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Chapter 1

Introduction

1.1 Historic Notes

If you play poker long enough you will eventually be dealt a royal flash, in fact more than
once. This can be thought of as an example of recurrence. The same principle governs measure-
preserving systems, the main objects of our study. The notion of recurrence in ergodic theory
is somewhat general and describes a family of results, concerning the ways in which points in
dynamical systems return close to themselves under iteration. The first recurrence result in
this setting was discussed by Poincaré in 1890 and was proved by Caratheodorý in 1919 with
measure theoretic arguments. A strong form of this theorem reads as follows.

Theorem 1.1 (Poincaré recurrence). Let (X,X , µ, T ) be a measure-preserving system and
let A ∈ X , with µ(A) > 0. Then,

(i) µ(A ∩ T−nA) > 0, for infinitely many n ∈ N and

(ii) for almost every x ∈ A we have that Tnx ∈ A, for infinitely many n ∈ N.

Poincaré’s theorem is actually a rather early and foundational result. Notice that, heuris-
tically speaking, Theorem 1.1 is an ergodic-theoretic pigeonhole principle, as it states that for
any non-trivial set A there exists n ∈ N, so that the sets A, T−1A, . . . , T−nA are not (essen-
tially) disjoint. In fact, we will see that for ergodic systems a stronger property holds, namely
that iterations of any non-trivial set will eventually exhaust the whole space. A first important
quantitative strengthening of the above theorem was established by Khintchine in 1934 and
intuitively it says that the set of recurrent times in Poincaré’s theorem is large. Precisely, we
have the following result.

Theorem 1.2 (Khintchine recurrence). Let (X,X , µ, T ) be a measure-preserving system.
Then, for any A ∈ X with positive measure and for every ϵ > 0, the set

E := {n ∈ N : µ(A ∩ T−nA) ≥ (µ(A))2 − ϵ}

is syndetic, i.e. it has bounded gaps.

In the above simple setting there is only one iterate of the transformation and this is linear.
Anyone vaguely curious would wonder if analogous results are true for more than one and even
non-linear iterates. In this direction we have the following theorem, proven by Furstenberg,
which, as we will see, also implies a combinatorial result proven independently by Sárközy in
the late 1970’s.

Theorem 1.3 (Furstenberg-Sárközy recurrence). Let (X,X , µ, T ) be a measure-preserving
system. Then, for any A ∈ X with positive measure there exists n ∈ N, such that

µ(A ∩ T−n2
A) > 0.

9
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In fact, we have that

lim
N→∞

1

N

N∑
n=1

µ(A ∩ T−n2
A) > 0.

One of the beautiful, far-reaching and highly insightful ideas in ergodic theory, due to
Furstenberg, is that of the so-called correspondence principle, which is basically a correspon-
dence between the existence of structure in large subsets of the integers and recurrence properties
of measure-preserving systems. From this principle we can thus infer that such recurrence re-
sults have number-theoretic and combinatorial consequences. A presentation of Furstenberg’s
correspondence principle can be found in his famous paper [10].

Theorem 1.4 (Furstenberg’s correspondence principle). Given E ⊂ N there exists a
measure-preserving system (X,B, µ, T ) and a set A ∈ B with µ(A) = d(E), such that for every
m ∈ N and any integers n1, n2, . . . , nm ∈ N, we have that

µ(A ∩ T−n1A ∩ · · · ∩ T−nmA) ≤ d (E ∩ (E − n1) ∩ · · · ∩ (E − nm)) .

Combining the correspondence principle with Theorem 1.3 we obtain the striking and elegant
fact, belonging to the sphere of additive number theory, that any subset of the natural numbers
with positive upper density (roughly, any set that is large enough), must contain two distinct
elements whose difference is a perfect square. This is Sárközy’s result and we state it here for
reference.

Corollary 1.5 (Corollary to Theorem 1.3). Let Λ ⊂ N with d̄(Λ) > 0. Then, Λ is not
square-difference-free, that is, there exist an n ∈ N and x, y ∈ Λ such that, x− y = n2. In fact,

lim inf
N→∞

1

N

N∑
n=1

d̄(Λ ∩ (Λ− n2)) > 0.

The first (chronologically speaking) multiple recurrence result is a special case of and a
precursor to Furstenberg’s general multiple recurrence theorem and was again established by
Furstenberg. In its strongest formulation it states that double recurrence occurs in a syndetic
set for the iterates Tn and T 2n. Precisely he showed the following.

Theorem 1.6 (Furstenberg’s double recurrence ). Let (X,X , µ, T ) be a measure-preserving
system. Then, for any A ∈ X with positive measure we have that

S := {n ∈ N : µ(A ∩ T−nA ∩ T−2nA) > 0}

is a syndetic set.

Once more, the correspondence principle can be used to obtain from Theorem 1.6 an im-
portant result in additive combinatorics, namely, Roth’s theorem on arithmetic progressions.

Theorem 1.7 (Roth). A subset of the non-negative integers with positive upper density must
contain a three-term arithmetic progression.

The counterplay between ergodic theory and additive combinatorics as we have presented
it emerged in Furstenberg’s effort to give a proof of a strong generalization of Roth’s theorem.
Since combinatorial problems of such nature have existed in the background and worked as
motives for the multiple recurrence results in measure-preserving systems to occur, it seems
important to briefly mention some of their relevant history.

The general problem has been to describe, in terms of their size, those subsets of the inte-
gers that contain arithmetic progressions of any length. In this direction, the first result was
established by van der Waerden and is the following.
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Theorem 1.8 (van der Waerden). If s ∈ N and E1, . . . , Es is a finite partition of the integers,
that is,

Z = E1 ⊔ E2 ⊔ . . . ⊔ Es,

(here ⊔ denotes the disjoint union) then, some Ej, with j ∈ {1, 2, . . . , s}, contains arbitrarily
large arithmetic progressions. Therefore, for any r ≥ 1 there exist m, k ∈ Z with k ̸= 0 so that

m,m+ k,m+ 2k, . . . ,m+ (r − 1)k ∈ Ej .

In 1953 Erdös and Turan conjectured that in fact any subset of the integers with positive
upper density contains arbitrarily large arithmetic progressions. If true, this is obviously much
stronger than van der Waerden’s result, for in any finite partition of the integers, at least one of
the cells has positive upper density. Roth proved his theorem in 1953 using methods of Fourier
analysis, successfully resolving the conjecture up to arithmetic progressions of length three.
However, the general question remained open for another 22 years, until, after first proving it
for arithmetic progressions of length four, Szemerédi also showed the general case to be true in
1975, in what Erdös himself described as ”a masterpiece of combinatorial reasoning”. We state
the theorem for completeness.

Theorem 1.9 (Szemerédi). If E ⊂ Z is a set of positive upper density, then E contains
arbitrarily large arithmetic progressions.

Two years later, in 1977, Furstenberg observed that Semerédi’s theorem would also follow
from a multiple recurrence result that he went on to prove, after ingeniously turning the com-
binatorial statement into a statement in ergodic theory. This principle has allowed for many
generalizations of Szemerédi’s theorem to be proven via arguments of ergodic theoretic nature,
some of which have not yet seen combinatorial proofs. The multiple recurrence result that
we refereed to, which implies Szemerédi and extends Poincaré, is Theorem 1.11, an immediate
corollary to Theorem 1.10.

Theorem 1.10. Let (X,X , µ, T ) be a measure-preserving system, A ∈ X be any set with
µ(A) > 0 and k ∈ N. Then,

lim inf
N→∞

1

N

N∑
n=1

µ(A ∩ T−nA ∩ T−2nA ∩ · · · ∩ T−knA) > 0

and in fact,

lim inf
N−M→∞

1

N −M

N∑
n=M+1

µ(A ∩ T−nA ∩ T−2nA ∩ · · · ∩ T−knA) > 0.

Theorem 1.11 (Furstenberg’s multiple recurrence). For any measure-preserving system
(X,X , µ, T ), a set A ∈ X , with µ(A) > 0 and any k ∈ N, there exist infinitely many n ∈ N,
such that

µ(A ∩ T−nA ∩ T−2nA ∩ · · · ∩ T−knA) > 0.

In fact, the set of n ∈ N for which this multiple intersection is non-trivial is syndetic.

We will not deal with the proof of Theorem 1.10 as it is now a very classical result in
ergodic theory and it would constitute a whole thesis on its own, but neither will we use it in
order to deduce any of our results. A modern and detailed exposition of Furstenberg’s proof of
Szemerédi’s theorem can be found in [5].

In 1996, Bergelson and Leibman generalized Szemerédi’s theorem to polynomial progres-
sions, showing the following result:
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Theorem 1.12 (Polynomial Szemerédi). Let E ⊂ Z be a subset of the integers with positive
upper density. Then, for any k ∈ N and p1, . . . , pk integer polynomials, such that pj(0) = 0, for
all j ∈ {1, . . . , k}, we have that there are infinitely many a, n ∈ Z, so that

a+ p1(n), a+ p2(n), . . . , a+ pk(n) ∈ E.

As in Furstenberg’s proof of Szemerédi’s theorem, Bergelson and Leibman deduced Theorem
1.12 via the correspondence principle, from an ergodic theoretic multiple recurrence result of
a nature similar to Furstenberg’s multiple recurrence theorem. In fact, they proved the next
theorem.

Theorem 1.13 (Bergelson-Leibman multiple recurrence). Let (X,X , µ, T ) be any in-
vertible measure-preserving system and A ∈ X be any set with µ(A) > 0. Let also k ∈ N and
p1, . . . , pk be integer polynomials, such that pj(0) = 0, for all j ∈ {1, . . . , k}. Then,

lim inf
N→∞

1

N

N∑
n=1

µ(A ∩ T−p1(n)A ∩ T−p2(n)A ∩ · · · ∩ T−pk(n)A) > 0.

In the statement of Theorem 1.13 we assume that the system is invertible, since if one of
the polynomials pj(n) takes negative values, the set T−pj(n)A is not necessarily measurable for
non-invertible transformations. For simplicity we shall always assume from now on that the
systems are invertible. We note that this assumption does not reduce the generality of our
conclusions, because any system can be seen as a factor of an invertible system.

1.2 Basic Goal

There are two basic goals in this exposition, both regarding Khintchine-type, or quantitative,
multiple recurrence results. Our first aim is to obtain a simultaneous extension of Khintchine’s
and Furstenberg’s theorems and the second one is to obtain a polynomial analogue of Sze-
merédi’s theorem, like Theorem 1.12, with a Khintchine-type lower bound. The different nature
of the iteration exponents, the first ones being linear and the second ones being polynomial,
distinguishes these results and accounts for the unlike approaches to their proofs. It is note-
worthy that the technique we use in order to obtain Theorem 1.16 below is rather modern and
it definitely deserves a presentation as it avoids the usual theory of nilsystems, but instead ex-
ploits the ”Polynomial exhaustion technique” induction scheme and some results related to joint
ergodicity properties of integer sequences, which may be labored, but are ultimately elementary.

We state here the three main theorems which are to be proved in this thesis and superficially
discuss the basic ideas and methods used in their corresponding proofs.

Theorem 1.14. Let (X,X , µ, T ) be an ergodic measure-preserving system. Then, for every
a, b ∈ N, every ϵ > 0 and A ∈ X with µ(A) > 0, the set

{n ∈ N : µ(A ∩ T−anA ∩ T−bnA) ≥ (µ(A))3 − ϵ}

is syndetic.

Theorem 1.15. Let (X,X , µ, T ) be an ergodic measure-preserving system. Then, for every
a, b ∈ N, c = a+ b, A ∈ X with µ(A) > 0 and for any ϵ > 0, the set

{n ∈ N : µ(A ∩ T−anA ∩ T−bnA ∩ T−cnA) ≥ (µ(A))4 − ϵ}

is syndetic.
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Theorem 1.16. Let p1, . . . , pk : N → Z be integer polynomials, each with zero constant term,
that is, pj(0) = 0, for all j ∈ {1, . . . , k}. If these polynomials are linearly independent, then for
every measure-preserving system (X,X , µ, T ), every set A ∈ X and ϵ > 0 there exists a set
S ⊆ N of positive upper density, such that for all n ∈ S we have that

µ(A ∩ T−p1(n)A ∩ · · · ∩ T−pk(n)A) ≥ (µ(A))k+1 − ϵ.

In fact, the same result holds for a syndetic set S.

In their famous paper [3], Bergelson, Host and Kra proved for the first time that the state-
ments of Theorems 1.14 and 1.15 hold for the special case a = 1 and b = 2. Although our linear
case results are more general, the basic ideas of the proofs do not deviate much from those
presented in [3]. For the polynomial case we use a new and much different approach from the
one that was initially used in [4], which for the most part uses elementary tools. Those modern
methods were introduced in Frantzikinakis’ paper, [7].

As we have already alluded, a more general method from which the results of Theorems 1.14,
1.15 and 1.16 follow is to study the limiting behavior of multiple ergodic averages associated
with those quantities that we are interested in bounding. In any case, the study of multiple
ergodic averages has been a main theme in ergodic theory. For a measure-preserving system
(X,X , µ, T ) and functions f1, . . . , fk ∈ L∞(µ), k ∈ N, such averages have the form

1

N −M

N−1∑
n=M

∫
X
T a1(n)f1 · · ·T ak(n)fk dµ, (1.1)

for M,N ∈ N, with M < N , where aj : N → Z are integer polynomials, for j = 1, . . . , k. If for
example, k = 3 and a1(n) = an, a2(n) = bn and a3(n) = cn, then Theorem 1.15 would follow
from a result of the form

lim inf
N−M→∞

1

N −M

N−1∑
n=M

∫
X
f0 · T a1(n)f1 · T a2(n)f2 · T a3(n)f3 dµ ≥ (µ(A))4 − ϵ,

with f0 = f1 = f2 = f3 = 1A. The basic approach for calculating the limit of such averages
is to find appropriate factors of each system, called characteristic factors, which control their
assymptotic behavior in L2(µ). We are thus allowed to reduce matters to the case where the
system is the characteristic factor and this typically facilitates calculations. For Theorem 1.14
we will show that the Kronecker factor is characteristic, which basically means the following.

Lemma 1.17. Let (X,X , µ, T ) be an ergodic measure-preserving system with Kronecker factor
K (T ) and let K be the σ-algebra corresponding to the Kronecker. Then, for any f, g ∈ L∞(µ)
we have that (notation and terminology is defined in Chapter 2)

∥∥∥∥∥∥ 1

|IN |
∑
n∈IN

Uan
T f · U bn

T g − 1

|IN |
∑
n∈IN

Uan
T E(f |K ) · U bn

T E(g|K )

∥∥∥∥∥∥
L2(µ)

N→∞−−−−→ 0, (1.2)

for any sequence (IN )N∈N of integer intervals whose lengths tend to infinity.

Then we are left with establishing the result for a Kronecker system, which is always isomor-
phic to an ergodic rotation on some compact abelian group, and that simplifies our objective.

For Theorem 1.15 we shall appeal to the theory of nilsystems introduced in Chapter 3. This
time, the characteristic factor of the relevant averages is Z2, which is conveniently associated
to the seminorm ||| · |||3. Using approximation arguments and the so-called structure theorem by
Host and Kra, we will be able to reduce matters to the case where the factor Z2 is an ergodic
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2-step nilsystems. From then on, some equdistribution results and a generalization of a limit
formula of Ziegler by Leibman, in the setting of nilsystems, will yield the desired result.

Finally, for Theorem 1.16 we want to study ergodic averages of the form

1

|IN |
∑
n∈IN

T p1(n)f1 · · ·T pk(n)fk, (1.3)

for intervals (IN )N∈N whose lengths tend to infinity, where pj : N → Z and fj , j ∈ {1, . . . , k}
are as in the statement of Theorem 1.16. The first step of this process is the PET induction
argument of Chapter 6, from which we infer that for some s ∈ N the characteristic factor of the
averages in (1.3) is Z2 and this depends only on the polynomials p1, . . . , pk. Our preparation for
the main result continues in Chapter 7 where we first find necessary and sufficient conditions
for sequences of integer polynomials a1, . . . , ak to be jointly ergodic. As defined there, joint
ergodicity of these sequences means that the averages

1

N

N∑
n=1

T a1(n)f1 · · ·T ak(n)fk, N ∈ N, (1.4)

converge in the L2(µ)-norm to the product of the integrals of the individual functions asN → ∞.
In the second part of the same chapter we expand this result by characterizing those integer
polynomials a1, . . . , ak for which the rational Kronecker is a characteristic factor for convergence
of the averages in (1.4). The climax of this extended argument is presented in Chapter 8, where
we prove that linearly independent, integer polynomials with zero constant term satisfy some
conditions which make the rational Kronecker a characteristic factor for such polynomials, along
with another condition, that of ”good divisibility”. These conditions together are then shown
to imply the Khintchine-type lower bound that we initially wanted to prove.

1.3 Structure of the thesis

We also display here a somewhat more detailed presentation of the thesis’ structure than the
one we have rapidly described already.

This dissertation is divided into three parts. The first one consists of two introductory
chapters. Chapter 2 is a general introduction to ergodic theory. We discuss measure-preserving
systems and their factors, general and special recurrence results, the mean ergodic theorem, the
correspondence principle of Furstenberg, Van der Corput’s lemma, the spectral theorem and
many more basic concepts. All the results, comments and ideas presented are necessary tools
for one to understand the main theorems and their proofs. Almost everything presented in this
chapter is proven in great detail and due to its generality and accesibility it constitutes–in my
humble opinion–a decent, quick introduction to ergodic theory at a graduate level. Much of
this chapter’s content can be found in [5]. The next chapter, Chapter 3, is devoted to the more
specific theory of ergodic seminorms and nilsystems and much of it is in accordance with [16].
This chapter is shorter than the previous one and strictly focuses on those results that arise in
our main work, in order to facilitate the presentation. To anyone with enough experience in
ergodic theory the first part is unnecessary, as the theory and most of the techniques we use
are well known and will seem rather ordinary, apart (perhaps) from a few arguments, which are
not the most typical throughout the literature.

In the second part, titled ”The case of linear exponents” for obvious reasons, we prove
the extensions of Khintchine’s and Furstenberg’s theorems, that is, Theorems 1.14 and 1.15.
This part also consists of two chapters. In Chapter 4 we begin by showing that the ergodicity
assumption is necessary for both theorems and continue to disprove an analogous lower bound
for the case of more than three iterates. In fact, we construct a counterexample of an ergodic
system for an analogue of Theorem 1.15 with the iterates Tn, T 2n, T 3n and T 4n. Moreover,
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we do some preparatory work in order to make the proofs of the general results appear more
natural and digestible. For Theorem 1.14 we prove the special case where the Kronecker is
an irrational rotation on the torus and for Theorem 1.15 we prove the special case where the
underlying transformation, T , is a specific skew-product. The other chapter of this part contains
the proofs of the general results, which follow the course described in the previous section.

The third and final part regards the proof of the polynomial Szemerédi theorem with
Kintchine-type lower bounds. Chapter 6 is completely devoted to the PET induction argu-
ment, for which we follow the method introduced in [16], Chapter 21 and, ultimately, using this
argument and another clever but very simple trick, to the proof of the following proposition.

Proposition 1.18. If p1, ..., pk : N → Z is a family of essentially distinct, non-constant, integer
polynomials, then there exists some s ∈ N, so that for any system (X,X , µ, T ) and functions
f1, f2, ..., fk ∈ L∞(µ), the factor Zs(X) is characteristic for the averages

1

|IN |
∑
n∈IN

T p1(n)f1 · T p2(n)f2 · · ·T pk(n)fk,

where (IN )N∈N is any sequence of intervals whose lengths tend to infinity.

In Chapter 7 we prove the result which characterizes joint ergodicity of sequences and also
provide necessary and sufficient conditions for a family of integer polynomials to have the
rational Kronecker as a characteristic factor. To be specific, the two main theorems we show in
this chapter are the following.

Theorem 1.19. Let S ⊆ [0, 1) be a set with countable complement in [0, 1). The family of
sequences a1, a2, . . . , ak : N → Z is jointly ergodic for all ergodic systems with spectrum in S
if and only if it is good for equidistribution on S and good for seminorm estimates for these
systems, according to Definition 7.2.

Theorem 1.20. Let a1, . . . , ak : N → Z be a family of sequences. Then, for every system
(X,X , µ, T ) the factor Krat is characteristic for the sequences a1, . . . , ak if and only if these
sequences are good for seminorm estimates and good for irrational equidistribution, according
to Definition 7.2.

In both cases the necessity is an easy task. The proof of Theorem 1.19 avoids deep tools
from ergodic theory. However, since in its full generality it is notationally very complicated
and it would be very cumbersome to read, let alone to write, we present the detailed argument
for only two sequences, a1 and a2, and give a summary of the general case, avoiding the really
unnecessary details. After establishing Theorem 1.19 we will use that, as well as a structure
theorem of Host and Kra (Theorem 10.1, [14]) according to which, any ergodic system that has
the form of a structure factor, Zs, s ∈ N, (as in Definition 3.13) is in fact an inverse limit of
systems with finite rational spectrum, in order to obtain Theorem 1.20. These two chapters
constitute all the needful preparatory work for the main result. Then, in Chapter 7, we show first
that the conditions described in Theorem 1.20, combined with good divisibility properties (or
equivalently, the assumption that the sequences have zero constant terms) for some sequences
a1, . . . , ak, are enough for a polynomial Szemerédi theorem with Khintchine-type lower bound
to hold for those sequences. Namely, we obtain the next proposition.

Proposition 1.21. Let a1, ..., ak : N → Z be sequences with good divisibility properties, which
are also good for seminorm estimates and irrational equidistribution, according to Definition
7.2. Then for every system (X,X , µ, T ), every set A ∈ X and ϵ > 0 there exists a set S ⊆ N
of positive upper density, such that for all n ∈ S we have that

µ(A ∩ T−a1(n)A ∩ · · · ∩ T−ak(n)A) ≥ (µ(A))k+1 − ϵ. (1.5)

The same result holds for a syndetic set S.



16 CHAPTER 1.

At last, we conclude with the proof of Theorem 1.16 by showing in a simple manner that
integer polynomials without constant terms satisfy the three conditions that we demanded in
Proposition 1.21.

1.4 Proof sketches

We complete the introduction by offering proof sketches, which contain the most important and
distinguishable points in the proofs of the three main theorems of this exposition, as well as for
some notable intermediate results which turn out to be crucial steps prior to those proofs.

The first important result is a counterexample of Theorem 1.14 for non-ergodic systems.

Theorem 1.22. Let l ∈ N. Then, there exists a non-ergodic measure-preserving system
(X,B, µ, T ) and a subset A of X with µ(A) > 0, such that

µ(A ∩ T−nA ∩ T−2nA) ≤ 1

2
(µ(A))l,

for every n ∈ N.

Proof sketch of Theorem 1.22.
Step 1. We first prove Behrend’s theorem, according to which for large enough N ∈ N there
exists a subset of {1, 2, ..., N} of cardinality greater than Ne−4

√
logN , which does not contain

any arithmetic progressions of length three.
Step 2. Consider the system (T×T,B(T×T), µ, T ), with µ = mT×mT being the Haar measure
on T× T and the transformation T be defined by

T (x, y) = (x, y + x), for every (x, y) ∈ X.

Let also L be a subset of {1, . . . , N} with the properties described in Behrend’s theorem and
let

A := T×B, where B :=
⋃
i∈L

[
i

2N
,
i

2N
+

1

4N
).

Step 3. With simple calculations depending on the nature of A we show that

µ(A ∩ T−nA ∩ T−2nA) ≤ mT(B)

4N
,

for all n ∈ N.
Step 4. We conclude by showing that for any l ∈ N we have that

mT(B)

4N
≤ 1

2
(µ(A))l.

We continue with another negative result, proving that Khintchine-type lower bounds do not
hold for the linear iterates Tn, T 2n, T 3n, T 4n.

Theorem 1.23. Let l ∈ N. Then, there exists an ergodic dynamical system (X,B, µ, T ) and a
subset A of X with µ(A) > 0, such that

µ(A ∩ T−nA ∩ T−2nA ∩ T−3nA ∩ T−4nA) ≤ 1

2
(µ(A))l, for every n ∈ N.
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Proof sketch of Theorem 1.23.
Step 1. We prove a theorem by Ruzsa which states that for any N ∈ N there exists a subset
of {1, 2, ..., N} of cardinality greater than Ne−4

√
logN , which does not contain any quadratic

configurations of 5 terms.
Step 2. Let L be a subset of {1, 2, ..., N − 1} satisfying the properties of Ruzsa’s construction.
Then, consider the set

B :=
⋃
i∈L

Ii =
⋃
i∈L

[
i

4N
,
i

4N
+

1

16N
).

We show a lemma according to which if x, y, z ∈ T are such that the points ai = x + iy + i2z
(mod 1) are in B for i = 0, 1, 2, 3, 4, then {2y} ∈ [0, 1

4N ) ∪ (4N−1
4N , 1].

Step 3. Let a ∈ R \Q and (X,B, µ, T ) be the dynamical system with X = T×T, B being the
Borel σ-algebra, µ = mT ×mT the Haar measure on X and T : X → X be a transformation
defined by

T (x, y) = (x+ a, y + 2x+ a), for every (x, y) ∈ X.

We consider some sets L and B as in step 2 and set A := T×B. We prove that

µ(A ∩ T−nA ∩ T−2nA ∩ T−3nA ∩ T−4nA) ≤ mT(B)

2N
,

for any n ∈ N using the lemma of the previous step.
Step 4. We conclude the proof by establishing the bound

mT(B)

2N
≤ (µ(A))l

2
,

for any l ∈ N using similar calculations as in step 4 of the previous theorem.

Next, we present proof sketches for the two main linear-case theorems. The first one is Theorem
1.14, which states that if (X,D , µ, T ) is an invertible, ergodic system, then for every a, b ∈ N, ϵ >
0 and A ∈ D with µ(A) > 0, there exists n ∈ N, such that

µ(A ∩ T−anA ∩ T−bnA) ≥ µ(A)3 − ϵ. (∗)

In fact, there exists a syndetic set of natural numbers, S, such that (∗) holds for any n ∈ S.

Proof sketch of Theorem 1.14. We want to study the assymptotic behavior of the averages

1

N −M

N−1∑
n=M

∫
X
f · T ang · T bnh dµ.

Step 1. We initially assume that the system is totally ergodic and that the Kronecker, K ,
has the form (G,G ,m,Rα), where G is a connected, compact, abelian group, G is the Borel
σ-algebra, m the Haar measure and Rαx = x+α, for some α ∈ G, such that {nα : n ∈ Z} = G.
The first step is to prove that the Kronecker factor is characteristic for the L2(µ)-convergence of
those averages, which allows us to reduce matters to the case of a Kronecker system. Precisely,
we prove that for any a, b ∈ N, any functions f, g, h ∈ L∞(µ) and V ⊂ G open, such that the
set S := {n ∈ N : nα ∈ V } ⊂ N is syndetic, the limits

lim
N−M→∞

1

|SN ∩ [M,N ]|

N−1∑
n=M

1S(n)

∫
X
f · T ang · T bnh dµ
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and

lim
N−M→∞

1

|SN ∩ [M,N ]|

N−1∑
n=M

1S(n)

∫
T
E(f |K ) ·Ran

α E(g|K ) ·Rbn
α E(h|K ) dm

are equal, where SN = {1 ≤ n ≤ N : n ∈ S}.
Step 2. We apply the above equality for Sδ := {n ∈ N : nα ∈ B(0, δ)}, for δ > 0, in place of S.
By the equidistribution of (nα)n∈N in G, which holds because T was assumed totally ergodic,
and considering an appropriate Riemann-integrable function, we obtain that

lim
N−M→∞

1

|Sδ ∩ [M,N ]|

N−1∑
n=M

1S(n)

∫
X
f · T ang · T bnh dµ =

1

m(B(0, δ))

∫
B(0,δ)

∫
G
E(f |K )(x) · E(g|K )(x+ at) · E(h|K )(x+ bt) dm(x) dm(t).

Step 3. Then, a simple continuity argument for the above integrand with f = g = h = 1A

implies that for any ϵ > 0 there exists small enough δ > 0, such that

1

m(B(0, δ))

∫
B(0,δ)

∫
G
E(f |K )(x) ·E(g|K )(x+at) ·E(h|K )(x+ bt) dm(x) dm(t) ≥ (µ(A))3− ϵ.

Hence we conclude with the case of totally ergodic systems.
Step 4. For general systems, since the Kronocker is an inverse limit of systems with finite
rational Kronecker factor, we use an approximation argument to replace the functions E(f |K )
and E(g|K ),E(h|K ) with their analogous projections on such a system, in the equation of the
limits in step 1. This is enough to conclude, as in the previous case.

Following, we provide a proof sketch for Theorem 1.15 according to which, if we let (X,D , µ, T )
be an invertible, ergodic system, then for every a, b ∈ N, c = a + b, ϵ > 0 and A ∈ D with
µ(A) > 0, the set

S := {n ∈ N : µ(A ∩ T−anA ∩ T−bnA ∩ T−cnA) ≥ (µ(A))4 − ϵ}

is syndetic.

Proof sketch of Theorem 1.15.
Step 1. Assume first that the system is totally ergodic. Using an approximation argument
we can assume that the factor Z2 is an ergodic 2-step nilsystem, say (G/Γ,G /Γ,m, Tα), with
X = G/Γ connected. Then, we can assume that G2 is a connected, compact, abelian Lie group
and thus a finite dimensional torus with Haar measure λ and in a similar fashion, Z := G/(G2Γ),
is also a finite dimensional torus with the Haar measure λ′. Let π : X → Z denote the natural
projection and a0 = π(αΓ) and S := {n ∈ N : na0 ∈ V }, with V some open subset of Z. We
show that if E(fi|Z2) = 0, for i = 1, 2, 3, then

lim
N−M→∞

1

N −M

N−1∑
n=M

1S(n) · T anf1 · T bnf2 · T cnf3 = 0 (1.6)

in L2(µ). To do this we first observe that we can assume that gcd(a, b, c) = 1 and using an
approximation argument, we can show that (1.6) holds for χ(na0) instead of 1S(n), where χ is
any character of Z. With our additive notation on Z, χ(na0) is simply χ(αnG2Γ) = χ◦π(αnΓ),
for any n ∈ N and in order to establish our claim it suffices to show that

lim
N−M→∞

1

N −M

N−1∑
n=M

T an(f1 · χ(a′a0)) · T bn(f2 · χ(b′a0)) · T cn(f3 · χ(c′a0)) = 0
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in L2(µ), which we know to hold because the factor Z2 is characteristic for the convergence of
the above averages and E(f1|Z2) = 0 implies that E(f1 · χ(a′a0)|Z2) = 0 as well.
Step 2. Next, for δ > 0 fixed, we consider the set

Sδ := {n ∈ N : na0 ∈ B(0, δ)},

in place of S. The sequence (na0)n∈N is equidistributed in Z, which means that

lim
N−M→∞

|Sδ ∩ [M,N)|
N −M

= λ′(B(0, δ)) = m(B(G2, δ)) > 0, (1.7)

where the last equality holds because π−1(B(0, δ)) = B(G2, δ). Therefore, (1.6) gives that for
f0, f1, f2, f3 ∈ L∞(µ) we have

lim
N−M→∞

1

|Sδ ∩ [N −M)|

N−1∑
n=M

1Sδ
(n)

∫
X
f0 · T anf1 · T bnf2 · T cnf3 dµ =

lim
N−M→∞

1

|Sδ ∩ [N −M)|

N−1∑
n=M

1Sδ
(n)

∫
X
h0 · T anh1 · T bnh2 · T cnh3 dµ, (1.8)

where hi = E(fi|Z2), for i = 0, 1, 2, 3.
Step 3. We continue to calculate the second limit in (1.8) by showing that it equals

1

m(B(G2, δ))

∫
X

∫
B(G2,δ)

∫
G2

ho(gΓ) · h1(gga1g
(a2)
2 Γ) · h2(ggb1g

(b2)
2 Γ)·

h3(gg
c
1g
(c2)
2 Γ) dλ(g2) dm(g1Γ) dm(gΓ). (1.9)

The first step in showing this is to use Ziegler’s theorem, according to which, for m-almost every
x = gΓ we have that

lim
N−M→∞

1

N −M

N−1∑
n=M

χ(na0) · h1(αanx) · h2(αbnx) · h3(αcnx) =∫
X

∫
G2

χ(g1G2Γ) · h1(gga1g
(a2)
2 Γ) · h2(ggb1g

(b2)
2 Γ) · h3(ggc1g

(c2)
2 Γ) dλ(g2) dm(g1Γ).

Then with some easy observations we turn this equality into the following

lim
N−M→∞

1

N −M

N−1∑
n=M

1Sδ
(n)

∫
X
h0(x) · h1(αanx) · h2(αbnx) · h3(αcnx) dm(x) =∫

X

∫
B(G2,δ)

∫
G2

h0(gΓ) · h1(gga1g
(a2)
2 Γ) · h2(ggb1g

(b2)
2 Γ) · h3(ggc1g

(c2)
2 Γ) dλ(g2) dm(g1Γ) dm(gΓ),

which, in light of (1.7), becomes the desired identity.
Step 4. For f0 = f1 = f2 = f3 = 1A, so that h0 = h1 = h2 = h3 = E(1A|Z2), which we denote
by g̃, we want to bound the quantity in (1.9) for some appropriate δ > 0. To begin with, by
the continuity of the function in question with respect to the variable δ, we see that the limit
of (1.9) as δ → 0 is∫

X

∫
G2×G2

g̃(gΓ) · g̃(gga1g
(a2)
2 Γ) · g̃(ggb1g

(b2)
2 Γ) · g̃(ggc1g

(c2)
2 Γ) dλ(g2) dλ(g1) dm(gΓ),

which becomes∫
X

∫
G2×G2×G2

g̃(gx) · g̃(gga1g
(a2)
2 x) · g̃(ggb1g

(b2)
2 x) · g̃(ggc1g

(c2)
2 x) dλ(g) dλ(g2) dλ(g1) dm(x). (1.10)
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We next use a computation established in Lemma 3.39, from which it follows that the set

{(g, gga1g
(a2)
2 , ggb1g

(b2)
2 , ggc1g

(c2)
2 : g, g1, g2 ∈ G2}

is equal to the set
{(ua+b, tub−a, tvb−a, va+b) : u, t, v ∈ G2}.

This implies that the integral in (1.10) is equal to∫
X

∫
G2×G2×G2

g̃(ua+bx) · g̃(tub−ax) · g̃(tvb−ax) · g̃(va+bx) dλ(t) dλ(u) dλ(v) dm(x).

But this turns out to be greater than or equal to(∫
X
g̃(x) dm(x)

)4

= (µ(A))4,

which allows us to conclude in the case of totally ergodic systems.
Step 5. In the general case we recall that every nilsystem has finite rational Kronecker and
that the factor Z2 is an inverse limit of nilsystems. Then, an approximation argument allows
us to replace the functions E(fi|Z2), for i = 0, 1, 2, 3, with their projections on such a system
in the equation (1.8). Then, working with the transformation T r, which for appropriate r ∈ N
has ergodic components which are totally ergodic, we can conclude as in the previous case.

For the polynomial Szemerédi with Khitchine-type lower bounds we need a series of inter-
mediate results, the first one being the following proposition, the proof of which relies on the
PET induction argument.

Proposition 1.24. Let Ph = {ph,1, ph,2, ..., ph,m} be a family of essentially distinct, integer
polynomials indexed by k parameters, for some k ∈ N, some m ∈ N and h ∈ Nk. Then, there ex-
ists some s ∈ N, such that for any system (X,X , µ, T ), any functions f1, fN,h,2, fN,h,3, ..., fN,h,m ∈
L∞(µ), N ∈ N, which are uniformly bounded with |||f1|||s+1 = 0, and any sequence (IN )N∈N of
intervals whose lengths tend to infinity, we have that

lim
N→∞

1

|IN |
∑
n∈IN

∫
X
T ph,1(n)f1 · T ph,2(n)fN,h,2 · · ·T ph,m(n)fN,h,m dµ = 0, (1.11)

for almost all h ∈ Nk.

Proof sketch of Proposition 1.24. For any h ∈ Nk, let

Jh := lim sup
N→∞

∣∣∣∣∣∣ 1

|IN |
∑
n∈IN

∫
X
T ph,1(n)f1 · T ph,2(n)fN,h,2 · · ·T ph,m(n)fN,h,m dµ

∣∣∣∣∣∣ .
The goal is to show that Jh = 0 for almost all h ∈ Nk and we do this through an inductive
argument. Our plan basically consists of showing that the statement holds for Ph, that is,
Jh = 0 for almost all h ∈ Nk, under the condition that the analogous statement holds for all
regular polynomial families with types strictly smaller than (d,wd, wd−1, . . . , w1). The type is
basically a vector corresponding to each polynomial family on the size of which our induction
argument is based.
Step 1. For m = 1 it is easy to see that Jh ≤ |||f1|||1, so that we can choose s = 1. We also show
that we do not lose generality by assuming the family Ph to be regular, that is, with maximum
degree among the polynomials ph,1, ph,2, ..., ph,m that of ph,1, for almost all h ∈ Nk.
Step 2. We permute the polynomials if necessary (we actually prove this is possible), so that
for almost all h ∈ Nk we have that
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(i) min{deg(ph,2), deg(ph,3), . . . ,deg(ph,m)} = deg(ph,m)

(ii) max{deg(ph,1 − ph,2),deg(ph,1 − ph,3), . . . ,deg(ph,1 − ph,m)} = deg(ph,1 − ph,m).

Moreover we consider the polynomials defined by

qh,j := ph,j − ph,m, for j = 1, 2, . . . ,m− 1

and the family Qh := {qh,1, qh,2, . . . , qh,m−1}. Then, the family Qh is regular, has type strictly
less than that of Ph and is such that

Jh ≤ lim sup
N→∞

∥∥∥∥∥∥ 1

|IN |
∑
n∈IN

T qh,1(n)f1 · T qh,2(n)fN,h,2 · · ·T qh,m−1(n)fN,h,m−1

∥∥∥∥∥∥
L2(µ)

,

for almost all h ∈ Nk.
Step 3. For deg(qh,1) = 1 we can easily conclude by Proposition 3.7, letting s = m − 1. Else,
we let

I := {i : 1 ≤ i ≤ m− 1, with deg(qh,i) > 1}, J := {1, 2, . . . ,m− 1} \ I,
define the polynomials

rk,i(n) := qh,i(n+ hk+1), for n ∈ N, and i ∈ I,

and consider the family

Rh =

(⋃
i∈I

qh,i

)
∪

(⋃
i∈I

rk,i

)
∪

(⋃
i∈J

qh,i

)
.

Then, Rk is a regular family indexed by k + 1 elements, with the same type as Qh.
Step 4. Finally, by applying the Van der Corput lemma we show that

Jh ≤ lim sup
H→∞

1

H

H∑
hl+1=1

lim sup
N→∞

∣∣∣∣∣∣ 1

|IN |
∑
n∈IN

J(h,hk+1)(n)

∣∣∣∣∣∣ ,
where

J(h,hk+1)(n) =

∫
X
T qh,1(n)f1 · T qh,2(n)fN,h,2 · · ·T qh,m−1(n)fN,h,m−1·

T qh,1(n+hk+1)f1 · T qh,2(n+hk+1)qN,h,2 · · ·T qh,m−1(n+hk+1)fN,h,m−1 dµ,

for n, hk+1 ∈ N, and h ∈ Nk. For k = (h, hk+1) and appropriate functions gN,k,i ∈ L∞(µ), with
i = 1, 2, . . . , l, we get that

J(h,hk+1)(n) =

∫
X
T gk,1(n)gN,k,1 · T gk,2(n)gN,k,2 · · ·T gk,l(n)gN,k,l dµ,

and so we can apply the induction hypothesis for the family Qh and this allows us to conclude.

Using Proposition 1.24 we easily obtain the following result.

Proposition 1.25. If p1, ..., pm is a family of essentially distinct, non-constant integer poly-
nomials, then there exists some s ∈ N, so that for any system (X,X , µ, T ) and f1, f2, ..., fm ∈
L∞(µ), the factor Zs(X) is characteristic for the averages

1

|IN |
∑
n∈IN

T p1(n)f1 · T p2(n)f2 · · ·T pm(n)fm,

where (IN )N∈N is any sequence of intervals whose lengths tend to infinity.
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Proof sketch of Proposition 1.25. Let (IN )N∈N be a sequence of intervals whose lengths
tend to infinity, (X,X , µ, T ) be a measure preserving system and f1, f2, ..., fm ∈ L∞(µ) and
set

fN :=
1

|IN |
∑
n∈IN

T p1(n)f1 · T p2(n)f2 · · ·T pm(n)fm, for N ∈ N.

Then we simply have to apply Proposition 1.24 for the polynomial family p1, . . . , pm, pm+1 with
pm+1 = 0 and the functions f1, ..., fm, fN , for N ∈ N.

The next important result is Theorem 1.19, which states that if S ⊆ [0, 1) has a countable
complement in [0, 1) then, the family of sequences a1, a2, . . . , ak : N → Z is jointly ergodic for
all ergodic systems with spectrum in S if and only if it is good for equidistribution on S and
good for seminorm estimates for these systems.

Proof sketch of Theorem 1.19. The necessity being simple we deal with the sufficiency of
the claim. First we do it for k = 2, so we want to prove that if S ⊆ [0, 1) has countable
complement in [0, 1) and the sequences a, b : N → Z are good for equidistribution on S and
good for seminorm estimates for an ergodic system (X,B, µ, T ), with Spec(T ) ⊆ S, then for all
f, g ∈ L∞(µ) we have that

lim
N→∞

1

N

N∑
n=1

T a(n)f · T b(n)g =

∫
f dµ

∫
g dµ (1.12)

in L2(µ).
Step 1. We first show it in the special case where f , (similarly for g) is an eigenfunction. It is
enough to show that the assumption

∫
g dµ = 0 implies that

lim
N→∞

1

N

N∑
n=1

e2πia(n)tf · T b(n)g = 0

in L2(µ), where e2πit is the eigenvalue of f . By the spectral theorem we know that∥∥∥∥∥ 1

N

N∑
n=1

e2πia(n)t · T b(n)g

∥∥∥∥∥
2

2

=

∥∥∥∥∥ 1

N

N∑
n=1

e2πia(n)t−2πib(n)z

∥∥∥∥∥
2

L2(σg)

.

The result follows from the equidistribution assumption of a and b, the bounded convergence
theorem and the fact the the measure σg has no point masses for points outside of the spectrum
of T , as we show in Proposition 2.15.
Step 2. In the above context, let f, g ∈ L∞(µ) be such that

lim sup
N→∞

∥∥∥∥∥ 1

N

N∑
n=1

T a(n)f · T b(n)g

∥∥∥∥∥
L2(µ)

> 0. (1.13)

Then there exists a strictly increasing sequence (Nk)k∈N of positive integers and some 1-
bounded functions (fk)k∈N in L∞(µ), such that if f̃ is defined as the weak-limit of the sequence
1
Nk

∑Nk
n=1 T

−a(n)fk · T b(n)−a(n)ḡ, k ∈ N, the inequality

lim sup
N→∞

∥∥∥∥∥ 1

N

N∑
n=1

T a(n)f̃ · T b(n)g

∥∥∥∥∥
L2(µ)

> 0 (1.14)
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holds as well. This is not trivial. We need to consider the L2(µ)-closure of the linear span of
all sub-sequential weak-limits of sequences of the form

1

N

N∑
n=1

T−a(n)fN · T b(n)−a(n)ḡ,

where (fN )N∈N ⊆ L∞(µ) are 1-bounded functions. We shall represent this space by G . If
we assume that f is orthogonal to G and take a sub-sequential weak-limit of the sequence
fk := 1

Nk

∑Nk
n=1 T

a(n)f · T b(n)g, k ∈ N, we can show that

lim
N→∞

1

N

N∑
n=1

T a(n)f · T b(n)g = 0

in L2(µ). Assuming (1.13) to hold, there exists ϵ > 0, such that

lim sup
N→∞

∥∥∥∥∥ 1

N

N∑
n=1

T a(n)E(f |G ) · T b(n)g

∥∥∥∥∥
L2(µ)

> ϵ

and by the definition of G we conclude this step with an easy approximation argument on
E(f |G ), which belongs to G .
Step 3 We prove that if (X,B, µ, T ) is an ergodic system and f ∈ L∞(µ) is 1-bounded, then

|||f |||42 ≤ supχ∈E (T )ℜ
(∫

f · χ dµ
)
, (1.15)

where E (T ) is the set of eigenvalues of T with unit modulus. This immediately implies that if
|||f |||2 > 0, then there exists χ ∈ E (T ) so that ℜ

(∫
f · χ dµ

)
> 0. More generally, if |||f |||s+2 > 0,

for s ∈ N, then there exists a χn ∈ E (T ), n ∈ Ns, such that

lim inf
N→∞

1

N s

∑
n∈[N ]s

ℜ
(∫

∆nf · χn dµ

)
> 0.

In order to do this we first observe that |||f |||2 = |||E(f |K (T ))|||2, where K (T ) is the Kronecker
factor, since

f ⊥ K (T ) =⇒ |||f |||2 = 0.

Then we consider a countable orthonormal basis of the Kronecker, expand E(f |K (T )) as a
Fourier series and show the analogous result with (non-trivial) calculations for. E(f |K (T )).
Step 4. Using step 3 and the Cauchy-Schwarz-Gowers inequality (which we prove in the same
chapter) we obtain an important positiveness property for iterated differences of the functions
appearing in an average with some positive seminorm. Precisely, we let (X,B, µ, T ) be an
ergodic system and for some Nk → ∞ and 1-bounded functions (fk)k∈N in L∞(µ), f̃ be defined
as the weak-limit of the sequence 1

Nk

∑Nk
n=1 gk,n, where gk,n := T−a(n)fk · T b(n)−a(n)ḡ, k, n ∈ N

and we assume that f̃ is such that |||f̃ |||s+2 > 0, for some s ∈ N0. We prove that

(i) if s = 0, then there exists χ ∈ E (T ) such that

lim sup
k→∞

1

Nk

Nk∑
n=1

ℜ
(∫

fk · T b(n)ḡ · T a(n)χ dµ

)
> 0 (1.16)

(ii) and if s ∈ N, then there exist χn,n′ ∈ E (T ), n, n′ ∈ Ns, such that

lim inf
N→∞

1

N2s

∑
n,n′∈[N ]s

lim sup
k→∞

1

Nk

Nk∑
n=1

ℜ
(∫

(∆n−n′fk) · T b(n)(∆n−n′ ḡ) · T a(n)χn,n′ dµ

)
> 0.

(1.17)
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Step 5. The final step in the first case of two functions is a degree lowering property. We
actually show that if S ⊆ [0, 1) has countable complement in [0, 1), (X,B, µ, T ) is an ergodic
system with Spec(T ) ⊆ S, the sequences a, b : N → Z are good for equidistribution on S and
for some s ∈ Z+ the seminorms ||| · |||s+2 control the averages

lim
N→∞

1

N

N∑
n=1

T a(n)f · T b(n)g,

then the seminorms ||| · |||s+1 also control those averages. In order to prove this property we shall
use the key facts we recovered in steps 2 and 4. The proposition we want to show is a simple
corollary of this property because, after iterating the degree lowering property (s + 1)−times,
it follows that the seminorms ||| · |||1 also control the averages in (1.12), but |||f |||1 =

∣∣∫ f dµ∣∣ and
step 1 assures that the result is true for constant functions.
Step 6. Of course we are still left with the general case of more than 2 functions. This time
the spectral theorem is not applicable, so we change our tactic and use an induction argument.
For some m ∈ {1, ..., k}, let (Pm) be the property:

(Pm) If fj ∈ E (T ) for at least k −m values of j ∈ {1, ..., k}, then

lim
N→∞

1

N

N∑
n=1

T a1(n)f1 · T a2(n)f2 · · ·T ak(n)fk =
k∏

i=1

∫
fi dµ.

The theorem follows from the validity of (Pk). Now, (P1) can be obtained as before (in the
step 1) using the spectral theorem and the good equidistribution assumption of the sequences.
The proof is completed once we can show that (Pm) implies (Pm+1) for any m ∈ {1, . . . , k− 1}.
This is achieved through another degree lowering property argument. We already know that if
|||fj |||s0+2 = 0, for some j ∈ {1, 2, ..., k}, then the averages in the equation of (Pm) converge to
0 and the plan is to once again show a degree lowering property, namely that, the seminorms
||| · ||||s0+1 also control these averages if fj ∈ E (T ), j = m + 2, ..., k. This would be sufficient,
since after iterating this property s0 + 1 times we get that the seminorms ||| · |||1 also control
the averages and this establishes (Pm+1).

We use Theorem 1.19 in order to obtain another crucial intermediate result regarding char-
acteristic factors for sequences. Namely, we show Theorem 1.20 which gives the following
equivalence for any family of sequences a1, ..., ak : N → Z. For every system (X,X , µ, T ), the
factor Krat is characteristic for the sequences a1, ..., ak if and only if these sequences are good
for seminorm estimates and good for irrational equidistribution.

Proof sketch of Theorem 1.20.
Step 1. The necessity of the conditions is simple. Indeed, if we let f1, . . . , fk ∈ L∞(µ) for some
system (X,X , µ, T ) and assume that the factor Krat is characteristic, then the seminorms ||| · |||2
control the averages

1

N

N∑
n=1

T a1(n)f1 · · ·T ak(n)fk

and so the sequences are good for seminorm estimates. For the irrational equidistribution
consider some eigenvalues corresponding to some functions f1, . . . , fk, with e

2πit1 being that of
f1, for t1 ∈ R \Q. Then f1 turns out to be orthogonal to the rational Kronecker, so the limit
of the above averages is zero and then we easily conclude.
Step 2. Let a1, .., ak : N → Z be sequences that are good for seminorm estimates for a system
(X,X , µ, T ) and the system (X×X,X ⊗X , µ×µ, T ×T ). First of all, this assumption means
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that there exists an s ∈ N such that, if g1, ..., gk ∈ L∞(µ) and there is a j ∈ {1, ..., k} with
|||gj |||s = 0, it follows that

lim
N→∞

1

N

N∑
n=1

T a1(n)g1 · · ·T ak(n)gk = 0

in L2(µ). If in addition, |||gj |||s+1 = 0 for some j ∈ {1, ..., k}, then for any bounded complex
sequence (cn)n∈N we show that moreover

lim
N→∞

1

N

N∑
n=1

cn · T a1(n)g1 · · ·T ak(n)gk = 0

in L2(µ).
Step 3. Using the result of step 2 and other non-trivial techniques we show that if the sequences
a1, ..., ak : N → Z are good for seminorm estimates and irrational equidistribution, then so are
the sequences b1, ..., bk : N → Z defined by

bj(n) :=

m−1∑
r=0

1mZ+r(aj(n))
aj(n)− r

m
, j ∈ {1, ..., k}, n ∈ N,

for some m ∈ N fixed.
Step 4. We make the first simplification. It suffices to prove the result in the case of ergodic
systems. That is, under the assumption that a1, . . . , ak are good for seminorm estimates and
irrational equidistribution, then it is enough to show that for any ergodic system the factor
Krat is characteristic. Then, the same is true for all measure-preserving systems. For that we
basically need to show that E(f |Krat(µ)) = 0 implies that E(f |Krat(µx)) = 0, for µ-almost
every x ∈ X, which follows from the ergodic decomposition of µ and the fact that the spectral
measure σf has no mass on rational points, since f is orthogonal to the rational Kronecker.
Henceforth, we assume that (X,X , µ, T ) is ergodic, a1, ..., ak are good for seminorm estimates
for this system and good for irrational equidistribution. Then for any family f1, ..., fk ∈ L∞(µ)
with E(fj |Krat(T )) = 0, for some j ∈ {1, ..., k}, our goal is to show that

lim
N→∞

1

N

N∑
n=1

T a1(n)f1 · · ·T ak(n)fk = 0

where the limit is in L2(µ).
Step 5. We can moreover reduce matters to showing that the Kronecker factor K (T ) is char-
acteristic for L2(µ) convergence of the averages

1

N

N∑
n=1

T a1(n)f1 · · ·T ak(n)fk.

