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Chapter 1

Introduction

1.1 Historic Notes

If you play poker long enough you will eventually be dealt a royal flash, in fact more than
once. This can be thought of as an example of recurrence. The same principle governs measure-
preserving systems, the main objects of our study. The notion of recurrence in ergodic theory
is somewhat general and describes a family of results, concerning the ways in which points in
dynamical systems return close to themselves under iteration. The first recurrence result in
this setting was discussed by Poincaré in 1890 and was proved by Caratheodory in 1919 with
measure theoretic arguments. A strong form of this theorem reads as follows.

Theorem 1.1 (Poincaré recurrence). Let (X, 2, u,T) be a measure-preserving system and
let Ae 2, with u(A) > 0. Then,

(i) W(ANT—™A) >0, for infinitely many n € N and
(ii) for almost every x € A we have that T"x € A, for infinitely many n € N.

Poincaré’s theorem is actually a rather early and foundational result. Notice that, heuris-
tically speaking, Theorem is an ergodic-theoretic pigeonhole principle, as it states that for
any non-trivial set A there exists n € N, so that the sets A, T 1A,..., T ™A are not (essen-
tially) disjoint. In fact, we will see that for ergodic systems a stronger property holds, namely
that iterations of any non-trivial set will eventually exhaust the whole space. A first important
quantitative strengthening of the above theorem was established by Khintchine in 1934 and
intuitively it says that the set of recurrent times in Poincaré’s theorem is large. Precisely, we
have the following result.

Theorem 1.2 (Khintchine recurrence). Let (X, 2 ,u,T) be a measure-preserving system.
Then, for any A € Z  with positive measure and for every € > 0, the set

E:={neN:u(AnT"A) > (u(A)* - ¢}
is syndetic, i.e. it has bounded gaps.

In the above simple setting there is only one iterate of the transformation and this is linear.
Anyone vaguely curious would wonder if analogous results are true for more than one and even
non-linear iterates. In this direction we have the following theorem, proven by Furstenberg,
which, as we will see, also implies a combinatorial result proven independently by Sarkozy in
the late 1970’s.

Theorem 1.3 (Furstenberg-Sarkozy recurrence). Let (X, 2, u,T) be a measure-preserving
system. Then, for any A € & with positive measure there exists n € N, such that

w(ANT™™ A) > 0.

9
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In fact, we have that

N
o1 2
A}l_r)r;oNnE:1 p(ANT™™A) > 0.

One of the beautiful, far-reaching and highly insightful ideas in ergodic theory, due to
Furstenberg, is that of the so-called correspondence principle, which is basically a correspon-
dence between the existence of structure in large subsets of the integers and recurrence properties
of measure-preserving systems. From this principle we can thus infer that such recurrence re-
sults have number-theoretic and combinatorial consequences. A presentation of Furstenberg’s
correspondence principle can be found in his famous paper [10].

Theorem 1.4 (Furstenberg’s correspondence principle). Given E C N there exists a
measure-preserving system (X, B, u,T) and a set A € B with u(A) = d(E), such that for every
m € N and any integers ni,na,...,nym € N, we have that

pANT™MAN---NT " A) <d(EN(E—-n1)N---N(E—ny)).

Combining the correspondence principle with Theorem[I.3|we obtain the striking and elegant
fact, belonging to the sphere of additive number theory, that any subset of the natural numbers
with positive upper density (roughly, any set that is large enough), must contain two distinct
elements whose difference is a perfect square. This is Sarkozy’s result and we state it here for
reference.

Corollary 1.5 (Corollary to Theorem [1.3). Let A C N with d(A) > 0. Then, A is not
square-difference-free, that is, there exist an n € N and x,y € A such that, v —y = n’. In fact,

U R A
1}\1711%151; N Z d(A N (A —n?)>0.
n=1
The first (chronologically speaking) multiple recurrence result is a special case of and a
precursor to Furstenberg’s general multiple recurrence theorem and was again established by
Furstenberg. In its strongest formulation it states that double recurrence occurs in a syndetic
set for the iterates 7™ and T2". Precisely he showed the following.

Theorem 1.6 (Furstenberg’s double recurrence ). Let (X, 2, 1, T) be a measure-preserving
system. Then, for any A € Z with positive measure we have that

S:={neN:pu(ANT"ANT 2A) > 0}
1 a syndetic set.

Once more, the correspondence principle can be used to obtain from Theorem an im-
portant result in additive combinatorics, namely, Roth’s theorem on arithmetic progressions.

Theorem 1.7 (Roth). A subset of the non-negative integers with positive upper density must
contain a three-term arithmetic progression.

The counterplay between ergodic theory and additive combinatorics as we have presented
it emerged in Furstenberg’s effort to give a proof of a strong generalization of Roth’s theorem.
Since combinatorial problems of such nature have existed in the background and worked as
motives for the multiple recurrence results in measure-preserving systems to occur, it seems
important to briefly mention some of their relevant history.

The general problem has been to describe, in terms of their size, those subsets of the inte-
gers that contain arithmetic progressions of any length. In this direction, the first result was
established by van der Waerden and is the following.
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Theorem 1.8 (van der Waerden). Ifs € N and F1, ..., Es is a finite partition of the integers,
that is,
Z=FE UFEyU...UFEs,

(here LI denotes the disjoint union) then, some Ej;, with j € {1,2,...,s}, contains arbitrarily
large arithmetic progressions. Therefore, for any r > 1 there exist m, k € Z with k # 0 so that

m,m+k,m+2k,...,m+ (r—1)k € Ej.

In 1953 Erdos and Turan conjectured that in fact any subset of the integers with positive
upper density contains arbitrarily large arithmetic progressions. If true, this is obviously much
stronger than van der Waerden'’s result, for in any finite partition of the integers, at least one of
the cells has positive upper density. Roth proved his theorem in 1953 using methods of Fourier
analysis, successfully resolving the conjecture up to arithmetic progressions of length three.
However, the general question remained open for another 22 years, until, after first proving it
for arithmetic progressions of length four, Szemerédi also showed the general case to be true in
1975, in what Erdos himself described as ”a masterpiece of combinatorial reasoning”. We state
the theorem for completeness.

Theorem 1.9 (Szemerédi). If E C Z is a set of positive upper density, then E contains
arbitrarily large arithmetic progressions.

Two years later, in 1977, Furstenberg observed that Semerédi’s theorem would also follow
from a multiple recurrence result that he went on to prove, after ingeniously turning the com-
binatorial statement into a statement in ergodic theory. This principle has allowed for many
generalizations of Szemerédi’s theorem to be proven via arguments of ergodic theoretic nature,
some of which have not yet seen combinatorial proofs. The multiple recurrence result that
we refereed to, which implies Szemerédi and extends Poincaré, is Theorem [1.11], an immediate
corollary to Theorem [1.10

Theorem 1.10. Let (X, 2 ,u,T) be a measure-preserving system, A € Z be any set with
w(A) >0 and k € N. Then,

N
1
lim inf — ANT "ANT 2An---NT*A4)>0
mial 7 2 md )2

and in fact,
N
.. —n —2n —kn
J\}l—%\l/llggoN—M ME +1,u(AﬁT ANT"AnN---NT"A) > 0.
n=

Theorem 1.11 (Furstenberg’s multiple recurrence). For any measure-preserving system
(X, 2, pn,T), aset Aec 2, with u(A) > 0 and any k € N, there ezist infinitely many n € N,
such that

WANT"ANT"AN---NTFA) > 0.

In fact, the set of n € N for which this multiple intersection is non-trivial is syndetic.

We will not deal with the proof of Theorem [1.10| as it is now a very classical result in
ergodic theory and it would constitute a whole thesis on its own, but neither will we use it in
order to deduce any of our results. A modern and detailed exposition of Furstenberg’s proof of
Szemerédi’s theorem can be found in [5].

In 1996, Bergelson and Leibman generalized Szemerédi’s theorem to polynomial progres-
sions, showing the following result:
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Theorem 1.12 (Polynomial Szemerédi). Let E C Z be a subset of the integers with positive
upper density. Then, for any k € N and pq, ..., py integer polynomials, such that p;(0) = 0, for
all j € {1,...,k}, we have that there are infinitely many a,n € Z, so that

a+pi(n), a+pa(n),..., a+pp(n) € E.

