
Some notes on Probability Theory



2

These notes are primarily based on a course given by Professor Nikos
Frantzikinakis at the University of Crete, 2021-2022, and secondarily on a
course given by Professor Nikos Zygouras at the University of Warwick, 2022-
2023. They also include some of my personal preferences. Their content has
not been revised by the professors, and I assume full responsibility for any
potential errors. For the most part, they were written in 2022, but some
parts were written in 2025. This may account for some differences in writing
style between different parts of the manuscript, perhaps illustrating a degree
of acquired maturity in mathematical writing; after all, writers age like wine.



Contents

1 Background in measure theory 5
1.1 Probability measures; Definitions, basic properties and existence theorems 5
1.2 Integration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
1.3 Notions of convergence and relevant results . . . . . . . . . . . . . . . . . 14
1.4 Transformations, distributions and expectations . . . . . . . . . . . . . . 22
1.5 Product spaces and measures . . . . . . . . . . . . . . . . . . . . . . . . 23

2 Probability theory and the probabilistic method 31
2.1 Random variables, distributions and expectation . . . . . . . . . . . . . . 31
2.2 Independence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
2.3 Stochastic processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
2.4 Interesting applications of independent random variables . . . . . . . . . 42

2.4.1 Some preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . 42
2.4.2 Monochromatic triangles . . . . . . . . . . . . . . . . . . . . . . . 43
2.4.3 Monochromatic arithmetic progressions . . . . . . . . . . . . . . . 43
2.4.4 Number of prime factors of a “typical” number . . . . . . . . . . 45
2.4.5 Asymptotic additive bases . . . . . . . . . . . . . . . . . . . . . . 46
2.4.6 Addition and subtraction of vectors . . . . . . . . . . . . . . . . . 48

3 Weak convergence 51
3.1 Characteristic functions . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
3.2 An inversion formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
3.3 Weak Convergence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
3.4 Portmanteau lemma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
3.5 The Levy-Cramer continuity theorem . . . . . . . . . . . . . . . . . . . . 63
3.6 Bochner-Herglotz theorem for positive-definite functions . . . . . . . . . 68

4 Limit theorems of probability theory 71
4.1 Preparatory lemmas and inequalities . . . . . . . . . . . . . . . . . . . . 71
4.2 Law of large numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
4.3 Kolmogorov’s zero-one law . . . . . . . . . . . . . . . . . . . . . . . . . . 79
4.4 Central limit theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

3



4 CONTENTS



Chapter 1

Background in measure theory

1.1 Probability measures; Definitions, basic proper-

ties and existence theorems

We begin with a brief review of measure theory, the use of which is necessary for the
axiomatic foundation of probability theory.

Definition 1.1. A finitely additive probability on some set Ω is a set function P :
P(Ω) → [0, 1], such that

(i) P (Ω) = 1, P (∅) = 0

(ii) P (A ∪B) = P (A) + P (B), for any A,B ⊂ Ω with A ∩B = ∅

(iii) P (A∁) = 1− P (A), for any A ⊂ Ω

Remark 1.2. Condition (ii) of course implies that for any finite family of pairwise
disjoint sets A1, . . . , AN ⊂ Ω we have that

P (
N⋃

n=1

An) =
N∑

n=1

P (An)

and this amounts to the term “finitely additive”.

Definition 1.3. An algebra/field of subsets of some set Ω is a collection B ⊂ P(Ω)
such that

(i) ∅ ∈ B

(ii) if A ∈ B then also A∁ ∈ B

(iii) if A,B ∈ B then A ∪B ∈ B

Remark 1.4. Notice how condition (iii) in the last definition is equivalent to

(iii)′ if A,B ∈ B, then A ∩B ∈ B

in light of condition (ii), since (A ∪B)∁ = A∁ ∩B∁.

Proposition 1.5. If A,B ⊂ Ω and P is a finitely additive probability, then P (A ∪B) =
P (A) + P (B)− P (A ∩B).
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Proof. Write A ∪ B as the disjoint union (A \ B) ∪ (B \ A) ∪ (A ∩ B). Using the finite
additivity of P we get that

P (A ∪B) = P (A \B) + P (B \ A) + P (A ∩B).

Since A \B = A ∩B∁ and thus A = (A \B) ∪ (A ∩B), we get that

P (A \B) = P (A)− P (A ∩B)

(similarly for B \ A) and therefore we can easily conclude.

Definition 1.6. We say that a collection B ⊂ P(Ω) is a σ-algebra/σ-field if in addition
to the above conditions we have that
(iv) if (An)n≥1 ∈ B then

⋃
n≥1An ∈ B or, equivalently,

⋂
n≥1An ∈ B.

Definition 1.7. A finitely additive probability on some σ-algebra B of a set Ω is countably
additive if, in addition

P (
⋃
n≥1

An) =
∑
n≥1

P (An),

for any sequence of pairwise disjoint sets (An)n≥1 ∈ B.

Remark 1.8. Any countably additive probability measure on some σ-algebra B is also
countably sub-additive, meaning that for any sequence (An)n≥1 ∈ B we have that

P (
⋃
n≥1

An) ≤
∑
n≥1

P (An).

To see this, simply write the union
⋃

n≥1An as a disjoint union, i.e.
⋃

n≥1(An\
⋃n−1

m=1Am)
and then use the additivity and monotonicity of P to obtain that

P (
⋃
n≥1

An) =
∞∑
n=1

P (An \
n−1⋃
m=1

Am) ≤
∞∑
n=1

P (An).

Another useful definition is that of a monotone class or Dynkin class.

Definition 1.9. A monotone class is a collection of subsets B ⊂ P(Ω) such that

(i) ∅ ∈ B

(ii) if A ∈ B then also A∁ ∈ B

(iii) if (An)n≥1 ∈ B is an increasing sequence, i.e. An ⊂ An+1, for any n ∈ N, then⋃
n≥1An ∈ B.

Again, instead of condition (iii) we could demand that for any decreasing sequence (An)n≥1 ∈
B we have that

⋂
n≥1 ∈ B, in light of (ii). So, basically, a monotone class is closed under

monotone limits.

Proposition 1.10. A field is a σ-field if and only if it is a monotone class.

Proof. Of course, a σ-field is a monotone class, being closed under all unions and not
merely finite ones. For the non-trivial direction, assume that B is a field that is also
a monotone class and let (An)n≥1 be any sequence of sets in B. We consider the sets
Bn =

⋃n
m=1Am, for any n ≥ 1. Observe that the sequence (Bn)n≥1 is increasing and thus⋃

n≥1Bn ∈ B. Moreover, it is clear that
⋃

n≥1Bn =
⋃

n≥1An and so we conclude.
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The following result will be a useful alternative condition to verify countable additivity
of a probability measure on a σ-algebra

Proposition 1.11. A finitely additive probability measure on a σ-algebra B is in fact
countably additive if and only if it satisfies any of the following (equivalent) conditions.

If (An)n≥1 is an increasing sequence of sets in B and A =
⋃

n≥1An, then we have
that P (A) = limn→∞ P (An).

If (An)n≥1 is a decreasing sequence of sets in B and A =
⋂

n≥1An, then we have that
P (A) = limn→∞ P (An).

Proof. Assume that P is countably additive and let (An)n≥1 be an increasing sequence
in B. Then (let A0 = ∅)

P (A) = P (
⋃
n≥1

An) = P (
⋃
n≥1

An \ An−1)

and by the countable additivity of P we obtain that

P (A) =
∑
n≥1

P (An \ An−1) = lim
N→∞

N∑
n=1

P (An \ An−1).

Now, by the finite additivity of P this becomes

P (A) = lim
N→∞

P (
N⋃

n=1

An \ An−1) = lim
N→∞

P (AN)

.
Conversely, assume that P is finitely additive on B and that it preserves monotone

limits. If (An)n≥1 is a sequence of pairwise disjoint sets in B then we can write

⋃
n≥1

An =
⋃
N≥1

N⋃
n=1

An,

where the sequence (
⋃N

n=1An)N≥1 is increasing. Thus, if A =
⋃

n≥1An, we get that

P (A) = P (
⋃
N≥1

N⋃
n=1

An) = lim
N→∞

P (
⋃
n≥1

An).

Using the finite additivity of P this leads to

P (A) = lim
N→∞

N∑
n=1

P (An) =
∞∑
n=1

P (An)

and we can therefore conclude.

Definition 1.12. A probability P defined on some field F is called countably additive
on F , if for any decreasing sequence (An)n∈N ∈ F with

⋂
n≥1An = ∅ we have that

limn→∞ P (An) = 0.
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Comment 1.13. Notice how this definition is in accordance to the result of the previous
proposition as any σ-field is particularly a field. In fact, it turns out that if we define
countable additivity of probabilities on fields the same way we did for σ-fields, for all the
countable unions that are still in the fields, this definition is equivalent to the condition
in Definition 1.12 (known as upper continuity at the empty set).

Proposition 1.14. Given any family F of subsets of some set Ω there exists a unique
σ-algebra, usually denoted by σ(F ), which is the smallest σ-algebra containing F .

Definition 1.15. The σ-algebra in the previous proposition is called the σ-algebra gen-
erated by F .

Proof of Proposition 1.14. Let σ(F ) =
⋂
{Σ : Σ is a σ-algebra and F ⊂ Σ}. First of all,

σ(F ) is a σ-algebra. Indeed, it is non-empty as it contains the powerset, P(Ω). Next,
if A ∈ σ(F ), then A ∈ Σ for any σ-algebra Σ ⊃ F and so A∁ ∈ Σ for any such set Σ,
which means that A∁ ∈ σ(F ). In a similar manner, any sequence (An)n∈N ∈ σ(F ) is a
sequence in Σ, for any σ-algebra Σ ⊃ F , and so the union

⋃
n∈NAn is in every Σ ⊃ F

and thus
⋃

n∈NAn ∈ σ(F ).
Of course, σ(F ) is the smallest σ-algebra containing F by its definition and thus it

is also unique.

We will now show that probability measures actually exist! In this direction the
first necessary result is a famous theorem by Caratheodory (for the proof see Billingsley,
Probability and Measure) which reads as follows.

Theorem 1.16 (Caratheodory Extension Theorem). Any countably additive prob-
ability measure on a field F has a unique extension as a countably additive probability
on σ(F ).

Remark 1.17. The uniqueness of the measure is implied by a typical application of the
monotone class theorem, according to which two countably additive measures which agree
on an algebra of sets agree on the generated σ-algebra (provided they are defined there).

Therefore, we have reduced the problem of constructing a countably additive proba-
bility on a σ-field to that of constructing a countably additive probability on a field. This
should clearly be simpler, due to the simplicity of a field’s structure, in contrast to that
of a σ-field.

We shall now sketch the proof of how to construct a countably additive probability
measure on the real line. The natural σ-field on which to define a probability measure
on the line is the Borel σ-field, that is, the σ-field generated by the family of intervals, or
the family of open sets.

We first consider the family of subsets of R defined by

I := {Ia,b : −∞ ≤ a ≤ b ≤ ∞},

where Ia,b = {x ∈ R : a < x ≤ b}, if b ∈ R and Ia,∞ = {x ∈ R : x > a}. Let F be the
class of all sets which are finite, disjoint unions of elements of I . Then, F is a field (it
contains the empty set, as ∅ = Ia,a = (a, a), for any a ∈ R).

Consider any function F : R → [0, 1] that is non-decreasing, right continuous and
such that limx→−∞ F (x) = 0 and limx→∞ F (x) = 1. We first define the set function P on
I by

P (Ia,b) = F (b)− F (a)
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and then we extend it to F by defining it as the sum for disjoint unions of sets in I .
We now have a finitely additive probability measure on the field F and we notice that
the σ-field generated by F is the Borel σ-field.

The following important result of Lebesgue gives us conditions under which a measure
P constructed as in the above procedure is in fact countably additive on F . Then, using
Caratheodory’s extension theorem we can obtain from P a countably additive measure
on the σ-field generated by F .

Theorem 1.18 (Lebesgue). A probability measure P defined as above is actually count-
ably additive if and only if F : R → [0, 1] is non-decreasing and right continuous.
Therefore, for each right continuous and non-decreasing function F : R → [0, 1] with
limx→−∞ F (x) = 0 and limx→∞ F (x) = 1 there is a unique probability measure P on the
Borel subsets of the line, such that F (x) = P (I−∞,x). Conversely, every countably addi-
tive probability measure P on the Borel subsets of the line comes from such a function F .
The correspondence between P (countably additive probability measures on the line) and
F (non-decreasing, right-continuous functions) is one-to-one.

Proof. For the relatively simple direction consider such a probability P . To see that F
is non-decreasing let x ≤ y be two real numbers. Then

(−∞, x] ⊂ (−∞, y] =⇒ P ((−∞, x]) ≤ P ((−∞, y]) =⇒ F (x) ≤ F (y).

To see that limx→∞ F (x) = 1 consider any sequence of real numbers (xn)n∈N increasing
to infinity. Then, the sequence of sets ((−∞, xn])n∈N increases to R, therefore by the
lower continuity of P (which is an equivalent condition to countable additivity as we
have shown already) we get that

lim
n→∞

F (xn) = lim
n→∞

P ((−∞, xn]) = P ((R)) = 1.

The other equality is obtained similarly. Finally, we want to show that F is right-
continuous. In this direction, let x0 ∈ R be fixed and some sequence (xn)n∈N be decreasing
to x0. It follows that the sequence of intervals ((−∞, xn])n∈N decreases to (−∞, x0], and
so

lim
n→∞

F (xn) = lim
n→∞

P ((−∞, xn]) = P ((−∞, x0]) = F (x0).

For the converse, given a function F : R → [0, 1] which is right-continuous, non-
decreasing and satisfies the equalities limx→−∞ F (x) = 0 and limx→∞ F (x) = 1 we want
to show that the Borel probability measure defined as above is actually countably additive
in the field F . We thus only need to show that given a decreasing sequence (An)n∈N ∈ F
with

⋂
n≥1An = ∅, then limn→∞ P (An) = 0.

Let ϵ > 0 be fixed. Then, there exists N ∈ N so that P ((−N,N ]) ≥ 1 − ϵ, for
limn→∞ F (n) = 1 and limn→−∞ F (n) = 0 gives that for appropriate N ∈ N, F (N) ≥ 1− ϵ

2

and F (−N) ≤ ϵ
2
.

Set A′
n = An ∩ (−N,N ] and notice that A′

n ∈ F for all n ∈ N and that (A′
n)n∈N is

decreasing and
⋂

n∈NA
′
n = ∅. Then limn→∞ P (A′

n) = 0. Indeed, for ϵ > 0 and n ∈ N there

exists B′
n ∈ F such that B′

n ⊂ A′
n and P (An\B′

n) ≤ ϵ
2n
. This is trivial to see if A′

n = (a, b]
by choosing B′

n = (a + ϵ
2n
, b] (or the empty set if this is not an interval, i.e. a + ϵ

2n
> b)

and using the right-continuity of F . If A′
n =

⋃k
i=1(ani

, bni
] the argument expands in the

obvious way. Therefore, since
⋂

n∈NA
′
n = ∅ it follows that

⋂
n∈NB

′
n = ∅ and thus, there
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exists n0 ∈ N so that
⋂n0

n=1B
′
n = ∅, by the compactness of B′

n. To conclude with this
claim, we have by sub-additivity that

P (

n0⋂
n=1

A′
n) ≤ P (

n0⋂
n=1

B′
n) + P (

n0⋂
n=1

A′
n \

n0⋂
n=1

B′
n) ≤

n0∑
n=1

P (A′
n \B′

n) ≤ ϵ

and since ϵ was arbitrary, that limn→∞ P (A′
n) = 0. Returning to the case of (An)n∈N we

know that

P (

n0⋂
n=1

An) ≤ P (

n0⋂
n=1

An ∩ (−N,N ]) + P (R \ (−N,N ]),

which equals

P (

n0⋂
n=1

A′
n) + (1− P ((−N,N ]) ≤ 2ϵ.

Once again, since ϵ is arbitrary, if we let n→ ∞ we conclude that

lim
n→∞

P (An) = lim
n→∞

P (
n⋂

k=1

Ak) = 0.

Theorem 1.19 ( Monotone class theorem or Dynkin’s π− λ theorem). A family
of sets P is called a π-system if it closed under finite intersection. If D is a monotone
class of subsets of Ω and P is a π-system that contains Ω, then

P ⊂ D =⇒ σ(P) ⊂ D .

Proof. Let m(P) be the smallest (or minimal) monotone class containing P, that is,
the intersection of all monotone classes containing P. It is enough to show that σ(P) ⊂
m(P) and this in turn will follow if m(P) is shown to be a field in light of Proposition
1.10.

To begin with m(P) is non-empty as it contains Ω. Next, if A ∈ m(P) by definition
of monotone classes A∁ ∈ m(P) as well.

Finally, define D1 as the class of sets A such that A∩B ∈ m(P) for all B ∈ P. Then,
D1 is a monotone class and it obviously contains P. Therefore, m(P) ⊂ D1. Then we
define D2 as the set of all sets A such that A∩B ∈ m(P) for all B ∈ m(P). Again, D2

is a monotone class and because m(P) ⊂ D1 it follows that if A ∈ m(P) and B ∈ P
then A ∩ B ∈ m(P). Thus, P ⊂ D2, therefore m(P) ⊂ D2. The last inclusion gives
that m(P) is closed under finite intersections as well and so is a field.

Proposition 1.20. The Lebesgue measure, λ, on Borel sets B is the unique translation
invariant measure which measures length on the real line.

Proof. Let µ be a measure with the above properties. Then, µ(I) = λ(I) = |I|, for any
interval I ⊂ R. Consider the set

D := {A ∈ B : µ(A) = Λ(A)}.

It is not difficult to see that D is a monotone class and that it contains the family

I := {(a, b], (a, b), [a, b), [a, b] : −∞ ≤ a ≤ b ≤ ∞},

which is a π-system and contains R. Therefore, by the previous proposition, D ⊃ σ(I ) =
B and so the measures µ and λ are actually identified on Borel sets.
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Remark 1.21. Typically, the monotone class theorem is stated with some field of subsets
of Ω instead of a π-system which contains the space, but this is only because monotone
classes are typically not defined to be closed under complements. The proposition remains
true in this setting if we only observe that the measures µ and λ actually agree on the
family of finite disjoint unions of elements of I , which is actually a field.

1.2 Integration

We continue our introductory discussion with the notion of integration with respect to a
probability measure. The objects we work with are measurable functions, in this context
known as random variables, and the space we operate is always a probability space, that
is, a triple (Ω,F , P ), consisting of a (set) space Ω, a σ-algebra F on Ω and a (countably
additive) probability measure P on F .

Definition 1.22. A (real) random variable on a probability space (Ω,F , P ) is simply a
measurable map f : Ω → R, i.e. it is such that for any Borel measurable subset B ⊂ R
we have

f−1B = {ω ∈ Ω : f(ω) ∈ B} ∈ F .

Comment 1.23. For a map f : Ω → R to be measurable it suffices that

f−1((−∞, x]) ∈ F , for any −∞ < x <∞.

Indeed, if this is true, then the family

D = {A ∈ B(R) : f−1A ∈ F}

is a σ-algebra and contains the intervals of the form (−∞, x], so it contains the Borel
σ-algebra, which is actually generated by this family of intervals.

In order to develop a sufficiently general integration theory we need to follow some
essential steps through which we can practically and intuitively expand the domain of
the functions that we can integrate each time until we reach all measurable functions,
even unbounded ones.

1. The simplest family of functions we study is that of indicator functions. If A ∈ F ,
then the indicator function of A, denoted by 1A, is defined as

1A(ω) =

{
1, if ω ∈ A

0, if ω /∈ A

and this function is clearly measurable and bounded.

2. Sums, products, compositions, limits and all reasonable elementary operations per-
formed on measurable functions, for example, min and max, remain measurable
functions.

3. The next simplest family of functions we need is that of simple functions, which
are defined as finite combinations of indicator functions. So, if {Aj : 1 ≤ j ≤ n} is
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a finite partition (thus the sets are disjoint) of Ω into measurable sets, the function
f : Ω → R defined by

f(ω) =
n∑

j=1

cj1Aj
(ω)

for any real c1, . . . , cn is a simple function.

4. Bounded measurable functions are the uniform (if f is non-negative we can have
a pointwise but monotone limit as well) limits of simple functions. To see this, let
f : Ω → R be a measurable function bounded by some M > 0, i.e. |f(ω)| ≤M , for
every ω ∈ Ω. For n ∈ N divide the interval [−M,M ] into n-disjoint sub-intervals
of length 2M

n
each (the first one would be [−M,−M + 2M

n
) and so on). If we name

these intervals Ij, and their midpoints cj, for j = 1, . . . , 2M
n

then we can consider
the simple function defined by

fn(ω) =

2M
n∑

j=1

cj1Ij .

Then, clearly supω∈Ω |fn(ω)−f(ω)| ≤ M
n
and taking the limit as n→ ∞ we conclude

that (fn)n∈N converges uniformly to f .

5. In order to define the integral we begin with indicator functions and for A ∈ F we
let
∫
1A dP = P (A). For a simple function f(ω) =

∑n
j=1 cj1Aj

(ω) we define∫
f dP =

n∑
j=1

cjP (Aj).

We need to observe that this integral is well-defined, i.e. its value does not depend
on the representation of f , and this is a simple exercise. There are several useful
properties of the integral of simple functions.

(i) Linearity. If f, g are simple functions and λ, µ ∈ R, then the function λf +µg
is still linear. Also,∫

(λf + µg) dP = λ

∫
f dP + µ

∫
g dP

This is very simple if we observe that we can represent both functions with
respect to the same disjoint partition of Ω, because their integrals are inde-
pendent of the representation we choose.

(ii) If f is simple the same is true for |f | and (these are trivial)∣∣∣∣∫ f dP

∣∣∣∣ ≤ ∫ |f | dP ≤ sup
ω∈Ω

|f(ω)| = max
ω∈Ω

|f(ω)|

6. If (fn)n∈N is a sequence of simple functions that converge to some f uniformly, then
(In)n∈N, defined by In =

∫
fn dP , is a Cauchy sequence in R. Indeed, write

fn =
N∑
j=1

an,j1Ej
,
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for n ∈ N. Then, for any ϵ > 0 there exists M ∈ N so that

sup
ω

|fn(ω)− fm(ω)| < ϵ =⇒ max
j=1,...,N

|an,j − am,j| < ϵ,

for all n,m ≥ M . Returning to the difference between the integrals, the last
inequality gives that (In)n∈N is Cauchy and thus convergent. We define the integral
of f to be this limit. Again, this is well-defined because its value depends only on
the function f and not the sequence of simple functions we choose to approximate
it with.

Now, we have defined an integral for all measurable and bounded functions, and it
is immediate to verify that it satisfies the following properties. Let f, g be bounded,
measurable functions, a, b ∈ R and A ∈ F .

(i) ∫
(af + bg) dP = a

∫
f dP + b

∫
g dP.

To see this, notice that if (fn) and (gn) are sequences of simple functions converging
uniformly to f and g respectively, then (afn + bgn) converges uniformly to af + bg.

(ii) ∣∣∣∣∫ f dP

∣∣∣∣ ≤ ∫ |f | dP ≤ sup
ω∈Ω

|f(ω)|

Instead of using simple functions we can argue as follows. Let f− = −min{0, f}
and f+ = max{0, f}. Then, both f− and f+ are non-negative, measurable and
|f | = f− + f+. Now,∣∣∣∣∫ f dP

∣∣∣∣ = ∣∣∣∣∫ f+ − f− dP

∣∣∣∣ = ∣∣∣∣∫ f+ dP −
∫
f− dP

∣∣∣∣ .
To finish, by the triangle inequality,∣∣∣∣∫ f dP

∣∣∣∣ ≤ ∣∣∣∣∫ f+ dP

∣∣∣∣+ ∣∣∣∣∫ f− dP

∣∣∣∣ =≤
∫
f+ dP +

∫
f− dP =

∫
|f | dP

(iii) To improve the bound in (ii) notice that∫
|f | dP =

∫
{f ̸=0}

|f | dP ≤
∫

sup
ω

|f(ω)|1{f ̸=0} dP = sup
ω

|f(ω)|P ({ω ∈ Ω : |f(ω)| > 0}).

In the second line observe the usage of a convention, namely that we write
∫
A
f dP

to express the integral
∫
f1A dP and then we can write∫
f dP =

∫
A

f dP +

∫
Ω\A

f dP.

Finally, we want to expand our family of integrable functions to include all measurable
functions.
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Definition 1.24. Let f : Ω → R be a non-negative, measurable function. Then, we
define ∫

f dP = {sup
∫
g dP : g is simple and 0 ≤ g ≤ f}

and if f is any measurable function we let∫
f dP =

∫
f+ dP −

∫
f− dP.

Notice that an equivalent definition of
∫
f dP is∫

f dP = {sup
∫
g dP : g is measurable, bounded and 0 ≤ g ≤ f}

We say that a measurable function f is integrable if
∫
|f | dP < ∞. As for non-negative

functions, the integral is still linear and satisfies the inequality∣∣∣∣∫ f dP

∣∣∣∣ ≤ ∫ |f | dP,

for every integrable function f . Finally, if f = 0 except on some set N with P (N) = 0,
then f is integrable and in fact,

∫
f dP =

∫
N
f dP+

∫
Ω\N f dP ≤ P (N) sup{ω∈Ω} |f(ω)| =

0, if we make the convention that 0 · ∞ = 0. Another important reason that makes this
convention natural is that we want to identify the values of integrals of functions which are
equal almost everywhere. By the previous comment, if f = g a.e., then

∫
f dP−

∫
g dP =∫

f − g dP =, since f − g = 0 a.e.

Remark 1.25. We can also define the integral of complex valued measurable functions
through their real and imaginary parts as follows. If h(ω) = f(ω) + ig(ω), then we let∫

h dP =

∫
f dP + i

∫
g dP.

It is simple to verify that such a function h is integrable if and only if both f and g are
integrable and that in this case ∣∣∣∣∫ h dP

∣∣∣∣ ≤ ∫ |h| dP.