This is easily obtained by using the orthogonal decomposition of the functions with respect to
the factor K (T ) and the irrational equidistribution of a1, . . . , ak.
Step 6. We can further assume that the system (X,X , µ, T ) has finite rational spectrum.
Firstly, there exists s ∈ N so that the seminorms ||| · |||s control the averages of step 5. Thus,
writing E(fi|Zs(T )) + f̃i, where E(f̃i|Zs(T )) = 0, instead of fi, for i ∈ {1, ...k}, we can assume
that X = Zs(T ). Next, by the Host-Kra structure theorem, the system (X,X , µ, T ) is an
inverse limit of systems with finite rational spectrum and so with a typical approximation
argument we obtain this final reduction.
Step 7. After all these reductions we first observe that for sequences b1, . . . , bk as in step 3 we
get that

T aj(n)fj = Sbj(n)(T rj,nfj),
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where S := Tm, for appropriate rj,n ∈ {0, 1, ...,m − 1}, any j = 1, . . . , k and any n ∈ N.
Substituting in the averages of step 5, we obtain a sum of mk weighted averages of the form

1

N

N∑
n=1

cn · Sb1(n)(T r1(f1)) · · ·Sbk(n)(T rk(fk)),

where N ∈ N, r1, ..., rk ∈ {0, 1, ...,m − 1} and cn is either 0 or 1 for each n ∈ N. Therefore,
we are left with proving that for a system (X,X , µ, S) with trivial rational spectrum, if the
sequences b1, ..., bk : N → Z are good for irrational equidistribution and seminorm estimates,
E(f1|K (S)) = 0 and (cn)n∈N is a bounded sequence, then

lim
N→∞

1

N

N∑
n=1

cn · Sb1(n)f1 · · ·Sbk(n)fk = 0,

in L2(µ). We show the details in the actual proof.

We say that family of sequences a1, . . . , ak : N → Z has good divisibility properties if for
every r ∈ N we have that

d̄({n ∈ N : a1(n) ≡ 0, . . . , ak(n) ≡ 0 (mod r)}) > 0.

The last result from which the main theorem follows is Proposition 1.21, namely that, if
a1, ..., ak : N → Z are sequences with good divisibility properties, which are also good for
seminorm estimates and irrational equidistribution, then for every system (X,X , µ, T ), every
set A ∈ X and ϵ > 0 there exists a set S ⊆ N of positive upper density, such that for all n ∈ S
we have

µ(A ∩ T−a1(n)A ∩ · · · ∩ T−ak(n)A) ≥ (µ(A))k+1 − ϵ. (1.18)

Proof sketch of Proposition 1.21.
Step 1. Let (X,X , µ, T ), A and ϵ be as in the statement. Then, for any l ∈ N we show that
there exists k ∈ N so that

∥E(1A|Krat)− E(1A|Kl)∥L2(µ) ≤
ϵ

k
.

Step 2. Next, we consider the averages

1

|Sl ∩ [Nm]|
∑

n∈Sl∩[Nm]

T a1(n)f1 · · ·T ak(n)fk, (1.19)

where [Nm] = {1, ..., Nm} and f1, ..., fk ∈ L∞(µ), m ∈ N and the sequence (Nm)m∈N is such
that

lim
m→∞

|Sl ∩ {1, ..., Nm}|
Nm

> 0,

for Sl := {n ∈ N : a1(n) ≡ 0, . . . , ak(n) ≡ 0 (mod l)} and we show that the factor Krat is
characteristic for the averages (1.19). In order to do this this we consider a cyclic group of
order l with identity e, say G = ⟨g⟩ = {e, g, g2, ..., gl−1} . Moreover, we let R : G → G with
R(gm) = gm+1, for m ∈ N, be the shift transformation on G and consider the dynamical system
(G,G , ν, R). If 1{e} is the indicator of e then it is trivial to see that the averages in (1.19) are
the same as the averages

Nm

|Sl ∩ [Nm]|

(
1

Nm

Nm∑
n=1

(T ×R)a1(n)(f1 ⊗ 1{e}) · · · (T ×R)ak(n)(fk ⊗ 1{e})

)
(1.20)
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for every m ∈ N. Assuming that E(fj |Krat(T )) = 0 for some j ∈ {1, ..., k} we also have that
E(fj ⊗ 1{e}|Krat(T ×R)) = 0 and then the claim follows by way of Theorem 1.20.
Step 3. Setting f0 = f1 = ... = fk = 1A and combining steps 1 and 2 we get that

lim inf
m→∞

1

|Sl ∩ [Nm]|
∑

n∈Sl∩[Nm]

µ(A ∩ T−a1(n)A ∩ · · · ∩ T−ak(n)A)

is greater than or equal to

lim inf
m→∞

1

|Sl ∩ [Nm]|
∑

n∈Sl∩[Nm]

∫
E(1A|Kl) · T a1(n)E(1A|Kl) · · ·T ak(n)E(1A|Kl) dµ− ϵ.

However, for n ∈ Sl and j ∈ {1, . . . , k} we have that aj(n) ≡ 0 (mod l), hence T aj(n)E(1A|Kl) =
E(1A|Kl) and so the last limit is equal to∫

(E(1A|Kl))
k+1 dµ− ϵ ≥ (µ(A))k+1 − ϵ,

from which we can conclude.

We are finally in the position to prove Theorem 1.16, according to which for any linearly
independent integer polynomials p1, . . . , pk : N → Z, each with zero constant term, we have that
for every measure-preserving system (X,X , µ, T ), every set A ∈ X and ϵ > 0, there exists a
set S ⊆ N of positive upper density (and in fact, a syndetic set), such that for all n ∈ S we have

µ(A ∩ T−p1(n)A ∩ · · · ∩ T−pk(n)A) ≥ (µ(A))k+1 − ϵ.

Proof sketch of Theorem 1.16.
From Proposition 1.21 we only need to prove that such sequences have good divisibility prop-
erties and are good for seminorm estimates and irrational equidistribution. The divisibility
properties assumption follows from the fact that the polynomials have zero constant term and
we can infer the assumption regarding seminorm estimates by Proposition 1.25. Therefore, it
only remains for us to prove that linearly independent integer polynomials are good for irra-
tional equidistribution. To do this we choose t1, ..., tk ∈ [0, 1) not all rational, and consider the
polynomial

p(n) :=
k∑

j=1

tj · pj(n).

Then, it is enough to show that p has at least one irrational coefficient, because in this case, by
Weyl’s equidistribution theorem, the sequence ({p(n)})n∈N is equidistributed, so that

lim
N→∞

1

N

N∑
n=1

e2πip(n) = 0.

The argument for this final claim is not complicated and we leave the details for the proof.
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Chapter 2

Ergodic Theoretic Preliminaries

In this chapter we offer a general introduction to ergodic theory. The definitions and results that
we present here are either directly or at second hand used in the proofs of the main theorems
we seek to recover in this exposition, and overall they form a complete introduction to the
underlying philosophy of the field of ergodic theoretic. Much of the material that we choose to
display, as well as some relative background, can be found in the books of Einsiedler-Ward ([5])
and Furstenberg ([11]).

2.1 Measure-preserving systems

Throughout this thesis we work with the basic objects of study in ergodic theory, which are
measure-preserving systems. We begin with the definition of these objects and some examples
which hopefully illustrate the motivation behind this particular definition. Recall that a proba-
bility space is simply a triplet (X,X , µ), where X is any set, X is a σ-algebra of subsets of X
and µ is a probability measure on X, that is, µ(X) = 1. Of course, there is nothing particularly
exceptional with the choice of 1 as the measure of the whole space. We simply need µ to be a
finite measure and choose this value for regularity and simplicity.

Definition 2.1. Let (X,X , µ) be a probability space. If T : X → X is a transformation that
is measurable with respect to X , meaning that T−1A ∈ X , for all A ∈ X , then we say that
T preserves the measure µ, or that it is measure-preserving, if µ(T−1A) = µ(A), for every
A ∈ X . We then say that the measure µ is T -invariant and we call the quadruple (X,X , µ, T )
a measure-preserving system or sometimes, a dynamical system.

Remark 2.2. If in the context of Definition 2.1, T is an invertible transformation and its
inverse, T−1 : (X,X , µ) → (X,X , µ), is measurable, then µ(TA) = µ(A), for all A ∈ X .

The next proposition uses a well-known measure-theoretic technique and is useful because
it allows us to inspect whether a measurable transformation preserves some measure or not by
working on a smaller and simpler family of sets than the initial σ-algebra. Recall that a semi-
algebra of subsets of a set X is a non-empty family, which is closed under finite intersections
and for which, the complements of its sets are finite disjoint unions of other sets in this family.

Proposition 2.3. Let (X,X , µ) be a probability space and X0 ⊂ X be a semi-algebra which
generates X . Then, a transformation T : (X,X , µ) → (X,X , µ) is measure-preserving if and
only if it is measure-preserving when restricted to X0, that is,

µ(T−1A) = µ(A), for any A ∈ X0. (2.1)

29
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Proof. We will in fact show that, if T : X → X is such that, T−1A ∈ X and µ(T−1A) = µ(A),
for any A ∈ X0, then T : (X,X , µ) → (X,X , µ) is measure-preserving. To this end simply
observe that the set

F := {A ∈ X : T−1A ∈ X }
is a σ-algebra which contains X0, so that F = X and considering the measure ν : X → X ,
defined by

ν(A) := µ(T−1A), for any A ∈ X ,

we have that µ and ν agree on X0 and thus, by an application of the monotone class theorem,
they agree on X .

Notation 2.4. By Z+ we denote the non-negative integers. For measurable functions on a
probability space (X,X , µ) and a measurable transformation T : X → X, we usually write
Tf and we mean the composition f ◦ T . Also, by Tnf we denote the composition f ◦ Tn =
f ◦ T ◦ T · · · ◦ T , where Tn is the composition of T with itself n-times.

The next theorem provides us with another practical way to determine whether a transfor-
mation is measure preserving.

Theorem 2.5. Let (X,X , µ) be a probability space and T : X → X be a measurable (with
respect to the σ-algebra X ) transformation. Then T preserves the measure µ, if and only if∫

X
f(Tx) dµ =

∫
X
f(x) dµ, for any f ∈ L1(µ). (2.2)

Equivalently, µ is T -invariant, if and only if f → Tf is an isometry on L1(µ).

Proof. First, assume that (2.2) holds. Let A ∈ X be any set and put f := 1A ∈ L1(µ). Then,∫
X
1A(Tx) dµ =

∫
X
1A(x) dµ,

which becomes ∫
X
1T−1A(x) dµ =

∫
X
1A(x) dµ =⇒ µ(T−1A) = µ(A).

Conversely, our hypothesis implies that the equality
∫
X f(Tx) dµ =

∫
X f(x) dµ holds for all

functions of the form f := 1A ∈ L1(µ), for any A ∈ X and by linearity, it also holds for
simple functions. Now, let 0 ≤ f ∈ L1(µ). From a well-known approximation result there is
an increasing sequence of simple functions, (fn)n∈N, such that, fn ↗ f (pointwise). Therefore,
fn ◦ T ↗ f ◦ T and so, by the monotone convergence theorem, we have that∫

X
f(x) dµ = lim

n→∞

∫
X
fn(x) dµ = lim

n→∞

∫
X
fn(Tx) dµ =

∫
X
f(Tx) dµ.

Finally, if f : X → C is measurable and f ∈ L1(µ), we can write

f =
(
f+1 − f−1

)
+ i ·

(
f+2 − f−2

)
,

where f+1 , f
−
1 , f

+
2 , f

−
2 are non-negative and integrable functions, so that we reduce to the pre-

vious case.

For the purposes of this exhibition we can restrict our attention to measure-preserving
systems, (X,X , µ, T ), where (X,X , µ) is a Lebesgue probability space (also refereed to as
a standard probability space) and even to the case where X is a topological space that is
actually compact. If X is also the completion of the Borel σ-algebra of X, we call (X,X , µ) a
regular probability space. From now own, whenever we refer to a measure-preserving system,
(X,X , µ, T ), it will be assumed that X is a compact space. Thus, the following corollary of
Theorem 2.5 is applicable:
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Corollary 2.6. If (X,X , µ) is a regular probability space, then a measurable transformation
T : X → X preserves the measure µ, if and only if∫

X
f(Tx) dµ =

∫
X
f(x) dµ, for any f ∈ C(X). (2.3)

Proof. One direction of the equivalence follows trivially from Theorem 2.5, because continuous
functions are integrable for the finite measure µ. For the other direction, first define the measure
ν := µ ◦ T−1, which means that ν(A) = µ(T−1A), for every A ∈ X . It suffices to prove that
ν = µ. A typical argument shows that∫

X
f(x) dν =

∫
X
f(x) d(µ ◦ T−1) =

∫
X
f(Tx) dµ,

for all f ∈ L1(µ) and so our assumption means that∫
X
f(x) dν =

∫
X
f(x) dµ, for all functions f ∈ C(X).

But, the spaces (X,X , µ) and (X,X , ν) are regular and thus the measures µ and ν are regular,
meaning that for every A ∈ X and ϵ > 0 there exist compact sets K,K ′ and open sets O,O′

with K ⊂ A ⊂ 0 and K ′ ⊂ A ⊂ 0′, such that

µ(O \K) ≤ ϵ and ν(O′ \K ′) ≤ ϵ.

Then, the space C(X) is dense in both L1(µ) and L1(ν), and so a simple approximation argu-
ment shows that µ and ν are indeed equal.

We present some basic examples of measure-preserving systems below.

Example 2.7 (Circle rotation). Let X = [0, 1], where we identify 0 with 1, be equipped with
its Borel σ-algebra and let µ be the Lebesgue measure on [0, 1]. Then, for any α ∈ [0, 1] we can
define the transformation Tα : X → X, by Tαx = x+α (mod 1), x ∈ X. An alternative way to
view this system comes from identifying X with the compact quotient group R/Z. We call the
set T := R/Z the torus. We do this by identifying any element x ∈ X with its equivalence class
x + Z in R/Z. Moreover, the Lebesgue measure of X is identified with the normalized Haar
measure mT on T. Then, for Tα : T → T we avoid writing Ta(x+Z) = x+α+Z, but instead we
write once again Tαx = x+α (mod 1), x ∈ X. The system (X,B([0, 1]), µ, Tα) or equivalently,
(T,B(T),mT, Tα), is measure preserving. To see this we consider the semi-algebra of intervals
of [0, 1]. First of all, for any interval I ⊂ [0, 1], we have that T−1

α I ∈ B([0, 1]), because
T−1
α I = I − α (mod 1), which is either an interval or the disjoint union of two intervals in

[0, 1]. In addition, µ(T−1
α I) = µ(I), since the Lebesgue measure is invariant under translations

and the claim follows by Proposition 2.3. The reason to call this system a ”circle rotation” is
because it turns out to be isometrically isomorphic (a concept that we will define later) with the
system (S,B(S),mS, Tα), where S := {z ∈ C : |z| = 1} is the unit sphere, which we consider as a
compact group under multiplication, mS is the normalized Haar measure on S and Tαz = e2πiα·z,
for any z ∈ S. One can also generalize this example by considering a rotation on any compact
group X as follows. For any element g ∈ X, let Tg : X → X be defined by Tg(x) := g ·x, x ∈ X
(we use multiplicative notation for the operation of the group G). Then, Tg preserves the left
Haar measure mX on X.

For reference we merely mention a theorem by Haar for the existance and uniqueness of
Haar measures on locally compact groups.

See, for example, my Probability notes, Theorem 1.45
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Theorem 2.8 (Haar). Let G be a locally compact group. Then, there is a measure mG defined
on the Borel subsets of G that is invariant under left translation, is positive on non-empty open
sets, and is finite on compact sets. The measure mG is unique up to a positive multiplicative
constant, that is, if µ is any other measure with the same properties, then there is a constant
C > 0 with µ(A) = C ·mG(A), for all Borel sets A. Finally, mG(G) < ∞ if and only if G is
compact. This is called the left Haar measure on G, there is a similar right Haar measure and
there is also a measure that is invariant under left and right translations. This measure can be
be thought of as the natural generalization of the Lebesgue measure to a general locally compact
group.

The next example illustrates the importance of using pre-images of sets under a transfor-
mation, rather than images, in order to consider a map as measure-preserving.

Example 2.9 (Doubling map). The map T : T → T which is defined by Tx = 2x (mod 1),
for x ∈ T, is called the circle-doubling map. To see that this map preserves the Haar measure
mT we can focus on intervals of the torus as in Example 2.7, after simply observing that,

T−1(a, b) = (
a

2
,
b

2
) ∪ (

1 + a

2
,
1 + b

2
), for 0 ≤ a < b < 1.

However, for the sake of diversity, we shall use the method of Corollary 2.6, according to which
it suffices to show that∫

X
f(Tx) dmT =

∫
X
f(x) dmT, for all continuous functions f ∈ C(T). (2.4)

Due to the density of trigonometric polynomials on the space C(T) endowed with the supremum
norm (this is the content of Weierstrass’ theorem), any function f ∈ C(T) is approximated
uniformly and thus, in L1(mT), by trigonometric polynomials. Therefore, using the linearity of
the integral, we need to prove (2.4) for functions of the form fk(x) = e2πikx, x ∈ [0, 1), for any
k ∈ Z. This is obvious, because for k ̸= 0,∫

T
e2πi2kx dmT =

∫
T
e2πikx dmT = 0

and for k = 0, ∫
T
e2πi2kx dmT =

∫
T
e2πikx dmT =

∫
T
1 dmT = 1.

In the above calculations we used the fact that∫
T
e2πikx dmT =

∫ 1

0
e2πikx dx.

Notice that, if we study forward iterates, or images of T instead of pre-images, a similar
measure-preservation property does not hold. Indeed, T (17 ,

2
7) = (27 ,

4
7) and so, the image of

(17 ,
2
7) is an interval with twice its length.

Naturally, there is a part of ergodic theory which is concerned with the classification and
categorization of measure-preserving systems. In order to facilitate such a classification we use
factor maps, which are the morphisms of dynamical systems.

Definition 2.10. Let (X,B, µ, T ) and (Y,C , ν, S) be measure-preserving systems. Then, a set
function ϕ : X ′ → Y ′ is called a factor map if it is surjective, measure preserving in the sense
that µ(ϕ−1A) = ν(A), for any A ∈ C , and satisfies the equality

S ◦ ϕ(x) = ϕ ◦ T (x), for x ∈ X ′,

where X ′ and Y ′ are full measure subsets of X and Y respectively, with TX ′ ⊆ X ′ and SY ′ ⊆ Y ′.
We say that the system (Y,C , ν, S) is a factor of (X,B, µ, T ), if such a factor map exists and
in this case we also say that (X,B, µ, T ) is an extension of (Y,C , ν, S).
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We also need a notion of when two measure-preserving systems are in essence the same, or
do not stand out from each other, which is the following.

Definition 2.11. Two dynamical systems (X,B, µ, T ) and (Y,C , ν, S) are isomorphic if there
exist full measure subsets X ′ ⊆ X, Y ′ ⊆ Y , with TX ′ ⊆ X ′ and SY ′ ⊆ Y ′ and an invertible
measure-preserving transformation ϕ : X ′ → Y ′ (this means that both ϕ and ϕ−1are measure-
preserving), such that

S ◦ ϕ(x) = ϕ ◦ T (x), for x ∈ X ′.

There are two more equivalent ways of seeing factors of measure-preserving systems, one
through T -invariant sub-σ-algebras and one through T -invariant algebras of bounded measur-
able functions.

Let (X,B, µ, T ) be a dynamical system and (Y,C , ν, S) some factor with factor map ϕ :
X ′ → Y ′ as in Definition 2.10. Then, it is easy to see that ϕ−1(C ) is a T -invariant sub-σ-algebra
of B (modulo sets of measure zero). For example, if A ∈ ϕ−1(C ), then A = ϕ−1(C), for some
C ∈ C and so

T−1A = (ϕ ◦ T )−1(C) = (S ◦ ϕ)−1(C) = ϕ−1(S−1(C)) ∈ ϕ−1(C ).

A partial converse is also true. Precisely, if (X,B, µ, T ) is some measure-preserving system and
A ⊂ B is a T -invariant sub-σ-algebra then, there exists a system (Y,C , ν, S) and a factor map
ϕ : X → Y , such that A = ϕ−1(C ).

We can also describe a correspondence between invariant σ-algebras and invariant algebras
of functions. Indeed, if (X,B, µ, T ) is measure-preserving and F is a T -invariant algebra of
L∞(µ), that is, TF ⊂ F and for any f, g ∈ F and c ∈ C, we have that f · g, f + cg ∈ F , the
set

A := {B ∈ B : B = f−1(D), for some f ∈ F and D a complex Borel set}

is a T -invariant sub-σ-algebra of B. On the other hand, given A ⊂ B some T -invariant
sub-σ-algebra of B, the set

F := {f ∈ L∞(µ) : f is measurable with respect to A }

is a T -invariant sub-algebra of L∞(µ).

In measure theory it is natural to neglect null sets. Observe, then, how the definition of
factor maps and isomorphisms that we use is sufficiently flexible to allow us to consider two
systems, which differ only on a set of measure 0, as isomorphic. Moreover, in the measurable
setting of Definition 2.1, a map is allowed to be undefined on a set of zero measure. Now, with
Definition 2.11 in our disposal, we have a clear way to think of this. Namely, a measurable map
which is undefined on a null set can be seen as (or, more formally, identified with) a map which
is defined everywhere on an isomorphic probability space.

2.2 The notion of recurrence

One of the basic goals of ergodic theory is the study of the assymptotic behavior of typical
orbits. That is, given a measure-preserving system (X,X , µ, T ) and some point x ∈ X, we aim
to understand the behavior of the set {Tnx : n ∈ Z+}. Many questions regarding its behavior
arise naturally. One may ask, for example, whether the orbit of a typical point x ∈ X returns
close to its starting point–here the assumption that X is a metric space with some metric d
is implicit, although it is not necessary to define closeness–that is, whether there exists an
increasing sequence (nk)k∈N of positive integers for which d(x, Tnkx) → 0, as k → ∞. Another
interesting question is if the typical orbit {Tnx : n ∈ Z+} is dense or even, equidistributed in
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X, which translates to the (assymptotic) density of the set {n ∈ Z+ : Tnx ∈ A} being equal to
µ(A), for any A ∈ X .

A property that all measure-preserving systems enjoy is that of recurrence. This is a central
theme in ergodic theory and it basically refers to results concerning how points in dynamical
systems return close to themselves under iteration. The first theorem of ergodic theory is
Poincaré’s recurrence theorem. This is essentially the pigeonhole principle for ergodic theory.
It is a consequence of the space being of finite measure (the simple example of a translation by
a positive constant on R with the Lebesgue measure exhibits no recurrence), which is already
a convincing reason for us to restrict ourselves to the study of probability spaces.

Theorem 2.12 (Poincaré recurrence theorem). Let (X,X , µ, T ) be a measure-preserving
system and let A ∈ X , with µ(A) > 0. Then,

(i) µ(A ∩ T−nA) > 0, for infinitely many n ∈ N and

(ii) for almost every x ∈ A we have that Tnx ∈ A, for infinitely many n ∈ N.

Remark 2.13. Notice that in (ii), the restriction that x ∈ A is necessary, as the counterexample
of the identity transformation, Tx = x, suggests.

Proof. Let k = [ 1
µ(A) ] + 1 and consider the sets A, T−1A, T−2A, . . . , T−kA. These sets cannot

all be pairwise disjoint, for if they were–using that µ(T−nA) = µ(A), n ∈ N, as T preserves the
measure µ–we would get

µ(A ∪ T−1A ∪ T−2A ∪ . . . ∪ T−kA) = (k + 1) · µ(A) > 1,

which is impossible. Thus, there exist 0 ≤ k1 < k2 ≤ k, such that

µ(A ∩ T−(k2−k1)A) = µ(T−k1(A ∩ T−(k2−k1)A) = µ(T−k1A ∩ T−k2A) > 0.

Setting n = k2 − k1 we have that µ(A ∩ T−nA) > 0. Repeating the same argument for the
sets A, T−mA, T−2mA, . . . , T−kmA, for any m ∈ N, we get that there exists n = ml, for some
l ∈ {1, 2, . . . , k}, such that µ(A ∩ T−nA) > 0 and so the first claim follows. For the second
result, we consider the set

G := {x ∈ A : Tnx ∈ A, for infinitely many n ∈ N}

and our goal is to show that µ(G) = µ(A). It suffices to prove that µ(A \G) = 0. Observe that
we can write

A \G =
∞⋃
k=1

Ak,

where

Ak := {x ∈ A : Tnx /∈ A, for every n ≥ k}.

Fix k ∈ N. Then, by the definition of Ak we obtain that Ak ∩ T−nAk = ∅, so that µ(Ak ∩
T−nAk) = 0, for every n ≥ k, which by (i) implies that µ(Ak) = 0. Therefore, the subadditivity
of µ gives that µ(A \G) = 0.

Remark 2.14. Recurrence is an important property which should not be confused with density.
For example, let Tq be a rational rotation on the torus, with q = k

m , for k,m ∈ N, as in Example
2.7. Then, any point x ∈ T is periodic under Tq, with a period at most m, which means that
Tm
q x = x, for all x ∈ T. Thus, for any measurable subset A of T of positive measure, almost all

its points are infinitely recurrent to A, but none of them is dense, being periodic.
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The next result is a fancy strengthening of the previous theorem and although this particular
proof is not much noteworthy, we include it, as it is elementary. There is also a proof (and this
is typically the one preferred) which uses the mean ergodic theorem, a relatively strong tool.
Before we state this proposition we give a definition of large subsets of integers.

Definition 2.15. A subset of the set of integers is called syndetic if it has gaps–that is, integer
intervals which belong to its complement–of bounded length. The exact same definition can be
adapted for subsets of the non-negative integers, Z+, or for the natural numbers, N.

Remark 2.16. A more elegant, equivalent definition is that a subset E of the integers Z is
syndetic if Z can be covered by finitely many translates of E. If E has gaps of length bounded by
some m ∈ N, then cleary Z = E ∪ (E + 1)∪ . . .∪ (E +m) and coversely, if Z can be covered by
m-translates of E as above, then any set of the form {k, k + 1, . . . , k +m}, where k ∈ Z, must
intersect E.

Proposition 2.17 (Strengthening Poincaré recurrence). We can in fact show that in the
context of Theorem 2.12, the set

R := {n ∈ N : µ(A ∩ T−nA) > 0}

is syndetic in Z+.

Proof. Assume for contradiction that there is some set A ∈ X , with µ(A) > 0, for which the
set R under examination is not syndetic. Then its complement,

E := {n ∈ N : µ(A ∩ T−nA) = 0},

must contain arbitrarily large integer intervals. Such an interval is of the form

J := {m+ 1, ...,m+M}, for m,M ∈ N.

With l(J) =M we denote its length and with c(J) = [m+ M+1
2 ] the integer part of its center.

Let n0 ∈ N. By assumption, there exists some J1 ⊂ E, with l(J1) > n0 and c(J1) = n1,
for some n1 ∈ N. Then, there exists a J2 ⊂ E with length l(J2) ≥ 2(n0 + n1) and c(J2) = n2,
for some n2 ∈ N. Continuing inductively, we find that for any m ∈ N, there is an interval
Jm+1 ⊂ E, so that l(Jm+1) ≥ 2(n0 + n1 + . . .+ nm) and c(Jm+1) = nm+1, for some nm+1 ∈ N.

Now notice that for l,m ∈ N with l < m, we have that nm − nl ∈ Jm, because nm is the
center of Jm and |(nm − nl)− nm| < l(Jm)

2 . However, this implies that

µ(A ∩ T−(nm−nl)A) = 0, for all l,m ∈ N, with l < m,

which is a contradiction, since it means that the sets T−n1A, T−n2A, . . . , T−nMA are essentially
distinct and thus,

µ(

M⋃
i=1

T−niA) =

M∑
i=1

µ(T−niA) =M · µ(A),

for any M ∈ N.

Another classical, but much deeper result in ergodic theorey is the multiple recurrence
theorem, due to Furstenberg, which is basically a generalization of Poincaré’s recurrence. A
fully detailed exposition of that can be found, for example, in Chapter 7 of the book by Einsiedler
and Ward [5].
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Theorem 2.18. Let (X,X , µ, T ) be a measure-preserving system, A ∈ X be any set with
µ(A) > 0 and k ∈ N. Then,

lim inf
N→∞

1

N

N∑
n=1

µ(A ∩ T−nA ∩ T−2nA ∩ · · · ∩ T−knA) > 0

and in fact,

lim inf
N−M→∞

1

N −M

N−1∑
n=M

µ(A ∩ T−nA ∩ T−2nA ∩ · · · ∩ T−knA) > 0.

The multiple recurrence result that extends Poincaré’s theorem is an immediate corollary
of the above and reads as follows:

Theorem 2.19. For any measure-preserving system (X,X , µ, T ), a set A ∈ X , with µ(A) > 0
and any k ∈ N, there exist infinitely many n ∈ N, such that

µ(A ∩ T−nA ∩ T−2nA ∩ · · · ∩ T−knA) > 0.

In fact, the set of n ∈ N for which this multiple intersection is non-trivial is syndetic.

Proof of Theorem 2.19, assuming Theorem 2.18. If this were not true, then there would exist

some sequences of non-negative integers (aN )N∈N, (bN )N∈N with bN − aN
N→∞−−−−→ ∞, such that

µ(A ∩ T−nA ∩ T−2nA ∩ · · · ∩ T−knA) = 0, for any n ∈ (aN , bN ), and N ∈ N.

However, this would mean that

lim
N→∞

1

bN − aN

bN−1∑
n=aN

µ(A ∩ T−nA ∩ T−2nA ∩ . . . ∩ T−knA) = 0,

contradictory to Theorem 2.18.

2.3 Ergodicity

The next notion, called ergodicity, is a property enjoyed by some measure-preserving systems
and it is the natural concept of indecomposability in ergodic-theoretic terms.

Definition 2.20. If (X,X , µ, T ) is a measure-preserving system and A ∈ X some measurable
set, we call A invariant under T , if T−1A = A, where the equality is meant up to sets of measure
zero. Precisely, we write A = B, if µ(A△B) = 0.

Remark 2.21. If T−1A ⊂ A, then T−1A = A since µ(A \ T−1A) = µ(A)− µ(T−1A) = 0.

Remark 2.22. If T is invertible, then a set A ∈ X is T -invariant if and only if TA = A.

Example 2.23. If (X,X , µ, T ) is a dynamical system and x ∈ X is any point, then the set of
its orbits under T is T -invariant. Indeed, let

A := {Tnx : n ∈ Z}.

Then, clearly T−1A = A. If T is also invertible and periodic, for example with period n ∈ N,
then we may only consider the forward orbits, that is, the set

A := {x, Tx, T 2x, . . . , Tnx}

and then TA = A.
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Definition 2.24 (Ergodicity). A measure-preserving transformation T on some probability
space (X,X , µ) is ergodic if there are no non-trivial T -invariant sets in X . This means that
for any A ∈ X

T−1A = A =⇒ µ(A) = 0 or µ(A) = 1.

In this case we say that (X,X , µ, T ) is an ergodic system. If, moreover, the transformation Tn

(which is always measure-preserving) is also ergodic for every n ∈ N, we say that the system
(X,X , µ, T ) is totally ergodic.

The reason behind identifying ergodicity with indecomposability is the following simple
proposition. Notice that the reduction resulting from this proposition is only possible if the
system is non-ergodic and according to it, such a system can be decomposed into two measure-
preserving systems, (A,XA, µA, TA) and (X \ A,XX\A, µX\A, TX\A). Similarly to prime num-
bers being the building block of all integers, in the sense that they are indecomposable and also
sufficient to decompose any other integer, we will see that the indecomposable ergodic systems
are the building blocks of all measure-preserving systems. We do not include the proof of the
next proposition as it is a very simple exercise that offers no additional insight to this exposition.

Proposition 2.25. Let (X,X , µ, T ) be a dynamical system and let A ∈ X be a set of positive
measure, µ(A) > 0, and assume that T−1A = A. Then, the quadruble (A,XA, µA, TA), where

XA := {B∩A : B ∈ X }, TA is the restriction of T on A and µA(B) = µ(B∩A)
µ(A) , for any B ∈ X ,

is a measure-preserving system as well.

Example 2.26. Any rational rotation on the torus is non-ergodic. Indeed, let q = m
n ∈ (0, 1)

be a rational and let Tq = x+ q (mod 1), for any x ∈ T. Then, observe that the set

A =
m−1⋃
j=0

[
j

n
,
j

n
+

1

2n
)

has measure 1
2 and it is T -invariant. For q = 0 we get the identity transformation which is

obviously non-ergodic.

There are several characterizations of ergodicity , the equivalence of which we prove below.

Theorem 2.27. For a measure-preserving system (X,X , µ, T ) the following are equivalent:

(i) T is ergodic

(ii) for every A ∈ X with µ(A) > 0, we have that µ(
⋃∞

n=1 T
−nA) = 1

(iii) for every A,B ∈ X with µ(A) > 0 and µ(B) > 0, there exists some n ∈ N, such that
µ(B ∩ T−nA) > 0

(iv) for every A ∈ X with µ(A) > 0, we have that for almost every x ∈ X there exists some
n ∈ N, such that Tnx ∈ A.

Proof. Assume (i) holds and set B :=
⋃∞

n=1 T
−nA. Then T−1B ⊂ B, so that B is T - invariant

by Remark 2.21. Thus, µ(B) = 1, as µ(B) ≥ µ(T−1A) = µ(A) > 0.

Next, assume that (ii) holds and let A,B ∈ X be sets of positive measure. Then,

0 < µ(B) = µ(B ∩ (

∞⋃
n=1

T−nA)) = µ(

∞⋃
n=1

(B ∩ T−nA)) ≤
∞∑
n=1

µ(B ∩ T−nA),

so that not all terms in the sum are zero.
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If (iii) is true and we set B := {x ∈ X : Tnx /∈ A, for every n ∈ N} we need to show that
µ(B) = 0 in order to get (iv). This is immediate, since B ∩ T−nA = ∅, which implies that
µ(B ∩ T−nA) = 0, for all n ∈ N.

Lastly, assume that (iv) holds but there exists some T -invariant A ∈ X with 0 < µ(A) < 1.
Then T−nA = A and so Tnx ∈ A for almost every x ∈ A and for every n ∈ N. Because
µ(X \ A) > 0 we also have that for almost every x ∈ A (in fact, for almost every x ∈ X) there
exists some n ∈ N, such that Tnx /∈ A, which is of course a contradiction.

There is also an equivalent definition of ergodicity via measurable, essentially bounded
functions and although we could include it as a fifth condition in Theorem 2.27, its difference
in nature as well as its significance in applications compels us to distinguish it as a particular
statement.

Theorem 2.28. A dynamical system (X,X , µ, T ) is ergodic if and only if for every f ∈ L∞(µ)
for which f(Tx) = f(x) for µ-almost every x ∈ X, it follows that f is almost everywhere
constant, with respect to the measure µ.

Proof. Suppose T is ergodic and f(Tx) = f(x), for µ-almost every x ∈ X and some f ∈ L∞(µ).
If f were non-constant there would exist c ∈ C, so that the set

A := {x ∈ X : |f(x)| > c}

has measure 0 < µ(A) < 1. Then,

T−1A = {x ∈ X : Tx ∈ A} = {x ∈ X : |f(Tx)| > c} = {x ∈ X : |f(x)| > c} = A,

so that A is T -invariant, a contradiction.
Conversely, let A ∈ B be T -invariant. For f = 1A ∈ L∞(µ) we get that

Tf(x) = 1T−1A(x) = 1A(x), for µ-almost every x ∈ X,

thus f is µ-almost everywhere constant, which easily implies that µ(A) ∈ {0, 1}.

The next result is an interesting primary step in the direction of analyzing and understanding
typical orbits in dynamical systems.

Proposition 2.29. Let (X,B, µ, T ) be an ergodic measure-preserving system, where (X, d) is
a compact metric space, B is the Borel σ-algebra on X and µ(U) > 0, for every non-empty
open set U ⊂ X. Then, for almost every x ∈ X we have that

{Tnx : n ∈ N} = X.

In fact, in such cases, the typical orbit is not only dense in X but also equidistributed, which
can be shown using slightly stronger ergodic theoretic tools than the ones we have established so
far.

Proof. Let (Uk)k∈N be a countable base for the topology of X, which exists since compact
metric spaces are second-countable. Since µ(Uk) > 0, for every k ∈ N, from the (iv) property
of Theorem 2.27 we get that for every k ∈ N

{Tnx : n ∈ N} ∩ Uk ̸= ∅,

for almost every x ∈ X. The countability of the basis implies that for almost every x ∈ X we
have that

{Tnx : n ∈ N} ∩ Uk ̸= ∅,

for every k ∈ N. Therefore, {Tnx : n ∈ N} = X.
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Remark 2.30. The assumption that µ is positive on open sets is necessary, as we can see by
considering the case of µ = δ0, X = [0, 1] and Tx = x, which is ergodic, but the orbit of every
point is the point itself, thus is not dense in X.

We also have the following two conditions which allow us to prove ergodicity of a transfor-
mation and are often easy to check.

Proposition 2.31. Let (X,X , µ, T ) be a measure-preserving system.

(i) If X0 is a semi-algebra of subsets of X which generates X (perhaps, modulo sets of
measure zero) and

1

N

N∑
n=1

µ(A ∩ T−nB)
N→∞−−−−→ µ(A) · µ(B), for every A,B ∈ X0, (2.5)

then T is ergodic.

(ii) If F ⊂ L∞(µ) is a family of functions such that span(F )
L2(µ)

= L2(µ) and

1

N

N∑
n=1

∫
X
f · Tng dµ

N→∞−−−−→
∫
X
f dµ ·

∫
X
g dµ, for every f, g ∈ F , (2.6)

then T is ergodic.

We briefly introduce characters of compact abelian groups and some of their properties.

Definition 2.32. For a compact, abelian group G, every measurable function χ : G → T
satisfying the equation

χ(xy) = χ(x)χ(y), for every x, y ∈ G

is called a character of G. The set of characters of G is denoted by Ĝ.

For example,

(i) if G = T, then Ĝ = {e2πikx : k ∈ Z}

(ii) if G = Zd, then Ĝ = {e2πi
kx
d : k = 0, 1, . . . , d− 1}

(iii) if G = Td, then Ĝ = {e2πik̄·x̄ : k̄ ∈ Zd, x̄ ∈ Td}

(iv) if G = T∞, then Ĝ = {e2πik̄·x̄ : k̄ ∈ Zd, x̄ ∈ Td, d ∈ N}

Some basic properties of characters on a compact abelian group are the following:

(i) if χ ∈ Ĝ, χ ̸= 1, then
∫
X χ(x) dmG(x) = 0, where mG is the Haar measure of G

(ii)
∫
X χ1(x) · χ2(x) dmG(x) is zero if χ1 ̸= χ2 and is equal to one if χ1 = χ2. Thus, different
characters are orthogonal elements of L2(mG)

(iii) The set Ĝ is countable, because G is compact and so L2(mG) is separable, but from the
previous property Ĝ is orthonormal.

Some basic examples of ergodic transformations are the following.
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Example 2.33 (Irrational rotations on the torus). Let (T,B(T),mT, Tα), with Tαx = x+α
(mod 1), α ∈ R \Q, be an irrational rotation on the torus. It is well-known that the family of
functions

F := {e2πikx : k ∈ Z}

has a dense linear span in L2(mT). Therefore we only need to show that (2.6) holds for any
functions f, g ∈ F , which is straightforward.

More generally, let G be a compact abelian group with Haar measure mG and a ∈ G. Then,
one can show that a rotation Ra : G→ G defined by Rag = a · g, for all g ∈ G is ergodic if and
only if {an : n ∈ Z} = G if and only if χ(a) ̸= 1, for all characters of G with χ ̸= χ0, where χ0

is the trivial character, i.e. χ0(G) = {1}.

Example 2.34 (Skew products). Another family of ergodic transformations with a wide range
of applications is that of skew products. Precisely, the transformations T : T2 → T2, of the form

T (x, y) = (x+ α, y + f(x)) (mod 1), x, y ∈ T,

are ergodic if and only if α ∈ R \Q and for every m ∈ Z \ {0} the equation

g(x+ α)− g(x) = mf(x) (mod 1),

has no measurable solution g : T2 → T2. The proof of that follows a standard technique, which
uses the uniqueness of the Fourier expansions of g(x, y) and g ◦ T (x, y).

Example 2.35 (Bernoulli shifts). Let Λ = {1, 2, . . . , n}, for some n ∈ N and T : ΛZ → ΛZ

be defined by
T ((xk)k∈N) = (xk+1)k∈N, for a sequence (xk)k∈N ∈ ΛZ.

Consider the system (ΛZ,B, µ, T ), where B is the Borel σ-algebra of ΛZ and the measure µ is
defined by

µ(x−m = a−m, x−m+1 = a−m+1, . . . , x0 = a0, . . . , xk = ak) = pa−mpa−m+1 · · · pak−1
pak ,

for any m, k ∈ N, where a−m, a−m+1, . . . , ak−1, ak ∈ Λ and p1, . . . , pn ≥ 0 are such that∑n
i=1 pi = 1. This means that µ is the infinite product measure

∏∞
i=−∞ µp, where p = (p1, . . . , pn).

Cylinder sets of the form considered in the definition of µ above constitute a semi-algebra gen-
erating B and then condition (i) of Proposition 2.31 for these cylinder sets implies that the
system (ΛZ,B, µ, T ) is ergodic.

We briefly return to factors of dynamical systems which were described in the first section
in order to discuss a very special case of factor/σ-algebra, which is the Kronecker factor.

Definition 2.36 (Kronecker factor). Let (X,B, µ, T ) be a measure-preserving system. The,
the closed linear subspace of L2(µ) defined as

KT := span{f ∈ L∞(µ) : f is an eigenfunction of T}L
2(µ)

,

is the Kronecker factor of (X,B, µ, T ). Here, a function f ∈ L∞(µ) is an eigenfunction of T if
there exists a ∈ R, so that Tf = e2πiaf and e2πia is the respective eigenvalue. If KT = L2(µ),
then (X,B, µ, T ) is called a Kronecker system.

Examples 2.37.

(i) For T : T → T with Tx = x + α (mod 1) the Kronecker factor is L2(µ), so rotations
on the torus are Kronecker systems, because KT contains the trigonometric polynomials
which are dense in L2(µ).
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(ii) For T : T → T with Tx = 2x (mod 1), we have that KT is simply the set of constant
functions.

Theorem 2.38 (Halmos-Von Neumann). If (X,B, µ, T ) is a regular, ergodic measure-
preserving system, then it is a Kronceker system if and only if it is isomorphic to an ergodic
rotation on some compact abelian group.

Proof sketch. Ergodic rotations on compact abelian groups are Kronecker, because the Kro-
necker factor contains the group’s characters. For the converse we only give a two-step sketch.

Step 1. If two ergodic Kronecker systems have the same eigenvalues, the set of which is a
subgroup of the complex unit disk by ergodicity, then they are isomorphic.
Step 2. If Λ ⊂ T is a countable subgroup, then there exists an ergodic rotation on some com-
pact abelian group, G, such that the set of its eigenvalues is exactly Λ. In fact, G = Λ̂.
Combining those steps the proof follows immediately.

Remark 2.39. Here we defined the Kronecker factor of a measure-preserving system with
transformation T by means of a T -invariant algebra of measurable functions. By the discussion
regarding the alternative definitions of factors in the end of Section 2.1, we can also call the
σ-algebra K the Kronecker factor, where K is the σ-algebra corresponding to the Kronecker
factor, that is, the set of all inverse images of measurable sets via functions in the Kronecker.
With this understanding, with E(f |K ) we formally denote the conditional expectation of f (some
measurable function of the system) with respect to K , but we may also mean the projection of
f onto the space L2(K ), which is no other than the Kronecker factor as it was initially defined.

We mentioned that ergodic systems are sufficient to decompose any measure- preserving.
This is due to the next classical result in ergodic theory, for the proof of which one uses the
method of disintegrating measures and it basically says that given a measurable transformation
T , any T -invariant measure can be decomposed as a convex combination of ergodic measures.

Theorem 2.40 (Ergodic decomposition). Let (X,B, µ, T ) be a regular measure-preserving
system, i.e. X is a compact metric space, B is the Borel σ-algebra and µ is a probability measure
on (X,B). Let MT (X) denote the set of T -invariant Borel probability measures on X. Then
there exist measures µx ∈MT (X) such that,

(i) x 7→ µx is measurable, that is, x 7→
∫
X f dµx is measurable for every f ∈ L1(µ)

(ii) µx is ergodic for µ-almost every x ∈ X

(iii) µ =
∫
X µx dµ(x), which means that for every f ∈ L1(µ) we have∫

X
f(y) dµ(y) =

∫
X

(∫
X
f(y) dµx(y)

)
dµ(x)

2.4 Furstenberg’s correspondence principle

The current section is devoted to Furstenberg’s correspondece principle, which has allowed for
the conveyance of a combinatorial statement into a statement in ergodic theory and was the
first step in Furstenberg’s proof of Szemerédi’s theorem. It is a very insightful, although not
particularly difficult to understand nor to prove, concept, according to which, vaguely, the
quadruple (N,P(N), d̄, T ) behaves like a measure-preserving system. Here P(N) denotes the
power-set of the integers, d̄ is the upper-density function and T is a shift map on N, specifically
the translation by 1.
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In order to facilitate the understanding of the principle we first need to define and process
the notions of density and upper density of subsets of the integers. For our purposes we restrict
attention to the non-negative integers, yet the generalization is obvious.

Definition 2.41. For subsets A ⊂ N we define the natural density of A as the quantity

d(A) := lim
N→∞

|{1 ≤ n ≤ N : n ∈ A}|
N

,

only for those sets A for which the limit exists.

Remark 2.42. This definition is restrictive as there exist many subsets of the integers without
a natural density. A subtle example is the following. Let

En := {m ∈ N : min{j ∈ N :
m

10j
< 1} = n},

that is, En is the set of non-negative integers with exactly n-digits, for n ∈ N. Then, consider
the set

E =
∞⋃
n=0

E2n+1.

We see that |En| = 9 · 10n−1, for every n ∈ N and simple calculations lead to the inequalities

lim
N→∞

∣∣E ∩ [1, 102N
∣∣

102N
<

1

2

and

lim
N→∞

∣∣E ∩ [1, 102N+1
∣∣

102N+1
>

1

2
,

which show that E does not have a natural density.

Definition 2.43 (Upper densitiy). For subsets A ⊂ N we define the upper density of A as
the limit

d(A) := lim sup
N→∞

|{1 ≤ n ≤ N : n ∈ A}|
N

and we observe that this quantity always exist.

A somewhat weaker notion of density is that of upper Banach density.

Definition 2.44 (Upper Banach density). For subsets A ⊂ N we define the upper Banach
density of A as the limit

d∗(A) := lim
N→∞

sup
M∈N

|{M ≤ n ≤M +N − 1 : n ∈ A}|
N

Remark 2.45. The upper Banach density of a set A always exists and is equal to the infimum

inf
N∈N

sup
M∈N

|{M ≤ n ≤M +N − 1 : n ∈ A}|
N

.

This follows easily from Fekete’s sub-additivity lemma, according to which, if (an)n∈N is a sub-
additive sequence of real numbers, i.e. one that satisfies ak+m ≤ ak + am, for any k,m ∈ N,
then the limit limn→∞

an
n exists and is equal to the infimum infn∈N

an
n . The proof of the lemma

is simple and unnecessary, so we omit it. For the claim about d∗(A), observe that for A ⊂ N,

aN := sup
M∈N

|{M ≤ n ≤ N +M − 1 : n ∈ A}|

is a sub-additive sequence.
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As an application of the multiple recurrence theorem and the correspondence principle by
Furstenberg we obtain a very important result in arithmetic combinatorics, Szemerédi’s theorem.
There are other known proofs of this theorem as well, the first being an ingenious combinatorial
argument by Szemerédi himself and another proof by Gowers using Fourier analysis. As Terence
Tao wrote ”their proofs tend to share a number of common features, and thus serve as a kind
of “Rosetta stone” connecting these various fields”.

Definition 2.46. An arithmetic progression of length n ∈ N is a subset of the integers of the
form

{m,m+ k,m+ 2k, . . . ,m+ (n− 1)k}, where m, k ∈ Z, k ̸= 0

The precursor of Szemerédi’s theorem is a special, and much simpler to handle, case of the
same result, a conjecture attributed to Brauer proven by Wan der Waerden. Namely:

Theorem 2.47 (Van der Waerden). If l ∈ N and E1, . . . , El is a finite partition of the
integers, that is,

Z = E1 ⊔ E2 ⊔ . . . ⊔ El,

(here ⊔ denotes the disjoint union) then, some Ej, with j ∈ {1, 2, . . . , l}, contains arbitrarily
large arithmetic progressions. Therefore, for any r ≥ 1 there exist m, k ∈ Z with k ̸= 0 so that

m,m+ k,m+ 2k, . . . ,m+ (r − 1)k ∈ Ej .

Theorem 2.48 (Szemerédi). If E ⊂ Z with positive upper density, then E contains arbitrarily
large arithmetic progressions.

Remark 2.49. Observe that for any finite partition of the integers E1, E2, . . . , El there must
exist at least one set Ej with positive upper density and consequently Wan der Waerden’s theorem
is a special case of the theorem by Szemerédi.

We will prove two forms of the correspondence principle, one for general measure-preserving
systems which we will do in two ways and an analogous result for the ergodic case.

Theorem 2.50 (Furstenberg’s correspondence principle). Given E ⊂ N there exists a
measure-preserving system (X,B, µ, T ) and a set A ∈ B with µ(A) = d(E), such that for every
m ∈ N and any integers n1, n2, . . . , nm ∈ N, we have that

µ(A ∩ T−n1A ∩ T−n2A ∩ · · · ∩ T−nmA) ≤ d (E ∩ (E − n1) ∩ (E − n2) ∩ · · · ∩ (E − nm)) (2.7)

Remarks 2.51.

1. The system (X,B, µ, T ) is in fact invertible.

2. The only thing that depends on E is the measure µ.

3. For nj = j · n, where j = 1, . . . ,m, we get that

µ(A ∩ T−nA ∩ T−2nA ∩ · · · ∩ T−mnA) ≤ d (E ∩ (E − n) ∩ (E − 2n) ∩ · · · ∩ (E −mn))

and so Szemerédi’s theorem, i.e. Theorem 2.48, follows from Furstenberg’s multiple re-
currence theorem, i.e. Theorem 2.19.

First proof of Theorem 2.50. Let X = {0, 1}Z, B be the σ-algebra generated by cylinder sets
in X, that is, the Borel σ-algebra on X, T : X → X be the shift map, which means that

T ((xk)k∈N) = (xk+1)k∈N, for any sequence (xk)k∈N ∈ X
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and finally, set

A := {x ∈ X : x0 = 1}.

