · · ⊗ gk
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where gi = E(fi|Z∞) for each i ∈ [k]. Using Lemma 7.7.6 and approximating gi by

continuous functions since the marginals of ξ satisfy ξi ≤ imZ∞ , we see that it is

enough to prove the statement in Z∞ with F = f1⊗· · ·⊗ fk for f1, . . . , fk ∈ C(Z∞)

and a ∈ Z∞. Using these reductions, by unique ergodicity of orbit closures in a

pronilsystem, and the definition of ξk+ℓ it suffices therefore to show that⃦⃦⃦⃦
⃦⃦ 1

|ΦM |
∑︂

m∈ΦM

1

|ΦN |
∑︂

n∈ΦN

[︄
ℓ∏︂

i=1

Tn+im
∆ (F ⊗ 1

ℓ)−
ℓ∏︂

i=1

Tn+im
∆ (1i ⊗ F ⊗ 1

ℓ−i)

]︄⃦⃦⃦⃦
⃦⃦
2

L2(ξk+ℓ)

vanishes as N,M → ∞. The last expression becomes

lim
J→∞

1

|ΦJ |
∑︂
j∈ΦJ

⃓⃓⃓⃓
⃓ 1

|ΦM |
∑︂

m∈ΦM

1

|ΦN |
∑︂

n∈ΦN

ℓ∏︂
i=1

Tn+im
∆ F (T ja, . . . , T kja)

− 1

|ΦM |
∑︂

m∈ΦM

1

|ΦN |
∑︂

n∈ΦN

ℓ∏︂
i=1

Tn+im
∆ F (T (i+1)ja, . . . , T (i+k)ja)

⃓⃓⃓⃓
⃓
2

= lim
J→∞

1

|ΦJ |
∑︂
j∈ΦJ

⃓⃓⃓⃓
⃓ 1

|ΦM |
∑︂

m∈ΦM

1

|ΦN |
∑︂

n∈ΦN

ℓ∏︂
i=1

Tn
∆F (T j+ima, . . . , T kj+ima)

− 1

|ΦM |
∑︂

m∈ΦM

1

|ΦN |
∑︂

n∈ΦN

ℓ∏︂
i=1

Tn
∆F (T (i+1)j+ima, . . . , T (i+k)j+ima)

⃓⃓⃓⃓
⃓
2

We are thus left with showing that

lim
N,M→∞

lim
J→∞

1

|ΦJ |
∑︂
j∈ΦJ

⃓⃓⃓⃓
⃓ 1

|ΦM |
∑︂

m∈ΦM

1

|ΦN |
∑︂

n∈ΦN

ℓ∏︂
i=1

Tn
∆F (T j+ima, . . . , T kj+ima)

− 1

|ΦM |
∑︂

m∈ΦM

1

|ΦN |
∑︂

n∈ΦN

ℓ∏︂
i=1

Tn
∆F (T (i+1)j+ima, . . . , T (i+k)j+ima)

⃓⃓⃓⃓
⃓
2

= 0.

Arguing as in Proposition 7.5.1, the unique ergodicity allows to exchange the order

of the limits, so that the above becomes

lim
N,J→∞

lim
M→∞

1

|ΦJ |
∑︂
j∈ΦJ

⃓⃓⃓⃓
⃓ 1

|ΦM |
∑︂

m∈ΦM

1

|ΦN |
∑︂

n∈ΦN

ℓ∏︂
i=1

Tn
∆F (T j+ima, . . . , T kj+ima)

− 1

|ΦM |
∑︂

m∈ΦM

1

|ΦN |
∑︂

n∈ΦN

ℓ∏︂
i=1

Tn
∆F (T (i+1)j+ima, . . . , T (i+k)j+ima)

⃓⃓⃓⃓
⃓
2

= 0.
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Making the change of variables m ↦→ m− j allows us to conclude, because⃓⃓⃓⃓
⃓ ∑︂
m∈ΦM

ℓ∏︂
i=1

Tn
∆F (T j+ima, . . . , T kj+ima)−

∑︂
m∈ΦM+j

ℓ∏︂
i=1

Tn
∆F (T j+ima, . . . , T kj+ima)

⃓⃓⃓⃓
⃓
2

,

equals oM→∞(|ΦM |), for any n, j ∈ N, by the asymptotic invariance of Følner se-

quences.