1.3 Notions of convergence and relevant results

Uniform convergence is often too strong to be applicable, so we will need weaker, but
more practical notions of convergence to work with.

Definition 1.26. As usual, a sequence of functions (fn) is said to converge to some f
pointwise or everywhere, if

lim
n→∞

fn(ω) = f(ω),

for every ω ∈ Ω.
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Of course, in Probability, as is the case with measure theory in general, it is natural
to neglect sets of probability 0. This is the case with converge as well. It is almost surely
indifferent to us if some sequences fails to converge on an insignificant or trivial set of
points. For example, it is very unnatural to say that the sequence (xn) in the interval
[0, 1] with the Lebesgue measure (of course the measure is crucial) does not converge to
zero, because it fails to converge on the single point 1, whereas xn → 0, as n → ∞, for
every x ∈ [0, 1). To avoid such trivialities we define the following, indifferently weaker,
notion convergence.

Definition 1.27. A sequence of measurable functions (fn) is said to converge to some
measurable f almost surely, or almost everywhere, and we write

fn
a.s.−−−→

n→∞
f,

if P ({ω : fn(ω) → f(ω) as n → ∞}) = 1. Therefore, in this case there exists some
measurable set N ⊂ Ω with P (N) = 0, so that

lim
n→∞

fn(ω) = f(ω),

for every ω ∈ N ∁.

Proposition 1.28. A sequence of measurable functions (fn) converges to some measur-
able f almost surely if and only if

lim
n→∞

P ({ω : sup
k≥n

|fk(ω)− f(ω)| > ϵ}) = 0,

for every ϵ > 0.

Proof. Almost sure convergence of (fn) to f is equivalent to the existence of some N ∈ F
with P (N) = 0, so that

lim
n→∞

fn(ω) = f(ω),

for every ω ∈ N ∁. Thus, equivalently,⋂
n

⋃
k≥n

{ω : |fk(ω)− f(ω)| > ϵ} ⊂ N,

for every ϵ > 0. By the monotonicity of P , this gives that

P

(⋂
n

⋃
k≥n

{ω : |fk(ω)− f(ω)| > ϵ}

)
= 0,

for every ϵ > 0. By Proposition 1.11 it follows that

lim
n→∞

P

(⋃
k≥n

{ω : |fk(ω)− f(ω)| > ϵ}

)
= 0,

for every ϵ > 0 and so we conclude, because

x ∈
⋃
k≥n

{ω : |fk(ω)− f(ω)| > ϵ} ⇐⇒ x ∈ {ω : sup
k≥n

|fk(ω)− f(ω)| > ϵ}.
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Another notion is convergence in probability, which, similarly to almost sure conver-
gence, is relative to some probability measure.

Definition 1.29. We say that a sequence of measurable functions (fn) converges to some
measurable f in probability or in measure P , if

lim
n→∞

P ({ω : |fn(ω)− f(ω) ≥ ϵ|}) = 0,

for every ϵ > 0 and we sometimes write fn
P−−−→

n→∞
f .

Proposition 1.30. Convergence in probability is weaker than almost sure convergence,
i.e.

fn
a.s.−−−→

n→∞
f =⇒ fn

P−−−→
n→∞

f.

Proof. Fix ϵ > 0. Then, by sub-additivity and Proposition 1.28,

P ({ω : |fn(ω)− f(ω) ≥ ϵ|}) ≤ P

(⋃
k≥n

{ω : |fk(ω)− f(ω) ≥ ϵ|}

)
n→∞−−−→ 0.

Remark 1.31. The converse is not true. In fact, almost sure convergence is much
stronger. Indeed, consider the sequence of intervals I1 = [0, 1

2
], I2 = [1

2
, 1], I3 = [0, 1

3
,

I4 = [1
3
], 2

3
], I5 = [2

3
, 1], I6 = [0, 1

4
] and so on. Let our probability space be the interval

[0, 1] with the Lebesgue measure. Then, the sequence of measurable functions (fn) defined
by fn = 1In, for n ∈ N converges to 0 in probability. Indeed, for 0 < ϵ < 1,

P ({ω : |fn(ω)| > ϵ}) = |In| ≤
1

n

n→∞−−−→ 0.

However, the sequence converges nowhere to zero! Indeed, for any point x ∈ [0, 1], there
exist infinitely many n ∈ N so that x ∈ In, therefore fn(x) = 1.

While convergence in probability is weaker than almost sure convergence it at least
guarantees the existence of an almost sure convergent sub-sequence.

Proposition 1.32. If (fn) is a sequence of measurable functions that converges to some
measurable f in probability, then there exists a sub-sequence (fnk

) of (fn) which converges
to f almost surely.

Proof. Fix k ∈ N. Then, there exists nk ∈ N, so that

P ({ω : |fn(ω)− f(ω)| ≥ 1

k
|}) < 1

k2
, for any n ≥ nk.

Therefore,

P

( ⋃
nk≥m

{ω : |fnk
(ω)− f(ω)| > 1

k
|}

)
≤

∞∑
nk=m

P ({ω : |fnk
(ω)−f(ω)| > 1

k
}) ≤

∞∑
nk=m

1

k2
m→∞−−−→ 0,

and so we conclude.
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Comment 1.33. The relation between almost sure convergence and convergence in prob-
ability is actually a result of the countable additivity of the measure. On a space with a
finitely additive probability there might exist a sequence with fn

a.s.−−→ f , but fn ̸→ f in
probability. An example is this: One can show that on the space (N,P(N)) the natural
density of subsets of N , i.e.

P (A) = lim
N→∞

|{1 ≤ n ≤ N : n ∈ A }|
N

,

for A ⊂ N, whenever this limit is defined (!) is a finitely (and not-countably) additive
probability measure. Now, the sequence (fn) defined by

fn(ω) =

{
1, if ω ∈ {1, . . . , n}
0, else

converges to 1 almost surely. However, for any 0 < ϵ < 1 we have that

P ({ω : |fn(ω)− 1| > ϵ}) = P ({ω : fn(ω) = 0}) = 1− P ({1, . . . , n}) = 0.

Exercise 1.34. In fact, show that if every measurable sequence (fn) which converges to 0
everywhere, also converges in probability, then the probability space is countably additive.

Solution. [Hint] If the measure was not countably additive, there would exist a decreasing
sequence of measurable sets converging to the empty set, meaning that their intersection
would be empty, each of which has positive probability. This would lead to a sequence of
functions converging to 0 in almost everywhere, but not in probability. ■

Notice that in the context of probability spaces, uniform convergence never really
takes place because, if A ̸= B are two measurable sets, then supω |1A − 1B| = 1. On the
other hand, for measurable sets (An) and A we have that 1An

n→∞−−−→ A everywhere if and
only if

lim sup
n

An := ∩n ∪m>n Am = lim inf
n

An := ∪n ∩m>n Am = A

and analogously, 1An

n→∞−−−→ A in probability if and only if

P (An△A)
n→∞−−−→ 0.

Observe that for a sequence of events (An) the limit lim supnAn means that the events
An happen infinitely often, while the limit lim infnAn means that the event An all happen
eventually. For example, we have shown that

fn
a.s.−−−→

n→∞
f ⇐⇒ P ({ω : |fn(ω)− f(ω)| ≥ ϵ} i.o.) = 0.

Comment 1.35. Let (An) be a sequence of measurable sets. Then,

lim sup
n

AN = ∅ ⇐⇒ lim
n→∞

P

(
∞⋃

m=n

Am

)
= 0.

Indeed, the sequence (Bn) defined by Bn =
⋃∞

m=nAm is decreasing and

B = lim
n→∞

Bn =
⋂
n∈N

Bn = ∅ ⇐⇒ lim
n→∞

P (Bn) = 0,
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by the countable additivity of P . In particular, in order for lim supnAN = ∅ it is suffi-
cient that

∑
n∈N P (An) < ∞, because by sub-additivity, P (

⋃∞
m=nAm) ≤

∑∞
m=n P (Am).

However, this is not necessary! Indeed, consider the sequence of measurable functions
(An)n∈N defined by An = (0, 1

n
], for n ∈ N, on [0, 1] with the Lebesgue measure. Then∑∞

n=1 P (An) =
∑∞

n=1
1
n
= ∞, but lim supnAn = ∩n∈N ∪m>n Am = ∩n∈N(0,

1
n
] = ∅.

We proceed to establish some very important convergence results in the theory of
probability spaces.

Theorem 1.36 (Bounded convergence theorem). Let (fn) be a sequence of measur-
able functions that is uniformly bounded, i.e. supn∈N|fn(ω)| ≤ M , for every ω (or for

P -a.e. ω), some M > 0 and fn
P−−−→

n→∞
f , then

lim
n→∞

∫
fn dP =

∫
f dP.

Proof. Assume that f = 0. Then, for any ϵ > 0∫
|fn| dP =

∫
|fn≤ϵ

|fn| dP +

∫
|fn>ϵ

|fn| dP ≤ ϵ+MP ({|fn| > ϵ}) n→∞−−−→ ϵ

and since ϵ was arbitrary the proof is complete in this case. In the general case, we have
that ∣∣∣∣∫ fn dP −

∫
f dP

∣∣∣∣ ≤ ∫ |fn − f | dP n→∞−−−→ 0,

by the special case, since (fn − f) is a uniformly bounded, measurable sequence, which
converges to 0 in probability.

Remark 1.37. The attentive reader might have not been convinced that (fn−f) is really
a uniformly bounded sequence. However, this is true. Indeed, since (fn) converges to f
in probability, there is a sub-sequence of (fn) that converges to f almost surely. Thus,
|f(ω)| ≤M , for P -almost every ω. Thus, |fn−f | ≤ 2M , for P -almost every ω. Of course,
the potential zero probability set that this sequence may not be bounded is irrelevant.

Theorem 1.38 (Fatou’s lemma). If (fn)n∈N is a sequence of non-negative, measurable

functions and fn
P−−−→

n→∞
f , then∫

f dP ≤ lim inf
n→∞

∫
fn dP.

Proof. Let g be a bounded measurable function with 0 ≤ g ≤ f a.e. (that f is non-
negative a.e. follows with the same reasoning as in the previous remark). Then, the
sequence (hn) defined by hn(x) = min{fn(x), g(x)} is uniformly bounded by supω∈Ω |g(ω)|
and (w.lo.g. assume this holds everywhere disregarding null probability sets)

hn
P−−−→

n→∞
h = min{f, g} = g

(see next remark). Now, by the bounded convergence theorem we have that

lim
n→∞

∫
hn dP =

∫
g dP
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But,
∫
hn dP ≤

∫
fn dP , for all n ∈ N and thus∫

g dP ≤ lim inf
n→∞

∫
fn dP.

Since g was arbitrarily chosen we have that∫
f dP = {sup

∫
g dP : g is simple and 0 ≤ g ≤ f} ≤ lim inf

n→∞

∫
fn dP

and so we conclude.

Remark 1.39. Notice that for any ϵ > 0

P ({x : |hn(x)− h(x)| > ϵ}) = P ({x : fn(x) ≤ g(x) and |fn(x)− g(x)| > ϵ}),

which is the same as

P ({x : fn(x) < g(x)− ϵ}) ≤ P ({x : |fn(x)− f(x)| < ϵ}) n→∞−−−→ 0.

Corollary 1.40 (Monotone Convergence Theorem). Let (fn)n∈N be an increasing
sequence of non-negative functions, such that fn ↗ f , then

lim
n→∞

∫
fn dP =

∫
f dP.

Proof. From Fatou’s lemma we have that∫
f dP ≤ lim inf

n→∞

∫
fn dP.

But, clearly for every n ∈ N and x ∈ Ω we have that fn(x) ≤ f(x) and so

lim sup
n→∞

∫
fn dP ≤

∫
f dP.

Theorem 1.41 (Dominated Convergence Theorem). If for some sequence (fn)n∈N

of measurable functions we have that fn
P−−−→

n→∞
f and |fn(ω)| ≤ |g(ω)|, for all n ∈ N and

ω ∈ Ω, for g integrable, then

lim
n→∞

∫
fn dP =

∫
f dP.

Proof. Observe that (g + fn) and (g− fn) are two sequences of non-negative measurable
functions and they also converge in probability to g + f and g − f , respectively. By
Fatou’s lemma we get that∫

(f + g) dP ≤ lim inf
n→∞

∫
(fn + g) dP

and ∫
(g − f) dP ≤ lim inf

n→∞

∫
(g − fn) dP.
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Subtracting
∫
g dP , which is finite by assumption, from both sides of both inequalities

we have that ∫
f dP ≤ lim inf

n→∞

∫
fn dP

and

−
∫
f dP ≤ lim inf

n→∞
−
∫
fn dP.

The last inequality becomes

−
∫
f dP ≤ − lim sup

n→∞

∫
fn dP,

which is the same as

lim sup
n→∞

∫
fn dP ≤

∫
f dP.

Apart from convergence theorems, the following inequality, which we have already
seen in the special case where ϕ(x) = |x|, is also very important in applications.

Theorem 1.42 (Jensen’s inequality). If ϕ : R → R is a convex function and f : Ω →
R and ϕ ◦ f : Ω → R are both integrable, then

ϕ

(∫
f(ω) dP (ω)

)
≤
∫
ϕ(f(ω)) dP (ω).

Proof. The main ingredient of this proof is that any convex function ϕ can be represented
as the supremum of the collection of all the affine linear functions that are dominated by
ϕ, i.e.

ϕ(x) = sup
a,b∈E

{ax+ b},

for some appropriate set E ⊂ R.
Let’s prove this claim first. Since ϕ is convex for any point (z, ϕ(z)) ∈ R2, there exists

an affine function fz(x) = azx+ bz, such that the line Lz which corresponds to fz passes
through (z, ϕ(z)) and the graph of ϕ lies above Lz. In other words ϕ(x) ≥ fz(x), with
equality holding only for x = z. Let A = {fz : z ∈ R} be the set of all such affine
functions. For any x ∈ R we have that

sup
fz∈A

fz(x) ≥ ϕ(x),

because fx(x) = ϕ(x) and

sup
fz∈A

fz(x) ≤ ϕ(x),

because each function fz lies below ϕ.
Now, if a, b ∈ E we have that af(ω) + b ≤ ϕ(f(ω)), for every ω ∈ Ω and by linearity

of the integral this yields that

a

(∫
f(ω) dP (ω)

)
+ b ≤

∫
ϕ(f(ω)) dP (ω).
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Since this is true for every a, b ∈ E we can take the supremum over all a, b ∈ E on the
left hand side and conclude that

ϕ

(∫
f(ω) dP (ω)

)
≤
∫
ϕ(f(ω)) dP (ω).

A corollary of this inequality is another famous inequality, that of Hölder.

Corollary 1.43 (Hölder’s inequality). If f, g : Ω → R are measurable functions and
1 ≤ p, q ≤ ∞ are such that 1

p
+ 1

q
= 1, then

∫
|fg| dP ≤

(∫
|f |p dP

) 1
p
(∫

|g|q dP
) 1

q

.

Proof. Let 1 < p < q <∞. The exponential function ϕ : R → (0,∞), define by ϕ(x) = ex

is convex and since xy = e
1
p
log(xp)+ 1

q
log(yq) we have that

xy ≤ 1

p
elog(x

p) +
1

q
elog(y

q) =
xp

p
+
yq

q
.

Now, assume that
∫
|f |p dP ̸= 0 and that

∫
|g|q dP ̸= 0 or else the statement is trivial.

Let

a(x) = |f(x)|
(∫

|f |p dP
)−1

p

and

b(x) = |g(x)|
(∫

|g|q dP
)−1

q

.

Using the previous inequality we have that

a(x)b(x) ≤ a(x)p

p
+
b(x)q

q
,

which implies that

|f(x)||g(x)|(∫
|f |p dP

) 1
p
(∫

|g|q dP
) 1

q

≤ |f(x)|p

p
(∫

|f |p dP
) + |g(x)|q

q
(∫

|g|q dP
) .

Integrating with respect to dP this gives that

∫
|fg| dP ≤

(∫
|f |p dP

) 1
p
(∫

|g|q dP
) 1

q

.

If p = 1 and q = ∞ the result is very straightforward.
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1.4 Transformations, distributions and expectations

Let T be a measurable map from a measurable space (Ω1,F1) into (Ω2,F2), i.e. T
−1(A) ∈

F1, for every A ∈ F2, and P be a probability measure on (Ω1,F1). We can then define
the induced probability measure Q on (Ω2,F2) by

Q(A) = P (T−1A), for any A ∈ Ω2.

We usually denote the measure Q by PT−1.

Remarks 1.44.

1. To verify that T is measurable we only need to show that T−1A ∈ F1, for all sets
A in some class A of subsets of Ω2, which generates F2, because B = {A ∈ F2 :
T−1A ∈ F1} is a σ-algebra.

2. Q is indeed a probability measure. First of all, Q(Ω2) = P (T−1(Ω2)) = P (Ω1) = 1.
Moreover, if A ∈ F2, then Q(Ω2 \ A) = P (Ω2 \ (T−1A)) = 1 − P (T−1A) =
1− Q(A), since T−1(Ω2 \ A) = Ω2 \ (T−1A). Finally, for any sequence (An)n∈N in
Ω2 we have that

⋃
n∈N T

−1An = T−1
⋃

n∈NAn and so, if (An) is in particular a se-
quence of disjoint sets, then Q

(⋃
n∈NAn

)
= P

(⋃
n∈N T

−1An

)
=
∑∞

n=1 P (T
−1An) =∑∞

n=1Q(An), where we used that the sets T−1An, n ∈ N are also pairwise disjoint.

Theorem 1.45. If f : Ω2 → R is measurable, then g = f ◦T : Ω1 → R is also measurable.
Moreover, g is integrable (with respect to P ) exactly when f is (with respect to Q), and
in fact ∫

Ω2

f(ω2) dQ =

∫
Ω1

g(ω1) dP. (1.1)

This may also be written as∫
Ω2

f(ω2) dPT
−1 =

∫
Ω1

f(T (ω1)) dP.

Proof. First, let f = 1A, for some A ∈ Ω2. Then, (1.1) is equivalent to Q(A) = P (T−1A),
which is precisely the definition of Q. By linearity the claim extends to simple functions,
and thus by taking uniform limits it holds for all bounded measurable functions. If f is
then non-negative, there exists an increasing sequence of bounded measurable functions,
with f its limit, namely (f · 1{f≤n})n∈N and so, by the monotone convergence theorem,
(1.11) holds for f as well. Finally, if we consider the positive and negative parts of general,
real-valued, measurable functions the claim follows easily.

Remark 1.46. If T is real-valued, then
∫
R x dQ =

∫
Ω
T (ω) dP. This is really a special

case of (1.11) with f(x) = x, for every x ∈ R.

A measurable transformation is the generalization of the concept of a random variable.
In the special case of a r.v. X in (Ω,F , P ) we define its distribution function by

F (x) := P ({ω : X(ω) ≤ x}) = P (X−1((−∞, x]) = Q((−∞, x]).

This measure Q is called the distribution of X. We define the expectation of X, denoted
by E[X], as the integral

∫
Ω
X(ω) dP (ω). Then, by the previous remark, we get that

E[X] =

∫
Ω

X(ω) dP (ω) =

∫
R
x dQ(x) =

∫
R
x dP (X−1(x)).
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Similarly, for any real-valued, measurable function f : R → R we have that f ◦X is again
a random variable (notice that its distribution P ((f(X))−1) is the same as Q(f−1)) and

E[f(X)] =

∫
Ω

f(X(ω)) dP (ω) =

∫
R
f(x) dQ(x) =

∫
R
f(x) dP (X−1(x)),

and so, in particular, we can recover the moments of X as

E[Xk] =

∫
Ω

Xk(ω) dP (ω) =

∫
R
xk dQ(x) =

∫
R
xk dP (X−1(x)),

for any k ∈ N.

1.5 Product spaces and measures

Definition 1.47. Given two measurable spaces (Ω1,F1) and (Ω2,F2) we can define a
natural σ-algebra on the cartesian product of those spaces, Ω = Ω1 ×Ω2, as the σ-algebra
generated by all measurable rectangles, that is, sets of the form A1 × A2, where A1 ∈ F1

and A2 ∈ F2. This is called the product σ-algebra, and we denote it by B. It is also the
σ-algebra generated by the algebra F , of finite (disjoint) unions of measurable rectangles.

Remark 1.48. F is indeed an algebra. Indeed, ∅ = ∅ × ∅ ∈ F . Also, if A1, B1 ∈ Ω1

and A2, B2 ∈ Ω2, then (A1×A2)∩ (A2×B2) = (A1∩B1)× (A2∩B2), so the intersection
of measurable rectangles is again a measurable rectangle. In addition,

(A1 × A2)
∁ = (A∁

1 × A2) ∪ (A1 × A∁
2) ∪ (A∁

1 × A∁
2)),

so the complement of a measurable rectangle is a disjoint union of such sets, i.e. an
element of F . Combining these properties we see that F is an algebra. Notice that any
finite union of measurable rectangles can be written (although, perhaps not uniquely) as
a finite disjoint union of measurable rectangles.

If there are also probability measures P1 and P2 on (Ω1,F1) and (Ω2,F2) respectively,
our goal is to turn (Ω,B) into a probability space as well. In order to construct the
probability measure on this space we begin by defining it in the natural way at rectangles,
that is, we set

P (A×B) = P1(A) · P2(B), for every A ∈ F1 and B ∈ F2.

Next, we want to extend this definition for all the elements of F , and we do this in a
way that guarantees additivity. Thus, for a disjoint union

⊔n
j=1A

1
j ×A2

j , where A
1
j ∈ F1

and A2
j ∈ F2, for j = 1, . . . , n we define

P

(
n⊔

j=1

A1
j × A2

j

)
=

n∑
j=1

P (A1
j × A2

j) =
n∑

j=1

P1(A
1
j) · P (A2

j).

It is not yet clear that P is a finitely additive probability measure on F , because it could
be not defined. However, the next exercise shows that our definition was adequate.

Exercise 1.49. Let E =
⊔n

j=1A
1
j × A2

j =
⊔m

k=1B
1
k × B2

k be two representations of some
set E ∈ F as disjoint unions of measurable rectangles. Show that

n∑
j=1

P1(A
1
j) · P (A2

j) =
m∑
k=1

P1(B
1
k) · P2(B

2
k).
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Solution. Begin by writing the sum
∑n

j=1 P1(A
1
j) · P (A2

j) as

n∑
j=1

P1(A
1
j ∩ (∪m

k=1B
1
k)) · P2(A

2
j(∪m

k=1B
2
k)) =

n∑
j=1

P1(∪m
k=1(A

1
j ∩B1

k)) · P2((∪m
k=1(A

2
j ∩B2

k)).

The last two unions are still disjoint, and by the additivity of P1 and P2 this becomes

n∑
j=1

m∑
k=1

P (A1
j ∩B1

k) · P2(A
2
j ∩B2

k).

Exchanging the order of summation and following the reverse argument we get that

n∑
j=1

P1(A
1
j) · P (A2

j) =
m∑
k=1

P1(∪n
j=1(A

1
j ∩B1

k)) · P2((∪n
j=1(A

2
j ∩B2

k)) =
m∑
k=1

P1(B
1
k) · P2(B

2
k).

■

In order to extend this probability to the whole σ-algebra B we recall Caratheodory’s
extension theorem, and in particular the fact that we need to establish the countable
additivity of P on F . For this, we will use the projections of measurable sets, in fact
of rectangles, on the individual spaces. Specifically, for any E ∈ B we define its section
Eω1 ∈ Ω2 (similarly for the section Eω2 ∈ Ω1) as

Eω1 = {ω2 : (ω1, ω2) ∈ E}.

Proposition 1.50. All sections of measurable sets are measurable.

Sketch. Define the family of measurable sets for which all the sections are measurable,
i.e.

M = {E ∈ B : Eω1 ∈ F2 and Eω2 ∈ F1 for all ω1 ∈ Ω1 and ω2 ∈ Ω2}.

Then, clearly, M contains all rectangles and is also a σ-algebra, therefore M = B.

Lemma 1.51. The measure P is countably additive on F .

Proof. Let E ∈ F and notice that P2(Eω1) is a simple function of ω1. Indeed, if for
example, E =

⊔n
j=1A

1
j × A2

j , then

P2(Eω1) =
n∑

j=1

P2(A
2
j)1A1

j
(ω1).

Also,

P (E) =

∫
Ω1

P2(Eω1) dP1(ω1),

because ∫
Ω1

n∑
j=1

P2(A
2
j)1A1

j
(ω1) dP1(ω1) =

n∑
j=1

P2(A
2
j) · P1(A

1
j) = P (E).

We will now show that P is continuous at 0, proving the lemma. To this end, let (En)n∈N
be a decreasing sequence at F with limit the empty set, i.e. ∩∞

n=1En = ∅. Then, the
sequence of sections (En,ω1)n∈N is also a decreasing sequence in F2 with limit the empty
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set. Therefore, the countable additivity of P2 and the bounded convergence theorem
imply that

P (En) =

∫
Ω1

P2(En,ω1) dP1(ω1)
n→∞−−−→ 0.

We can now apply Caratheodory’s theorem to extend this measure uniquely into a
countably additive probability measure on (Ω,B), which we call the product measure.

Corollary 1.52. For any A ∈ B let Aω1 and Aω2 denote the respective sections. Then,
the functions P2(Aω1) and P1(Aω2) are measurable functions of ω1 and ω2 respectively,
and

P (A) =

∫
Ω1

P2(Aω1) dP1(ω1) =

∫
Ω2

P1(Aω2) dP2(ω2).

Theorem 1.53 (Fubini’s theorem). Let f : Ω → R be a measurable function of ω =
(ω1, ω2). Then, for fixed ω1 and ω2 we can consider the functions gω1(·) and hω2(·) defined
respectively on Ω2 and Ω1 by gω1(ω2) = hω2(ω1) = f(ω1, ω2) and these are both measurable
for each ω1 and ω2 respectively. If, in addition, f is integrable then gω1 and hω2 are
integrable as well, for almost all ω1 and ω2, respectively. Their integrals∫

Ω2

gω1(ω2) dP2(ω2) and

∫
Ω1

hω2(ω1) dP1(ω1)

are measurable, finite almost everywhere and integrable with repect to P1 and P2, respec-
tively. Finally, we have that∫

Ω

f(ω1, ω2) dP =

∫
Ω1

∫
Ω2

gω1(ω2) dP2 dP1 =

∫
Ω2

∫
Ω1

hω2(ω1) dP1 dP2.