We proceed to the construction of µ. Let α = (αk)k∈N be the sequence defined by αk = 1E(k),

for every k ∈ N. There exists some sequence (Nl)l∈N with liml→∞
|E∩{1,2,...,Nl}|

Nl
= d(E). Now,

for each l ∈ N consider the measure

µl :=
1

Nl

Nl∑
n=1

δTnα =
1

Nl

Nl∑
n=1

δ((αk+n)k∈N)

and observe that µl(A) =
1
Nl

∑Nl
n=1 δ((αk+n)k∈N)(A) =

1
Nl

∑Nl
n=1 αn. Then,

d(E) = lim
l→∞

|E ∩ {1, 2, . . . , Nl}|
Nl

= lim
l→∞

1

Nl

Nl∑
k=1

αk = lim
l→∞

µl(A).

Because the space of probability measures on (X,B) is weak* compact, there exists a sub-
sequence of (µl)l∈N which is weakly convergent and has limit point some probability measure µ
on (X,B), with µ(A) = d̄(E). The cylinder sets is an algebra that generates B, so in order to
show that T is µ-preserving, it suffices to show that

µ(T−1B) = µ(B), for all cylinder sets B.

But for a cylinder set B of the form

B := {x ∈ X : x−k = a−k, . . . , x0 = a0, . . . , xk = ak}, where a−k, . . . , a0, . . . , ak ∈ {0, 1}

it is easy to see that

|µl(B)− µl(T
−1B)| ≤ 2

Nl
, for any l ≥ 2k + 1.

We are left with showing (2.7). Notice that T−nA = {x ∈ X : xn = 1}, for any n ∈ N and so
for n1, n2, . . . , nm ∈ N and l ∈ N we have that

µl(A ∩ T−n1A ∩ T−n2A ∩ · · · ∩ T−nmA) =

1

Nl

∣∣∣{1 ≤ k ≤ Nl : (T
kα)0 = 1, (T kα)n1 = 1, . . . , (T kα)nm = 1}

∣∣∣ .
By the definition of A the latter becomes

1

Nl
|{1 ≤ k ≤ Nl : k ∈ E,n1 + k ∈ E, . . . , nm + k ∈ E}| ,

which is equal to

1

Nl
|{1 ≤ k ≤ Nl : k ∈ E ∩ (E − n1) ∩ · · · ∩ (E − nl)}| .

Letting l → ∞ and by the definition of d̄ we get that

µ(A ∩ T−n1A ∩ T−n2A ∩ · · · ∩ T−nmA) ≤ d (E ∩ (E − n1) ∩ (E − n2) ∩ · · · ∩ (E − nm)) .
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Remark 2.52 (Modifying the result by making the system ergodic). Adjust the first part
of the above proof as to have X = {Tnα : n ∈ Z+} and get a measure µ for which µ(A) = d∗(E),
where again A := {x ∈ X : x0 = 1}, only now with a different X. To do this we will simply

choose two sequences (Nl)l∈N and (Ml)l∈N, with Nl
l→∞−−−→ ∞, for which

lim
l→∞

|E ∩ {Ml,Ml +Nl − 1}|
Nl

= d∗(E)

and the rest are similar. Then, we can use the ergodic decomposition of µ under the transfor-
mation T in order to obtain a measure ν for which the system (X,B, ν, T ) is ergodic and for
which ν(A) ≥ d∗(E). Indeed, if µ =

∫
X µx dµ(x) is the ergodic decomposition of µ under T ,

then

µ(A) =

∫
X
µx(A) dµ(x),

so that µx(A) can not be strictly less than d̄(E) for all x ∈ X. Now, the set

A ∩ T−n1A ∩ T−n2A ∩ · · · ∩ T−nmA

is both open and closed (clopen) and so its indicator function,

1A∩T−n1A∩T−n2A∩···∩T−nmA,

is continuous. Thus, by Proposition 2.70 there exist integer sequences (aN )N∈N, (bN )N∈N with

aN ≤ bN , for all N ∈ N and bN − aN
N→∞−−−−→ ∞, such that

ν(A ∩ T−n1A ∩ T−n2A ∩ · · · ∩ T−nmA) = lim
N→∞

1

bN − aN + 1

bN∑
n=aN

1A∩T−n1A∩···∩T−nlA(T
nα)

But,

bN∑
n=aN

1A∩T−n1A∩···∩T−nlA(T
nα) = |{aN ≤ n ≤ bN : n ∈ E ∩ (E − n1) ∩ · · · ∩ (E − nl)}| ,

so that, by the definition of the upper Banach density d∗, letting l → ∞ we obtain the inequality

ν(A ∩ T−n1A ∩ T−n2A ∩ · · · ∩ T−nmA) ≤ d∗ (E ∩ (E − n1) ∩ (E − n2) ∩ · · · ∩ (E − nm)) .

For m = 1 and n1 = 0 we have that ν(A) ≤ d∗(E), which, combined with the reverse inequality,
completes the claim.

Second proof of Theorem 2.50. Consider X, B, T and the set A as in the first proof of the
theorem.

We will now define the measure µ on the cylinder sets of X to ensure that the condition
(2.7) holds, with an equality instead of an inequality and with an additive density d′, in general
different from d, which is not necessarily additive and may thus not lead to a measure on the
algebra of cylinder sets Bm,n, which is generated by the −m, k cylinder subsets of X, meaning
sets of the form

C−m,k := {x ∈ X : x−m = a−m, x−m+1 = a−m+1, . . . , xk−1 = ak−1, xk = ak},

for a−m, a−m+1, . . . , ak−1, ak ∈ {0, 1}.
Using a simple diagonal argument we find a sequence (Nl)l∈N, such that
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(i) liml→∞
|E∩{1,2,...,Nl}|

Nl
= d(E) and

(ii) liml→∞
|(Ea1−n1)∩(Ea2−n2)∩···∩(Eam−nm)∩{1,2,...,Nl}|

Nl
exists and is equal to

d′ ((Ea1 − n1) ∩ (Ea2 − n2) ∩ · · · ∩ (Eam − nm)), for every a1, a2, . . . , am ∈ {0, 1} and
n1, n2, . . . , nm ∈ Z, where E1 := E and E0 := Z \ E.

Observe that d̄(E) = d′(E). Next, we define the measure µ−m,k on cylinder sets of the form
of C−m,k that we described above, by the condition

(⋆) µ−m,k(C−m,k) := d′ ((Ex−m +m)) ∩ (Ex−m+1 +m− 1) ∩ · · · ∩ (Exk−1 − k + 1) ∩ (Exk − k)).

Then, µ is finitely additive on the algebra B−m,k because the density d′ was chosen additive
and the compatibility condition of Kolmogorov’s extension theorem is satisfied. Therefore,
there exists a measure µ on B, extending the measures µ−m,k, which satisfies the condition (⋆).
Consequently,

µ(A) = µ({x ∈ X : x(0) = 1}) = d′(E) = d̄(E)

and also,

µ(A ∩ T−n1A ∩ T−n2A ∩ · · · ∩ T−nmA) = µ({x0 = 1} ∩ {xn1 = 1} ∩ · · · ∩ {xnm = 1}),

which is the same as

d (E ∩ (E − n1) ∩ (E − n2) ∩ · · · ∩ (E − nm)) ,

concluding the proof.

2.5 Mean ergodic theorem

The content of ergodic theorems is the relationship between the behavior of averages taken along
the orbits of points under iteration of measure-preserving transformations and averages taken
over the measure space with respect to some invariant measure. In terms of measure-preserving
systems, the so called ”ergodic hyporthesis” means that for a dynamical system (X,X , µ, T )
the proportion of time that a typical orbit spends in some set A is asymptotically equal to
its measure µ(A). In fact, this is precisely the statement of the pointwise ergodic theorem for
ergodic systems.

Theorem 2.53 (Von Neumann’s mean ergodic theorem). Let (X,X , µ, T ) be a measure-
preserving system and let f ∈ L2(µ). Then

lim
N→∞

1

N

N∑
n=1

Tnf = E(f |IT ),

where the limit is taken in L2(µ) and E(f |IT ) is the conditional expectation of f with respect
to the σ-algebra of T -invariant sets,

IT := {A ∈ X : T−1A = A}

If T is ergodic the only T -invariant sets have measure zero or one, therefore, in this case, IT =
{∅, X}, up to sets of measure zero, which are irrelevant. By the definition of the conditional
expectation for L2-integrable functions, E(f |IT ) is basically the orthogonal projection, in L2(µ),
of the function f onto the subspace L2(IT ). Thus, for ergodic systems, the conclusion of the
ergodic theorem is that

lim
N→∞

1

N

N∑
n=1

Tnf =

∫
X
f dµ,

where the limit is taken in L2(µ).
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Remark 2.54. The proof we choose to present is geometric and uses some basic principles of
functional analysis. We work on the space L2(µ) with the inner product defined by

⟨f, g⟩ =
∫
X
f(x)g(x) dµ, for f, g ∈ L2(µ).

Then we consider the operator UT : L2(µ) → L2(µ), defined by

UT (f) = Tf = f ◦ T, for f ∈ L2(µ),

which is induced by T and is called the associated operator. Then UT preserves the inner product
and is thus, an isometry from L2(µ) into L2(µ), because T is measure-preserving. Indeed

⟨UT f, UT g⟩ =
∫
Tf · Tg dµ =

∫
f · g dµ = ⟨f, g⟩.

Also, UT is unitary, i.e. bounded, inner product-preserving and surjective, when T is invertible
and with measurable inverse. In this case, the adjoint operator of UT , denoted by U∗

T (the one
which satisfies ⟨UT f, g⟩ = ⟨f, U∗

T g⟩, for all f, g ∈ L2(µ)), is equal to its inverse, U−1
T . With this

notation we will prove that for any f ∈ L2(µ) we have

1

N

N∑
n=1

Un
T f

L2(µ)−−−−→
N→∞

PT f,

where PT f is the orthogonal projection of f onto the closed subspace IT of L2(µ) defined by

IT := {g ∈ L2(µ) : UT g = g} ⊂ L2(µ),

which is the same as the first statement because E(f |IT ) = PT f .

Proof of Von Neumann’s mean ergodic theorem.
Step 1. Let HT := {h− UTh : h ∈ L2(µ)}. We claim that H⊥

T = IT . First, let h ∈ H⊥
T . Then

for any g ∈ L2(µ),
⟨h, g − UT g⟩ = 0 =⇒ ⟨h, g⟩ = ⟨U∗

Th, g⟩,

so that U∗
Th = h. But UT is an isometry and thus,

∥UTh− h∥2L2(µ) = ⟨UTh− h, UTh− h⟩ = 2 ∥h∥2L2(µ) − ⟨UTh, h⟩ − ⟨h, UTh⟩,

which implies that

∥UTh− h∥2L2(µ) = 2 ∥h∥2L2(µ) − ⟨h, U∗
Th⟩ − ⟨U∗

Th, h⟩ = 2 ∥h∥2L2(µ) − 2 ∥h∥2L2(µ) = 0.

We have shown that UTh = h, that is, h ∈ IT . Conversely, let h ∈ L2(µ) be T -invariant. Then
for every g ∈ L2(µ) we get that

⟨h, g − UT g⟩ = ⟨h, g⟩ − ⟨h, UT g⟩ = ⟨h, g⟩ − ⟨UTh, UT g⟩ = 0,

since UT preserves the measure, therefore h ⊥ HT . By the theory of Hilbert spaces we have
established the following decomposition

L2(µ) = HT ⊕ IT ,

according to which any function f ∈ L2(µ) can be written as a sum

f = PT f + fH , (2.8)
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where fH ∈ HT .
Step 2. For fH ∈ HT we claim that

1

N

N∑
n=1

Un
T fH

L2(µ)−−−−→
N→∞

0.

First of all, if fH is of the form fH = h− UTh, for some h ∈ L2(µ), then for any N ∈ N,

1

N

N∑
n=1

Un
T fH =

1

N

N∑
n=1

(
Un
T h− Un+1

T h
)
=

1

N

(
UTh− UN+1

T h
)

and this converges to zero as N → ∞ with respect to the L2(µ) norm, because∥∥∥UTh− UN+1
T h

∥∥∥
L2(µ)

N
≤

∥UTh∥L2(µ) +
∥∥∥UN+1

T h
∥∥∥
L2(µ)

N
=

2 ∥h∥L2(µ)

N
,

since UT preserves the L2(µ) norm. For a general fH ∈ HT , we have that for any ϵ > 0 there
exists some h ∈ L2(µ) so that ∥fH − (h− UTh)∥L2(µ) < ϵ. Therefore,∥∥∥∥∥ 1

N

N∑
n=1

Un
T fH

∥∥∥∥∥
L2(µ)

≤ ϵ+

∥∥∥∥∥ 1

N

N∑
n=1

Un
T (h− UTh)

∥∥∥∥∥
L2(µ)

≤ 2ϵ,

for large enough N ∈ N.
Step 3. By (2.8) and step 2, we have that

1

N

N∑
n=1

Un
T f =

1

N

N∑
n=1

Un
T (PT f) +

1

N

N∑
n=1

Un
T fH = PT f +

1

N

N∑
n=1

Un
T fH

L2(µ)−−−−→
N→∞

PT f,

for any f ∈ L2(µ), completing the proof.

Remark 2.55 (Uniform mean ergodic theorem). In a similar fashion (in fact the proof
is almost identical as only the second step needs to be modified trivially) we get that for every
f ∈ L2(µ),

1

|IN |
∑
n∈IN

Un
T f

L2(µ)−−−−→
N→∞

E(f |IT ),

for any sequence of integer intervals (IN )N∈N with |IN | N→∞−−−−→ ∞.

An easy corollary of the mean ergodic theorem and Proposition 2.31 (which can also be
extended to a uniform result) is the following.

Corollary 2.56. Let (X,X , µ, T ) be a measure-preserving system and (IN )N∈N be any sequence

of integer intervals with |IN | N→∞−−−−→ ∞. Then T is ergodic if and only if for every f, g ∈ L2(µ)
we have that

lim
N→∞

1

|IN |
∑
n∈IN

∫
X
f · Tng dµ =

∫
X
f dµ ·

∫
X
g dµ

and for every A,B ∈ X we have that

lim
N→∞

1

|IN |
∑
n∈IN

µ(A ∩ T−nB) = µ(A) µ(B).

Remark 2.57. Observe that Proposition 2.17 follows immediately from this corollary.
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As a form of encyclopedic information we mention the analogous pointwise ergodic theorem
which was established by Birkhoff.

Theorem 2.58. Let (X,X , µ, T ) be a measure preserving system and f ∈ L1(µ). Then, for
µ-almost every x ∈ X we have that

lim
N→∞

1

N

N∑
n=1

f(Tnx) = E(f |IT ).

We will not use this theorem in this exposition, but it has a wide range of applications, an
example being the ergodic hypothesis and another one being that the typical orbit is equidis-
tributed, namely:

Corollary 2.59. If (X,X , µ, T ) is an ergodic system and A ∈ X , then for almost every x ∈ X
we have that

lim
N→∞

|{1 ≤ n ≤ N : Tnx ∈ A}|
N

= µ(A).

Corollary 2.60. Let (X,B, µ, T ) be an ergodic system, where (X, d) is a compact measure
space, (X,B, µ) is a probability space with B being the Borel σ-algebra and let (Ok)k∈N be a
basis for the topology of X. A sequence (xn)n∈N is said to be equidistributed in X (with respect
to the basis (Ok)k∈N) if

lim
N→∞

{1 ≤ n ≤ N : xn ∈ Ok}|
N

→ µ(Ok), for every k ∈ N.

Then, for µ-almost every x ∈ X, the orbit of x, i.e. the sequence (Tnx)n∈Z+, is equidistributed
in X (with respect to the basis (Ok)k∈N). By definition, this means that for almost every x ∈ X,
we have that

lim
N→∞

|{1 ≤ n ≤ N : Tnx ∈ Ok}|
N

→ µ(Ok), for every k ∈ N.

2.6 Unique ergodicity and generic points

Transformations on compact metric spaces with a single invariant measure are clearly interesting
and we show some of their powerful properties which result from the uniqueness of the measure.
Here we consider the metric spaces to be endowed with the Borel σ-algebra if it is not mentioned
otherwise.

Definition 2.61. Let T : X → X be a continuous transformation on a compact metric space
(X, d). Then T is called uniquely ergodic if there exists exactly one T -invariant Borel probability
measure on X.

Remark 2.62. If T is uniquely ergodic with measure µ, then T is ergodic. Indeed, if it were
not ergodic, then by Proposition 2.25 there would be a second T -invariant measure on the same
space, contradicting the uniqueness of µ.

Proposition 2.63. Let T : X → X be a continuous transformation on a compact metric space
(X, d). The following are equivalent

(i) (X,T ) is uniquely ergodic with T -invariant measure µ
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(ii) For every f ∈ C(X) we have that the averages

1

|IN |
∑
n∈IN

f(Tnx)

converge uniformly to a constant C, as N → ∞, where (IN )N∈N is any sequence of inter-
vals whose lengths tend to infinity (it turns out that C =

∫
X f dµ).

(iii) For every f ∈ C(X) we have that

lim
N→∞

1

|IN |
∑
n∈IN

f(Tnx) → Cx,

for every x ∈ X (it turns out that Cx =
∫
X f dµ), where (IN )N∈N is any sequence of

intervals whose lengths tend to infinity.

Proof. (i) → (ii): Assume for contradiction that there exist an ϵ > 0, sequences Nk ↗ ∞ and
xk ∈ X and some f ∈ C(X), such that∣∣∣∣∣∣ 1

|INk
|
∑

n∈INk

f(Tnxk)−
∫
X
fµ.

∣∣∣∣∣∣ ≥ ϵ,

for every k ∈ N. Define the Borel measures

µk :=
1

|INk
|
∑

n∈INk

δTn
xk
,

for k ∈ N. Then, there exists a sub-sequence of (µk)k∈N which converges in the weak* topology to

some measure ν which is T -invariant. Indeed, assume without loss of generality that µk
w∗−−−→

k→∞
ν

and let f ∈ C(X). Then,

∣∣∣∣∫
X
f ◦ T dν −

∫
X
f dν

∣∣∣∣ =
∣∣∣∣∣∣ limk→∞

1

|INk
|
∑

n∈INk

(
f(Tn+1x)− f(Tnx)

)∣∣∣∣∣∣ ,
which is less than or equal to

lim
k→∞

2

|INk
|
∥f∥∞ = 0,

since f ∈ C(X) and is thus uniformly bounded. But µ ̸= ν, because

∣∣∣∣∫
X
f dν −

∫
X
f dµ

∣∣∣∣ =
∣∣∣∣∣∣ limk→∞

1

|INk
|
∑

n∈INk

f(Tnxk)−
∫
X
f dµ

∣∣∣∣∣∣ ≥ ϵ.

(ii) → (iii): This is obvious.
(iii) → (i): If µ, ν are T -invariant measures and f ∈ C(X), then

lim
N→∞

1

|IN |
∑
n∈IN

f(Tnx) → Cx,

for every x ∈ X. Integrating with respect to µ and ν, using the bounded convergence theorem
and the fact that µ, ν are T -invariant we get that Cx =

∫
X f dµ =

∫
X f dν for every x ∈ X.
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Definition 2.64 (Equidistribution). Let X be a compact metric space and µ a probability
measure on X. We say that a sequence (xn)n∈N is equidistributed in X, if for every f ∈ C(X)
we have that

lim
N→∞

1

N

N∑
n=1

f(xn) =

∫
X
f(x) dµ.

Definition 2.65 (Generic points). Let T : X → X be a continuous transformation on a
compact metric space (X, d) and let µ be a T -invariant probability measure on X. We say that
a point x ∈ X is a generic point for the dynamical system (X,µ, T ), if for every f ∈ C(X) we
have that

lim
N→∞

1

N

N∑
n=1

f(Tnx) →
∫
X
f dµ.

Equivalently, the sequence (Tnx)n∈N is equdistributed in X with respect to the measure µ. It is
called quasi-generic, if for some sequences (aN )N∈N, (bN )N∈N with aN ≤ bN and bN −aN −1 →
∞, we have that

lim
N→∞

1

bN

aN+bN+1∑
n=aN

f(Tnx) →
∫
X
f dµ.

Definition 2.66. Let (X,B, µ) be a probability space with X a compact metric space. We say
that a function f : X → C is Riemann integrable with respect to µ, if for every ϵ > 0 there exist
g, h ∈ C(X), such that

• g(x) ≤ f(x) ≤ h(x) for every x ∈ X

•
∫
X h(x)− g(x) dµ ≤ ϵ

It is an easy exercise to verify the following:

Proposition 2.67. Assume that (xn)n∈N is an equidistributed sequence in some compact metric
space X with measure µ. Then

1. limN→∞
1
N

∑N
n=1 f(T

nx) →
∫
X f dµ, for every Riemann integrable function f : X → C

2. |{n∈{1,...,N}: xn∈A}|
N

N→∞−−−−→ µ(A), for any A ∈ X with µ(∂A) = 0, where ∂A denotes the
boundary of A.

Remark 2.68. If (X,T ) is uniquely ergodic with measure µ, then for every x ∈ X the orbit of
x, that is, (Tnx)n∈Z+, is equidistributed in (X,µ).

Proposition 2.69. Let (X,µ, T ) be an ergodic system, where (X, d) is a compact metric space.
Then µ-almost every point x ∈ X is a generic point for the system (X,µ, T ).

Proof. Since X is a compact metric space the space C(X) is separable. So, we can choose a
countable dense subset of C(X), with the ∥·∥∞, say (fk)k∈N. Notice that continuous functions
on X are bounded and thus, in L1(µ). Then, by Birkhoff’s ergodic theorem for the countable
set (fk)k∈N, we have that for µ-almost every x ∈ X,

lim
N→∞

1

N

N∑
n=1

fk(T
nx) →

∫
X
fk dµ

for every k ∈ N. A trivial approximation argument leads to the proof of the proposition.
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One of the main underlying motives for devoting a whole section to uniquely ergodic trans-
formations and generic points (in the context of this thesis) has been the following proposition,
which we invoke in modifying the Furstenberg’s correspondence principle.

Proposition 2.70. Let T : X → X be a continuous transformation of a compact metric space
X to itself and let xo ∈ X. Set X ′ = {Tnx0 : n ∈ Z+} and let µ be a measure so that (X ′, µ, T )
is an ergodic system, where (X ′, d) is also a compact metric space. Then x0 is quasi-generic for
µ.

Proof. By the previous proposition µ-almost every point of X ′ is generic. Let x ∈ X ′ be such a
point. Let also (fk)k∈N be a dense set of functions on C(X) and (Nk)k∈N a strictly increasing
sequence such that ∣∣∣∣∣ 1

Nk

Nk∑
n=1

fk(T
nx)−

∫
X
fk dµ

∣∣∣∣∣ < 1

k
,

for every k ∈ N. Then, for any k ∈ N there exists an ak ∈ N, for which d(T akx0, x) is sufficiently
small, so that ∣∣∣∣∣ 1

Nk

Nk+1∑
n=1

fk(T
n(T akx0))−

∫
X
fk dµ

∣∣∣∣∣ < 2

k
,

which gives that ∣∣∣∣∣∣ 1

Nk

Nk+ak+1∑
n=ak+1

fk(T
nx0)−

∫
X
fk dµ

∣∣∣∣∣∣ < 2

k
.

Setting bk = Nk+ak, for k ∈ N and extending the convergence from the dense subset, for which
it initially holds, to the whole space C(X) we obtain the desired result.

The following theorem is useful for determining whether a topological system with a trans-
formation is uniquely ergodic or not.

Theorem 2.71 (Furstenberg). Let T : X → X be a uniquely ergodic homomorphism and let
µ be the unique T -invariant measure on (X,X ). Let G be a compact abelian group with Haar
measure mG and U : X → G a continuous map. We define the transformation S : X × G →
X ×G, by

S(x, g) = (Tx, g · U(x)), for any (x, g) ∈ X ×G.

Then, the system (X × G, σ(X × B(G)), µ × mG, S) is ergodic if and only if it is uniquely
ergodic.

Remark 2.72. In other words, for such skew products as the ones described above, the natural
invariant measure is ergodic exactly when it is uniquely ergodic.

Examples 2.73. Two very ordinary examples are the following:

1. T (x, y) = (x+ α, y + x), for α ∈ R \Q

2. T (x, y, z) = (x+ α, y + x, z + y), for α ∈ R \Q

2.7 Van der Corput lemma

The traditional statement of the Van der Corput difference theorem regards uniform distribution
or equidistribution mod 1, (mod 1 simply means that we look at the sequence’s fractional parts
in [0, 1)) of a real sequence (xn)n∈N and it says that equidistribution mod 1 of (xn)n∈N follows
from the equidistribution mod 1 of the sequence of differences (xn+h − xn)n∈N, for any h ∈ N.
Just for reference the definition of equidistribution is as follows
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Definition 2.74. Let (xn)n∈N be a sequence taking values in [0, 1). Then (xn)n∈N is equidis-
tributed if, for any 0 ≤ a < b < 1 we have

lim
N→∞

|{ 1 ≤ n ≤ N : xn ∈ [a, b) }|
N

= b− a.

For our purposes we need a version of the above theorem in the context of Hilbert spaces.
Arguably, the most useful version is the following elementary result.

Lemma 2.75 (Van der Corput lemma). Let H be a Hilbert space with inner product ⟨·, ·⟩
and the induced norm ∥·∥. Consider a bounded sequence (vn)n∈N taking values in H. Then, if
for every m ∈ N we have that

lim
N→∞

1

N

N∑
n=1

⟨vn+m, vn⟩ = 0,

it follows that

lim
N→∞

∥∥∥∥∥ 1

N

N∑
n=1

vn

∥∥∥∥∥ = 0.

Proof. Without loss of generality, let ∥vn∥H ≤ 1, for any n ∈ N. For any m ∈ N we have that∥∥∥∥∥ 1

N

N∑
n=1

vn − 1

N

N∑
n=1

vn+m

∥∥∥∥∥ N→∞−−−−→ 0

and so, for any M ∈ N fixed we have that∥∥∥∥∥ 1

N

N∑
n=1

vn − 1

N

N∑
n=1

(
1

M

M∑
m=1

vn+m

)∥∥∥∥∥ N→∞−−−−→ 0.

To see this just expand the average 1
N

∑N
n=1

(
1
M

∑M
m=1 vn+m

)
and see that, for N relatively

large with respect to M , it behaves like the average 1
N

∑N
n=1 vn+m, because they differ only in

the first M and last M terms. Thus, for any M ∈ N we have that

lim sup
N→∞

∥∥∥∥∥ 1

N

N∑
n=1

vn

∥∥∥∥∥
2

= lim sup
N→∞

∥∥∥∥∥ 1

N

N∑
n=1

(
1

M

M∑
m=1

vn+m

)∥∥∥∥∥
2

,

where, by the triangle inequality, the last limit is less than or equal to

lim sup
N→∞

(
1

N

N∑
n=1

∥∥∥∥∥ 1

M

M∑
m=1

vn+m

∥∥∥∥∥
)2

≤ lim sup
N→∞

1

N

N∑
n=1

∥∥∥∥∥ 1

M

M∑
m=1

vn+m

∥∥∥∥∥
2

.

The last inequality follows from the concavity of x 7→ x2 according to which, for some real
numbers x1, . . . , xN we have that (

1

N

N∑
n=1

xn

)2

≤ 1

N

N∑
n=1

x2n.

Now,

lim sup
N→∞

1

N

N∑
n=1

∥∥∥∥∥ 1

M

M∑
m=1

vn+m

∥∥∥∥∥
2

≤ lim sup
N→∞

1

N

∣∣∣∣∣∣
N∑

n=1

1

M2

M∑
m,k=1

⟨vn+m, vn+k⟩

∣∣∣∣∣∣
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and this is in turn is less than or equal to

1

M2

M∑
m,k=1

lim sup
N→∞

∣∣∣∣∣ 1N
N∑

n=1

⟨vn+m, vn+k⟩

∣∣∣∣∣ .
This average can be decomposed in three individual averages, the first two being

1

M2

∑
1≤m<k≤M

lim sup
N→∞

∣∣∣∣∣ 1N
N∑

n=1

⟨vn+m, vn+k⟩

∣∣∣∣∣ = 1

M2

∑
1≤m<k≤M

lim sup
N→∞

∣∣∣∣∣ 1N
N+m∑

n=m+1

⟨vn, vn+k⟩

∣∣∣∣∣
and

1

M2

∑
1≤k<m≤M

lim sup
N→∞

∣∣∣∣∣ 1N
N∑

n=1

⟨vn+m, vn+k⟩

∣∣∣∣∣ = 1

M2

∑
1≤m<k≤M

lim sup
N→∞

∣∣∣∣∣ 1N
N+k∑

n=k+1

⟨vn+m, vn⟩

∣∣∣∣∣ ,
which are zero by the assumption that

lim sup
N→∞

1

N

N∑
n=1

⟨vn+m, vn⟩ = 0.

The third individual average is

1

M2

∑
1≤m≤M

lim sup
N→∞

∣∣∣∣∣ 1N
N∑

n=1

∥vn+m∥2
∣∣∣∣∣ ≤ 1

M

and since M was arbitrary we obtain the lemma.

Next we present a finite quantitative version of the Van der Corput lemma, which is useful
on its own, but here will only be used for the proof of the anagolous infinite result.

Lemma 2.76 (Quantitative Van der Corput). Let H be a Hilbert space with inner product
⟨·, ·⟩ and induced norm ∥·∥. Let also I be a (finite) interval in Z and let (vn)n∈N be a sequence
in H and assume that ∥vn∥ ≤ 1, for all n ∈ N. Then, for all M ∈ N with M < |I| we have that∥∥∥∥∥ 1

|I|
∑
n∈I

vn

∥∥∥∥∥
2

≤ CM

|I|
+

1

M
+

1

M

M∑
m=1

2

M
ℜ

(
1

|I|
∑
n∈I

⟨vn, vn+m⟩

)
, (2.9)

for some absolute constant C > 0.

Proof. Let I and M be fixed and as in the statement. Then∥∥∥∥∥ 1

|I|
∑
n∈I

1

M

M∑
m=1

vn+m − 1

|I|
∑
n∈I

vn

∥∥∥∥∥ ≤ 2M

|I|
,

as in the proof of Lemma 2.75. Thus,∥∥∥∥∥ 1

|I|
∑
n∈I

vn

∥∥∥∥∥ ≤

∥∥∥∥∥ 1

|I|
∑
n∈I

1

M

M∑
m=1

vn+m

∥∥∥∥∥+ 2M

|I|

and taking the squares, using the boundedness assumption of ∥vn∥ and the fact that M
|I| < 1

this gives
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∥∥∥∥∥ 1

|I|
∑
n∈I

vn

∥∥∥∥∥
2

≤

∥∥∥∥∥ 1

|I|
∑
n∈I

1

M

M∑
m=1

vn+m

∥∥∥∥∥
2

+
8M

|I|
.

Moreover, ∥∥∥∥∥ 1

|I|
∑
n∈I

1

M

M∑
m=1

vn+m

∥∥∥∥∥
2

≤ 1

|I|
∑
n∈I

∥∥∥∥∥ 1

M

M∑
m=1

vn+m

∥∥∥∥∥
2

and expanding the square, the last average is simply

1

|I|
∑
n∈I

⟨ 1

M

M∑
m=1

vn+m,
1

M

M∑
k=1

vn+k⟩ =
1

M2

M∑
k,m=1

(
1

|I|
∑
n∈I

⟨vn+m, vn+k⟩

)
.

Therefore, we have so far shown that∥∥∥∥∥ 1

|I|
∑
n∈I

vn

∥∥∥∥∥
2

≤ 8M

|I|
+

1

M2

M∑
k,m=1

(
1

|I|
∑
n∈I

⟨vn+m, vn+k⟩

)
. (2.10)

We are left with bounding the average 1
M2

∑M
k,m=1

(
1
|I|
∑

n∈I⟨vn+m, vn+k⟩
)
. This is decomposed

into three averages, the first one being

1

M2

M∑
m=1

(
1

|I|
∑
n∈I

∥vn+m∥2
)

≤ 1

M
.

The other two averages are

1

M2

∑
1≤k<m≤M

(
1

|I|
∑
n∈I

⟨vn+m, vn+k⟩

)
=

1

M2

∑
1≤k<m≤M

 1

|I|
∑
n∈Ik

⟨vn+m, vn⟩


and

1

M2

∑
1≤m<k≤M

(
1

|I|
∑
n∈I

⟨vn+m, vn+k⟩

)
=

1

M2

∑
1≤m<k≤M

(
1

|I|
∑
n∈Im

⟨vn, vn+k⟩

)
,

with Ik = I + k and Im = I +m. Observe that by the conjugacy property of inner products
these averages are the complex conjugates of one another. We therefore have that

1

M2

∑
1≤k<m≤M

(
1

|I|
∑
n∈I

⟨vn+m, vn+k⟩

)
+

1

M2

∑
1≤m<k≤M

(
1

|I|
∑
n∈I

⟨vn+m, vn+k⟩

)

is equal to

2

M2

∑
1≤k<m≤M

ℜ

 1

|I|
∑
n∈Ik

⟨vn+m, vn⟩

 ≤ 4

|I|
+

2

M2

∑
1≤m≤M

ℜ

(
1

|I|
∑
n∈I

⟨vn+m, vn⟩

)
,

because for any 1 ≤ k ≤M we have that∣∣∣∣∣∣ 1|I|
∑
n∈Ik

⟨vn+m, vn⟩ −
1

|I|
∑
n∈I

⟨vn+m, vn⟩

∣∣∣∣∣∣ ≤ 2M

|I|

and hence we conclude.
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The final version will be used in the PET induction argument.

Lemma 2.77 (Infinite quantitative Van der Corput). Let H be a Hilbert space with inner
product ⟨·, ·⟩ and induced norm ∥·∥ and let (IN )N∈N be a sequence of integer intervals whose
lengths tend to infinity. For each N ∈ N, let (vN (n))n∈N be a bounded sequence in H. Assume
that ∥vN (n)∥ ≤ 1, for all N,n ∈ N. Then

lim sup
N→∞

∥∥∥∥∥∥ 1

|IN |
∑
n∈IN

vN (n)

∥∥∥∥∥∥
2

≤ lim sup
M→∞

2

M

M∑
m=1

lim sup
N→∞

ℜ

 1

|IN |
∑
n∈IN

⟨vN (n), vN (n+m)⟩

 .

(2.11)

Proof. For m ∈ N fixed set

k(m) := lim sup
N→∞

ℜ

 1

|IN |
∑
n∈IN

⟨vN (n), vN (n+m)⟩

 .

Then, from Lemma 2.76 with I = IN for some N ∈ N we have that∥∥∥∥∥∥ 1

|IN |
∑
n∈IN

vN (n)

∥∥∥∥∥∥
2

≤ CM

|IN |
+

1

M
+

1

M

M∑
m=1

2

M
ℜ

 1

|IN |
∑
n∈IN

⟨vN (n), vN (n+m)⟩

 ,

and taking first the limsup as N → ∞ and then as M → ∞ we obtain the inequality

lim sup
N→∞

∥∥∥∥∥∥ 1

|IN |
∑
n∈IN

vN (n)

∥∥∥∥∥∥
2

≤ lim sup
M→∞

1

M

M∑
m=1

2

M
k(m),

which is (2.11).

The final result in the category of the Van der Corput-type lemmata is an immediate corol-
lary of the Lemma 2.77.

Corollary 2.78. Let H be a Hilbert space with inner product ⟨·, ·⟩ and induced norm ∥·∥. Let
also (vn)n∈N be a bounded sequence in H and (IN )N∈N be a sequence of integer intervals whose
lengths tend to infinity. Define the sequence (sm)m∈N, by

sm := lim sup
N→∞

1

|IN |

∣∣∣∣∣∣
∑
n∈IN

⟨vn+m, vn⟩

∣∣∣∣∣∣ , for m ∈ N.

If

lim
M→∞

1

M

M∑
m=1

sm = 0,

then it follows that

lim
N→∞

∥∥∥∥∥∥ 1

|IN |
∑
n∈IN

vn

∥∥∥∥∥∥ = 0.
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2.8 Spectral theorem and applications

We have already associated to each measure-preserving system (X,X , µ, T ) an operator, UT :
L2(µ) → L2(µ), defined by

UT (f) = f ◦ T, for f ∈ L2(µ)

and we have seen that it preserves inner products, and thus the L2(µ) norm, and that it is also
unitary when T is invertible. We introduce a convenient notation to work with the cases of
non-invertible transformations as well. Precisely we write

Un
T := (U∗

T )
−n, when n < 0,

where U∗
T is the adjoint operator of UT . This way, the operator UT is invertible, with

U−1
T = U∗

T

and so it is unitary. As we are interested in orbits of typical points in X we are also interested
in the asymptotic behavior of the iterates Un

T f , for functions f ∈ L2(µ), n ∈ N. So, given
such a function we can focus our attention on the restriction of UT to the L2(µ)-subspace
Hf := span{Un

T f : n ∈ Z}. It turns out that UT : Hf → Hf is in a sense equivalent to an
operator on L2(S,B(S), µf ), where S denotes the complex unit circle, for which g(z) 7→ zg(z),
for any function g ∈ L2(S,B(S), µf ), with µf an appropriate finite and positive measure on S.
This is facilitated through the theorem of Herglotz, a result in harmonic analysis. Recall that
a complex sequence (an)n∈Z is positive-definite if, for every complex sequence (xn)n∈Z which is
zero but for finitely many terms, we have that∑

n,m∈Z
am−n xm x̄n ≥ 0

and that the n − th Fourier coefficient of a finite Borel measure µ defined on S is the number
µ̂(n) =

∫
S z

n dµ.

Theorem 2.79 (Herglotz). A sequence (an)n∈Z is the sequence of Fourier coefficients of a
positive and finite Borel measure on S if and only if it is positive-definite and a−n = an, for
every n ∈ N. This measure is unique.

Theorem 2.80 (Spectral theorem). Let (X,X , µ, T ) be a measure-preserving system and
f ∈ L2(µ). Then, there exists a unique finite and positive measure σf on S corresponding to f
called the spectral measure of f , such that∫

X
f̄ · Tnf dµ =

∫
S
zn dσf (z),

which is usually written as ∫
X
f̄ · Tnf dµ =

∫ 1

0
e2πint dσf (t), (2.12)

for every n ∈ N.

Proof. Consider the sequence (an)n∈Z defined by

an = ⟨Un
T f, f⟩, n ∈ Z.

Thus, for n ≥ 0 we have that

an = ⟨Un
T f, f⟩
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and for n < 0 we have that

an = ⟨(U∗
T )

−nf, f⟩ = ⟨f, U−n
T f⟩.

Then, clearly, a−n = an for every n ∈ Z. Also,for any N ∈ N and sequence (xn)n∈Z we have
that

0 ≤ ⟨
N∑

n=−N

xn U
n
T f,

N∑
n=−N

xn U
n
T f⟩,

where the inner product is equal to

N∑
n=−N

⟨xn Un
T f, xn U

n
T f⟩+

∑
−N≤n<m≤N

⟨xn Un
T f, xm Um

T f⟩+
∑

−N≤m<n≤N

⟨xn Un
T f, xm Um

T f⟩.

The latter becomes

N∑
n=−N

⟨xn Un
T f, xn U

n
T f⟩+

∑
−N≤n<m≤N

xn xm⟨ Un−m
T f, f⟩+

∑
−N≤m<n≤N

xn xm⟨Un−m
T f, f⟩,

which is nothing but
N∑

n,m=−N

xn xm an−m,

hence, (an)n∈N is positive-definite. If σf is the measure corresponding to (an)n∈N from the
theorem of Herglotz we obtain that an = σ̂f (n), which leads to∫

X
f̄ · Tnf dµ =

∫ 1

0
e2πint dσf (t),

for every n ∈ N.

What follows is a series of applications of the spectral theorem that we will use throughout
this thesis.

Proposition 2.81. Let (X,X , µ, T ) be a measure-preserving system, f ∈ L2(µ), a ∈ N and σf
be the spectral measure corresponding to f . Then, for any complex sequence (cn)n∈N we have
that ∥∥∥∥∥ 1

N

N∑
n=1

cn · T anf

∥∥∥∥∥
L2(µ)

=

∥∥∥∥∥ 1

N

N∑
n=1

cn · e2πiant
∥∥∥∥∥
L2(σf )

,

for every N ∈ N.

Proof. Let N ∈ N. Then∥∥∥∥∥ 1

N

N∑
n=1

cn · T anf

∥∥∥∥∥
L2(µ)

= ⟨ 1
N

N∑
n=1

cn · T anf,
1

N

N∑
n=1

cn · T anf⟩ = 1

N2

N∑
n,m=1

cn · cm⟨T anf, T amf⟩.

Now, ⟨T anf, T amf⟩ = ⟨Ua(n−m)
T f, f⟩, which is equal to ⟨T a(n−m)f, f⟩ if n ≥ m and ⟨f, T a(m−n)f⟩

else, showing the usefulness of this notation, so that applying the representation of the spectral
theorem we get that∥∥∥∥∥ 1

N

N∑
n=1

cn · T anf

∥∥∥∥∥
L2(µ)

=
1

N2

N∑
n,m=1

cn · cm
∫ 1

0
e2πia(n−m)t dσf (t) =

∥∥∥∥∥ 1

N

N∑
n=1

cn · e2πiant
∥∥∥∥∥
L2(σf )

.
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Remark 2.82. Notice that the same proof can be carried out for the averages over any interval
IN ⊂ N and not only [1, N ].

Proposition 2.83. Let (X,X , µ, T ) be a measure-preserving system, f ∈ L2(µ) and σf be the
spectral measure corresponding to f . Then

(i) For any t ∈ [0, 1) we have that

σf ({t}) = lim
N→∞

1

N

N∑
n=1

e−2πint

∫
X
f̄ · Tnf dµ (2.13)

(ii)

lim
N→∞

1

N

N∑
n=1

∣∣f̄ · Tnf dµ
∣∣2 = ∫ 1

0
σf ({z}) dσf (z) (2.14)

(iii) For any a ∈ [0, 1) we have that

lim
N→∞

∥∥∥∥∥ 1

N

N∑
n=1

Tnf · e−2πina

∥∥∥∥∥
2

L2(µ)

= σf ({a}). (2.15)

Proof. (i) Let t ∈ [0, 1). Then,

1

N

N∑
n=1

e−2πint

∫
X
f̄ · Tnf dµ =

1

N

N∑
n=1

∫ 1

0
e2πin(x−t) dσf (x),

for N ∈ N. Now, for any x ∈ [0, 1) such that x− t /∈ Z, i.e. every x ̸= t, we know that

1

N

N∑
n=1

e2πin(x−t) N→∞−−−−→ 0,

while the average for x = t is 1 for all N ∈ N. Thus, by the bounded convergence theorem (or
Lebesgue’s dominated convergence theorem for bounded measures) we get that

1

N

N∑
n=1

∫ 1

0
e2πin(x−t) dσf (x)

N→∞−−−−→ σf ({t}),

hence, the claim.
(ii) First, by (2.12),

lim
N→∞

1

N

N∑
n=1

∣∣∣∣∫ f̄ · Tnf dµ

∣∣∣∣2 = lim
N→∞

1

N

N∑
n=1

∣∣∣∣∫ 1

0
e2πinz dσf (z)

∣∣∣∣2 .
This becomes

lim
N→∞

1

N

N∑
n=1

∫ 1

0

∫ 1

0
e2πin(z−w) dσf (w) dσf (z),

which is the same as ∫ 1

0

∫ 1

0
lim

N→∞

1

N

N∑
n=1

e2πin(z−w) dσf (z) dσf (w),
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by the bounded convergence theorem. As the argument in the proof of (i) shows, the last
integral equals ∫ 1

0

∫ 1

0
1{z=w}(w, z) dσf (w) dσf (z),

and this is simply ∫ 1

0
σf ({z}) dσf (z).

(iii) We have that∥∥∥∥∥ 1

N

N∑
n=1

Tnf · e−2πina

∥∥∥∥∥
2

L2(µ)

=
1

N2

∑
1≤n,m≤N

e2πi(m−n)a

∫
f̄ · Tn−mf dµ,

which by (2.12) becomes

1

N2

∑
1≤n,m≤N

e−2πi(n−m)a

∫
e2πi(n−m)t dσf (t) =

∥∥∥∥∥ 1

N

N∑
n=1

e2πin(t−a)

∥∥∥∥∥
2

L2(σf (t))

,

for any N ∈ N. Letting N → ∞ and using the bounded convergence theorem as we are
accustomed to by now, we obtain that

lim
N→∞

∥∥∥∥∥ 1

N

N∑
n=1

Tnf · e−2πina

∥∥∥∥∥
2

L2(µ)

= σf ({a}).

Definition 2.84. Let (X,X , µ, T ) be a measure-preserving system. Then the spectrum of T ,
denoted by Spec(T ), is defined as

Spec(T ) := {t ∈ [0, 1) : there exists f ∈ L2(µ), such that Tf = e2πitf}.

The functions in this definition are called eigenfunctions of T and the numbers e2πit are the
eigenvalues. We can also define the rational spectrum of T as the set Spec(T ) ∩Q.

Proposition 2.85. Let (X,X , µ, T ) be a measure-preserving system, f ∈ L2(µ) and σf be the
spectral measure corresponding to f . Then, σf ({z}) = 0 for all the points z ∈ [0, 1) \ Spec(T ),
i.e. points not in the spectrum of T .

Proof. Let z0 be such a point and assume that σf ({z0}) > 0. We consider the sequence

1

N

N∑
n=1

e−2πinz0Tnf,

for N ∈ N, which is bounded in the L2(µ)-norm. Therefore, there exists a weakly convergent
sub-sequence and this means that there exist a sequence of positive integers (Nk)k∈N and a
function f̃ ∈ L2(µ), such that∫

1

Nl

Nl∑
n=1

e−2πinz0Tnf · h̄ dµ −→
∫
f̃ · h̄ dµ,

for any h ∈ L2(µ). We notice that f̃ is an eigenfunction of T with z0 as its eigenvalue, because∫
UT f̃ · h̄ dµ =

∫
f̃ · U∗

T h̄ dµ = lim
l→∞

∫
1

Nl

Nl∑
n=1

e−2πinz0Tnf · U∗
T h̄ dµ,
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which gives rise to the equality

∫
T f̃ · h̄ dµ = lim

l→∞

∫
1

Nl

Nl∑
n=1

e−2πinz0Tn+1f · h̄ dµ,

and this limit becomes

lim
l→∞

∫
e2πiz0

1

Nl

Nl+1∑
n=2

e−2πinz0Tnf · h̄ dµ.

for any h ∈ L2(µ). Therefore, ∫
T f̃ · h̄ dµ =

∫
e2πiz0 f̃ · h̄ dµ,

for all h ∈ L2(µ), which implies that T f̃ = e2πiz0 f̃ . If we show that f̃ is non-zero we will have
reached a contradiction, because then z0 would be in the spectrum of T . Observe that

∫
f̃ · f̄ dµ = lim

l→∞

1

Nl

Nl∑
n=1

e−2πinz0

∫
Tnf · f̄ dµ = lim

l→∞

1

Nl

Nl∑
n=1

e−2πinz0

∫ 1

0
e2πinzdσf (z),

where the last limit is equal to

σf ({z0}) + lim
l→∞

∫
[0,1)\{z0}

1

Nl

Nl∑
n=1

e2πin(z−z0)dσf (z) = σf ({z0}),

which is positive by assumption. Therefore, f̃ is indeed non-zero.

Remark 2.86. The same proof–with trivial modifications–shows that, if

f ⊥ Ez0 := {g ∈ L2(µ) : Tg = e2πiz0g},

for some z0 ∈ [0, 1), then σf ({z0}) = 0.

Another result that we will need is the following lemma concerning transformations with
trivial spectra.

Lemma 2.87. Let (X,X , µ, T ) be a measure preserving system. Then the spectrum of T is
trivial, i.e. 0, meaning that T has only T -invariant eigenfunctions, if and only if the spectral
measures corresponding to all functions f ∈ L2(µ) which are orthogonal to the subspace of
T -invariant functions have no point masses.

Proof. We claim that it suffices to show that

σf ({a}) = 0 ⇐⇒ f ⊥ Ea := {g ∈ L2(µ) : Tg = e2πiag}, (2.16)

for all f ∈ L2(µ) which are orthogonal to all T -invariant functions, where by σf we denote the
spectral measure of each such function f . Observe that Ea is a closed subspace of L2(µ), for
any a ∈ [0, 1) and that E0 is the subspace of T -invariant functions. To see that the claim holds,
assume first that this equivalence is true and that T has only T -invariant eigenfunctions, but
there exist f ∈ L2(µ) so that f ⊥ E0 and a ∈ (0, 1), such that σf ({a}) > 0. Then f is not
orthogonal to Ea, and so E(f |Ea) is an eigenfunction of T not in E0. For a = 0 the orthogonality
assumption implies that σf ({0}) = 0. The other direction follows trivially from (2.16), because
any f ∈ Ea, a ∈ (0, 1), is orthogonal to E0. Hence, the claim follows.
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Now, let σf ({a}) = 0. Then

lim
N→∞

∥∥∥∥∥ 1

N

N∑
n=1

Tnf · e−2πina

∥∥∥∥∥
2

L2(µ)

= σf ({a})

by (2.15). So, considering any function g ∈ Ea, so that Tng = e2πinag, for n ∈ N, we have that∫
f · g dµ = e−2πina

∫
Tnf · g dµ, for any n ∈ N

and thus ∫
f · g dµ =

1

N

N∑
n=1

e−2πina

∫
Tnf · g dµ N→∞−−−−→ 0

by the Cauchy-Schwarz inequality. Therefore f ⊥ Ea, which allows us to conclude, since the
converse was basically dealt with in Proposition 2.85 (see Remark 2.86).

The final result of this subsection has to do with determining the form of the eigenvalues
of the product of two measure-preserving transformations. It turns out that we can completely
describe them with respect to the eigenvalues of the individual transformations.

Lemma 2.88. Let (X,X , µ, T ) and (Y,Y , ν, S) be measure-preserving systems and consider
their product, which is the measure-preserving system (X×Y,X ⊗Y , µ× ν, T ×S). Then, any
eigenvalue of T × S is the product of an eigenvalue of T with an eigenvalue of S.

Comment 2.89. The subspace of L2(X × Y ) that consists of all the finite sums of functions
of the form F (x, y) = f(x) · g(y), for f ∈ L2(X) and g ∈ L2(Y ) is dense in L2(X × Y ).

Proof. Let t ∈ Spec(T ×S), so that e2πit is an eigenvalue of T ×S and let F (x, y) ∈ L2(X ×Y )
be its eigenfunction, so that it is non-zero (identically). Then, there exists some function
G(x, y) ∈ L2(X × Y ) (for example G = F ), such that∫

X×Y
F (x, y) ·G(x, y) d(µ× ν) ̸= 0.

Composing with (T × S)n, for any n ∈ N, in the integral and using the fact that

(T × S)nF (x, y) = e2πintF (x, y),

we obtain that

1

N

N∑
n=1

e2πint
∫
X×Y

F (x, y) · (T × S)nG(x, y) d(µ× ν) ̸= 0,

for any N ∈ N. By Comment 2.89 there exist some functions F (x, y) = f1(x) · f2(y) and
G(x, y) = g1(x) · g2(y) in L2(X × Y ), for f1, g1 ∈ L2(X) and f2, g2 ∈ L2(Y ), such that

1

N

N∑
n=1

e2πint
∫
X×Y

f1(x) · f2(y) · Tng1(x) · Sng2(y) d(µ× ν) ̸= 0.