As in Furstenberg’s proof of Szemerédi’s theorem, Bergelson and Leibman deduced Theorem
[[.12) via the correspondence principle, from an ergodic theoretic multiple recurrence result of
a nature similar to Furstenberg’s multiple recurrence theorem. In fact, they proved the next
theorem.

Theorem 1.13 (Bergelson-Leibman multiple recurrence). Let (X, 2, u,T) be any in-
vertible measure-preserving system and A € Z  be any set with pu(A) > 0. Let also k € N and
P1s-- ., Pk be integer polynomials, such that p;(0) =0, for all j € {1,...,k}. Then,

N
lim nf % S AnT P WANT M AN AT P A) > 0.
n=1

In the statement of Theorem [1.13] we assume that the system is invertible, since if one of
the polynomials p;(n) takes negative values, the set T-7i(") 4 is not necessarily measurable for
non-invertible transformations. For simplicity we shall always assume from now on that the
systems are invertible. We note that this assumption does not reduce the generality of our
conclusions, because any system can be seen as a factor of an invertible system.

1.2 Basic Goal

There are two basic goals in this exposition, both regarding Khintchine-type, or quantitative,
multiple recurrence results. Our first aim is to obtain a simultaneous extension of Khintchine’s
and Furstenberg’s theorems and the second one is to obtain a polynomial analogue of Sze-
merédi’s theorem, like Theorem with a Khintchine-type lower bound. The different nature
of the iteration exponents, the first ones being linear and the second ones being polynomial,
distinguishes these results and accounts for the unlike approaches to their proofs. It is note-
worthy that the technique we use in order to obtain Theorem below is rather modern and
it definitely deserves a presentation as it avoids the usual theory of nilsystems, but instead ex-
ploits the ”Polynomial exhaustion technique” induction scheme and some results related to joint
ergodicity properties of integer sequences, which may be labored, but are ultimately elementary.

We state here the three main theorems which are to be proved in this thesis and superficially
discuss the basic ideas and methods used in their corresponding proofs.

Theorem 1.14. Let (X, 2,1, T) be an ergodic measure-preserving system. Then, for every
a,b €N, every e >0 and A € Z with u(A) > 0, the set

(neN: p(ANT ANT " A) > (u(A))? — €}
18 syndetic.

Theorem 1.15. Let (X, 2,1, T) be an ergodic measure-preserving system. Then, for every
a,beN, c=a+b, Ae 2 with u(A) >0 and for any € > 0, the set

(neN: pW(ANT mANTMANTA) > (u(A))* — e}

s syndetic.
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Theorem 1.16. Let py,...,pr : N — Z be integer polynomials, each with zero constant term,
that is, pj(0) = 0, for all j € {1,...,k}. If these polynomials are linearly independent, then for
every measure-preserving system (X, 2, u,T), every set A € Z and ¢ > 0 there exists a set
S C N of positive upper density, such that for all n € S we have that

(AN TPMAN...N T_pk(n)A) > (A — e,
In fact, the same result holds for a syndetic set S.

In their famous paper [3], Bergelson, Host and Kra proved for the first time that the state-
ments of Theorems [T.14] and hold for the special case a = 1 and b = 2. Although our linear
case results are more general, the basic ideas of the proofs do not deviate much from those
presented in [3]. For the polynomial case we use a new and much different approach from the
one that was initially used in [4], which for the most part uses elementary tools. Those modern
methods were introduced in Frantzikinakis’ paper, [7].

As we have already alluded, a more general method from which the results of Theorems
and follow is to study the limiting behavior of multiple ergodic averages associated
with those quantities that we are interested in bounding. In any case, the study of multiple
ergodic averages has been a main theme in ergodic theory. For a measure-preserving system
(X, 2, p, T) and functions fi,..., fr € L°(u), k € N, such averages have the form

;N
R (1.1)
N-—-M =, Jx

for M, N € N, with M < N, where a; : N — Z are integer polynomials, for j = 1,..., k. If for
example, k = 3 and a;(n) = an, az(n) = bn and az(n) = cn, then Theorem would follow
from a result of the form

1
lim inf

N-1
N-M—oco N — M Z /X Jo- Tal(n)fl 'Ta2(n)f2 ' TaB(n)fi% dp = (M(A))4 -6
n=M

with fo = f1 = fo = f3 = 14. The basic approach for calculating the limit of such averages
is to find appropriate factors of each system, called characteristic factors, which control their
assymptotic behavior in L?(u). We are thus allowed to reduce matters to the case where the
system is the characteristic factor and this typically facilitates calculations. For Theorem
we will show that the Kronecker factor is characteristic, which basically means the following.

Lemma 1.17. Let (X, 2,1, T) be an ergodic measure-preserving system with Kronecker factor
H(T) and let & be the o-algebra corresponding to the Kronecker. Then, for any f,g € L (u)
we have that (notation and terminology is defined in Chapter@)

1

o] 2 UFEUI) UPEGL)|| 2250, (1)

el
e L2()

1
i > U f-Utg
neln

for any sequence (In)nen of integer intervals whose lengths tend to infinity.

Then we are left with establishing the result for a Kronecker system, which is always isomor-
phic to an ergodic rotation on some compact abelian group, and that simplifies our objective.

For Theorem [I.15] we shall appeal to the theory of nilsystems introduced in Chapter [3] This
time, the characteristic factor of the relevant averages is %%, which is conveniently associated
to the seminorm || - [|3. Using approximation arguments and the so-called structure theorem by
Host and Kra, we will be able to reduce matters to the case where the factor 2% is an ergodic
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2-step nilsystems. From then on, some equdistribution results and a generalization of a limit
formula of Ziegler by Leibman, in the setting of nilsystems, will yield the desired result.
Finally, for Theorem [I.16] we want to study ergodic averages of the form

1

m Z Tpl(n)fl,.,Tpk(n)fk’ (1.3)
N

neln

for intervals (/n)nen whose lengths tend to infinity, where p; : N — Z and f;, j € {1,...,k}
are as in the statement of Theorem [1.16] The first step of this process is the PET induction
argument of Chapter [0 from which we infer that for some s € N the characteristic factor of the
averages in is 25 and this depends only on the polynomials p1, ..., pg. Our preparation for
the main result continues in Chapter [7] where we first find necessary and sufficient conditions
for sequences of integer polynomials aj,...,a; to be jointly ergodic. As defined there, joint
ergodicity of these sequences means that the averages

N

1

T2 T T f, N eN, (1.4)
n=1

converge in the L?(u1)-norm to the product of the integrals of the individual functions as N — oco.
In the second part of the same chapter we expand this result by characterizing those integer
polynomials ay, . .., a; for which the rational Kronecker is a characteristic factor for convergence
of the averages in . The climax of this extended argument is presented in Chapter , where
we prove that linearly independent, integer polynomials with zero constant term satisfy some
conditions which make the rational Kronecker a characteristic factor for such polynomials, along
with another condition, that of "good divisibility”. These conditions together are then shown
to imply the Khintchine-type lower bound that we initially wanted to prove.

1.3 Structure of the thesis

We also display here a somewhat more detailed presentation of the thesis’ structure than the
one we have rapidly described already.

This dissertation is divided into three parts. The first one consists of two introductory
chapters. Chapter [2]is a general introduction to ergodic theory. We discuss measure-preserving
systems and their factors, general and special recurrence results, the mean ergodic theorem, the
correspondence principle of Furstenberg, Van der Corput’s lemma, the spectral theorem and
many more basic concepts. All the results, comments and ideas presented are necessary tools
for one to understand the main theorems and their proofs. Almost everything presented in this
chapter is proven in great detail and due to its generality and accesibility it constitutes—in my
humble opinion—a decent, quick introduction to ergodic theory at a graduate level. Much of
this chapter’s content can be found in [5]. The next chapter, Chapter [3] is devoted to the more
specific theory of ergodic seminorms and nilsystems and much of it is in accordance with [16].
This chapter is shorter than the previous one and strictly focuses on those results that arise in
our main work, in order to facilitate the presentation. To anyone with enough experience in
ergodic theory the first part is unnecessary, as the theory and most of the techniques we use
are well known and will seem rather ordinary, apart (perhaps) from a few arguments, which are
not the most typical throughout the literature.