Conversely, for a nonnegative measurable function f if either
∫
Ω2
gω1(ω2) dP2(ω2) or∫

Ω1
hω2(ω1) dP1(ω1), which are always measurable, has a finite integral so does the other

and f is integrable with its integral being equal to either of the repeated integrals.
Finally, there is the version of this theorem by Tonelli, according to which the last

equality remains true even for non-integrable, but non-negative functions.

Comment 1.54. The proof follows the standard pattern, beginning with indicator func-
tions (which we know by the previous corollary) and then extending as usual.

Exercise 1.55. Let (ai,j)i,j∈N be a sequence of real numbers, such that
∑∞

i,j=1 |ai,j| <∞.
Deduce from Fubini’s theorem that

∞∑
i,j=1

ai,j =
∞∑
i=1

∞∑
j=1

ai,j =
∞∑
j=1

∞∑
i=1

ai,j.

[Hint]: This is basically an application of Fubini’s theorem to the space (N×N,P(N)×
P(N) with the counting measure.

Exercise 1.56. Construct a counterexample to the previous result, provided of course,
that

∑∞
i,j=1 |ai,j| = ∞, thus providing a counterexample to Fubini’s theorem for non-

integrable functions.
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[Hint]: One sequence you can choose is ai,j =


1, if i = j

−1, if j = i+ 1

0, else
The above method allows us to define product probability spaces for an arbitrary finite

number of probability spaces. A particular case that we will use throughout the following
chapter is product measures on (Rn,B(Rn)). We will conclude the present chapter by
constructing infinite product probability measures on the measurable space (RN,B(RN)),
where B(RN) is the Borel σ-algebra on RN.

Recall that B(RN) is the σ-algebra generated by cylinder subsets of RN, that is, sets
of the form

(a1, b1]× · · · × (an, bn]× R× R× · · · , n ∈ N
and it contains all sets of the form B × R× R× · · · , where B ∈ B(Rn).

Assume we have a probability measure P on (RN,B(RN)). We define the projection
of P onto the first n-coordinates, known as the n-marginal of P , as the measure Pn :
B(RN) → [0, 1] given by Pn(B) = P (B × RN), for every B ∈ B(RN).

The following observation is important: If we know all the projections Pn of a measure
P for every n ∈ N, then the measure P is determined uniquely by these projections. The
reason for that is that the n-marginals determine the value of P in cylinder sets and the
cylinder sets is a D−system that generates B(RN), hence the monotone class theorem
and lower continuity of P (given by Proposition 1.11) shows that it is determined by its
values on the cylinder sets.

What the above discussion illustrates is that if we want to characterize Borel proba-
bility measures P on (RN,B(RN)), we have to characterize all the projection measures,
Pn, on (Rn,B(Rn)) for every n ∈ N. This is a significant reduction in complexity (and
for such measures we actually obtain a characterization in Theorem 2.11.) We should
caution the reader, however, that it is not necessarily true that given a sequence of Borel
probability measures (Qn) on (Rn,B(Rn)), we can find a Borel probaility measure P on
(RN,B(RN)), so that Pn = Qn, for any n ∈ N (where Pn denotes the n-marginal of P ).
A moment’s thought reveals that for this to hold we need the sequence (Qn) to satisfy
some obvious consistency conditions.

One, then, naturally asks the following: Let (Rn,B(Rn), Qn)n∈N, be a sequence of
probability spaces. When does there exist a probability space (RN,B(RN), P ), so that
Pn = Qn, for every n ∈ N?

Because the condition Pn = Qn translates to P (B×RN) = Qn(B), for any B ∈ B(Rn),
a necessary condition that the measures (Qn) must satisfy is that Qn+1(B×R) = Qn(B),
for any B ∈ B(Rn).

Perhaps surprisingly, this condition is also sufficient and this is the content of Kol-
mogorov’s extension theorem on RN. The proof is complicated enough for us to be justified
in presenting a sketch of it omitting some technicalities, but it is a good exercise to fill
in the details.

Theorem 1.57. Let (Rn,B(Rn), Qn)n∈N, be a sequence of probability spaces satisfying
the consistency condition

Qn+1(B × R) = Qn(B), for any B ∈ B(Rn), any n ∈ N.

Then, there exists a unique probability measure P on (RN,B(RN)) such that Pn = Qn,
i.e. Qn is the n-marginal of P , for any n ∈ N. This means that

P (B × RN) = Qn(B), for any B ∈ B(Rn), any n ∈ N.
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Proof sketch. Once we prove that such a measure P exists, uniqueness follows via the
typical application of the monotone class theorem, as in, for example, the proof of Propo-
sition 1.20.

To prove the existence of this measure, we first consider the algebra of subsets of RN

given by

A = {B × RN : B ∈ B(Rn), n ∈ N}.

We observe that sets in A are not uniquely represented, because B×RN = (B×R)×RN,
nevertheless one can show that (the measure) P0 : A → [0, 1], given by

P0(A) = Qn(B), for any A = B × RN, where B ∈ B(Rn),

is well-defined (due to the consistency assumption on (Qn)). One can also easily check
that the function P0 defined this way is a finitely additive probability measure on A .
The bulk of the proof is showing that P0 is actually countably additive, for then, an
application of Caratheodory’s extension theorem allows us to conclude that P extending
P0 to a probability measure on σ(A ) = B(RN) exists, and by the definition of P0, it
follows that Pn = Qn.

By a variant of Proposition 1.11 (see Comment 1.13) it suffices to show that P0 is
upper continuous at the empty set. That is, if (Ak) is a sequence in A with Ak+1 ⊂ Ak

and
⋂∞

k=1Ak = ∅, then

lim
k→∞

P0(
n⋂

k=1

Ak) = 0. (1.2)

Without loss of generality (exercise) we can assume that Ak = Bk × RN, where Bk ∈
B(Rk), for every k ∈ N. The first step to prove (1.2) is showing that, for any ϵ > 0, and
any k ∈ N, there exists a compact set B′

k ⊂ Bk such that Pk(Bk \ B′
k) ≤ ϵ/2k (exercise).

Next, observe that if A′
k = B′

k ×RN, for all k ∈ N, it also holds that
⋂∞

k=1Ak = ∅. Using
the compactness of the sets (B′

k), (note that the A′
k are not compact), we can show that

there exists n0 ∈ N such that
⋂n0

k=1Ak = ∅. A proof of this fact proceeds by assuming
that there exist xn = (xn(1), xn(2), xn(3), . . .) ∈

⋂n
k=1Ak for every n ∈ N, and obtaining

coordinatewise subsequential limits of (xn) using compactness of the sets (Bk) (a nice
exercise).

By the previous,

P0(
n⋂

k=1

Ak) ≤ P0(
n⋂

k=1

A′
k) + P0(

n⋂
k=1

Ak \ A′
k) ≤

n0∑
k=1

P0(Ak \ A′
k).

By definition, we have that

n0∑
k=1

P0(Ak \ A′
k) =

n0∑
k=1

Pk(Bk \B′
k) ≤

n0∑
k=1

ϵ/2k < ϵ,

by the choice of (B′
k) above. As ϵ was arbitrary, (1.2) follows and the proof (sketch) is

complete.

We complete this introductory chapter by presenting some corollaries of Theorem
1.57, as well as an alternative version for measures on {0, 1}N.
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Corollary 1.58. Let (Rn) be a sequence of Borel probability measures on R. Then, there
exists a unique Borel probability measure P on (RN,B(RN)) such that

P ((a1, b1]××(an, bn]× RN) = R1((a1, b1]) · · ·Rn((an, bn]), n ∈ N, −∞ ≤ ai ≤ bi ≤ +∞.
(1.3)

More generally, one can replace the intervals (ai, bi] by any Borel set Bi ∈ B(R).

Proof. This measure P is essentially the infinite product measure of the sequence (Rn).
We first define Q′

n on cylinder sets of Rn via

Q′
n((a1, b1]××(an, bn]) = R1((a1, b1]) · · ·Rn((an, bn]).

One can easily check that Qn is countably additive on the field of cylinder sets, since
R1, . . . , Rn, are probability measures, and thus, Caratheodory’s extension theorem implies
the existence of a Borel probability measure Qn on (Rn,B(Rn)) that extends Q′

n. Then,
using the monotone class theorem and the above condition, one can prove that

Qn+1(B × R) = Qn(B), for any B ∈ B(Rn), n ∈ N.

That is, the sequence (Qn) is consistent, and the existence of P follows by Theorem
1.57. Uniqueness of P follows by the usual argument showing that measures agreeing on
cylinder sets, agree on their generated σ-algebra, i.e. Borel sets.

The next corollary uses terminology from Section 2.1 and its proof follows from com-
bining Corollary 1.58 with Theorem 2.3.

Corollary 1.59. Let (Fn) be a sequence of distribution functions on R (i.e. functions
that satisfy properties (i)− (iii) of Theorem 2.1). Then, there exists a unique probability
measure P on (RN,B(RN)) such that

P ({x = (x(n))n∈N ∈ RN : x(1) ≤ a1, . . . , x(n) ≤ an}) = F1(a1) · · ·Fn(an),

for any a1, . . . , an ∈ R, n ∈ N.

The version of Kolmogorov’s extension theorem for measures on {0, 1}N is the follow-
ing. Its proof is similar to that of Theorem 1.57.

Theorem 1.60. Let (Qn) be a sequence of probability measures on {0, 1}n, for each
n ∈ N. If the measures satisfy the consistency condition:

Qn+1({x = (x(1), . . . , x(n+ 1)) ∈ {0, 1}n+1 : x(1) = ϵ1, . . . , x(n) = ϵn})
= Pn({x = (x(1), . . . , x(n)) ∈ {0, 1}n : x(1) = ϵ1, . . . , x(n) = ϵn}),

for every ϵ1, . . . , ϵn ∈ {0, 1}, then there exists a unique probability measure P on ({0, 1}N,B)
such that

P ({x ∈ {0, 1}n : x(1) = ϵ1, . . . , x(n) = ϵn}) = Pn({x ∈ {0, 1}n : x(1) = ϵ1, . . . , x(n) = ϵn}),

for every ϵ1, . . . , ϵn ∈ {0, 1}.

Corollary 1.61. Let (pn) be a sequence in [0, 1]. Then, there exists a probability measure
P on {0, 1}N, such that

P ({x ∈ {0, 1}n : x(1) = ϵ1, . . . , xn = ϵn}) = r1 · · · rn,

where ri = pi, if ϵi = 1 and ri = 1− pi, if ϵi = 0.
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A particularly interesting case of the latter is when (pn) is a constant sequence, equal
to some p ∈ [0, 1]. In that case, P is the Bernoulli measure

P ({x ∈ {0, 1}n : x(1) = ϵ1, . . . , xn = ϵn}) = pk(1− p)k,

where k = |{i ∈ {1, . . . , n} : ϵi = 1|.
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Chapter 2

Probability theory and the
probabilistic method

2.1 Random variables, distributions and expectation

Throughout, we let (Ω,F , P ) denote a probability space. We recall some notions from
Chapter 1. The key objects of study in this setting are (real-valued) random variables.
These are simply measurable functions ξ : Ω → R or ξ : Ω → R = R∪{−∞,+∞}. Anal-
ogously, one may define complex-valued and more generally, E-valued random variables
with values in a measurable space E.

As explained in Section 1.1, a function ξ : Ω → R is F -measurable if and only
if {ξ > a} = ξ−1((a,+∞]) ∈ F , for any a ∈ R. In this case, e.g., {ξ = +∞} =⋂

n∈N(Ω \ {ξ ≤ n}) ∈ F .

Given a real-valued random variable ξ of (Ω,F , P ) we define Pξ(B) = P (ξ−1B), for
any Borel set B ∈ B(R). This is the probability distribution of ξ and it is a probability
measure on (R,B(R)).

We also consider the (cumulative) disrtibution function of ξ, Fξ : R → [0, 1], defined
via

Fξ(x) = Pξ((−∞, x]) = P ({ω ∈ Ω : ξ(ω) ≤ x}).

Then, Fξ is also the distribution function of the probability measure Pξ.

Theorem 2.1. Let (R,B(R), P ) be a real probability space and F be the distribution
function of P , that is, F (x) = P ((−∞, x]), for each x ∈ R. Then.

(i) F is increasing

(ii) limx→−∞ F (x) = 0 and limx→+∞ F (x) = 1

(iii) F is right-continuous, namely limx→x+
0
F (x) = F (x0), for every x0 ∈ R.

Exercise 2.2. (i) Prove Theorem 2.1 (see the proof of Theorem 1.18 from Chapter 1).

(ii) Prove that F is continuous if and only if P is a continuous probability measure, i.e.
P ({x0}) = 0, for every x0 ∈ R.

(iii) Prove that F can have at most countably many points of discontinuity.

31
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A very important result in this context is that distribution functions are in one-to-one
correspondence with probability measures on R. The non-trivial direction of this result
is the following. This is essentially the content of Theorem 1.18 from Chapter 1.

Theorem 2.3. Let F : R → [0, 1] be a function that satisfies (i) − (iii) in Theorem
2.1. Then, there exists a unique Borel probability measure P on R such that F is its
distribution function, i.e. P ((−∞, x]) = F (x), x ∈ R.

Definition 2.4. We say that a (real-valued) random variable ξ is

(i) continuous, if its distribution function Fξ is a continuous function; equivalently,
P ({ω : ξ(ω) = x}) = 0, for any x ∈ R.

(ii) absolutely continuous, if there exists a Lebesgue measurable function f : R → [0,∞)
such that Fξ(x) =

∫ x

−∞ f(y) dy, for any x ∈ R.

The following is a generalization of the characterization of random variables given
above.

Lemma 2.5. Let E be a family of subsets of R such that σ(E ) = B(R). Then, ξ : Ω → R
is F -measurable if and only if ξ−1(E) ∈ F for any E ∈ E .

We collect a few elementary and basic properties of random variables.

(i) Let ξ1, ξ2 : Ω → R be real-valued random variables. Then, ξ1 + ξ2, ξ1 · ξ2, ξ1/ξ2 (if
ξ2 ̸= 0) are also random variables.

(ii) If ξ : Ω → R is F -measurable and ϕ : R → R is Borel measurable, then ϕ◦ξ : Ω → R
is also F -measurable. Examples include eξ, ξn, |ξ|, ξ+, ξ−,max{ξ, c},min{ξ, c}.

(iii) If (ξn)n∈N is a sequence of random variables, ξn : Ω → R, then supn∈N ξn,infn∈N ξn,
lim supn∈N ξn and lim infn∈N ξn are also F -measurable.

Remark 2.6. We remark that property (iii) no longer holds if we consider real-valued
random variables ξn : Ω → R. Likewise, property (ii) is not necessarily true if ϕ is only
assumed to be Lebesgue-measurable.

Recall the results from Section 1.2. We can approximate real-valued random variables
by sequences of simple functions (even uniformly on the sets where the random variable
is bounded). Moreover, for nonnegative random variables we can further assume that the
sequence of simple functions is increasing.

Definition 2.7. Let ξ : Ω → R be a random variable. Then, the set Fξ = {ξ−1(B) : B ∈
B(R)} is a σ-algebra and is called the σ-algebra generated by ξ.

Note that the σ algebra Fξ is the smallest one with respect to which ξ is F -
measurable. As an example, if ξ : R → R is given by ξ(x) = |x|, then Fξ = {B ∪ (−B) :
B ∈ B([0,∞))}.

Given a random variable ξ : Ω → R, a natural question is how complicated can the
Fξ-measurable functions be?

The following theorem provides a characterization of such functions.
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Theorem 2.8. Let ξ : Ω → R be a random variable. Then, the random variable η :
Ω → R (hence, η is F -measurable) is Fξ-measurable if and only if there exists a Borel
measurable ϕ : R → R so that η = ϕ ◦ ξ.

Proof. The sufficiency of this condition being simple, we prove its necessity.
Assume first that η is a simple function, namely η =

∑k
i=1 ci1Ai

, where A1, . . . , Ak ∈
Fξ, c1, . . . , ck ∈ R. Then Ai = ξ−1(Bi), for some Bi ∈ B(R) and letting ϕ =

∑k
i=1 ci1Bi

,
the conclusion follows.

For nonnegative η, we can use the approximation result mentioned before Definition
2.7 and find Fξ-measurable, simple functions ηn : Ω → R so that

lim
n→∞

ηn(ω) = η(ω), for any ω ∈ Ω. (2.1)

By the previous case, we find Borel measurable functions ϕn : R → R so that ηn = ϕn ◦ ξ,
for each n ∈ N. Let ϕ : R → R be defined as ϕ(x) = limn→∞ ϕn(x), for every x ∈ B,
which is the set of points where the limit exists. For x /∈ B we let ϕ(x) = 0. Then ϕ is
Borel measurable and by the basic properties (i), (ii), (iii) of random variables we also
see that ξ(ω) ∈ B, for any ω ∈ Ω. Finally, ϕ(ξ(ω)) = limn→∞ ϕn(ξ(ω)) = η(ω), for any
ω ∈ Ω, and so the claim follows in this case too.

The general case follows by writing η = η+−η− and reducing to the case of nonnegative
Fξ-measurable functions.

Using the measure theoretic background presented in Chapter 1 we proceed to charac-
terize probability measures on Rn, for n ∈ N. Once again, these measures are determined
by the possible distribution functions on Rn.

Definition 2.9. If (Rn,B(Rn), P ) is a probability space, we call the function F : Rn →
[0, 1] defined via

F (x1, . . . , xn) = P ((−∞, x1]× · · · × (−∞, xn]), for x1, . . . , xn ∈ R,

the distribution function of P .

As an extension of Theorem 2.1 we have the following properties of distribution func-
tions on Rn. For a function F on R2, and i ∈ {1, . . . , n}, we let ∆aibiF (x1, x2, . . . , xn) =
F (x1, . . . , xi−1, bi, xi+1, . . . , xn)− F (x1, . . . , xi−1, ai, xi+1, . . . , xn), whenever ai ≤ bi.

Theorem 2.10. Let F : Rn → [0, 1] be a distribution function for some Borel probability
measure P on Rn. Then,

(i) ∆a1b1 · · ·∆anbnF (x1, . . . , xn) ≥ 0, for any a1 ≤ b1, . . . , an ≤ bn and x1, . . . , xn ∈ R.

(ii) F is upper continuous on Rn, that is, limx1→a+1 ,...,xn→a+n
= F (x1, . . . , xn) = F (a1, . . . , an).

(iii) limmin {x1,...,xn}→∞ F (x1, . . . , xn) = 1 and for all i = 1, . . . , n, limxi→−∞ F (x1, . . . , xn) =
0.

A basic special case of the above result is when F1, . . . , Fn : R → [0, 1] are distribution
functions on (R,B(R)) and we consider F : Rn → [0, 1] given by

F (x1, . . . , xn) = F1(x1) · · ·Fn(xn), for x1, . . . , xn ∈ R.
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In this case one can easily check that

∆a1b1 · · ·∆anbnF (x1, . . . , xn) = (F1(b1)− F1(a1)) · · · (Fn(bn)− Fn(an)),

which verifies (i) by Theorem 2.1. The other properties are also easy to see for this special
case.

Once again, using Caratheodory’s extension theorem for existence and the monotone
class theorem for uniqueness one can show the following result, according to which prob-
ability measures and distribution functions as the ones defined above are in one-to-one
correspondence. The proof is slightly more complicated than the case n = 1, but on its
core very similar.

Theorem 2.11. Let F : Rn → [0, 1] be a function that satisfies properties (i) − (iii) of
Theorem 2.10. Then, there exists a unique Borel probability measure on Rn the distribu-
tion function of which is F .

The final topic of this section is expectation of random variables. For relevant back-
ground material on integration, we refer the reader to Section 1.2, where the notion was
defined. Recall that, in a probability space (Ω,F , P ), the expectation of a random vari-
able ξ, denoted by E(ξ), is the Lebesgue integral of ξ with respect to the probability
measure P .

For the basic convergence theorems related to expectation of random variables see
Section 1.3.

Some basic properties of the expected value that were not mentioned in Section 1.2,
but are easily verified (properties (v), (vi) follows from the results in Section 1.3), are as
follows:

(i) If ξ = 0 almost everywhere, then E(ξ) = 0.

(ii) If ξ1 = ξ2 a.e. then E(ξ1) = E(ξ2)

(iii) If E(|ξ|) <∞, then |ξ| <∞ a.e.

(iv) ξ ≥ 0 a.e. and E(ξ) = 0, then ξ = 0 a.e.

(v) If ξn ≥ 0 for every n ∈ N and
∑∞

n=1E(ξn) <∞, then
∑∞

n=1 ξn <∞ a.e.

(vi) If
∑∞

n=1E(|ξn|) <∞, then
∑∞

n=1 ξn converges a.e. to an integrable function.

Also, for the basic inequalities involving expectations of random variables see Section
1.3 (H’́older’s, Jensen’s and Section 4.1 (Chebyshev’s, Markov’s). Other generally useful
inequalities include

(i) (Cauchy-Schwarz’s) (E(|ξ1ξ2|)2 ≤ E(|ξ1|2)E(|ξ2|2)

(ii) (Lyapunov’s) For 0 < s ≤ t we have (E(|ξ|s)1/s ≤ (E(|ξ|t)1/t

(iii) (Minkowski’s) For p ≥ 1 we have (E(|ξ1 + ξ2|p)1/p ≤ (E(|ξ1|p)1/p + (E(|ξ2|p)1/p

We have the following result on integrating compositions of random variables with
Borel measurable functions.

Theorem 2.12. Let (Ω,F , P ) be a p.s. and ξ : Ω → R an F -measurable function.
Suppose ϕ : R → R is Borel measurable. Then,
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(i) if ϕ ≥ 0, it holds that E(ϕ◦ ξ) =
∫
ϕ(x) dPξ, where Pξ is the probability distribution

of ξ.

(ii) If ϕ ◦ ξ is integrable, then ϕ is Pξ-integrable and (i) holds.

Note that
∫
ϕ(x) dPξ = EPξ

ϕ.

As an example, observe that for ϕ(x) = xk and under the assumptions in the theorem,
we have that E(ξ) =

∫
x dPξ(x) and E(ξ

k) =
∫
xk dPξ(x).

Proof. We prove (i). First, assume that ϕ = 1B, for some Borel set B ∈ B(R). It is
obvious that

E(1B ◦ ξ) = E(1ξ−1B) = P (ξ−1(B)) =

∫
1B dPξ.

The next level of complexity is when ϕ ≥ 0 is a simple, Borel measurable function. In this
case the equality follows by linearity of expected value and the special case of character-
istic functions. Finally, assume ϕ ≥ 0 is a general Borel measurable function. Applying
the approximation results of Section 1.2, we can find a sequence (ϕn) of nonnegative,
Borel measurable, simple functions that increase to ϕ pointwise. Namely, for any x ∈ R,
limn→∞ ϕn(x) = ϕ(x) and ϕk+1(x) ≥ ϕk(x), for each k ∈ N. Then, (ϕn ◦ ξ) is an increas-
ing sequence of F -measurable, simple functions that converges to ϕ ◦ ξ pointwise. In
particular, by the definition of the expectation, we have

E(ϕ ◦ ξ) = lim
n→∞

E(ϕn ◦ ξ) =
∫
ϕn dPξ =

∫
ϕ dPξ,

where in the second equality we used property (i) for simple functions.
We now show (ii). If ϕ ◦ ξ is integrable, then so are ϕ+ ◦ ξ and ϕ− ◦ ξ. Moreover,

ϕ+ ◦ ξ and ϕ− ◦ ξ are nonnegative and ϕ+ and ϕ− are also Borel measurable, hence (i)
implies that

E(ϕ+ ◦ ξ) =
∫
ϕ+ dPξ(x) < +∞

and similarly for ϕ−. Therefore, ϕ ◦ ξ = ϕ+ ◦ ξ + ϕ− ◦ ξ is a Pξ-measurable function and
by linearity (i) holds as well.

In the fixed setting, if A ∈ F and ξ a random variable such that E(ξ1A) is well-defined
we set

∫
A
ξ dP = E(ξ1A).

2.2 Independence

Let (Ω,F , P ) be a probability space and ξ1, . . . , ξk : Ω → R be random variables on
(Ω,F , P ). Then, the set

B = {B ∈ B(Rk) : {ω ∈ Ω : (ξ1(ω), . . . , ξk(ω)) ∈ B} ∈ F}

is a σ-algebra (of subsets of Rk) and it contains all sets of the form (a1, b1]×· · ·× (ak, bk],
where ai ≤ bi, for i = 1, . . . , k. Hence, B = B(Rk). This means that the function
Pξ : B(Rk) → [0, 1], where ξ = (ξ1, . . . , ξk) defined via

Pξ(B) = P ({ω : ξ(ω, . . . , ω) ∈ B}), for B ∈ B(Rk),

is a probability measure on B(Rk).
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Definition 2.13. Let ξ1, . . . , ξk : Ω → R be random variables and ξ = (ξ1, . . . , ξk) a
random vector (which, again, is a random variable on the k-fold product of (Ω,F , P )
with itself). We define Fξ : Rk → [0, 1] by

Fξ(x1, . . . , xk) = P (ξ1 ≤ x1, . . . , ξk ≤ xk), for x1, . . . , xk ∈ R

and call it the (joint) distribution function of ξ1, . . . , ξk. We also define the probability
measure Pξ : B(Rk) → [0, 1] by

Pξ(B) = P ((ξ1, . . . , ξk) ∈ B), for B ∈ B(Rk)

and call it the (joint) probability distribution of ξ1, . . . , ξk (or the probability distribution
of the random vector ξ).

Observe that the distribution Fξ defined above satisfies properties (i)− (iii) of The-
orem 2.10. Conversely, one can show that if a function F satisfies these properties, then
there exist F -measurable functions ξ1, . . . , ξk such that F = Fξ, for ξ = (ξ1, . . . , ξk).