Therefore

1

N

N∑
n=1

e2πint
∫
X
f1(x) · Tng1(x) dµ

∫
Y
f2(y) · Sng2(y) d(ν) ̸= 0. (2.17)
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Observe that the last average is bounded in absolute value by

∥f2∥L2(X) · ∥g2∥L2(Y ) ·
1

N

N∑
n=1

∣∣∣∣∫ f1 · Tng1 dµ

∣∣∣∣ (2.18)

and by

∥f1∥L2(X) · ∥g1∥L2(Y ) ·
1

N

N∑
n=1

∣∣∣∣∫ f2 · Sng2 dµ

∣∣∣∣ . (2.19)

Hence, by Proposition 2.91 below we have that if E(fj |KT ) = 0 or E(gj |KS) = 0, for j = 1, 2,
the limit as N → ∞ in (2.17) is zero. Thus, without loss of generality we can assume that
f1, f2 ∈ KT and g1, g2 ∈ KS . By the definition of the Kronecker factor (see Definition 2.36)
and a typical approximation argument it follows that there exist eigenfunctions f3, g3 of T and
f4, g4 of S, for which an analogue of (2.17) holds, namely,

1

N

N∑
n=1

e2πint
∫
X
f3(x) · Tng3(x) dµ

∫
Y
f4(y) · Sng4(y) dν ̸= 0, for any N ∈ N.

If e2πit1 , e2πit2 are the eigenvalues of g3, g4 respectively (notice that e2πi(−t1) and e2πi(−t2) are
eigenvalues as well), this gives

1

N

N∑
n=1

e2πin(t+t1+t2)

∫
X
f3(x) · g3(x) dµ

∫
Y
f4(y) · g4(y) dν ̸= 0, for any N ∈ N.

But, in this case we must have that t = −t1 − t2, because for any α ̸= 0 we know that

1

N

N∑
n=1

e2πinα
∫
X
f3(x) · g3(x) dµ

∫
Y
f4(y) · g4(y) dν

N→∞−−−−→ 0.

In conclusion e2πit = e2πi(−t1) · e2πi(−t2), so that the e2πit is indeed the product of an eigenvalue
of T with an eigenvalue of S as claimed.

Remark 2.90. Let S = T (and of course X = Y,X = Y , µ = ν). It follows immediately that
if the system (X,X , µ, T ) has trivial rational spectrum (i.e. Spec(T ) ∩ Q = {0}) the same is
true for the system (X ×X,X ⊗X , µ×µ, T × T ). Indeed, if q ∈ Spec(T × T )∩Q, q ̸= 0, then
there exist r1, r2 ∈ R \Q ∪ {0} such that q = r1 + r2. But then, if f1, f2 are the eigenfunctions
of T corresponding to r1, r2 we see that f1 · f2 is also an eigenfunction of T with e2πiq as its
eigenvalue, a contradiction.

Proposition 2.91. Let (X,X , µ, T ) be a measure-preserving system and f, g ∈ L2(µ). If
E(f |KT ) = 0 or E(g|KT ) = 0, where KT is the σ-algebra corresponding to the Kronecker factor
of T , we have that

lim
N→∞

1

N

N∑
n=1

∣∣∣∣∫
X
g · Tnf dµ

∣∣∣∣ = 0.

Proof. We will actually show that

lim
N→∞

1

N

N∑
n=1

∣∣∣∣∫
X
g · Tnf dµ

∣∣∣∣2 = 0.

After expanding the square of the absolute value in the above averages, the goal reduces to
showing that

lim
N→∞

1

N

N∑
n=1

∫
X×X

g ⊗ g · (T × T )nf ⊗ f d(µ× µ) = 0, (2.20)
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where g⊗ g(x, y) := g(x) · g(y) and thus
∫
X×X g⊗ g d(µ× µ) =

∫
X g dµ ·

∫
X g dµ. By the mean

ergodic theorem for T × T we get that the limit in (2.20) becomes∫
X×X

g ⊗ g · E(f ⊗ f |I (T × T )) d(µ× µ),

where I (T × T ) is the σ-algebra of T × T -invariant sets. The result follows from Proposition
3.10 of the next chapter.

2.9 Khintchine recurrence

As we have mentioned in the introduction, the aim of this thesis is to simultaneously generalize
Khintchine’s and Furstenberg’s recurrence theorems, the former being a quantitative extension
of Poincaré’s recurrence theorem. In this section we state and formally prove both theorems,
which serve as the starting points of our exposition.

Theorem 2.92 (Khintchine’s theorem). Let (X,X , µ, T ) be a measure-preserving system.
Then, for any A ∈ X with positive measure and for every ϵ > 0, the set

E := {n ∈ N : µ(A ∩ T−nA) ≥ (µ(A))2 − ϵ}

is syndetic.

Proof. We claim that it suffices to show the inequality

lim
N−M→∞

1

N −M

N∑
n=M

µ(A ∩ T−nA) ≥ (µ(A))2.

Indeed, suppose the set E does not have bounded gaps. Then, there exist ϵ > 0 and intervals

(aN , bN ] ⊂ N with aN < bN , N ∈ N and bN − aN
N→∞−−−−→ ∞, such that

µ(A ∩ T−nA) < µ2(A)− ϵ, for every n ∈ (aN , bN ], every N ∈ N.

But in this case we would have a contradiction, for

lim
N→∞

1

bN − aN

bN∑
n=aN+1

µ(A ∩ T−nA) ≤ (µ(A))2 − ϵ.

Hence the claim is true. Now, an application of Von Neumann’s mean ergodic theorem gives

lim
N−M→∞

1

N −M

N∑
n=M+1

∫
X
f · Tnf dµ =

∫
X
f · E(f |IT ) dµ. (2.21)

Let f := 1A and observe that∫
X
f · E(f |IT ) dµ =

∫
X
(E(f |IT ))

2 dµ,

because f = E(f |IT ) + f1, where f1 ⊥ E(f |IT ). Therefore, (2.21) becomes

lim
N−M→∞

1

N −M

N∑
n=M+1

µ(A ∩ T−nA) =

∫
X
(E(1A|IT ))

2 dµ
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and an application of the Cauchy-Schwarz inequality gives that

lim
N−M→∞

1

N −M

N∑
n=M+1

µ(A ∩ T−nA) ≥
(∫

X
E(1A|IT ) dµ

)2

= (µ(A))2,

where the last equality follows from the property of the conditional expectation of a function
to have the same integral as the function itself.

Theorem 2.93 (Furstenberg-Sarkozy recurrence theorem). Let (X,X , µ, T ) be a measure-
preserving system. Then, for any A ∈ X with positive measure there exists n ∈ N such that,

µ(A ∩ T−n2
A) > 0.

In fact we will prove that

lim
N→∞

1

N

N∑
n=1

µ(A ∩ T−n2
A) > 0.

Remark 2.94. A similar proof works for any integer polynomial p : N → N, with p(0) = 0 and
for p : N → Z, where in this case we also assume that T is invertible.

Proof. Let Krat := {f ∈ L2(µ) : there exists r ∈ N, such that T rf = f}, which is a closed lin-
ear subspace of L2(µ).
Step 1. If f ∈ L2(µ) and f ⊥ Krat, then

lim
N→∞

1

N

N∑
n=1

Tn2
f = 0,

where the limit is in the L2(µ) norm. Without loss of generality, assume that ∥f∥L2(µ) ≤ 1.

From the Van der Corput lemma, Lemma 2.75, if we set vn := Tn2
f , for any n ∈ N, it suffices

to show that for any m ∈ N we have that

lim
N→∞

1

N

N∑
n=1

⟨vn+m, vn⟩ = 0.

Indeed, for m ∈ N fixed we have

1

N

N∑
n=1

⟨vn+m, vn⟩ =
1

N

N∑
n=1

∫
X
T (n+m)2f · Tn2

f dµ =
1

N

N∑
n=1

∫
X
Tm2+2mnf · f̄ dµ, (2.22)

for any N ∈ N. Now, the mean ergodic theorem for the transformation T 2m shows that

lim
N→∞

1

N

N∑
n=1

T 2mnf = E(f |IT 2m) = 0,

where the limit is in L2(µ) and the equality holds since f ⊥ Krat =⇒ f ⊥ L2(IT 2m). Taking
the limit in (2.22) and using the Cauchy-Schwarz we get that

lim
N→∞

1

N

N∑
n=1

⟨vn+m, vn⟩ = 0.

Step 2. In order to take advantage of the first step we denote by PKrat(1A) the orthogonal
projection of 1A onto Krat and write
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1A = g1 + g2, where g1 := PKrat(1A), and g2 ⊥ Krat.

We then have that

1

N

N∑
n=1

Tn2
(1A) =

1

N

N∑
n=1

Tn2
g1 +

1

N

N∑
n=1

Tn2
g2,

for N ∈ N, but from step 1, we know that

lim
N→∞

1

N

N∑
n=1

Tn2
g2 = 0,

where the limit is in the L2(µ) norm. Thus,

lim
N→∞

∥∥∥∥∥ 1

N

N∑
n=1

Tn2
(1A)−

1

N

N∑
n=1

Tn2
g1

∥∥∥∥∥
L2(µ)

= 0,

which implies that

lim
N→∞

(
1

N

N∑
n=1

µ(A ∩ T−n2
A)− 1

N

N∑
n=1

∫
X
g1T

n2
g1 dµ

)
= 0.

Step 3. g1 ≥ 0. Indeed, set B := {x ∈ X : g1(x) < 0}. Observe that PKrat(1A) can also be seen
as the conditional expectation of 1A with respect to the σ-algebra of the functions in Krat, and
in an abuse of notation we denote this σ-algebra by Krat as well and write g1 = E(1A|Krat).
Now, B is an inverse image of a Borel set through a function in Krat, so it belongs to the
σ-algebra Krat. Therefore, ∫

B
g1 dµ =

∫
B
1A dµ ≥ 0,

so that µ(B) = 0.
Step 4. Let ϵ > 0. Then, there exist r ∈ N and g3 ∈ L2(µ) for which T rg3 = g3, such that

∥g1 − g3∥L2(µ) < ϵ.

Therefore, for any m ∈ N we have that∣∣∣∣∫
X
g1T

mg1 dµ−
∫
X
g3T

mg3 dµ

∣∣∣∣ < 2ϵ (2.23)

From the positivity of g1 we have that

lim
N→∞

1

N

N∑
n=1

∫
X
g1T

n2
g1 dµ ≥ 1

r

(
lim

N→∞

1

N

N∑
n=1

∫
X
g1T

(rn)2g1 dµ

)

and from (2.23) we get that

lim
N→∞

1

N

N∑
n=1

∫
X
g1T

n2
g1 dµ ≥ 1

r

(
lim

N→∞

1

N

N∑
n=1

∫
X
g3T

(rn)2g3 dµ

)
− 2ϵ.

Now, from the choice of g3, we know that
∫
X g3T

(rn)2g3 dµ =
∫
X g23 dµ and (2.23) once again

gives that

lim
N→∞

1

N

N∑
n=1

∫
X
g1T

n2
g1 dµ ≥ 1

r

(∫
X
g21 dµ

)
− 4ϵ ≥ 1

r

(∫
X
g1 dµ

)2

− 4ϵ,
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where the last inequality follows from Cauchy-Schwarz. As in step 3, we have that(∫
X
g1 dµ

)2

= (µ(A))2

and choosing ϵ < 1
4(µ(A))

2, we obtain the theorem.

From Theorem 2.93 and Furstenberg’s correspondence principle we get the following result in
additive number theory showing that square-difference-free subsets of the non-negative integers
can not be ”very large”, in fact, they must have zero upper density.

Corollary 2.95. Let Λ ⊂ N with d̄(Λ) > 0. Then, Λ is not square-difference-free, that is, there
exist an n ∈ N and x, y ∈ Λ such that, x− y = n2. In fact,

lim inf
N→∞

1

N

N∑
n=1

d̄(Λ ∩ (Λ− n2)) > 0.
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Chapter 3

Seminorms and Nilsystems

In this chapter we present the basics of the theory surrounding the so-called Gowers-Host-Kra
seminorms and we also introduce the notion of nilsystems and discuss some basic equidistribu-
tion and convergence results on them. The details, as well as a more general relevant background
can be found in Host and Kra’s book [16].

3.1 Seminorms

3.1.1 Introduction to seminorms

The first part of this second introductory chapter is dedicated to the construction of the so-
called Gowers-Host-Kra seminorms and to the recovery of some basic results about them. These
seminorms act on measurable functions on some measure-preserving system and for our pur-
poses, their utility lies in the fact that they suffice to control ergodic averages, and also that
the they give rise to characteristic factors of ergodic averages, which simplify and facilitate the
study of their assymptotic behavior.

Definition 3.1 (Seminorms). Let (X,X , µ, T ) be a measure preserving system. Then we
define the first seminorm ||| · |||1 for any f ∈ L∞ by

|||f |||1 := ∥E(f |IT )∥L2(µ) ,

where IT is the σ-algebra of T -invariant sets and then inductively, for any s ∈ N, we define

|||f |||2s+1

s+1 := lim
N→∞

1

N

N∑
n=1

|||f · Tnf |||2ss .

If the system is ergodic the first seminorm becomes

|||f |||1 :=
∣∣∣∣∫

X
f dµ

∣∣∣∣ .
Remark 3.2. Notice that we could alternatively define the quantity (which is not a seminorm)

|||f |||0 :=
∫
X
f dµ

and extend the inductive definition to contain the case s = 0 as well. Indeed, by the mean
ergodic theorem, we would then have

|||f |||21 := lim
N→∞

1

N

N∑
n=1

∫
X
f · Tnf dµ =

∫
X
f · E(f |IT ) dµ = ∥E(f |IT )∥2L2(µ)

69
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and the rest are unchanged. Observe also that

|||f |||1 ≥
∣∣∣∣∫

X
f dµ

∣∣∣∣ ≥ |||f |||0,

since ∣∣∣∣∫
X
f dµ

∣∣∣∣2 = ∣∣∣∣∫
X
E(f |IT ) dµ

∣∣∣∣2 ≤ ∫
X
|E(f |IT ) dµ|2 = |||f |||21.

Notation 3.3. If (X,X , µ, T ) is a measure-preserving system and f ∈ L∞(µ) and s ∈ N, let
n = (n1, n2, . . . , ns), n

′ = (n′1, n
′
2, . . . , n

′
s) ∈ Ns and ϵ = (ϵ1, ϵ2, . . . , ϵs) ∈ {0, 1}s and z ∈ C.

Then

(i) ϵ · n := ϵ1 n1 + ϵ2 n2 + . . .+ ϵs ns

(ii) |n| := n1 + n2 + . . .+ ns and |ϵ| := ϵ1 + ϵ2 + . . .+ ϵs

(iii) C 2lz = z and C 2l+1z = z, for any l ∈ Z

(iv) nϵ := (nϵ11 , n
ϵ2
2 , . . . , n

ϵs
s ), where n0j := nj and n1j := n′j, for j = 1, 2, . . . , s

(v) ∆nf = f · Tnf , for n ∈ N

(vi) ∆nf := ∆n1∆n2 · · ·∆nsf =
∏

ϵ∈{0,1}s C |ϵ|T ϵ·nf

To acquire some intuition with regards to the last equality, let s = 2. Then, observe that for
some n = (n1, n2) ∈ N2 we have that

∆n = ∆n1∆n2f = ∆n1(f · Tn2f) = f · Tn2f · Tn1f · Tn1+n2f

and for s = 3 and n = (n1, n2, n3) ∈ N3 we have that

∆n = ∆n1(f ·Tn3f ·Tn2f ·Tn2+n3f) = f ·Tn3f ·Tn2f ·Tn2+n3f ·Tn1f ·Tn1+n3f ·Tn1+n2f ·Tn1+n2+n3f

Another way to express the seminorms is through consecutive limits of averages which
also proves that the limits in Definition 3.1 actually exist. Specifically we prove the following
statement.

Proposition 3.4. Let (X,X , µ, T ) be a measure-preserving system and f ∈ L∞(µ). Then, for
s ∈ N we have that

|||f |||2ss = lim
N1→∞

1

N1

N1∑
n1=1

· · · lim
Ns→∞

1

Ns

Ns∑
ns=1

∫
X
∆n1 · · ·∆nsf dµ. (3.1)

Proof. For s = 1 this was already shown. Let s = 2. Then,

lim
N→∞

1

N

N∑
n=1

lim
M→∞

1

M

M∑
m=1

∫
X
f · Tnf · Tmf · Tn+mf dµ =

lim
N→∞

1

N

N∑
n=1

lim
M→∞

1

M

M∑
m=1

∫
X
f · Tnf · Tm

(
f · Tnf

)
dµ,

which by the mean ergodic theorem becomes

lim
N→∞

1

N

N∑
n=1

∫
X
f · Tnf · E(f · Tnf |IT ) dµ
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and this is equal to

lim
N→∞

N∑
n=1

∫
X
E(f · Tnf |IT ) · E(f · Tnf |IT ) dµ = |||f |||42.

This gives us the idea of how to prove the proposition inductively. Assume that the statement
is true for some s ∈ N and for f · Tnf , for any n ∈ N . Then,

lim
N1→∞

1

N1

N1∑
n1=1

· · · lim
Ns+1→∞

1

Ns+1

Ns+1∑
ns+1=1

∫
X
∆n1 · · ·∆ns+1f dµ =

lim
N1→∞

1

N1

N1∑
n1=1

· · · lim
Ns+1→∞

1

Ns+1

Ns+1∑
ns+1=1

∫
X
∆n1 · · ·∆nsf · Tns+1

(
∆n1 · · ·∆nsf

)
dµ,

which reduces to

lim
N1→∞

1

N1

N1∑
n1=1

· · · lim
Ns→∞

1

Ns

Ns∑
ns=1

∫
X
∆n1 · · ·∆nsf · E(∆n1 · · ·∆nsf |IT ) dµ.

Now, by the inductive hypothesis we have that for any n ∈ N

|||f · Tnf |||2ss = lim
N1→∞

1

N1

N1∑
n1=1

· · · lim
Ns→∞

1

Ns

Ns∑
ns=1

∫
X
∆n1 · · ·∆ns(f · Tnf) dµ.

Therefore, the limit

lim
N→∞

1

N

N∑
n=1

|||f · Tnf |||2ss

exists and is the same as

lim
N→∞

1

N

N∑
n=1

lim
N1→∞

1

N1

N1∑
n1=1

· · · lim
Ns+1→∞

1

Ns

Ns∑
ns

∫
X
∆n1 · · ·∆ns(f · Tnf) dµ.

Exchanging the order of the limits as to have the limit over N taken first (we can do this by
Corollary 3, [13]) we get that the previous limit becomes

lim
N1→∞

1

N1

N1∑
n1=1

· · · lim
Ns→∞

1

Ns

Ns∑
ns=1

∫
X
∆n1 · · ·∆nsf · E(∆n1 · · ·∆nsf |IT ) dµ,

which yields the desired result.

It is shown in [16] that the functions ||| · |||s are indeed seminorms for any s ∈ N. We now
show that the sequence of seminorms of a given function is increasing.

Proposition 3.5. Let (X,X , µ, T ) be a measure preserving system and let f ∈ L∞(µ). Then,
the sequence (|||f |||s)s∈N is increasing.

Proof. First we show that |||f |||1 ≤ |||f |||2. By definition and Remark 3.2 we have that

|||f |||42 = lim
N→∞

1

N

N∑
n=1

|||f · Tnf |||21 ≥ lim
N→∞

1

N

N∑
n=1

|||f · Tnf |||20.
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Then, an application of the Cauchy-Schwarz gives that

|||f |||42 ≥

(
lim

N→∞

1

N

N∑
n=1

|||f · Tnf |||0

)2

,

and the last limit is equal to |||f |||41, as was again shown in Remark 3.2. Next, assume that
|||f · Tnf |||s−1 ≤ |||f · Tnf |||s, for some s ∈ N, any n ∈ N. In order to prove that |||f |||s ≤ |||f |||s+1,
it is enough to show that |||f |||2s+1

s ≤ |||f |||2s+1

s+1 . But,

|||f |||2s+1

s =

(
lim

N→∞

1

N

N∑
n=1

|||f · Tnf |||2s−1

s−1

)2

and

|||f |||2s+1

s+1 = lim
N→∞

1

N

N∑
n=1

|||f · Tnf |||2ss .

The Cauchy-Schwarz inequality gives that

|||f |||2s+1

s ≤ lim
N→∞

1

N

N∑
n=1

|||f · Tnf |||2ss−1

which, by the inductive hypothesis, is less than or equal to

lim
N→∞

1

N

N∑
n=1

|||f · Tnf |||2ss = |||f |||2s+1

s+1 .

It was originally shown in [14] that for any s′ ≤ s we can take any s′ of the iterative limits
in (3.1) to be simultaneous limits not changing its value. So, for s′ = s this means that

|||f |||2ss = lim
N→∞

1

N s

∑
n∈[N ]s

∫
X
∆nf dµ,

for s′ = s− 1

|||f |||2ss = lim
N→∞

1

N s−1

∑
n∈[N ]s−1

lim
M→∞

1

M

M∑
m=1

∫
X
∆n∆mf dµ = lim

N→∞

1

N s−1

∑
n∈[N ]s−1

|||∆nf |||21 (3.2)

and in a similar fashion, for s′ = s− 2, it means that

|||f |||2ss = lim
N→∞

1

N s−2

∑
n∈[N ]s−2

lim
M→∞

1

M

M∑
m=1

lim
K→∞

1

K

K∑
k=1

∫
X
∆n∆m∆kf dµ =

lim
N→∞

1

N s−2

∑
n∈[N ]s−2

|||∆nf |||42. (3.3)
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3.1.2 Important results

Having defined the Gowers-Host-Kra seminorms we proceed to show some basic properties they
possess, which will hopefully illustrate their importance early on.

Proposition 3.6. Let T, S be commuting measure-preserving transformations on a probability
space (X,X , µ), i.e. T ◦S = S◦T . Then, for any s ∈ N and f ∈ L∞(µ) we have the implication

IT ⊂ IS =⇒ |||f |||s,T ≤ |||f |||s,S .

Proof. For s = 1 we have that

|||f |||21,S =

∫
X
|E(f |IS)|2 dµ =

∫
X
|E(E(f |IS)|IT ) + f2|2 dµ,

where we have decomposed the function E(f |IS) as the sum of its conditional expectation with
respect to IT , i.e. its orthogonal projection onto L2(IT ), and its orthogonal projection, say
f2, onto the orthogonal complement of L2(IT ) in L

2(X ). By orthogonality the square in the
last integral expands to∫

X
|E(E(f |IS)|IT )|2 + |f2|2 dµ ≥

∫
X
|E(f |IT )|2 dµ = |||f |||21,T .

The result follows by a simple inductive argument. Indeed, by the first case we get that

|||f |||42,T = lim
N→∞

1

N

N∑
n=1

∥∥E(f · Tnf |IT )
∥∥2
L2(µ)

≤ lim
N→∞

1

N

N∑
n=1

∥∥E(f · Tnf |IS)
∥∥2
L2(µ)

.

Now, since the transformations commute, the mean ergodic theorem implies that

lim
N→∞

1

N

N∑
n=1

∥∥E(f · Tnf |IS)
∥∥2
L2(µ)

= lim
N→∞

1

N

N∑
n=1

lim
M→∞

1

M

M∑
m=1

∫
X
f · Tnf · Smf · TnSmf dµ

and exchanging the order of the limits over N and M , the last average becomes

lim
M→∞

1

M

M∑
m=1

lim
N→∞

1

N

N∑
n=1

∫
X
f · Tnf · Smf · TnSmf dµ = lim

M→∞

1

M

M∑
m=1

∥∥E(f · Smf |IT )
∥∥2
L2(µ)

.

Once again,

lim
M→∞

1

M

M∑
m=1

∥∥E(f · Smf |IT )
∥∥2
L2(µ)

≤ lim
M→∞

1

M

M∑
m=1

∥∥E(f · Smf |IS)
∥∥2
L2(µ)

= |||f |||42,S ,

concluding the proof for the case s = 2 as well. A similar argument gives the general case.

Next we show that seminorms control linear ergodic averages in a very convenient way.

Proposition 3.7. Let (X,X , µ, T ) be an ergodic system. Then, for any pairwise distinct,
positive integers a1, . . . , am ∈ N, where m ∈ N, there exists some Cm > 0 such that, for any
f1, . . . , fm ∈ L∞(µ), we have that

lim sup
N→∞

∥∥∥∥∥ 1

N

N∑
n=1

T a1nf1 · · ·T amnfm

∥∥∥∥∥
L2(µ)

≤ Cm · min
j=1,...,m

|||fj |||m+1,T . (3.4)
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Proof. First, let m = 1. Then,∥∥∥∥∥ 1

N

N∑
n=1

T a1nf1

∥∥∥∥∥
L2(µ)

=

∥∥∥∥∥ 1

N

N∑
n=1

(T a1)nf1

∥∥∥∥∥
L2(µ)

,

so applying the ergodic theorem for the measure-preserving transformation T a1 gives that

lim sup
N→∞

∥∥∥∥∥ 1

N

N∑
n=1

T a1nf1

∥∥∥∥∥
L2(µ)

= ∥E(f1|ITa1 )∥L2(µ) ,

and also that

lim
N→∞

1

N

N∑
n=1

∫
X
f1 · T a1nf1 dµ =

∫
X
|E(f1|ITa1 )|2 dµ = ∥E(f1|ITa1 )∥2L2(µ) ,

where ITa1 = {A ∈ X : T−a1A = A}. Taking squares in the previous equality we find that

∥E(f1|ITa1 )∥4L2(µ) =

∣∣∣∣∣ limN→∞

1

N

N∑
n=1

∫
X
f1 · T a1nf dµ

∣∣∣∣∣
2

≤ lim
N→∞

1

N

N∑
n=1

∣∣∣∣∫
X
f1 · T a1nf1 dµ

∣∣∣∣2
and we observe that the inequality (this is a trivial, but useful trick)

lim
N→∞

1

N

N∑
n=1

∣∣∣∣∫
X
f1 · T a1nf1 dµ

∣∣∣∣2 ≤ lim
N→∞

a1
a1N

a1N∑
n=1

∣∣∣∣∫
X
f1 · Tnf1 dµ

∣∣∣∣2 = a1 · |||f1|||42,T .

also holds. Therefore, we have shown that

lim sup
N→∞

∥∥∥∥∥ 1

N

N∑
n=1

T a1nf1

∥∥∥∥∥
L2(µ)

≤ (a1)
1
4 · |||f1|||2,T .

Next, we assume that (3.1) holds for some m ≥ 1 and we take any a1, . . . , am, am+1 ∈ N and
f1, . . . , fm, fm+1 ∈ L∞(µ) with ∥fj∥∞ ≤ 1, for j = 1, . . . ,m,m+ 1. Set

vn := T a1nf1 · · ·T amnfm · T am+1nfm+1, for n ∈ N.

For any N,h ∈ N and j ∈ {1, . . . ,m,m+ 1} we then have that∣∣∣∣∣ 1N
N∑

n=1

⟨vn+h, vn⟩

∣∣∣∣∣ =∣∣∣∣∣
∫
X
fj · T ajhfj ·

1

N

N∑
n=1

T (a1−aj)n(f1 · T a1hf1) · · ·T (am+1−aj)n(fm+1 · T am+1hfl+1) dµ

∣∣∣∣∣
and by an application of the Cauchy-Schwarz this is less than or equal to∥∥∥∥∥ 1

N

N∑
n=1

T (a1−aj)n(f1 · T a1hf1) · · ·T (am+1−aj)n(fm+1 · T am+1hfl+1)

∥∥∥∥∥
L2(µ)

.

We do that for aj = min{a1, . . . , am+1}. Then, by the inductive hypothesis and the Van der
Corput lemma (in the form of 2.77 for IN = [1, N ] and vN (n) = vn, for any N ∈ N) we know
that

lim sup
N→∞

∥∥∥∥∥ 1

N

N∑
n=1

vn

∥∥∥∥∥
2

L2(µ)

≤ lim sup
H→∞

2

H

H∑
h=1

sh,
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where

sh := lim sup
N→∞

∣∣∣∣∣ 1N
N∑

n=1

⟨vn+h, vn⟩

∣∣∣∣∣ , for h ∈ N.

Therefore, using the inductive hypothesis we have shown that

lim sup
N→∞

∥∥∥∥∥ 1

N

N∑
n=1

vn

∥∥∥∥∥
2

L2(µ)

≤ lim sup
H→∞

2

H

H∑
h=1

Cm · min
i=1,...,m,m+1

|||fi · T aihfi|||m+1,T .

Working as in the case m = 1 and using Holder’s inequality we see that

lim sup
H→∞

2

H

H∑
h=1

Cm · min
i=1,...,m,m+1

|||fi ·T aihfi|||m+1,T ≤ 2 ·ai ·Cm lim sup
H→∞

1

aiH

aiH∑
h=1

|||fi ·T hfi|||m+1,T ≤

2 · ai · Cm

(
lim sup
H→∞

1

aiH

aiH∑
h=1

|||fi · T hfi|||2
m+1

m+1,T

) 1
2m+1

= 2 · ai · Cm · |||fi|||2m+2,T ,

for any i = 1, . . . ,m,m+ 1, so that, indeed,

lim sup
N→∞

∥∥∥∥∥ 1

N

N∑
n=1

vn

∥∥∥∥∥
L2(µ)

≤ Cm+1 min
i=1,...,m,m+1

|||fi|||m+2,T .

We proceed to prove two results that will give a natural introduction to the concept of
characteristic factors and the way in which these factors are connected to the seminorms we
have defined.

Proposition 3.8. Let (X,X , µ, T ) be a Kronecker system and f ∈ L∞(µ). Then,

|||f |||2 = 0 ⇐⇒ f = 0. (3.5)

Proof. One direction is obvious, so let |||f |||2 = 0. Then, by the definition of the first two
seminorms we have that

lim
N→∞

1

N

N∑
n=1

∣∣∣∣∫
X
f · Tnf dµ

∣∣∣∣2 = 0.

Applying the spectral theorem, in fact a corollary which results from that, namely equation
(2.14) from Proposition 2.83, we get that∫ 1

0
σf ({z}) dσf (z) = 0,

which means that σf has no point masses, being a non-negative measure. Therefore, by Lemma

2.87, we see that f ⊥ Ea, for all a ∈ [0, 1), so that (recall that KT := span{Ea : a ∈ [0, 1)}L
2(µ)

)

f ⊥ KT = L2(µ) =⇒ f = 0,

since the system was assumed to be Kronecker.

Remark 3.9. This result also shows that for any ergodic system (X,X , µ, T ), if some function
f ∈ L∞(µ) has |||f |||2 = 0, then f ⊥ KT . The converse is also true, namely that if f is orthogonal
to the Kronecker factor, KT , then |||f |||2 = 0. For the proof of the latter one simply observes that
f ⊥ KT implies that σf has no point masses and the rest of the argument is actually included
in the above proof.
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We give another proof of Proposition 3.8 which uses an equidistribution argument and can
also be generalized for the seminorms ||| · |||k, for k > 2, in contrast to the first proof which has
no generalization, since there is no known generalization of the representation in the spectral
theorem, i.e. (2.14), for more than two functions.

Alternative proof of Proposition 3.8. Assume for simplicity that T is an ergodic rotation on the
torus, i.e.

Tx = x+ α, for any x ∈ T, some α ∈ R \Q.

Then, for any f ∈ L∞(µ) we have that

|||f |||42 = lim
N→∞

1

N

N∑
n=1

lim
M→∞

1

M

M∑
m=1

∫
T
f(x) · f(x+ nα) · f(x+mα) · f(x+ nα+mα) dmT.

Next, the sequence (mα)m∈N is known to be equidistributed on the torus, and the function
Fn : T → T defined by

Fn(t) =

∫
T
f(x) · f(x+ nα) · f(x+ t) · f(x+ nα+ t) dmT, fort ∈ T

is Riemann-integrable. Therefore, we see that

|||f |||42 = lim
N→∞

1

N

N∑
n=1

∫
T2

f(x) · f(x+ nα) · f(x+ t1) · f(x+ nα+ t1) dmT(x) dmT(t1).

In a similar fashion we actually obtain that

0 = |||f |||42 =
∫
T3

f(x) · f(x+ t1) · f(x+ t2) · f(x+ t1 + t2) dmT(x) dmT(t1) dmT(t2).

In this integral we make the change of variables x 7→ x− t2 and then it becomes∫
T3

f(x− t2) · f(x− t2 + t1) · f(x) · f(x+ t1) dmT(x) dmT(t1) dmT(t2).

Now, this can be writen as∫
T2

(∫
T
f(x− t2) · f(x− t2 + t1) dmT(t2)

)
f(x) · f(x+ t1) dmT(x) dmT(t1)

and making another change of variables (x− t2 7→ x) we obtain the integral∫
T

∣∣∣∣∫
T
f(x)f(x+ t1) dmT(x)

∣∣∣∣2 dmT(t1).

Consider the function

F (t1) =

∣∣∣∣∫
T
f(x)f(x+ t1) dmT(x)

∣∣∣∣2 ,
which is continuous and so, as we have established, equal to zero for any t1 ∈ T. Taking the
limit as t1 → 0 we get that ∫

T
|f(x)|2 dmT(x) = 0,

which implies that f = 0.

Using this fact (that is, Remark 3.9) we prove another useful result, which was essential in
the proof of Lemma 2.88 and will appear once again in Section 7.2.
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Proposition 3.10. Let (X,X , µ, T ) be a measure-preserving system and f ∈ L2(µ). Then,

E(f |K (T )) = 0 =⇒ E(f ⊗ f |I (T × T )) = 0,

where K (T ) and I (T×T ) are the σ-algebras of the Kronecker factor and the (T×T )-invariant
sets, respectively.

Proof. By the mean ergodic theorem, E(f ⊗ f |I (T × T )) is the L2(µ× µ)-limit as N → ∞ of

1

N

N∑
n=1

(T × T )n(f ⊗ f).

But some easy calculations give that∥∥∥∥∥ 1

N

N∑
n=1

(T × T )n(f ⊗ f)

∥∥∥∥∥
2

L2(µ×µ)

=
1

N2

∑
1≤n,m≤N

∣∣∣∣∫ Tnf · Tmf dµ

∣∣∣∣2 ,
which equals

1

N2

(
N∑

n=1

∣∣∣∣∫ |Tnf |2 dµ
∣∣∣∣2
)

+
2

N2

 ∑
1≤m<n≤N

∣∣∣∣∫ Tn−mf · f dµ
∣∣∣∣2


and this is less than

∥f∥2L2(µ)

N
+ 2 ∥f∥2L2(µ)

(
1

N

N∑
n=1

∣∣∣∣∫ Tnf · f dµ
∣∣∣∣2
)
.

However, this converges to zero as N → ∞, because f is orthogonal to the Kronecker factor
K (T ). Indeed, this implies that |||f |||2,T = 0, as we have already established. Now, if the system
is ergodic,

|||f |||42,T = lim
N→∞

1

N

N∑
n=1

∣∣∣∣∫ f · Tnf dµ

∣∣∣∣2 .
and we conclude. In the general case we have that

1

N

N∑
n=1

∣∣∣∣∫ f · Tnf dµ

∣∣∣∣2 = 1

N

N∑
n=1

∣∣∣∣∫ E
(
f · Tnf |I (T )

)
dµ

∣∣∣∣2 ≤ 1

N

N∑
n=1

∫ ∣∣E (f · Tnf |I (T )
)∣∣2 dµ,

but then

|||f |||42,T = lim
N→∞

N∑
n=1

∫ ∣∣E (f · Tnf |I (T )
)∣∣2 dµ.

Remark 3.11. It follows from Proposition 3.10 that, if |||f |||2,T = 0, then |||f ⊗ f |||1,T×T = 0 as
well, for any f ∈ L∞(µ). Indeed, if |||f |||2,T = 0 we know that f ⊥ KT , and thus E(f |K (T )) = 0,
so that

|||f ⊗ f |||1,T×T =
∥∥E(f ⊗ f |I (T × T ))

∥∥
L2(µ×µ)

= 0.

It is then natural to ask whether the property of the seminorms ||| · |||2 mentioned in Remark
3.11 generalizes as to hold for any s ∈ N, s > 2. We show that it does in the next proposition.
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Proposition 3.12. Let (X,X , µ, T ) be a measure-preserving system, f ∈ L∞(µ) and s ∈ N.
Then,

|||f |||s+1,T = 0 =⇒ |||f ⊗ f |||s,T×T = 0. (3.6)

Proof. Let s ∈ N. Using (3.1) we see that

|||f ⊗ f |||2ss,T×T = lim
N1→∞

1

N1

N1∑
n1=1

· · · lim
Ns→∞

1

Ns

Ns∑
ns=1

∫
X
∆n1 · · ·∆ns(f ⊗ f) d(µ× µ)

and this turns out to be the same as

lim
N1→∞

1

N1

N1∑
n1=1

· · · lim
Ns→∞

1

Ns

Ns∑
ns=1

∣∣∣∣∫
X
∆n1 · · ·∆nsf dµ

∣∣∣∣2 .
By the Cauchy-Schwarz inequality this is less than or equal to

lim
N1→∞

1

N1

N1∑
n1=1

· · · lim
Ns→∞

1

Ns

Ns∑
ns=1

∫
X
|E(∆n1 · · ·∆nsf |IT )|2 dµ.

Now, using the mean ergodic theorem as in the proof of Proposition 3.4, this is precisely

lim
N1→∞

1

N1

N1∑
n1=1

· · · lim
Ns+1→∞

1

Ns+1

Ns+1∑
ns+1=1

∫
X
∆n1 · · ·∆ns+1f dµ.

and by (3.1) this equals |||f |||2s+1

s+1,T . We have thus shown that

|||f ⊗ f |||s,T×T ≤ |||f |||2s+1,T ,

from which the initial claim follows.

The basic idea that appears in Remark 3.9 is that the second seminorm is in a very specific
way related to the Kronecker factor. Namely, we have that for ergodic systems

E(f |K ) = 0 ⇐⇒ |||f |||2 = 0.

Driven by this result we seek to describe factors which will be related to the other seminorms
||| · |||k, for any k ∈ N, in a similar fashion.

Definition 3.13. Let (X,X , µ, T ) be a measure-preserving system. Then, for any k ∈ N we
define the structure factors Zk with σ-algebra Zk so that

E(f |Zk) = 0 ⇐⇒ |||f |||k+1 = 0.

We have already shown that for ergodic systems Z1 is the Kronecker factor. We can also
extend the definition for k = 0 with Z0 = IT , the σ-algebra of T -invariant functions, as
|||f |||1 = ∥E(f |IT )∥L2(µ) .

Remark 3.14. It is not evident that such factors exist. However, it is the nature of the
seminorms ||| · |||k that gives rise to these σ-algebras. All the details regarding those seminorms
and the structure factors Zk can be found in Chapters 8 and 9 of [16].

We now state a result analogous to Proposition 3.8 for the seminorm ||| · |||3 and a specific
skew-product system and that in this case, the previous equivalence does not hold.
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Proposition 3.15. Let (T2,B(T2),m, T ) be the measure preserving system with m being the
Haar measure on T2 and T : T2 → T2 be defined by

T (x, y) = (x+ α, y + x), for all (x, y) ∈ T2,

where α is irrational. Then,

(i) there exists f ∈ L∞(m) with f ̸= 0, but |||f |||2 = 0

(ii) for any f ∈ L∞(m) we have that |||f |||3 = 0 ⇐⇒ f = 0

Proof. (i) As the Remark 3.9 shows, if f ⊥ KT , then |||f |||2 = 0. It is not hard to see that for
the particular skew-product system,

KT = {f ∈ L∞(m) : f(x, y) = g(x), g ∈ L∞(mT)}.

Therefore, a function of the form f(x, y) = e2πiy is orthogonal to the Kronecker, because∫
X
f(x, y)g(x) dm =

∫
X
g(x) dmT ·

∫
X
e2πiy dmT = 0, for any g ∈ L∞(mT),

which means that |||f |||2 = 0, but clearly f ̸= 0.
(ii) Step 1. Let f ∈ L∞(m) be such that |||f |||3 = 0. Then, by Proposition 3.4 we have that

lim
N1→∞

1

N1

N1∑
n1=1

lim
N2→∞

1

N2

N2∑
n2=1

lim
N3→∞

1

N3

N3∑
n3=1

∫
X
f · Tn3f ·

Tn2f · Tn2+n3f · Tn1f · Tn1+n3f · Tn1+n2f · Tn1+n2+n3f dm = 0. (3.7)

Step 2. We can alternatively consider the transformation that has the form

T (x, y) = (x+ α, y + 2x+ α), for (x, y) ∈ T2,

because it is isomorphic to the one in the statement, through the factor map ϕ(x, y) = (x, 2y+x)
and ϕ−1(x, y) = (x, y−x

2 ). This should simplify things because the iterates under this transfor-
mation have a more convenient form, namely

Tn(x, y) = (x+ nα, y + 2nx+ n2α), for n ∈ N.

Therefore, we can calculate (3.7) by substituting the formula for the iterates Tn(x, y) in the
integral ∫

X
f · Tn3f · Tn2f · Tn2+n3f · Tn1f · Tn1+n3f · Tn1+n2f · Tn1+n2+n3f dm.

The rest of the proof is a generalization of the technique we used in the alternative proof of
Proposition 3.8, but we omit it as the details get messy and the result is well-known.

3.1.3 Characteristic factors

We move on to determine factors that characterize convergence of multiple linear averages, that
is, factors that control the behavior of such averages. More precisely, we let (X,X , µ, T ) be a
measure-preserving system and consider some functions f1, . . . , fk ∈ L∞(µ), some non-negative
integers a1, . . . , ak ∈ N and a sequence of intervals (IN )n∈N in Z whose lengths tend to infinity.
A general goal is to study the limiting behavior of the averages

1

|IN |
∑
n∈IN

T a1nf1 · · ·T aknfk, (3.8)
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for N ∈ N, in the L2(µ)-norm. It is often useful to be able to replace each of the functions
fj with E(fj |Y ), where Y is some T -invariant σ-algebra, for j = 1, . . . , k, under the condition
that the value of the limit does not change, because the nature of the factor corresponding
to an appropriate σ-algebra Y may facilitate the study of the assymptotic behavior of the
new (equivalent) averages. More precisely, we say that a factor (Y,Y , ν, S) of (X,X , µ, T ) is
characteristic for convergence of the averages in (3.8), when the limit exists in L2(µ), if and
only if the limit of the same average with the functions fj replaced by E(fj |Y ) exists in L2(ν)
and if, in addition, the limits have the same value.

Remark 3.16. The factor (Y,Y , ν, S) is characteristic for convergence of the averages in (3.8)
if and only if

lim
N→∞

∥∥∥∥∥∥ 1

|IN |
∑
n∈IN

T a1nf1 · · ·T aknfk

∥∥∥∥∥∥
L2(µ)

= 0,

when E(fj |Y ) = 0, for some j ∈ {1, . . . , k}. The necessity being obvious, observe that

1

|IN |
∑
n∈IN

T a1nf1 · · ·T aknfk −
1

|IN |
∑
n∈IN

T a1nE(f1|Y ) · · ·T aknE(fk|Y )

is the same as

1

|IN |
∑
n∈IN

T a1n (f1 − E(f1|Y )) · T a2nf2 · · ·T aknfk+

1

|IN |
∑
n∈IN

T a1nE(f1|Y ) · T a2n (f2 − E(f2|Y )) · · ·T aknfk + · · ·+

1

|IN |
∑
n∈IN

T a1nE(f1|Y ) · T a2nE(f2|Y ) · · ·T akn (fk − E(fk|Y ))

and that E(fj − E(fj |Y )|Y ) = 0, for any j ∈ {1, . . . , k}.

Lemma 3.17. Let (X,X , µ, T ) be an invertible, ergodic measure-preserving system with Kro-
necker factor K (T ) and let K be the σ-algebra corresponding to the Kronecker. Then, for any
f, g ∈ L∞(µ) we have that∥∥∥∥∥∥ 1

|IN |
∑
n∈IN

Un
T f · U2n

T g − 1

|IN |
∑
n∈IN

Un
TE(f |K ) · U2n

T E(g|K )

∥∥∥∥∥∥
L2(µ)

N→∞−−−−→ 0, (3.9)

for any sequence (IN )N∈N of integer intervals whose lengths tend to infinity.

Remark 3.18. What this means is that the Kronecker factor is characteristic for the conver-
gence (in L2(µ)) of the averages

1

|IN |
∑
n∈IN

Tnf · T 2ng, for N ∈ N.

Proof. It suffices to prove that

lim
N→∞

1

|IN |
∑
n∈IN

Un
T f · U2n

T g = 0,

where the limit is taken in L2(µ), if either E(f |K ) = 0, or E(g|K ) = 0. We do this for the
second case only, as the first is analogous. The proof will be based on the Van der Corput
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lemma in the form of Corollary 2.78. Set vn = Un
T f · U2n

T g, for any n ∈ N and consider the
sequence (sm)m∈N, where

sm := lim sup
N→∞

∣∣∣∣∣∣ 1

|IN |
∑
n∈IN

⟨vn+m, vn⟩

∣∣∣∣∣∣ , for m ∈ N.

Substituting the definition of vn the above limit becomes

lim sup
N→∞

∣∣∣∣∣∣ 1

|IN |
∑
n∈IN

∫
X
Un+m
T f · U2n+2m

T g · Un
T f · U2n

T g dµ

∣∣∣∣∣∣
and because Tn preserves the measure µ, this is equal to

lim sup
N→∞

∣∣∣∣∣∣ 1

|IN |
∑
n∈IN

∫
X
Um
T f · f · Un

T

(
U2m
T g · g

)
dµ

∣∣∣∣∣∣ . (3.10)

From the mean ergodic theorem, equation (3.10) gives that

sm =

∣∣∣∣∫
X
Um
T f · f dµ ·

∫
X
U2m
T g · g dµ

∣∣∣∣ , for m ∈ N.

According to Corollary 2.78 we need to show that

lim
M→∞

1

M

M∑
m=1

sm = 0.

From the above discussion we get that

lim
M→∞

1

M

M∑
m=1

sm ≤ lim
M→∞

∥f∥2∞
M

M∑
m=1

∣∣∣∣∫
X
U2m
T g · g dµ

∣∣∣∣
and so it is enough to show that

lim
M→∞

1

M

M∑
m=1

∣∣∣∣∫
X
U2m
T g · g dµ

∣∣∣∣2 ≤ lim
M→∞

2

2M

2M∑
m=1

∣∣∣∣∫
X
Um
T g · g dµ

∣∣∣∣2 = 0.

This, however, follows from the definition of the second seminorm for ergodic systems (see
Definition 3.1), according to which

|||g|||42 = lim
M→∞

1

M

M∑
m=1

∣∣∣∣∫
X
Um
T g · g dµ

∣∣∣∣2 ,
along with the fact that

E(g|K ) = 0 =⇒ |||g|||2 = 0

(for the last implication see Proposition 3.8 and Remark 3.9).

Remark 3.19. The assumption that T is an invertible transformation is used in the proof of
the case that E(f |K ) = 0.
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Corollary 3.20. Let (X,X , µ, T ) be an invertible, ergodic measure-preserving system with
Kronecker factor K (T ) and let K be the σ-algebra corresponding to the Kronecker. Then, for
any f1, f2, f3 ∈ L∞(µ) and any sequence (IN )N∈N of intervals whose lengths tend to infinity,
we have that the limit

lim
N→∞

1

|IN |
∑
n∈IN

∫
X
f1 · Un

T f2 · U2n
T f3 dµ

is equal to the limit

lim
N→∞

1

|IN |
∑
n∈IN

∫
X
f1 · Un

TE(f2|K ) · U2n
T E(f3|K ) dµ.

Proof. Let f1, f2, f3 ∈ L∞(µ) and (IN )N∈N be as in the statement. Then,∣∣∣∣∣∣ 1

|IN |
∑
n∈IN

∫
X
f1 · Un

T f2 · U2n
T f3 dµ− 1

|IN |
∑
n∈IN

∫
X
f1 · Un

TE(f2|K ) · U2n
T E(f3|K ) dµ

∣∣∣∣∣∣ ≤
∥f1∥2∞ · ||| 1

|IN |
∑
n∈IN

(
Un
T f2 · U2n

T f3 − Un
TE(f2|K ) · U2n

T E(f3|K )
)
|||L2(µ)

N→∞−−−−→ 0, (3.11)

by Lemma 3.17.

Remark 3.21. The exact same procedure can be applied in order to obtain the above corollary
for the iterates T anf2 and T bnf3 instead of Tnf2 and T 2nf3, where a, b ∈ N are any non-negative
integers.

Remark 3.22. Notice that Lemma 3.17 is a refinement of Proposition 3.7, according to which
the factor corresponding to the seminorm ||| · |||3 should be characteristic for the above averages,
that is, Z2. However, we proved here that the Kronecker factor, which is identified with Z1, is
in fact characteristic. This refinement actually holds for linear ergodic averages of any number
of functions, as it is shown in Theorem 8 of Leibman’s paper [19].

We will not need the result of Leibman in its full generality, but we will use that the factor
Z2 is characteristic for an average with three functions, so we state it here for reference.

Lemma 3.23. Let (X,X , µ, T ) be an invertible, ergodic measure-preserving system. Then, for
any f, g, h ∈ L∞(µ) we have that∥∥∥∥∥∥ 1

|IN |
∑
n∈IN

Uan
T f · U bn

T g · U cn
T − 1

|IN |
∑
n∈IN

Uan
T E(f |Z2) · U bn

T E(g|Z2) · U cn
T E(h|Z2)

∥∥∥∥∥∥
L2(µ)

N→∞−−−−→ 0,

(3.12)
for any sequence (IN )N∈N of integer intervals whose lengths tend to infinity. A result analogous
to Corollary 3.20 holds in this case as well.

3.2 Nilsystems

3.2.1 Definitions and examples

Nilsystems are important and useful due to their high structure, firstly because they share
many properties with rotations, which by their simple nature are easy to handle and work with.
Moreover, in many case nilsystems turn out to be the natural objects that describe the behavior
of multiple ergodic averages. However, because the theory regarding nilsystems is rather labored
and the arguments used to obtain their properties are involved we would ideally disregard them
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in recovering convergence results. This is partly achieved in this thesis, through the almost
fundamental proof of Theorem 1.16. Much of the definitions and fundamental properties that
we discuss in this section can be found in Chapters 10 and 11 of [16].

Since we always work with topological groups we give their definition.

Definition 3.24. A group G that is also endowed with a topology τ is called a topological group
if the map ϕ : G × G → G defined by ϕ(g1, g2) = g1g

−1
2 , for g1, g2 ∈ G is continuous with

respect to the product topology on G×G. This amounts to saying that group multiplication and
inversion are continuous maps.

We always consider topological groups, G, with identity element denoted by e and we also
let G0 be the connected component of e, that is, the union of all connected subsets of G
containing the identity. If a, b are elements of G we denote their commutator, aba−1b−1, by
[a, b]. If A,B ⊂ G, then we define [A,B] as the subgroup of G which is generated by all the
commutators of G formed by elements of A and B, that is [A,B] := ⟨{[a, b] : a ∈ A, b ∈ B}⟩,
and we call it the commutator subgroup of A and B. With this notation the subgroup [G,G]
is called the commutator subgroup of G. Notice that, the set {[a, b] : a, b ∈ G} may not be a
subgroup of G itself. Given a topological group G we can define other commutator subgroups
recursively, by letting G1 = G and Gk+1 = [G,Gk], for any k ∈ N.