In the second part, titled ”The case of linear exponents” for obvious reasons, we prove
the extensions of Khintchine’s and Furstenberg’s theorems, that is, Theorems and
This part also consists of two chapters. In Chapter [4 we begin by showing that the ergodicity
assumption is necessary for both theorems and continue to disprove an analogous lower bound
for the case of more than three iterates. In fact, we construct a counterexample of an ergodic
system for an analogue of Theorem with the iterates T, 72", 73" and T*". Moreover,



1.3. STRUCTURE OF THE THESIS 15

we do some preparatory work in order to make the proofs of the general results appear more
natural and digestible. For Theorem we prove the special case where the Kronecker is
an irrational rotation on the torus and for Theorem [1.15| we prove the special case where the
underlying transformation, 7', is a specific skew-product. The other chapter of this part contains
the proofs of the general results, which follow the course described in the previous section.
The third and final part regards the proof of the polynomial Szemerédi theorem with
Kintchine-type lower bounds. Chapter [0] is completely devoted to the PET induction argu-
ment, for which we follow the method introduced in [16], Chapter 21 and, ultimately, using this
argument and another clever but very simple trick, to the proof of the following proposition.

Proposition 1.18. Ifpi,....,pr : N = Z is a family of essentially distinct, non-constant, integer
polynomials, then there exists some s € N, so that for any system (X, 2", u,T) and functions
fis fa, ooy [ € L (1), the factor Z4(X) is characteristic for the averages

1

Tl Z TPr() £y P2 £y PR £
In ’

TlEIN
where (In)neN 1S any sequence of intervals whose lengths tend to infinity.

In Chapter [7] we prove the result which characterizes joint ergodicity of sequences and also
provide necessary and sufficient conditions for a family of integer polynomials to have the
rational Kronecker as a characteristic factor. To be specific, the two main theorems we show in
this chapter are the following.

Theorem 1.19. Let S C [0,1) be a set with countable complement in [0,1). The family of
sequences ai1,0as,...,ar : N — 7Z is jointly ergodic for all ergodic systems with spectrum in S

if and only if it is good for equidistribution on S and good for seminorm estimates for these
systems, according to Definition[7.3

Theorem 1.20. Let ay,...,a : N — Z be a family of sequences. Then, for every system
(X, 2", u, T) the factor JH,q is characteristic for the sequences aq,...,ar if and only if these
sequences are good for seminorm estimates and good for irrational equidistribution, according

to Definition [7.3.

In both cases the necessity is an easy task. The proof of Theorem avoids deep tools
from ergodic theory. However, since in its full generality it is notationally very complicated
and it would be very cumbersome to read, let alone to write, we present the detailed argument
for only two sequences, a1 and ao, and give a summary of the general case, avoiding the really
unnecessary details. After establishing Theorem we will use that, as well as a structure
theorem of Host and Kra (Theorem 10.1, [14]) according to which, any ergodic system that has
the form of a structure factor, 25, s € N, (as in Definition is in fact an inverse limit of
systems with finite rational spectrum, in order to obtain Theorem [1.20} These two chapters
constitute all the needful preparatory work for the main result. Then, in Chapter[7] we show first
that the conditions described in Theorem combined with good divisibility properties (or
equivalently, the assumption that the sequences have zero constant terms) for some sequences
ai,...,a, are enough for a polynomial Szemerédi theorem with Khintchine-type lower bound
to hold for those sequences. Namely, we obtain the next proposition.

Proposition 1.21. Let ay,...,a; : N — Z be sequences with good divisibility properties, which
are also good for seminorm estimates and irrational equidistribution, according to Definition
7.2, Then for every system (X, 2", u,T), every set A € 2 and € > 0 there exists a set S C N
of positive upper density, such that for all n € S we have that

p(ANT= 1M AN . AT=%M A) > (u(A)FFL —e (1.5)

The same result holds for a syndetic set S.
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At last, we conclude with the proof of Theorem [I.16] by showing in a simple manner that
integer polynomials without constant terms satisfy the three conditions that we demanded in

Proposition [T.21]

1.4 Proof sketches

We complete the introduction by offering proof sketches, which contain the most important and
distinguishable points in the proofs of the three main theorems of this exposition, as well as for
some notable intermediate results which turn out to be crucial steps prior to those proofs.

The first important result is a counterexample of Theorem for non-ergodic systems.
Theorem 1.22. Let | € N. Then, there exists a non-ergodic measure-preserving system
(X, 2,1, T) and a subset A of X with u(A) >0, such that

WANTANT 2 A) < = (u(A)),

for every n € N.

Proof sketch of Theorem [1.22,

Step 1. We first prove Behrend’s theorem, according to which for large enough N € N there
exists a subset of {1,2,..., N} of cardinality greater than N 6*4\/@, which does not contain
any arithmetic progressions of length three.

Step 2. Consider the system (T x T, B(TxT), u, T'), with u = mg x mt being the Haar measure
on T x T and the transformation 1" be defined by

T(z,y) = (x,y + x), forevery (z,y) € X.

Let also L be a subset of {1,..., N} with the properties described in Behrend’s theorem and
let
i1 1

A=TxB, where Bo= | |-, 4+ ).
X 5, where U[QN’2N+4N)

€L

Step 3. With simple calculations depending on the nature of A we show that

B)
ANT AT 4) < M0
for all n € N.
Step 4. We conclude by showing that for any [ € N we have that
mrp(B) 1
T < Sy

We continue with another negative result, proving that Khintchine-type lower bounds do not
hold for the linear iterates 77, 1?7, T3", T,

Theorem 1.23. Let | € N. Then, there exists an ergodic dynamical system (X, B, u,T) and a
subset A of X with p(A) > 0, such that

WANTANT ANT 3" ANT " A) < ~(u(A))!, for every n € N.

N | =
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Proof sketch of Theorem [1.23
Step 1. We prove a theorem by Ruzsa which states that for any N € N there exists a subset
of {1,2,..., N} of cardinality greater than N e~ V19N " which does not contain any quadratic
configurations of 5 terms.
Step 2. Let L be a subset of {1,2,..., N — 1} satisfying the properties of Ruzsa’s construction.
Then, consider the set
) 1
B:=|]I= —,—+ —).

U ' ,U[4N’ Nt 16N)

1€L €L
We show a lemma according to which if z,y, z € T are such that the points a; = = + iy + 12
(mod 1) are in B for i = 0,1,2,3,4, then {2y} € [0, ;%) U (242, 1].
Step 3. Let a € R\ Q and (X, %, i, T) be the dynamical system with X =T x T, £ being the
Borel og-algebra, u = mt X mr the Haar measure on X and 7' : X — X be a transformation
defined by

T(z,y) = (x +a,y + 2z + a), for every (z,y) € X.

We consider some sets L and B as in step 2 and set A := T x B. We prove that

B
WANT"ANT ANT 3 ANT 4" A) < mgj(v ),
for any n € N using the lemma of the previous step.
Step 4. We conclude the proof by establishing the bound
mn(B) _ (u(A))'
2N~ 2
for any [ € N using similar calculations as in step 4 of the previous theorem. O

Next, we present proof sketches for the two main linear-case theorems. The first one is Theorem
which states that if (X, Z, u, T) is an invertible, ergodic system, then for every a,b € N, € >
0 and A € 2 with u(A) > 0, there exists n € N, such that

WANTMANTMA) > u(A)? —e. (%)
In fact, there exists a syndetic set of natural numbers, S, such that (%) holds for any n € S.