We now define the concept of independence for random variables on a probability
space (Ω,F , P ).

Definition 2.14. Given a probability space (Ω,F , P ) we say that the random variables
ξ1, . . . , ξk on (Ω,F , P ) are independent if

P (ξ1 ∈ B1, . . . , ξk ∈ Bk) = P (ξ1 ∈ B1) · · ·P (ξk ∈ Bk),

for all B1, . . . , Bk ∈ B(R).

As an example, consider the probability space ([0, 1],B([0, 1]), P , where P is the
Lebesgue measure on [0, 1]. Then, the random variables ξ1 = 1[0,1/2], ξ2 = 1[0,1/4]+1[1/2,3/4]
and ξ3 = 1[0,1/8] + 1[2/8,3/8] + · · · + 1[6/8,7/8] are independent. Likewise, one construct k
independent random variables for any k ∈ N.

It is much more difficult, however, to construct independent random variables on
[0, 1] for any choice of predetermined distributions. This is the main reason why one can
work on seemingly more complicated probability spaces, like on the measurable space
(Rk,B(Rk)). Let, for example, P1, . . . , Pk be probability measures on (R,B(R)) and
consider the probability space (Rk,B(Rk), P1 × · · · × Pk). For j ∈ {1, . . . , k} we define
ξj(x) = xj, for any x = (x1, . . . , xk) ∈ Rk. Observe that ξ1, . . . , ξk are B(Rk)-measurable,
and are independent random variables on (Rk,B(Rk), P = P1 × · · · × Pk). For, by the
choice of P ,

P (ξ1 ∈ B1, . . . , ξk ∈ Bk) = P (ξ1 ∈ B1) · · ·P (ξk ∈ Bk),

where B1, . . . , Bk ∈ B(R).
Given any distribution functions (i.e. functions that satisfy properties (i) − (iii) of

Theorem 2.1) F1, . . . , Fk on R and using Theorem 2.3 we can use the above simple con-
struction to obtain independent random variables ξ1, . . . , xk on Rk with said distributions.

We next show the following equivalent characterization of independence, according
to which, random variables are independent exactly when their joint distribution is the
product of their individual distributions.

Theorem 2.15. Let (Ω,F , P ) be a p.s. and ξ1, . . . , ξk be F -measurable functions. Then,
ξ1, . . . , ξk are independent r.v. if and only if

Fξ(x1, . . . , xk) = Fξ1(x1) · · ·Fξk(xk), for any x1, . . . , xk ∈ R, (2.2)

where ξ = (ξ1, . . . , ξk).
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Proof. Suppose ξ1, . . . , ξk are independent. Then, by definition,

P (ξ1 ∈ (−∞, x1], . . . , ξk ∈ (∞, xk]) = P (ξ1 ∈ (−∞, x1]) · · ·P (ξk ∈ (−∞, ξk]),

for any x1, . . . , xk ∈ R. Unraveling the definitions we have

Fξ(x1, . . . , xk) = Fξ1(x1) · · ·Fξk(xk).

For the converse, assume (2.2) holds. We want to show that for any B1, . . . , Bk ∈
B(Rk) we have that

P (ξ1 ∈ B1, . . . , ξk ∈ Bk) = P (ξ1 ∈ B1) · · ·P (ξk ∈ Bk). (2.3)

We first fix x2, . . . , xk ∈ R and define

B1 = {B1 ∈ B(R) : P (ξ1 ∈ B1, ξ2 ≤ x2, . . . , ξk ≤ xk) = P (ξ1 ∈ B1)P (ξ2 ≤ x2) · · ·P (ξk ≤ xk)}.

It is easy to check that B1 is a monotone class, is closed under complements and it
contains, by the assumption in (2.2), all intervals of the form (−∞, x1]. It thus contains all
intervals of the form (a, b] for − inf ≤ a < b ≤ +∞ and therefore the σ-aglebra generated
by these family of intervals. The monotone class theorem implies that B1 = B(R).

Next, we fix x3, . . . , xk ∈ R and define

B2 = {B2 ∈ B(R) :P (ξ1 ∈ B1, ξ2 ∈ B2, ξ3 ≤ x3, . . . , ξk ≤ xk) =

P (ξ1 ∈ B1)P (ξ2 ∈ B2)P (ξ3 ≤ x3) · · ·P (ξk ≤ xk)}.

Using (2.2) and the previous step, the same argument gives that B2 = B(R). We can
continue this procedure until we only fix xk ∈ R and then the conclusion of the analogous
argument is that (2.3) holds.

As an immediate corollary of this result we obtain the following characterization for
discrete random variables.

Corollary 2.16. Let ξ1, . . . , ξk be random variables on a p.s. (Ω,F , P ), where Ω is a
countable set. Then, ξ1, . . . , ξk are independent if and only if

P (ξ1 = x1, . . . , ξk = xk) = P (ξ1 = x1) · · ·P (ξk = xk),

for every x1, . . . , xk ∈ R.

We now proceed to discuss some features of the expectation of independent random
variables.

According to standing assumptions, we fix a p.s. (Ω,F , P ). A useful lemma is
that compositions of independent real-valued random variables with Borel measurable
functions are also independent.

Lemma 2.17. Let f1, f2 : R → R be Borel measurable and ξ1, ξ2 be independent random
variables. Then, f1 ◦ ξ1 and f2 ◦ ξ2 are also independent.

Proof. For any B1, B2 ∈ B(R) we have that

P (f1 ◦ ξ1 ∈ B1, f2 ◦ ξ2 ∈ B2) = P (ξ1 ∈ f−1
1 B1, ξ2 ∈ f−1

2 B2).
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But then, the fact that f1, f2 are Borel measurable means that f−1
1 B1, f

−1
2 B2 are also

measurable, and hence independence of ξ1, ξ2 gives

P (ξ1 ∈ f−1
1 B1, ξ2 ∈ f−1

2 B2) = P (ξ1 ∈ f−1
1 B1)P (ξ2 ∈ f−1

2 B2).

That is,
P (f1 ◦ ξ1 ∈ B1, f2 ◦ ξ2 ∈ B2) = P (f1 ◦ ξ1 ∈ B1)P (f2 ◦ ξ2 ∈ B2)

and so we conclude.

One of the most important consequences of independence is that the expectation of
products becomes the product of expectations.

Theorem 2.18. Let ξ1, ξ2 be integrable, independent random variables. Then, ξ1ξ2 is
also integrable and

E(ξ1ξ2) = E(ξ1)E(ξ2).

Remark 2.19. This is not a characterization of independence, i.e. it can be the case
that E(ξ1ξ2) = E(ξ1)E(ξ2) for non-independent random variables ξ1, ξ2.

Proof of Theorem 2.18. To begin with, we consider the case where ξ1 = 1B1 and ξ2 = 1B2

for some B1, B2 ∈ F . Then,

E(ξ1ξ2) = E(1B1∩B2) = P (B1 ∩B2) = P (ξ1 = 1, ξ2 = 1).

By the independence of ξ1, ξ2 we have that

P (ξ1 = 1, ξ2 = 1) = P (ξ1 = 1)P (ξ2 = 1) = E(ξ1)E(ξ2).

Next, assuming that ξ1, ξ2 are simple functions we can reduce to the previous case by
linearity. More precisely, let ξ1 =

∑m
i=1 ai1Ai

, with 0 ≤ a1 < · · · < am, and A1, . . . , Am

disjoint sets in F and let ξ2 =
∑n

i=1 bi1Bi
with 0 ≤ b1 < · · · < bn and B1, . . . , Bn disjoint

sets in F . Then,

E(ξ1ξ2) =
m∑
i=1

n∑
j=1

aibjP (ξ1 = ai, ξ2 = bj).

Using the independence of the random variables we see

m∑
i=1

n∑
j=1

aibjP (ξ1 = ai, ξ2 = bj) =
m∑
i=1

n∑
j=1

aibjP (ξ1 = ai)P (ξ2 = bj),

which can be rewritten as(
m∑
i=1

aiP (ξ1 = ai)

)(
n∑

j=1

P (ξ2 = bj)

)
= E(ξ1)E(ξ2).

Now say ξ1, ξ2 are nonnegative independent random variables. Using the standard ap-
proximation argument, we find sequences (ξ1,n), (ξ2,n) of nonnegative, increasing, simple
functions which converge to ξ1, ξ2, respectively, pointwise. Then, (ξ1,nξ2,n) is also a se-
quence of nonnegative, increasing, simple functions converging pointwise to ξ1ξ2. Observe
that the random variables (ξ1,n) are, from their construction (which is implicit in the proof
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of the approximation argument) are measurable with respect to Fξ1 , the σ-algebra gen-
erated by ξ1. The analogous is true for the sequence (ξ2,n). In particular, it follows that
ξ1,n and ξ2,n are independent for every n ∈ N. Therefore, using the previous step and the
monotone convergence theorem we conclude that

E(ξ1ξ2) = E(ξ1)E(ξ2)

in this case too.
Finally, we need to show the result for ξ1, ξ2 : Ω → R independent and integrable

random variables. In this case we can decompose them as ξ1 = ξ+1 − ξ−1 and ξ2 = ξ+2 − ξ−2
and note that ξ+1 , ξ

−
1 ,ξ

+
2 , ξ

−
2 are all nonnegative functions. If we can prove that the random

variables ξ+1 , ξ
−
1 are independent from ξ+2 , ξ

−
2 , then the result will follow by linearity of the

expectation and the latter special case. To see this observe that, for example, ξ+1 = ϕ+◦ξ,
where ϕ+(x) = max{x, 0}, for any x ∈ R. But one can easily check that ϕ+ is a Borel
measurable function. The last claim, therefore, follows from Lemma 2.17.

Combining the last two results we obtain the following.

Corollary 2.20. Let ξ1, ξ2 be independent random variables and f1, f2 : R → R be Borel
measurable functions such that f1 ◦ ξ1 and f2 ◦ ξ2 are integrable. Then, (f1 ◦ ξ1)(f2 ◦ ξ2)
is integrable and moreover

E((f1 ◦ ξ1)(f2 ◦ ξ2)) = E(f1 ◦ ξ1)E(f2 ◦ ξ2).

Proof. It follows from the lemma that f1◦ξ1 and f2◦ξ2 are independent and the conclusion
follows from Theorem 2.18.

2.3 Stochastic processes

Definition 2.21. Let (Ω,F , P ) be a probability space. A sequence (ξn)n∈N of F -measurable
functions is called a random sequence or a stochastic process. We further say that the
random variables (ξn)n∈N are independent if, for ξ1, . . . , ξk are independent for each k ∈,
i.e. it holds that

P (ξ1 ∈ B1, . . . , ξk ∈ Bk) = P (ξ1 ∈ B1) · · ·P (ξk ∈ Bk),

for all B1, . . . , Bk ∈ B(R).

Recall that we have another characterization of independence for a fixed finite num-
ber of random variables given by Theorem 2.15. We also saw in the previous section
how to construct independent random variables with predetermined distribution func-
tions F1, . . . , Fk, by considering an appropriate product measure on (Rk,B(Rk)) and
setting ξi((x1, . . . , xk)) = xi, for i = 1, . . . , k. It would be of interest to be able to ex-
tend this construction in order to find sequences of independent random variables with
predetermined distribution functions (Fn)n∈N. The first natural approach would be to
consider an appropriate infinite product probability measure on (R∞,B(R∞)) and set
ξi((xn)n∈ N)) = xi, for every i ∈ N.

Theorem 2.22. Let (Fn)n∈N be a sequence of distribution functions on R. Then, there ex-
ists a probability space (Ω,F , P ) and a sequence of independent random variables (ξn)n∈N
on (Ω,F , P ) such that ξn has Fn as its distribution function, for any n ∈ N.
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Proof. We let Ω = RN and F = B(RN), the Borel σ-algebra of RN (this is the σ-algebra
generated by products of the form B1×· · ·×Bn×RN, for Borel sets B1, . . . , Bn ∈ B(R)).

For every n ∈ N, we find, by Theorem 2.3, a unique Borel probability measure Pn on
R such that

Pn((−∞, x]) = Fn(x), for every x ∈ R. (2.4)

We then define a measure P =
∏∞

n=1 Pn on (RN,B(RN)) by

P (B1 × · · · ×Bn × R× R× · · · ) = P1(B1) · · ·Pn(Bn),

for every B1, . . . , Bn ∈ B(R). The fact that such a probability measure actually exists
is a corollary of Caratheodory’s extension theorem (Theorem 1.16) with the field of RN

consisting of finite cartesian products of real Borel sets.
On the probability space (RN,B(RN), P ) we consider the random variables ξn : R∞ →

R, given by ξn(x) = xn, for every x = (xi)i∈N, and each n ∈ N. We see that

P (ξn ≤ t) = P ({x ∈ RN : ξn(x) ≤ t}) = P ({x ∈ RN : xn ≤ t}) =
Pn((−∞, t]) = Fn(t), for every t ∈ R and every n ∈ N.

That is, the distribution function of ξn is Fn. We finally show that the random variables
(ξn) are independent. To this end, fix n ∈ N and B1, . . . , Bn ∈ B(R). We have that

P (ξ1 ∈ B1, . . . , ξn ∈ Bn) = P ({x = (xi)i∈N ∈ RN : x1 ∈ B1, . . . , xn ∈ Bn})
= P (B1 × · · · ×Bn × R× R× · · · ) = P1(B1) · · ·Pn(Bn)

= P ({x = (xi)i∈N ∈ RN : x1 ∈ B1}) · · ·P ({x = (xi)i∈N ∈ RN : xn ∈ Bn})
= P (ξ1 ∈ B1) · · ·P (ξn ∈ Bn)

and with this we conclude.

We can in fact prove something more general.

Definition 2.23. We say that the distribution functions Fn : Rn → [0, 1], n ∈ N, are
consistent if, for any n ∈ N we have that

lim
xn+1→∞

Fn+1(x1, . . . , xn, xn+1) = Fn(x1, . . . , xn), for every x1, . . . , xn ∈ R.

The next result is known as Kolmogorov’s extension theorem for consistent random
sequences on R.

Theorem 2.24. Let Fn : Rn → [0, 1], n ∈ N, be a sequence of consistent distribution func-
tions. Then, there exists a probability space (Ω,F , P ) and a sequence of F -measurable
independent random variables (ξn)n∈N such that Fξ1,...,ξn = Fn, for every n ∈ N. That is,

P (ξ1 ≤ x1, . . . , ξn ≤ xn) = Fn(x1, . . . , xn), for every x1, . . . , xn ∈ R. (2.5)

Proof. The proof is not much different from that of Theorem 2.22, but we need to be able
to use the consistency criterion. By Theorem 2.11, we find for each n ∈ N, a probability
measure Pn on (Rn,B(Rn)) with probability distribution Fn. This means that

Pn((−∞, t1]× · · · × (−∞, tn]) = Fn(t1, . . . , tn), for every t1, . . . , tn ∈ R. (2.6)
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Using the consistency criterion of (Fn) and the lower continuity of probability measures
(see Proposition 1.11) we see that

Pn+1((−∞, t1]× · · · × (−∞, tn]×R) = lim
k→∞

Pn+1((−∞, t1]× · · · × (−∞, tn]× (−∞, k])

= lim
k→∞

Fn+1(t1, . . . , tn, k) = Fn(t1, . . . , tn) = Pn((−∞, t1]× · · · × (−∞, tn]),

for every t1, . . . , tn ∈ R. Using the monotone class theorem and the above equality of the
measures, it follows that

Pn+1(B × R) = Pn(B), for every B ∈ B(Rn).

Therefore, the sequence of measures (Pn)n∈N is consistent and hence by Kolmogorov’s ex-
tension theorem (Theorem 1.57) there exists a unique probability measure P on (RN,B(RN))
satisfying

P (B × R× R× · · · ) = Pn(B), for every B ∈ B(Rn).

The rest of the proof is the same as that of Theorem 2.22.

Omitting some details on technicalities and definitions that have not been precisely
introduced, we can define consistency of distributions on {0, 1} in a way analogous to
Definition 2.23. In particular, we say that the distribution functions Fn : {0, 1}n → [0, 1],
n ∈ N, are consistent if, for any n ∈ N we have that

Fn+1(ϵ1, . . . , ϵn, 0) + Fn+1(ϵ1, . . . , ϵn, 1) = Fn(ϵ1, . . . , ϵn), for every ϵ1, . . . , ϵn ∈ {0, 1}.
Theorem 2.25. Let Fn : Rn → {0, 1}, n ∈ N, be a sequence of consistent distribu-
tion functions. Then, there exists a probability space (Ω,F , P ) and a sequence of F -
measurable independnent random variables (ξn)n∈N such that Fξ1,...,ξn = Fn, for every
n ∈ N. That is,

P (ξ1 = ϵ1, . . . , ξn = ϵn) = Fn(ϵ1, . . . , ϵn), for every ϵ1, . . . , ϵn ∈ {0, 1}. (2.7)

Proof. The proof is analogous to that of Theorem 2.24, only now we consider Ω = {0, 1}N,
ξn(x) = xn, for n ∈ N and x ∈ {0, 1}N and appeal to an analog of Caratheodory’s
extension theorem for measures on {0, 1}N.

As a corollary we deduce the following.

Corollary 2.26. Let (pn)n∈N be a sequence in [0, 1]. Then, there exists a p.s. (Ω,F , P )
and a sequence of F -measurable independent random variables (ξn)n∈N such that P (ξn =
1) = pn and P (ξn = 0) = 1− pn, for every n ∈ N.
Proof. This follows by an application of Theorem 2.25 for the sequence of consistent
distribution functions defined as follows. For any n ∈ N, we let

Fn(ϵ1, . . . , ϵn) = p1,ϵ1 · · · pn,ϵn ,
where pk,1 = pk and pk,0 = 1− pk, for every k ∈ N. Then, by Theorem 2.25, we obtain a
sequence of independent random variables (ξn)n∈N such that

P (ξ1 = ϵ1, . . . , ξn = ϵn) = Fn(ϵ1, . . . , ϵn), for every ϵ1, . . . , ϵn ∈ {0, 1}, n ∈ N.

In particular, for n ∈ N fixed, we see that

P (ξn = 1) =
∑

ϵ∈{0,1}n−1

Fn(ϵ, 1) =
∑

ϵ∈{0,1}n−1

p1,ϵ1 · · · pn−1,ϵn−1pn = pn,

because
∑

ϵ∈{0,1}n−1 p1,ϵ1 · · · pn−1,ϵn−1 = 1. Similarly, it follows that P (ξn = 0) = 1 − pn,
and so we conclude.



42 CHAPTER 2. PROBABILITY THEORY AND THE PROBABILISTIC METHOD

2.4 Interesting applications of independent random

variables

2.4.1 Some preliminaries

This section is certainly neither exhausting regarding applications, nor fully complete
regarding proofs. Both tasks would be impossible, even unnecessary, for a manuscript of
this nature. Nevertheless, we hope that the results discussed here showcase the power of
the probabilistic method, cover a wide range of mathematical interests, and prompt the
interested reader to further research the topic.

First we list some preliminaries that will be useful throughout. Given a p.s. (Ω,F , P )
and an F -measurable r.v. ξ such that E(|ξ|2) <∞, we define its variance as

V ar(ξ) = E(ξ −E(ξ))2 = E(|ξ|2)− (E(ξ))2.

Given some independent r.v. ξ1, . . . , ξn such that E(|ξi|2) <∞, for i = 1, . . . , n, it follows
from the definition and independence (see Theorem 2.18) that

V ar(ξ1 + · · ·+ ξn) = V ar(ξ1) + · · ·+ V ar(ξn).

For ξ as above and λ > 0, Chebyshev’s inequality (see Lemma 4.1) gives that

P (|ξ −E(ξ)| ≥ λ) ≤ V ar(ξ)

λ2
.

As a corollary, it follows that for independent r.v. as above and λ > 0,

P (|ξ1 + · · · ξn −E(ξ1 + · · ·+ ξn)| ≥ λ) ≤ V ar(ξ1) + · · ·+ V ar(ξn)

λ2
.

A very useful refinement of Chebyshev’s inequality is due to Chernoff.

Theorem 2.27. Let ξ1, . . . , ξn be independent r.v. with |ξi−E(ξi)| ≤ 1, for i = 1, . . . , n.
Let ξ = ξ1 + · · ·+ ξn. Then, for any λ > 0,

P (|ξ −E(ξ)| ≥ λ) ≤ 2e−min{λ2/(4V ar(ξ)),λ/2}.

Equivalently,

P (|ξ −E(ξ)| ≥ λ) ≤ 2e−min{λ2/4,λ
√

V ar(ξ)/2}.

A similar inequality due to Hoeffding is the following.

Theorem 2.28. Let ξ1, . . . , ξn be independent r.v. with ai ≤ ξi ≤ bi, for some ai, bi ∈ R,
for i = 1, . . . , n. Let ξ = ξ1 + · · ·+ ξn. Then, for any λ > 0,

P

|ξ −E(ξ)| ≥ λ

(
n∑

i=1

|bi − ai|2
)1/2

 ≤ 2e−2λ2

.

Both inequalities share similar proofs, which on their own are interesting and not too
complicated, but we omit them as they are beyond the primary scope of this section.

Finally, we remark that in most cases, our argument depends on being able to choose
independent Bernoulli (0-1 valued) random variables ξ1, ξ2, . . . , with expectations, re-
spectively, equal to p1, p2, ..., for predetermined values pn ∈ [0, 1]. This is possible due to
Corollary 2.26.
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2.4.2 Monochromatic triangles

A typical problem in graph theory (and Ramsey theory in particular) is the monochro-
matic triangle problem.

Assume that N vertices are connected with edges so that they form a complete graph
and supposed each edge is colored with one of two colors, say red or blue. A monochro-
matic triangle is a complete subgraph of 3 vertices whose edges have the same color.
Our aim is to choose the colors of the edges in such a way as to have as few as possible
monochromatic triangles. For, example, if N = 6 it is a well-known result (Ramsey’s
theorem) that there will exist a monochromatic triangle no matter how we color the
edges (for N = 5, one can find a monochromatic triangle-free coloring of the graph), but
one can easily find a coloring of a graph with 6 vertices with exactly 1 monochromatic
triangle.

Using a probabilistic argument we can show the following.

Theorem 2.29. There exists a 2-coloring of a complete graph with N vertices that con-
tains at most 1

4

(
N
3

)
monochromatic triangles.

Proof. There are
(
N
2

)
edges in the graph and we can “randomize” the setting by consider-

ing independent, uniformly distributed 0−1, random variables ξ1, . . . , ξ(N2 )
on the sample

space Ω of all possible colorings, so that ξj(ω) = 1 if the j-th edge is colored blue in the
coloring that corresponds to ω ∈ Ω. We also have that P (ξj = 1) = P (ξj = 0) = 1/2, for
any j = 1, . . . ,

(
N
2

)
.

Observe that the number of triangles contained in the graph is
(
N
3

)
. We then define

the random variables η1, . . . , η(N3 )
on the same space by ηj(ω) = 1, if the j-th triangle is

monochromatic in the coloring that corresponds to ω ∈ Ω. It follows that given a coloring

ω, the number of monochromatic triangles that it contains is MN(ω) =
∑(N3 )

j=1 ηj(ω). In
particular, the expected value for the number of monochromatic triangles is

E(MN) =

(N3 )∑
j=1

E(ηj).

By the definition of ηj, we see that

E(ηj) = P ({the j-th triangle is monochromatic}) = P ({ξj,1 = ξj,2 = ξj,3}),

where ξj,1, ξj,2, ξj,3 ∈ {ξ1, . . . , ξ(N2 )} are the edges forming the j-th triangle. Therefore,

using the independence of ξ1, . . . , ξ(N2 )
we have

E(ηj) = P ({ξj,1 = ξj,2 = ξj,3 = 1}) + P ({ξj,1 = ξj,2 = ξj,3 = 0}) = (1/2)3 + (1/2)3 = 1/4.

This implies that E(MN) =
1
4

(
N
3

)
, and so there exists ω ∈ Ω for which MN(ω) ≤ 1

4

(
N
3

)
,

which concludes the proof.

2.4.3 Monochromatic arithmetic progressions

A well-known theorem in combinatorial number theory (or, additive combinatorics) is
van der Waerden’s theorem on arithmetic progressions. According to this result, for any
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k ∈ N, there exists N(k) ∈ N such that for any N ≥ N(k), if we color the first N natural
numbers, {1, 2, . . . , N} in 2-colors, there exists a monochromatic arithmetic progression
of length k (e.g. a monochromatic subset of the form {x, x+ y, . . . , x+ (k − 1)y}).

In celebrated work, Gowers showed that the smallest such N(k) is bounded above by

22
22

k

. If one wants to find lower bounds for N(k), one needs to construct colorings of
{1, . . . , N(k)} with no monochromatic progressions, and finding optimal bounds is also a
notorious problem. A result in this direction is the following.

Theorem 2.30. In the above setting, N(k) ≥ 2k/2.

Proof. It suffices to find, given any N < 2k/2, a coloring of {1, . . . , N} in 2 colors that
contains no monochromatic arithmetic progressions of length k. The idea of the proof
is to randomly color {1, . . . , N} and prove that the expected value for the number of
monochromatic arithmetic progressions obtained this way is less than 1.

Fix N < 2k/2. Let ξ1, . . . , ξN be independent random variables on the sample space of
the possible colorings of {1, . . . , N} with P (ξj = 1) = P (ξj = 0) = 1/2, where ξj(ω) = 1
or 0 based on the color of j in the coloring determined by ω.

Let RN denote the number of k-term arithmetic progressions on {1, . . . , N}. We define
the 0−1 valued random variables η1, . . . , ηRN

on the above probability space, by ηj(ω) = 1
precisely when the j-th arithmetic progression is monochromatic for the coloring of ω.
Our goal is to show that E(

∑RN

j=1 ηj) < 1.

By linearity, we have that

E(

RN∑
j=1

ηj) =

RN∑
j=1

E(ηj).