Definition 3.25. Let G be a topological group. If its (k + 1)-commutator subgroup, Gk+1 is
trivial we call G a k-step nilpotent group. With this convention a 1-step nilpotent group is
simply an abelian group. Indeed, if the commutator subgroup [G,G] of a group G is trivial, then
the commutator of any two elements in G is the identity, therefore all its elements commute
with each other.

Nilsystems are the result of studying dynamics on quotient groups of specific k-step nilpotent
groups. We define them below. First recall that a subgroup H (not necessarily normal) of a
group G is cocompact if the quotient space G/H is compact. A discrete topological group is
simply a group equipped with the discrete topology. We also need the concept of group actions.
Given a group G with identity element e and a set X, a (left) group action of G on X is simply
a function ϕ : G×X → X, which satisfies the following two conditions:

ϕ(e, x) = x, for any x ∈ X

ϕ(g, ϕ(hx)) = ϕ(gh, x) for any g, h ∈ G and x ∈ X.

Definition 3.26 (Nilsystems). A k-step nilmanifold is a compact quotient space X := G/Γ,
where G is a k-step nilpotent Lie group and Γ is a discrete, cocompact, normal subgroup of G.
For a fixed element a ∈ G the group G acts on G/Γ by left translation by a, which is given by

Ta(gΓ) = (ag)Γ, for g ∈ G.

Let G /Γ denote the Borel σ-algebra of G/Γ and m denote the Haar measure on (G/Γ,G /Γ),
which is the unique probability measure on X that is invariant under left translations and positive
on non-empty open sets (see Theorem 2.8). For a fixed element a of G, we call the measure-
preserving system (G/Γ,G /Γ,m, Ta) a k-step nilsystem and the map Ta a nilrotation.

Given a nilmanifold X we can consider a sub-nilmanifold, which preserves its structure. For
a closed subgroup H of G, the group Y := (HΓ/Γ), which by the second isomorphism theorem
is isomorphic to H/(H ∩ Γ), may not be compact (let X = R/Z and H = {t

√
2 : t ∈ Z}, so

that H ∩ Γ = {0} and thus Y = Z). However, if Hx is closed for some x ∈ X, then it can be
shown that Y is compact. Also, Hx, a subset of X, can be given the structure of a nilmanifold,
because for x = gΓ, some g ∈ G, we have that Hx ∼= H/∆, where ∆ := H ∩ gΓg−1.
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We work with Lie groups because they are sufficiently general for the proofs that rely on the
use of nilsystems to work and have appropriate structure, which facilitates their handling. To
define Lie groups one needs the concept of topological manifolds. A d-dimensional topological
manifold is a paracompact Hausdorff topological space, (M, τ), in which, for every point p ∈M ,
there exists a neighborhood U ∈ τ of p and a homeomorphism ϕ : U → Rd. Paracompactness of
the space means that every open cover admits a locally finite open refinement. A Lie group (G, ·)
is a topological group which is also a smooth nilmanifold, for which the maps µ : G×G → G,
with µ(g1, g2) = g1 · g2 and i : G → G, with i(g1) = g−1

1 , for all g1, g2 ∈ G are smooth.
A central theorem regarding Lie groups, which will be useful to us, is the so-called closed-
subgroup theorem, according to which closed subgroups of Lie groups are Lie groups as well.
We also note that the quotient group G/N of a Lie group G with a normal and closed subgroup
(with respect to the topology of the group) N of G is also a Lie group. Moreover, the identity
component (or the connected component of the identity) of a Lie group is always open, and
thus clopen, in the group’s topology. Finally, a classical result in Lie theory, which is part of the
classification problem of compact, abelian, Lie groups is that (up to isomorphism) a connected,
compact, abelian, Lie group is a finite-dimensional torus.

The simplest examples of nilsystems are rotations on compact abelian Lie groups, which
are of course 1-step nilsystems. More generally, every nilpotent affine transformation on some
compact abelian Lie group is isomorphic to a 1-step nilsystem as we will see below, but these
are clearly not all the possible cases and we provide some examples of a different form as well.

Example 3.27. As the preceding discussion reveals, 1-step nilsystems are simply rotations on
compact abelian groups, since 1-step nilpotent groups are abelian and quotient groups of abelian
groups are also abelian. The most familiar case is that of a rotation on the 1-dimensional torus,
say Ta : T → T, with Ta(x) = x + a (mod 1), for any x ∈ T, where the arising nilsystem is
ergodic if and only if a ∈ R \Q.

Example 3.28. Another basic example is the affine system on the 2-dimensional torus with
the Haar measure and transformation T : T2 → T2 defined by

T (x, y) = (x+ α, y + λx+ β), for x, y ∈ T,

where λ ∈ Z and α, β ∈ R. We claim that this is a 2-step nilsystem. The underlying nilmanifold
is X = G/Γ, with Haar measure denoted by mX , where

G := Z× R× R = {(k, y, z) : k ∈ Z, y, z ∈ R}, Γ := Z3 = {(k1, k2, k3) : k1, k2, k3 ∈ Z}

and the multiplication (the group operation) on G is given by

(k1, y1, z1) · (k2, y2, z2) = (k1 + k2, y1 + y2, z1 + z2 + k1y2).

The nilrotation is Tb : G/Γ → G/Γ, where b := (λ, α, β) ∈ G. It is sometimes helpful to think
of an element (x, y, z) ∈ R3 as the 3× 3 matrix

A :=

1 x z
0 1 y
0 0 1


and then, the operation that was defined on G is identified with matrix multiplication. We
observe that for an element g = (k, y, z) ∈ G we have that

gΓ = {(k + k1, y + k2, z + k3 + kk2) : k1, k2, k3 ∈ Z}



3.2. NILSYSTEMS 85

and thus

Tb(gΓ) = {(k + k1 + λ, y + k2 + α, z + k3 + kk2 + β + λ(y + k2)) : k1, k2, k3 ∈ Z}.

In order to prove our claim we need to construct an isomorphism between the measure-preserving
systems (T2,B(T2),mT2 , T ) and (G/Γ,B(G/Γ),m, Tb), according to Definition 2.11. To this
end, consider the map ψ : G/Γ → T2 be defined by

ψ(gΓ) = (y, z) (mod 1), where g = (k, y, z) ∈ G,

so that
ψ(Tb(gΓ)) = (y + α, z + λy + β) (mod 1).

Then ψ is indeed a measure-preserving bijection and

T (ψ(gΓ)) = T (y, z) = (y + α, z + λy + β) (mod 1) = ψ(Tb(gΓ),

which completes the construction as T ◦ ψ = ψ ◦ Tb.

Example 3.29. The final example we present is that of a skew product on the 3-dimensional
torus with the transformation T : T3 → T3 defined by

T (x, y, z) = (x+ α, y + β, z + f(x, y)), for x, y, z ∈ T,

for α, β ∈ R and some appropriate function f : T2 → T. We consider the 2-step nilpotent Lie
group G = R3 with multiplication given by

(x1, y1, z1) · (x2, y2, z2) = (x1 + x2, y1 + y2, z1 + z2 + x1y2).

We note that G is essentially the Heisenberg group, which is the group of 3× 3 upper triangular
matrices with 1’s in the main diagonal under the operation of matrix multiplication. Then, we
let Γ = Z3 as before and we obtain the 2-step nilmanifold X = G/Γ with Haar measure mX .
For b = (α, β, γ), where α, β are as before and γ ∈ R, we define the nilrotation Tb : X → X as
usual and the nilsystem that arises is (X,B(X),mX , Tb). Let g = (x, y, z) ∈ G. Then,

gΓ = {(x+ k1, y + k2, z + k3 + xk2) : k1, k2, k3 ∈ Z}

and
bgΓ = {(α+ x+ k1, β + y + k2, γ + z + αy + k3 + (α+ x)k2) : k1, k2, k3 ∈ Z}.

We claim that for f : T2 → T given by

f(x, y) = γ + α(y − [β + y]) + x([y]− [β + y]) (mod 1), for x, y ∈ T,

the skew product system defined above is isomorphic to the nilsystem (X,B(X),mX , Tb). To
see this consider the function ψ : X → T3 with

ψ(gΓ) = (x− [x], y − [y], z − x[y]− [z − x[y]]), for g = (x, y, z) ∈ G.

It is easily verified that ψ is a measure-preserving bijection and we can also see that ψ◦Tb = T ◦ψ.
Indeed, for any g = (x, y, z) ∈ G we have that

T (ψ(gΓ)) = T (x− [x], y − [y], z − x[y]− [z − x[y]]) =

(x+ α, y + β, z − x[y] + γ + α(y − [β + y]) + x([y]− [β + y])) (mod 1)

and this is equal to

(x+ α, y + β, z + γ + αy − (α+ x)[β + y]) (mod 1) = ψ(bgΓ) = ψ(Tb(gΓ)).
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3.2.2 Useful results

A fact that we will use in our proofs which involve nilsystems is that the commutator subgroup
of a connected group is connected too and we show that next.

Proposition 3.30. Let G be a connected topological group. Then, the commutator subgroup
G2 = [G,G] of G is connected as well.

Proof. The main idea behind this proof is that a continuous image of a connected set is con-
nected, which is a very basic result in topology. Now, each element of [G,G] has the form
[g1, g

′
1] . . . [gk, g

′
k], where k ∈ N and gj , g

′
j ∈ G, for j = 1, . . . , k. For a fixed k ∈ N consider the

map fk : G2k → G, defined by

fk(g1, g
′
1, g2, g

′
2, . . . , gk, g

′
k) = [g1, g

′
1][g2, g

′
2] . . . [gk, g

′
k].

The function fk is continuous (this follows from the definition of a topological group, see Def-
inition 3.24, and because, by Stone-Weierstrass, the tensor product of continuous functions is
continuous) and the set G2k is connected (as the cartesian product of connected sets), therefore
fk(G

2k) is connected. Each of the sets fk(G
2k) contains the identity element (it is simply the

image of (e, e . . . , e, e) ∈ G2k) and thus, their intersection is non-empty. Lastly, notice that⋃
k∈N fk(G

2k) is equal to [G,G], and recall that the union of connected sets with non-empty
intersection is connected.

In [18], Leibman showed that uniform distribution of a polynomial sequence in connected
nilmanifolds is actually equivalent to uniform distribution of the projection of this sequence in
a certain factor. Precisely he showed the following.

Theorem 3.31 (Leibman). Let X = G/Γ be a connected nilmanifold and let g(n) be a polyno-
mial sequence in G. Define the factor Z := G/([G,G]Γ) and let π : X → Z denote the natural
projection. If x ∈ X, then (g(n)x)n∈N is equidistributed in X if and only if (g(n)π(x))n∈N is
equidistributed in Z.

Two very important criteria that hold for ergodic nilsystems are the following.

Proposition 3.32. Let (X = G/Γ,G /Γ,m, Ta) be an ergodic nilsystem. Then, the system is
also totally ergodic if and only if X is connected.

Proof. Assume that the nilsystem is totally ergodic and let X0 be the connected component of
the identity of X, that is, of Γ. It suffices to prove that X0 = X. Now, because X is a Lie group,
the identity component X0 is open and because it is a compact space and the translations of
X0 by powers of a form an open cover of X, which is in fact a disjoint union of finitely many
translations of X0. Indeed, notice that if amX0 ∩X0 ̸= ∅, for some m ∈ N, we also have that
amX0 ⊆ X0, as X0 is the identity component and amX0 is also connected. But, because a
permutes the sets of this cover (an(amX0) = an+mX0) it must be the case that for some n ∈ N
we have anX0 = X0. This allows us to conclude that X is connected, since Ta was assumed
totally ergodic, so that Tn

a is ergodic and Tan = Tn
a , but the Haar measure of the Tn

a -invariant
set X0 is positive, as it is open. Observe that X0 is actually equal to X and not up to sets
of measure zero, because it is clopen and so its complement, if non-empty, must have positive
Haar measure, being open.

For the converse, we assume that X is connected and let m ∈ N. For Z := G/(G2Γ) consider
the natural projection π : X → Z, defined by p(gΓ) = gG2Γ, for any g ∈ G. Since Ta is ergodic,
there exists some x0 ∈ X so that the sequence (Tn

a (x0))n∈N is equidistributed in X. Thus, the
sequence (na0π(x0))n∈N is equidistributed in Z, where a0 := π(aΓ). Indeed, simply notice that
if f ∈ C(Z), then f ◦ π ∈ C(X) and that for n ∈ N the equality

f(na0π(x0)) = f ◦ π(Tn
a (x0))
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holds, which implies the claim by Definition 2.64. Now, because Z is a connected, compact,
abelian group, we also know that the sequence (mna0π(x0))n∈N is equidistributed in Z, where
mna0π(x0) = Tmn

a (x0), for n ∈ N. By Leibman’s theorem above we get that the sequence
(Tmn

a (x0))n∈N is equidistributed in X. This implies that the transformation Tm
a is ergodic and

because m ∈ N was arbitrary it follows that Ta is totally ergodic.

The proof of the next proposition can be found in [6].

Proposition 3.33. Let (X = G/Γ,G /Γ,m, Ta) be an ergodic nilsystem. Then, there exists
some d ∈ N such that (the finitely many) ergodic components of T d

a are totally ergodic.

A very important result regarding the pointwise convergence of ergodic averages in nil-
systems is the following formula, which is a straightforward generalization (by Leibman) of a
formula given by Ziegler. For this limit formula we need some notation first. Given a nilmanifold
G/Γ and l1, . . . , lk ∈ N we define the set

H := {(g(
l1
1 )

1 g
(l12 )
2 · · · g(

l1
k−1)

k−1 h1, . . . , g
(lk1 )
1 g

(lk2 )
2 · · · g(

lk
k−1)

k−1 hk) : gi ∈ G, hi ∈ Gk},

where
(
a
b

)
= 0 if a < b, and Gk is the recursively defined, k-th commutator subgroup of G.

Also, let ∆ = H ∩ Γk. It can be shown that H is a closed subgroup of Gk. Then, the subgroup
∆ is discrete like Γ, and cocompact as the intersection of a cocompact with a closed subgroup
of Gk, so that H/∆ is a nilmanifold and thus, carries a Haar measure, mH .

Proposition 3.34 (Ziegler [21]). Let (X = G/Γ,G /Γ, Ta,mX) be an ergodic nilsystem and
let l1, . . . , lk ∈ N. Then, if f1, . . . , fk ∈ L∞(X), for almost every x = gΓ ∈ X we have that

lim
N−M→∞

1

N −M

N−1∑
n=M

f1(T
l1n
a x) · · · fk(T lkn

a x) =

∫
H/∆

f1(gy1Γ) · · · fk(gykΓ) dmH(y∆),

where y = (y1, . . . , yk) ∈ Gk and H,∆ are as before.

In [14] it is shown that for every ergodic system (X,X , µ, T ) and s ∈ N there exists a T -
invariant sub-σ-algebra Zs of X such that for f ∈ L∞(µ) we have that E(f |Zs) = 0 if and only
if |||f |||s+1 = 0. But, for a system of the form (X,Zs, µ, T ) we have some structural information
given by the main result in [14]. In order to make sense of the theorem we define first the
concept of inverse limits of systems.

Definition 3.35. We say that a system (X,X , µ, T ) is an inverse limit of a sequence of factors
{(Xj ,Xj , µj , Tj) : j ∈ N}, if {Xj}j∈N is an increasing sequence of T -invariant sub-σ-algebras
of X , such that

∨
j∈N Xj = X up to sets of measure zero. Remember that Xj

∨
Xk is the

smallest σ-algebra containing both Xj ,Xk, for j, k ∈ N.

The main structural result is Theorem 10.1 of [14] or Theorem 1 of Chapter 16 of [16] and
reads as follows:

Theorem 3.36 (Host-Kra). Let (X,X , µ, T ) be an ergodic system such that X = Zs for
some s ∈ N. Then (X,X , µ, T ) is an inverse limit of ergodic nilsystems.

Remark 3.37. We have defined a system (X,X , µ, T ) to have a finite rational spectrum if
there are only finitely many eigenvalues e2πiq of this system with q ∈ Q. This is equivalent to
saying that there is some d ∈ N, such that the ergodic components of the system (X,X , µ, T d)
are in fact totally ergodic.

Combining Proposition 3.33 and the equivalence of Remark 3.37 we obtain the following
corollary to Theorem 3.36.
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Corollary 3.38. Let (X,X , µ, T ) be an ergodic system such that X = Zs for some s ∈ N.
Then (X,X , µ, T ) is an inverse limit of systems with finite rational spectrum.

In order to prove one of the Khintchine recurrence results we will need the following compu-
tation due to Or Shalom ([20]). Recall that for n ∈ Z, a group G is said to be n-divisible if, for
every g ∈ G there exists a solution to the equation xn = g, where the multiplicative notation
for the operation on G is used.

Lemma 3.39. Let a, b ∈ Z be coprime and U be some compact, abelian group. If U is a, b, a+ b
and a− b divisible, then the sets (we use multiplicative notation for the operation on U)

A := {(g, gga1g
(a2)
2 , ggb1g

(b2)
2 , gga+b

1 g
(a+b

2 )
2 ) : g, g1, g2 ∈ U}

and
B := {(ua+b, tub−a, tvb−a, va+b) : u, t, v ∈ U}

are equal.

Proof. We first show that A ⊆ B. Let g, g1, g2 ∈ U be arbitrary and choose s ∈ U , such that
s2 = g2. Observe that U is 2-divisible, because at least one of the numbers a, b, a+ b, a− b must
be even and divisibility of a group by an integer implies divisibility by its divisors as well, so
that the existence of such an s is guaranteed. By the divisibility assumption, there exists some

u ∈ U so that ua+b = g. Now, let v = ug1s
a+b−1 and t = gga1g

(a2)
2 ua−b. Then,

tub−a = gga1g
(a2)
2

and

va+b = ua+bga+b
1 s(a+b−1)(a+b) = ua+bga+b

1 g
(a+b−1)(a+b)

2
2 = gga+b

1 g
(a+b

2 )
2 .

Finally, we have that

tvb−a = gga1g
(a2)
2 ua−bub−agb−a

1 s(a+b−1)(b−a) = ggb1g
(
a(a−1)

2
+

(a+b−1)(b−a)
2

)

2 .

As a trivial computation shows,

a(a− 1) + (a+ b− 1)(b− a) = b2 − b = b(b− 1),

and thus the last quantity becomes ggb1g
(b2)
2 , which proves that A ⊆ B. For the converse inclusion

let u, t, v ∈ U . We then set g = ua+b, choose s ∈ U , such that s2 = g2 (for some g2 ∈ U , which
will be chosen later) and set g1 = vu−1s1−a−b. We need to find an element g2 ∈ U for which
the following equations hold 

gga1g
(a2)
2 = tub−a

ggb1g
(b2)
2 = tvb−a

gga+b
1 g

(a+b
2 )

2 = va+b

Substituting the above equations for g and g1this system becomes
ua+b(vu−1s1−a−b)asa

2−a = tub−a

ua+b(vu−1s1−a−b)bsb
2−b = tvb−a

ua+b(vu−1s1−a−b)a+bs(a+b)2−(a+b) = va+b

which reduces to the equation

s−ab = t(uv)−a =⇒ sab = t−1(uv)a.
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Since U was assumed to be a and b divisible there exists a solution to this equation and so can
we conclude by choosing g2 = s2. Indeed, let s1 be the solution to the equation xa = t−1(uv)a

and s be the solution to the equation xb = s1 in U . Then,

sab = (sb)a = sa1 = t−1(uv)a.
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Part II

The Case of Linear Exponents
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Chapter 4

Extension of Khintchine’s
recurrence: Negative results and
special cases

In this chapter we present counterexamples to Khintchine recurrence results for non-ergodic
systems and for arithmetic progressions of length 5 or larger, showing the necessity of these
assumptions. The same counterexamples were first given by Bergelson, Host and Kra in their
paper [3]. In order to facilitate understanding of the main ideas presented in the proofs of the
main results regarding Khintchine-type lower bounds with linear exponents we proceed to prove
two special cases of these results.

4.1 Some negative results

4.1.1 The non-ergodic case

Below is an important result due to Behrend, which will be used in providing a counterexample
to the extension of Khintchine’s theorem for a non-ergodic system and a three-term arithmetic
progression. The proof is based on, but more detailed than, Behrend’s original argument given
in [1].

Theorem 4.1 (Behrend). Let N ∈ N. Then there exists a subset of {1, 2, ..., N} of cardinality
greater than Ne−4

√
logN , which does not contain any arithmetic progressions of length three.

Remark 4.2. The construction relies on the trivial observation that a line can intersect a
sphere in at most two points.

Proof of Theorem 4.1. To begin with, observe that for any M ∈ N there are exactly Md-points
x = (x1, x2, ..., xd) with integer coefficients, such that 1 ≤ xi ≤ M , for all 1 ≤ i ≤ d, and for
any such point we have that the number x21 + x22 + ...+ x2d is an integer in the interval [d, dM2].
Therefore, there exists a sphere in Rd, say Sd,M , with radius r ∈ [

√
d,
√
dM ], having more than

Md

(dM2 − d+ 1)
>
Md−2

d

such points. We now consider the map P : [1,M ]d → Z defined by

P (x) =
1

2M

d∑
i=1

xi(2M)i, for any x = (x1, x2, ..., xd) ∈ [1,M ]d,

93
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where [1,M ]d denotes the set of points we mentioned. It is fairly easy to see that P is a linear
map, that is,

P (ax+ y) = aP (x) + P (y), for x, y ∈ [1,M ]d and a ∈ Z,

and also that the inequalities 1 ≤ P (x) ≤ (2M)d hold, for all x ∈ [1,M ]d. Indeed, the first
inequality is trivial and for the second one, simply notice that

P (x) ≤ P ((M,M, ...,M)) =M
d−1∑
i=0

(2M)i =M
(2M)d − 1

2M − 1
< M

(2M)d

M
= (2M)d.

We will now prove that

P (x)− P (y) = P (y)− P (z) =⇒ x− y = y − z, for every triplet x, y, z ∈ [1,M ]d,

which also implies that P is one-to-one. For this we need the following intermediate result:

Lemma 4.3. If x ∈ (−2M, 2M)d, then P (x) = 0 ⇐⇒ x = 0.

Proof of the Lemma 4.3. For the non-trivial direction, suppose that P (x) = 0 for some x ̸= 0.
Let i0 ∈ [1, d] be the least coordinate of x for which xi0 ̸= 0. Then,

0 = P (x) =
1

2M

d∑
i=i0

xi(2M)i =⇒

xi0 = −
d∑

i=i0+1

xi(2M)i−i0 = −2M ·
d−(i0+1)∑

i=0

xi+i0+1(2M)i = −l · 2M,

for some l ∈ Z , which is impossible since 1 ≤ |xi0 | ≤ 2M − 1 . We have thus reached a
contradiction which proves our claim.

Returning to the desired property, let x, y, z ∈ [1,M ]d be such that

P (x)− P (y) = P (y)− P (z)

Linearity then implies that P (x− 2y+ z) = 0 and an invocation of the Lemma gives the result,
because x− 2y + z ∈ (−2M, 2M)d. Therefore, P is an injection.

To finish, we set d = [
√
logN ] , M = [N

1/d

2 ] and S = Sd,M ∩ Zd. Then P (S) ⊆ [1, (2M)d],
so that P (S) ⊆ [1, N ] and |P (S)| = |S| by the established properties of P . At this point we
observe that the set P (S) contains no non-trivial, three-term arithmetic progressions because,
by the last property, for such an arithmetic progression in P (S), a corresponding set of three
points lying on the same line would exist in S, which is impossible by the initial observation
that a line cannot intersect a sphere at three points. Finally, |P (S)| ≥ Ne(−4

√
logN), which

concludes the proof with P (S) being the desired set. Indeed:

|P (S)| = |S| ≥ Md−2

d
≥

(N
1/d

e )d−2

d
=
e(2−[

√
logN ])N

(
[
√
logN ]−2

[
√

logN ]
)

[
√
logN ]

≥

N · e(1−
√
logN) · e(

−2logN√
logN

) · e−1−
√
logN = N · e−4

√
logN .

We are now in a position to prove the first result of the section.
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Theorem 4.4. There exists a non-ergodic measure-preserving system (X,B, µ, T ) and a subset
A of X with µ(A) > 0, such that

µ(A ∩ T−nA ∩ T−2nA) ≤ 1

2
(µ(A))3,

for every n ∈ N.

Remark 4.5. We actually show that for every l ∈ N the bound µ(A∩T−nA∩T−2nA) ≤ 1
2(µ(A))

l

holds, with the set A depending, of course, on l.

Proof. Let (X,B, µ, T ) be the dynamical system with X = T×T, B being the Borel σ- algebra,
µ = mT ×mT the Haar measure on T× T and T : T× T → T× T be defined by

T (x, y) = (x, y + x), for every (x, y) ∈ X.

To begin with, T is non-ergodic since the function F : X → T , with F (x, y) = x, is non constant
and T−invariant, or alternatively, because the set [0, 12)× T is T−invariant with measure 1

2 .

Let N ∈ N and L be a subset of {1, 2, ..., N} of cardinality greater than Ne(−4
√
logN)), which

does not contain any (non-trivial) arithmetic progressions of length three. Such a set exists by
Behrend’s theorem. Now, we define

A := T×B, where B :=
⋃
i∈L

[
i

2N
,
i

2N
+

1

4N
),

which (meaning B) is a disjoint union of intervals on the torus. For n ∈ N we observe that

µ(A ∩ T−nA ∩ T−2nA) =

∫∫
T×T

1A∩T−nA∩T−2nA(x, y) dmT(y) dmT(x),

which equals ∫∫
T×T

1A(x, y) · 1A(Tn(x, y)) · 1A(T 2n(x, y)) dmT(y) dmT(x).

By the definition of A, the last integral is the same as∫∫
T×T

1B(y) · 1B(y + nx) · 1B(y + 2nx) dmT(y)dmT(x)

and with a change of variables (x 7→ nx, which is measure-preserving) this becomes∫∫
T×T

1B(y) · 1B(y + x) · 1B(y + 2x) dmT(y)dmT(x).

In order to bound the last integral we can limit ourselves to the case that the integrand is non-
zero, that is, when y, y + x, y + 2x ∈ B. By the definition of B, there exist some i1, i2, i3 ∈ L
and 0 ≤ a, b, c < 1

4N , so that

y =
i1
2N

+ a, y + x =
i2
2N

+ b and y + 2x =
i3
2N

+ c.

Since y − 2(y + x) + (y + 2x) = 0, a simple substitution shows that

i1 − 2i2 + i3
2N

= −a+ 2b− c,
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which belongs to (−1
2N ,

1
2N ) and therefore i1−2i2+i3 ∈ (−1, 1). Thus, necessarily, i1−i2 = i2−i3,

making i1, i2, i3 a three-term arithmetic progression in L and as such it must be trivial by the
choice of L. Therefore,

y, y + x, y + 2x ∈ (
i1
2N

,
i1
2N

+
1

4N
) (mod 1),

which implies that x belongs to (−1
8N ,

1
8N ) (mod 1), an interval of length 1

4N . Since y is restrained
in B, we obtain the bound

µ(A ∩ T−nA ∩ T−2nA) ≤ mT(B)

4N
.

Now, µ(A) = mT(B) = |L|
4N and so it suffices to prove that |L|l−1

2 ≥ (4N)l−2, for any l ∈ N, with
l ≥ 3. But L was chosen so that

|L| ≥ Ne(−4
√
logN)) =⇒ |L|l−1 ≥ (Ne(−4

√
logN)))l−1

and so it suffices to show that
N

e4(l−1)
√
logN

≥ 2 · 4l−1.

The latter inequality is true for large enough N (depending on l), because for l ∈ N fixed we
have that

e4(l−1)
√
logN ≤ e(

logN
2

) =
√
N,

a consequence of which is that

lim
N→∞

N

e4(l−1)
√
logN

= ∞ (4.1)

4.1.2 The case of general systems and five-term arithmetic progressions

We proceed to show the second result of this section, namely the fact that a generalization
of Khintchine’s recurrence theorem does not hold for arithmetic progressions of length 5 and
thus larger than 5 as well, even in the ergodic case. Notice that we have already done so for a
non-ergodic system and progressions of length greater than 3 in the previous theorem.

First, we define the concept of quadratic configurations, which will be used in the proof.

Definition 4.6. A quadratic configuration (of 5 terms), denoted by QC5, is simply the set
{P (0), P (1), P (2), P (3), P (4)} ⊆ Z, where P is a non-constant integer polynomial of degree at

most 2, that is, P : Z → Z with P (n) = an(n−1)
2 + bn+c, such that a, b, c ∈ Z and (a, b) ̸= (0, 0).

We make some simple observations.

• If deg(P ) = 1 then the quadratic configuration corresponding to P is merely an arithmetic
progression of length 5 , starting from c and having a constant difference b ̸= 0 between
any pair of its terms.

• If deg(P ) = 2 then 3 ≤ |{P (0), P (1), P (2), P (3), P (4))}| ≤ 5 and a scenario with the
least amount of distinct elements in this configuration is one where a = −b, in which case
P (0) ̸= P (1) = P (2) ̸= P (4) and P (0) = P (3) ̸= P (4).
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• We have P (0)−3P (1)+3P (2)−P (3) = P (1)−3P (2)+3P (3)−P (4) = 0, regardless of the
degree of P . Indeed: P (0)−3P (1)+3P (2)−P (3) = c−3b−3c+3a+6b+3c−3a−3b−c = 0
and P (1)− 3P (2) + 3P (3)− P (4) = b+ c− 3a− 6b− 3c+ 9a+ 9b+ 3c− 6a− 4b− c = 0

• If a, b, c, d, e ∈ Z are such that a−3b+3c−d = 0 and b−3c+3d−e = 0 , then there exists
an integer polynomial P of degree 1 or 2 with P (0) = a, P (1) = b, P (2) = c, P (3) = d
and P (4) = e , i.e. {a, b, c, d, e} is a quadratic configuration of 5 terms. To see this, set

P (n) = (c+ a− 2b)n(n−1)
2 + (b− a)n+ a.

In order to construct the desired counterexample we need two intermediate results; First, an-
other clever combinatorial theorem of similar nature to Behrend’s–due to Imre Ruzsa (see
[3])–about the existence of large subsets of {1, 2, ..., N} that do not contain quadratic config-
urations of 5 terms and then a lemma, the necessity of which shows up in the course of the
construction.

Theorem 4.7 (Ruzsa). Let N ∈ N be fixed. Then, there exists a subset of {1, 2, ..., N} of
cardinality greater than Ne−4

√
logN , which does not contain any quadratic configurations of 5

terms.

Before proving the theorem we give a geometric proposition.

Proposition 4.8. Let a, b, c, d, e ∈ Rd, for d ∈ N, be 5 points with the same Euclidean norm

|| · ||2 (where ||a||2 =
√
(a21 + a22 + ...+ a2d) , if a = (a1, a2, ..., ad) ), such that

a− 3b+ 3c− d = 0 (i)
b− 3c+ 3d− e = 0 (ii)

Then, a = b = c = d = e.

Proof. By (i) and (ii) we get that

a+ 2d = e+ 2b (iii).

Then, setting x = (a+2d)
3 , y = b− x and z = d− x, we get

x− 2z = 3x− 2d = a+ 2d− 2d = a, x+ y = b, x+ z = d, x− 2y = −2b+ 3x = e

and y + z + x = b+ d− x = b+ d− a+ 2d

3
=

3b+ 3d− a− 2d

3
=

3b+ d− a

3
= c,

by (iii). By the equalities

||a||22 − ||x||22 = ||b||22 − ||x||22 = ||c||22 − ||x||22 = ||d||22 − ||x||22 = ||e||22 − ||x||22
we get that

4||z||22 − 2⟨x, 2z⟩ = ||y||22 + 2⟨x, y⟩ = ||y||22 + ||z||22 + 2⟨x, z⟩+ 2⟨x, y⟩+ 2⟨y, z⟩ =
= ||z||22 + 2⟨x, z⟩ = 4||y||22 − 2⟨x, 2y⟩.

Now,

4||z||22 − 2⟨x, 2z⟩ = ||z||22 + 2⟨x, z⟩ =⇒ 3||z||22 = 6⟨x, z⟩ =⇒ ||z||22 = 2⟨x, z⟩

and similarly,

||y||22 + 2⟨x, y⟩ = 4||y||22 − 2⟨x, 2y⟩ =⇒ ||y||22 = 2⟨x, y⟩
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The above two equalities, along with ||y||22 + 2⟨x, y⟩ = ||z||22 + 2⟨x, z⟩, imply that ||y||2 = ||z||2.
Combining the established identities we obtain that

2||y||22 = ||y||22 + ||z||22 + 2⟨x, z⟩+ 2⟨x, y⟩+ 2⟨y, z⟩ = 4||y||22 + 2⟨y, z⟩

which in turn implies that

⟨y, z⟩ = −||y||22 = −⟨y, y⟩ =⇒ y = −z.

Therefore, ⟨x, y⟩ = ⟨x,−y⟩ = −⟨x, y⟩ and these are equal to ||y||22 , so that y = 0 and thus,
z = 0 as well. We can now conclude that a = b = c = d = e = x .

Proof of Theorem 4.7. We mimic the construction of Behrend’s theorem. That is, we choose
M ∈ N and an r ∈ [

√
d,
√
dM ] for which there exists a sphere in Rd, say Sd,M , with radius r,

having more than Md−2

d -points x = (x1, x2, ..., xd), which have integer coefficients and are such
that 1 ≤ xi ≤ M , for 1 ≤ i ≤ d and x21 + x22 + ...+ x2d = r2. The only variance is that we now
consider the slightly different map P : [1,M ]d → Z defined by

P (x) =
1

4M

d∑
i=1

xi(4M)i, x = (x1, x2, ..., xd) ∈ [1,M ]d,

which is again integer valued, linear, one-to-one and for which 1 ≤ P (x) ≤ (4M)d hold for all
x ∈ [1,M ]d. Also, if x, y, z, v, w are points in [1,M ]d, with

P (x)− 3P (y) + 3P (z)− P (v) = 0 and P (y)− 3P (z) + 3P (v)− P (w) = 0,

then, linearity, the analogous property of P that was shown in the Lemma 4.3 used in the proof
of Behrend’s theorem and the fact that x − 3y + 3z − v and y − 3z + 3v − w are points in
(−4M, 4M)d, together imply that

x− 3y + 3z − v = y − 3z + 3v − w = 0

This means that a quadratic configuration of 5 terms in P ([1,M ]d) corresponds to one in [1,M ]d.

Finally, let S = Sd,M ∩Zd. Then S contains no quadratic configurations of 5 terms. Indeed,
if {Q(0), Q(1), Q(2), Q(3), Q(4)} was such a set, we would have that Q(0), Q(1), Q(2), Q(3), Q(4)
would be 5 points with the same Euclidean norm, which would also satisfy the equations:

Q(0)− 3Q(1) + 3Q(2)−Q(4) = 0 and Q(1)− 3Q(2) + 3Q(3)−Q(4) = 0

However, from the previous proposition, this is a contradiction. From now on the proof is
identical to the corresponding part in Behrend’s theorem and so we omit it.

Lemma 4.9. Let N ∈ N and L be a subset of {1, 2, ..., N − 1} of cardinality greater than
Ne(−4

√
logN), which does not contain any quadratic configurations of 5 terms. Such a set exists

by Ruzsa’s theorem. Consider the set

B :=
⋃
i∈L

Ii =
⋃
i∈L

[
i

4N
,
i

4N
+

1

16N
).

If x, y, z ∈ T are such that the points ai = x + iy + i2z (mod 1) are in B for i = 0, 1, 2, 3, 4,
then {2y} ∈ [0, 1

4N ) ∪ (4N−1
4N , 1].
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Proof. Observe that -as real numbers- a0, a1, a2, a3, a4 belong to [0, 14), since they belong to B.
Now, for each i ∈ {0, 1, 2, 3, 4} there exists a ki ∈ L for which ai ∈ Iki . A simple substitution
shows that

a0 − 3a1 + 3a2 − a4 = a1 − 3a2 + 3a3 − a4 = 0 (mod 1)

Next, if we consider a1, a2, a3 as real numbers again, we see that

k1
4N − 3( k2

4N + 1
16N ) + 3( k3

4N ) < a1 − 3a2 + 3a3 < ( k1
4N + 1

16N )− 3 k2
4N + 3( k3

4N + 1
16N ),

which implies that

a1 − 3a2 + 3a3 ∈
(
k1 − 3k2 + 3k3

4N
− 3

16N
,
k1 − 3k2 + 3k3

4N
+

1

4N

)
⊂
(
−3

4
, 1

)
Since a4 ∈ [0, 14), we have that a4 = a1 − 3a2 +3a3 holds as an equality of points in R and thus

a4 ∈
(
k1 − 3k2 + 3k3

4N
− 3

16N
,
k1 − 3k2 + 3k3

4N
+

1

4N

)⋂[
0,

1

4

)
Also a4 ∈ Ik4 and so, if k4 ̸= k1 − 3k2 + 3k3 we could assume without loss of generality that
k4 > k1 − 3k2 + 3k3, but then we would have that k4

4N > k1−3k2+3k3
4N + 1

4N and ultimately:

Ik4
⋂(

k1 − 3k2 + 3k3
4N

− 3

16N
,
k1 − 3k2 + 3k3

4N
+

1

4N

)
=[

k4
4N

,
k4
4N

+
1

16N

)⋂(
k1 − 3k2 + 3k3

4N
− 3

16N
,
k1 − 3k2 + 3k3

4N
+

1

4N

)
= ∅

Thus, k4 = k1 − 3k2 + 3k3 and, similarly, one shows that k3 = k0 − 3k1 + 3k2. Therefore,
{k0, k1, k2, k3, k4} is either a quadratic configuration of 5 terms in L or k0 = k1 = k2 = k3 = k4,
with the former contradicting our hypothesis. In conclusion a0, a1, a2, a3, a4 ∈ Ik0 and since

4a1 − a2 − 3a0 = 4x+ 4y + 4z − x− 2y − 4z − 3x (mod 1) = 2y (mod 1)

and, at the same time

− 1

4N
< 4a1 − a2 − 3a0 <

1

4N
,

we have in fact proven that 2y ∈ [0, 1
4N ) ∪ (4N−1

4N , 1] (mod 1).

Theorem 4.10. There exists an ergodic dynamical system (X,B, µ, T ) and a subset A of X
with µ(A) > 0, such that

µ(A ∩ T−nA ∩ T−2nA ∩ T−3nA ∩ T−4nA) ≤ 1

2
(µ(A))5, for every n ∈ N.

Remark 4.11. We can actually show that for every l ∈ N with l ≥ 5, the bound

µ(A ∩ T−nA ∩ T−2nA ∩ T−3nA ∩ T−4nA) ≤ 1

2
(µ(A))l

holds, with the set A depending, of course, on l. Actually, this is the bound which allows us to
extend the same result to analogous arithmetic progressions of length of length greater than 5
immediately.
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Proof. Let a ∈ R \Q and (X,B, µ, T ) be the dynamical system with X = T× T, B being the
Borel σ-algebra, µ = mT ×mT the Haar measure on X and T : X → X be a transformation
defined by

T (x, y) = (x+ a, y + 2x+ a), for every (x, y) ∈ X.

This system is ergodic and in fact uniquely ergodic, because a is irrational. We now consider
the sets L ⊂ {1, 2, ..., N} and B ⊂ T of Lemma 4.9 and set A = T × B. A simple induction
argument shows that Tn(x, y) = (x+ na, y + 2nx+ n2a), for any (x, y) ∈ T2 and n ∈ N. Then,
the quantity we want to bound, i.e.

µ(A ∩ T−nA ∩ T−2nA ∩ T−3nA ∩ T−4nA),

can be seen as the integral∫
T

∫
T

1A(x, y) · 1A(Tn(x, y)) · 1A(T 2n(x, y)) · 1A(T 3n(x, y)) · 1A(T 4n(x, y)) dmT(y) dmT(x),

which is equal to∫
T

∫
T

1B(y) · 1B(y + 2nx+ n2a) · 1B(y + 4nx+ 4n2a)

· 1B(y + 6nx+ 9n2a) · 1B(y + 8nx+ 16n2a) dmT(y) dmT(x).

In order for the integrand in the last integral to be non-zero we need y ∈ B and if we set

aj = y + j(2nx) + j2(n2a), for j = 0, 1, 2, 3, 4

we also need a0, a1, a2, a3 and a4 to belong to B. Therefore, an invocation of Lemma 4.9
implies that

{4nx} ∈ [0,
1

4N
)
⋃

(1− 1

4N
, 1),

which is a set of measure 1
2N on the torus, and thus x lives on a set of measure 1

2N (for this

simply notice that if {nx} ∈ (a, b) ⊆ [0, 1), then x ∈
⋃n−1

i=0 (
a+i
n , b+i

n )). Consequently we obtain
the bound

µ(A ∩ T−nA ∩ T−2nA ∩ T−3nA ∩ T−4nA) ≤ mT(B)

2N
, n ∈ N

In order to finish the proof we need to show that mT(B)
2N ≤ (µ(A))5

2 , or equivalently, that:

|L|4 ≥ 164N3 ⇐⇒ N4(e(−4
√
logN))4 ≥ 164N3 ⇐⇒ N ≥ 164e(16

√
logN)

which holds for large enough N , as we showed in (4.1). In a similar manner we can show that
mT(B)
2N ≤ (µ(A))l

2 , for any l ∈ N.

4.2 Special cases of multiple recurrence

Before proving the general positive result for lower bounds we will deal with two special cases.
The first case deals with a specific category of systems, those with Kronecker factors which are
ergodic rotations on the torus, and two linear integer polynomials without constant term. The
second case concerns an ergodic skew product system and three integer polynomials as before,
with the third one being the sum of the first two.
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4.2.1 Khintchine-type lower bounds for any pair of linear integer polynomials
with zero constant term

Proposition 4.12. If the Kronecker factor of an invertible ergodic system (X,D , µ, T ) is iso-
morphic to an irrational rotation on the torus, then for every a, b ∈ N, ϵ > 0 and A ∈ D with
µ(A) > 0, there exists n ∈ N, such that

µ(A ∩ T−anA ∩ T−bnA) ≥ µ(A)3 − ϵ. (∗)

In fact, there exists a syndetic set of natural numbers, S, such that (∗) holds for any n ∈ S.

Lemma 4.13. Let (X,D , µ, T ) be an invertible ergodic system for which (T,B(T),mT, Rα),
with Rα : T → T defined by

Rαx = (x+ α) (mod 1), for α ∈ R \Q,

is the Kronecker factor and let K be the σ-algebra corresponding to the Kronecker factor of
T . Then, for any a, b ∈ N, any functions f, g, h ∈ L∞(µ) and V ⊂ T open, such that the set
S := {n ∈ N : {nα} ∈ V } ⊂ N is syndetic, the limits

lim
N−M→∞

1

|SN ∩ [M,N ]|

N∑
n=M

1S(n)

∫
X
f · T ang · T bnh dµ

and

lim
N−M→∞

1

|SN ∩ [M,N ]|

N∑
n=M

1S(n)

∫
T
E(f |K ) ·Ran

α E(g|K ) ·Rbn
α E(h|K ) dmT

are equal, where SN = {1 ≤ n ≤ N : n ∈ S}.

Proof of the lemma. Because 1S(n) = 1V (nα) and 1V is Riemann-integrable (this is true if we
assume that the boundary of V , ∂V , has zero measure, because the indicator function of a set
is continuous except on its boundary, which is not true for all open subsets, but it certainly
holds for open and convex sets as the ones we care about) it is enough to prove the equality of
the limits with e2πiknα, for any k ∈ Z, in place of 1S(n). Indeed, the integrability of 1V means
that for every ϵ > 0, there exist g′, h′ ∈ C(T), such that

g′(x) ≤ 1V (x) ≤ h′(x), for all x ∈ T and

∫
(h′ − g′) ≤ ϵ.

Without loss of generality we can assume that f, g and h are real valued and non-negative.
Then, from the previous inequalities between the functions g′,1V , and h

′ we have

1

|SN ∩ [M,N ]|

N∑
n=M

g(nα)

∫
X
f · T ang · T bnh dµ ≤

1

|SN ∩ [M,N ]|

N∑
n=M

1V (nα)

∫
X
f ·T ang·T bnh dµ ≤ 1

|SN ∩ [M,N ]|

N∑
n=M

h(nα)

∫
X
f ·T ang·T bnh dµ.

Now, there exist K,K ′ > 0 so that supn∈N
∣∣∫

X f · T ang · T bnh dµ
∣∣ ≤ K and |SN | ≥ N

K′ , for
N ∈ N. Thus,∣∣∣∣∣ 1

|SN ∩ [M,N ]|

N∑
n=M

(h′(nα)− g′(nα))

∫
X
f · T ang · T bnh dµ

∣∣∣∣∣ ≤ KK ′

∣∣∣∣∣ 1

N −M

N∑
n=M

(h′ − g′)(nα)

∣∣∣∣∣
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and this is bounded by 2KK ′ϵ, for all large enough N ∈ N, because h′ − g′ is a continuous
function on T, the sequence ({nα})n∈N is equidistributed and consequently

1

N −M

N∑
n=M

(h′ − g′)(nα)
N→∞−−−−→

∫
(h′ − g′)(x) dmT(x) < ϵ.

This means that we can replace 1V (nα) with continuous functions and then, using Weierstrass’
theorem and linearity, it suffices to use trigonometric monomials, i.e. e2πikx, k ∈ Z, as claimed.

Now let ϕ : X → T be the factor map, so that ϕ ◦ T = Rα ◦ ϕ and set

hk(x) = e2πi
k
a
ϕ(x), for k ∈ Z, a ∈ N,

which implies that

T anhk(x) = e2πi
k
a
(ϕ(Tanx)) = e2πi

k
a
(ϕ(x)+anα) = e2πik(nα)hk(x), x ∈ X, and n ∈ N.

Setting f̃(x) = hk(x)f(x) and g̃(x) = hk(x)g(x), we get that

E(f̃ |K ) = hk · E(f |K )

and that

Ran
α (E(g̃|K )) = hk · e2πik(nα) ·Ran

α (E(g|K )).

Therefore,

1

|SN ∩ [M,N ]|

N∑
n=M

e2πik(nα)
∫
f · T ang · T bnh dµ =

1

|SN ∩ [M,N ]|

N∑
n=M

∫
f̃ · T ang̃ · T bnh dµ,

which as we have seen (in Corollary 3.20) has the same limit as

1

|SN ∩ [M,N ]|

N∑
n=M

∫
E(f̃ |K ) ·Ran

α E(g̃|K ) ·Rbn
α E(h|K ) dmT,

which in turn equals

1

|SN ∩ [M,N ]|

N∑
n=M

e2πik(nα)
∫

E(f |K ) ·Ran
α E(g|K ) ·Rbn

α E(h|K ) dmT.

Proof of Proposition 4.12. Let (T,B(T),mT, Rα) be the Kronecker factor of (X,D , µ, T ), where
Rα(x) = x+ α (mod 1) , x ∈ T , for some α ∈ R \Q. We write m for the Haar measure of the
torus, mT. The sequence ({nα})n∈N is equidistributed and so for any 0 < δ ≤ 1 we have that

lim
N−M→∞

|{M ≤ n ≤ N : {nα} ∈ (−δ, δ)}|
N −M

= mT((−δ, δ)) = 2δ, (4.2)

where, with (−δ, δ) we mean the subset [0, δ)∪ (1− δ, 1] of [0, 1]. To see this we first note that
the system (T,B(T),m, T ) with Tx = x + α, for α irrational, is uniquely ergodic. But this is
equivalent to the fact that, for any f ∈ C(T) the average 1

N−M

∑N
n=M f ◦Tn converges uniformly

to the constant
∫
f dm and using a common approximation argument we can replace continuous
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with Riemann-integrable functions in the previous condition. For details see Proposition 2.63
and Proposition 2.67. Therefore, if x = 0 and f = 1(−δ,δ) we get that

lim
N−M→∞

|{M ≤ n ≤ N : {nα} ∈ (−δ, δ)}|
N −M

=

lim
N−M→∞

1

N −M

N∑
n=M

f(Tn(0)) =

∫
1(−δ,δ) dm = 2δ.

Now, let K be the σ-algebra corresponding to the Kronecker factor of T , f0, f1, f2 ∈ L∞(µ)
and E(fi|K ) be the corresponding projections of fi to the Kronecker factor for i = 0, 1, 2. (See
Remark 2.39 to understand these notions). Fix some 0 < δ ≤ 1 and consider the sets

Sδ = {n ∈ N : {nα} ∈ (−δ, δ)}, and Sδ,N = {1 ≤ n ≤ N : {nα} ∈ (−δ, δ)}, for N ∈ N.

Observe that the set Sδ is syndetic, as it can be expressed by {n ∈ N : mT(E ∩ R−n
α E) > 0},

for E = [0, δ), which is well-known to be syndetic (see for example, Proposition 2.17). As in
the proof’s beginning, by the equidistribution of ({nα})n∈N in T we also have that for any
Riemann-integrable function F : T → C, the equality

lim
N→∞

1

N

N∑
n=1

F (nα) =

∫
T
F (t) dmT(t),

holds and in fact

lim
N−M→∞

1

N −M

N∑
n=M

F (nα) =

∫
T
F (t) dmT(t).

Thus, if we set

F (t) = 1(−δ,δ)(t)

∫
T
E(f0|K )(x) · E(f1|K )(x+ at) · E(f2|K )(x+ bt) dmT(x),

then F is Riemann-integrable and so the limit

lim
N−M→∞

1

N −M

N∑
n=M

F (nα),

equals ∫
(−δ,δ)

∫
T
E(f0|K )(x) · E(f1|K )(x+ at) · E(f2|K )(x+ bt) dmT(x) dmT(t). (4.3)

But, as a simple substitution shows

lim
N−M→∞

1

|Sδ,N ∩ [M,N ]|

N∑
n=M

1Sδ
(n)

∫
T
E(f0|K )(x) ·Ran

α E(f1|K )(x) ·Rbn
α E(f2|K )(x) dmT(x)

= lim
N−M→∞

1

|Sδ,N ∩ [M,N ]|

N∑
n=M

F (nα),

and by (4.3) this is equal to

1

mT(−δ, δ)

∫
(−δ,δ)

∫
T
E(f0|K )(x) · E(f1|K )(x+ at) · E(f2|K )(x+ bt) dmT(x) dmT(t).
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Let G : T → C be the continuous function defined by

G(t) =

∫
T
E(f0|K )(x) · E(f1|K )(x+ at) · E(f2|K )(x+ bt) dmT(x).

To see that G is indeed continuous (which was also implied in the claim that the function F
previously defined is Riemann-integrable), first note that, for any g ∈ L∞(mT) the map t 7→ g(t),
where g(t)(x) = g(x+ t), is a continuous map from T to L1(mT), with respect to the metric on
T and then simply notice that for any t1, t2 ∈ T we have that

G(t1)−G(t2) =

∫
T
E(f0|K )(x) · E(f1|K )(x+ at1) · E(f2|K )(x+ bt1) dmT(x)−∫

T
E(f0|K )(x) · E(f1|K )(x+ at2) · E(f2|K )(x+ bt2) dmT(x),

which can be written as∫
T
E(f0|K )(x) · [E(f1|K )(x+ at1)− E(f1|K )(x+ at2)] · E(f2|K )(x+ bt1) dmT(x)

+

∫
T
E(f0|K )(x) · E(f1|K )(x+ at2) · [E(f2|K )(x+ bt1)− E(f2|K )(x+ bt2)] dmT(x)

and this is bounded above by

∥E(f0|K )∥∞ · ∥E(f2|K )∥∞ ·
∥∥∥E(f1|K )(at1) − E(f1|K )(at2)

∥∥∥
1

+ ∥E(f0|K )∥∞ · ∥E(f1|K )∥∞ ·
∥∥∥E(f2|K )(bt1) − E(f2|K )(bt2)

∥∥∥
1
.