Proof sketch of Theorem [1.1]] We want to study the assymptotic behavior of the averages

N—

1
1

ST - TN dy.
N_Mn;/xf g i

Step 1. We initially assume that the system is totally ergodic and that the Kronecker, ¢,
has the form (G,¥,m, R,), where G is a connected, compact, abelian group, ¢ is the Borel
o-algebra, m the Haar measure and R,z = = + «, for some a € G, such that {na:n € Z} = G.
The first step is to prove that the Kronecker factor is characteristic for the L?(ju)-convergence of
those averages, which allows us to reduce matters to the case of a Kronecker system. Precisely,
we prove that for any a,b € N, any functions f,g,h € L*°(u) and V' C G open, such that the
set S:={n € N:na € V} C N is syndetic, the limits

N-1

1
lim S 1 Tng . T, d
N_M“stNm[M,N]n% S(”)/Xf g H
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and N
. 1 — an bn
N_ljl\/lﬂimo M]W,N”n% ﬂs(n) /TE(fL%/) R, E(g\%) R, E(h|<%/) dm

are equal, where Sy = {1 <n < N:ne€S}.

Step 2. We apply the above equality for S5 := {n € N: na € B(0,0)}, for § > 0, in place of S.
By the equidistribution of (na),ey in G, which holds because T" was assumed totally ergodic,
and considering an appropriate Riemann-integrable function, we obtain that

N-1

1
m —— Y"1 T T dy =
N-Moc ISaﬂ[M,N]\n:ZM S(n)/xf I 8

1
m(B(0,5)) /B(O’é) /GE(fIJi/)(w) -E(g#) (2 + at) - E(h| ) (x + bt) dm(z) dm(t).

Step 3. Then, a simple continuity argument for the above integrand with f = g =h = 14
implies that for any € > 0 there exists small enough § > 0, such that

m(B(0.9)) /Bm,g)/GE(f 7)) - E(g] ) (@ + at) - E(h|H)(w + bt) dm() dm(t) > (u(A))

Hence we conclude with the case of totally ergodic systems.

Step 4. For general systems, since the Kronocker is an inverse limit of systems with finite
rational Kronecker factor, we use an approximation argument to replace the functions E(f|.%¢)
and E(g|-#"), E(h|#") with their analogous projections on such a system, in the equation of the
limits in step 1. This is enough to conclude, as in the previous case. O

Following, we provide a proof sketch for Theorem according to which, if we let (X, 2, u, T)
be an invertible, ergodic system, then for every a,b € N, ¢ = a+b, ¢ > 0 and A € Z with
wu(A) >0, the set

Si={neN:pg(ANT "ANT "ANT " A) > (u(A))* — ¢}
is syndetic.

Proof sketch of Theorem [1.15]

Step 1. Assume first that the system is totally ergodic. Using an approximation argument
we can assume that the factor %3 is an ergodic 2-step nilsystem, say (G/I",¥ /", m,T,), with
X = G/T connected. Then, we can assume that Go is a connected, compact, abelian Lie group
and thus a finite dimensional torus with Haar measure A and in a similar fashion, Z := G/(G2I'),
is also a finite dimensional torus with the Haar measure \'. Let 7 : X — Z denote the natural
projection and ag = m(al') and S := {n € N : nag € V}, with V' some open subset of Z. We
show that if E(f;|22) =0, for i = 1,2, 3, then

N-1

. 1 an bn cn _
NanLOON_Mn%JLS(n)'T fi-TPfo - T f3 =0 (1.6)

in L?(u). To do this we first observe that we can assume that ged(a,b,c¢) = 1 and using an
approximation argument, we can show that holds for x(nap) instead of 1g(n), where x is
any character of Z. With our additive notation on Z, x(nag) is simply x(a”Gsl') = xon(a"T),
for any n € N and in order to establish our claim it suffices to show that

N-1

> T (fr- x(d'ag)) - T (fa - x(V'ao)) - T (f3 - x(¢'ag)) = 0
n=M

1
;
N-Moseo N — M
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in L?(u), which we know to hold because the factor 2 is characteristic for the convergence of
the above averages and E(f1|2%) = 0 implies that E(f; - x(a’ag)|22) = 0 as well.
Step 2. Next, for § > 0 fixed, we consider the set

Ss :=={n € N:nag € B(0,6)},
in place of S. The sequence (nag)pen is equidistributed in Z, which means that
IS0 M)
N-M—oo N —-M
where the last equality holds because 7~!(B(0,9)) = B(G2,6). Therefore, (1.6) gives that for
va fla f27 f3 € LOO(M) we have

= X(B(0,5)) = m(B(Ga,8)) > 0, (1.7)

N-1

1
> 1sln w) [ o T T Ty d

lim
N- M—>oo|S§ﬂ[N M\

lim 1 ho - T hy - T ho - T"hs d 1.
N]1\44)OO‘S5HN .7\4|Z Sé / 0 L 2 3 G, (8)

where h; = E(f;|23), for i =0,1,2,3.
Step 3. We continue to calculate the second limit in ([1.8]) by showing that it equals

1 o () ®)
B G 5) Jx Lo o, 1o ool 0 atastol? )
h3(99fg§§)1“) d\(g2) dm(giT) dm(gl). (1.9)

The first step in showing this is to use Ziegler’s theorem, according to which, for m-almost every
x = gI" we have that

N-1

. 1 . . L

/ /G (g1GaT) - h1(gglg§) )-h2(ggl{g§g)T)-hs(ggfggg)F) dA(g2) dm(gil).

Then with some easy observations we turn this equality into the following

Jlim MZM W) [ hofe) ha(a®a) - ha(a®s) - ha(e) dn(x)

b c
/ / s /G ho(gT) - hl(gg%g§2)F ) - hz(gg’f9§2)F) : hs(ggfg§2)F) dA(g2) dm(g:I') dm(gl’),
2 2
which, in light of (1.7, becomes the desired identity.
Step 4. For fo = f1 = fo = f3 = 14, so that hg = hy = hy = hg = E(14|%2%), which we denote

by g, we want to bound the quantity in ([1.9) for some appropriate § > 0. To begin with, by
the continuity of the function in question with respect to the variable §, we see that the limit

of (1.9) as § — 0 is
b c
/ / g(gT') - gglgg )F) : @(99?952)1“) -§(ggfg§Q)F) dA(g2) dA(g1) dm(gl'),
GQXGQ
which becomes

/ /c XGaxG alg) g(gglgg ). 5(99?953)@'@(99?95;)@ dX(g) dA(g2) dM\(g1) dm(z). (1.10)
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We next use a computation established in Lemma [3.39] from which it follows that the set

{( a ((21) b (g) c (;)

9:99195> . 99195>, 99195” : 9,91, 92 € Ga2}

is equal to the set
{(uot? b= P~ ) st v e Ga}.

This implies that the integral in ([1.10) is equal to
/ / Gubr) - Gltut=w) - Gt=z) - o) dA(E) dA(w) dA(v) dm(z).
G2><G2><Gg

But this turns out to be greater than or equal to

([ it dm<x>)4 ~ (u(A)",

which allows us to conclude in the case of totally ergodic systems.

Step 5. In the general case we recall that every nilsystem has finite rational Kronecker and
that the factor 25 is an inverse limit of nilsystems. Then, an approximation argument allows
us to replace the functions E(f;|%3), for i = 0, 1,2,3, with their projections on such a system
in the equation . Then, working with the transformation 7", which for appropriate r € N
has ergodic components which are totally ergodic, we can conclude as in the previous case.

O]

For the polynomial Szemerédi with Khitchine-type lower bounds we need a series of inter-
mediate results, the first one being the following proposition, the proof of which relies on the
PET induction argument.

Proposition 1.24. Let &, = {pn1,Ph2,--»Phm} be a family of essentially distinct, integer

polynomials indexed by k parameters, for some k € N, some m € N and h € N*. Then, there ea-

ists some s € N, such that for any system (X, Z, u,T), any functions fi, fN 2, N RS> INAm €
L>*(u), N € N, which are uniformly bounded with | fi||s+1 = 0, and any sequence (In)nen of

intervals whose lengths tend to infinity, we have that

lim |IN! Z/Tphl(n fr TP fy g e TP vy dp =0, (1.11)

N—oo

for almost all h € NF.