Now, assume that the j-th arithmetic progression is {mj,mj + nj, . . . ,mj + (k − 1)nj}.
Then,

E(ηj) = P (ηj = 1) = P (ξmj
= ξmj+nj

= · · · = ξmj+(k−1)nj
),

and by the independence of (ξi), the rightmost term becomes

P (ξmj
= · · · = ξmj+(k−1)nj

= 1) + P (ξmj
= · · · = ξmj+(k−1)nj

= 0) = 2(1/2)k = 1/2k−1.

Finally, let us give an upper bound for RN . Each arithmetic progression {m,m +
n, . . . ,m + (k − 1)n} is determined by the step n and its starting point m. Hence,
RN is bounded above by the product of the number of choices for m, which are less then
N , and the number of choices for the step n, which are less than N/(k−1). In particular,
we see that RN ≤ N2

(k−1)
.

Combining the above, we obtain that

E(

RN∑
j=1

ηj) ≤
N2

(k − 1)

1

2k−1
<

2k

(k − 1)

1

2k−1
≤ 1,

for k ≥ 3. This implies the existence of ω ∈ Ω such that
∑RN

j=1 ηj(ω) < 1, and therefore∑RN

j=1 ηj(ω) = 0, which is the desired conclusion.
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2.4.4 Number of prime factors of a “typical” number

An easy observation is that a natural number n ∈ N has at least 1 and at most log2 n
prime factors, the latter because, if n is written as a product of not-necessarily distinct
primes, n = p1 · p2 · · · pk and n ≥ 2k, then k ≤ log2 n.

It would be of great importance to be able to determine, say algorithmically, the
number of prime factors of any given natural number. This being too difficult of a
problem, one may ask how many prime factors does a “typical” natural number have.
The answer to this (vague) question, which will be made precise in the statement of
the following result, is log log n = loge(loge n)) and was initially obtained by Hardy-
Littlewood and later on by Turan-Kubilius.

Theorem 2.31. For n ∈ N, we let Ω(n) denote the number of prime factors of n (counted
with multiplicity). Let v : N → N be any function with v(n) → ∞ as n→ ∞. Then,

lim
N→∞

∣∣n ∈ {1, . . . , N} : |Ω(n)− log logN | ≥ v(N)
√
log logN

∣∣
N

= 0. (2.8)

Remark 2.32. The theorem essentially says that for “almost every” n ∈ N, or for
“typical” n ∈ N, we have that

Ω(n) = log log n+O(
√

log log n).

Note that, we can replace log logN in (2.8) by log log n, because

lim
N→∞

1

N

N∑
n=1

| log logN − log log n| = 0.

Proof of Theorem 2.31. The argument is probabilistic only in terminology and not in
its essence; however, this approach provides an important difference in viewpoint, which
might offer further natural insight that could otherwise be missed from a number theoretic
perspective. 1

First we observe that

Ω(n) =
∑

p≤n, p∈P

1p|n, where 1p/n = 1 ⇐⇒ p|n and 0 otherwise.

We will consider an approximation of Ω given by

Ω′(n) =
∑

p≤n1/10, p∈P

1p|n.

Observe that, for each n ∈ N it holds that |Ω′(n)−Ω(n)| ≤ 10, because there are at most
10 prime factors of n greater than n1/10. Hence, it suffices to show (2.8) with Ω′ replacing
Ω.

Let PN be the uniform probability measure on {1, . . . , N}, that is, PN({i}) = 1/N ,
for every i ∈ {1, . . . , N}. Then, (2.8) can be rewritten as

lim
N→∞

PN

(
|Ω′(n)− log logN | ≥ v(N)

√
log logN

)
= 0. (2.9)

1This is a very general theme; In the words of Y. Guivarc’h “Les probabilités et la théorie analytique
des nombres, c’est la même chose” (quote taken from E. Kowalski “An introduction to probabilistic
number theory”)
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Now, Chebyshev’s inequality (see Lemma 4.1) implies that for any λN > 0, we have

PN

(
|Ω′(n)−EN(Ω

′)| ≥ λN
√
V arN(Ω′)

)
≤ 1

λ2N
.

We can use this to reduce (2.10) to showing that

(a) EN(Ω
′) = log logN +O(1)

(b) V arN(Ω
′) = log logN +O(1),

because then we can take λN = v(N) and by assumption, limN→∞ 1/λN = 0. We first
show (a). Note that

EN(Ω
′) =

1

N

N∑
n=1

Ω′(n) =
1

N

N∑
n=1

∑
p≤n1/10, p∈P

1p|n =
∑

p≤N1/10, p∈P

(
1

N

N∑
n=1

1p|n

)
+O(1).

In other words,

EN(Ω
′) =

∑
p≤N1/10, p∈P

E(1p|n),

where we view 1p|n as a random variable on {1, . . . , N}. Now,

E(1p|n) =
1

N

N∑
n=1

|{n ≤ N : p|n}| = ⌈N/p⌉
N

=
1

p
+O(

1

N
).

Hence,

EN(Ω
′) =

∑
p≤N1/10, p∈P

1

p
+O

(
N1/10

N

)
=

∑
p≤N, p∈P

1

p
+O(1) = log logN +O(1),

by the prime number theorem. The proof of (b) follows a similar argument with a few
more computations, using in addition to the above that 1p|n1q|n = 1pq|n, if p, q are distinct
primes.

2.4.5 Asymptotic additive bases

Another family of problems in (additive) number theory is related to additive bases. In
particular, assume that E ⊂ N and let

νE(x) = |{a, b ∈ E : a+ b = x, and a ≤ b}| ,

for any x ∈ N. That is, νE(x) is the number of ways that we can express x as a sum of
two elements from E. A specific and interesting question in this setting is whether we
can find E ⊂ N such that E + E = N, which means that νE(x) ≥ 1, for all n ∈ N, and
at the same time, such that νE(x) is minimized. More precisely, can we find E ⊂ N such
that

(i) 1 ≤ νE(x) ≤ x0.1 (asymptotically)?

(ii) 1 ≤ νE(x) ≤ C log x, for some constant C > 0 (asymptotically)?
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This was answered positively by Erdös using the probabilistic method. We present the
result and sketch its proof, but first let us note that there are – to this day – interesting
open questions and conjectures related to this problem.

Theorem 2.33. There exists a set E ⊂ N and constants c1, c2 > 0 and x0 ∈ N such that

c1 log x ≤ νE(x) ≤ c2 log x, for any x ≥ x0.

Proof. For every i ∈ N we let pi = min{1, k( log i
i
)1/2}, where k > 0 is some uniform

constant to be determined. We define a random subset of N by choosing an integer i to
be in this set with probability pi. This is again possible via Corollary 2.26. Indeed, we
can find independent 0-1 valued random variables ξ1, ξ2, . . . , on some probability space
(Ω,F , P ), with P (ξi = 1) = pi and P (ξi = 0) = 1−pi, for every i ∈ N, so that E(ξi) = pi.
We can then define a random set E(ω) via

i ∈ E(ω) ⇐⇒ ξi(ω) = 1.

We will show that for some ω ∈ Ω, the set E = E(ω) is such that

c1 log x ≤ νE(x) ≤ c2 log x, for any x ≥ x0,

(where c1, c2 > 0 are positive constants and x0 ∈ N). By definition,

νE(ω)(x) = |{a, b ∈ E(ω) : a+ b = x, and a ≤ b}| =
⌈x/2⌉∑
i=1

ξi(ω)ξx−i(ω).

To see the second equality, note that a ≤ b and a + b = x together imply that a ≤ x/2
and b = x− a, and a, x− a ∈ E(ω) precisely when ξa(ω) = ξx−a(ω) = 1.

Next, observe that for i, j ∈ {1, . . . , ⌈x/2⌉} with i ̸= j we also have that x −
i ̸= x − j. Moreover, x − i ≥ i, for any i ≤ ⌈x/2⌉. In particular, it follows that
ξ1ξx−1, ξ2ξx−2, . . . , ξ⌈x/2⌉ξx−⌈x/2⌉ are independent random variables (the fact that ξiξj and
ξkξℓ are independent random variables when i, j, k, ℓ distinct is an easy exercise using, for
example, Corollary 2.16).

One can show that (we omit the details) there exist constants c1, c2 > 0 independent
of x such that

c1k
2 log x ≤ E(νE(x)) ≤ c2k

2 log x. (2.10)

In fact, (2.10) is also true for V ar(νE(x)) instead of E(νE(x)). Therefore, by Chernoff’s
inequality (Theorem 2.27) we get that

P

(
|νE(ω)(x)−E(νE(x)| ≥

1

2
E(νE(x))

)
≤ 2e−ck2 log x = 2x−ck2 , for some c > 0. (2.11)

As c > 0 is fixed we can choose k (which was to be determined) large enough so that∑∞
x=1 x

−ck2 <∞ (simply let k > 1/
√
c). Then (2.11) implies that

∞∑
x=1

P

(
|νE(ω)(x)−E(νE(x)| ≥

1

2
E(νE(x))

)
<∞

and hence, there exists x0 ∈ N such that

∞∑
x=x0

P

(
|νE(ω)(x)−E(νE(x)| ≥

1

2
E(νE(x))

)
< 1/2.
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It follows that

P

(
∞⋃

x=x0

{
|νE(ω)(x)−E(νE(x)| ≥

1

2
E(νE(x))

})
< 1/2,

and so there exists some ω ∈ Ω for which

|νE(ω)(x)−E(νE(x)| ≤
1

2
E(νE(x)), for every x ≥ x0.

Letting E = E(ω) this, in combination with (2.10), give that

(c1/2)k
2 log x ≤ νE(x) ≤ (3/2)c2k

2 log x, for every x ≥ x0,

which proves the theorem.

2.4.6 Addition and subtraction of vectors

The final problem we choose to illustrate the utility of the probabilistic method is geo-
metric in nature.

Assume we are given N vectors v1, . . . , vN ∈ Rd with Euclidean norms ∥v1∥ = · · · =
∥vN∥ = 1. Our goal is to choose the signs of the vectors ± in a way that minimizes the
length (i.e. the Euclidean norm) of ±v1 ± v2 ± · · · ± vN .

A trivial observation is that if d = N and (vi) are the normalized basis vectors in Rd,
i.e. vi = (0, 0, . . . , 1, 0, . . . , 0), where 1 is in the i-th position, then regardless of the choice
of signs we have that

∥±v1 ± v2 ± · · · ± vN∥ = ∥±1± 1± · · · ± 1∥ =
√
12 + · · ·+ 12 =

√
N.

It is perhaps surprising that we can actually achieve a length (of the order)
√
N for

any set of vectors in Rd, choosing the signs appropriately.

Theorem 2.34. Let v1, . . . , vN ∈ Rd be any vectors with ∥vi∥ ≤ 1, for all i ∈ {1, . . . , N}.
Then, we can find signs ϵ1, . . . , ϵN ∈ {+1,−1} such that

∥ϵ1v1 + · · · ϵNvN∥ ≤
√
N.

Proof. The idea of the approach is to choose the signs in a random way and show that
the expected value of the lengths of the random linear combinations obtained this way is
bounded above by

√
N ; hence, there must exist a set of signs for which the corresponding

vector has length at most
√
N .

To realize this, we let ξ1, . . . , ξN be independent random variables on some p.s.
(Ω,F , P ) with values +1 or −1 and such that P (ξi = 1) = P (ξi = −1) = 1/2, for
each i ∈ {1, . . . , N}. Then, E(ξi) = 0, E(ξ2i ) = 1 and, by independence, E(ξiξj) = 0 for
i ̸= j. It follows by linearity that

E

∥∥∥∥∥
N∑
i=1

ξivi

∥∥∥∥∥
2
 = E

(
N∑

i,j=1

ξivi, ξjvj⟩

)
=

N∑
i,j=1

E (ξiξj) ⟨vi, vj⟩.

The above observation and the choice of (vi) imply that

E

∥∥∥∥∥
N∑
i=1

ξivi

∥∥∥∥∥
2
 =

N∑
i=1

E
(
ξ2i
)
∥vi∥2 ≤ N.
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Thus, there exists ω ∈ Ω such that

∥ξ1(ω)v1 + · · · ξN(ω)vN∥ ≤ N,

which in turn implies the desired conclusion.

Another interesting problem would be to replace the Euclidean norm by different
measures of “length” in Rd. When we consider the supremum norm for example, the
following holds.

Theorem 2.35. Let v1, . . . , vN ∈ Rd, where N > log(2d) and assume that ∥vi∥∞ ≤ 1, for
all i = 1, . . . , N . In particular, all the coordinates of the vectors v1, . . . , vN are contained
in [−1, 1]. Then, there exist signs ϵ1, . . . , ϵN ∈ {+1,−1} such that

∥ϵ1v1 + · · · ϵNvN∥∞ ≤
√

2 log(2d+ 1)N.

Proof. As before, we consider ξ1, . . . , ξN independent random variables on some p.s.
(Ω,F , P ) with values +1 or −1 and such that P (ξi = 1) = P (ξi = −1) = 1/2, for
each i ∈ {1, . . . , N}. Then, E(ξi) = 0, E(ξ2i ) = 1 and, by independence, V ar(ξi)1, for all
i = 1, . . . , N . Our goal is to show that there exists ω ∈ Ω with

∥ξ1(ω)v1 + · · ·+ ξN(ω)vN∥∞ ≤
√
2 log(2d+ 1)N.

Observe that if vi = (vi,1, . . . , vi,d), then

∥ξ1(ω)v1 + · · ·+ ξN(ω)vN∥∞ = max
i=1,...,d

|ξ1(ω)v1,i + · · ·+ ξN(ω)vN,i| .

We use Hoeffding’s inequality (Theorem 2.28) for aj = −1, bj = 1, for j = 1, . . . , N , to
obtain that for any i ∈ {1, . . . , d} and any λ > 0,

P
(
|ξ1(ω)v1,i + · · ·+ ξN(ω)vN,i| ≥ 2λ

√
N
)
≤ 2e−2λ2

.

This implies that

P

(
max

i=1,...,d
|ξ1(ω)v1,i + · · ·+ ξN(ω)vN,i| ≥ 2λ

√
N

)
≤

d∑
i=1

P
(
|ξ1(ω)v1,i + · · ·+ ξN(ω)vN,i| ≥ 2λ

√
N
)
≤ 2de−2λ2

< 1,

where the last inequality holds for λ >
√
log(2d)/2. In particular, if we choose λ =√

log(2d+ 1)/2 we get that

P

(
max

i=1,...,d
|ξ1(ω)v1,i + · · ·+ ξN(ω)vN,i| ≥ 2

√
log(2d+ 1)/2

√
N

)
< 1.

Therefore, there exists ω ∈ Ω for which

max
i=1,...,d

|ξ1(ω)v1,i + · · ·+ ξN(ω)vN,i| ≤
√

2 log(2d+ 1)N,

and with the choice of signs corresponding to this ω we conclude.
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Chapter 3

Weak convergence

3.1 Characteristic functions

Given a real-valued random variable we can consider a special function which character-
izes (i.e. completely defines) its probability distribution, say α. This function is called
the characteristic function of the probability distribution α and is defined as the Fourier
transform of the probability measure α, i.e. ϕ : R → R is defined by

ϕ(t) =

∫
R
eitx dα,

for t ∈ R. Alternatively, for a real-valued random variable X with distribution α, we
have that

ϕ(t) = E[eitX ],
for all real t.

Remark 3.1. Of course this definition makes sense, because

|ϕ(t)| ≤
∫
R
|eitx| dα = 1,

since α is a probability measure on R.

Let us calculate some important examples of characteristic functions.

Example 3.2. α is the degenerate (or Dirac) distribution δa, for some a ∈ R. Then,

ϕ(t) =

∫
R
eitx dδa = eita, for t ∈ R.

Example 3.3. α is the Binomial distribution B(n, p) with probabilities

pk = P ({X = k}) =
(
n

k

)
pk(1− p)n−k,

for 0 ≤ k ≤ n. Then,

ϕ(t) = E[eitX ] =
n∑

k=0

eitk
(
n

k

)
pk(1− p)n−k =

n∑
k=0

(
n

k

)
(eitp)k(1− p)n−k = (eitp+ 1− p)n,

t ∈ R, where in the last equality we have used the binomial theorem.
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Example 3.4. α is the Bernoulli distribution Bern(p), with probabilities

P ({X = 1}) = p and P ({X = 0}) = 1− p.

Then,
ϕ(t) = E[eitX ] = peit + (1− p)eit0 = peit + 1− p,

for any t ∈ R.

Example 3.5. α is the geometric distribution, the distribution of the number of unsuc-
cessful attempts preceding a success with probabilities

P (X = n) = p(1− p)n, for any n ≥ 0.

Then, for 0 < p < 1 we have that

ϕ(t) = E[eitX ] =
∞∑
n=0

eitnp(1−p)n = p
∞∑
n=0

(eit(1−p))n = p
1

1− (eit(1− p)
= p(1−eit(1−p))−1,

for any t ∈ R.

Example 3.6. α is the Poisson distribution of rare events, with rate λ, which has prob-
abilities

P (X = n) = e−λλ
n

n!
,

for n ≥ 0. Then,

ϕ(t) = E[eitX ] =
∞∑
n=0

eitne−λλ
n

n!
= e−λ

∞∑
n=0

(eitλ)n

n!
= e−λee

itλ = eλ(e
it−1),

for any t ∈ R.

Example 3.7. The final example is that of the normal distribution α with mean µ = 0

and variance σ2 = 1, which has density f(x) = 1√
2π
e−

x2

2 . Then, its characteristic function
is

ϕ(t) =

∫ ∞

−∞
f(x)eitx dx =

1√
2π

∫ ∞

−∞
e−

x2

2 eitx dx,

which becomes

e−
1
2
t2

√
2π

∫ ∞

−∞
e−

(x−it)2

2 dx =
e−

1
2
t2

√
2π

∫ ∞

−∞
e−

x2

2 dx = e−
1
2
t2 .

In the first to last equation we have used the fact that the change of variables y = x− it
is justified, because it is obvious for the case y = x− t, for x, t ∈ R, but we can extend it
to all complex valued t by analytic continuation. The more standard way of doing this is

to use the Cauchy theorem to show that the integral
∫∞
−∞ e−

(x−it)2

2 dx does not depend on
t at all.

Some other properties of the characteristic function of a probability distribution on
the real line are the following:

1. ϕ(0) = 1, which is obvious
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2. It is Hermitian, i.e. ϕ(−t) = ϕ(t). Indeed,

ϕ(−t) =
∫
R
e−itx dα =

∫
R
eitx dα =

∫
R
e−itx dα = ϕ(t),

where the first to last equality is justified becasue, for example, the integrand is L2-
integrable and we can use the complex conjugacy symmetry of the inner product.
What this property means is that the characteristic function of a symmetric r.v. X
around the point x = 0 is real-valued and even! Conversely, the distribution of X
is symmetric around x = 0 only if ϕ(t) is real for all t ∈ R. This claim is a trivial
consequence of the equality ϕ(−t) = ϕ(t) once we observe that the characteristic of
−X is ϕ(−t).

3. If Y = aX + b, for a, b ∈ R, then

ϕY (t) = eitbϕX(at),

for all t ∈ R.

4. If X1, . . . , Xn are real-valued independent r.v. and a1, . . . , an ∈ R, then

ϕa1X1+...+anXn(t) =
n∏

j=1

ϕXj
(ajt)

5. ϕ is uniformly continuous. Indeed,

|ϕ(t1)− ϕ(t2)| ≤
∫
R
|eit1x − eit2x| dα =

∫
R
|ei(t1−t2)x − 1| dα |t1−t2|→0−−−−−→, 0

by the bounded convergence theorem.

6. ϕ is positive definite, i.e. for any complex numbers ξ1, . . . , ξn and reals t1, . . . , tn we
have that

n∑
i,j=1

ϕ(ti − tj) ξi ξj ≥ 0.

Indeed, the above quantity is equal to

n∑
i,j=1

ξi ξj

∫
R
ei(ti−tj)x dα =

n∑
i,j=1

∫
R
|eitix ξi|2 dα ≥ 0.

In particular, the 4-th property is very important, as it allows us to calculate the
characteristic functions of sums of independent random variables.

The characteristic function carries information about the distribution α. For example,
we have the following result.

Proposition 3.8. If
∫
|x| dα <∞, then ϕ ∈ C1(R) and ϕ′(0) = i

∫
x dα. The converse

need not be true.
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Proof. Fix t ∈ R and a real sequence (hn)n∈N which converges to 0. Then,

lim
n→∞

ϕ(t+ hn)− ϕ(t)

hn
= lim

n→∞

∫
R

ei(t+hn)x − eitx

hn
dα =

∫
R
lim
n→∞

ei(t+hn)x − eitx

hn
dα,

which is equal to
∫
R ixe

itx dα. The interchange of limit and integrable is justified with
the use of the dominated convergence theorem, which is applicable because∣∣∣∣ei(t+hn)x − eitx

hn

∣∣∣∣ = ∣∣∣∣eihnx − 1

hn

∣∣∣∣ ≤ ∣∣∣∣hnxhn
∣∣∣∣ = |x|,

where by the fundamental theorem of calculus |eihnx − 1| =
∣∣∣∫ hnx

0
ieit dt

∣∣∣ ≤ |hnx|. From

this it follows that ϕ ∈ C1(R) (it is the integral of a continuous function) and clearly
ϕ′(0) =

∫
R ix dα. In a similar fashion one can show that if

∫
|x|k dα <∞, then ϕ ∈ Ck(R)

and in fact ϕk(t) =
∫
R(ix)

keitx dα, for every t ∈ R.
For the converse we construct a counterexample. Let α be a distribution on R, which

is discrete and symmetric around 0 and is defined by α(0) = 0 and

α({n}) = α({−n}) = C
1

n3log(n)

(C−1 =
∑

n∈Z
1

n3logn
, which is to guarantee that α((−∞,∞)) =

∑
n∈Z α(n) = 1). Then,∫

R |x| dα =
∑

n∈Z |n| = ∞, but ϕ ∈ C1(R). Indeed,

ϕ(t) =

∫
R
eitx dα =

∑
n∈N

(eitn + eit(−n))C
1

n3logn
= 2C

∞∑
n=1

cos(tn)

n3logn

and we need to prove that
∞∑
n=1

(
cos(tn)

n3logn

)′

converges uniformly on R. But this is true by Weierstrass’ M-test, as the above sum
becomes

∞∑
n=1

−nsin(nx)
n3logn

=
∞∑
n=1

−sin(nx)
n2logn

,

which converges absolutely on R and supx∈R|−sin(nx)
n2logn

| ≤ 1
n2logn

.

Remark 3.9. Similarly, one can show that, if
∫
|x|k dα < ∞, then ϕ ∈ Ck(R) and for

any l ≤ k we have that ϕl(t) =
∫
R(ix)

leixt dα, for any t ∈ R.

3.2 An inversion formula

Our next aim is to show that we are able to recover the distribution function F of a
random variable X by its characteristic function. This is a problem similar to inverting
the Fourier transform of a measure by the Fourier inversion formula. More precisely we
have the following theorem.
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Theorem 3.10 (Inversion theorem). Let F be the distribution function of a r.v. and
ϕ its characteristic function. Then, for every a, b ∈ R, which are continuity points of F
we have that

F (b)− F (a) = lim
T→∞

1

2π

∫ T

−T

e−ita − e−itb

it
ϕ(t) dt.

Proof. Without loss of generality assume that a < b. For T > 0 and t ∈ R let

ϕT (t) =
1

2π

∫ T

−T

e−ita − e−itb

it
ϕ(t) dt.

Then, by the definition of ϕ we have that

ϕT (t) =
1

2π

∫ T

−T

∫
R

e−ita − e−itb

it
eitx dα dt =

1

2π

∫
R

∫ T

−T

e−ita − e−itb

it
eitx dt dα

where α is the distribution of the random variable. The use of Fubini’s theorem in the
last equality is justified because∣∣∣∣e−ita − e−itb

it
eitx
∣∣∣∣ = ∣∣∣∣e−ita − e−itb

it

∣∣∣∣ = ∣∣∣∣∫ b

a

e−itx dx

∣∣∣∣ ≤ b− a

and α is a probability measure on R. In order to actually compute the last integral, write

e−ita − e−itb

it
eitx =

1

it
(cos(t(x− a))− cos(t(x− b)) + i (sin(t(x− a))− sin(t(x− b))))

and then observe that cos(t(x−a))−cos(t(x−b))
t

is an odd function, therefore its symmetric
integral around zero vanishes. We have so far managed to obtain the following equality

ϕT (t) =
1

2π

∫
R

∫ T

−T

1

t
(sin(t(x− a))− sin(t(x− b))) dt dα

and we can thus write ϕT (t) as the difference of two similar integrals, i.e.

ϕT (t) =
1

2π

∫
R

∫ T (x−a)

−T (x−a)

sin(t)

t
dt dα− 1

2π

∫
R

∫ T (x−b)

−T (x−b)

sin(t)

t
dt dα.

Things are now simplified because the Dirichlet integral is known, in particular
∫∞
0

sin(t)
t

dt =
π
2
and since sin(t)

t
is even,

∫∞
−∞

sin(t)
t

dt = π. This implies that supT>0

∣∣∣∫ T

−T
sin(t)

t
dt
∣∣∣ < C,

where C > 0 is a constant, because the improper Riemann integral exists and is finite.
Therefore, if

ψ(t) =
1

2π

∫ T (x−a)

−T (x−a)

sin(t)

t
dt − 1

2π

∫ T (x−b)

−T (x−b)

sin(t)

t
dt,

then |ψT (t)| ≤ C
π
, for every t ∈ R and T > 0. Moreover,

lim
T→∞

ψT (t) =
sign(x− b)− sign(x− a)

2
=


1, if a < x < b
1
2
, if x = a or x = b

0, if x < a or x > b,
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which is very easy to verify. In conclusion, we have shown that

lim
T→∞

1

2π

∫ T

−T

e−ita − e−itb

it
ϕ(t) dt = lim

T→∞
ϕT (t) =

∫ ∞

−∞

sign(x− b)− sign(x− a)

2
dα

and this is equal to α((a, b)) = F (b)− F (a), provided that a and b are continuity points
of F , which gives that α({a}) = α({b}) = 0.