Thus,
1

mT(−δ, δ)

∫
(−δ,δ)

G(t) dmT(t) → G(0), as δ → 0.

So, if in the above notation we set f0 = f1 = f2 = 1A, for some A ∈ D with µ(A) > 0, we get
that

G(0) =

∫
T
(E(1A|K ))3 ≥

(∫
T
E(1A|K )

)3

= (µ(A))3

and thus, for any ϵ > 0 there exists δ > 0 small enough so that

1

mT(−δ, δ)

∫
(−δ,δ)

∫
T
E(1A|K )(x) · E(1A|K )(x+ at) · E(1A|K )(x+ bt) dmT(x) ≥ (µ(A))3 − ϵ.

Therefore, by the asymptotic equality of the averages established in the previous lemma, for
any choice of ϵ > 0, there is an appropriate δ for which

lim
N−M→∞

1

|Sδ,N ∩ [M,N ]|

N∑
n=M

1Sδ
(n) · µ(A ∩ T−anA ∩ T−bnA) ≥ (µ(A))3 − ϵ.

This readily implies that there exists n ∈ N (in fact a syndetic subset S of N) so that

µ(A ∩ T−anA ∩ T−bnA) ≥ (µ(A))3 − ϵ, n ∈ S.

Indeed, assume that the set {n ∈ N : µ(A ∩ T−anA ∩ T−bnA ≥ (µ(A))3 − ϵ} is not syndetic.
Then there exist sequences (aN )N∈N and (bN )N∈N with bN − aN → ∞ and

µ(A ∩ T−anA ∩ T−bnA) < (µ(A))3 − ϵ, for n ∈ [aN , bN ].

But this would imply that

lim
N→∞

1

|Sδ,N ∩ [aN , bN ]|
∑

n∈Sδ,N∩[aN ,bN ]

µ(A ∩ T−anA ∩ T−bnA) < (µ(A))3 − ϵ,

which is a contradiction.
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4.2.2 Khintchine-type lower bounds for a special case of three linear poly-
nomials

Proposition 4.14. Consider the dynamical system (T2,B(T2),mT2 , T ), (for briefness we write
B instead of B(T2) and m instead of mT2), with T : T2 → T2 defined by

T (x, y) = (x+ α, y + x), for (x, y) ∈ T2,

some irrational α. Then for every a, b ∈ N, c = a+ b, A ∈ B with m(A) > 0 and for any ϵ > 0
there exists n ∈ N such that

m(A ∩ T−anA ∩ T−bnA ∩ T−cnA) ≥ (m(A))4 − ϵ. (∗∗)

In fact, there exists a syndetic set of natural numbers, S, such that (∗∗) holds for any n ∈ S.

Proof. We will first deal with the special case a = 1, b = 2 and c = 3. To begin with, notice that
we can replace T with the transformation H defined by H(x, y) = (x+α, y+2x+α), which we
shall denote as T from now on, since the systems (T2,B(T2),mT2 , T ) and (T2,B(T2),mT2 , H)
are isomorphic, with the factor map given by ϕ(x, y) = (x, 2y + x) and ϕ(x, y) = (x, y−x

2 ).
Fix 0 < δ ≤ 1 and consider the sets Sδ and Sδ,N , N ∈ N, as in Proposition 4.12. We remark

that the sequence ({nα}, {nx}, {n2α})n∈N is equidistributed in T3 for almost every x ∈ T (in
fact, it is equidistributed for any x ∈ T that is rationally independent to α), because the
transformation H : T3 → T3 defined by H(x, y, z) = (x + α, y + 2x + α, z + β), is uniquely
ergodic for (α, β) that are rationally independent (see Theorem 2.71 and the examples after it)
and Hn(0, 0, 0) = (nα, n2α, nβ). Therefore, if F : T3 → C is Riemann-integrable, the equality

lim
N→∞

1

N

N∑
n=1

F (nα, nx, n2α) =

∫
T3

F (t1, t2, t3) dmT3(t1, t2, t3)

holds and what is more,

lim
N−M→∞

1

N −M

N∑
n=M

F (nα, nx, n2α) =

∫
T3

F (t1, t2, t3) dmT3(t1, t2, t3) (4.4)

is true for mT-almost every x ∈ T. We let f ∈ L∞(m) and proceed by setting

F (t1, t2, t3) = 1(−δ,δ)(t1)

∫
T2

f(x, y) · f(x, y + 2t2 + t3) · f(x, y + 4t2 + 4t3)

f(x, y + 6t2 + 9t3) dm(x, y).

Then F : T3 → C is Riemann-integrable and∫
T2

f(x, y) · f(x+ t1, y + 2t2 + t3) · f(x+ 2t1, y + 4t2 + 4t3) · f(x+ 3t1, y + 6t2 + 9t3) dm(x, y)

is a continuous function of t1, so for any ϵ > 0 we can choose small enough δ > 0 so that

lim
N−M→∞

1

N −M

N∑
n=M

1Sδ
(n)

∫
T2

f(x, y) ·f(x+nα, y+2nx+n2α) ·f(x+2nα, y+4nx+4n2α)·

f(x+ 3nα, y + 6nx+ 9n2α) dm(x, y)

is greater than

lim
N−M→∞

1

N −M

N∑
n=M

1Sδ
(n)

∫
T2

f(x, y) · f(x, y + 2nx+ n2α) · f(x, y + 4nx+ 4n2α)·

f(x, y + 6nx+ 9n2α) dm(x, y)− ϵ,
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which by (4.4) equals∫
(−δ,δ)

∫
T4

f(x, y)·f(x, y+2t2+t3)·f(x, y+4t2+4t3)·f(x, y+6t2+9t3) dmT4(x, y, t2, t3) dmT(t1)−ϵ.

From the above we get that for any ϵ > 0 there is an appropriate δ > 0 such that

lim
N−M→∞

1

|Sδ,N ∩ [M,N ]|

N∑
n=M

1Sδ
(n)

∫
T2

f(x, y) · Tnf(x, y) · T 2nf(x, y) · T 3nf(x, y) dm(x, y)

is greater than∫
T4

f(x, y) · f(x, y + 2t2 + t3) · f(x, y + 4t2 + 4t3) · f(x, y + 6t2 + 9t3) dmT4(x, y, t2, t3)− ϵ.

At this point, what is left is to bound the quantity∫
T4

f(x, y) · f(x, y + 2t2 + t3) · f(x, y + 4t2 + 4t3) · f(x, y + 6t2 + 9t3) dmT4(x, y, t2, t3) (4.5)

below by (
∫
T2 f(x, y)dmT2(x, y))4, for then if A ∈ B with m(A) > 0, choosing some ϵ > 0 and

setting f = 1A we will have shown that

lim
N−M→∞

1

|Sδ,N ∩ [M,N ]|
∑

n∈Sδ,N∩[M,N ]

m(A ∩ T−nA ∩ T−2nA ∩ T−3nA) ≥ (m(A))4 − ϵ,

which implies the desired result. Now, in order to bound the integral in (4.5) we observe that if

g0 = y, g1 = y + 2t2 + t3, g2 = y + 4t2 + 4t3, g3 = y + 6t2 + 9t3,

then

3g2 + g0 = 3g1 + g3.

Therefore, (4.5) becomes∫
T

∫
T

(∫
3g2+g0=w

f(x, g0) · f(x, g2) dmT2(g0, g2)

)2

dmT(w) dmT(x) (4.6)

and using Cauchy-Schwarz, (4.6) is greater than or equal to∫
T

(∫
T

∫
3g2+g0=w

f(x, g0) · f(x, g2) dmT2(g0, g2) dmT(w)

)2

dmT(x),

which can be written as∫
T

(∫
T
f(x,w − 3g2) · f(x, g2) dmT(w) dmT(g2)

)2

dmT(x).

With a change of variables (w 7→ w + 3g2) this becomes∫
T

(∫
T
f(x,w) · f(x, g2) dmT(w) dmT(g2)

)2

dmT(x),

and this is the same as ∫
T

(∫
T
f(x,w) dmT(w)

)4

dmT(x).
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With another application of Cauchy-Schwarz the last integral is greater than or equal to(∫
T

∫
T
f(x,w) dmT(w) dmT(x)

)4

= (µ(A))4

and so we conclude with the case a = 1, b = 2 and c = 3. Having established this special
case we can generalize our result for any a, b ∈ N and c = a+ b. We work as before, only now
considering the Riemann-integrable function F : T3 → C with

F (t1, t2, t3) = 1(−δ,δ)(t1)

∫
T2

f(x, y) · f(x, y + 2at2 + a2t3) · f(x, y + 2bt2 + b2t3)·

f(x, y + 2ct2 + c2t3) dm(x, y)

for some f ∈ L∞(m) and then we get that for any ϵ > 0 there is an appropriate δ > 0, such
that

lim
N−M→∞

1

|Sδ,N ∩ [M,N ]|

N∑
n=M

1Sδ
(n)

∫
T2

f(x, y) · T anf(x, y) · T bnf(x, y) · T cnf(x, y) dm(x, y)

is greater than∫
T4

f(x, y) · f(x, y+2at2+ a2t3) · f(x, y+2bt2+ b2t3) · f(x, y+2ct2+ c2t3) dmT4(x, y, t2, t3)− ϵ.

In order to finish the proof we notice that, if

g0 = y, g1 = y + 2at2 + a2t3, g2 = y + 2bt2 + b2t3, g3 = y + 2ct2 + c2t3,

then
cg2 + (b− a)g0 = cg1 + (b− a)g3,

which allows us to show that∫
T4

f(x, y) · f(x, y + 2at2 + a2t3) · f(x, y + 2bt2 + b2t3) · f(x, y + 2ct2 + c2t3) dmT4(x, y, t2, t3)

is greater than (
∫
T2 f(x, y)dmT2(x, y))4 and thus to conclude.



108 CHAPTER 4.



Chapter 5

Khintchine-type extensions of
Furstenberg’s double and triple
recurrence

In the final chapter of the second part we conclude with the linear-case Khintchine-type lower
bounds, recovering the main Theorems 1.14 and 1.15, specials cases of which were Proposi-
tions4.12 and 4.14, respectively. These results are due to Host and Kra, but in this presentation
we follow the simplified methods from Frantzikinakis’ paper [6].

5.1 Khintchine-type double recurrence

For accessibility we state here the first theorem we want to prove, Theorem 1.14.

Theorem 5.1. Let (X,X , µ, T ) be an ergodic measure-preserving system. Then, for every
a, b ∈ N, every ϵ > 0 and A ∈ X with µ(A) > 0, the set

{n ∈ N : µ(A ∩ T−anA ∩ T−bnA) ≥ (µ(A))3 − ϵ}

is syndetic.

As in Lemma 4.13 we first show that the Kronecker factor is characteristic for the L2(µ)-
convergence of analogous averages, the asymptotic behavior of which will allow us to recover
the theorem. The main difficulty here is that we cannot exploit the nature of the Kronecker, as
in the special case of Lemma 4.13, where it was an irrational rotation on the torus.

Lemma 5.2. Let (X,D , µ, T ) be an invertible, ergodic system, with Kronecker factor of the
form (G,G ,m,Rα), where G is a connected, compact, abelian group, G the Borel σ-algebra, m
the Haar measure and the transformation Rα : G→ G be defined by

Rαx = x+ α, x ∈ G,

for some α ∈ G, such that {nα : n ∈ Z} = G. Let K be the σ-algebra corresponding to the
Kronecker factor of T . Then, for any a, b ∈ N, any functions f, g, h ∈ L∞(µ) and V ⊂ G open,
such that S := {n ∈ N : {nα} ∈ V } ⊂ N, the limits

lim
N−M→∞

1

N −M

N∑
n=M

1S(n)

∫
X
f · T ang · T bnh dµ

and

lim
N−M→∞

1

N −M

N∑
n=M

1S(n)

∫
G
E(f |K ) ·Ran

α E(g|K ) ·Rbn
α E(h|K ) dm

are equal.

109
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Proof. It suffices to prove that under the conditions of the statement, if E(g|K ) = 0 or
E(h|K ) = 0, then

lim
N−M→∞

1

N −M

N∑
n=M

1S(n) · T ang · T bnh = 0,

where the limit is taken in L2(µ). We show this under the assumption that E(g|K ) = 0 and
the other case is similar. As in the proof of Lemma 4.13 we see that we can replace 1S(n) with
χ(nα), where χ : G → T is any character of G. Since G is connected, compact and abelian we
know that for any k ∈ N there exists a solution to the equation xk = α in G and we denote
such a solution by α

k . This is classical and it follows from the fact that connected, compact,
abelian groups have k-th roots, because the exponential map in such groups is surjective. Then,
consider the transformation T ′ : G2 → G2, with T ′ = T × Rα

a
, acting on G2 with the Haar

measure ν := m×m, and let ν =
∫
νx dν be the ergodic decomposition of ν.

We observe that the following implication holds,

E(g|K ) = 0 =⇒ E(g ⊗ χ|K (νx)) = 0, for ν-almost every x ∈ G2,

where g ⊗ χ(x, y) = g(x) · χ(y). Indeed, Remark 3.9 we have that |||g|||2,T = 0 and we want to
prove that |||g ⊗ χ|||2,T ′ = 0 as well, for ν-almost every x ∈ G2. By Proposition 3.4, |||g ⊗ χ|||42,T ′

becomes

lim
N→∞

1

N

N∑
n=1

lim
M→∞

1

M

M∑
m=1

∫
G2

g ⊗ χ · (T ′)n(g ⊗ χ) · (T ′)m(g ⊗ χ) · (T ′)n+m(g ⊗ χ) d(m×m),

which is the same as

lim
N→∞

1

N

N∑
n=1

lim
M→∞

1

M

M∑
m=1

∫
G
g · Tng · Tmg · Tn+mg dm = |||g|||42,T .

To see the last claim notice that by the multiplicative nature of characters ( χ(a+b) = χ(a)·χ(b))
and the fact that they map elements of G to the torus, we have that∫

G
χ(y) · χ(y + n

α

a
) · χ(y +m

α

a
) · χ(y + n

α

a
+m

α

a
) dm(y)

is equal to ∫
G
|χ(y)|4 ·

∣∣∣χ(nα
a
+m

α

a
)
∣∣∣2 dm(y) =

∫
G
1 dm(y) = 1,

thus asserting the claim, from which the implication follows.
Now, by the previous implication and Lemma 3.17 we get that

lim
N−M→∞

1

N −M

N∑
n=M

(T ′)an(g ⊗ χ) · (T ′)bn(h⊗ 1) = 0,

where the limit is taken in L2(νx), for almost every x ∈ G2. Then, since

∥∥∥∥∥ 1

N −M

N∑
n=M

(T ′)an(g ⊗ χ) · (T ′)bn(h⊗ 1)

∥∥∥∥∥
2

L2(ν)

=

∫
G2

∥∥∥∥∥ 1

N −M

N∑
n=M

(T ′)an(g ⊗ χ) · (T ′)bn(h⊗ 1)

∥∥∥∥∥
2

L2(νx)

 dν(x),
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the bounded convergence theorem asserts that

lim
N−M→∞

1

N −M

N∑
n=M

(T ′)an(g ⊗ χ) · (T ′)bn(h⊗ 1) = 0,

where the limit is taken in L2(ν). However,

1

N −M

N∑
n=M

(T ′)an(g(x) · χ(y)) · (T ′)bn(h(x) · 1(y))

is the same as

χ(y) · 1

N −M

N∑
n=M

χ(nα) · T ang(x) · T bnh(x)

and ∥χ∥L2(m) ̸= 0, therefore we get that

lim
N−M→∞

1

N −M

N∑
n=M

χ(nα) · T ang · T bnh = 0,

where the limit is taken in L2(µ).

In the proof of Theorem 5.1 we will also need the following auxiliary result.

Lemma 5.3. Let (X,X , µ, T ) be a totally ergodic system and (Y,Y , ν, S) be a factor. Then,
(Y,Y , ν, S) is also totally ergodic.

Proof. This is trivial since factors of ergodic systems are also ergodic. Therefore, (Y,Y , ν, Sm)
has to be ergodic for any m ∈ N, being a factor of (X,X , µ, Tm).

We are now in the position to prove the first main theorem.

Proof of Theorem 5.1.
Step 1. Assume that the system (X,X , µ, T ) is totally ergodic. By the last lemma, its Kro-
necker factor, K =(G,G ,m,Rα), is totally ergodic as well and so it is as in the statement of
Lemma 5.2. Ergodicity on compact, abelian groups is the same as unique ergodicity, so that
(nα)n∈N is equdistributed in G. Then, for some δ > 0 define

Sδ := {n ∈ N : nα ∈ B(0, δ)}

and notice that the equidistribution of (nα)n∈N implies that

lim
N−M→∞

|Sδ ∩ [M,N ]|
N −M

= m(B(0, δ)) > 0.

Now, Lemma 5.2 gives that the limits

lim
N−M→∞

1

|Sδ ∩ [M,N ]|

N∑
n=M

1Sδ
(n)

∫
X
f · T ang · T bnh dµ

and

lim
N−M→∞

1

|Sδ ∩ [M,N ]|

N∑
n=M

1Sδ
(n)

∫
G
E(f |K ) ·Ran

α E(g|K ) ·Rbn
α E(h|K ) dm

are equal, for any f, g, h ∈ L∞(µ). The rest of the proof in this case is identical to the analogous
part of the proof of Proposition 4.12.
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Step 2. In the general case, first recall that the Kronecker factor K is an inverse limit of
systems with finite rational Kronecker factor, Krat. Therefore, for any ϵ > 0 and f ∈ L∞(µ),
there exists some factor K ′ of K , such that∥∥E(f |K )− E(f |K ′)

∥∥
L2(µ)

≤ ϵ

2
.

Thus, since ϵ > 0 was arbitrary we can replace the functions E(f |K ), E(g|K ) and E(h|K )
with E(f |K ′), E(g|K ′) and E(h|K ′) and the equality of the limits in Step 1 still holds (up to
an arbitrarily small error). Let r ∈ N be such that the rational Kronecker of K ′ is actually
Kr. This means that the system (K ′, T r) has a trivial rational spectrum and thus, its ergodic
components are in fact totally ergodic.So, if we work as in the previous step but with the ergodic
components of T r, instead of T , we actually obtain that

lim
N−M→∞

1

|Sδ ∩ [M,N ]|

N∑
n=M

1Sδ
(n)

∫
X
f · (T r)ang · (T r)bnh dµ ≥ ((µ(A))3 − ϵ,

which gives that
{n ∈ N : µ(A ∩ T−ranA ∩ T−rbnA) ≥ (µ(A))3 − ϵ}

is a syndetic set. This is of course stronger than the desired result.

From this theorem we also infer the following combinatorial result, again using the corre-
spondence principle.

Corollary 5.4. Let Λ ⊂ N with d(Λ) > 0 and let also a, b ∈ Z. Then, the set

{n ∈ N : d(Λ ∩ (Λ− an) ∩ (Λ− bn)) ≥ (d(Λ))3 − ϵ}

is syndetic for any ϵ > 0.

5.2 Khintchine-type triple recurrence

The next and final main result of this part is Theorem 1.15, which reads as follows.

Theorem 5.5. Let (X,X , µ, T ) be an ergodic measure-preserving system. Then, for every
a, b ∈ N, c = a+ b, A ∈ X with µ(A) > 0 and for any ϵ > 0, the set

{n ∈ N : µ(A ∩ T−anA ∩ T−bnA ∩ T−cnA) ≥ (µ(A))4 − ϵ}

is syndetic.

Proof.
Step 1. Let ϵ > 0 be fixed and let f0, f1, f2, f3 ∈ L∞(µ). Then, we know that the factor Z2

is an inverse limit of ergodic 2-step nilsystems by Theorem 3.36 and thus, there exists such a
factor of Z2, say Y , so that

∥E(fi|Z2)− E(fi|Y )∥L2(µ) <
ϵ

8
, for i = 0, 1, 2, 3,

where T acting on Y is an ergodic 2-step nilsystem. Now, we recall that nilsystems have a finite
rational Kronecker factor and so there exists some r ∈ N for which the rational Kronecker of Y
is actually the factor Kr. Therefore, the system (Y , T r) has finitely many ergodic components,
which are in fact totally ergodic, and so each of these components has the form of an ergodic
2-step nilsystem on a connected nilmanifold, Y = G/Γ, say (Y = G/Γ,G /Γ,m, Tα).
Step 2. By definition, G is 2-step nilpotent, which gives that G2 := [G,G] is abelian. Thus,
the subgroup Γ2 := G2 ∩ Γ is a normal subgroup of G and so the factor G/Γ2 is a group.
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To see this claim notice that G2 is normal, being the commutator subgroup (an elegant and
direct argument is this: if a ∈ G2 and g ∈ G, then gag−1a−1 is a commutator, so it belongs
to G2, and then by closure, gag−1 = (gag−1a−1)a ∈ G2) and that the intersection of normal
subgroups is also normal. But then, by the third group isomorphism theorem we know that
Y = G/Γ ∼= (G/Γ2)/(Γ/Γ2), and so we can assume that Γ2 = {e}. Therefore G2 is a compact,
abelian, Lie group (as a closed subgroup of a compact, Lie group, that is, G), which is connected
as it is the commutator subgroup of a connected group, and thus we can consider it to be a
finite dimensional torus with Haar measure λ. Moreover, G2Γ is a normal subgroup of G and
in a similar fashion, Z := G/G2Γ is a connected compact abelian group, which we can again
assume to be a finite dimensional torus with the Haar measure λ′.
Step 3. Let π : Y → Z denote the natural projection, which means that

π(gΓ) = gG2Γ, for any g ∈ G

and let a0 = π(αΓ). Now, consider V to be an open subset of Z, the boundary of which has
measure zero, m(∂V ) = 0 and set S := {n ∈ N : na0 ∈ V }. The first important claim is a result
analogous to Lemma 5.2. Precisely, we show that if E(fi|Z2) = 0, for i = 1, 2, 3, then

lim
N−M→∞

1

N −M

N−1∑
n=M

1S(n) · T anf1 · T bnf2 · T cnf3 = 0 (5.1)

in L2(µ). First of all, we can assume that the integers a, b, c are relatively prime, so that there
exist a′, b′, c′ with aa′+bb′+cc′ = 1. For, if they are not relatively prime, we let d = gcd(a, b, c),
write a = a1d, b = b1d, c = c1d and work with the polynomials {a1p(n), b1p(n), c1p(n)}, where
p(n) = dn, instead of the polynomials {an, bn, cn}. Notice that 1S(n) = 1V (na0), where 1V
is Riemann-integrable so using a typical approximation argument, as we have done in detail
previously, it is enough to show that (5.1) holds for χ(na0) instead of 1S(n), where χ is any
character of Z. With our additive notation on Z, χ(na0) is simply χ(αnG2Γ) = χ ◦ π(αnΓ), for
any n ∈ N. Observe that for n ∈ N we have that

T an(f1 · χ(αa′G2Γ)) · T bn(f2 · χ(αb′G2Γ)) · T cn(f3 · χ(αc′G2Γ))

is equal to

χ(αaa′nG2Γ) · χ(αbb′nG2Γ) · χ(αcc′nG2Γ) · T anf1 · T bnf2 · T cnf3.

Now, this can be written as

χ(aa′na0) · χ(bb′na0) · χ(cc′na0) · T anf1 · T bnf2 · T cnf3,

which, by the definition of characters as homomorphisms, becomes

χ(na0) · T anf1 · T bnf2 · T cnf3.

Therefore, in order to establish our claim it suffices to show that

lim
N−M→∞

1

N −M

N−1∑
n=M

T an(f1 · χ(a′a0)) · T bn(f2 · χ(b′a0)) · T cn(f3 · χ(c′a0)) = 0 (5.2)

in L2(µ). Recall that the factor Z2 is characteristic for the convergence of the above averages.
Now, the assumption that E(f1|Z2) = 0 (and similarly for the functions f2 and f3) implies that
E(f1 · χ(a′a0)|Z2) = 0 as well, because Z = G/G2Γ ⊂ G/Γ = Y , and Y ⊂ Z2 by the definition
of inverse limits, so that (5.2) follows. Finally, observe that the factor Z2 is also characteristic
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for the analogous weighted averages to the ones in (5.1) with the transformation T r instead of
T . Indeed, the proof follows the same pattern with the equation (5.2) being replaced by

lim
N−M→∞

1

N −M

N−1∑
n=M

T ran(f1 · χ(a′a0)) · T rbn(f2 · χ(b′a0)) · T rcn(f3 · χ(c′a0)) = 0,

which remains true, as the factor Z2 is characteristic for such averages.
Step 4. Next, for δ > 0 fixed, we consider the set

Sδ := {n ∈ N : na0 ∈ B(0, δ)},

in place of S, where V is now B(0, δ). The factor (G/Γ,G /Γ,m, Tα) is totally ergodic, so that
the sequence (αn)n∈N is equidistributed in G/Γ, thus the sequence (na0)n∈N is equidistributed
in Z. Alternatively, since Tα is an ergodic rotation on the d-dimensional torus for some d ∈ N,
it is also immediately totally ergodic, because if α = (α1, . . . , αd) ∈ Rd, then α1, . . . , αd must be
linearly independent (for the rotation to be ergodic), but then mα1, . . . ,mαd are also linearly
independent for any m ∈ N. This means that

lim
N−M→∞

|Sδ ∩ [M,N)|
N −M

= λ′(B(0, δ)) = m(B(G2, δ)) > 0, (5.3)

where the last equality holds because the zero element in Z is G2Γ,

π−1({0}) = π−1(G2Γ) = {gΓ : gG2Γ ∈ G2Γ} = {gΓ : g ∈ G2Γ} = G2Γ/Γ ∼= G2

and thus π−1(B(0, δ)) = B(G2, δ). Therefore, (5.1) gives that for f0, f1, f2, f3 ∈ L∞(µ) we have

lim
N−M→∞

1

|Sδ ∩ [N −M)|

N∑
n=M

1Sδ
(n)

∫
X
f0 · T anf1 · T bnf2 · T cnf3 dµ =

lim
N−M→∞

1

|Sδ ∩ [N −M)|

N∑
n=M

1Sδ
(n)

∫
X
h0 · T anh1 · T bnh2 · T cnh3 dµ, (5.4)

where hi = E(fi|Z2), for i = 0, 1, 2, 3.
Step 5. It follows from our work in Step 1 that the equality in (5.4) still holds up to an error
of ϵ

2 if we replace the functions h0, h1, h2, h3 with g0 = E(f0|Y ), g1 = E(f1|Y ), g3 = E(f3|Y )
and g3 = E(f3|Y ). But Y has the structure of a nilsystem and so we can calculate the second
limit in (5.4), with the functions g0, g1, g2.g3. Moreover, we can work with the transformation
T r instead of T and our goal is to show that, for appropriate δ > 0,

lim
N−M→∞

1

|Sδ ∩ [N −M)|

N∑
n=M

1Sδ
(n)

∫
X
g0 · (T r)ang1 · (T r)bng2 · (T r)cng3 dµ ≥ ((µ(A))4 − ϵ

2
,

which implies that the set

{n ∈ N : µ(A ∩ T−ranA ∩ T−rbnA ∩ T−rcnA) ≥ ((µ(A))4 − ϵ}

is syndetic and this is stronger than the original result we want to prove. Now, a typical ergodic
decomposition argument shows that we can work with the ergodic components of T r on Y
instead of T , which are totally ergodic, so that we can assume that (Y , T r) is totally ergodic.
For simplicity we write T r as T . We begin by showing that the previous limit equals

1

m(B(G2, δ))

∫
X

∫
B(G2,δ)

∫
G2

go(gΓ) · g1(gga1g
(a2)
2 Γ) · g2(ggb1g

(b2)
2 Γ)·

g3(gg
c
1g
(c2)
2 Γ) dλ(g2) dm(g1Γ) dm(gΓ). (5.5)



5.2. KHINTCHINE-TYPE TRIPLE RECURRENCE 115

The first step in showing this is to use Ziegler’s theorem, according to which, for m-almost every
x = gΓ we have that

lim
N−M→∞

1

N −M

N−1∑
n=M

χ(na0) · g1(αanx) · g2(αbnx) · g3(αcnx) =∫
X

∫
G2

χ(g1G2Γ) · g1(gga1g
(a2)
2 Γ) · g2(ggb1g

(b2)
2 Γ) · g3(ggc1g

(c2)
2 Γ) dλ(g2) dm(g1Γ). (5.6)

The same approximation argument that we used for (5.1) allows us to change the function χ
with 1B(0,δ) in (5.6), thus obtaining the equality

lim
N−M→∞

1

N −M

N−1∑
n=M

1B(0,δ)(na0) · g0(x) · g1(αanx) · g2(αbnx) · g3(αcnx) =∫
B(G2,δ)

∫
G2

g0(gΓ) · g1(gga1g
(a2)
2 Γ) · g2(ggb1g

(b2)
2 Γ) · g3(ggc1g

(c2)
2 Γ) dλ(g2) dm(g1Γ), (5.7)

for m-a.e. x = gΓ ∈ X, after multiplying both terms of the equation with g0(gΓ). Then we can
integrate with respect to m(x) and the last identity becomes

lim
N−M→∞

1

N −M

N−1∑
n=M

1Sδ
(n)

∫
X
g0(x) · g1(αanx) · g2(αbnx) · g3(αcnx) dm(x) =∫

X

∫
B(G2,δ)

∫
G2

g0(gΓ) · g1(gga1g
(a2)
2 Γ) · g2(ggb1g

(b2)
2 Γ) · g3(ggc1g

(c2)
2 Γ) dλ(g2) dm(g1Γ) dm(gΓ),

which, using (5.3), becomes the desired identity.
Step 6. For f0 = f1 = f2 = f3 = 1A, so that g0 = g1 = g2 = g3 = E(1A|Z2), which we denote
by g̃, we want to bound the quantity in (5.5) for some appropriate δ > 0. To begin with, by
the continuity of the function in question with respect to the variable δ, we see that the limit
of (5.5) as δ → 0 is∫

X

∫
G2×G2

g̃(gΓ) · g̃(gga1g
(a2)
2 Γ) · g̃(ggb1g

(b2)
2 Γ) · g̃(ggc1g

(c2)
2 Γ) dλ(g2) dλ(g1) dm(gΓ).

Since G2 is the commutator subgroup of G all its elements commute with those of G, so that
this last integral becomes (we write x for gΓ)∫

X

∫
G2×G2

g̃(x) · g̃(ga1g
(a2)
2 x) · g̃(gb1g

(b2)
2 x) · g̃(gc1g

(c2)
2 x) dλ(g2) dλ(g1) dm(x),

which for convenience we rewrite as∫
X

∫
G2×G2×G2

g̃(gx) · g̃(gga1g
(a2)
2 x) · g̃(ggb1g

(b2)
2 x) · g̃(ggc1g

(c2)
2 x) dλ(g) dλ(g2) dλ(g1) dm(x). (5.8)

Using Lemma 3.39 (which is applicable since a and b have been assumed relatively prime and
G2 has k-th roots, and is therefore divisible, being a connected, compact, abelian group) the
integral in (5.8) can be written as∫

X

∫
G2×G2×G2

g̃(ua+bx) · g̃(tub−ax) · g̃(tvb−ax) · g̃(va+bx) dλ(t) dλ(u) dλ(v) dm(x).

Now, this is clearly equal to∫
X

∫
G2

(∫
G2

g̃(ua+bx) · g̃(tub−ax) dλ(u)

)2

dλ(t) dm(x).
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and using the Cauchy-Schwarz this is greater than or equal to∫
X

(∫
G2

∫
G2

g̃(ua+bx) · g̃(tub−ax) dλ(t) dλ(u)

)2

dm(x). (5.9)

With a change of variables (t 7→ t(ub−a)−1) the integral in (5.9) becomes∫
X

(∫
G2

∫
G2

g̃(ua+bx) · g̃(tx) dλ(t) dλ(u)
)2

dm(x),

which is the same as ∫
X

(∫
G2

g̃(tx) dλ(t)

∫
G2

g̃(ua+bx) dλ(u)

)2

dm(x). (5.10)

Since G2 is (a+ b)-divisible the last integral can be written as∫
X

(∫
G2

g̃(tx) dλ(t)

∫
G2

g̃(ux) dλ(u)

)2

dm(x) =

∫
X

(∫
G2

g̃(tx) dλ(t)

)4

dm(x),

which again by Cauchy-Schwarz is greater than or equal to(∫
X

∫
G2

g̃(tx) dλ(t) dm(x)

)4

.

But this is the same as (∫
X
g̃(x) dm(x)

)4

= (µ(A))4.

Therefore, we have proven that for any ϵ > 0 there exists some δ > 0, such that the quantity in
(5.5) is greater than (µ(A))4 − ϵ

2 , which allows us to conclude.

As before we can use Furstenberg’s correspondence principle to obtain a combinatorial analog
of the previous result.

Corollary 5.6. Let Λ ⊂ N with d(Λ) > 0 and let also a, b ∈ Z and c = a+ b. Then, the set

{n ∈ N : d(Λ ∩ (Λ− an) ∩ (Λ− bn) ∩ (Λ− cn)) ≥ (d(Λ))4 − ϵ}

is syndetic for any ϵ > 0.
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Chapter 6

The PET Induction Argument

In this chapter we obtain an auxiliary result concerning characteristic factors for polynomial
ergodic averages, using the PET induction scheme. This inductive argument was initially for-
mulated by Bergelson in [2] and covered the special case of weak-mixing transformations. The
more general result was later proven by Host-Kra in [15], appart from some special cases which
were proven by Leibman in [17] and we follow the argument given in Host and Kra’s book [16].

6.1 The main result

In an effort to prove convergence results of polynomial ergodic averages -that is, averages
in which the exponents of the iterates of the individual functions are evaluations of integer
polynomials- the method of finding characteristic factors, for the averages under consideration,
is crucial. In the case of essentially distinct integer polynomials such factors are found using
the famous PET, a technique that we analyze in this chapter.

We define two integer polynomials to be essentially distinct if their difference is a non-
constant integer polynomial.

Definition 6.1. Let p1, p2 : N → Z be integer polynomials. Then we say that p1 and p2 are
essentially distinct if deg(p1) ≥ 1, deg(p2) ≥ 1 and if deg(p1 − p2) ≥ 1, i.e. both polynomials as
well as their difference are non-constant integer polynomials.

In the chapter we adopt the above restriction in the relationships between polynomials
because, firstly, this property is exactly what we need for the application of the induction
argument below. On the other hand, we see that in order to study the asymptotic-in L2(µ)-
behavior of averages of the form

1

N

N∑
n=1

T p1(n)f1 · T p2(n)f2 · · ·T pm(n)fm,

where N ∈ N, f1, ..., fm are essentially bounded measurable functions with respect to some
measure preserving system (X,X , µ, T ) and p1, ..., pm are integer polynomials, we can reduce
to the case where the polynomials are non-constant and essentially distinct. If, for example, p1
is constant, the convergence of the average above is equivalent to the convergence of

1

N

N∑
n=1

T p2(n)f2 · · ·T pm(n)fm,

119
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in L2(µ). Also, if for example, p3 − p2 is a constant polynomial, say p3(n)− p2(n) = c, n ∈ N,
we can compose with T c in ∥∥∥∥∥ 1

N

N∑
n=1

T p2(n)f2 · · ·T pm(n)fm

∥∥∥∥∥
L2(µ)

,

thus reducing ourselves to the convergence of

1

N

N∑
n=1

T p3(n)(f2 · f3) · T p4(n)f4 · · ·T pm(n)fm,

because T c(T p2(n)f2) = T p3(n)f2, for any n ∈ N and T c is measure-preserving.

In what follows we want to show that given a family of essentially distinct and non-constant
integer polynomials, p1, p2, ..., pm, there exists some s ∈ N, which depends solely on m and the
polynomials, so that for any measure-preserving system (X,X , µ, T ) and f1, f2, ..., fm ∈ L∞(µ),
the factor Zs(X) is characteristic for convergence of the averages

lim
N→∞

1

N

N∑
n=1

T p1(n)f1 · T p2(n)f2 · · ·T pm(n)fm, (6.1)

where the limit is taken in L2(µ). Namely, if E(fi|Zs(X)) = 0, or equivalently, if |||fi|||s+1 = 0,
for some i ∈ {1, 2, ...,m}, then the averages in (6.1) converge to zero in L2(µ). In fact, we can
take the average along more general intervals and the result remains true. Precisely, we will
show that for any sequence (IN )N∈N of intervals whose lengths tend to infinity, under the same
condition as before, we have that

lim
N→∞

1

|IN |
∑
n∈IN

T p1(n)f1 · T p2(n)f2 · · ·T pm(n)fm = 0, (6.2)

in L2(µ). In order to do that we will show a more general result, Proposition 6.15, which is
stated with functions that depend on N in the averages under examination. For the formulation
of this proposition we introduce the helpful notion of polynomial families and their types, which
is a clever way of ordering sets of integer polynomials, upon which the induction argument will
be based.

6.2 Polynomial families and their types

Definition 6.2. Let P = {p1, ..., pm} be an ordered family of essentially distinct integer poly-
nomials for some n ∈ N. In this case we call P a polynomial family. Notice that by this
assumption none of the polynomials in P is constant. If d := max{deg(p1), ...,deg(pm)}, we
define the degree of P as d and we say that the family P is regular when the degree of P is
equal to the degree of the first polynomial, that is, deg(p1). Also, for any i ∈ {1, ..., d} define Pi

as the subset of P which contains all the elements of P with degree i. Then, by wi, we denote
the number of distinct leading coefficients of the polynomials of P. Of course, 0 ≤ wi ≤ m− 1,
for i ∈ {1, ..., d− 1}, 1 ≤ wd ≤ m and w1 + ...+ wd = m. We define the type of the polynomial
family P to be the vector (d,wd, wd−1, ..., w1).

Examples 6.3. Some examples of polynomial families are the following

• P1 = {2n3, n3, 2n2 − n+ 1, 4n, 3n}, with type (3, 2, 1, 2)

• P2 = {2n6 + n5, 3n5, n5 − 2n, n5, 4n5 + 3n2, n3, 2n+ 4}, with type (6, 1, 3, 0, 1, 0, 1)



6.2. POLYNOMIAL FAMILIES AND THEIR TYPES 121

• P3 = {3n6, 4n5, 3n5, 2n5, 2n5 + n4,−n3, n2, n2 + n+ 1}, with type (6, 1, 3, 0, 1, 1, 0)

The basic concept we will use is that of the type of a polynomial family. The most prac-
tical way in which we can order the set of types of polynomial families with m elements is
lexicographically, meaning that

(d,wd, wd−1, ..., w1) < (c, xc, xc−1, ..., x1)

if and only if either d < c or d = c and there exists j ∈ {1, ..., d} for which wj < xj and at the
same time, wi = xi for j < i ≤ d. Using this form of ordering we can use an induction principle
on the set of types of polynomial families, due to the following result.

Example 6.4. In the example above we have that the type of P1 is smaller than the type of
P2, which is in turn smaller than the type of P3.

Lemma 6.5. Any subset of the set of types of all polynomial families admits a minimum
element.

Remark 6.6. Although there might be infinitely many types less than a fixed type, for example,
the type (2, 1, n) is strictly less than (3, 1, 1, 1) for any n ∈ N, a decreasing sequence of types must
have finitely many distinct elements, that is, it terminates. The result is then trivial because,
assuming the existence of a subset of types with no minimum element implies that for any type
in this subset there exists a strictly smaller type (notice that the set of types with the choice of
lexicographical ordering is totally ordered). Then, the decreasing sequence that comes from this
process is essentially infinite, meaning that it does not terminate, which is a contradiction.

Proof. To prove that any decreasing sequence of types terminates, which is sufficient by the
remark, let (tn)n∈N be a decreasing sequence of types, with

t1 = (d,wd, wd−1, . . . , w1).

Then, if w1 ≥ 1, the term t2 is at most (d,wd, wd−1, . . . , w1− 1) and after w1−steps we see that
tw1+1 is less than or equal to (d,wd, wd−1, . . . , w2 − 1,m), for some m ∈ N fixed. So, without
loss of generality, we can assume that

tw1+1 = (d,wd, wd−1, . . . , w2 − 1,m), for some m ∈ N.

Then, just like before, we get that

tw1+1+m ≤ (d,wd, wd−1, . . . , w2 − 2, j), for any j ∈ N,

and so we can assume that

tw1+1+m = (d,wd, wd−1, . . . , w2 − 2,m), for some m ∈ N.

Continuing in that manner we see that each wi, for i ∈ {1, ..., d}, as well as d, in the definition
of t1 will be decreased after a finite number of steps for some type in the sequence. Therefore,
there exists l ∈ N so that

tl = (d− 1, xd−1, xd−2, . . . , x1),

for some x1, . . . , xd−1 ∈ N. We have basically reduced the initial sequence to the case where

t1 = (d− 1, wd−1, wd−2, . . . , w1).

Repeating the same argument d−times we reach a type in the sequence which has the form

tk = (1,m), for some k,m ∈ N.

Notice that there are only (m−1)-types smaller than tk = (1,m), for any m ∈ N, therefore, the
sequence must terminate after a finite number of terms.
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Our next aim is to extend the definition of polynomial families. To this end, let k,m ∈ N,
h = (h1, . . . , hk) ∈ Nk, for i = 1, 2, ...,m, let ph,i : N → Z be essentially distinct integer
polynomials and moreover consider the integer polynomials q1, . . . , qk : Nk+1 → Z defined by

qi(h1, . . . , hk, n) = ph,i(n), for i = 1, 2, . . . ,m and h1, h2, . . . , hk, n ∈ N.

We can reformulate this by demanding that the degrees of ph,i are uniformly bounded and that
each of the coefficients of ph,i is an integer polynomial in the variables h1, . . . , hk. Indeed, for
any i = 1, 2, . . . ,m, we have that

deg(ph,i) ≤ degn(qi), regardless of h ∈ Zk,

thus, the polynomials ph,1, ph,2, . . . , ph,m have uniformly bounded degrees. For the second struc-
tural property of these polynomials simply observe that if q : Nk+1 → Z is a polynomial of degree
l with regards to the variable n, then

q(h, n) = r0(h) + r1(h)n+ r2(h)n
2 + . . .+ rl(h)n

l,

for h = (h1, h2, . . . , hk) ∈ Nk and n ∈ N, where r0, r1, . . . , rl are integer polynomials in the
variables h1, h2, . . . , hk.

Definition 6.7. If Ph := {ph,1, ph,2, . . . , ph,m}, where the polynomials ph,1, ph,2, . . . , ph,m are
defined by the procedure described above, we call Ph a polynomial family indexed by k parameters
h1, h2, . . . , hk. Since we want this definition to extend Definition 6.2 we also say that an ordinary
polynomial family is polynomial family indexed by 0 parameters. As in Definition 6.2, for fixed
h ∈ Zl the type of the polynomial family Ph is the vector (d,wd, wd−1, . . . , w1), where d is
the maximum degree between the polynomials ph,1, ph,2, . . . , ph,m and for j = 1, . . . , d, wj is the
number of distinct leading coefficients of polynomials in Ph of degree exactly j.

Example 6.8. An example of a polynomial family indexed by 3 parameters h1, h2, h3 is

Ph = {(2h1 + h2)n
4 − (h1 + 4h3)n

2, (h1 + h2h3)n
3 + h2n

2, n3 + h1n, (h
4
1 + 2h2h3 + h23)n

3},

for h = (h1, h2, h3) and if, for example, h1 = h2 = h3 = 1 the type of this family is (4, 1, 3, 0, 0),
but, if h1 = 1, h2 = h3 = 0 its type is (4, 1, 1, 0, 0).

Now we will use a convenient way to define large and small subsets of Nk, for k ∈ N, in order
to show that given a polynomial family indexed by k parameters its type is practically constant
and then use this property to make the inductive argument on the types of polynomial families
effective.

Definition 6.9. We say that a subset of N is small if it is finite. For any k ≥ 2 we say that
a subset E of Nk is small if there exists a small subset of Nk−1, say F , such that, for every
(h1, h2, . . . , hk−1) /∈ F , the set {hk : (h1, h2, . . . , hk−1, hk) ∈ E} is finite. Alternatively, E ⊂ Nk

is small, if there exists some small subset F of Nk−1-making its complement, F ∁, large in Nk−1-

such that the projection on the last coordinate of the set
(
F ∁ × N

)
∩ E is a finite subset of N.

From now on we say that a property in Nk holds for almost all values of h ∈ Nk if it holds
everywhere but for a small set in Nk.

The next simple observation will be used.

Lemma 6.10. The union of finitely many small subsets of Nk is also small.
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Proof. Obviously, it suffices to show this for the union of two small subsets of Nk. Therefore,
let E1, E2 be small subsets of Nk, but with E := E1 ∪ E2 not small. Then, by definition, for
every small subset F of Nk−1, there exists α ∈ Nk−1 not in F , such that the set {n : (α, n) ∈ E}
is infinite. But, E := E1 ∪ E2, so that either {n : (α, n) ∈ E1} or {n : (α, n) ∈ E2} is infinite.
In any case, this contradicts the fact that E1, E2 were chosen small.

The following lemma is the implementation of the comment before Definition 6.9.

Lemma 6.11. Let Ph be a polynomial family indexed by k parameters, for k ∈ N. Then,
outside of a small subset of Nk, the degree of all polynomials in Ph, as well as the type of Ph,
do not depend on the choice of h.

Proof. It suffices to show that a polynomial p : Nk → Z, is either identically equal to 0 or it is
non-zero for almost all values of h ∈ Nk. Indeed, if this is known and Ph = {ph,1, ph,2, . . . , ph,m},
then the coefficients of each ph,j are integer polynomials in Nk and so they are either identically
0 or non-zero almost everywhere in Nk. Without loss of generality we assume that they are all
non-trivial. Then, since ph,1, ph,2, . . . , ph,m have uniformly bounded degrees, there exists some
upper bound d for the degrees of ph,1, ph,2, . . . , ph,m, which holds for all h ∈ Nk. Therefore, there
are at most m · d polynomials in h1, . . . , hk corresponding to coefficients of the polynomials in
Ph. However, the union of finitely many small subsets of Nk is also small in Nk, so that, outside
of the union of all those small sets in Nk for which the coefficients of the polynomials in Ph are
non-zero, the degrees of ph,1, ph,2, . . . , ph,m remain constant and the type of Ph is also fixed.
The proof follows from Proposition 6.12, which we show next.

Proposition 6.12. A polynomial p : Nk → Z is either the constant polynomial 0, or p(h) ̸= 0,
for almost every h ∈ Nk.

Proof. For k = 1 this is trivial because polynomials of one variable and degree m have at most
m-roots. Now, let k > 1, assume that the result is valid for k − 1 and let p : Nk → Z be a
non-trivial polynomial with degn(p) = l, but with a set of roots, E, that is not small in Nk.
Then consider the representation

p(h, n) = p0(h) + p1(h)n+ . . .+ pl(h)n
l, n ∈ N, and h ∈ Nk−1,

where p0, p1, . . . , pl : Nk−1 → Z are polynomials. Now, E is not small and so, for any small set
F ⊂ Nk−1, there exists a point h = (h1, . . . , hk−1) /∈ F , such that the set {hk : (h, hk) ∈ E}
is infinite. From the inductive hypothesis the union of the sets of roots of the polynomials
p0, p1, . . . , pl is small in Nk−1. Let F be this set and let h be the point outside of F for which
{hk : (h, hk) ∈ E} is infinite. Then

(p0(h), p1(h), . . . , pl(h)) = (a0, a1, . . . , al) ∈ Zl\{0},

and so
q(n) := p(h, n) = a0 + a1n+ . . .+ aln

l, n ∈ N,

is an integer polynomial in one variable with infinitely many roots, which is a contradiction.

If we take Lemma 6.11 into consideration, then, given a polynomial family Ph indexed
by k parameters, we can define its almost everywhere fixed type as the type of the indexed
polynomial family. For reference we isolate this definition.

Definition 6.13. Let Ph be a polynomial family indexed by k parameters. Then, its type is
defined as its almost everywhere fixed type. Moreover, we say that Ph is regular if it is regular
for almost every h ∈ Nk.

Remark 6.14. All the definitions and results of the chapter hold if we define integer polynomials
as maps from Z (instead of N) to Z, but there is really no need for that in this essay.
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6.3 A more general proposition

We are now ready to formulate the result in the proof of which the PET argument (which, by
the way, is an acronym for ”Polynomial Exhaustion Technique”) will be used and from which
our main result follows.

Proposition 6.15. Let Ph = {ph,1, ph,2, ..., ph,m} be a family of essentially distinct inte-
ger polynomials indexed by k parameters, for some k ∈ N and some m ∈ N, with h ∈
Nk. Then, there exists some k ∈ N, such that for any system (X,X , µ, T ), any functions
f1, fN,h,2, fN,h,3, ..., fN,h,m ∈ L∞(µ), N ∈ N, which are uniformly bounded with |||f1|||s+1 = 0,
and any sequence (IN )N∈N of intervals whose lengths tend to infinity, we have that

lim
N→∞

∣∣∣∣∣∣ 1

|IN |
∑
n∈IN

∫
X
T ph,1(n)f1 · T ph,2(n)fN,h,2 · · ·T ph,m(n)fN,h,m dµ

∣∣∣∣∣∣ = 0, (6.3)

for almost all h ∈ Nk.

Remark 6.16. Notice that, of course, there is nothing special about the function that appears
first in the product T ph,1(n)f1 · T ph,2(n)fN,h,2 · · ·T ph,m(n)fN,h,m, since with a simple permutation
we could exchange f1 with a uniformly bounded sequence (fN,h,1)N∈N in L∞(µ) and for any
other i ∈ {2, 3, ...,m}, we could exchange the sequence (fN,h,i)N∈N with some fi ∈ L∞(µ), for
which |||fi|||s+1 = 0 and the result would remain true.

We claimed that Proposition 6.15 is more general than the main result. Using a very simple,
yet important technique, which allows us to expand a weak convergence result to one regarding
strong convergence in L2(µ), we will prove that in the next proposition.

Proposition 6.17. From Proposition 6.15, it follows that if p1, ..., pm is a family of essentially
distinct, integer polynomials, then there exists some s ∈ N, so that for any system (X,X , µ, T )
and f1, f2, ..., fm ∈ L∞(µ), the factor Zs(X) is characteristic for the averages

1

|IN |
∑
n∈IN

T p1(n)f1 · T p2(n)f2 · · ·T pm(n)fm,

where (IN )N∈N is any sequence of intervals whose lengths tend to infinity.

Proof. Let (IN )N∈N be a sequence of intervals whose lengths tend to infinity, (X,X , µ, T ) be a
measure preserving system and f1, f2, ..., fm ∈ L∞(µ). Set

fN :=
1

|IN |
∑
n∈IN

T p1(n)f1 · T p2(n)f2 · · ·T pm(n)fm, for N ∈ N.