We are finally in a position to prove Proposition 7.7.3.

Proof of Proposition 7.7.3. We want to show that

lim inf
M→∞

lim inf
N→∞

1

|ΦM |
∑︂

m∈ΦM

1

|ΦN |
∑︂

n∈ΦN

∫︂
(F⊗1⊗ℓ) ·

ℓ∏︂
i=1

(Tn+im
∆ (1⊗i⊗F⊗1⊗ℓ−i)) dσk+ℓ

is positive. We can apply Lemma 7.7.7 and the above averages become

lim inf
M→∞

lim inf
N→∞

1

|ΦM |
∑︂

m∈ΦM

1

|ΦN |
∑︂

n∈ΦN

∫︂
(F ⊗ 1

⊗ℓ) ·
ℓ∏︂

i=1

(Tn+im
∆ (F ⊗ 1

⊗ℓ)) dσk+ℓ.

Note that we can rewrite these averages as

lim inf
M→∞

lim inf
N→∞

1

|ΦM |
∑︂

m∈ΦM

1

|ΦN |
∑︂

n∈ΦN

∫︂
F ·

ℓ∏︂
i=1

Tn+im
∆ F dσk

and the latter expression is positive by Corollary 7.7.2.

7.7.2 Proof of Theorem 7.5.9

Before presenting its proof, we restate Theorem 7.5.9 for the convenience of the

reader.

Theorem 7.5.9. Let (X,µ, T ) be an ergodic system with topological infinite-step

pronilfactor. Let Φ = (ΦN )N∈N be a Følner sequence, let a ∈ gen(µ,Φ) and let σ

be the measure defined in Definition 7.5.7. Then, for every open set E ⊂ X with

µ(E) > 0 there exist sequences (bn)n∈N, (sk)k∈N, (tk)k∈N ⊂ N such that

σk+1

⎛⎝ k⋂︂
i=1

k+1∏︂
j=0

i+1⋂︂
ℓ=max(j,1)

T
−
(︂
ti+ℓsi+B⊕ℓ−j

k

)︂
E

⎞⎠ > 0 (7.7.3)

for every k ∈ N, where Bk = {b1, . . . , bk}.
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The proof of Theorem 7.5.9 can be summarized in the following diagram.

Initialization step

Left-progressiveness

Multiple

Right-progressiveness

Finds t1 such that

σ2(X × T−t1E × T−t1E) > 0

Finds bk, tk, and sk such that

σk+1

(︃⋂︁k
i=1

∏︁k+1
j=0

⋂︁i+1
ℓ=max(j,1) T

−
(︂
ti+ℓsi+B

⊕ℓ−j
k

)︂
E

)︃
> 0

Figure 7.2: Diagram of the proof of Theorem 7.5.9

Proof. Recall that σ is progressive (see Theorem 7.6.11) as in Definition 7.5.3. Take

s1 = 0. As µ(E) > 0, by Proposition 7.6.1, there is t1 ∈ N such that

σ2(X × T−t1E × T−t1E) > 0.

By left-progressiveness of σ2, there is b1 ∈ N such that

σ2(T
−(t1+b1)E × (T−(t1+b1)E ∩ T−t1E)× T−t1E) > 0.

If we set B1 = {b1}, the previous is equivalent to

σ2

⎛⎝ 1⋂︂
i=1

2∏︂
j=0

i+1⋂︂
ℓ=max(j,1)

T
−
(︂
ti+ℓsi+B⊕ℓ−j

1

)︂
E

⎞⎠ > 0,

in accordance with the notation in (7.7.3). If we let Ẽ1 = X × T−(t1+b1)E × T−t1E

and E1 = T−(t1+b1)E× (T−(t1+b1)E∩T−t1E)×T−t1E, then we can use the multiple

right-progressiveness of σ to find s2 > s1 and t′ ∈ N such that

σ5((E1×X3)∩T−(t′+s2)
∆ (X×Ẽ1×X2)∩T−(t′+2s2)

∆ (X2×Ẽ1×X)∩T−(t′+3s2)
∆ (X3×Ẽ1)) > 0.