Proof sketch of Proposition[1.27. For any h € N¥, let

Jp, = limsup

Z/Tp“ V- TP fog oo TPR ) g dpa
N—o0 ’N‘

nely

The goal is to show that J, = 0 for almost all b € N¥ and we do this through an inductive
argument. Our plan basically consists of showing that the statement holds for &7, that is,
Jp, = 0 for almost all b € N*, under the condition that the analogous statement holds for all
regular polynomial families with types strictly smaller than (d,wq, wg_1,...,w1). The type is
basically a vector corresponding to each polynomial family on the size of which our induction
argument is based.

Step 1. For m = 1 it is easy to see that J, < || fi]l1, so that we can choose s = 1. We also show
that we do not lose generality by assuming the family &7, to be regular, that is, with maximum
degree among the polynomials pp, 1,42, ..., Ph,m that of pp 1, for almost all h € NF.

Step 2. We permute the polynomials if necessary (we actually prove this is possible), so that
for almost all h € N*¥ we have that
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(i) min{deg(pnz2),deg(pn3), .-, deg(phm)} = deg(ppm)
(i) max{deg(pn,1 — pn,2),deg(pn1 — pPn3), - deg(pr1 — pom)} = deg(pr1 — Phm)-
Moreover we consider the polynomials defined by
Qhj = Phj — Phym, for j=1,2,...,m —1

and the family 2, := {qn1,qn2,- - - @hm—1}. Then, the family 2}, is regular, has type strictly
less than that of &7, and is such that

1
J@ < limsup m Z T‘Iﬁ,l(N)fl . T‘Jﬁ,z(n)fNﬂ72 - T‘Iﬁ,m—1(n)fN7b7m_1 ,
N

N—oo nely 12

for almost all h € N¥.
Step 3. For deg(gp,1) = 1 we can easily conclude by Proposition letting s = m — 1. Else,
we let

I'={i:1<i<m-—1, with deg(qn,) > 1}, J:={1,2,...,m =1} \ 1,

define the polynomials

Tki(n) == qni(n + higy1), forn €N, and i € I,

(U)o (Y) o (U]

Then, Z}, is a regular family indexed by k + 1 elements, with the same type as Zj,.
Step 4. Finally, by applying the Van der Corput lemma we show that

and consider the family

H
1 1
<li —= g li T E ,
Jp < 1msupH 1m sup T J(ﬁ,thrl)(n) ’

H—oo hi=1 N—o0 nely

where

Jihhsn)(n) = /Xth’l(n)fl'th’Q(n)fN,hQ"'th’m_l(n)fN,h,m1'

hist) [ O
Tn.1(n+ k+1)f1 . Tn,2(n+ k+1)qN7E’2 .. Thm—1 (Nt k+1)fN,ﬁ,m—1 dp,

for n,hpy1 €N, and h € N*. For k = (h, h+1) and appropriate functions gy ; € L (u), with
i=1,2,...,1, we get that

J(@,hkﬂ)(n) :/ Tg&l(")gzv,gg . Tgm(”)g]m&2 . "T‘%’l(n)gz\/,@,l du,
X

and so we can apply the induction hypothesis for the family 2}, and this allows us to conclude.
O

Using Proposition we easily obtain the following result.

Proposition 1.25. If p1,...,pm is a family of essentially distinct, non-constant integer poly-
nomials, then there exists some s € N, so that for any system (X, Z ,u,T) and f1, fo, ..., fm €
L>(u), the factor Zs(X) is characteristic for the averages

1
Tl Z TP ) p e gy o) £

nely

where (IN)NeN 1S any sequence of intervals whose lengths tend to infinity.
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Proof sketch of Proposition[1.25, Let (In)nen be a sequence of intervals whose lengths
tend to infinity, (X, 2", u,T) be a measure preserving system and fi, fa, ..., fm, € L(u) and
set

Iy = Z TP fy - TP2(0) fy . TPm() f, - for N € N.

‘IN‘ nely

Then we simply have to apply Proposition for the polynomial family p1,..., pm, Pms1 With
Pm+1 = 0 and the functions fi, ..., fm, fn, for N € N. O

The next important result is Theorem which states that if S C [0,1) has a countable
complement in [0,1) then, the family of sequences a1, aq,...,a; : N — Z is jointly ergodic for
all ergodic systems with spectrum in S if and only if it is good for equidistribution on S and
good for seminorm estimates for these systems.

Proof sketch of Theorem [1.19. The necessity being simple we deal with the sufficiency of
the claim. First we do it for £ = 2, so we want to prove that if S C [0,1) has countable
complement in [0,1) and the sequences a,b : N — Z are good for equidistribution on S and
good for seminorm estimates for an ergodic system (X, %, u,T), with Spec(T) C S, then for all
fyg € L>®(p) we have that

N

1
i 75 a(n) £ bn) , —
]\;lm v T f T Mg /f du/g dp (1.12)

n=1

in L2(p).
Step 1. We first show it in the special case where f, (similarly for g) is an eigenfunction. It is
enough to show that the assumption [ g du = 0 implies that

lim 72 27rmntf Tb(n)g_o

N—ooco N

in L?(u), where 2™ is the eigenvalue of f. By the spectral theorem we know that

2

§ : 2mia(n)t Tb n) § : 2mia(n)t—2mib(n)z

L2(Ug)

The result follows from the equidistribution assumption of ¢ and b, the bounded convergence
theorem and the fact the the measure o, has no point masses for points outside of the spectrum
of T', as we show in Proposition [2.15

Step 2. In the above context, let f,g € L*(u) be such that

N

1
v Z 7o) § .7 g

n=1

> 0. (1.13)
L2(p)

lim sup
N—oo

Then there exists a strictly increasing Sequence~(Nk)keN of positive integers and some 1-
bounded functions (fi)ren in L% (p), such that if f is defined as the weak-limit of the sequence
N%C 22721 T-aon) f . b(m)—a(n)g | e N, the inequality

>0 (1.14)
L2(p)

lim sup
N—o0

1 N
a(n) b(n
72 70 f . b
n=1




1.4. PROOF SKETCHES 23

holds as well. This is not trivial. We need to consider the L?(u)-closure of the linear span of
all sub-sequential weak-limits of sequences of the form

N
1 —a(n n)—a(n) -
ST et
n=1

where (fn)neny € L*°(u) are 1-bounded functions. We shall represent this space by 4. If
we assume that f is orthogonal to ¢ and take a sub-sequential weak-limit of the sequence
fr = N%c ZnNi1 T f.T"Mg k€N, we can show that

lim —ZT“”)f T"Mg =0

N—ooo N

in L?(u). Assuming (T.13) to hold, there exists € > 0, such that

ZT” (f9) - T"™g

lim sup
N—o0

> €
L2(p)
and by the definition of ¢ we conclude this step with an easy approximation argument on

E(f|¢), which belongs to ¢.
Step 3 We prove that if (X, %, u,T) is an ergodic system and f € L*(u) is 1-bounded, then

114 < supesr ( [1x du) (1.15)

where &(T') is the set of eigenvalues of T" with unit modulus. This immediately implies that if
Il £ll2 > 0, then there exists x € &(T') so that R ([ f - x du) > 0. More generally, if || f[ls2 > 0,
for s € N, then there exists a x, € &(T), n € N®, such that

|
l}ﬂ?fﬁ </Anf Xn d,u> > 0.
ne[N]*
In order to do this we first observe that || f|l2 = |E(f|-#(T"))]l2, where # (T) is the Kronecker
factor, since

fLaT) = [fl2=0.