Remark 3.11. It should be clear from the proof (notice that continuity of the points a
and b was only used in the last line) that this generalizes to

F (b)− F (a) +
1

2
(α({a}) + α({b})) = lim

T→∞

1

2π

∫ T

−T

e−ita − e−itb

it
ϕ(t) dt,

for any points a, b ∈ R, where α is the probability distribution of ϕ.

Corollary 3.12. If F and G are two distribution functions with the same characteristic
function, that is, ϕF (t) = ϕG(t), for every t ∈ R, then F = G.

Proof. It follows immediately from the inversion theorem that F (x) = G(x) for every
x ∈ R which is a continuity point of both F and G. However, we have already shown
that the discontinuity points of a distribution function are at most countably infinite,
therefore, F differs from G in at most countably many points. We set H = F −G, which
is right-continuous and H(x) = 0, for x in a dense subset of R. Thus H = 0 everywhere
and so F (x) = G(x) for all x ∈ R.

This final corollary shows in fact that the distribution function and thus, the proba-
bility distribution α are uniquely determined by the characteristic function. Therefore,
we have that given any two random variables X and Y ,

ϕX = ϕY ⇐⇒ FX = FY .

3.3 Weak Convergence

The following definition of weak convergence of a sequence of probability measures on R,
which can of course be generalized to any Polish space and Borel probability measures
on it, is no other than the weak* convergence of functional analysis. In fact, with the use
of Riesz’s representation theorem, we can identify the space of measures with the dual
of some space of continuous functions, and then the weak topology is exactly the weak*
topology on the space of measures.

Definition 3.13. A sequence (αn)n∈N of probability distributions on R is said to converge

weakly to a probability distribution α, denoted by αn
W−−−→

n→∞
α (or αn ⇒ α), if

lim
n→∞

∫
f dαn =

∫
f dα,

for every bounded and continuous function f : R → R, i.e. f ∈ Cb(R).

Remark 3.14. The same holds for any f ∈ Cb(C), by linearity, because a complex valued
function is continuous if and only if its real and complex parts are continuous. To see
this trivial fact, notice that if f = u+ iv, then

|u(z)− u(w)| ≤ |f(z)− f(w)| ≤ |u(z)− u(w)|+ |v(z)− v(w)|.
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Exercise 3.15. Show that if αn : R → α and g : R → R is some continuous function,
then the distributions βn of g under αn, which are defined by

βn(A) = αn({x : g(x) ∈ A}),

for any A ∈ B(R), converge weakly to β, which is the distribution of g under α.

[Hint] Notice that
βn(A) = αn(g

−1(A)),

for any A ∈ B(R). Then, for any continuous and bounded function f : R → R we have
that ∫

f(x) dβn =

∫
f ◦ g dαn,

in way of Theorem 1.45 and f ◦ g is continuous.

We will return to weak convergence of measures in a while, but before that, we define
another mode of convergence of random variables, which is the weaker in our disposal
thus far.

Definition 3.16. Let X1, X2, . . . be a sequence of random variables, not necessarily de-
fined on the same probability space. We say that (Xn)n∈N converges in distribution to

some random variable X, and write Xn
d−−−→

n→∞
X, if

FXn(x)
n→∞−−−→ FX(x),

at every continuity point x of FX .

Remarks 3.17.

• Convergence in distribution does not provide any information about pointwise con-
vergence at specific points ω ∈ Ω. In fact, it does not, in general, provide infor-
mation about convergence in probability. For example, X can follow a Bernouli
distribution with P (X = 1) = P (X = −1) = 1

2
, and Y = −X. Then, X and

Y have the same distribution, and if Xn = X, for all n ∈ N, then Xn
d−→ X and

Xn
d−→ Y . But, it can not converge to both in probability, because P (X ̸= Y ) = 1

2
.

• The previous example shows that limits are not unique under convergence in distri-
bution.

• If Xn
d−→ X and Yn

d−→ Y , we don’t know whether Xn+Yn
d−→ X+Y . By the previous

example, Xn
d−→ X and Xn

d−→ Y , but 2Xn ↛ X + Y = 0.

The reason we only care about points of continuity of FX in defining convergence in
distribution is because it would be natural to have that

X +
1

n

d−−−→
n→∞

X.

This condition is equivalent to

P (X +
1

n
≤ x)

n→∞−−−→ P (X ≤ x),

and since

P (X +
1

n
≤ x) = P (X ≤ x− 1

n
)

n→∞−−−→ P (X < x),

the condition only holds if P ({X = x} = 0 ⇐⇒ FX is continuous at x.
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Exercise 3.18. Show that in fact, if Xn
d−−−→

n→∞
X and an

n→∞−−−→ 0, then Xn+an
d−−−→

n→∞
X.

Theorem 3.19. Let X and (Xn)n∈N be random variables (defined on the same probability
space (Ω,F , P )). Then,

Xn
P−−−→

n→∞
X =⇒ Xn

d−−−→
n→∞

X.

Proof. Let x ∈ R be a continuity point of FX . and let ϵ > 0. Then,

P ({Xn ≤ x}) = P ({Xn ≤ x} ∩ {|Xn −X| > ϵ}) + P ({Xn ≤ x} ∩ {|Xn −X| ≤ ϵ}) ≤
P ({|Xn −X| > ϵ}) + P ({X ≤ x+ ϵ}).

Thus,
lim sup
n→∞

P ({Xn ≤ x}) ≤ P ({X ≤ x+ ϵ}),

and since ϵ was arbitrary we obtain that

lim sup
n→∞

P ({Xn ≤ x}) ≤ P ({X ≤ x}).

The same argument with −Xn and −X in the place of Xn and −X, and −x in the place
of x gives the other inequality, i.e.

lim inf
n→∞

P ({Xn ≤ x}) ≥ P ({X < x}) = P ({Xn ≤ x}).

We have already seen that the converse does not hold. However, there is a partial
converse which states that in a special case, convergence in distribution is equivalent to
convergence in probability.

Proposition 3.20. If (Xn)n∈N is a sequence of r.v. defined in the same probability space

(Ω,F , P ) and Xn
d−−−→

n→∞
X, where P (X = c) = 1, for some constant c ∈ R, then

Xn
P−−−→

n→∞
X as well.

Proof. Let ϵ > 0. Then, FX is discontinuous only at x = c and

FX(c− ϵ) = 0 and FX(c+
ϵ

2
) = 1,

which implies that

lim
n→∞

FXn(c− ϵ) = 0 and lim
n→∞

FXn(c+
ϵ

2
) = 1.

Now,

P (|Xn − c| ≥ ϵ) = P (Xn ≥ c+ ϵ) + P (Xn ≤ c− ϵ) = 1− P (Xn < c+ ϵ) + FXn(c− ϵ)

and this is bounded above by

1− P (Xn ≤ c+
ϵ

2
) + FXn(c− ϵ) = 1− FXn(c+

ϵ

2
) + FXn(c− ϵ).

Taking the limits as n→ ∞ we conclude that

lim
n→∞

P (|Xn − c| ≥ ϵ) = 0

and since ϵ was arbitrary this implies that Xn
P−−−→

n→∞
c.

Exercise 3.21. Show that if Xn
d−−−→

n→∞
X and Yn

d−−−→
n→∞

Y , where P (Y = c) = 1, then

Xn + Yn
d−−−→

n→∞
X + Y .
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3.4 Portmanteau lemma

The next theorem is an important first step in finding alternative ways to check conver-
gence in distribution.

Theorem 3.22. Given (real valued) random variables X and a sequence (Xn)n∈N we
have the equivalence

Xn
d−−−→

n→∞
X ⇐⇒ E(f(Xn))

n→∞−−−→ E(f(X)),

for every f ∈ Cb(R).

Remark 3.23. It is not correct that

Xn
d−−−→

n→∞
X =⇒ E(f(Xn))

n→∞−−−→ E(f(X)),

for every bounded, Borel measurable f : R → R, but it is true if f is bounded and Riemann
integrable in any interval [a, b]. The above implication also not correct in the case where
f is continuous, but unbounded. It is still true, however, for smooth bounded functions,
because the subspace of smooth functions is dense in Cb(R). Such an argument of course
does not hold for the space C(R).

Proof. To begin with, observe that

Xn
d−−−→

n→∞
X ⇐⇒ P (Xn ≤ x)

n→∞−−−→ P (X ≤ x), for every x ∈ R with P ({X = x}) = 0

and this is equivalent to

E(1(−∞,x] ◦Xn))
n→∞−−−→ E(1(−∞,x] ◦X), for every x ∈ R with P ({X = x}) = 0.

With this helpful equivalence in mind we shall prove the theorem.
(⇐) Let ϵ > 0 be fixed, x0 ∈ R be a continuity point of FX and set f = 1(−∞,x0]. Then,

we can choose bounded and continuous functions on R, say fϵ and fϵ, such that

fϵ(x) ≤ f(x) ≤ fϵ(x),

for all x ∈ R and that fϵ(x) − f(x) = (1 − 1
ϵ
x)1(x0,x0+ϵ)(x) and f(x) − fϵ(x) = (1 −

1
ϵ
x)1(x0−ϵ,x0)(x). We then have that

E(fϵ(Xn)) ≤ E(f(Xn)) ≤ E(fϵ(Xn))

and by our assumption this gives that

E(fϵ(X)) ≤ lim inf
n→∞

E(f(Xn)) ≤ lim sup
n→∞

E(f(Xn)) ≤ E(fϵ(X)).

From the definition of fϵ and fϵ we get that∣∣E(fϵ(X))−E(f(X))
∣∣ ≤ E(1[x0,x0+ϵ](X))

ϵ→0+−−−→ P (X = x0) = 0

and also that∣∣E(fϵ(X))−E(f(X))
∣∣ ≤ E(1[x0−ϵ,x0](X))

ϵ→0+−−−→ P (X = x0) = 0.
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Combining these assymptotic equalities with the interpolation criterion we obtain that

E(f(Xn))
n→∞−−−→ E(f(X)),

which gives convergence in distribution by the initial comment.
(⇒) Let f ∈ Cb(R). We will show that E(f(Xn))

n→∞−−−→ E(f(X)). By assumption there
exists M > 0, so that |f(x)| ≤ M , for every x ∈ R. Choose ϵ > 0 arbitrary and let
D denote the discontinuity points of the distribution FX , thus D is at most countably
infinite. Observe that

E
(
|f | · 1{|t|>m}(X)

) m→∞−−−→ 0,

by the dominated convergence theorem, because |f | ·1{|t|>m}(X) ≤ |f |, which is bounded
and thus integrable. In the same spirit

E
(
1{|t|>m}(X)

) m→∞−−−→ 0,

and so there exist A > 0 with A,−A /∈ D and such that

max{E
(
|f | · 1{|t|>A}(X)

)
,E
(
1{|t|>A}(X)

)
} ≤ ϵ

M
.

Moreover, E|f | · 1{|t|>A}(Xn) ≤ ME1{|t|>A}(Xn) and thus by the fact that Xn
d−−−→

n→∞
X,

we have that for large enough n ∈ N,

E|f | · 1{|t|>A}(Xn) ≤ ϵ.

Now, because f is uniformly continuous on the compact set [−A,A], there exist points
−A = t0 < t1 < . . . < tk = A, with t0, t1, . . . , tk /∈ D and c0, c1, . . . , ck ∈ R, such that
the step function g(x) =

∑k
j=1 cj1(tj−1,tj ](x) satisfies g(t0) = f(t0) and, more importantly,

supx∈R |f · 1[−A,A](x)− g(x)| ≤ ϵ. Then,

E(g(Xn)) =
k∑

j=1

cjE(1(tj−1,tj ](Xn)) =
k∑

j=1

cjE(1(−∞,tj ](Xn))−
k∑

j=1

cjE(1(−∞,tj−1](Xn)),

which by assumption converges to

k∑
j=1

cjE(1(−∞,tj ](X))−
k∑

j=1

cjE(1(−∞,tj−1](X)) = E(g(X)).

Therefore, for large enough n ∈ N we have that

|E(f(Xn))−E(f(X))| ≤ E
(
|f | · 1{|t|>A}(Xn)

)
+E

(
|f | · 1{|t|>A}(X)

)
+∣∣E(f · 1[−A,A] − g)(Xn))

∣∣+ ∣∣E(f · 1[−A,A] − g)(X))
∣∣+ |E(g(Xn)− g(X))| ≤ 5ϵ

and so we conclude.

Exercise 3.24. Construct an example where Xn
d−−−→

n→∞
X, but E(f(Xn)) ↛ E(f(X)),

for f bounded and Borel measurable. Also, construct a counterexample with f(x) = x,
showing that the assumption of boundedness is also necessary. Finally, modify the above
proof so that it works for bounded and Riemann-integrable functions on every interval
[a, b].
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[Hint] Let Yn be r.v. with the Dirac distribution at 1
n
, i.e. P (Yn = 1

n
) = 1, for n ∈ N.

Then, Yn
d−−−→

n→∞
Y = 0, but if f(x) = 1(0,1)(x), then E(f(Yn)) = 1 and E(f(Y )) = 0. For

the other case consider the r.v. with P (Xn = 2n) = 1
n
and P (Xn = 0) = 1 − 1

n
, n ∈ N.

Then Xn
d−−−→

n→∞
0, but E[Xn]

n→∞−−−→ ∞.

We will now use the previous theorem to show the relationship between convergence
in distribution of random variables and weak convergence of their distribution probability
measures. Also, we will provide another equivalent definition for weak convergence. First
an immediate corollary to Theorem 3.22.

Corollary 3.25. Let (Xn)n∈N be a sequence of r.v. and (αn)n∈N their respective probability
distributions. Let also X be a r.v. with distribution α. Then,

Xn
d−−−→

n→∞
X ⇐⇒ αn

W−−−→
n→∞

α.

Proposition 3.26. Let (αn)n∈N and α be probability distribution on R. Then,

αn
W−−−→

n→∞
α ⇐⇒ αn(A)

n→∞−−−→ α(A), for every A ∈ B(R) with α(∂(A)) = 0.

Remark 3.27. Sets like A in the statement of this proposition are often called continuity
sets of α.

Proof. We will in fact prove something more specific. Let K ⊂ R be a closed set. Then,
the function defined by

f(x) =
1

1 + d(x,K)
, for x ∈ R,

where d(x,K) = infy∈K |y−x|, is the distance of a point x from the set K, is a continuous
function, bounded by 1 and f(x) = 1 exactly when x ∈ K. Now, consider the sequence
(fm)m∈N defined by fm(x) = (f(x))m, for m ∈ N and x ∈ R. Then, fm ↘ 1K everywhere
and therefore, by the definition of weak convergence we obtain that

lim sup
n→∞

αn(K) ≤ lim
n→∞

∫
fm(x) dαn =

∫
fm(x) dα,

for any m ∈ N, and letting m→ ∞, the monotone convergence theorem gives that

lim sup
n→∞

αn(K) ≤ α(K).

If U ⊂ R is open, then its complement, say K ⊂ R, is closed. Thus, by the previous
inequality we get that

lim inf
n→∞

αn(U) = lim inf
n→∞

(1− αn(K)) = 1− lim sup
n→∞

αn(K) ≥ 1− α(K) = α(U).

To finish, let A ⊂ R with α(∂(A)) = 0 and let A denote its closure and A◦ its interior.
Then, ∂(A) = A \ A◦ and since α(∂(A)) = α(A)− α(A◦) we have that α(A) = α(A◦) =
α(A). From the established inequalities

lim sup
n→∞

αn(A) ≤ α(A) = α(A) = α(A◦) ≤ lim inf
n→∞

αn(A
◦)

and so
lim
n→∞

αn(A) = α(A).

The other direction is much simpler, but we will deal with it in the proof of Theorem
3.28.
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The next theorem, almost completely, characterizes convergence in distribution. Vari-
ations of this theorem are often referred to as “the Portmanteau lemma” throughout the
literature. Later on we will generalize this even further with the use of characteristic
functions.

Theorem 3.28. Let (Xn)n∈N and X be real valued r.v. with probability distributions
(αn)n∈N and α and distribution functions FXn and FX , respectively. Then, the following
are equivalent.

1. Xn
d−−−→

n→∞
X, that is, FXn(x)

n→∞−−−→ FX(x) at every continuity point x ∈ R of FX

2. αn
W−−−→

n→∞
α, that is, E(f(Xn))

n→∞−−−→ E(f(X)), for every f ∈ Cb(R)

3. αn(A)
n→∞−−−→ α(A), for every A ∈ B(R) with α(∂(A)) = 0

4. αn(([a, b])
n→∞−−−→ α([a, b]), for all a < b, provided that α({a}) = α({b}) = 0

5. αn((−∞, x])
n→∞−−−→ α((−∞, x]), for every x ∈ R with α({x}) = 0.

Proof. (1) =⇒ (2) is proven in Theorem 3.22, (2) =⇒ (3) is proven in Proposition
3.26 and (4) is basically a special case of (3), because ∂([a, b]) = {a} ∪ {b}. In order to
see that (4) explicitly implies (5) we actually need the tightness property of the sequence
(αn), which we will develop below. For now own, however, it is clear that (5) is also a
special case of (3). Finally, the implication (5) =⇒ (1) is trivial, because a continuity
point x of FX satisfies α({x}) = 0.

Exercise 3.29. Prove the following cases of convergence in distribution.

(i) For a real sequence (an)n∈N with an
n→∞−−−→ a we have that δan

d−−−→
n→∞

δa

(ii) 1
n

∑n
k=1 δ k

n

W−−−→
n→∞

m[0,1] and in fact, if f : [0, 1] → R is continuous, then 1
n

∑n
k=1 δ k

n

W−−−→
n→∞∫ 1

0
f(x) dm[0,1](x)

(iii) 1
n

∑n
k=1 δkα

W−−−→
n→∞

m[0,1], if α ∈ R\Q (this is due to the equidistribution of {kα}k∈N)

By the previous theorem the following is an alternative definition to weak convergence
of Borel probability measures on R.
Definition 3.30. A sequence (αn)n∈N of probability distributions on R is said to converge
weakly to a probability distribution α if

lim
n→∞

αn(([a, b]) = α([a, b]),

for all a < b, provided that α({a}) = α({b}) = 0.

Exercise 3.31. Show that weak limits are unique. That is, if αn
W−−−→

n→∞
α and αn

W−−−→
n→∞

β,

then α = β.

Solution. Given any interval [a, b] ⊂ R there is a sequence of bounded and continuous
real functions fm, m ∈ N, so that limm→∞ fm(x) = 1[a,b](x), for every x ∈ R. Then,
we have that limn→∞

∫
fm dαn =

∫
fm dα and limn→∞

∫
fm dαn =

∫
fm dβ, so that∫

fm dα =
∫
fm dβ, for every m ∈ N. Now, using the bounded convergence theorem we

see that α([a, b]) = β([a, b]) and so the measures α and β agree on the algebra of of finite
disjoint unions of closed intervals. A typical application of the monotone class theorem
implies that they agree everywhere. ■
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3.5 The Levy-Cramer continuity theorem

We will now extend Theorem 3.28 as promised, adding perhaps the most practical of
equivalent formulations of convergence in distribution so far.

Theorem 3.32 (Lévy-Cramér continuity theorem). The following, along with the other
conditions of Theorem 3.28, are equivalent.

1. Xn
d−−−→

n→∞
X, or αn ⇒ α

2. If ϕn and ϕ are the characteristic functions of αn and α respectively, then

lim
n→∞

ϕn(t) = ϕ(t), for every t ∈ R.

We already know that (1) =⇒ (2), by Theorem 3.22, because ϕn ∈ Cb(R), for every
n ∈ N. To prove the other implication we will need to enrich our tool-case first.

Given a sequence of distributions, (Fn)n∈N a natural question is whether or not there
exists a sub-sequence, (Fnk

)k∈N and a distribution function F , such that

Fnk
(x)

n→∞−−−→ F (x), at all continuity points x of F.

An equivalent formulation is whether given any sequence (Pn)n∈N of probability distribu-
tions there exists a sub-sequence, (Pnk

)k∈N and a probability distribution P , such that

Pnk

W−−−→
k→∞

P.

The answer is no in general. For example, let

Fn(x) =

{
1, if x ≥ n

0, if x < n

for n ∈ N and x ∈ R. Then, Fn
n→∞−−−→ 0 everywhere, but the zero function is not a

distribution. Equivalently, one can consider the probability distributions of the functions
Fn above, i.e. Pn = δn, for n ∈ N, and again no sub-sequence of (Pn) converges weakly,
because ∫

sin(x) dPn = sin(n), n ∈ N,

has no convergent sub-sequence.
Whenever such a condition, which is in essence the condition of sequential compactness

with respect to the weak topology, is satisfied for a family of Borel measures on the real
line we give this family a special name.

Definition 3.33. Let P = {Pα : α ∈ A}, for some index set A, be a family of probability
distributions on R. Then, we say that P is relatively compact if every sequence
(Pn)n∈N in P has a weakly convergent sub-sequence. That is, if there exists (Pnk

)k∈N and
P (which is again a Borel probability measure in R, but not necessarily on P), such that

Pnk

W−−−→
k→∞

P.

We say that a family F = {Fα : α ∈ A} of distribution functions is relatively compact
if the family of probability distributions of the functions in F is relatively compact.
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The problem in the above counterexample arises from the fact that, intuitively, the
measures Pn have masses which “escape at infinity”. If we overcome this, by imposing
some “tightness” assumption on these measures, then we will prove that convergent sub-
sequences exist. Next, we define a condition which prevents this from happening.

Definition 3.34. Let P = {Pα : α ∈ A}, for some index set A, be a family of probability
distributions on R. Then, we say that P is tight if for every ϵ > 0, there exists M > 0,
so that P ((−M,M ]) ≥ 1− ϵ, for every P ∈ P, or equivalently, if P (R \ (−M,M ]) ≤ ϵ,
for every P ∈ P.
We say that a family F = {Fα : α ∈ A} of distribution functions is tight if the family
of probability distributions of the functions in F is tight.

The next theorem, due to Prokhorov, says that the two conditions of tightness and
relative compactness are in fact equivalent.

Theorem 3.35 (Prokhorov). A family of probability distributions, P, is tight if and only
if it is relatively compact.

Proof. (⇐) Assume that P is not tight. Then, there exist an ϵ > 0 and a sequence
(Pn)n∈N in P, such that

Pn((−n, n]) < 1− ϵ, for every n ∈ N.

However, there must exists a sub-sequence (Pnk
)k∈N and some probability distribution P ,

so that Pnk

W−−−→
k→∞

P . If D = {x ∈ R : P ({x} > 0)}, then D is at most countable and

lim
k→∞

Pnk
((−∞, x]) = P ((−∞, x]), for every x /∈ D

and thus,

lim
k→∞

Pnk
((−x, x]) = P ((−x, x]), for every x,−x /∈ D.

As a result, we have that

P ((−x, x]) < 1− ϵ, (3.1)

for all but a countable set of points x ∈ R and this is a contradiction to the fact that
P (R) = 1, because we can take a divergent to infinity sequence of points (xn), for which
(3.1) holds.
(⇒) The converse is slightly more difficult and the main ingredient of this proof is to
show that given a sequence (Fn)n∈N of distribution functions, there exists a sub-sequence
(Fnk

)k∈N and some right-continuous function F , so that

lim
k→∞

Fnk
(x) = F (x),

at every continuity point of F and if, moreover, (Fn)n∈N is tight, then F is a distribution
function. We will prove this separately. If we know that to be the case, then given any
sequence (Pn)n∈N of the tight family of measures P, there exists a sub-sequence (Pnk

)k∈N
converging weakly to the probability distribution P corresponding to the distribution
function F above, by Theorem 3.22 (or the direction (1) =⇒ (2) of Theorem 3.28).

We now show the result we claimed in the proof of Prokhorov’s theorem.
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Lemma 3.36. Let (Fn)n∈N be a sequence of distribution functions. Then, there exists a
sub-sequence (Fnk

)k∈N and some right-continuous function F , so that

lim
k→∞

Fnk
(x) = F (x),

at every continuity point of F . If, in addition, (Fn)n∈N is tight, then F is a distribution
function.

Proof. We will isolate each step to make the proof “cleaner” and highlight the properties
of F . Step 1. To begin with, there exists a sub-sequence (Fnk

)k∈N so that limk→∞ Fnk
(q)

exists for all q ∈ Q. This is shown with a simple diagonal argument as follows. Let
{q1, q2, q3, . . .} be a numbering of the rationals. Then, by the boundedness of (Fn(q1))n∈N,
there exists a sub-sequence (n1

k)k∈N so that (Fn1
k
(x))k∈N converges. Now, (Fn1

k
(q2))k∈N is

bounded, therefore there exists a sub-sequence (n2
k)k∈N of (n1

k)k∈N, so that (Fn2
k
(q2))k∈N

converges. Continue in the same manner and let nk = nk
k, for k ∈ N. Then, fixing m ∈ N

and choosing l ≥ m we have that every term Fnl
l
is contained in Fnm

m
, so that (Fnk

k
(qm))k∈N

converges. In conclusion, (Fnk
k
(q))k∈N = (Fnk

(q))k∈N converges for all q ∈ Q. Set

F (q) = lim
k→∞

Fnk
(q), for any q ∈ Q

and then extend this to the whole real line by

F (x) = inf
{q>x, q∈Q}

(F (q)), for any x ∈ R.

Step 2. F is increasing. Indeed, for x < y we have that

F (x) = inf
{q>x, q∈Q}

(F (q)) ≤ inf
{q>y>x, q∈Q}

(F (q)) = F (y).

Moreover, F : R → [0, 1], because clearly 0 ≤ F (q) ≤ 1, for any q ∈ Q and the infimum
of a subset of [0, 1] is also in [0, 1].
Step 3. F is right-continuous. Indeed, for any x ∈ R and ϵ > 0, there exists q > x,
q ∈ Q, s.t

F (x) > F (q)− ϵ =⇒ F (x) ≤ F (y) < F (x) + ϵ, for any y ∈ [x, q].