If we let t̃2 = t′ + t1, observe that the set

T
−(t′+s2)
∆ (X × Ẽ1 ×X2) ∩ T

−(t′+2s2)
∆ (X2 × Ẽ1 ×X) ∩ T

−(t′+3s2)
∆ (X3 × Ẽ1)
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is actually equal to the set

(X2 × T−(t̃2+s2+b1)E × T−(t̃2+s2)E ×X2) ∩ (X3 × T−(t̃2+2s2+b1)E × T−(t̃2+2s2)E ×X)⋂︂
(X4 × T−(t̃2+3s2+b1)E × T−(t̃2+3s2)E).

Thus, we have that the σ5 measure of the intersection of (E1 ×X3) with the set

X2 × T−(t̃2+s2+b1)E × (T−(t̃2+2s2+b1)E ∩ T−(t̃2+s2)E)×

(T−(t̃2+3s2+b1)E ∩ T−(t̃2+2s2)E)× T−(t̃2+3s2)E

is positive. By left-progressiveness (applied twice, only to the latter product set),

we can find t′2 so that if t2 = t′2 + t̃2, then the σ3 measure of the intersection of

(E1 ×X) with

T−(t2+s2+b1)E×(T−(t2+2s2+b1)E∩T−(t2+s2)E)×(T−(t2+3s2+b1)E∩T−(t2+2s2)E)×T−(t2+3s2)E

is positive. Applying left-progressiveness once again to the last intersection and

using the definition of E1, we find b2 > b1 such that the σ3 measure of

((T−(t1+b1)E ∩ T−(t1+b2)E ∩ T−(t1+b2+b1)E)×

(T−(t1+b2)E ∩ T−(t1+b1)E ∩ T−t1E)× T−t1E ×X)∩

((T−(t2+s2+b1)E ∩ T−(t2+2s2+b1+b2)E ∩ T−(t2+s2+b2)E)×

(T−(t2+2s2+b1)E ∩ T−(t2+s2)E ∩ T−(t2+3s2+b1+b2)E ∩ T−(t2+2s2+b2)E)×

(T−(t2+3s2+b1)E ∩ T−(t2+2s2)E ∩ T−(t2+3s2+b2)E)× T−(t2+3s2)E
)︂

is positive. If we let B2 = {b1, b2}, the previous is equivalent to the following:

σ3

⎛⎝ 2⋂︂
i=1

3∏︂
j=0

i+1⋂︂
ℓ=max(j,1)

T
−
(︂
ti+ℓsi+B⊕ℓ−j

2

)︂
E

⎞⎠ > 0.

In this fashion we construct the sequences of the statement inductively. Assume

that we have created b1 < · · · < bk, t1 < · · · < tk and s1 < · · · < sk such that

σk+1

⎛⎝ k⋂︂
i=1

k+1∏︂
j=0

i+1⋂︂
ℓ=max(j,1)

T
−
(︂
ti+ℓsi+B⊕ℓ−j

k

)︂
E

⎞⎠ > 0, (7.7.4)
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where Bk = {b1, . . . , bk}. Call

Ek =

k+1∏︂
j=0

T
−
(︂
tk+(k+1)sk+B⊕k+1−j

k

)︂
E =

k+1∏︂
j=0

T
−
(︂
t̃k+B⊕k+1−j

k

)︂
E,

where t̃k = tk + (k + 1)sk. Notice that

Ek ⊃
k+1∏︂
j=0

k+1⋂︂
ℓ=max(j,1)

T
−
(︂
tk+ℓsk+B⊕ℓ−j

k

)︂
E ⊃

k⋂︂
i=1

k+1∏︂
j=0

i+1⋂︂
ℓ=max(j,1)

T
−
(︂
ti+ℓsi+B⊕ℓ−j

k

)︂
E.

Using multiple right-progressiveness in (7.7.4) with Ek solely, we find sk+1 > sk and

t′ ∈ N such that the σ2k+3 measure of the intersection of⎛⎝ k⋂︂
i=1

k+1∏︂
j=0

i+1⋂︂
ℓ=max(j,1)

T
−
(︂
ti+ℓsi+B⊕ℓ−j

k

)︂
E

⎞⎠×Xk+2

with

T
−(t′+sk+1)
∆ (X × Ek ×Xk+1) ∩ · · · ∩ T

−(t′+(k+2)sk+1)
∆ (Xk+2 × Ek)

is positive. We notice that the set

Xk+1 ×
k+2∏︂
j=0

k+2⋂︂
ℓ=max(j,1)