Then, the functions f1, ..., fm, fN are uniformly bounded, for N ∈ N and so by Proposition
6.15, for the polynomial family P = {p1, p2, ..., pm, pm+1}, where pm+1 = 0 and p1, ..., pm are
essentially distinct, integer polynomials, there exists some s ∈ N, such that, if |||f1|||s+1 = 0,
meaning that f1 ⊥ Zs(X), we have that

lim
N→∞

∣∣∣∣∣∣ 1

|IN |
∑
n∈IN

∫
X
T p1(n)f1 · T p2(n)f2 · · ·T pm(n)fm · T pm+1(n)fN dµ

∣∣∣∣∣∣ = 0. (6.4)

From the definition of pm+1 and fN , (6.4) becomes

lim
N→∞

∫
X

∣∣∣∣∣∣ 1

|IN |
∑
n∈IN

T p1(n)f1 · T p2(n)f2 · · ·T pm(n)fm

∣∣∣∣∣∣
2

dµ = 0. (6.5)
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which is of course the same as

lim
N→∞

∥∥∥∥∥∥ 1

|IN |
∑
n∈IN

T p1(n)f1 · T p2(n)f2 · · ·T pm(n)fm

∥∥∥∥∥∥
L2(µ)

= 0,

showing that the factor Zs(X) is characteristic for the convergence (in L2(µ)) of the averages

1

|IN |
∑
n∈IN

T p1(n)f1 · T p2(n)f2 · · ·T pm(n)fm,

for N ∈ N, as we claimed.

6.4 The PET induction

From what we have established so far we see that it remains to prove Proposition 6.15. We do
exactly that below using the PET induction scheme.

Proof of Proposition 6.15. Fix m, k ∈ N, a polynomial family indexed by k parameters,

Ph = {ph,1, ph,2, ..., ph,m},

a system (X,X , µ, T ), functions f1, fN,h,i ∈ L∞(µ), N ∈ N, i = 2, . . . ,m, which are uniformly
bounded and a sequence (IN )N∈N of intervals whose lengths tend to infinity. By the uniform
boundedness assumption we can further assume that the functions f1, fN,h,i are 1-bounded. For
any h ∈ Nk, let

Jh := lim sup
N→∞

∣∣∣∣∣∣ 1

|IN |
∑
n∈IN

∫
X
T ph,1(n)f1 · T ph,2(n)fN,h,2 · · ·T ph,m(n)fN,h,m dµ

∣∣∣∣∣∣
Our goal is to show that Jh = 0 for almost all h ∈ Nk.
Step 1. The case of a single polynomial and a reduction. First suppose that m = 1. In
this case

Jh = lim sup
N→∞

∣∣∣∣∣∣ 1

|IN |
∑
n∈IN

∫
X
T ph,1(n)f1 dµ

∣∣∣∣∣∣
and since T ph,1(n) is measure-preserving for any n ∈ N, the above limit simplifies to

Jh = lim sup
N→∞

∣∣∣∣∣∣ 1

|IN |
∑
n∈IN

∫
X
f1 dµ

∣∣∣∣∣∣ =
∣∣∣∣∫

X
f1 dµ

∣∣∣∣ .
Thus, Jh ≤ |||f1|||1 and for s = 1 we get that |||f1|||s+1 = 0 implies that |||f1|||1 is also 0, because the
sequence (|||f1|||m)m∈N is increasing. We can also dispense with the case that Ph is not regular.
Indeed, let d be the degree of Ph (which is actually equal to d for almost every h ∈ Nk) and
choose α ∈ N such that, the polynomials

qh,i(n) := ph,i(n) + αnd, for i = 1, 2, . . .m,

are all of degree d, for almost every h ∈ Nk. Then, because the transformation Tαnd
is measure

preserving for all n ∈ N, the value of Jh remains the same (up to small subsets of Nk), if instead
of the polynomials ph,i we use the polynomials qh,i.
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Therefore, without loss of generality we can assume that m > 1 and that Ph is a reg-
ular family with type (d,wd, wd−1, . . . , w1). Our plan basically consists of showing that the
statement holds for Ph, that is, Jh = 0 for almost all h ∈ Nk, under the condition that the
analogous statement holds for all regular polynomial families with types strictly smaller than
(d,wd, wd−1, . . . , w1). This will be enough for us to conclude since, by Lemma 6.5, any non-
empty set of types has a minimal element and for the type (1, 1), which is the smallest type
possible, we have already established the result.
Step 2. A permutation of the polynomial family. We start with some 1- bounded func-
tions f1, fN,h,i ∈ L∞(µ), N ∈ N, i = 2, . . . ,m and at each step of the inductive process the
family is alternated with the apparent exception of f1, for which we will assume that some
appropriate seminorm is equal to zero. First, we will–if necessary–permute the polynomials
corresponding to all functions fN,h,i ∈ L∞(µ), N ∈ N, which are ph,i, for i = 2, . . . ,m. We do
this in a way to ensure that for almost all h ∈ Nk we have that

(i) min{deg(ph,2), deg(ph,3), . . . ,deg(ph,m)} = deg(ph,m)

(ii) max{deg(ph,1 − ph,2),deg(ph,1 − ph,3), . . . ,deg(ph,1 − ph,m)} = deg(ph,1 − ph,m).

It is easy to do that if all the polynomials have the same degree, because the first condition
is then a priori satisfied and we simply choose a permutation for which the second condition
holds. Now, assume that ph,1, ph,2, ..., ph,m are not of the same degree and permute them so that
deg(ph,m) is the smallest among all the degrees. Then, deg(ph,m) < deg(ph,1) and therefore

deg(ph,1 − ph,m) = deg(ph,1) ≥ deg(ph,1 − ph,j), for j = 2, 3, . . . ,m− 1,

thus obtaining the validity of both conditions. Remember that we require the above inequalities
to hold for almost every h ∈ Nk. From now on we assume that such conditions hold for Ph.
Step 3. The inductive step. We construct a family with type less than Ph as follows. Let

qh,j := ph,j − ph,m, for j = 1, 2, . . . ,m− 1

and consider Qh := {qh,1, qh,2, . . . , qh,m−1}. According to the second condition,

deg(qh,1) ≥ deg(qh,j), for j = 2, . . . ,m− 1.

Additionally,
qh,j − qh,i = ph,j − ph,i, for i, j ∈ {1, 2, . . . ,m− 1}

and because the polynomials in Ph are essentially distinct by assumption, the same is true for
those in Qh, making the latter family a regular one. We claim that the type of Qh, denoted as
(c, xc, xc−1, . . . , x1), is strictly less than (d,wd, wd−1, . . . , w1). If c < d there is nothing else to
show. Else, observe that 1 ≤ deg(ph,m) ≤ c = d and that

xdeg(ph,m) = wdeg(ph,m) − 1,

because there are wdeg(ph,m)-distinct leading coefficients of polynomials of the same degree as
that of ph,m in Ph, including that of ph,m, which is absent in Qh and from all the other leading
coefficients in Ph we remove the leading coefficient of ph,m. Obviously,

xj = wj , for j = deg(ph,m) + 1,deg(ph,m) + 2, . . . , d,

because for polynomials of degree strictly greater than deg(ph,m), subtracting the polynomial
ph,m does not affect the leading coefficient. Hence the claim is proved. Using the invariance of

µ under the transformation T ph,m(n), for any n ∈ N, we have that

Jh = lim sup
N→∞

∣∣∣∣∣∣ 1

|IN |
∑
n∈IN

∫
X
T−ph,m(n)

(
T ph,1(n)f1 · T ph,2(n)fN,h,2 · · ·T ph,m(n)fN,h,m

)
dµ

∣∣∣∣∣∣ ,
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for almost all h ∈ Nk and this can in turn be written as

lim sup
N→∞

∣∣∣∣∣∣ 1

|IN |
∑
n∈IN

∫
X

(
T qh,1(n)f1 · T qh,2(n)fN,h,2 · · ·T qh,m−1(n)fN,h,m−1 · fN,h,m

)
dµ

∣∣∣∣∣∣ .
An application of the Cauchy-Schwarz inequality, along with the boundedness assumption for
fN,h,m, N ∈ N, gives that

Jh ≤ lim sup
N→∞

∥∥∥∥∥∥ 1

|IN |
∑
n∈IN

T qh,1(n)f1 · T qh,2(n)fN,h,2 · · ·T qh,m−1(n)fN,h,m−1

∥∥∥∥∥∥
L2(µ)

,

for almost all h ∈ Nk. If we have that deg(qh,1) = 1 we can easily conclude, since averages
with linear exponents are controlled by the seminorms of the individual functions, according to
Proposition 3.7. More specifically, we can assume that all the polynomials qh,1, qh,2, . . . , qh,m−1

have degrees 1, and then Proposition 3.7 implies that for all h ∈ Nk,

lim sup
N→∞

∥∥∥∥∥∥ 1

|IN |
∑
n∈IN

T qh,1(n)f1 · T qh,2(n)fN,h,2 · · ·T qh,m−1(n)fN,h,m−1

∥∥∥∥∥∥
L2(µ)

≤ |||f1|||m,

so that it suffices to assume |||f1|||s+1 = 0 for s = m− 1. This concludes the proof of Proposition
6.15, when deg(qh,1) = 1.

Finally, we deal with the case that deg(qh,1) > 1. Let

I := {i : 1 ≤ i ≤ m− 1, with deg(qh,i) > 1}

and
J := {1, 2, . . . ,m− 1} \ I,

the complement of I in {1, 2, . . . ,m−1}. Notice that J could be empty, but not I, as it contains
1. We proceed to another transformation of the polynomial family. For h ∈ Nk and hk+1 ∈ N,
let k ∈ Nk+1 be defined by k = (h, hk+1). Then, define the polynomials

rk,i(n) := qh,i(n+ hk+1), for n ∈ N, and i ∈ I,

and consider the polynomial family Rk which constitutes of the elements of Qh along with the
polynomials rk,i, for those i ∈ I. In a more compact form,

Rk =

(⋃
i∈I

qh,i

)
∪

(⋃
i∈I

rk,i

)
∪

(⋃
i∈J

qh,i

)
.

It follows that Rk has l := (2 |I|+ |J |)-elements, and we can write it as

Rk := {gk,1, gk,2, . . . , gk,l},

with the requirement that gk,1 = qh,1 and any ordering of our liking for the other (l − 1)-
polynomials of Rk. Of course, l ≥ m ≥ 2.

Then Rk is a regular family indexed by k + 1 elements. First of all, we have already
established that qh,1 has maximum degree for almost all h ∈ Nk among the elements of Qh,
and since deg(rk,i) = deg(qh,i), the polynomial gk,1 has maximum degree in Rk, up to small
subsets of Nk+1. Moreover, the polynomials in Rk are essentially distinct and none of them is
constant. To see this, first recall that the elements of Qh are essentially distinct and by their
definition as differences of distinct polynomials of Ph, which was essentially distinct to begin
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with, none of them is constant. We thus only need to show that the elements of Rk are also
essentially distinct in order to prove the claim of its regularity. Let i ̸= j, for i, j ∈ {1, 2, . . . , l}.
We have to show that gk,i − gk,j is non-constant for almost every k ∈ Nk+1. In the case that
gk,i = qh,i and gk,j = qh,j we know that from the regularity assumption for Qh. The same is
true if gk,i = rk,i and gk,j = rk,j . The final case is that for which gk,i = rk,i and gk,j = qh,j , for
which we do not exclude the possibility of i = j. Then

gk,i(n)− gk,j(n) = qh,i(n+ hk+1)− qh,j(n), (6.6)

for n, hk+1 ∈ N. Then deg(qh,i) > 1, since i must belong to I. Therefore, if i = j, the difference
in (6.6) is a polynomial of degree deg(qh,i)− 1 ≥ 1, for hk+1 ̸= 0. On the other hand, if i ̸= j,
then qh,i(n) − qh,j(n) is a non-constant polynomial and the same holds for any hk+1 ∈ N in
(6.6). What is more, the types of Rk and Qhare the same and, as we demonstrated before,
less than the type of Ph. Indeed, for the elements of Rk which are not in Qh, that is, for the
polynomials rk,i, for i ∈ I, we have that rk,i(n) := qh,i(n+ hk+1), for n, hk+1 ∈ N and thus, the
leading coefficients of rk,i and qh,i are identical.
Step 4. The Van der Corput lemma. By the induction hypothesis there is an s ∈ N that
corresponds to the type of Rk. Now,

Jh = lim sup
N→∞

∣∣∣∣∣∣ 1

|IN |
∑
n∈IN

∫
X
T−ph,m(n)

(
T ph,1(n)f1 · T ph,2(n)fN,h,2 · · ·T ph,m(n)fN,h,m

)
dµ

∣∣∣∣∣∣
and an application of the Van der Corput lemma, in the form of Lemma 2.77, gives that

Jh ≤ lim sup
H→∞

1

H

H∑
hl+1=1

lim sup
N→∞

∣∣∣∣∣∣ 1

|IN |
∑
n∈IN

J(h,hk+1)(n)

∣∣∣∣∣∣ ,
where

J(h,hk+1)(n) =

∫
X
T qh,1(n)f1 · T qh,2(n)fN,h,2 · · ·T qh,m−1(n)fN,h,m−1·

T qh,1(n+hk+1)f1 · T qh,2(n+hk+1)qN,h,2 · · ·T qh,m−1(n+hk+1)fN,h,m−1 dµ,

for n, hk+1 ∈ N, and h ∈ Nk. The final crucial observation is that for appropriate functions
gN,k,i ∈ L∞(µ), with i = 1, 2, . . . , l, the quantity J(k)(n) can be written as∫

X
T gk,1(n)gN,k,1 · T gk,2(n)gN,k,2 · · ·T gk,l(n)gN,k,l dµ,

with k = (h, hk+1) ∈ Nk+1. Indeed, for n, hk+1, N ∈ N, h ∈ Nk, i ∈ {1, . . . , l} and k =
(h, hk+1) ∈ Nk+1, we can consider the following cases

• if gk,i(n) = qh,i(n), for i ∈ I \ {1}, then define gN,k,i as fN,h,i

• if gk,i(n) = qh,i(n+ hl+1), for i ∈ I \ {1}, then define gN,k,i as fN,h,i

• if gk,i(n) = qh,1(n),then define gN,k,i as f1

• if gk,i(n) = qh,1(n+ hl+1),then define gN,k,i as f1

• if gk,i(n) = qh,i(n), for i ∈ J , then deg(qh,i) = 1, so that qh,i(n+ hk+1) = qh,i(n) + αhk+1,
for some α ∈ Z and we define gN,k,i as fN,h,i · Tαhk+1fN,h,i
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and the claim follows by a simple substitution. Now, because gN,k,1 = f1 and |||f1|||s+1 = 0, by
assumption, we are in the position to apply the inductive hypothesis and ensure that for almost
all k ∈ Nk+1, we have

lim sup
N→∞

∣∣∣∣∣∣ 1

|IN |
∑
n∈IN

Jk(n)

∣∣∣∣∣∣ = 0.

Recall that

Jh ≤ lim sup
H→∞

1

H

H∑
hk+1=1

lim sup
N→∞

∣∣∣∣∣∣ 1

|IN |
∑
n∈IN

J(k)(n)

∣∣∣∣∣∣ ,
and so it follows that Jh = 0 for almost all h ∈ Nk. Indeed, if Jh > 0 for h in a subset of Nk

that is not small, then for all these h and for infinitely many hk+1-in fact, for hk+1 in a set of
positive upper density-we have that

lim sup
N→∞

∣∣∣∣∣∣ 1

|IN |
∑
n∈IN

Jh,hk+1
(n)

∣∣∣∣∣∣ > 0.

But this is a contradiction, due to the fact that the direct product of a set E in Nk which is not
small with an infinite subset of N, say F , is also not small in Nk+1.

To see the final claim, assume that E × F ⊂ Nk+1 is small. Then, there must exist some
small subset G ⊂ Nk, such that for any (h1, . . . , hk) /∈ G, the set

{hk+1 : (h1, . . . , hk, hk+1) ∈ E × F}

is finite. But G∁ ∩ E ̸= ∅, for otherwise, E would be small, being a subset of G. Therefore,
there exists some (h1, . . . , hk) ∈ E ∩G∁, for which the set

{hk+1 : (h1, . . . , hk, hk+1) ∈ E × F}

is infinite, a contradiction. As a consequence, we obtain Proposition 6.15.
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Chapter 7

Joint Ergodicity of Independent
Sequences

We recall that the third main goal of this exposition is to recover a Khintchine-type lower bound
for any number of integer polynomials, under conditions on the polynomials which make such
a recurrence result possible. If the polynomials in question are a1, a2, . . . , ak : N → Z, then our
goal is to understand, for any ergodic system (X,X , µ, T ), the limiting behavior in L2(µ) of
the averages

1

N

N∑
n=1

T a1(n)f1 · · ·T ak(n)fk,

as N → ∞, where f1, . . . , fk are any functions in L∞(µ). This is not a simple task. We begin
our effort in the following section by first finding conditions on the polynomials under which the
iterates T a1(n)f1, . . . , T

ak(n)fk, n ∈ N behave independently enough so that the above averages
converge to the product of the integrals of the individual functions for all ergodic systems.
Building up from this result we continue in the next section to describe the conditions, on
such a family of integer polynomials, which make the rational Kronecker a characteristic factor
for the convergence of those averages, for every ergodic system. We follow the methods and
techniques given in Frantzikinakis’ paper [7].

7.1 Joint ergodicity of sequences

7.1.1 Definitions and main results

For a family of integer sequences, the first property that we described above is called joint
ergodicity and it is precisely defined as follows.

Definition 7.1. A family of sequences a1, a2, ..., ak : N → Z is said to be jointly ergodic for an
ergodic system (X,B, µ, T ), if for all functions f1, f2, ..., fk ∈ L∞(µ) we have that

lim
N→∞

1

N

N∑
n=1

T a1(n)f1 · T a2(n)f2 · · ·T ak(n)fk =
k∏

i=1

∫
fi dµ, (7.1)

where the limit is taken in L2(µ).

Definition 7.2. The collection of sequences a1, a2, ..., ak : N → Z is said to be:

(i) good for seminorm estimates for the system (X,B, µ, T ), if there exists an s ∈ N such
that, if f1, f2, ..., fk ∈ L∞(µ) and |||fi|||s = 0 for some i ∈ {1, ..., k}, then

lim
N→∞

1

N

N∑
n=1

T a1(n)f1 · T a2(n)f2 · · ·T ak(n)fk = 0

131
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in L2(µ). It is good for seminorm estimates if it is good for seminorm estimates for every
ergodic system.

(ii) good for equidistribution on the set S ⊆ [0, 1), if for all {t1, . . . , tk} ∈ Sk\{0, . . . , 0}, we
have that

lim
N→∞

1

N

N∑
n=1

e2πi(a1(n)t1+...+ak(n)tk) = 0. (7.2)

It is good for equidistribution if (7.2) holds for all {t1, . . . , tk} ∈ [0, 1)k\{0, . . . , 0}.

(iii) good for irrational equidistribution on the set S ⊆ [0, 1), if for all {t1, . . . , tk} ∈ Sk, not
all of them rational, equation (7.2) holds. It is good for irrational equidistribution if (7.2)
holds for all {t1, . . . , tk} ∈ [0, 1)k, not all of which are rational.

Lemma 7.3. If a family of sequences a1, a2, . . . , ak is good for seminorm estimates for every
ergodic system, according to property (i) of Definition 7.2, then it is also good for seminorm
estimates for every measure-preserving system.

Proof. Assume that the conditions of Lemma 7.3 hold with s ∈ N being the integer corre-
sponding to a1, a2, . . . , ak, as in property (i) of Definition 7.2. Let (X,X , µ, T ) be any measure
preserving system, µ =

∫
µx dµ be the ergodic decomposition of the measure µ and pick any

functions f1, f2, . . . , fk ∈ L∞(µ), with |||fi|||s = 0, for some i ∈ {1, 2 . . . , k}. Then, for any N ∈ N
we have∥∥∥∥∥ 1

N

N∑
n=1

T a1(n)f1 · · ·T ak(n)fk

∥∥∥∥∥
2

L2(µ)

=

∫
X

∥∥∥∥∥ 1

N

N∑
n=1

T a1(n)f1 · · ·T ak(n)fk

∥∥∥∥∥
2

L2(µx)

 dµ(x),

but ∥∥∥∥∥ 1

N

N∑
n=1

T a1(n)f1 · · ·T ak(n)fk

∥∥∥∥∥
2

L2(µx)

N→∞−−−−→ 0,

for any x ∈ X, because the systems (X,X , µx, T ) are ergodic. Thus,

lim
N→∞

1

N

N∑
n=1

T a1(n)f1 · T a2(n)f2 · · ·T ak(n)fk = 0

in L2(µ), so that a1, a2, . . . , ak are also good for seminorm estimates for the system (X,X , µ, T ).

The first theorem we want to prove is a result that describes the conditions on any family of
integer sequences under which the family is jointly ergodic for all measure-preserving systems.

Theorem 7.4. Let S ⊆ [0, 1) with countable complement in [0, 1). The family of sequences
a1, a2, . . . , ak : N → Z is jointly ergodic for all ergodic systems with spectrum in S if and only if
it is good for equidistribution on S and good for seminorm estimates for these systems.

An immediate consequence of Theorem 7.4 is the following result, for the proof of which one
only needs to remember that a totally ergodic system (X,B, µ, T ) has a spectrum, denoted by
Spec(T ), such that Spec(T ) ⊆ ([0, 1)\Q) ∪ {0}.

Corollary 7.5. The family of sequences a1, a2, . . . , ak : N → Z is jointly ergodic for all totally
ergodic systems if and only if it is good for seminorm estimates for all totally ergodic systems
and good for equidistribution on ([0, 1)\Q) ∪ {0}.
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Remark 7.6. The necessity of the conditions in Theorem 7.4 is an easy task, so we prove it
first.

Proof. Indeed, let (X,B, µ, T ) be an ergodic dynamical system with spectrum in S and suppose
that the collection of sequences a1, a2, . . . , ak : N → Z is jointy ergodic for this system, that is,
if f1, f2, . . . , fk ∈ L∞(µ), then (7.1) holds. It is trivial to check the first property of definition
7.2, since |||fi|||1 =

∣∣∫ fi dµ∣∣, by the definition of seminorms for ergodic systems, which means
that if |||fi|||1 = 0, for some i ∈ {1, . . . , k}, then

∫
fi dµ = 0 as well.

Now, let t1, t2, . . . , tk ∈ Spec(T ), not all of them zero and f1, f2, . . . , fk ∈ L∞(µ) be the
respective eigenfunctions, so that Tfj = e2πitjfj , j ∈ {1, 2, . . . , k} and without loss of generality,
assume that |fj | = 1, for j ∈ {1, 2, . . . , k}, since eigenfunctions in ergodic systems have constant
(and non-zero) absolute values. Then, the limit

lim
N→∞

1

N

N∑
n=1

T a1(n)f1 · T a2(n)f2 · · ·T ak(n)fk

is the same as the limit

lim
N→∞

1

N

N∑
n=1

e2πia1(n)t1f1 · e2πia2(n)t2f2 · · · e2πiak(n)tkfk,

which is equal to

f1 · f2 · · · fk · lim
N→∞

1

N

N∑
n=1

e2πi(a1(n)t1+...+ak(n)tk). (7.3)

The quantity in (7.3) converges to
∏k

i=1

∫
fi dµ in L2(µ), but its L2-norm is

∥f1 · f2 · · · fk∥L2(µ) lim
N→∞

1

N

N∑
n=1

e2πi(a1(n)t1+...+ak(n)tk) (7.4)

and
∏k

i=1

∫
fi dµ = 0, because∫

fj dµ =

∫
Tfj dµ =

∫
e2πitjfj dµ = e2πitj

∫
fj dµ,

for j ∈ {1, . . . , k}. Therefore, (7.4) implies that

lim
N→∞

1

N

N∑
n=1

e2πi(a1(n)t1+...+ak(n)tk) = 0.

Finally, our initial assumption was that the joint ergodicity of a1, a2, . . . , ak : N → Z holds for
all ergodic systems with spectrum in S and since for any tuple {t1, ..., tk} ∈ Sk\{0, ..., 0} we can
find a system with t1, ..., tk in its spectrum we have proven the validity of the second property
of Definition 7.2 as well.

The rest of this section is devoted to the proof of the sufficiency of the conditions in Theorem
7.4. Because the proof is notationally complicated we deal particularly with the case k = 2 and
in the end we give a mere summary of the proof for a general k ∈ N. Our first goal is to prove
the next result.
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Theorem 7.7. Let S ⊆ [0, 1) with countable complement in [0, 1). If the sequences a, b : N → Z
are good for equidistribution on S and good for seminorm estimates for an ergodic system
(X,B, µ, T ), with Spec(T ) ⊆ S, then for all f, g ∈ L∞(µ) we have that

lim
N→∞

1

N

N∑
n=1

T a(n)f · T b(n)g =

∫
f dµ

∫
g dµ (7.5)

in L2(µ).

It would be chaotic to write the whole proof at once, so we do it gradually. First we show
our result in the special case where f or g is an eigenfunction.

7.1.2 A special case of Theorem 7.7

Proposition 7.8. Theorem 7.7 holds when f or g is an eigenfunction of (X,B, µ, T ).

Proof. Suppose f is an eigenfunction with eigenvalue t ∈ [0, 1) (the proof is identical if g is an
eigenfunction by symmetry). If g is a constant the result follows easily, because∥∥∥∥∥ 1

N

N∑
n=1

T a(n)f · T b(n)g

∥∥∥∥∥
L2(µ)

=

∥∥∥∥∥g · 1

N

N∑
n=1

e2πia(n)tf

∥∥∥∥∥
L2(µ)

,

which is equal to

g · ∥f∥L2(µ) ·
1

N

N∑
n=1

e2πia(n)t
N→∞−−−−→ 0,

where convergence holds by the equidistribution assumption for (a(n))n∈N and Weyl’s criterion.
Next, we notice that it is enough to prove the result when

∫
g dµ = 0, because in the general

case we have that

1

N

N∑
n=1

T a(n)f · T b(n)g =
1

N

N∑
n=1

T a(n)f ·
(
T b(n)g −

∫
g dµ

)
+

1

N

N∑
n=1

T a(n)f ·
(∫

g dµ

)
.

As we demonstrated above, it is enough to prove that

lim
N→∞

1

N

N∑
n=1

e2πia(n)tf · T b(n)g = 0

in L2(µ), if
∫
g dµ = 0, for which we actually need to show that

lim
N→∞

1

N

N∑
n=1

e2πia(n)t · T b(n)g = 0 (7.6)

in L2(µ). By the spectral theorem of Herglotz (Theorem 2.80), there exists a measure σg,
corresponding to g, which is positive and bounded on [0, 1) and such that∫

Tng · ḡ dµ =

∫ 1

0
e2πinzdσg(z), (7.7)

for every n ∈ N. As we have shown in Proposition 2.83 and specifically by equation (2.13),

σg({0}) = lim
N→∞

1

N

N∑
n=1

∫
Tng · ḡ dµ.
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Thus, an application of the mean ergodic theorem (Theorem 2.53) gives that

σg({0}) =
∫
g dµ ·

∫
ḡ dµ = 0

and the same is true for all z0 ∈ [0, 1) not in the spectrum of T , as we have shown in Proposition
2.15. Next, using the representation in (7.7) we find that

|| 1
N

N∑
n=1

e2πia(n)t · T b(n)g||L2(µ) = || 1
N

N∑
n=1

e2πia(n)t · e2πib(n)z||L2(σg), (7.8)

because

|| 1
N

N∑
n=1

e2πia(n)t · T b(n)g||22 =
∫
(
1

N

N∑
n=1

e2πia(n)t · T b(n)g) · ( 1
N

N∑
n=1

e−2πia(n)t · T b(n)ḡ)dµ,

which can be written as

1

N2

N∑
n,m=1

e2πi(a(n)−a(m))t

∫
T (b(n)−b(m))g · ḡ dµ

and this is equal to

1

N2

N∑
n,m=1

e2πi(a(n)−a(m))t

∫ 1

0
e2πi(b(n)−b(m))z dσg(z).

From equation (7.8) it follows that in order to conclude we just need to show that

lim
N→∞

|| 1
N

N∑
n=1

e2πia(n)t−2πib(n)z||L2(σg) = 0.

By the equidistribution property of (a(n))n∈N and (b(n))n∈N we have that

lim
N→∞

1

N

N∑
n=1

e2πia(n)t−2πib(n)z = 0

for all z ∈ Spec(T ) (it is a trivial observation that z ∈ Spec(T ) =⇒ −z ∈ Spec(T )) and since
the measure σg has no point masses for z = 0 or z /∈ Spec(T ), an application of the bounded
convergence theorem yields the required result.

Remark 7.9. Notice that Proposition 7.8 implies that Theorem 7.7 holds for f or g constant
functions, since a constant is trivially an eigenfunction of (X,B, µ, T ).

7.1.3 Some key facts

We will now show that if a positivity condition holds for f (or symmetrically, g) then it also
holds for an averaged function f̃ , which is important because uniformity properties of f̃ are
easier to handle.

Proposition 7.10. In the context of Theorem 7.7 let f, g ∈ L∞(µ) be such that

lim sup
N→∞

∥∥∥∥∥ 1

N

N∑
n=1

T a(n)f · T b(n)g

∥∥∥∥∥
L2(µ)

> 0 (7.9)
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Then there exists a strictly increasing sequence (Nk)k∈N in N and 1-bounded functions (fk)k∈N
in L∞(µ), such that if f̃ is defined as the weak-limit of 1

Nk

∑Nk
n=1 T

−a(n)fk ·T b(n)−a(n)ḡ (observe

that f̃ ∈ L∞(µ)), the inequality

lim sup
N→∞

∥∥∥∥∥ 1

N

N∑
n=1

T a(n)f̃ · T b(n)g

∥∥∥∥∥
L2(µ)

> 0 (7.10)

holds as well.

Proof. Since f, g ∈ L∞(µ) there exists a positive constant M > 0, so that ∥f∥∞ ≤ M and
∥g∥∞ ≤ M and dividing by M in equations (7.9) and (7.10) we can assume without loss of
generality that f and g are–essentially–bounded by 1. Now, consider the L2(µ)-closure of the
linear span of all subsequential weak-limits of sequences of the form

1

N

N∑
n=1

T−a(n)fN · T b(n)−a(n)ḡ,

for (fN )N∈N ⊆ L∞(µ) some 1-bounded functions and we let this subspace of L2(µ) be repre-
sented by G .

First, assume that f is orthogonal to G and that there exist an ϵ > 0 and a strictly increasing
sequence (Nk)k∈N so that if we define fk := 1

Nk

∑Nk
n=1 T

a(n)f · T b(n)g, then for every k ∈ N we

have that ∥fk∥L2(µ) > ϵ, which implies that ∥fk∥2L2(µ) > ϵ2 and expanding the square we write
that as

1

Nk

Nk∑
n=1

∫
f̄k · T a(n)f · T b(n)g dµ > ϵ2, k ∈ N. (7.11)

We now consider the sequence of functions 1
Nk

∑Nk
n=1 T

−a(n)fk ·T b(n)−a(n)ḡ, k ∈ N, which are 1-

bounded (since fk are 1-bounded as well) and so they belong to the closed subspace G of L2(µ).
Since L2(µ) is a Hilbert space, this bounded sequence has a weakly convergent subsequence, so
that without loss of generality we can assume that ( 1

Nk

∑Nk
n=1 T

−a(n)fk ·T b(n)−a(n)ḡ)k∈N converges
weakly to some h ∈ G . By (7.11) we get that

1

Nk

Nk∑
n=1

∫
T−a(n)f̄k · f · T b(n)−a(n)g dµ > ϵ2, k ∈ N (7.12)

and letting k → ∞ we obtain that
∫
f · h̄ dµ > 0 which is a contradiction, since f was assumed

orthogonal to G . Therefore

lim
N→∞

1

N

N∑
n=1

T a(n)f · T b(n)g = 0

in L2(µ), if f is orthogonal to G . It then follows that if E(f |G ) is the orthogonal projection of
f onto G , we have that

lim
N→∞

1

N

N∑
n=1

T a(n) (f − E(f |G )) · T b(n)g = 0

in L2(µ) as well, because L2(µ) = G ⊕ G⊥ by the orthogonal decomposition in Hilbert spaces.
Thus, assuming that equation (7.9) holds we get that there exists ϵ > 0, such that

lim sup
N→∞

|| 1
N

N∑
n=1

T a(n)E(f |G ) · T b(n)g||L2(µ) > ϵ.



7.1. JOINT ERGODICITY OF SEQUENCES 137

Since E(f |G ) ∈ G , there exist k ∈ N and functions h1, h2, ..., hk which are subsequential weak
limits of sequences of the form 1

N

∑N
n=1 T

−a(n)fN ·T b(n)−a(n)ḡ, for (fN )N∈N in L∞(µ) a sequence
of 1-bounded functions, with

∥E(f |G )− (h1 + h2 + ...+ hk)∥L2(µ) <
ϵ

2
.

At last, there must exist an i ∈ {1, 2, ..., k}, so that if f̃ = hi we get that

lim sup
N→∞

∥∥∥∥∥ 1

N

N∑
n=1

T a(n)f̃ · T b(n)g

∥∥∥∥∥
L2(µ)

>
ϵ

2k
.

This completes the proof because f̃ is a 1-bounded function like g and fN , for N ∈ N.

The following proposition will also be of use to us.

Proposition 7.11. If (X,B, µ, T ) is an ergodic system and f ∈ L∞(µ) is 1-bounded, then

|||f |||42 ≤ supχ∈E (T )ℜ
(∫

f · χ dµ

)
, (7.13)

where E (T ) is the set of eigenvalues of T with unit modulus. This immediately implies that if
|||f |||2 > 0, then there exists χ ∈ E (T ) so that ℜ

(∫
f · χ dµ

)
> 0. More generally, if |||f |||s+2 > 0,

for s ∈ N, then there exists a χn ∈ E (T ), n ∈ Ns, such that

lim inf
N→∞

1

N s

∑
n∈[N ]s

ℜ
(∫

∆nf · χn dµ

)
> 0.

Proof. Let K (T ) be the Kronecker factor, which was defined as the L2(µ)-closed subspace
spanned by all eigenfunctions of T . Then, if g ∈ L2(µ) is orthogonal to K (T ) we have that
|||g|||2=0, as we have shown in Proposition 3.8 (see the Remark 3.9 as well). Therefore, if
f̃ := E(f |K (T )) is the orthogonal projection of f to K (T ) we have that |||f |||2 = |||f̃ |||2. By the
separability of the Hilbert space L2(µ) there exists a (countable) orthonormal basis of K (T ),
which consists of eigenfunctions in E (T ), say (χk)k∈N. Then f̃ can be expanded as a Fourier
series by

f̃ =

∞∑
k=1

χk

(∫
f̃ · χ̄k dµ

)
=

∞∑
k=1

χk

(∫
f · χ̄k dµ

)
.

If ck :=
∫
f̃ · χ̄k dµ, k ∈ N, then

|||f̃ |||42 = lim
N1→∞

1

N1

N1∑
n1=1

lim
N2→∞

1

N2

N2∑
n2=1

∫
f̃ · Tn1 ¯̃f · Tn2 ¯̃f · Tn1+n2 f̃ dµ.

Notice that Tnf̃ =
∑∞

k=1 e
2πinαkχk · ck, n ∈ N, where e2πiαk is the eigenvalue of χk, and thus

by the orthonormality of (χk)k∈N we get that∫
f̃ · Tn1 ¯̃f · Tn2 ¯̃f · Tn1+n2 f̃ dµ =

∞∑
k=1

|ck|4.

Indeed, ∫
f̃ · Tn1 ¯̃f · Tn2 ¯̃f · Tn1+n2 f̃ dµ
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is equal to∫
f̃ ·

( ∞∑
k=1

e−2πin1αkχk · ck

)
·

( ∞∑
k=1

e−2πin2αkχk · ck

)
·

( ∞∑
k=1

e2πi(n1+n2)αkχk · ck

)
dµ.

Because (χk)k∈N is orthonormal, the only terms that survive in the product of the three sums
are those corresponding to(

e−2πin1αkχk · ck
)
·
(
e−2πin2αkχk · ck

)
·
(
e2πi(n1+n2)αkχk · ck

)
for k ∈ N, so that the last integral becomes∫

f̃ ·
∞∑
k=1

(
e−2πin1αkχk · ck

)
·
(
e−2πin2αkχk · ck

)
·
(
e2πi(n1+n2)αkχk · ck

)
dµ.

After a simple computation this simplifies to∫
f̃ ·

∞∑
k=1

(χk · ck) · (χk · ck) · (χk · ck) dµ =

∞∑
k=1

|ck|2 · ck ·
(∫

f̃ · χk dµ

)
,

which by the definition of ck, is actually
∑∞

k=1 |ck|4. Therefore,

|||f̃ |||42 =
∞∑
k=1

|ck|4 ≤ sup
k∈N

(|ck|)2
∞∑
k=1

|ck|2

By Parseval’s identity and the fact that f and ck are 1-bounded, we have that

|||f̃ |||42 ≤ sup
k∈N

(|ck|)2 ∥f∥2L2(µ) ≤ sup
k∈N

|ck| ≤ sup
χ∈E (T )

∣∣∣∣∫ f · χ̄ dµ
∣∣∣∣ = sup

χ∈E (T )
ℜ
(∫

f · χ dµ
)
,

where the last equality follows from the fact that the set E (T ) is invariant under multiplication
by any e2πiα, for α ∈ R. For the general result, let s ∈ N and assume that |||f |||s+2 > 0. Then
by (3.3) we also have that

lim
N→∞

1

N s

∑
n∈[N ]s

|||∆nf |||42 > 0

and using inequality (7.13) we obtain that

lim inf
N→∞

1

N s

∑
n∈[N ]s

sup
χ∈E (T )

ℜ
(∫

∆nf · χ dµ
)
> 0,

which concludes the proof.

7.1.4 Gowers-Cauchy-Schwarz and a positiveness property

The last intermediate result uses an important inequality and the above two propositions to
show that if some seminorm of an average of functions is positive, then similar positiveness
properties hold for iterated differences of the individual functions as well. The inequality under
discussion is a variation of the Gowers-Cauchy-Schwarz inequality and we prove it first.

Lemma 7.12 (Gowers-Cauchy-Schwarz inequality). Let (X,X , µ, T ) be a measure-preserving
system and for s ∈ N, let fϵ ∈ L∞(µ) be 1-bounded functions for any ϵ ∈ {0, 1}s, and gn ∈ L∞(µ)
for any n ∈ Ns. Then, for every N ∈ N we have that∣∣∣∣∣∣ 1

N s

∑
n∈[N ]s

∫
X

∏
ϵ∈{0,1}s

T ϵ·nfϵ · gn dµ

∣∣∣∣∣∣
2s

≤ 1

N2s

∑
n,m∈[N ]s

∫
X
∆m−nf1 · T−|n|

 ∏
ϵ∈{0,1}s

C ϵgnϵ

 dµ,

(7.14)
where 1 := (1, . . . , 1) ∈ Ns.
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Proof. Let s = 1. Then, for any N ∈ N we have that∣∣∣∣∣∣ 1

N s

∑
n∈[N ]s

∫
X

∏
ϵ∈{0,1}s

T ϵ·nfϵ · gn dµ

∣∣∣∣∣∣
2s

=

∣∣∣∣∣ 1N
N∑

n=1

∫
X
f0 · Tnf1 · gn dµ

∣∣∣∣∣
2

and because f0 is 1-bounded, so that
∫
X

∣∣∣ 1N ∑N
n=1 f0

∣∣∣2 dµ ≤ 1, an application of the Cauchy-

Schwarz inequality gives that the integral on the right-hand side is less than or equal to

∫
X

∣∣∣∣∣ 1N
N∑

n=1

Tnf1 · gn

∣∣∣∣∣
2

dµ =
1

N2

N∑
n,m=1

∫
X
Tnf1 · Tmf1 · gn · gm dµ.

Composing with T−n this becomes

1

N2

N∑
n,m=1

∫
X
f1 · Tm−nf1 · T−n (gn · gm) dµ,

which is the right-hand side of (7.14) for s = 1. We also prove the result for s = 2. The general
case is shown in a similar manner inductively, by successive applications of the Cauchy-Schwarz
inequality, but we omit it due to its notational complexity.

For s = 2 the left-hand side of (7.14) can be written as∣∣∣∣∣∣ 1

N2

N∑
n,m=1

∫
X
f0 · Tnf1 · Tmf2 · Tn+mf3 · gn,m dµ

∣∣∣∣∣∣
4

,

if, instead of f0,0, f1,0, f0,1, f1,1 we write f0, f1, f2, f3, respectively. Notice that now f1 = f3.
Since f0 and f1 are 1-bounded functions, as in the first case, we can use the Cauchy-Schwarz
inequality to bound the last average by 1

N

N∑
n=1

∫
X

∣∣∣∣∣ 1N
N∑

m=1

Tmf2 · Tn+mf3 · gn,m dµ

∣∣∣∣∣
2
2

. (7.15)

By expanding the square of the integrand, (7.15) becomes 1

N

N∑
n=1

∫
X

1

N2

N∑
m,k=1

Tmf2 · Tn+mf3 · gn,m · T kf2 · Tn+kf3 · gn,k dµ

2

,

which is equal to 1

N2

N∑
m,k=1

∫
X
f2 · T k−mf2 ·

(
1

N

N∑
n=1

Tnf3 · Tn+k−mf3 · T−m (gn,m · gn,k)

)
dµ

2

,

since Tm is measure-preserving. Another application of the Cauchy-Schwarz inequality along
with the boundedness assumption for f2 gives that the latter is bounded by 1

N2

N∑
m,k=1

∫
X

∣∣∣∣∣ 1N
N∑

n=1

Tnf3 · Tn+k−mf3 · T−m (gn,m · gn,k)

∣∣∣∣∣
2

dµ

2

. (7.16)
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Expanding the inner square once again, (7.16) is equal to 1

N2

N∑
m,k=1

∫
X

1

N2

N∑
n,l=1

Tnf3 · Tn+k−mf3 · T lf3 · T l+k−mf3 · T−m (gn,m · gn,k · gl,m · gl,k) dµ

2

.

We can then compose with T−n in the integral obtaining the average 1

N4

N∑
n,m,k,l=1

∫
X
f3 · T k−m · f3 · T l−nf3 · T l+k−m−nf3 · T−m−n (gn,m · gn,k · gl,m · gl,k) dµ

2

,

which is precisely the average in the right-hand side of (7.14), completing the proof.

The intermediate result that we mentioned before is the following.

Proposition 7.13. Let (X,B, µ, T ) be an ergodic system and for some Nk → ∞ and 1-bounded
functions (fk)k∈N in L∞(µ), let f̃ be defined as the weak-limit of the sequence 1

Nk

∑Nk
n=1 gk,n,

where gk,n := T−a(n)fk · T b(n)−a(n)ḡ, k, n ∈ N and f̃ is such that |||f̃ |||s+2 > 0, for some s ∈ N0.

(i) If s = 0, then there exists χ ∈ E (T ) such that

lim sup
k→∞

1

Nk

Nk∑
n=1

ℜ
(∫

fk · T b(n)ḡ · T a(n)χ dµ

)
> 0. (7.17)

(ii) If s ∈ N, then there exist χn,n′ ∈ E (T ), n, n′ ∈ Ns, such that

lim inf
N→∞

1

N2s

∑
n,n′∈[N ]s

lim sup
k→∞

1

Nk

Nk∑
n=1

ℜ
(∫

(∆n−n′fk) · T b(n)(∆n−n′ ḡ) · T a(n)χn,n′ dµ

)
> 0.

(7.18)

Proof. Suppose that s ∈ N. Then Proposition 7.11 suggests that there exists a sequence
(χn)n∈Ns in E (T ) so that

lim inf
N→∞

1

N s

∑
n∈[N ]s

ℜ
(∫

∆nf̃ · χn dµ

)
= lim inf

N→∞

1

N s

∑
n∈[N ]s

ℜ

∫ ∏
ϵ∈{0,1}s

C |ϵ|T ϵ·nf̃ · χn dµ

 > 0,

(7.19)
since ∆nf̃ =

∏
ϵ∈{0,1}s C |ϵ|T ϵ·nf̃ , n ∈ Ns. Now, by the definition of f̃ , (7.19) yields that

lim inf
N→∞

lim
k→∞

1

Nk

Nk∑
n=1

ℜ

 1

N s

∑
n∈[N ]s

∫
Tn1+n2+...+nsgk,n ·

∏
ϵ∈{0,1}s\{1}

C |ϵ|T ϵ·nf̃ · χn dµ

 > 0,

because

lim inf
N→∞

1

N s

∑
n∈[N ]s

ℜ

∫ Tn1+n2+...+ns f̃ ·
∏

ϵ∈{0,1}s\{1}

C |ϵ|T ϵ·nf̃ · χn dµ

 =

lim inf
N→∞

1

N s

∑
n∈[N ]s

ℜ

 lim
k→∞

1

Nk

Nk∑
n=1

∫
Tn1+n2+...+nsgk,n ·

∏
ϵ∈{0,1}s\{1}

C |ϵ|T ϵ·nf̃ · χn dµ

 .
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Using the variant of the Gowers-Cauchy-Schwarz inequality (Lemma 7.12) and the fact that
E (T ) is closed under products and invariant under compositions with Tm, for m ∈ N, we infer
that

lim inf
N→∞

lim sup
k→∞

1

Nk

Nk∑
n=1

1

N2s

∑
n,n′∈[N ]s

∫
∆n−n′gk,n · χn,n′ dµ > 0, (7.20)

for some χn,n′ ∈ E (T ), n, n′ ∈ Ns. The positive quantity in (7.20) is less than or equal to

lim inf
N→∞

1

N2s

∑
n,n′∈[N ]s

lim sup
k→∞

1

Nk

Nk∑
n=1

∫
∆n−n′gk,n · χn,n′ dµ =

lim inf
N→∞

1

N2s

∑
n,n′∈[N ]s

lim sup
k→∞

1

Nk

Nk∑
n=1

∫
T a(n)∆n−n′gk,n · T a(n)χn,n′ dµ,

which, therefore, is also positive. Finally, notice that ∆n(h · h′) = ∆n(h) · ∆n(h
′) and that

∆n(T
mh) = Tm∆n(h) for all m ∈ N, n ∈ Ns and h, h′ ∈ L∞(µ), so that∫

T a(n)∆n−n′gk,n · T a(n)χn,n′ dµ =

∫
∆n−n′fk · T b(n)ḡ · T a(n)χn,n′ dµ

which completes the proof of (ii). For (i) we have s = 0 and by Proposition 7.11 we get that
there exists χ ∈ E (T ) so that

ℜ
(∫

f̃ · χ dµ
)
> 0 =⇒ ℜ

(
lim
k→∞

1

Nk

Nk∑
n=1

∫
gk,n · χ dµ

)
> 0,

by the definition of f̃ which implies that

lim
k→∞

1

Nk

Nk∑
n=1

ℜ
(∫

gk,n · χ dµ
)
> 0.

Substituting the definition of gk,n, this is equivalent to

lim
k→∞

1

Nk

Nk∑
n=1

ℜ
(∫

T−a(n)fk · T (b(n)−a(n))ḡ · χ dµ
)
> 0.

and this easily implies the desired result, after a composition with T−a(n) in the last integral.

7.1.5 Proof of Theorem 7.7

In the context of Theorem 7.7, the sequences a, b : N → Z are good for seminorm estimates for
the system (X,B, µ, T ), hence there exists s ∈ N0 so that the seminorms ||| · |||s+2 control the
averages in (7.5). What this means is that, if f, g ∈ L∞(µ) are such that |||f |||s+2 = 0 or that
|||g|||s+2 = 0, then

lim
N→∞

1

N

N∑
n=1

T a(n)f · T b(n)g = 0 (7.21)

in L2(µ). We will prove the following crucial degree lowering property.
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Proposition 7.14. Let S ⊆ [0, 1) with countable complement in [0, 1), (X,B, µ, T ) be an
ergodic system with Spec(T ) ⊆ S and let the sequences a, b : N → Z be good for equidistribution
on S. If for some s ∈ Z+, where with Z+ we denote the non-negative integers, the seminorms
||| · |||s+2 control the averages in (7.5), then the seminorms ||| · |||s+1 also control those averages.

Remark 7.15. Theorem 7.7 is a simple corollary of Proposition 7.14 because, after iterating
the degree lowering property (s+ 1)−times, it follows that the seminorms ||| · |||1 also control the
averages (7.5), but |||f |||1 =

∣∣∫ f dµ∣∣ and remark 7.9 assures that the theorem is true for constant
functions.

Proof of Proposition 7.14. We assume that |||g|||s+1 = 0 and our goal is to show that equation
(7.21) holds. An equivalent formulation is that assuming (7.9) holds, we get that |||g|||s+1 > 0.
With this assumption, Proposition 7.10 implies (7.10) and since the seminorms ||| · |||s+2 control
the averages in (7.21) it follows that

|||f̃ |||s+2 > 0 (7.22)

Now, if s = 0, Proposition 7.13 implies that there exists χ ∈ E (T ) such that

lim sup
k→∞

1

Nk

Nk∑
n=1

ℜ(
∫
fk · T b(n)ḡ · T a(n)χ dµ) > 0.

and if s ∈ N, by the same proposition, there exist χn,n′ ∈ E (T ), n, n′ ∈ Ns, such that

lim inf
N→∞

1

N2s

∑
n,n′∈[N ]s

lim sup
k→∞

1

Nk

Nk∑
n=1

ℜ
(∫

(∆n−n′fk) · T b(n)(∆n−n′ ḡ) · T a(n)χn,n′ dµ

)
> 0.

An application of the Cauchy-Schwarz inequality gives that

lim sup
k→∞

∥∥∥∥∥ 1

Nk

Nk∑
n=1

T b(n)ḡ · T a(n)χ

∥∥∥∥∥
L2(µ)

> 0

in case s = 0 and if s ∈ N, it leads to the inequality

lim inf
N→∞

1

N2s

∑
n,n′∈[N ]s

lim sup
k→∞

∥∥∥∥∥ 1

Nk

Nk∑
n=1

T b(n)(∆n−n′ ḡ) · T a(n)χn,n′

∥∥∥∥∥
L2(µ)

> 0.

For any n, n′ ∈ Ns the functions χn,n′ and χ are eigenfunctions, so we can use Proposition 7.8,
according to which the last two averages over n converge in the L2(µ)-norm to the product of
the integrals of the individual functions involved. If s = 0 this translates to∫

ḡ dµ ·
∫
χ dµ > 0 =⇒ |||g|||1 ̸= 0

and if s ∈ N, it leads to

lim inf
N→∞

1

N2s

∑
n,n′∈[N ]s

∣∣∣∣∫ ∆n−n′ ḡ dµ ·
∫
χn,n′ dµ

∣∣∣∣ > 0 =⇒

lim inf
N→∞

1

N2s

∑
n,n′∈[N ]s

∣∣∣∣∫ ∆n−n′g dµ

∣∣∣∣2 > 0. (7.23)

In the first case the proof is complete, while for the second one, by (7.23) we deduce that

lim inf
N→∞

1

N s

∑
n∈[N ]s

∣∣∣∣∫ ∆ng dµ

∣∣∣∣2 > 0,
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which is actually a limit and it equals |||g|||s+1 by (3.2). Indeed, for N ∈ N, we have

∑
n,n′∈[N ]s

∣∣∣∣∫ ∆n−n′g dµ

∣∣∣∣2 = 2s ·
∑

n∈[N ]s∪{0}

s∏
j=1

(N − nj)

∣∣∣∣∫ ∆ng dµ

∣∣∣∣2 ,
where n = (n1, ..., ns), because

∣∣∫ ∆ng dµ
∣∣2 remains the same if we change the sign of some

of the coordinates of n and for any n = (n1, ...ns) ∈ [N ]s there are 2s ·
∏s

j=1(N − nj) options
for n′ = (n′1, ...n

′
s) and n′′ = (n′′1, ...n

′′
s) in [N ]s so that n′j − n′′j = nj or n′j − n′′j = −nj , for all

j = 1, ..., s. That
∣∣∫ ∆ng dµ

∣∣2 is invariant under sign changes in the coordinates of n follows

from the definition of ∆ng := ∆n1 · · ·∆nsg =
∏

ϵ∈{0,1}s C |ϵ|T ϵ·ng, because if nj becomes −nj ,
for some j ∈ {1, ..., s}, writing the new vector as n′ and then composing with Tnj in the integral∫
∆n′g dµ, we obtain

∫
∆ng dµ. Therefore

lim inf
N→∞

1

N2s

∑
n,n′∈[N ]s

∣∣∣∣∫ ∆n−n′g dµ

∣∣∣∣2 =
2s lim inf

N→∞

1

N s

∑
n∈[N ]s

s∏
j=1

(1− nj
N

)

∣∣∣∣∫ ∆ng dµ

∣∣∣∣2 ≤ 2s lim inf
N→∞

1

N s

∑
n∈[N ]s

∣∣∣∣∫ ∆ng dµ

∣∣∣∣2 ,
which proves our claim. This, however, concludes the proof of Proposition 7.14 and thereby of
Theorem 7.7.