Step 4. For any continuity point x of F we have that limk→∞ Fnk
(x) = F (x). Indeed,

for such an x and ϵ > 0, there exist q1, q2 ∈ Q, so that q1 < x < q2 and F (q2)−F (q1) < ϵ.
Now, Fnk

(q1) ≤ Fnk
(x) ≤ Fnk

(q2), for any k ∈ N and so

F (x)− ϵ ≤ F (q1) ≤ lim inf
k→∞

Fnk
(x) ≤ lim sup

k→∞
Fnk

(x) ≤ F (q2) ≤ F (x) + ϵ.

Since ϵ > 0 was arbitrary we conclude.
Step 5. Observe that we have not used the tightness of (Fn). However, we still have
to prove that limx→∞ F (x) = 1 and limx→−∞ F (x) = 0 in order to conclude that F is a
distribution. We shall do exactly that. Let ϵ > 0 and x > 0 be such that x,−x /∈ D,
where D is the set of discontinuities of F , thus is at most countable. Then, by Step 4 we
have that

F (x)− F (−x) = lim
k→∞

Fnk
(x)− lim

k→∞
Fnk

(−x) = lim
k→∞

Pnk
((−x, x]).
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Since (Pnk
)k∈N is tight, we can choose x = x(ϵ) large enough so that

Pnk
((−x, x]) ≥ 1− ϵ, for any k ∈ N.

Since ϵ was arbitrary we obtain that

lim
x→∞

(F (x)− F (−x)) = 1

and this suffices to conclude, since we have shown that F : R → [0, 1].

Comment 3.37. We can now see that property (4) in Theorem 3.28 implies (5). Because
(αn) is weakly convergent, it is in particular relatively compact and so, by Prokhorov’s
theorem, it is tight. Now, write (−∞, x] =

⋃
k∈N[−k, x] and w.l.o.g. assume that x > −1

and α({−k}) = 0, for all k ∈ N. Let ϵ > 0. Then, there exists k1 ∈ N, so that

α((−∞, x])− α([−k1, x]) = α((−∞,−k1)) ≤
ϵ

3

Because (αn) is tight, there exists a k2 ∈ N, so that for all n ∈ N,

αn((−∞, x])− αn([−k2, x]) = αn((−∞,−k2)) ≤
ϵ

3
.

We let k = max{k1, k2}. Finally, by assumption, there exists n ∈ N, so that

|αn([−k, x])− α([−k, x])| ≤ ϵ

3

and combining the above, a trivial argument gives that

|αn((−∞, x])− α((−∞, x])| ≤ ϵ.

Another helpful lemma, which gives a bound for the mass that escapes at infinity with
respect to the characteristic function and will help us prove that a sequence of probability
distributions is tight is the following.

Lemma 3.38. Let F be a distribution function with characteristic function ϕ and prob-
ability distribution α. Then, there exists some M > 0, such that for any T > 0, we have
the bound

α

((
R \ (− 1

T
,
1

T

))
≤ M

T

∫ T

0

(1−ℜ(ϕ(t)) dt.

Proof. We have that

1

T

∫ T

0

(1−ℜ(ϕ(t)) dt = 1

T

∫ T

0

∫ ∞

−∞
1−cos(tx) dα(x) dt =

1

T

∫ ∞

−∞

∫ T

0

1−cos(tx) dt dα(x),

where the last equality follows by Tonelli’s theorem. Therefore,

1

T

∫ T

0

(1−ℜ(ϕ(t)) dt =
∫ ∞

−∞
1− sin(Tx)

Tx
dα(x) ≥

∫
|x|≥ 1

T

sin(Tx)

Tx
dα(x) ≥

inf
|y|≥1

(
1− sin(y)

y

)
α

((
R \ (− 1

T
,
1

T

))
.

Setting M =
(
inf |y|≥1

(
1− sin(y)

y

))−1

the proof is finished.
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Remark 3.39. Notice that M > 0 does not depend on the measure α.

We are now ready to complete the proof of the continuity theorem, i.e. Theorem 3.32.
Recall that we want to show that if

lim
n→∞

ϕn(t) = ϕ(t), for every t ∈ R,

where ϕn and ϕ are the characteristic functions of αn and α respectively, then we also

have that Xn
d−−−→

n→∞
X, or αn ⇒ α. We will in fact prove something stronger.

Theorem 3.40. If (ϕn)n∈N is a sequence of characteristic functions and ϕ : R → C is
continuous at zero and

lim
n→∞

ϕn(t) = ϕ(t), for any t ∈ R,

then ϕ is a characteristic function of a distribution α and a distribution function F s.t.

αn ⇒ α or Fn ⇒ F,

where (αn)n∈N and (Fn)n∈N are the sequences of probability distributions and distribution
functions corresponding to (ϕn)n∈N.

Proof. We begin by showing that (αn)n∈N is tight. Let ϵ > 0. By Lemma 3.38 we know
that there exists M > 0, so that for any n ∈ N and any T > 0, we have that

αn

((
R \ (− 1

T
,
1

T

))
≤ M

T

∫ T

0

(1−ℜ(ϕn(t)) dt
n→∞−−−→ M

T

∫ T

0

(1−ℜ(ϕ(t)) dt,

using the bounded convergence theorem. Now, ϕ(0) = limn→∞ ϕn(0) = 1, ϕ is continuous
at zero and thus 1 − ℜ(ϕ) is also continuous at zero, therefore, if we let T → 0 we get
that

lim
T→0

M

T

∫ T

0

(1−ℜ(ϕ(t)) dt =M(1−ℜ(ϕ(0)) = 0.

We have so far shown that there exists T > 0 and m ∈ N, such that

αn

((
R \ (− 1

T
,
1

T

))
≤ ϵ, for any n ≥ m.

Now, for the finitely many remaining probability measures α1, . . . , αm−1, using their con-
tinuity, we can pick T > 0 small enough, so that

αn

((
R \ (− 1

T
,
1

T

))
≤ ϵ, for n = 1, . . . ,m− 1.

In conclusion, (αn)n∈N is indeed tight and so, by Prokhorov’s theorem, there exists some
sub-sequence (αnk

)k∈N and a probability distribution α, such that

ank

W−−−→
n→∞

α.

We claim this implies that αn
W−−−→

n→∞
α. Assume this is false. Then, there exists some

f ∈ Cb(R), some ϵ > 0 and a sub-sequence (αnm)m∈N, such that∣∣∣∣∫ f dαnm −
∫
f dα

∣∣∣∣ > ϵ. (3.2)
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Now, (αnm)m∈N is tight, so there is a further sub-sequence, (αnml
)l∈N converging weakly

to some distribution β. We claim that β = α contradicting (3.2). Indeed, we have that

ϕnm(t) =

∫
eitx dαnm

m→∞−−−→
∫
eitx dα = ϕα(t)

and

ϕnml
(t) =

∫
eitx dαnml

l→∞−−−→
∫
eitx dβ = ϕβ(t),

for all t ∈ R. But, our assumption was that the limit of (ϕn) exists everywhere, and so
ϕα = ϕβ, which by Corollary 3.12 implies that α = β. Finally, we let F be the distribution
function corresponding to α. Then, Fn ⇒ F by Theorem 3.28 and by the same theorem,
ϕn converges to the characteristic function of F and α. But we know that ϕn converges
to ϕ and so we conclude!

Remark 3.41. Oftentimes, relative compactness is referred to as total boundedness. Also,
total boundedness of a family of probability distributions A is equivalent to either of the
following conditions:

lim
l→∞

sup
α∈A

({x : |x| ≥ l}) = 0 ⇐⇒ lim
l→∞

sup
α∈A

((−l, l)) = 1 (3.3)

lim
h→0

sup
α∈A

sup
|t|≤h

|1− ϕα(t)| = 0 (3.4)

The condition is equivalent to (3.3) by Prokhorov’s theorem and (3.4) implies (3.3) by
Lemma 3.38. That (3.3) implies (3.4) follows from the following estimate:

|1−ϕ(t)| ≤
∫

|eitx−1| dα =

∫
{|x|≥l}

|eitx−1| dα+
∫
{|x|<l}

|eitx−1| dα ≤ |t|l+2α(R\(−l, l))

3.6 Bochner-Herglotz theorem for positive-definite

functions

Recall that a function f : R → C is positive-definite if for any n ∈ N, and any complex
numbers z1, . . . , zn ∈ C and any real numbers t1, . . . , tn ∈ R, it holds that

n∑
i,j=1

ϕ(ti − tj)zizj ≥ 0.

An equivalent definition is that, for each n ∈ N and all real numbers t1, . . . , tj ∈ R, the
n× n matrix

A = (ai,j)
n
i,j=1, ai,j = ϕ(ti − tj)

is a positive-definite matrix.
There is also a complementary result to 3.40 which gives a characterization of char-

acteristic functions of probability distributions on R as positive-definite functions on R
which are continuous at 0 (and thus, continuous everywhere) and normalized so that they
take the value 1 at 0. More precisely:

Theorem 3.42 (Bochner). If ϕ : R → R is a positive-definite function, which is con-
tinuous at 0 and is normalized so that ϕ(0) = 1, then ϕ is the characteristic function of
some probability ditribution on R.
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There is also a Fourier analysis analog to Bochner’s theorem attributed to Herglotz,
with an important corollary, called the spectral theorem, with vast applications in ergodic
theory.

Theorem 3.43. A sequence (an)n∈Z is the sequence of Fourier coefficients of a positive
and finite Borel measure on S = {z ∈ C : |z| = 1} if and only if it is positive-definite and
a−n = an, for every n ∈ N. This measure is unique.

For the aforementioned application in ergodic theory we recall some standard notions.
A measure preserving system is a quadruple (X,X , µ, T ) where (X,X , µ) is a probability
space and T : X → X is a measure preserving transformation, that is, T is measurable
and µ(T−1A) = µ(A), for any A ∈ X .

Corollary 3.44 (Spectral theorem). Let (X,X , µ, T ) be a measure preserving system
and f ∈ L2(µ). Then, there exists a unique finite and positive measure σf on S = {z ∈
C : |z| = 1} corresponding to f , called the spectral measure of f , such that∫

X

f̄ · T nf dµ =

∫
S
zn dσf (z),

which is usually written as ∫
X

f̄ · T nf dµ =

∫ 1

0

e2πint dσf (t),

for every n ∈ N.

Proof. Consider the sequence (an)n∈Z defined by

an = ⟨Un
T f, f⟩, n ∈ Z,

where UTf = f ◦ T . By this definition, for n ≥ 0 we have that

an = ⟨Un
T f, f⟩

and for n < 0 we have that

an = ⟨(U∗
T )

−nf, f⟩ = ⟨f, U−n
T f⟩.

Then, clearly, a−n = an for every n ∈ Z. Also, for any N ∈ N and sequence (xn)n∈Z we
have that

0 ≤ ⟨
N∑

n=−N

xn U
n
T f,

N∑
n=−N

xn U
n
T f⟩,

where the inner product is equal to

N∑
n=−N

⟨xn Un
T f, xn U

n
T f⟩+

∑
−N≤n<m≤N

⟨xn Un
T f, xm Um

T f⟩+
∑

−N≤m<n≤N

⟨xn Un
T f, xm Um

T f⟩.

The latter becomes

N∑
n=−N

⟨xn Un
T f, xn U

n
T f⟩+

∑
−N≤n<m≤N

xn xm⟨ Un−m
T f, f⟩+

∑
−N≤m<n≤N

xn xm⟨Un−m
T f, f⟩,
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which is nothing but
N∑

n,m=−N

xn xm an−m,

hence, (an)n∈N is positive-definite. If σf is the measure corresponding to (an)n∈N from
the above theorem we obtain that an = σ̂f (n), which leads to∫

X

f̄ · T nf dµ =

∫ 1

0

e2πint dσf (t),

for every n ∈ N.



Chapter 4

Limit theorems of probability theory

4.1 Preparatory lemmas and inequalities

An easy and important inequality in measure theory in general is Chebyshev’s inequality.

Lemma 4.1. Let X be a r.v. with mean E[X] = µ and variance V ar(X) = σ2 < ∞.
Then, for any δ > 0 we have that

P (|X −E[X]| ≥ δ) ≤ 1

δ2
V ar(X).

Proof.

P (|X −E[X]| ≥ δ) = E
[
1{|X−E[X]|≥δ}

]
≤ E

[
1{|X−E[X]|≥δ}

(X −E[X])2

δ2

]
≤ 1

δ2
E
[
(X −E[X])2

]
=

1

δ2
V ar(X).

Another result in the same spirit is known as Markov’s inequality.

Lemma 4.2. Let X be a non-negative random variable, i.e. X ≥ 0. Then, if f : R →
[0,∞) is increasing and t > 0, we have that

P (X ≥ t) ≤ 1

f(t)
E[f(X)1X≥t].

Proof.
1

f(t)
E[f(X)1X≥t] = E[

f(X)

f(t)
1X≥t] ≥ E[1X≥t] = P (X ≥ t).

The next lemma is a famous and important result in probability theory. It is the first
result in the class of zero-one laws.

Lemma 4.3 (Borel-Cantelli lemma). Let (Ω,F , P ) be a probability space and (An)n∈N ∈
F be a sequence of events. Then,

71
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(i)
∑∞

n=1 P (An) <∞ =⇒ P (An i.o.) = 0 (or equivalently P (lim supn→∞An) = 0)

(ii) If, in addition, A1, A2, . . . are pairwise independent we have the converse implica-
tion, i.e. P (An i.o.) = 0 =⇒

∑∞
n=1 P (An) <∞

Proof. (i) : P (An i.o.) = P
(⋂

n∈N
⋃

m≥nAm

)
≤ P

(⋃
m≥nAm

)
≤
∑∞

m=n P (Am) for every
n ∈ N. Since the series converges, letting n→ ∞ we conclude.
(ii) : It suffices to show the contrapositive result. To this end, assume that

∑∞
n=1 P (An) =

∞ and we will show that P (An i.o.) > 0, in fact, we will show that P (An i.o.) = 1. Now,

P (An i.o.) = lim
n→∞

P

(⋃
m≥n

Am

)
= 1− lim

n→∞
P

(⋂
m≥n

A∁
m

)

and so it is enough to show that limn→∞ P
(⋂

m≥nA
∁
m

)
= 0. By the independence of

A1, A2, . . . and thus, the independence of A∁
1, A

∁
2, . . ., we have that

P

(⋂
m≥n

A∁
m

)
=
∏
m≥n

P (A∁
m) =

∏
m≥n

1− P (Am).

Using the inequality 1− x ≤ e−x we obtain that

P

(⋂
m≥n

A∁
m

)
≤
∏
m≥n

e−P (Am) = e−
∑

m≥n P (Am),

and letting n→ ∞ we conclude because the series diverges to infinity.

Remark 4.4. For a counterexample to the result of (ii) without the assumption of inde-
pendence see Comment 1.35. Also, an alternative proof of (i) is the following:

∞∑
n=1

P (An) =
∞∑
n=1

∫
1An dP <∞,

and exchanging the order of sum and integral by Beppo-Levi because the integrands are
non-negative we have that∫ ∞∑

n=1

1An dP <∞ =⇒
∞∑
n=1

1An <∞ P-a.e.

which implies that P (An i.o.) = 0.

The following result is an oftentimes useful calculation.

Lemma 4.5. Let X be a non-negative random variable. Then,

E[Xk] = k

∫ ∞

0

tk−1P (X > t) dt,

for any k ∈ N.
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Proof. First observe that

P (X > t) =

∫
Ω

1X>t(ω) dP

and so

k

∫ ∞

0

tk−1P (X > t) dt =

∫ ∞

0

ktk−1

∫
Ω

1{X>t}(ω) dP dt.

Now, the function F : Ω× [0,∞) → R defined by F (ω, t) = ktk−1
1{X>t} is non-negative

and σ(F × B([0,∞))-measurable. Therefore, Fubini-Tonelli applies and we get that

k

∫ ∞

0

tk−1P (X > t) dt =

∫
Ω

∫ ∞

0

ktk−1
1{X>t}(ω) dt dP =

∫
Ω

∫ X(ω)

0

ktk−1 dt dP.

Calculating the inner integral which is now easy, we obtain

k

∫ ∞

0

tk−1P (X > t) dt =

∫
Ω

X(ω)k dP = E[Xk].

Exercise 4.6. Extend the previous result proving that for a random variable X we have
that

E[eλX ] =
1

λ

∫ ∞

−∞
eλtP (X > t) dt.

[Hint:] The proof is similar. Just reproduce it working backwards.

4.2 Law of large numbers

Let X1, X2, . . . be a sequence of independent and identically distributed (i.i.d.) r.v. on
a probability space (Ω,F , P ). Let SN = X1 + . . . + XN , for N ∈ N. Then, a natural
question concerns the behavior of the sample average, which is the random variable
defined by 1

N
SN . First, we will examine whether this average converges in a weak sense,

that is, in probability. In general we assume that the random variables are integrable,
i.e. E|X1| < ∞ (notice that E|Xi| = E|X1|, since the random variables are identically
distributed). However, for simplicity, we begin with a weaker version, in which we assume
that the random variables have finite second moments.

Proposition 4.7. Let X1, X2, . . . be a sequence i.i.d. random variables on a probability
space (Ω,F , P ) with E[X1] = µ and suppose that E[X1]

2 <∞. Then,

SN

N

P−→ µ

Proof. Let ϵ > 0. Then,

P

(∣∣∣∣SN

N
− µ

∣∣∣∣ > ϵ

)
= P

(∣∣∣∣(X1 − µ) + (X2 − µ) + . . .+ (XN − µ)

N

∣∣∣∣ > ϵ

)
.

We set Yi = Xi − µ, i ∈ N and then Y1, Y2, . . . are i.i.d. random variables with E[Y1] = 0
and E[Y1]

2 = E[X1]
2 − µ2 <∞. Now, we use Chebyshev’s inequality to get that

P

(∣∣∣∣Y1 + Y2 + . . .+ YN
N

∣∣∣∣ > ϵ

)
= P (|Y1 + Y2 + . . .+ YN | > Nϵ) ≤ 1

N2ϵ2
E
[
|Y1 + . . .+ YN |2

]
.
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Expanding the square, the latter becomes

1

N2ϵ2

(
N∑
j=1

E[Y1]
2 + 2

∑
1≤i<j≤N

E[YiYj]

)
=

N

N2ϵ2
E[Y1]

N→∞−−−→ 0,

because E[YiYj] = E[Yi]E[Yj] = 0, for i ̸= j due to independence.

We will now generalize the previous result, removing the assumption thatE[X1]
2 <∞,

obtaining the weak law of large numbers. In order to do this we will use the technique
of truncation.

Theorem 4.8 (Weak law of large numbers). Let X1, X2, . . . be a sequence i.i.d.
random variables on a probability space (Ω,F , P ) with E|X1| < ∞ and let E[X1] = µ.
Then,

SN

N

P−→ µ

Proof. Once again, without loss of generality assume that µ = 0. Let ϵ > 0, M > 0 and
consider the truncated random variables

XM
i = Xi1|Xi|≤M and Y M

i = Xi1|Xi|>M ,

for any i ∈ N. Observe that Xi = XM
i + Y M

i , so E[XM
i ] = −E[Y M

i ] and set µM =
E[XM

i ] = E[XM
1 ], for any i ∈ N. Then,

P (|X1 + . . .+XN | > Nϵ) = P

(∣∣∣∣∣
N∑
j=1

(XM
j − µM) +

N∑
j=1

(Y M
j + µM)

∣∣∣∣∣ > Nϵ

)
≤

P

(∣∣∣∣∣
N∑
j=1

(XM
j − µM)

∣∣∣∣∣+
∣∣∣∣∣

N∑
j=1

(Y M
j + µM)

∣∣∣∣∣ > Nϵ

)
and it’s simple to verify that this is bounded above by

P

(∣∣∣∣∣
N∑
j=1

(XM
j − µM)

∣∣∣∣∣ > Nϵ

2

)
+ P

(∣∣∣∣∣
N∑
j=1

(Y M
j + µM)

∣∣∣∣∣ > Nϵ

2

)
.

We already know by the previous special case that

P

(∣∣∣∣∣
N∑
j=1

(XM
j − µM)

∣∣∣∣∣ > Nϵ

2

)
N→∞−−−→ 0,

so we shall deal with the second summand. Using Markov’s inequality and then triangle
inequality we have that

P

(∣∣∣∣∣
N∑
j=1

(Y M
j + µM)

∣∣∣∣∣ > Nϵ

2

)
≤ 2

Nϵ

N∑
j=1

E
∣∣Y M

j + µM

∣∣ = 2

ϵ
E
∣∣Y M

1 + µM

∣∣ ≤ 4

ϵ
E
∣∣Y M

1

∣∣ ,
because the random variables Y M

i are i.d. Finally, observe that

E
∣∣Y M

1

∣∣ = E|X1|1|X1|>M
M→∞−−−−→ 0,

by the dominated convergence theorem, because X1 is integrable.
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We will also provide an alternative prove, using characteristic functions, to illustrate
their usefulness. First an auxiliary lemma.

Lemma 4.9. For every complex number z we have that limn→∞(1 + z
n
)n = ez. If (zn) is

a sequence of complex numbers with zn → z, then (1 + zn
n
)n → ez.

Proof. Observe that

(1 +
zn
n
)n = enLog(1+

zn
n
),

where Log denotes the principal branch of the complex logarithm. Then,

(1 +
zn
n
)n = e

zn
Log(1+ zn

n )
zn
n = e

zn
Log(1+ zn

n )−Log(1+0)
zn
n −0 n→∞−−−→ ez.

Alternative proof of WLLN. It suffices to prove that

lim
n→∞

ϕSn
n
(t) = eitµ = E[eitX ] =

∫
eitx dδµ(x),

for every t ∈ R, where P (X = µ) = 1, because X is in this case a constant, so convergence
in distribution is equivalent to convergence in probability.

By the 4-th property of characteristic functions we have that

ϕSn
n
(t) =

n∏
j=1

E
(
ei(t/n)Xi

)
=
(
Eei(t/n)X1

)n
= ϕX1

(
t

n

)n

,

because X1, . . . , Xn are identically distributed. We use the Taylor expansion of the ex-
ponential function and obtain that

ϕSn
n
(t) =

(
E

(
1 +

it

n
X1 + o(

1

n
)

))n

=

(
1 +

it

n
µ+ o(

1

n
)

)n

.

Notice that limn→∞ n( it
n
µ+ o( 1

n
)) = itµ and so the lemma allows us to conclude.

We have seen that the sample average converges in probability to the mean. Can we
extend this to almost sure convergence? We shall do this first under the strong assumption
of finite 4-th moments.

Proposition 4.10. Let X1, X2, . . . be a sequence of i.i.d. random variables on a proba-
bility space (Ω,F , P ) with EX4

1 <∞ and let E[X1] = µ. Then,

SN

N

N→∞−−−→ µ, almost surely.

In fact, we can show that merely with the assumption of independence and supn∈NE[X
4
n] <

∞ the following holds

SN −E[XN ]

N

N→∞−−−→ 0, almost surely.
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Proof. Without loss of generality, assume that E[Xn] = 0 for all n ∈ N (if not, we can
use the r.v. Yn = Xn −E[Xn]). Let ϵ > 0. We want to show that

P

(
|SN |
N

> ϵ i.o.

)
= 0

and for this, it suffices to show that

∞∑
n=1

P

(
|Sn|
n

> ϵ

)
<∞,

by the Borel-Cantelli lemma. With our usual technique we have that

∞∑
n=1

P

(
|Sn|
n

> ϵ

)
=

∞∑
n=1

E

[
1 |Sn|

n
>ϵ

]
≤ 1

ϵ4

∞∑
n=1

1

n4
E
[
S4
n

]
.

We expand the 4-th power and the last sum becomes

1

ϵ4

∞∑
n=1

1

n4

(
n∑

k=1

E[X4
k ] +

∑
1≤i ̸=j≤k

E[X3
iXj] +

∑
1≤i ̸=j ̸=l≤k

E[X2
iXjXl] +

∑
1≤i ̸=j≤n

E[X2
iX

2
j ]

)
.

Now, using independence and the assumption of zero mean this reduces to

1

ϵ4

∞∑
n=1

1

n4

(
n∑

k=1

E[X4
k ] +

∑
1≤i ̸=j≤n

E[X2
i ]E[X

2
j ]

)
.

Let M = supn∈NE[X
4
n]. Then, using the Cauchy-Schwarz inequality we also have that

for all i, j ∈ N,
E[X2

i ]E[X
2
j ] ≤

√
E[X4

i ]
√
E[X4

j ] ≤M.

In conclusion,

∞∑
n=1

P

(
|Sn|
n

> ϵ

)
≤ 1

ϵ4

∞∑
n=1

1

n4
(nM + n(n− 1)M) <∞.

Remark 4.11. The same method would not work with the assumption that supn∈NE[X
2
n] <

∞, because then E[Sn] ≲ 1
n
. Also, we do not use odd moments because we want to get

rid of the absolute values and then Markov’s wouldn’t apply.

Theorem 4.12 (Strong law of large numbers). Let X1, X2, . . . be a sequence of i.i.d.
random variables on a probability space (Ω,F , P ) with E|X1| < ∞ and let E[X1] = µ.
Then,

SN

N

N→∞−−−→ µ, almost surely.

Proof. Step 1. Without loss of generality assume that Xn ≥ 0, for all n ∈ N. Indeed, we
can write Xn = X+

n −X−
n , where X

+
n = Xn1Xn≥0 and X

−
n = −Xn1Xn<0 and then observe

that X+
1 , X

+
2 , . . . are pairwise independent and identically distributed and the same is

true for X−
1 , X

−
2 , . . .. The first argument is a truncation according to which we consider
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the random variables Yn = Xn1Xn≤n, for n ∈ N. We claim that it suffices to prove the
result for the sequence Y1, Y2, . . .. Notice, however, that these random variables are not
identically distributed. To prove the claim we first let TN = Y1 + . . . + YN , N ∈ N and
assume that

1

N
TN

a.s.−−−→
N→∞

µ.