T
−
(︂
t̃k+t′+ℓsk+1+B⊕ℓ−j

k

)︂
E

contains the set

T
−(t′+sk+1)
∆ (X × Ek ×Xk+1) ∩ · · · ∩ T

−(t′+(k+2)sk+1)
∆ (Xk+2 × Ek). (7.7.5)

as the set in the (k + 2 + j)-th coordinate of the set in (7.7.5) is

k+2⋂︂
ℓ=max(j,1)

T
−
(︂
t̃k+t′+ℓsk+1+B⊕ℓ−j

k

)︂
E,

for each j ∈ {0, . . . , k + 2}. To see this, notice, for example, that the (k + 2)-th

coordinate of the set in (7.7.5) is given by intersecting the (k+2− ℓ)-th coordinates

of Ek under T (−t′+ℓsk+1) for ℓ = 1, . . . , k + 1, and so it equals

k+1⋂︂
ℓ=1

T−(t′+ℓsk+1)T
−
(︂
t̃k+B

⊕k+1−(k+2−ℓ−1)
k

)︂
E =

k+2⋂︂
ℓ=1

T−(t̃k+t′+ℓsk+1+B⊕ℓ
k )E,
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since Bk+2
k = ∅.

Hence, by left-progressiveness applied k + 1 times and disregarding the last

coordinates, we can find tk+1 > tk (which groups each t̃k, t
′ and the shift given by

the (k + 1) applications of left-progressiveness) such that the σk+2 measure of⎛⎝ k⋂︂
i=1

k+2∏︂
j=0

i+1⋂︂
ℓ=max(j,1)

T
−
(︂
ti+ℓsi+B⊕ℓ−j

k

)︂
E

⎞⎠ ∩

⎛⎝k+2∏︂
j=0

k+2⋂︂
ℓ=max(j,1)

T
−
(︂
tk+1+ℓsk+1+B⊕ℓ−j

k

)︂
E

⎞⎠
=

⎛⎝k+1⋂︂
i=1

k+2∏︂
j=0

i+1⋂︂
ℓ=max(j,1)

T
−
(︂
ti+ℓsi+B⊕ℓ−j

k

)︂
E

⎞⎠
is positive. Now, by left-progressiveness once again, we obtain bk+1 > bk such that

the σk+2 measure of ⎛⎝k+1⋂︂
i=1

k+2∏︂
j=0

i+1⋂︂
ℓ=max(j,1)

T
−
(︂
ti+ℓsi+B⊕ℓ−j

k

)︂
E

⎞⎠∩

⎛⎝k+1⋂︂
i=1

k+2∏︂
j=0

i+1⋂︂
ℓ=max(j+1,1)

T
−
(︂
ti+ℓsi+bk+1+B⊕ℓ−j−1

k

)︂
E

⎞⎠
=

⎛⎝k+1⋂︂
i=1

k+2∏︂
j=0

⎛⎝ i+1⋂︂
ℓ=max(j,1)

T
−
(︂
ti+ℓsi+B⊕ℓ−j

k

)︂
E ∩

i+1⋂︂
ℓ=j+1

T
−
(︂
ti+ℓsi+bk+1+B⊕ℓ−j−1

k

)︂
E

⎞⎠⎞⎠
is positive. If we set Bk+1 = Bk ∪ {bk+1}, we then have that

0 < σk+2

⎛⎝k+1⋂︂
i=1

k+2∏︂
j=0

i+1⋂︂
ℓ=max(j,1)

T
−
(︂
ti+ℓsi+B⊕ℓ−j

k+1

)︂
E

⎞⎠
concluding the induction. We have constructed sequences (bn)n∈N, (tk)k∈N, (sk)k∈N

such that (7.7.3) holds for each k ∈ N and thus the proof is complete.

It is possible to find a set B ⊂ N that satisfies the statements of both Theo-

rem 1.2.3 and Theorem 1.2.4 at the same time. As Fig. 7.1 and Fig. 7.2 show, the

proofs of these theorems only differ in the iterative application of multiple right-

progressiveness to find the shifts tk, sk for Theorem 1.2.4, and right-progressiveness

to find the shift tk for Theorem 1.2.3. Thus, we can use both multiple right-

progressiveness and right-progressiveness, in addition to left-progressiveness, to have,
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in each iteration, three shifts tk, t
′
k and sk such that

σk+ℓ+1

[︄(︄
k+1⋂︂
i=1

k+ℓ+1∏︂
j=0

i+ℓ⋂︂
h=max(j,i)

T
−
(︂
t′i+B⊕h−j

k

)︂
E

)︄
∩

(︄
k⋂︂

i=1

(︄
k+1∏︂
j=0

i+1⋂︂
ℓ=max(j,1)

T
−
(︂
ti+ℓsi+B⊕ℓ−j

k

)︂
E

)︄
×Xℓ

)︄]︄
> 0,

which would imply that the same infinite set B ⊂ N satisfies the conclusions of

Theorems 1.2.4 and 1.2.3 simultaneously. Hence, we obtain the following result.