Then we consider a countable orthonormal basis of the Kronecker, expand E(f|.#(T)) as a
Fourier series and show the analogous result with (non-trivial) calculations for. E(f|.#(T)).
Step 4. Using step 3 and the Cauchy-Schwarz-Gowers inequality (which we prove in the same
chapter) we obtain an important positiveness property for iterated differences of the functions
appearing in an average with some positive seminorm. Precisely, we let (X, %, u,T) be an
ergodic system and for some Ny — oo and 1-bounded functions (f)ren in L™ (p), f be defined
as the weak-limit of the sequence N%g Egil Jk,n, Where gp , = 7o) g h)—aln)g | opn e N
and we assume that f is such that || f|ls;2 > 0, for some s € Ny. We prove that

(i) if s = 0, then there exists x € &(T') such that

hmsup — Z% (/ fr - TY™g . 7oy d,u,> >0 (1.16)

k—ro0
(ii) and if s € N, then there exist x, ,» € &(T), n,n’ € N°, such that

.. 1 b(n = a(n
l}ggofﬁ Z hmsup—Z?R </ Q—Q’fk)'T( )(AH,EQ)-T ( )X@,n; du) >0

n,n'€[N]* hroo

(1.17)
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Step 5. The final step in the first case of two functions is a degree lowering property. We
actually show that if S C [0,1) has countable complement in [0, 1), (X, %, u,T) is an ergodic
system with Spec(7T) C S, the sequences a,b : N — Z are good for equidistribution on S and
for some s € Z, the seminorms || - |s+2 control the averages

then the seminorms || - ||s+1 also control those averages. In order to prove this property we shall
use the key facts we recovered in steps 2 and 4. The proposition we want to show is a simple
corollary of this property because, after iterating the degree lowering property (s + 1)—times,
it follows that the seminorms || - |1 also control the averages in (L.12), but || f[l: = ’ N du‘ and
step 1 assures that the result is true for constant functions.

Step 6. Of course we are still left with the general case of more than 2 functions. This time
the spectral theorem is not applicable, so we change our tactic and use an induction argument.
For some m € {1, ..., k}, let (P,,) be the property:

(Pp) If f; € &(T) for at least k —m values of j € {1,..., k}, then

N k
1
i ai(n) ¢ paz(n) ¢ par(n) £ .
A}lm N ;ZIT fi-T f2 fx J:ll/fl du.

The theorem follows from the validity of (Py). Now, (P;) can be obtained as before (in the
step 1) using the spectral theorem and the good equidistribution assumption of the sequences.
The proof is completed once we can show that (P,,) implies (Py,41) for any m € {1,..., k—1}.
This is achieved through another degree lowering property argument. We already know that if
11 £5lllso+2 = 0, for some j € {1,2,...,k}, then the averages in the equation of (P,,) converge to
0 and the plan is to once again show a degree lowering property, namely that, the seminorms
|| - [||so+1 also control these averages if f; € &(T'), j = m + 2,...,k. This would be sufficient,
since after iterating this property so + 1 times we get that the seminorms ||| - |||; also control
the averages and this establishes (Py,+1). O

We use Theorem [1.19|in order to obtain another crucial intermediate result regarding char-
acteristic factors for sequences. Namely, we show Theorem which gives the following
equivalence for any family of sequences aq,...,ax : N — Z. For every system (X, 2", u,T), the
factor J,q: is characteristic for the sequences az, ..., ag if and only if these sequences are good
for seminorm estimates and good for irrational equidistribution.

Proof sketch of Theorem [1.20,
Step 1. The necessity of the conditions is simple. Indeed, if we let f1,..., fr € L (u) for some

system (X, 2", u, T') and assume that the factor J#,; is characteristic, then the seminorms || - |2
control the averages

1
¥ Z T4 £y (™) £
n=1

and so the sequences are good for seminorm estimates. For the irrational equidistribution
consider some eigenvalues corresponding to some functions fi,. .., fi, with €21 being that of
f1, for t; € R\ Q. Then f; turns out to be orthogonal to the rational Kronecker, so the limit
of the above averages is zero and then we easily conclude.

Step 2. Let ay,..,a; : N — Z be sequences that are good for seminorm estimates for a system
(X, 2, p, T) and the system (X x X, 2°® 2", ux p, T x T). First of all, this assumption means
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that there exists an s € N such that, if g1,...,gx € L*(u) and there is a j € {1,...,k} with
llgjlls = 0, it follows that

lim —Z:T“1 ~Ta’“(”)gk =0

N—=oco N

in L?(p). If in addition, [|gj|lst+1 = O for some j € {1,...,k}, then for any bounded complex
sequence (¢ )nen we show that moreover

1
lim =% e T gy T g =0

in L2(p).

Step 3. Using the result of step 2 and other non-trivial techniques we show that if the sequences
ai,-...,ar : N — Z are good for seminorm estimates and irrational equidistribution, then so are
the sequences b1, ..., b, : N — 7Z defined by

Z]lmZJrT% )](T;)%_ , je{l, ...k}, neN,

for some m € N fixed.

Step 4. We make the first simplification. It suffices to prove the result in the case of ergodic
systems. That is, under the assumption that ai,...,a; are good for seminorm estimates and
irrational equidistribution, then it is enough to show that for any ergodic system the factor
Jrat 18 characteristic. Then, the same is true for all measure-preserving systems. For that we
basically need to show that E(f|#;4(x)) = 0 implies that E(f|#7q(pz)) = 0, for p-almost
every x € X, which follows from the ergodic decomposition of i and the fact that the spectral
measure oy has no mass on rational points, since f is orthogonal to the rational Kronecker.
Henceforth, we assume that (X, 2", u, T) is ergodic, ay, ..., a are good for seminorm estimates
for this system and good for irrational equidistribution. Then for any family f1, ..., fr € L (u)
with E(f;|#7q:(T)) = 0, for some j € {1,...,k}, our goal is to show that

lim —ZT‘“ M) f o) £ =

where the limit is in L2(u).
Step 5. We can moreover reduce matters to showing that the Kronecker factor J# (T') is char-
acteristic for L? (1) convergence of the averages

N
1
~ ZTal(n)fl k()

This is easily obtained by using the orthogonal decomposition of the functions with respect to
the factor # (T') and the irrational equidistribution of aq, ..., ak.
Step 6. We can further assume that the system (X, 2", u,T) has finite rational spectrum.
Firstly, there exists s € N so that the seminorms || - ||s control the averages of step 5. Thus,
writing E(f;| 2%(T)) + fi, where E(fi|2%(T)) = 0, instead of f;, for i € {1,...k}, we can assume
that 2" = Z,(T'). Next, by the Host-Kra structure theorem, the system (X, 2", u,T) is an
inverse limit of systems with finite rational spectrum and so with a typical approximation
argument we obtain this final reduction.
Step 7. After all these reductions we first observe that for sequences by, ..., by as in step 3 we
get that

Taj(n)fj — gbi(n) (T3 f;),
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where S := T™, for appropriate r;, € {0,1,...,m — 1}, any j = 1,...,k and any n € N,
Substituting in the averages of step 5, we obtain a sum of m* weighted averages of the form

N
5 3 s SO (1)) - ST (),
n=1

where N € N, r,...,rp € {0,1,...,m — 1} and ¢, is either 0 or 1 for each n € N. Therefore,
we are left with proving that for a system (X, 2", u,S) with trivial rational spectrum, if the
sequences by, ...,br : N — Z are good for irrational equidistribution and seminorm estimates,
E(fi|-#(S)) =0 and (cp)nen is a bounded sequence, then

1
lim ~ Z en - SO 5o =,
in L2(11). We show the details in the actual proof. O

We say that family of sequences ai,...,a; : N — Z has good divisibility properties if for
every r € N we have that

d{n €N:ai(n)=0,...,ax(n) =0 (mod 7)}) > 0.