7.1.6 Summary of the proof of Theorem 7.4

The final subsection is basically a summary of the proof of this section’s main result, that is,
Theorem 7.4, for general k ∈ N. We remind the reader that the necessity of the conditions was
already shown in the Subsection 7.1.1. So, assuming that a family of sequences a1, a2, ..., ak :
N → Z is good for equidistribution on S, where S ⊆ [0, 1) with countable complement in [0, 1),
and good for seminorm estimates for the ergodic system (X,B, µ, T ), so that for some s0 ∈ Z+

the seminorms ||| · |||s0+2 control the averages in (7.24) below, we want to show that for all
functions f1, f2, ..., fk ∈ L∞(µ) we have that

lim
N→∞

1

N

N∑
n=1

T a1(n)f1 · T a2(n)f2 · · ·T ak(n)fk =

k∏
i=1

∫
fi dµ (7.24)

in L2(µ). In this context we would like to use an argument similar to the one used in Proposition
7.8, if one the functions involved is an eigenfunction of T , but the theorem of Herglotz is not
applicable for this generalized average. Instead, we are going to use an induction argument.
For some m ∈ {1, ..., k}, let (Pm) be the property:

(Pm) If fj ∈ E (T ) for at least k −m values of j ∈ {1, ..., k}, then (7.24) holds.

Observe that Theorem 7.4 follows from property (Pk). To prove that (Pk) holds we first notice
that (P1) is true, which can be shown as in Proposition (7.8) using the spectral theorem and
the good equidistribution assumption of the sequences a1, a2, . . . , ak. Next, suppose that (Pm)
is true for some m ∈ {1, . . . , k − 1} and we want to show that (Pm+1) is also true. To this
end, we assume without loss of generality that fj ∈ E (T ), j = m + 2, . . . , k (if m + 2 ≤ k)
and we are going to show that (7.24) holds. We already know that if |||fj |||s0+2 = 0, for some
j ∈ {1, 2, , k}, then the averages in (7.24) converge to 0 and the plan is to once again show a
degree lowering property, namely that, the seminorms ||| · |||s0+1 also control these averages if
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fj ∈ E (T ), j = m+ 2, . . . , k. This would be sufficient, since after iterating this property s0 + 1
times we get that the seminorms ||| · |||1 also control the averages and this establishes (Pm+1).

As in the proof of Proposition 7.14 we will show the contrapositive of what we mentioned,
so we assume that

lim sup
N→∞

∥∥∥∥∥ 1

N

N∑
n=1

T a1(n)f1 · T a2(n)f2 · · ·T ak(n)fk

∥∥∥∥∥
L2(µ)

> 0 (7.25)

As in Proposition 7.10 we can show that (7.25) is still true if instead of fj we use the function
f̃j , which is defined as the weak-limit of the sequence

lim
l→∞

1

Nl

Nl∑
n=1

T−aj(n)fl ·
∏

i∈{1,...,k}\{j}

T ai(n)−aj(n)f̄i,

for some Nl → ∞ and 1-bounded functions fl ∈ L∞(µ), l ∈ N, where j ∈ {1, 2, ...,m + 1} is
fixed, so that f̃j ∈ L∞(µ) and by our assumption we obtain that |||f̃j |||s0+2 > 0. An argument
similar to the one used in Proposition 7.13 gives that for s0 ∈ N there exist χn,n′ ∈ E (T ),
n, n′ ∈ Ns, such that the liminf

lim inf
N→∞

1

N2s

∑
n,n′∈[N ]s

lim sup
l→∞

Nl∑
n=1

ℜ

∫ (∆n−n′fl) · T aj(n)χn,n′ ·
∏

i∈{1,...,k}\{j}

T ai(n)(∆n−n′ f̄i) dµ


is strictly positive and that for s0 = 0, there exists χ ∈ E (T ), such that

lim sup
l→∞

1

Nl

Nl∑
n=1

ℜ

∫ fl · T aj(n)χ ·
∏

i∈{1,...,k}\{j}

T ai(n)f̄i dµ


is positive as well. Now, there is a number of (k−m) functions in the averages over n that belong
to E (T ) in both cases, which are χn,n′ , fm+2, ..., fk and χ, fm+2, ..., fk respectively. Observe that
here the restriction that j < m+ 2 was used. Now, this allows us to implement property (Pm)
and, as in Proposition 7.14, to deduce that

|||fi|||s0+1 > 0, for i ∈ {1, 2, . . . , k}\{j}

Since m+1 ≥ 2 we can do the same for any j1 ∈ {1, ...,m+1}, other than j and conclude that
|||fj |||s0+1 > 0 as well. We have thus shown that the seminorms ||| · |||s0+1 control the averages in
(7.24), which proves the inductive step and therefore Theorem 7.4.

7.2 Characteristic factors for general sequences

7.2.1 Definitions, main result and our ergodic theoretic toolbox

The aim of this section is to prove another theorem which can be useful in order to recover
convergence and multiple recurrence results in some cases where the form of the sequences
a1, . . . , ak does not allow us to apply Theorem 7.4. For example, if some of the sequences
a1, . . . , ak are integer polynomials, there are rational vectors (t1, . . . , tk) ∈ Qk\(0, . . . , 0), with
tj = 0 for the values of j corresponding to the non-integer polynomials among a1, . . . , ak, such
that the equidistribution condition (7.2) fails, and so the theorem is not applicable to all ergodic
systems. Recall that the rational Kronecker factor Krat of a system (X,X , µ, T ) has been define
as the L2(µ)-closure of the linear span of all rational eigenfunctions of the system. For reference
we give a formal definition of the property we want to characterize.
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Definition 7.16. Let (X,X , µ, T ) be a dynamical system. We say that the rational Kronecker
factor Krat is characteristic for the sequences a1, ..., ak : N → Z, if whenever (at least) one of
the functions f1, .., fk ∈ L∞(µ) is orthogonal to Krat, meaning that E(fj |Krat) = 0, for some
j ∈ {1, ..., k}, we have that

lim
N→∞

1

N

N∑
n=1

T a1(n)f1 · · ·T ak(n)fk = 0 (7.26)

where the limit is in L2(µ).

The result that we show uses the already established Theorem 7.4 and is the following:

Theorem 7.17. Let a1, ..., ak : N → Z be a family of sequences. Then for every system
(X,X , µ, T ) the factor Krat is characteristic for the sequences a1, ..., ak if and only if these
sequences are good for seminorm estimates and good for irrational equidistribution.

Remark 7.18. Once again the necessity of the conditions is relatively simple and we show it
first here.

Proof. Assume that for every measure preserving system the factor Krat is characteristic for
the sequences a1, ..., ak : N → Z and let (X,X , µ, T ) be an ergodic system, f1, ..., fk ∈ L∞(µ)
and suppose that |||fj |||2 = 0 for some j ∈ {1, ..., k}. Then, by Proposition 3.8 and Remark 3.9,
fj is orthogonal to the (rational) Kronecker factor and so (7.26) holds, which shows that the
seminorms ||| · |||2 control the averages in (7.26) or, equivalently, that the family a1, ..., ak is good
for seminorm estimates for the system (X,X , µ, T ).

Now, let t1, ..., tk ∈ [0, 1), where we assume without loss of generality that t1 ∈ R\Q, and let
(X,X , µ, T ) be a system with e2πit1 , ..., e2πitk some of its eigenvalues and f1, ..., fk ∈ L∞(µ) be
the respective eigenfunctions. Then f1 is orthogonal to Krat because by Weyl’s equidistribution
theorem (notice that T anf1 = e2πi(an)t1f1, and t1 ∈ R \ Q) it belongs to the ”totally ergodic
component” of T , that is,

V∗ := {f ∈ L2(µ) :

∥∥∥∥∥ 1

N

N∑
n=1

T anf

∥∥∥∥∥
2

N→∞−−−−→ 0,∀ a ∈ N},

which is the orthogonal complement of Krat in L2(µ) (see, for example, Theorem 7.10, in
the book of Einsiedler-Ward [5]). Thus, by assumption, (7.26) holds once again and a simple
computation shows that (7.2) holds. As in Remark 7.9 we can conclude.

Unfortunately, unlike the proof of Theorem 7.4, we cannot use exclusively elementary argu-
ments to show the non-trivial direction of Theorem 7.17. We will need some deep tools from
ergodic theory and specifically we will assume, in a decisive way, Corollary 3.38, a weak case
of Host and Kra’s structure theorem that was presented in Chapter 3. For reference, we write
down the part of Theorem 7.17 that we have yet to prove.

Theorem 7.19. Let a1, ..., ak : N → Z be a family of sequences which are good for seminorm
estimates and good for irrational equidistribution. Then, for every system (X,X , µ, T ), the
factor Krat is characteristic for the sequences a1, . . . , ak.

We recall the definition of systems with finite rational spectrum and make a simple remark
that will be used in the course of this theorem’s proof.

Definition 7.20. A measure-preserving system (X,X , µ, T ) has finite rational spectrum if
Spec(T ) ∩Q is a finite set.
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Remark 7.21. If (X,X , µ, T ) has finite rational spectrum then there exists a k ∈ N such that
the system (X,X , µ, T k) has trivial rational spectrum. Indeed, if

Spec(T ) ∩Q = {n1/m1, ..., nl/ml}, for n1, . . . , nl ∈ Z and m1, ...,ml ∈ N,

just let k =lcm(m1, . . . ,ml). Then the eigenvalues e
2πi(

ni
mi

)
,for i = 1, ..., l, reduce to trivial ones

for T k and if e2πi(
n
m
), with n,m ∈ N is another eigenvalue of T k with eigenfunction f , we have

that T kmf = f , so that f is a linear combination of eigenfunctions with eigenvalues that are
(k ·m)-roots of unity, which by the assumption for Spec(T ) ∩ Q, would imply that T kf = f , a
contradiction.

7.2.2 Intermediate results and simplifications

We will also use the following auxiliary result.

Lemma 7.22. If the sequences a1, ..., ak : N → Z are good for seminorm estimates and irrational
equidistribution, then so are the sequences b1, ..., bk : N → Z defined by

bj(n) =

m−1∑
r=0

1mZ+r(aj(n))
aj(n)− r

m
, j ∈ {1, ..., k}, n ∈ N,

for some m ∈ N fixed.

In the proof of the above we will need the following statement which is of independent value
so we isolate it in a proposition.

Proposition 7.23. Let a1, .., ak : N → Z be sequences that are good for seminorm estimates for
a system (X,X , µ, T ) and the system (X ×X,X ⊗X , µ×µ, T ×T ) (or we could assume that
they are good for seminorm estimates for all systems), which gives that there exists an s ∈ N
such that, if g1, ..., gk ∈ L∞(µ) and there is a j ∈ {1, ..., k} with |||gj |||s = 0, we have that

lim
N→∞

1

N

N∑
n=1

T a1(n)g1 · · ·T ak(n)gk = 0

0 i n L2(µ). If in addition, |||gj |||s+1 = 0 for some j ∈ {1, ..., k}, then for any bounded complex
sequence (cn)n∈N we also have that

lim
N→∞

1

N

N∑
n=1

cn · T a1(n)g1 · · ·T ak(n)gk = 0

in L2(µ).

Proof. For any N ∈ N we have that∥∥∥∥∥ 1

N

N∑
n=1

cn · T a1(n)g1 · · ·T ak(n)gk

∥∥∥∥∥
4

L2(µ)

=

∫ ∣∣∣∣∣ 1N
N∑

n=1

cn · T a1(n)g1 · · ·T ak(n)gk

∣∣∣∣∣
2

dµ

2

which is equal to 1

N2

∑
1≤n,m≤N

∫
Fn · Fm dµ

2

≤

 1

N2

∑
1≤n,m≤N

∣∣∣∣∫ Fn · Fm dµ

∣∣∣∣
2

,
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where Fn = cn · T a1(n)g1 · · ·T ak(n)gk, for n ∈ N. By Cauchy-Schwarz this is bounded above by

1

N2

∑
1≤n,m≤N

∣∣∣∣∫ Fn · Fm dµ

∣∣∣∣2 = 1

N2

∑
1≤n,m≤N

∫
Fn ⊗ Fn · Fm ⊗ Fm d(µ⊗ µ)

However, the last average is simply∥∥∥∥∥ 1

N

N∑
n=1

Fn ⊗ Fn

∥∥∥∥∥
2

L2(µ⊗µ)

≤ sup
n∈N

|cn| ·

∥∥∥∥∥ 1

N

N∑
n=1

Gn ⊗Gn

∥∥∥∥∥
2

L2(µ⊗µ)

,

where Gn ⊗ Gn = (T × T )a1(n)(g1 ⊗ g1) · · · (T × T )ak(n)(gk ⊗ gk), for n ∈ N. To conclude we
notice that supn∈N |cn| is bounded and that |||gj |||s+1,T = 0 implies that |||gj |||s,T = 0 as well
(Proposition 3.5) and also that |||gj ⊗ gj |||s,T×T = 0 (as was shown in Proposition

Next we prove Lemma 7.22

Proof of Lemma 7.22. Let t1, ..., tk ∈ [0, 1) and without loss of generality assume that t1 is
irrational. In order to prove the equidistribution claim we need to show that

lim
N→∞

1

N

N∑
n=1

e2πi(b1(n)t1+b2(n)t2+...+bk(n)tn) = 0.

Now, e2πi(b1(n)t1+b2(n)t2+...+bk(n)tn) equals

e2πi(
∑k

j=1

∑m−1
r=0 1mZ+r(aj(n))[

aj(n)tj
m

−
rtj
m

])

and, using the fact that
∑m−1

r=0 1mZ+r(aj(n)) = 1, for all j ∈ {1, ..., k}, this becomes

e2πi(
∑k

j=1

aj(n)tj
m

) · e2πi(−(
∑k

j=1

∑m−1
r=0 1mZ+r(aj(n))

rtj
m

). (7.27)

Letting F : Zk
m → C be defined by

F (x1, ..., xk) := e2πi(−(
∑k

j=1

∑m−1
r=0 1mZ+r(xj)

rtj
m

), x1, ..., xk ∈ Zk
m,

the last quantity (in (7.27)) can be written as

F (a1(n), ..., ak(n)) · e2πi(
∑k

j=1

aj(n)tj
m

). (7.28)

We now recall that the characters of Zk
m are the functions

χj : Zk
m → C∗, such that χj(z) := e

2πi
m

(j·z), for j, z ∈ {0, 1, ...,m− 1}k

where j · z = j1z1 + ... + jkzk is the inner product of j = (j1, ..., jk) and z = (z1, ..., zk). A
consequence of this is that the Fourier transform of a function f ∈ L2(Zk

m) has the form

f̂(χj) =
∑
z∈Zk

m

f(z)χj(z)

and thus the Fourier expansion of f is the sum∑
j∈Zk

m

f̂(χj)χj .
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Consequently, if z = (a1(n), ..., ak(n)), for some n ∈ N, we get the representation

F (a1(n), ..., ak(n)) =
∑
j∈Zk

m

F̂ (χj) · (e
2πi
m

(j1a1(n)+...+jkak(n)))

and using this, (7.28) becomes∑
j∈Zk

m

F̂ (χj) · (e2πi(
j1a1(n)+...+jkak(n)

m
+

a1(n)t1+...+ak(n)tk
m

)) .

Therefore it suffices to show that

lim
N→∞

1

N

N∑
n=1

e2πi(a1(n)
j1+t1

m
+...+ak(n)

jk+tk
m

) = 0,

for all j1, ..., jk ∈ {0, 1, ...,m− 1}. But we have assumed that t1 is irrational and so t1+j1
m is also

irrational for any j1 ∈ {0, 1, ...,m−1}, which gives the last claim because of the equidistribution
assumption for a1, ..., ak.

For the second property, let (X,X , µ, T ) be any ergodic system and let m ∈ N. We consider
the system (Xm,Xm, µm, Tm), called the ”m-th root” of (X,X , µ, T ), which is defined by
Xm := X ×{0, 1, ...,m− 1}, Xm is the product σ-algebra X ⊗P, where P denotes the power

set P({0, 1, ...,m − 1}), the measure is µm := µ × νm, for νm := δ0+δ1+...+δm−1

m , and for any
x ∈ X we let

Tm(x, i) = (x, i+ 1), for i ∈ {0, 1, ...,m− 2}, and Tm(x,m− 1) = (Tx, 0)

We claim that the system (Xm,Xm, µm, Tm) is also measure preserving. Notice first that if
A × B ∈ X × P, then setting A1 × B1 := (A × B) ∩ (X × {1, ...,m − 1}) and A2 × B2 :=
(A×B) ∩ (X × {0}) we get the equalities

T−1
m (A1 ×B1) = A× (B − 1)

and

T−1
m (A2 ×B2) = T−1A× {m− 1}.

Therefore, by the additivity of µm, and because A1 ×B1, A2 ×B2 is a partition of A×B,

µm(T−1
m (A×B)) = µm(T−1

m (A1 ×B1)) + µm(T−1
m (A2 ×B2))

holds, where the last quantity becomes

µ(A) · νm(B − 1) + µ(T−1A) · νm({m− 1})

Since T is measure preserving and νm is the uniform measure in {0, 1, ...,m− 1} we obtain

µm(T−1
m (A×B)) = µ(A) · νm(B) = µm(A×B).

The claim now follows from the fact that X × P is a semi-algebra that generates X ⊗ P.
Now, the family of sequences a1, ..., ak is good for seminorm estimates for the system

(Xm,Xm, µm, Tm) by assumption, so that there exists an s ∈ N, s ≥ 2 such that, whenever for
g1, ..., gk ∈ L∞(µm) there is a j ∈ {1, ..., k} with |||gj |||s−1,Tm = 0, we have that

lim
N→∞

1

N

N∑
n=1

T a1(n)
m g1 · · ·T ak(n)

m gk = 0
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in L2(µm). Notice that the system (Xm,Xm, µm, Tm) is not necessarily ergodic, but the se-
quences a1, . . . , ak were assumed to be good for seminorm estimates for all ergodic systems and
thus, for all measure preserving systems, by Lemma 7.3. By Proposition 7.23 this implies that
if in addition |||gj |||s,Tm = 0, for some j ∈ {1, ..., k}, then for any bounded complex sequence
(cn)n∈N we have that

lim
N→∞

1

N

N∑
n=1

cn · T a1(n)
m g1 · · ·T ak(n)

m gk = 0 (7.29)

in L2(µm). We will show that the seminorms ||| · |||s in fact control the averages

1

N

N∑
n=1

T b1(n)f1 · · ·T bk(n)fk (7.30)

N ∈ N, for any f1, ..., fk ∈ L∞(µ), meaning that if |||fj |||s = 0 for j ∈ {1, ..., k} the averages in
(7.30) converge to zero in L2(µ). From this we can infer that b1, ..., bk are indeed good for semi-
norm estimates. In this direction we first observe an important property of the transformation
Tm. For any f ∈ L∞(µ) we have that

Tm
m (f ⊗ 1))(x, i) = (f ⊗ 1)(Tm

m (x, i)) = (f ⊗ 1)(Tx, i) = (Tf)(x), i ∈ {0, 1, ...,m− 2}

and similarly
Tm
m (f ⊗ 1)(x,m− 1) = (Tf)(x), for all x ∈ X.

Hence, for f1, ..., fk ∈ L∞(µ) it suffices to show that if |||fj |||s = 0 for some j ∈ {1, ..., k}, then

lim
N→∞

1

N

N∑
n=1

Tmb1(n)
m (f1 ⊗ 1) · · ·Tmbk(n)

m (fk ⊗ 1) = 0 (7.31)

in L2(µm). But mbj(n) =
∑m−1

r=0 1mZ+r(aj(n)) · (aj(n) − r) = aj(n) − rj(n), for j ∈ {1, ..., k},
n ∈ N and rj(n) ∈ {0, 1, ...,m − 1} depending on j and n, and consequently the averages in
(7.31) are equal to

1

N

N∑
n=1

T a1(n)
m (T−r1(n)

m (f1 ⊗ 1)) · · ·T ak(n)
m (T−rk(n)

m (fk ⊗ 1)), N ∈ N,

where r1, ..., rk : N → {0, 1, ...m − 1} are the sequences described above. Now, there are mk

different possible values for each vector (r1(n), ..., rk(n)) ∈ {0, 1, ...m − 1}k, n ∈ N, and so the
last average is equal to a sum of mk weighted averages of the form

1

N

N∑
n=1

cn · T a1(n)
m (T−r1

m (f1 ⊗ 1)) · · ·T ak(n)
m (T−rk

m (fk ⊗ 1)),

where N ∈ N, r1, ..., rk ∈ {0, 1, ...,m − 1} and cn is either 0 or 1 for each n ∈ N. Thus, all we
are left to do is show that

lim
N→∞

1

N

N∑
n=1

cn · T a1(n)
m (T−r1

m (f1 ⊗ 1)) · · ·T ak(n)
m (T−rk

m (fk ⊗ 1)) = 0 (7.32)

in L2(µm). We know that |||fj |||s,T = 0 and that Tm
m (fj ⊗ 1) = Tfj , so we also have that

|||fj ⊗ 1|||s,Tm
m

= 0. Indeed,

|||fj ⊗ 1|||1,Tm
m

=

∣∣∣∣∫ fj ⊗ 1 dµm

∣∣∣∣ = ∣∣∣∣∫ fj dµ

∣∣∣∣ = |||fj |||1,T
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and for any n ∈ N

|||∆n(fj ⊗ 1)|||1,Tm
m

=

∣∣∣∣∫ (fj ⊗ 1) · Tmn
m (fj ⊗ 1) dµm

∣∣∣∣ = ∣∣∣∣∫ (fj ⊗ 1) · ((Tnfj)⊗ 1) dµm

∣∣∣∣ =∣∣∣∣∫ f · Tnfj dµ ·
∫

1 · 1 dνm
∣∣∣∣ = ∣∣∣∣∫ ∆nfj dµ

∣∣∣∣ = |||∆nfj |||1,T ,

so that
|||fj ⊗ 1|||2,Tm

m
= |||fj |||2,T ,

which also gives

|||∆n(fj ⊗ 1)|||2,Tm
m

= |||(fj · Tnfj)⊗ 1)|||2,Tm
m

= |||∆nfj |||2,T

and generally |||fj ⊗ 1|||s,Tm
m

= |||fj |||s,T , by the recursive definition of the seminorms. Moreover,
the fact that |||fj ⊗1|||s,Tm

m
= 0 implies that |||fj ⊗1|||s,Tm = 0 as well. This follows by Proposition

3.6, since IT ⊂ ITm . Therefore, |||T−rj
m (fj ⊗ 1)|||s,Tm is also zero, for all rj ∈ {0, 1, ...,m − 1},

so that (7.32) holds in light of (7.29) with gi = T ri
m (fi ⊗ 1), i = 1, 2, ...,m. To see the last claim

just observe that for n ∈ N, the equalities

|||T−rj
m (fj ⊗ 1)|||s,Tm = |||fj ⊗ 1|||s,Tm and |||∆n(T

−rj
m (fj ⊗ 1))|||s,Tm = |||∆n(fj ⊗ 1)|||s,Tm

hold trivially, since Tm is measure-preserving and then proceed as before.

Before giving the proof of Theorem 7.19 we make an important simplification.

Proposition 7.24. It is enough to prove Theorem 7.19 for ergodic systems.

Proof. Indeed, let (X,X , µ, T ) be any measure preserving system, let µ =
∫
µx dµ be the

ergodic decomposition of the measure µ and fix an f ∈ L∞(µ). For any x ∈ X let σ and σx
be the spectral measure of f with respect to (X,X , µ, T ) and (X,X , µx, T ), respectively. By
(2.16), we know that

E(f |Krat(µ)) = 0 ⇐⇒ σ({q}) = 0, for every q ∈ Q,

because Krat(µ) is the L
2(µ)-closure of the linear span of the union

⋃
q∈Q Eq(T ), where

Eq(T ) = {g ∈ L2(µ) : Tg = e2πiqg}.

Now, µ =
∫
µx dµ means that for any h ∈ L1(µ) the equality∫

X

(∫
X
h(y) dµx(y)

)
dµ(x) =

∫
X
h(x) dµ(x)

holds and so, for n ∈ N and h = Tng · ḡ, we have the equality∫
X

(∫ 1

0
e2πinw dσx(w)

)
dµ(x) =

∫ 1

0
e2πinz dσ(z)

so that σ =
∫
σx dµ(x). This implies that for any q ∈ Q we get that∫

σx({q}) dµ(x) = 0

and because the measures σx are non-negative, σx({q}) must equal zero for every q ∈ Q, for
µ-almost every x ∈ X. Therefore, E(f |Krat(µx)) = 0 for µ-almost every x ∈ X and the
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result follows. Indeed, if f1, ..., fk ∈ L∞(µ) and without loss of generality we assume that
E(f1|Krat(µ)) = 0, then for N ∈ N∥∥∥∥∥ 1

N

N∑
n=1

T a1(n)f1 · · ·T ak(n)fk

∥∥∥∥∥
2

L2(µ)

=

∫
X

∥∥∥∥∥ 1

N

N∑
n=1

T a1(n)f1 · · ·T ak(n)fk

∥∥∥∥∥
2

L2(µx)

 dµ(x),

but ∥∥∥∥∥ 1

N

N∑
n=1

T a1(n)f1 · · ·T ak(n)fk

∥∥∥∥∥
2

L2(µx)

N→∞−−−−→ 0

for µ-a.e. x ∈ X, if the theorem holds for ergodic systems.

We present two final reductions to make the main proof easier to follow. Henceforth, we
assume that (X,X , µ, T ) is ergodic, a1, ..., ak are good for seminorm estimates for this sys-
tem and good for irrational equidistribution. Then for any family f1, ..., fk ∈ L∞(µ) with
E(fj |Krat(T )) = 0, for some j ∈ {1, ..., k}, our goal is to show that

lim
N→∞

1

N

N∑
n=1

T a1(n)f1 · · ·T ak(n)fk = 0,

where the limit is in L2(µ).

Proposition 7.25. For the proof of Theorem 7.19 it is enough to show that the Kronecker
factor K (T ) is characteristic for L2(µ)-convergence of the averages

1

N

N∑
n=1

T a1(n)f1 · · ·T ak(n)fk.

Proof. Let fi = E(fi|K (T )) + f̃i, where f̃i is orthogonal to K (T ), for i ∈ {1, ..., k}, be the
orthogonal decomposition of fi with respect to K (T ). If the Kronecker is characteristic then
the L2(µ)-limit of

1

N

N∑
n=1

T a1(n)f1 · · ·T ak(n)fk

is the same as the L2(µ)-limit of

1

N

N∑
n=1

T a1(n)(E(f1|K (T ))) · · ·T ak(n)(E(fk|K (T ))).

Now, by the definition of K (T ) as the L2(µ)-closure of the linear span of all eigenfunctions of
T , for every ϵ > 0 there are eigenfunctions g1, ..., gk such that

lim
N→∞

∥∥∥∥∥ 1

N

N∑
n=1

(
T a1(n)(E(f1|K (T ))) · · ·T ak(n)(E(fk|K (T )))− T a1(n)g1 · · ·T ak(n)gk

)∥∥∥∥∥
L2(µ)

< ϵ.

Thus, we can assume that f1, ..., fk are eigenfunctions of T , which means that

Tfi = e2πitifi, with ti ∈ [0, 1) for i ∈ {1, ..., k},

and tj irrational, since fj is assumed orthogonal to Krat(T ). In this case

lim
N→∞

1

N

N∑
n=1

T a1(n)f1 · · ·T ak(n)fk = (f1 · · · fk) · lim
N→∞

1

N

N∑
n=1

e2πi(a1(n)t1+...+ak(n)tk)

and the result follows by the irrational equidistribution assumption for the sequences a1, ..., ak.
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Proposition 7.26. In order to prove Theorem 7.19 we can further assume that the system
(X,X , µ, T ) has finite rational spectrum.

Proof. Without loss of generality assume that f1, ..., fk are 1-bounded and that E(f1|K (T )) = 0.
As we have mentioned in Chapter 3, if E(f |Zs(T )) = 0, then |||f |||s+1,T = 0. So, by writing fi
as E(fi|Zs(T )) + f̃i, where E(f̃i|Zs(T )) = 0, for i ∈ {1, ...k} and s ∈ N is such that the
||| · |||s+1,T−seminorms control the averages

1

N

N∑
n=1

T a1(n)f1 · · ·T ak(n)fk.

(such an s exists because a1, ..., ak are good for seminorm estimates for all ergodic systems) we
see that we can assume the functions f1, ..., fk are Zs(T )-measurable or that, for our purposes,
X = Zs(T ). Then, by Corollary 3.38, X is an inverse limit of systems with finite rational
spectrum, say, {(Xj ,Xj , µj , Tj) : j ∈ N}. Thus, for any ϵ > 0 there exists j ∈ N, such that
∥E(fi|Xj)− fi∥L2(µ) <

ϵ
k , for all i ∈ {1, ..., k}. Indeed, by the properties of the conditional

expectation, we have that the sequence (E(fi|Xj))j∈N converges almost surely to E(fi|X ) and
since supj∈N |(E(fi|Xj))| ≤ ∥fi∥∞, we also get L2(µ)-convergence by Lebesgue’s dominated
convergence theorem or alternatively, by the L2-martingale convergence theorem, for any i ∈
{1, ..., k}. However, this means that∥∥∥∥∥ 1

N

N∑
n=1

(
T a1(n)f1 · · ·T ak(n)fk − T a1(n)(E(f1|Xj)) · · ·T ak(n)(E(fk|Xj))

)∥∥∥∥∥
L2(µ)

< ϵ,

with ϵ arbitrarily small, and consequently we can assume that f1, ..., fk are Xj-measurable, or
more generally that the system (X,X , µ, T ) has finite rational spectrum.

7.2.3 Proof of Theorem 7.19

After these last refinements we are finally in the position to prove the main result of this
subsection.

Proof of Theorem 7.19. By Proposition 7.25 it suffices to show that the Kronecker factor K (T )
is characteristic, so without loss of generality we assume that E(f1|K (T )) = 0. Let b1, ..., bk be
sequences as in Lemma 7.22. Our aim is to prove that

lim
N→∞

1

N

N∑
n=1

T a1(n)f1 · · ·T ak(n)fk = 0

in L2(µ). For all j = 1, ..., k and n ∈ N we have that

T aj(n)fj =

m−1∑
r=0

1mZ+r(aj(n))(T
m)

aj(n)−r

m (T rfj),

which becomes
m−1∑
r=0

1mZ+r(aj(n))S
bj(n)(T rfj) = Sbj(n)(T rj,nfj),

where S := Tm and rj,n ∈ {0, 1, ...,m− 1} is such that 1mZ+rj,n(aj(n)) = 1. Using this equality

in the previous average we obtain a sum of mk weighted averages of the form

1

N

N∑
n=1

cn · Sb1(n)(T r1(f1)) · · ·Sbk(n)(T rk(fk)),
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where N ∈ N, r1, ..., rk ∈ {0, 1, ...,m− 1} and cn is either 0 or 1 for each n ∈ N. Since

E(f1|K (T )) = 0 =⇒ E(T rf1|K (T )) = 0 =⇒ E(T rf1|K (S)) = 0, for any r ∈ N,

which is true because the Kronecker is T -invariant and K (S) ⊆ K (T ), we infer the following
reduction: It suffices to show that if a system (X,X , µ, S) has trivial rational spectrum, the
sequences b1, ..., bk : N → Z are good for irrational equidistribution and seminorm estimates,
E(f1|K (S)) = 0 and (cn)n∈N is a bounded sequence, then

lim
N→∞

1

N

N∑
n=1

cn · Sb1(n)f1 · · ·Sbk(n)fk = 0,

in L2(µ). To begin with, since the system (X,X , µ, S) has trivial rational spectrum the same
is true for (X × X,X ⊗ X , µ × µ, S × S), as was shown in Lemma 2.88 (see Remark 2.90).
Furthermore, the fact that E(f1|K (S)) = 0 implies that E(f1 ⊗ f1|I (S × S)) = 0, where
I (S × S) = {A ∈ X ⊗ X : (S × S)−1A = A} is the σ-algebra of (S × S)-invariant sets. This
was dealt with in the proof of Proposition 2.91. Hence, if

µ× µ =

∫
(µ× µ)(x,y) d(µ× µ)

is the ergodic desomposition of the measure µ×µ, then for (µ×µ)-a.e. (x, y) ∈ X×X, we have
that the system (X ×X,X ⊗ X , (µ× µ)(x,y), S × S) is ergodic with trivial rational spectrum
and such that ∫

f1 ⊗ f1 d(µ× µ)(x,y) = 0.

Therefore, by Theorem 7.4 we obtain that for (µ× µ)-a.e. (x, y) ∈ X ×X we have that

lim
N→∞

1

N

N∑
n=1

(S × S)b1(n)(f1 ⊗ f1) · · · (S × S)bk(n)(fk ⊗ fk) = 0

in L2((µ× µ)(x,y)). Integrating with respect to µ× µ as in Proposition 7.24 this implies that

lim
N→∞

1

N

N∑
n=1

(S × S)b1(n)(f1 ⊗ f1) · · · (S × S)bk(n)(fk ⊗ fk) = 0

in L2(µ× µ) and by the Cauchy-Schwarz inequality we get that

lim
N→∞

1

N

N∑
n=1

∫
(fN ⊗ fN ) · (S × S)b1(n)(f1 ⊗ f1) · · · (S × S)bk(n)(fk ⊗ fk) d(µ× µ) = 0,

for any bounded sequence (fN )N∈N in L∞(µ). But,∫
(fN ⊗ fN ) · (S × S)b1(n)(f1 ⊗ f1) · · · (S × S)bk(n)(fk ⊗ fk) d(µ× µ)

is the same as ∫
fN · Sb1(n)f1 · · ·Sbk(n)fk dµ ·

∫
fN · Sb1(n)f1 · · ·Sbk(n)fk dµ,

which in turn equals ∣∣∣∣∫ fN · Sb1(n)f1 · · ·Sbk(n)fk dµ

∣∣∣∣2 .
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Thus, another application of the Cauchy-Schwarz yields that

lim
N→∞

1

N

N∑
n=1

cn ·
∫
fN · Sb1(n)f1 · · ·Sbk(n)fk dµ = 0, (7.33)

for any bounded sequence (cn)n∈N. To complete the proof just set

fN :=
1

N

N∑
n=1

cn · Sb1(n)f1 · · ·Sbk(n)fk

for N ∈ N, which is a bounded sequence of L∞(µ)-functions and substituting in (7.33) gives
the desired result, namely that

lim
N→∞

1

N

N∑
n=1

cn · Sb1(n)f1 · · ·Sbk(n)fk = 0,

in L2(µ).



Chapter 8

Khintchine-type lower bounds for
”independent” sequences

The climax of our work in the final part of this essay is the main theorem of this chapter. More
precisely, it is Theorem 8.4 in which we prove that a Khintchine-type lower bound holds for any
family of linearly independent, integer polynomials with zero constant term. This theorem is for
the most part a consequence of our work in the preceding chapters, 7 and 6. With these solid
foundations we are practically only left to prove Proposition 8.2 below, which is hence an easy
task. We mention that the analogous result for the special case of the polynomials n, n2 was
initially proven by Furstenberg and Weiss in [12]. The general case was conjectured by Bergelson
and proven by Frantzikinakis and Kra in [9] using the Host-Kra theory of characteristic factors
and some equidistribution results on nilmanifolds. In the course of our proof we have followed
the very recent methods developed by Frantzikinakis in [7], which avoid those deep tools.

8.1 Proof of the main result

We begin with a necessary definition of a property that the sequences will have to possess for
the main theorem to hold.

Definition 8.1. A family of sequences a1, . . . , ak : N → Z has good divisibility properties if for
every r ∈ N we have that

d̄({n ∈ N : a1(n) ≡ 0, . . . , ak(n) ≡ 0 (mod r)}) > 0.

Proposition 8.2. Let a1, ..., ak : N → Z be sequences with good divisibility properties, which are
also good for seminorm estimates and irrational equidistribution, according to Definition 7.2.
Then for every system (X,X , µ, T ), every set A ∈ X and ϵ > 0 there exists a set S ⊆ N of
positive upper density, such that for all n ∈ S we have that

µ(A ∩ T−a1(n)A ∩ · · · ∩ T−ak(n)A) ≥ (µ(A))k+1 − ϵ (8.1)

Proof. We will heavily use Theorem 7.17 of Chapter 7. Let (X,X , µ, T ) be a dynamical system,
A ∈ X and ϵ > 0. For r ∈ N let Kr be the space of the T r-invariant functions of L2(µ) and
notice that Kr is a closed subspace of L2(µ). Let also Krat be the L

2(µ)-closure of the the linear
span of rational eigenfunctions of the system, that is, functions f ∈ L2(µ) for which there exists
q ∈ Q, so that Tf = e2πiqf . Then, by definition, there exist rational eigenfunctions f1, ..., fm of
the system so that

∥E(1A|Krat)− (f1 + . . .+ fm)∥L2(µ) < ϵ/k.

Assume that e
2πi

r1
n1 , . . . , e2πi

rm
nm , where r1

n1
, . . . , rmnm

∈ Q, are the eigenvalues of f1, . . . , fm respec-
tively and let l = lcm(n1, . . . , nm). It follows that f1, . . . , fm ∈ Kl. But, by the definition of
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the conditional expectation in L2 spaces as the orthogonal projection onto the closed subspace
with respect to which the conditional expectation is taken (here E(1A|Krat) is the projection
of 1A onto the function space Krat) and the fact that Kl is contained in Krat, we get that

∥1A − E(1A|Krat)∥L2(µ) ≤ ∥1A − E(1A|Kl)∥L2(µ) ≤ ∥1A − (f1 + . . .+ fm)∥L2(µ) .

The first inequality holds because E(1A|Kl) ∈ Krat and E(1A|Krat) is the orthogonal projection
of 1A onto Krat, while the second is true, since E(1A|Kl) is the orthogonal projection of 1A
onto Kl and f1 + . . .+ fm ∈ Kl. As a result we have that

∥E(1A|Krat)− E(1A|Kl)∥L2(µ) ≤ ∥E(1A|Krat)− (f1 + . . .+ fm)∥L2(µ) <
ϵ

k
. (8.2)

If we define Sl := {n ∈ N : a1(n) ≡ 0, . . . , ak(n) ≡ 0 (mod l)}, then our good divisibility
assumption gives that d(Sl) > 0, meaning that

lim sup
N→∞

|Sl ∩ {1, ..., N}|
N

> 0,

which implies the existence of a Nm → ∞ such that

lim
m→∞

|Sl ∩ {1, ..., Nm}|
Nm

> 0. (8.3)

Next, we consider the averages

1

|Sl ∩ [Nm]|
∑

n∈Sl∩[Nm]

T a1(n)f1 · · ·T ak(n)fk, (8.4)

where [Nm] = {1, ..., Nm} and f1, ..., fk ∈ L∞(µ), m ∈ N. We will show that the factor Krat is
characteristic for the averages (8.4), which means that if E(fj |Krat) = 0, for some j ∈ {1, ..., k},
then the averages (8.4) converge to zero in L2(µ), or equivalently, that the sequence∥∥∥∥∥∥ 1

|Sl ∩ [Nm]|
∑

n∈Sl∩[Nm]

(
T a1(n)f1 · · ·T ak(n)fk − T a1(n)E(f1|Krat) · · ·T ak(n)E(fk|Krat)

)∥∥∥∥∥∥
L2(µ)

converges to zero as m→ ∞. To see this equivalence simply write∑
n∈Sl∩[Nm]

(
T a1(n)f1 · · ·T ak(n)fk − T a1(n)E(f1|Krat) · · ·T ak(n)E(fk|Krat)

)
as ∑

n∈Sl∩[Nm]

(
T a1(n)(f1 − E(f1|Krat)) · T a2(n)f2 · · ·T ak(n)fk

)
+

∑
n∈Sl∩[Nm]

(
T a1(n)E(f1|Krat) · T a2(n)(f2 − E(f2|Krat)) · · ·T ak(n)fk

)
+ ...+

∑
n∈Sl∩[Nm]

(
T a1(n)E(f1|Krat) · T a2(n)E(f2|Krat) · · ·T ak(n)(fk − E(f2|Krat)

)
.

Now, let G = ⟨g⟩ = {e, g, g2, ..., gl−1} be a cyclic group of order l with identity e. Moreover,
let R : G → G with R(gm) = gm+1, for m ∈ N, be the shift transformation on G and consider
a dynamical system (G,G , ν, R). If 1{e}is the indicator of e then it is trivial to see that the
averages in (8.4) are the same as the averages

Nm

|Sl ∩ [Nm]|

(
1

Nm

Nm∑
n=1

(T ×R)a1(n)(f1 ⊗ 1{e}) · · · (T ×R)ak(n)(fk ⊗ 1{e})

)
(8.5)
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for every m ∈ N. We have assumed that E(fj |Krat(T )) = 0 for some j ∈ {1, ..., k} and this
implies that E(fj ⊗ 1{e}|Krat(T ×R)) = 0. Indeed

E(fj ⊗ 1{e}|Krat(T ×R)) = E(1⊗ 1{e} · fj ⊗ 1|Krat(T ×R)),

where 1 is the constant function that is everywhere 1 and this is equal to

(1⊗ 1{e}) · E(fj ⊗ 1|Krat(T ×R)) = (1⊗ 1{e}) · E(fj |Krat(T )) = 0,

because Krat(R) = K (R), since there are no irrational eigenvalues for R and K (R) = L2(ν),
as is the case for all rotations on compact abelian groups. Since the sequences a1, . . . , ak are
good for irrational equidistribution and seminorm estimates, by Theorem 7.17, it follows that
the factor Krat(T ×R) is characteristic for the averages

1

N

N∑
n=1

(T ×R)a1(n)(f1 ⊗ 1{e}) · · · (T ×R)ak(n)(fk ⊗ 1{e})

which means that the average

1

Nm

Nm∑
n=1

(T ×R)a1(n)(f1 ⊗ 1{e}) · · · (T ×R)ak(n)(fk ⊗ 1{e})

also converges to zero in L2(µ × ν) as m → ∞. Now, using this and (8.3) we get that the
averages in (8.5) converge to zero in L2(µ) as m → ∞, and so the same holds for the averages
in (8.4) as well. A consequence of the equivalence that we established above is that the limit

lim inf
m→∞

1

|Sl ∩ [Nm]|
∑

n∈Sl∩[Nm]

∫
f0 · T a1(n)f1 · · ·T ak(n)fk dµ (8.6)

is equal to the limit (until the end of this proof Krat is simply Krat(T ) and Kl is Kl(T ))

lim inf
m→∞

1

|Sl ∩ [Nm]|
∑

n∈Sl∩[Nm]

∫
f0 · T a1(n)E(f1|Krat) · · ·T ak(n)E(fk|Krat) dµ, (8.7)

where f0 also belongs to L∞(µ). Setting f0 = f1 = ... = fk = 1A we get that (8.6) becomes

lim inf
m→∞

1

|Sl ∩ [Nm]|
∑

n∈Sl∩[Nm]

µ(A ∩ T−a1(n)A ∩ · · · ∩ T−ak(n)A)

and (8.7) becomes

lim inf
m→∞

1

|Sl ∩ [Nm]|
∑

n∈Sl∩[Nm]

∫
E(1A|Krat) · T a1(n)E(1A|Krat) · · ·T ak(n)E(1A|Krat) dµ. (8.8)

Using telescoping once again we see that∫
E(1A|Krat) · T a1(n)E(1A|Krat) · · ·T ak(n)E(1A|Krat) dµ−∫

E(1A|Kl) · T a1(n)E(1A|Kl) · · ·T ak(n)E(1A|Kl) dµ
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equals∫
(E(1A|Krat)− E(1A|Kl)) · T a1(n)E(1A|Krat) · · ·T ak(n)E(1A|Krat) dµ+∫

E(1A|Kl) · T a1(n) (E(1A|Krat)− E(1A|Kl)) · · ·T ak(n)E(1A|Krat) dµ+ ...+∫
E(1A|Kl) · T a1(n)E(1A|Kl) · · ·T ak(n) (E(1A|Krat)− E(1A|Kl)) dµ

and by (8.2) this implies that the limit in (8.8) is greater than

lim inf
m→∞

1

|Sl ∩ [Nm]|
∑

n∈Sl∩[Nm]

∫
E(1A|Kl) · T a1(n)E(1A|Kl) · · ·T ak(n)E(1A|Kl) dµ− ϵ.

However, for n ∈ Sl and j ∈ {1, . . . , k} we have that aj(n) ≡ 0 (mod l), hence T aj(n)E(1A|Kl) =
E(1A|Kl) and so the last limit is equal to∫

(E(1A|Kl))
k+1 dµ− ϵ ≥

(∫
E(1A|Kl) dµ

)k+1

− ϵ = (µ(A))k+1 − ϵ.

We have thus shown that

lim inf
m→∞

1

|Sl ∩ [Nm]|
∑

n∈Sl∩[Nm]

µ(A ∩ T−a1(n)A ∩ · · · ∩ T−ak(n)A) ≥ (µ(A))k+1 − ϵ,

which we use to complete the proof of Proposition 8.2, just like we did in the final argument of
the proof of Proposition 4.12.

Remark 8.3. With minor modifications one can also prove that (8.1) holds for a set S with
bounded gaps. In fact, to do this, we simply have to replace the averages of the form 1

Nm

∑Nm
n=1

with 1
|IN |

∑
n∈IN , where IN = (aN , bN ) are integer intervals with bN −aN → ∞, as N → ∞ and

the argument works equally well for such averages.

As a special case of the previous proposition we obtain the recurrence result for linearly
independent integer polynomials. Specifically, the following theorem holds.

Theorem 8.4. Let p1, . . . , pk : N → Z be integer polynomials, each with zero constant term,
that is, pj(0) = 0, for all j ∈ {1, . . . , k}. If these polynomials are linearly independent, then for
every measure preserving system (X,X , µ, T ), every set A ∈ X and ϵ > 0 there exists a set
S ⊆ N of positive upper density, such that for all n ∈ S we have

µ(A ∩ T−p1(n)A ∩ · · · ∩ T−pk(n)A) ≥ (µ(A))k+1 − ϵ.

Remark 8.5. According to the content of Remark 8.3, we can show that the same result holds
for a syndetic subset S of N.

Remark 8.6. The good divisibility property can be interchanged with the assumption that the
polynomials have zero constant term.

Proof of Theorem 8.4. In order to prove the theorem we only need to show that such polyno-
mials satisfy the three conditions of Proposition 8.2. First, that the good divisibility property
holds is crystal clear, since for r ∈ N fixed any n ∈ rZ satisfies the equations

p1(n) ≡ 0 (mod r), p2(n) ≡ 0 (mod r), . . . , pk(n) ≡ 0 (mod r),



8.1. PROOF OF THE MAIN RESULT 159

where the set rZ is syndetic, since its gaps are of length r−1. This is so because the polynomials
have zero constant terms by construction. The property regarding seminorm estimates follows
from the PET induction argument we discuss in Chapter 6 and therefore, all we have to prove
is that linearly independent integer polynomials are good for irrational equidistribution.

So, choose t1, ..., tk ∈ [0, 1) not all rational, and consider the polynomial

p(n) =
k∑

j=1

tj · pj(n).

It is enough to show that p has at least one irrational coefficient, because then, by Weyl’s
equidistribution theorem, the sequence ({p(n)})n∈N is equidistributed, so that

lim
N→∞

1

N

N∑
n=1

e2πip(n) = 0.

Let d = max{deg(p1),deg(p2), ...,deg(pk)} and write pj(n) = aj,1n+ aj,2n
2 + ...+ aj,dn

d, for all
j ∈ {1, ..., k}. Then, the coefficients of p corresponding to nm, for m ∈ {1, ..., d}, are

t1 · a1,m + t2 · a2,m + ...+ tk · ak,m.

By assumption, the vectors (a1,1, a1,2, ..., a1,d), (a2,1, a2,2, ..., a2,d), ..., (ak,1, ak,2, ..., ak,d), are ra-
tionally independent vectors in Zd.

Now, assume for contradiction that all the coefficients of p are rational, say q1, ..., qd ∈ Q
and that

qm = t1 · a1,m + t2 · a2,m + ...+ tk · ak,m, for m ∈ {1, ..., d}.

We can assume without loss of generality that k ≤ d. Then, the matrix defined by

A :=

a1,1 . . . a1,d
...

. . .
...

ak,1 . . . ak,d


has rank k ≤ d, meaning that the number of rationally independent rows of A is k and therefore
it has a right inverse, say B. As we have noted

[t1, ..., tk] ·A = [q1, ..., qk]

(where by ” · ” we denote the multiplication of matrices) and so

[t1, ..., tk] = [q1, ..., qk] ·B

But, B consists of rational entries, being the right inverse of A, therefore t1, ..., tk must all be
rational, which is a contradiction.

The combinatorial consequence of the Theorem 8.4 which result from Furstenberg’s corre-
spondence principle is shown in the following corollary.

Corollary 8.7. Let Λ ⊂ N of positive upper density, i.e. d(Λ) > 0. Let also p1, . . . , pk : N → Z
be a family of linearly independent integer polynomials with pj(0) = 0, for any j = 1, . . . , k.
Then, for any ϵ > 0 there exists a subset S ⊂ N of positive upper density such that

d (Λ ∩ (Λ− p1(n)) ∩ · · · (Λ− pk(n))) ≥ d(Λ)k+1 − ϵ,

for any n ∈ S. In fact, we can even show that the set S is syndetic.



160 CHAPTER 8.



Bibliography

[1] F.A. Behrend, On sets of integers which contain no three terms in arithmetical progres-
sion, Proc. Nat. Acad. Sci. U. S. A. 32 (1946), 331–332. MR0018694 (8,317d)

[2] V. Bergelson. Weakly mixing PET. Ergodic Theory Dynam. Systems 7 (1987), no. 3,
337–349.

[3] V. Bergelson, B. Host, B. Kra, with an appendix by I. Ruzsa. Multiple recurrence
and nilsequences. Inventiones Math. 160 (2005), no. 2, 261–303.

[4] V. Bergelson, A. Leibman. Polynomial extensions of van der Waerden’s and Szemerédi’s
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