Proposition 7.7.8. Let A ⊂ N be a set with d∗(A) > 0 and ℓ ≥ 0 an integer. Then,

there exist an infinite set B ⊂ N and sequences (t̃k)k∈N, (tk)k∈N, (sk)k∈N ⊂ N such

that {︃∑︂
n∈F

n : F ⊂ B with k ≤ |F | ≤ k + ℓ

}︃
+ t̃k ⊂ A, for every k ∈ N,

and {︃∑︂
n∈F

n : F ⊂ B + sk with 1 ≤ |F | ≤ k

}︃
+ tk ⊂ A, for every k ∈ N,

simultaneously.
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Appendix A

Properties of abelian groups

and their Følner sequences

In this appendix, which is particularly useful for Chapters 4 and 5, we collect several

results regarding Følner sequences in abelian groups that we need. Let G denote a

countable abelian group with ℓ = [G : 2G] < ∞ and r = | ker(D)| < ∞.

Lemma A.0.1. Let Φ, Ψ be Følner sequences in G. Then the following hold:

(i) Φ ∪Ψ = (ΦN ∪ΨN )N∈N is a Følner sequence in G.

(ii) If 0 < lim inf
N→∞

|ΨN |
|ΦN |

≤ lim sup
N→∞

|ΨN |
|ΦN |

< +∞ and, lim inf
N→∞

|ΦN ∩ΨN |
|ΨN |

> 0 or

lim inf
N→∞

|ΦN ∩ΨN |
|ΦN |

> 0, then Φ ∩ Ψ = (ΦN ∩ ΨN )N∈N is a Følner sequence in

G.

(iii) If (gN )N∈N is a sequence of elements of G, then the sequence of shifts (gN +

ΦN )N∈N is a Følner sequence in G.

(iv) Φ/2 = (ΦN/2)N∈N is a Følner sequence in G.

Proof. Statements (i) and (ii) follow immediately from the definitions, and while

(iii) should be known to aficionados, the proof is also a simple consequence of the

definitions. Let us now prove (iv). From [11, Lemma 5.4] we know that N ↦→
ΦN = ΦN ∩ 2G, N ∈ N is a Følner sequence in 2G. Observe that for each N ∈ N,
ΦN/2 = ΦN/2. Let g ∈ G. Then for each N we have that

(︁
g + ΦN/2

)︁
△
(︁
ΦN/2

)︁
⊂(︁

(2g +ΦN )△ΦN

)︁
/2.

Observing that (2g+ΦN )△ΦN ⊂ 2G and ΦN ⊂ 2G, it follows from the definition

of the kernel of the doubling map D that |
(︁
(2g+ΦN )△ΦN

)︁
/2| = r|(2g+ΦN )△ΦN |
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and |ΦN/2| = r|ΦN |. Thus, we get that

|
(︁
g +ΦN/2

)︁
△
(︁
ΦN/2

)︁
|

|ΦN/2|
=

|
(︁
g +ΦN/2

)︁
△
(︁
ΦN/2

)︁
|

|ΦN/2|
≤ |(2g +ΦN )△ΦN |

|ΦN |
,

which goes to 0 as N → ∞, because (ΦN )N∈N is a Følner in 2G. This concludes the

proof of (iv).

Remark A.0.2. We remark here that statements (i), (ii) and (iii) hold in any

countable abelian group, irrespectively of whether the values r, ℓ are finite or infinite.

Lemma A.0.3. Let Ψ = (ΨN )N∈N be a Følner sequence in G. Then

lim
N→∞

|{g ∈ ΨN : g + ker(D) ⊂ ΨN}|
|ΨN |

= 1. (A.0.1)

In particular, this implies that |2ΨN |
|ΨN | = 1

r + oN→∞(1).