The last result from which the main theorem follows is Proposition [1.21) namely that, if
ai,...,ar : N — 7Z are sequences with good divisibility properties, which are also good for
seminorm estimates and irrational equidistribution, then for every system (X, 2", u,T), every
set A € 2 and € > 0 there exists a set S C N of positive upper density, such that for all n € S
we have

p(ANT=MAN .. AT %M A) > (u(A)FF —e (1.18)

Proof sketch of Proposition |1.21)
Step 1. Let (X, 2", u,T), A and € be as in the statement. Then, for any | € N we show that
there exists k£ € N so that

[E(La|Hrar) — E(Lal ) 2 <

=l e

Step 2. Next, we consider the averages

1 al(n A1
m Z ai( )f1---T k( )fk, (1.19)
I neSiN[Nom)

where [N,,| = {1,..., N} and fi,..., fr € L>®(n), m € N and the sequence (Np,)men is such

that S . N
lim ’ lm{ L m}| > 0,
m—00 Ny,

for S;:={n € N: aj(n) =0,...,ax(n) = 0 (mod [)} and we show that the factor %, is
characteristic for the averages . In order to do this this we consider a cyclic group of
order | with identity e, say G = (g) = {e,g,4°, ..., "'} . Moreover, we let R : G — G with
R(g™) = g™*!, for m € N, be the shift transformation on G and consider the dynamical system
(G,9,v,R). If 1y, is the indicator of e then it is trivial to see that the averages in are
the same as the averages

Nm
m (A}m Z(T X R)al(n)(fl ® Lgey) -+ (T X R)ak(n)(fk ® 1{@})) (1.20)

n=1
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for every m € N. Assuming that E(f;|-%#4(T)) = 0 for some j € {1,...,k} we also have that
E(fj ® 1yey|#rat(T x R)) = 0 and then the claim follows by way of Theorem

Step 3. Setting fo = f1 = ... = fr = 14 and combining steps 1 and 2 we get that
1
lim inf ————— ANT 2MWAN...nT~%M 4
Gk T PR )
nES;N[ N
is greater than or equal to
1
liminf ———— > E(14]04) - T"ME14]04) - - - T*MELA|04) dp — e

m—r00 |Sl N [Nm” nESIN[Ni]

However, for n € Sy and j € {1,...,k} we have that a;(n) = 0 (mod 1), hence T%ME(1 4|.%}) =
E(14|#) and so the last limit is equal to

/ (LA dp— e > (u(A) — e

from which we can conclude. O

We are finally in the position to prove Theorem according to which for any linearly
independent integer polynomials py,...,p; : N — Z, each with zero constant term, we have that
for every measure-preserving system (X, 2", u,T), every set A € 2" and € > 0, there exists a
set S C N of positive upper density (and in fact, a syndetic set), such that for all n € S we have

(AN TP An...N T—Pk(")A) > (#(A))k—i-l e

Proof sketch of Theorem [1.16,

From Proposition [1.21| we only need to prove that such sequences have good divisibility prop-
erties and are good for seminorm estimates and irrational equidistribution. The divisibility
properties assumption follows from the fact that the polynomials have zero constant term and
we can infer the assumption regarding seminorm estimates by Proposition Therefore, it
only remains for us to prove that linearly independent integer polynomials are good for irra-
tional equidistribution. To do this we choose t1, ..., tx € [0,1) not all rational, and consider the
polynomial

k
p(n) = th - pj(n).
j=1

Then, it is enough to show that p has at least one irrational coefficient, because in this case, by
Weyl’s equidistribution theorem, the sequence ({p(n)})nen is equidistributed, so that

1 N
. - 2 : 2mip(n) _
J\}Ego N n—1€ 0-

The argument for this final claim is not complicated and we leave the details for the proof. [
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Chapter 2

Ergodic Theoretic Preliminaries

In this chapter we offer a general introduction to ergodic theory. The definitions and results that
we present here are either directly or at second hand used in the proofs of the main theorems
we seek to recover in this exposition, and overall they form a complete introduction to the
underlying philosophy of the field of ergodic theoretic. Much of the material that we choose to
display, as well as some relative background, can be found in the books of Einsiedler-Ward ([5])
and Furstenberg ([11]).

2.1 Measure-preserving systems

Throughout this thesis we work with the basic objects of study in ergodic theory, which are
measure-preserving systems. We begin with the definition of these objects and some examples
which hopefully illustrate the motivation behind this particular definition. Recall that a proba-
bility space is simply a triplet (X, 2", u), where X is any set, 2 is a o-algebra of subsets of X
and p is a probability measure on X, that is, u(X) = 1. Of course, there is nothing particularly
exceptional with the choice of 1 as the measure of the whole space. We simply need p to be a
finite measure and choose this value for regularity and simplicity.

Definition 2.1. Let (X, 2", n) be a probability space. If T : X — X is a transformation that
is measurable with respect to X", meaning that T"YA € 2, for all A € 2, then we say that
T preserves the measure y, or that it is measure-preserving, if u(T~1A) = p(A), for every
A e 2. We then say that the measure p is T-invariant and we call the quadruple (X, 2, 1, T)
a measure-preserving system or sometimes, a dynamical system.

Remark 2.2. If in the context of Definition T is an invertible transformation and its
inverse, T~ : (X, 2, ) — (X, 2", i), is measurable, then u(TA) = u(A), for all A€ X .

The next proposition uses a well-known measure-theoretic technique and is useful because
it allows us to inspect whether a measurable transformation preserves some measure or not by
working on a smaller and simpler family of sets than the initial o-algebra. Recall that a semi-
algebra of subsets of a set X is a non-empty family, which is closed under finite intersections
and for which, the complements of its sets are finite disjoint unions of other sets in this family.

Proposition 2.3. Let (X, .2, 1) be a probability space and Zy C 2 be a semi-algebra which
generates 2 . Then, a transformation T : (X, 2", n) — (X, 2", 1) is measure-preserving if and
only if it is measure-preserving when restricted to 2y, that is,

w(T7EA) = u(A), for any A € 2. (2.1)
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Proof. We will in fact show that, if T : X — X is such that, T-'4 € 2" and u(T~1A) = u(A),
for any A € 2y, then T : (X, 2", u) — (X, 2", u) is measure-preserving. To this end simply
observe that the set

Fo={AcZ T 'Ac 2}

is a o-algebra which contains 2y, so that # = %" and considering the measure v : & — 2,
defined by

v(A) == (T 1A), for any A € 2,
we have that p and v agree on % and thus, by an application of the monotone class theorem,

they agree on 2 . O

Notation 2.4. By Z, we denote the non-negative integers. For measurable functions on a
probability space (X, Z ,u) and a measurable transformation T : X — X, we usually write
Tf and we mean the composition f o T. Also, by T™f we denote the composition foT" =
foT oT---oT, where T™ is the composition of T with itself n-times.

The next theorem provides us with another practical way to determine whether a transfor-
mation is measure preserving.

Theorem 2.5. Let (X, 2", u) be a probability space and T : X — X be a measurable (with
respect to the o-algebra 2" ) transformation. Then T preserves the measure i, if and only if

[ 1@ dn= [ @) du for any § € L), (2.2)
X X

Equivalently, p is T-invariant, if and only if f — Tf is an isometry on L'(u).
Proof. First, assume that (2.2)) holds. Let A € 2 be any set and put f := 14 € L'(). Then,

/XILA(THC) dﬂ—/X]lA(m) du,

[ tra@) du= [ L) du = (1) = ua),
X X

Conversely, our hypothesis implies that the equality [, f f(Tx) dp = Ix f + f(z) du holds for all
functions of the form f := 14 € L'(u), for any A € 2 and by hnearlty, it also holds for
simple functions. Now, let 0 < f € L'(u). From a well-known approximation result there is
an increasing sequence of simple functions, (f,)nen, such that, f, ~ f (pointwise). Therefore,
fnoT S foT and so, by the monotone convergence theorem, we have that

/f du—hm/fn du= lim | fu(Te) du = /fo

which becomes

Finally, if f : X — C is measurable and f € L'(u), we can write
= =)+ (B =f),
where f;7, f, fo, f5 are non-negative and integrable functions, so that we reduce to the pre-

vious case.

O]

For the purposes of this exhibition we can restrict our attention to measure-preserving
systems, (X, 2", u,T), where (X, 2, ) is a Lebesgue probability space (also refereed to as
a standard probability space) and even to the case where X is a topological space that is
actually compact. If 2 is also the completion of the Borel o-algebra of X, we call (X, 2", u) a
regular probability space. From now own, whenever we refer to a measure-preserving system,
(X, Z,u,T), it will be assumed that X is a compact space. Thus, the following corollary of
Theorem is applicable:
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Corollary 2.6. If (X, 2, u) is a regular probability space, then a measurable transformation
T : X — X preserves the measure p, if and only if

/ f(Tx) dp :/ f(x) du, for any f € C(X). (2.3)
X X

Proof. One direction of the equivalence follows trivially from Theorem because continuous
functions are integrable for the finite measure p. For the other direction, first define the measure
v := poT~! which means that v(A4) = pu(T~1A), for every A € 2. It suffices to prove that
v = u. A typical argument shows that

| t@ar= [ f@ ot = [ 5(7a) dn.

for all f € L*(p) and so our assumption means that

/ f(x) dv :/ f(z) du, for all functions f € C(X).
X X

But, the spaces (X, 2", u) and (X, 2", v) are regular and thus the measures p and v are regular,
meaning that for every A € 2" and € > 0 there exist compact sets K, K’ and open sets O, O’
with K C AC 0and K’ C A C 0/, such that

pw(O\ K) <eand v(O'\ K') <e.