Then,
∞∑
n=1

P (Xn ̸= Yn) =
∞∑
n=1

P (Xn > n) =
∞∑
n=1

P (X1 > n),

where the last equality is true because X1, X2, . . . are identically distributed. Now,

∞∑
n=1

P (X1 > n) =
∞∑
n=0

P (X1 > n+1) ≤
∞∑
n=0

∫ n+1

n

P (X1 > t) dt =

∫ ∞

0

P (X1 > t) dt = E[X1],

where in the last equality we have used Lemma 4.5 and in the inequality the fact that the
sequence (P (X1 > n)n∈N is decreasing. Because E[X1] < ∞ we get that

∑∞
n=1 P (X1 >

n)) < ∞ and so, using Borel-Cantelli we obtain that P (Xn ̸= Yn, i.o.) = 0. Taking
complements this means that P (Xn = Yn, eventually) = 1 and so our assumption implies
that

1

N
SN

a.s.−−−→
N→∞

µ.

Step 2. In order to apply the Borel-Cantelli lemma the main idea is to pick an appro-
priately sparse sub-sequence along the sum converges. More precisely, let k(n) = [an], for
n ∈ N and some a > 1. Then,

∞∑
n=1

P
(∣∣Tk(n) −E[Tk(n)]

∣∣ > ϵk(n)
)
≤

∞∑
n=1

1

ϵ2k(n)2
E[Tk(n)−E[Tk(n)]]2 =

1

ϵ2

∞∑
n=1

1

k(n)2
V ar(Tk(n)).

We now use that V ar(Tk(n)) =
∑k(n)

m=1 V ar(Ym) and exchange the order of summation to
obtain the quantity

1

ϵ2

∞∑
m=1

V ar(Ym)
∑

n:k(n)≥m

1

k(n)2
≤ 4

1− 1
a2

1

ϵ2

∞∑
m=1

1

m2
V ar(Ym) ≤ CE[X1] <∞,

for some constant C > 0. Indeed,

∞∑
m=1

1

m2
V ar(Ym) ≤

∞∑
m=1

1

m2
E[X2

m1Xm≤m] =
∞∑

m=1

1

m2
E[X2

11X1≤m] =
∞∑

m=1

1

m2

∫
x≤m

x2 dP.

We can exchange the sum and integral by Beppo-Levi and this becomes∫
x2

∞∑
m≥x

1

m2
dP ≤ C ′

∫
x dP ≲ E[X1]

for some constant C ′ > 0. Therefore, the Borel-Cantelli lemma implies that

P

(∣∣∣∣Tk(n) −E[Tk(n)]

k(n)

∣∣∣∣ > ϵ, i.o.

)
= 0
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and so
Tk(n) −E[Tk(n)]

k(n)

N→∞−−−→
a.s.

0.

Step 3. This in fact implies that

Tk(n)
k(n)

N→∞−−−→
a.s.

µ.

Of course, to establish this claim it suffices to prove that

E[Tk(n)]

k(n)

N→∞−−−→ µ.

Now,

E[Tk(n)] =

k(n)∑
m=1

E[X11X1≤m] = k(n)µ−
k(n)∑
m=1

E[X11X1>m]

and thus ∣∣∣∣Tk(n)k(n)
− µ

∣∣∣∣ = 1

k(n)

k(n)∑
m=1

E[X11X1>m]
n→∞−−−→ 0,

because the dominated convergence guarantees that E[X11X1>m]
m→∞−−−→ 0 and then we

use the fact that (usual) convergence implies Cesaro convergence.
Step 4. The result of step 3 is enough to conclude that

Tn −E[Tn]

n

N→∞−−−→
a.s.

0.

Indeed, k(n) ≤ m ≤ k(n+ 1). Then,

Tk(n)
k(n+ 1)

≤ Tm
m

≤
Tk(n+1)

k(n)
,

which implies that
k(n)

k(n+ 1)

Tk(n)
k(n)

≤ Tm
m

≤
Tk(n+1)

k(n+ 1)

k(n+ 1)

k(n)
.

By the definition of k(n) we have that limn→∞
k(n+1)
k(n)

= a, and so we conclude that

1

a
µ ≤ lim inf

m→∞

Tm
m

≤ lim sup
m→∞

Tm
m

≤ aµ.

The proof is finished once we let a↘ 1.

Remark 4.13. An alternative proof of the calculation in Step 2 is this. We have that
∞∑

m=1

1

m2
V ar(Ym) ≤

∞∑
m=1

1

m2
E[X2

11X1≤m] =
∞∑

m=1

1

m2
E[(X11X1≤m)

2].

Now, using Lemma 4.5, the above becomes

2
∞∑

m=1

1

m2

∫ ∞

0

tP (X11X1≤m) > t) dt = 2
∞∑

m=1

1

m2

∫ m

0

tP (X1 > t) dt.

Again we use Fubini-Tonelli to obtain∫ ∞

0

2t
∞∑

m≥t

1

m2
P (X1 > t) dt ≤ 4

∫ ∞

0

P (X1 > t) dt = 4E[X1].
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One of the many natural questions that arise from thinking about such results is
whether we could have a setting similar to that of the law of large numbers with the limit
being non-constant. The answer is no, if we assume that the random variables X1, X2, . . .
are pairwise independent.

Comment 4.14. A typical result in ergodic theory is the Birkhoff’s ergodic theorem,
according to which if (X,B, µ) is an ergodic system and f ∈ L∞(µ), then

lim
N→∞

1

N

N∑
n=1

f(T nx) =

∫
X

f dµ

almost surely. Kolmogorov observed that measure-preserving systems can be identified with
stationary processes. In this setting, the sequence f(T n)n∈N is in some sense equivalent
to a sequence of independent random variables and as we see, the limit is almost surely
a constant. There is also a version of the ergodic theorem without of assumption of
ergodicity which states that the analogous limit exists almost surely. Using Kolmogorov’s
equivalence this implies that the law of large numbers holds for any stationary process,
which is already a notable generalization.

4.3 Kolmogorov’s zero-one law

We have already see a special example of a zero-one type of result, namely the Borel-
Cantelli lemma. We will extend this family of results significantly in this section.

Definition 4.15. Given a sequence of independent random variables (Xn)n∈N on some
probability space (Ω,B, P ). We define the σ-algebras

Bn = σ({Xj : j ≥ n}),

which are the σ-algebras generated by the random variables Xn, Xn+1, Xn+2, . . .. To put
it more formally,

Bn = σ({X−1
j (B) : j ≥ n and B ∈ B(R)}).

We define the tail σ-algebra as the intersection of all Bn, that is,

B∞ =
⋂
n∈N

Bn.

Observe that A ∈ B∞ ⇐⇒ A ∈ σ(Xn, Xn+1, . . .), for every n ∈ N.

Examples 4.16. In the above setting we have that

1. {ω ∈ Ω :
∑∞

n=1Xn(ω) converges} ∈ B∞, because the convergence of such a series
does not depend on the first n-random variables for any n ∈ N. Equivalently, the
convergence depends only on information about the tail of X1, X2, . . .

2. {ω ∈ Ω : X1(ω)+...+Xn(ω)
n

converges} ∈ B∞

3. {ω ∈ Ω : lim supn→∞
X1(ω)+...+Xn(ω)

n
= 1 and lim infn→∞

X1(ω)+...+Xn(ω)
n

= −1} ∈
B∞

4. {ω ∈ Ω : Xn(ω) = 1, i.o.} ∈ B∞
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5. {ω ∈ Ω :
∑∞

n=1Xn(ω) = 0} /∈ B∞, because the value of the sum depends on all its
terms.

In the proof of the Borel-Cantelli lemma we saw that for a sequence of independent
events (An)n∈N we have that P (An i.o.) ∈ {0, 1}. The following result justifies why this
is the case. Observe that if Xn = 1An , then the set {An i.o.} = {Xn = 1, i.o.} belongs
to the tail σ-algebra.

Theorem 4.17 (Kolmogorov’s 0-1 law). Let X1, X2, . . . be independent random vari-
ables. If A ∈ B∞, then P (A) ∈ {0, 1}.

Proof. The trick is to show that A is independent of itself. Now, since A ∈ B∞ we have
that A ∈ Bn+1, for any n ∈ N. Let

A = {B ∈ B : P (A ∩B) = P (A)P (B)}.

Then, A is a monotone class and it contains σ(Xj : j ≤ n) for all n ∈ N by the above
trivial observation. Therefore, ⋃

n∈N

σ(Xj : j ≤ n) ⊂ A

and so, by the π − λ theorem we get that

A = σ(
⋃
n∈N

σ(Xj : j ≤ n)).

In particular A ∈ A and so P (A) = P (A)2 =⇒ P (A) ∈ {0, 1}.

Remark 4.18. A is indeed a monotone class and
⋃

n∈N σ(Xj : j ≤ n) is a π-system.
For the first claim notice that P (Ω ∩ A) = P (A) = P (A)P (Ω) and if B ∈ A , then

P (A ∩B∁) = P (B)− P (A ∩B) = P (A)(1− P (B)) = P (A)P (B∁).

Finally, if (Bn)n∈N ∈ A is increasing and B = ∪n∈NBn, then

P (A∩B) = lim
N→∞

P (A∩ (∪N
n=1Bn) = lim

N→∞
P (A∩BN) = P (A) lim

N→∞
P (BN) = P (A)P (B).

For the other claim, let B,C ∈
⋃

n∈N σ(Xj : j ≤ n). Then, there exists some n ∈ N,
such that B,C ∈ σ(Xj : j ≤ n), which is closed under intersections, being a σ-algebra.
Therefore, B ∩ C ∈

⋃
n∈N σ(Xj : j ≤ n) as well.

Corollary 4.19. Assuming that the random variables X1, X2, . . . are pairwise indepen-
dent, the only possible limit in the setting of the law of large numbers is a constant. More
precisely, if X is a random variable, such that

X1 + . . .+Xn

n

n→∞−−−→ X,

either in probability or almost surely, then P (X = c) = 1, for some c ∈ R.
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Proof. We deal with the case of a.s. convergence and then, since convergence in prob-
ability implies a.s. convergence along some sub-sequence, we will have established this
case as well.
Let a < b. Then,

{ω ∈ Ω : lim
n→∞

X1(ω) + . . .+Xn(ω)

n
} ∈ [a, b]}

is a tail event and so it has a probability 0 or 1. Therefore, there exists an interval [a, b],
such that

P

(
lim
n→∞

X1(ω) + . . .+Xn(ω)

n
∈ [a, b]

)
= 1.

Then,

P

(
lim
n→∞

X1(ω) + . . .+Xn(ω)

n
∈ [a,

a+ b

2
]

)
∈ {0, 1}.

Thus, at the m-th step of this process we can locate the value of the limit at a closed
interval of length b−a

2m
. Because this sequence of sub-intervals of [a, b] is decreasing, in the

limit, this gives a single point, which is c.

4.4 Central limit theorem

Theorem 4.20 (Central limit theorem). Let X1, X2, . . . be a sequence of i.i.d. random
variables with E[X1] = µ and V ar(X1) = σ2. Then,

√
n
X1 . . .+Xn − nµ

n

d−−−→
n→∞

N (0, σ2)

or equivalently,
X1 . . .+Xn − nµ√

n

d−−−→
n→∞

N (0, σ2).

Remark 4.21. Without loss of generality we can assume that µ = 0. Indeed, we can
work with the random variables Yi = Xi − µ, which are i.i.d. and recall that (by Exercise
2.21 for example) the sequence (Yn + µ)n∈N converges to Y + µ in distribution, where Y
is the limit of (Yn).

Proof. Let µ = 0 and set Sn = X1+ . . .+Xn, for n ∈ N. Then, the characteristic function
of the average Sn√

n
is given by

ϕn(t) = E[e
it Sn√

n ] =
n∏

j=1

E[e
it√
n
Xi ] =

(
E[e

it√
n
X1 ]
)n
,

where as usual we have turn the characteristic of the sum into a product of characteristics
using the independence of the random variables and for the last equality we used their
identical distribution. It suffices to show that

lim
n→∞

ϕn(t) = e−σ2 t2

2 =

∫ ∞

−∞
eitx

1√
2πσ

e−
x2

2σ2 dx,

for any t ∈ R. Continuing from where we left off and using the Taylor series expansion
of the exponential we have that

ϕn(t) =

(
E[1 +

it√
n
X1 −

t2

2n
X2

1 + o(
1

n
)]

)n

=

(
1− t2

2n
σ2 + o(

1

n
)

)n

.
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To conclude we use the Lemma 4.9 and obtain that

lim
n→∞

ϕn(t) = elimn→∞ n(− t2

2n
σ2+o( 1

n
)) = e−

t2σ2

2 .

Remark 4.22. The result can be stated equivalently as

X1 . . .+Xn − nµ√
V ar(X1 + . . .+Xn)

d−−−→
n→∞

N (0, 1).

This is often refereed to as the classical central limit theorem.

The assumption of X1, X2, . . . being identically distributed turns out to be very re-
strictive. In fact, the following theorem shows that the central limit theorem holds for
random variables which are independent and satisfy the following technical condition,
called the Lindeberg condition. Although it appears involved at first sight, this condition
is rather intuitive. It roughly assures that there is only a negligible amount of random
variables with high variance in the sequence.

Theorem 4.23. Central Limit Theorem with Lindeberg condition Let X1, X2, . . .
be independent random variables with E[Xi] = µi <∞ and V ar(Xi) = σ2

i , for i ∈ N. Let
also

σ2
n = V ar(Sn) = V ar(X1 + . . .+Xn) = σ2

1 + . . .+ σ2
n

and assume that the Lindeberg condition is satisfied, that is,

lim
n→∞

1

σ2
n

n∑
j=1

E
[
(X2

i − µ2
i )1|Xi−µi|≥ϵσi

]
= 0,

for every ϵ > 0. Then,

X1 + . . .+Xn −E[X1 + . . .+Xn]√
σ2
n

d−−−→
n→∞

N (0, 1).

Remark 4.24. Observe that the classical CLT is a special case of the one with the Lin-
deberg condition, because i.i.d. random variables satisfy it. In fact there are many other
families of independent random sequences that satisfy the Lindeberg condition. Examples
are found in the exercises below.

Proof. Without loss of generality assume that E[Xi] = 0, for all i ∈ N. We would like to

show that the characteristic function of Sn

σn
, which we denote by ϕn, converges to e

− t2

2 for
all t ∈ R. Now,

ϕn(t) = Eeit
Sn
σn =

n∏
j=1

eit
Xj
σn =

n∏
j=1

ϕj(
t

σn
),

and taking logarithms, the convergence we want to show is equivalent to

lim
n→∞

∣∣∣∣∣
n∑

j=1

log

(
ϕj(

t

σn
)

)
+
t2

2

∣∣∣∣∣ = 0.
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We want to use the Taylor expansion of log(1+x) and so we write the above quantity as∣∣∣∣∣
n∑

j=1

log

(
1 + ϕj(

t

σn
)− 1

)
+
t2

2

∣∣∣∣∣ .
Recall that log(1+ x) = x+O(x2), for |x| < 1. Therefore, by the lemma below, for large
enough n, the above sum becomes∣∣∣∣∣

n∑
j=1

ϕj(
t

σn
)− 1 +O((ϕj(

t

σn
)− 1)2) +

t2

2

∣∣∣∣∣ .
Using the triangle inequality it suffices to show that

lim
n→∞

n∑
j=1

∣∣∣∣ϕj(
t

σn
)− 1

∣∣∣∣2 = 0

and that

lim
n→∞

∣∣∣∣∣
n∑

j=1

ϕj(
t

σn
)− 1 +

t2

2

∣∣∣∣∣ = 0.

The second sum can be conveniently written as

n∑
j=1

E

[
eit

Xj
σn − 1− it

σn
Xj +

t2

2σ2
n

X2
j

]
=

n∑
j=1

E

[(
eit

Xj
σn − 1− it

σn
Xj +

t2

2σ2
n

X2
j 1|Xj |≥ϵσn

)]
+

n∑
j=1

E

[(
eit

Xj
σn − 1− it

σn
Xj +

t2

2σ2
n

X2
j

)
1|Xj |<ϵσn

]
.

Recall that
∣∣∣eitx − 1− itx+ t2x2

2

∣∣∣ ≤ min{|x|2, |x|
3

3!
} (for a proof of a more general result

see Resnick’s A probability Path, section 9.3) and so

n∑
j=1

E

[(
eit

Xj
σn − 1− it

σn
Xj +

t2

2σ2
n

X2
j

)
1|Xj |≥ϵσn

]
≤

n∑
j=1

E

[
X2

j

σ2
n

1|Xj |≥ϵσn

]
n→∞−−−→ 0,

by the Lindeberg condition. For the other part,

n∑
j=1

E

[(
eit

Xj
σn − 1− it

σn
Xj +

t2

2σ2
n

X2
j

)
1|Xj |<ϵσn

]
≤ 1

3!

n∑
j=1

E

[
|Xj|3

σ3
n

1|Xj |<ϵσn

]
≤

ϵ

3!σ2
n

n∑
j=1

E
[
X2

j 1|Xj |<ϵσn

]
≤ ϵ

3!σ2
n

n∑
j=1

E
[
X2

j

]
=

ϵ

3!

For the other sum we have that
n∑

j=1

∣∣∣∣ϕj(
t

σn
)− 1

∣∣∣∣2 ≤ sup
1≤j≤n

∣∣∣∣ϕj(
t

σn
)− 1

∣∣∣∣ n∑
j=1

∣∣∣∣ϕj(
t

σn
)− 1

∣∣∣∣ n→∞−−−→ 0,

by the lemma below, which gives that lim supn→∞
∑n

j=1

∣∣∣ϕj(
t
σn
)− 1

∣∣∣ < ∞ and the fact

that

sup
1≤j≤n

∣∣∣∣ϕj(
t

σn
)− 1

∣∣∣∣ n→∞−−−→ 0.
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Comment 4.25. We claimed that log(1 + x) = x + O(x2), for |x| < 1. Indeed, in this
case,

1

1 + x
= 1− x+ x2 − x3 + . . .

and so integrating both sides, we get that

log(1 + x) = x− x2

2
+
x3

3
− x4

4
+ . . . .

But,
1

x2

(
−x

2

2
+
x3

3
− x4

4
+ . . .

)
= −1

2
+
x

3
− x2

4
+
x3

5
− . . . ,

which converges by Dirichlet’s test.

Lemma 4.26. Let X1, X2, . . . be independent random variables which satisfy the Linde-
berg condition and let σ2

n = V ar(X1 + . . .+Xn). Then,

lim sup
n→∞

n∑
j=1

∣∣∣∣ϕj(
t

σn
)− 1

∣∣∣∣ <∞

and also

sup
1≤j≤n

∣∣∣∣ϕj(
t

σn
)− 1

∣∣∣∣ n→∞−−−→ 0,

for any t ∈ R.

Proof. Using the Taylor expansion of the real and imaginary parts of eix separately we
get that

eix = 1 + ix+ ζ1
x2

2
and eix = 1 + ix− x2

2
+ ζ2

x3

3!
,

where |ζ1| ≤ 1 and |ζ2| ≤ 1. Therefore, the characteristic function of Xj at
t
σn
, that is,

ϕj(
t

σn
) = E[ei

t
σn

Xj
1|Xj |≥ϵσn ] +E[ei

t
σn

Xj
1|Xj |<ϵσn ],

can be written as (using that E[Xj] = 0)

1 + ζ1
t2

2σ2
n

E
[(
X2

j

)
1|Xj |≥ϵσn

]
− t2

σ2
n

E
[(
X2

j

)
1|Xj |<ϵσn

]
+ ζ2

t3

3!σ3
n

E
[(
X3

j

)
1|Xj |<ϵσn

]
.

So,∣∣∣∣ϕj(
t

σn
)− 1

∣∣∣∣ ≤ ∣∣∣∣ t22σ2
n

E
[(
X2

j

)
1|Xj |≥ϵσn

]∣∣∣∣+∣∣∣∣ϵ t3

3!σ2
n

E
[(
X2

j

)
1|Xj |<ϵσn

]∣∣∣∣+∣∣∣∣ t2σ2
n

E
[(
X2

j

)
1|Xj |<ϵσn

]∣∣∣∣ .
By the Lindeberg condition we know that

lim
n→∞

t2

2σ2
n

n∑
j=1

E
[(
X2

j

)
1|Xj |≥ϵσn

]
= 0

and therefore,

lim sup
n→∞

n∑
j=1

∣∣∣∣ϕj(
t

σn
)− 1

∣∣∣∣ ≤ ϵ
t3

3
+ t2 <∞.
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Again, the Lindeberg condition implies that

lim
n→∞

sup
1≤j≤n

∣∣∣∣ t22σ2
n

E
[(
X2

j

)
1|Xj |≥ϵσn

]∣∣∣∣ = 0

and so, we obtain that

lim
n→∞

sup
1≤j≤n

∣∣∣∣ϕj(
t

σn
)− 1

∣∣∣∣ ≤ ϵ3
t3

3!
+ ϵ2t2.

Since ϵ > 0 is arbitrary and t ∈ R fixed we can conclude.

We can actually prove a more general version of the previous theorem, for any “tri-
angular” sequence of random variables (Xn,i)n,i∈N. The proof relies on the Lindeberg
method, which basically relies on the observation that the central limit theorem will
hold, if the influence of each single variable on the functional we consider is negligible.
This proof is not only simpler than the previous one but also allows for generalizations
of the result. For example, notice that the smoothness assumption on the functional fn
does not restrict us to the case of linear combinations of the Xn,i.

Theorem 4.27 (Lindeberg’s theorem). Let (Xn,i)n,i∈N be a sequence of independent
random variables with E[Xn,i] = 0 (this is only for simplicity and besides, as usual, we
can reduce to this case) and

∑n
i=1E[X

2
n,i] = 1. If

lim
n→∞

n∑
j=1

E
[
X2

n,i1|Xn,i|≥ϵ

]
= 0,

for every ϵ > 0, then

Xn,1 +Xn,2 + . . .+Xn,n
d−−−→

n→∞
N (0, 1).

Remark 4.28. Observe that the sequence which satisfies Xn,i =
Xi

σn
is a special case of

the above setting.

Proof. We begin by noticing that if Xn,i = ξn,i ∼ N (0, 1
n
), for all n, i ∈ N, then the result

holds trivially, because ϕn,i(t) = e−
t2

2n and by independence ϕ(n,1)+...+(n,n) = e−
t2

2 . The
technique we shall use is try to estimate how big in terms of distribution are the random
variables

Xn,1 +Xn,2 + . . .+Xn,n − (ξn,1 + ξn,2 + . . .+ ξn,n).

In particular, it would suffice to show that, for any f ∈ Cb(R)

lim sup
n→∞

|E [f (Xn,1 + . . .+Xn,n)]−E [f (ξn,1 + . . .+ ξn,n)]| = 0.

In fact, by Remark 3.23 we can allow f to be additionally smooth, i.e. f ∈ C∞
b (R). For

simplicity we shall denote f (Xn,1 + . . .+Xn,n) by fn (Xn,1, . . . , Xn,n). Then,

E [fn (ξn,1, . . . , ξn,n)]−E [fn (Xn,1, . . . , Xn,n)]

can be written as

n∑
i=1

E [fn (ξn,1, . . . , ξn,i, Xn,i+1, . . . , Xn,n)]−E [fn (ξn,1, . . . , ξn,i−1, Xn,i, Xn,i+1, . . . , Xn,n)] .
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We shall denote this sum as

n∑
i=1

E
[
h[ξ,X]i
n (ξn,i)

]
−E

[
h[ξ,X]i
n (Xn,i)

]
,

where h
[ξ,X]i
n (y) = fn(ξn,1, . . . , ξn,i−1, y,Xn,i+1, . . . , Xn,n). Now, the Taylor expansion of

h
[ξ,X]i
n with integral remainder, which we write as hn, gives that (recall that f is smooth)

hn(y) = hn(0) + ∂yhn(0)y +
1

2
∂2yhn(0)y

2 +Rn(y),

where

Rn(y) =
1

2!

∫ y

0

∂3yhn(s)(y − s)2 ds.

Then we can bound |Rn(y)| by the minimum of 1
6
∥∂3hn∥∞ |y|3 and 2 ∥∂3hn∥∞ |y|2. There-

fore,
n∑

i=1

E
[
h[ξ,X]i
n (ξn,i)

]
−E

[
h[ξ,X]i
n (Xn,i)

]
becomes

n∑
i=1

E

[
hn(0) + ∂yhn(0)ξn,i +

1

2
∂2yhn(0)(ξn,i)

2 +Rn(ξn,i)

]
−

E

[
hn(0) + ∂yhn(0)Xn,i +

1

2
∂2yhn(0)(Xn,i)

2 +Rn(Xn,i)

]
=

n∑
i=1

E [Rn(ξn,i)]−E [Rn(Xn,i)] .

We will show that
∑n

i=1E [Rn(Xn,i)]
n→∞−−−→ 0 and the proof is similar for the other sum-

mand. We use both bounds that we have for |Rn(y)| appropriately to get that

n∑
i=1

|E [Rn(Xn,i)]| ≤ C1

n∑
i=1

E
[
X2

n,i1|Xn,i|≥ϵ

]
+ C2

n∑
i=1

E
[
|X3

n,i|1|Xn,i|<ϵ

]
,

for some constants C1, C2 > 0 and any ϵ > 0. The first part vanishes by the Lindeberg
assumption and the second one is bounded by ϵ C2

∑n
i=1E[X

2
n,i] = ϵ C − 2. Thus, the

proof is complete.

Exercise 4.29. Prove that the Lindeberg condition is satisfied in the case of a sequence
of i.i.d. random variables.

Exercise 4.30. Prove that without an independence assumption the CLT does not hold.
[Hint] Consider a sequence Xn = X, for all n ∈ N.

Exercise 4.31. Let X1, X2, . . . be i.i.d. random variables with P (X1 > x) = P (X1 <
−x), for any x ≥ 0. Also, assume that there is ϵ > 0, so that P (|X1| > x) = 1

x2+ϵ , for
any x ≥ 1. Then, the CLT holds, i.e.

Sn√
n logn

⇒ N (0, 1).

Exercise 4.32. Prove that the Lindeberg condition is satisfied for independent and uni-
formly bounded random variables, such that

∑n
i=1 V ar(Xi)

n→∞−−−→ ∞.
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