Proof. Let ker(D) = {h1, . . . , hr}. For each N we have that

{g ∈ ΨN : g + ker(D) ̸⊂ ΨN} =

r⋃︂
i=1

{g ∈ ΨN : g + hi /∈ ΨN} =

r⋃︂
i=1

ΨN \ (ΨN − hi)

which is a subset of
⋃︁r

i=1ΨN△(ΨN − hi) and therefore

|{g ∈ ΨN : g + ker(D) ̸⊂ ΨN}|
|ΨN |

≤
r∑︂

i=1

|ΨN△(ΨN − hi)|
|ΨN |

. (A.0.2)

Since Ψ is a Følner sequence in G, each summand in the right hand side of (A.0.2)

goes to 0 as N → ∞, so

lim
N→∞

|{g ∈ ΨN : g + ker(D) ̸⊂ ΨN}|
|ΨN |

= 0,

which implies (A.0.1). Now, for each N , if we let ΦN = {g ∈ ΨN : g+ker(D) ⊂ ΨN},
then we have that ΦN ⊂ ΨN ⊂

⋃︁
g∈ΨN

g + ker(D), which gives that

|2ΦN | ≤ |2ΨN | ≤ |2
⋃︂

g∈ΨN

g + ker(D)|. (A.0.3)

Consider the equivalence relation in G defined by a ≡ b ⇐⇒ a − b ∈ ker(D),

and for each g ∈ G let [g] denote the equivalence class of g. Note that for g, g′ ∈ G,

[g] ∩ [g′] ̸= ∅ ⇐⇒ [g] = [g′]. Let RN be the number of distinct equivalence classes

[g] contained in ΦN . Then |ΦN | = rRN and |2ΦN | = RN , because 2(g + hi) = 2g
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for each g ∈ G, hi ∈ ker(D), combined with the fact that whenever [g] ∩ [g′] = ∅ we

also have that 2g ̸= 2g′. Hence, |2ΦN | = 1
r |ΦN |.

Let also FN =
⋃︁

g∈ΨN
g + ker(D), and let LN be the number of different equiv-

alent classes appearing in ΨN . As before we see that |FN | = rLN and |2FN | = LN ,

so that |2FN | = 1
r |FN |. Moreover,

FN \ΨN ⊂
⋃︂

g∈ΨN
g+ker(D)̸⊂ΨN

g + ker(D),

so |FN \ ΨN | ≤ r |{g ∈ ΨN : g + ker(D) ̸⊂ ΨN}| = r|ΨN \ ΦN | = r(|ΨN | − |ΦN |).
Dividing by |ΨN |, taking N → ∞ and using that |ΦN |

|ΨN | → 1, we get that |FN\ΨN |
|ΨN | → 0,

so also |FN\ΨN |
|FN | → 0, and since ΨN ⊂ FN , we get that |ΨN |

|FN | → 1. Now, dividing by

|ΨN | in (A.0.3), we get that |2ΦN |
|ΨN | ≤ |2ΨN |

|ΨN | ≤ |2FN |
|ΨN | . Then |2ΦN |

|ΨN | = 1
r
|ΦN |
|ΨN | →

1
r and

|2FN |
|ΨN | = 1

r
|FN |
|ΨN | →

1
r , which implies that |2ΨN |

|ΨN | → 1
r as N → ∞ and concludes the

proof of the lemma.

As a special case of the above result we also obtain the following.

Lemma A.0.4. For any Følner sequence Φ = (ΦN )N∈N in G we have that |ΦN/2|
|ΦN∩2G| =

r + oN→∞(1) and |ΦN/2|
|ΦN | = r

ℓ + oN→∞(1).

Proof. Applying Lemma A.0.3 with ΨN = ΦN/2 and observing that 2(ΦN/2) =

ΦN ∩ 2G, we get that |ΦN/2|
|ΦN∩2G| = r + oN→∞(1). Combining the previous with [11,

Lemma 5.4] we get that |ΦN/2|
|ΦN | = r

ℓ + oN→∞(1).

Lemma A.0.5. If a Følner sequence Φ = (ΦN )N∈N in G is quasi-invariant with

respect to doubling, then (ΦN ∩ ΦN/2)N∈N is also a Følner sequence in G.

Proof. From Lemma A.0.1 (iv) we know that Φ/2 = (ΦN/2)N∈N is also a Følner

in G. Now, from Lemma A.0.4 and since Φ is q.i.d. we see that Φ,Φ/2 satisfy the

assumptions of Lemma A.0.1 (ii), and the lemma follows.
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Appendix B

Progressive measures, averages

and seminorms

The purpose of this appendix is to justify our choice of the way to define the pro-

gressive measures used in Chapter 7 and to explain why it is necessary to consider

double averages in Theorem 7.7.6.

B.0.1 Progressive measures coming from finite-step nilsystems are

distinct

For an ergodic system (X,µ, T ) with continuous pronilfactors, the progressive mea-

sures σZk for k ≥ 1 are defined in [45] as follows: Consider a ∈ gen(µ,Φ) and Zk

the k-step pronilfactor with continuous factor map πk : X → Zk. Define ξZk ∈ (Zk
k )

to be the Haar measure of the orbit closure of (πk(a), . . . , πk(a)) under the trans-

formation T × · · · × T k and for f0, f1, . . . , fk ∈ C(X) the measure σZk ∈ (Xk+1) is

defined via∫︂
Xk+1

f0⊗ f1⊗· · ·⊗ fk dσ
Zk = f0(a)

∫︂
Zk
k

E(f1 | Zk)⊗· · ·⊗E(fk | Zk) dξ
Zk . (B.0.1)

Herein, we want to illustrate that there are cases where if Pk+1 : X
k+2 → Xk+1

is the projection to the first k+1 coordinates, then Pk+1σ
Zk+1 and σZk are distinct

(see also [3, Example 3.19]).

Fix s ≥ 2 and let X = Ts and T : X → X be the affine transformation given

by T (x1, . . . , xs) = (x1 + α, x2 + 2x1 + α, . . . , xs + sxs−1 +
(︁
s
2

)︁
xs−2 + · · ·+ sx1 + α).

This transformation has been repeatedly used in the literature; see, for example,

[19, Proposition 3.11]. In particular if a = (0, . . . , 0) then Tna = (nα, n2α, . . . , nsα)

Notice that the factors Zk(X) for k ≤ s in this case are the systems Zk = Tk with
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factor maps πk : X → Zk given by projecting onto the first k coordinates. Moreover,

for every k ≤ s, σZk+1 is the Haar measure on the manifold

Ωk =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

⎛⎜⎜⎜⎜⎜⎜⎜⎝

v0

v1

...

vk+1

⎞⎟⎟⎟⎟⎟⎟⎟⎠
∈ (Ts)k+2

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓

v0 = a,

vr = (rt1, r
2t2, . . . , (r + 1)rtk, ur,1, . . . , ur,s+1−k),

t1, . . . , tk ∈ T and

ur,1, . . . , ur,s+1−k ∈ T for r = 1, . . . k + 1

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
where we recall that a = (0, . . . , 0) ∈ Ts = X. For instance, when s = 3,

Ω1 = {(0, 0, 0, t, u, v, 2t, w,w′) | t, u, v, w,w′ ∈ T} ⊂ X1+2

Ω2 = {(0, 0, 0, t, r, u, 2t, 4r, v, 3t, 9r, w) | t, r, u, v, w ∈ T} ⊂ X2+2

Ω3 = {(0, 0, 0, t, r, s, 2t, 4r, 8s, 3t, 9r, 27s, 4t, 16r, 64s) | t, r, s ∈ T} ⊂ X3+2

Notice that Pk(Ωk) is strictly contained in Ωk−1, so in particular they are distinct.

Since Haar measures of nilmanifolds are fully supported, it follows that the measures

Pk+1σ
Zk and σZk−1 are distinct for all k ≤ s.

For the same reason, the measures σZk are not ergodic under the action of

Id × T × · · · × T k for k < s. In fact, the nilmanifold Ps,k(Ωs), where Ps,k denotes

the projection map Ps,k : X
s+2 → Xk+2 to the first k + 2 coordinates, is a minimal

component of Ωk for the transformation Id×T ×· · ·×T k. This shows that Ωk itself

is not minimal for Id×T × · · · ×T k and hence its Haar measure σZk is not ergodic.

B.0.2 Double average for seminorm control

Here we use the same family of examples to prove that the seminorms control is

only guaranteed in the double averaging version of Lemma 7.7.6. More precisely, we

build an example where if one consider a single average, the L2 norm is no longer

controlled by the seminorms of f1, f2.

Consider X = T3 with the transformation T : T3 → T3 given by (x, y, z) ↦→
(x+ α, y + 2x+ α, z + 3y + 3x+ α) for α irrational. Let also 0 = (0, 0, 0) and

Ω = OrbT×T 2(0,0) = {(t, s, r, 2t, 4s, 9r) | t, s, r ∈ T} ⊂ X2
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with its Haar measure ξ. Then, (Ω, ξ, T ×T 2) is a minimal and ergodic system. No-

tice that, for F ∈ C(Ω) and (t0, s0, r0, 2t0, 4s0, 9r0) ∈ Ω, the conditional expectation

onto W = Z2(Ω, ξ, T × T 2) is given by

E(F | W )(t0, s0, r0, 2t0, 4s0, 9r0) =

∫︂
T
F (t0, s0, r, 2t0, 4s0, 9r) dm(r).

Then, if f1, f2 ∈ C(T3) are given by f1 = 1T2×(0,1/92) +1 and f2 = 1T2×(1/9,2/9) +1,

we have that

E(f1 | Z2) =E(1T2×(0,1/92) | Z2) + 1 = 1 + 1/92

E(f2 | Z2) =E(1T2×(1/9,2/9) | Z2) + 1 = 1 + 1/9

E(f1 ⊗ f2 | W ) =E(1T2×(0,1/92) ⊗ 1T2×(1/9,2/9) | W ) + E(1T2×(0,1/92) + 1T2×(1/9,2/9) | Z2) + 1

=0 + 1/92 + 1/9 + 1

In particular, E(f1 ⊗ f2 | W )−E(f1 | Z2)⊗E(f2 | Z2) ̸= 0. Moreover, we have that

lim
N→∞

⃦⃦⃦⃦
⃦⃦ 1

N

∑︂
n≤N

(Tnf1 · T 2nf1)⊗ (Tnf2 · T 2nf2)

⃦⃦⃦⃦
⃦⃦
L2(ξ)

is controlled by

lim
N→∞

⃦⃦⃦⃦
⃦⃦ 1

N

∑︂
n≤N

T̃ 4n(f1 ⊗ 1) · T̃ 2n(f1 ⊗ f2) · T̃n(1⊗ f2)

⃦⃦⃦⃦
⃦⃦
L2(ξ)

,

by similar arguments as in the proof of Lemma 7.7.6, where here T̃ = T × T 2. By

[32] we can replace it by

lim
N→∞

⃦⃦⃦⃦
⃦⃦ 1

N

∑︂
n≤N

T̃ 4nE(f1 ⊗ 1 | W ) · T̃ 2nE(f1 ⊗ f2 | W ) · T̃nE(1⊗ f2 | W )

⃦⃦⃦⃦
⃦⃦
L2(ξ)

=(1/93 + 1)(1/93 + 1/9 + 1)(1/9 + 1)

On the other hand,

lim
N→∞

⃦⃦⃦⃦
⃦⃦ 1

N

∑︂
n≤N

T̃ 4n(E(f1 | Z2)⊗ 1) · T̃ 2n(E(f1 | Z2)⊗ E(f2 | Z2)) · T̃n(1⊗ E(f2 | Z2))

⃦⃦⃦⃦
⃦⃦
L2(ξ)

=(1/93 + 1)2(1/9 + 1)2.
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problem. Preprint, arXiv:2404.17383 (2024).

[2] Ethan Ackelsberg. Infinite polynomial patterns in large subsets of the rational

numbers. Preprint, arXiv:2506.19667 (2025).

[3] Ethan Ackelsberg and Asgar Jamneshan. Equidistribution in 2-Nilpotent Pol-

ish Groups and triple restricted sumsets. To appear in J. Lond. Math. Soc.

(2026).
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Mathematics 67.4 (2015), pp. 795–809.

[13] Manfred Einsiedler and Thomas Ward. Ergodic theory with a view towards

number theory. Vol. 259. Graduate Texts in Mathematics. Springer-Verlag

London, Ltd., London, 2011, pp. xviii+481.
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of Erdős’s B +B + t Conjecture. English (US). Communications of the Amer-

ican Mathematical Society 4 (2024), pp. 480–494.

[42] Bryna Kra, Joel Moreira, Florian K. Richter, and Donald Robertson. A short
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