Then, the space C(X) is dense in both L'(u) and L'(v), and so a simple approximation argu-
ment shows that p and v are indeed equal. O

We present some basic examples of measure-preserving systems below.

Example 2.7 (Circle rotation). Let X = [0, 1], where we identify 0 with 1, be equipped with
its Borel o-algebra and let u be the Lebesque measure on [0,1]. Then, for any « € [0,1] we can
define the transformation T : X — X, by Tox = x4+« (mod 1), x € X. An alternative way to
view this system comes from identifying X with the compact quotient group R/Z. We call the
set T :=R/Z the torus. We do this by identifying any element x € X with its equivalence class
x +7Z in R/Z. Moreover, the Lebesque measure of X is identified with the normalized Haar
measure mt on T. Then, for T : T — T we avoid writing Ty (x+7Z) = z+ a+Z, but instead we
write once again Tox = x4+« (mod 1), z € X. The system (X, B([0,1]), p, To,) or equivalently,
(T, A(T), mr,Ty), is measure preserving. To see this we consider the semi-algebra of intervals
of [0,1]. First of all, for any interval I C [0,1], we have that T;'I € %([0,1]), because
T = I — a (mod 1), which is either an interval or the disjoint union of two intervals in
[0,1]. In addition, u(T; 1) = u(I), since the Lebesque measure is invariant under translations
and the claim follows by Proposition [2.3. The reason to call this system a ”circle rotation” is
because it turns out to be isometrically isomorphic (a concept that we will define later) with the
system (S, B(S), ms, Tn), whereS := {z € C: |z| = 1} is the unit sphere, which we consider as a
compact group under multiplication, mg is the normalized Haar measure on'S and Tz = e>™.
for any z € S. One can also generalize this example by considering a rotation on any compact
group X as follows. For any element g € X, let Tg : X — X be defined by Ty(z) :==g-x, x € X
(we use multiplicative notation for the operation of the group G). Then, T, preserves the left
Haar measure mx on X.

2,

For reference we merely mention a theorem by Haar for the existance and uniqueness of
Haar measures on locally compact groups.


See, for example, my Probability notes, Theorem 1.45
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Theorem 2.8 (Haar). Let G be a locally compact group. Then, there is a measure mg defined
on the Borel subsets of G that is invariant under left translation, is positive on non-empty open
sets, and is finite on compact sets. The measure mg is unique up to a positive multiplicative
constant, that s, if p is any other measure with the same properties, then there is a constant
C > 0 with u(A) = C - mg(A), for all Borel sets A. Finally, mg(G) < oo if and only if G is
compact. This is called the left Haar measure on G, there is a similar right Haar measure and
there is also a measure that is invariant under left and right translations. This measure can be
be thought of as the natural generalization of the Lebesgue measure to a general locally compact

group.
The next example illustrates the importance of using pre-images of sets under a transfor-
mation, rather than images, in order to consider a map as measure-preserving.

Example 2.9 (Doubling map). The map T : T — T which is defined by Tz = 2z (mod 1),
for x € T, is called the circle-doubling map. To see that this map preserves the Haar measure
my we can focus on intervals of the torus as in Example[2.7, after simply observing that,

a b 1+a 140

bl - - < b<1.

2,2)U( 5 g ), for0<a<b<

However, for the sake of diversity, we shall use the method of Corollary[2.6, according to which
it suffices to show that

T Ya,b) = (

/ f(Tx) dmp = / f(z) dmry, for all continuous functions f € C(T). (2.4)
X b's

Due to the density of trigonometric polynomials on the space C(T) endowed with the supremum
norm (this is the content of Weierstrass’ theorem), any function f € C(T) is approrimated
uniformly and thus, in L'(mr), by trigonometric polynomials. Therefore, using the linearity of
the integral, we need to prove for functions of the form fi(z) = e*™** 1z €[0,1), for any
k € Z.. This is obvious, because for k # 0,

/627ri2kx me — / eQwikx me -0
T T

/627r7l2k’x me — / e27rikw dm']l‘ — / 1 me =1.
T T T

In the above calculations we used the fact that

1
/627rzk:p me :/ e27rzk:r dr.
T 0

Notice that, if we study forward iterates, or images of T instead of pre-images, a similar
measure-preservation property does not hold. Indeed, T(%, %) = (%, %) and so, the image of
(1,2) is an interval with twice its length.

and for k=0,

Naturally, there is a part of ergodic theory which is concerned with the classification and
categorization of measure-preserving systems. In order to facilitate such a classification we use
factor maps, which are the morphisms of dynamical systems.

Definition 2.10. Let (X, B, u,T) and (Y,€,v,S) be measure-preserving systems. Then, a set
function ¢ : X' — Y is called a factor map if it is surjective, measure preserving in the sense
that p(¢=1A) = v(A), for any A € €, and satisfies the equality

So¢(x)=¢oT(x), forxe X',

where X' andY”’ are full measure subsets of X andY respectively, with TX' C X' and SY' C Y.
We say that the system (Y, €,v,S) is a factor of (X, B, u,T), if such a factor map exists and
in this case we also say that (X, B, u,T) is an extension of (Y,€,v,S).
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We also need a notion of when two measure-preserving systems are in essence the same, or
do not stand out from each other, which is the following.

Definition 2.11. Two dynamical systems (X, #,u,T) and (Y, €,v,S) are isomorphic if there
exist full measure subsets X' C X, Y' C Y, with TX' C X' and SY' C Y’ and an invertible
measure-preserving transformation ¢ : X' — Y (this means that both ¢ and ¢~'are measure-

preserving), such that
So¢(x)=¢oT(x), forxe X'

There are two more equivalent ways of seeing factors of measure-preserving systems, one
through T-invariant sub-o-algebras and one through T-invariant algebras of bounded measur-
able functions.

Let (X, %, u,T) be a dynamical system and (Y,%,v,S) some factor with factor map ¢ :
X' =Y asin Deﬁnition Then, it is easy to see that ¢~1(%) is a T-invariant sub-o-algebra
of % (modulo sets of measure zero). For example, if A € ¢~1(%), then A = ¢~1(C), for some
C € € and so

T A= (¢poT) (C)=(So¢) HC)=9¢ " (5HC)) € ¢ (¥).

A partial converse is also true. Precisely, if (X, %, u,T) is some measure-preserving system and
o/ C A is a T-invariant sub-o-algebra then, there exists a system (Y, %, v, S) and a factor map
¢: X — Y, such that & = ¢~ 1(%).

We can also describe a correspondence between invariant o-algebras and invariant algebras
of functions. Indeed, if (X, %, u,T) is measure-preserving and % is a T-invariant algebra of
L*>(u), that is, T.% C # and for any f,g € . and ¢ € C, we have that f - g, f + cg € .Z, the
set

o :={B€%B:B=f YD), for some f €. and D a complex Borel set}

is a T-invariant sub-c-algebra of Z. On the other hand, given & C % some T-invariant
sub-o-algebra of £, the set

F ={f € L™(u) : f is measurable with respect to o/}

is a T-invariant sub-algebra of L™ ().

In measure theory it is natural to neglect null sets. Observe, then, how the definition of
factor maps and isomorphisms that we use is sufficiently flexible to allow us to consider two
systems, which differ only on a set of measure 0, as isomorphic. Moreover, in the measurable
setting of Definition a map is allowed to be undefined on a set of zero measure. Now, with
Definition [2.11]in our disposal, we have a clear way to think of this. Namely, a measurable map
which is undefined on a null set can be seen as (or, more formally, identified with) a map which
is defined everywhere on an isomorphic probability space.

2.2 The notion of recurrence

One of the basic goals of ergodic theory is the study of the assymptotic behavior of typical
orbits. That is, given a measure-preserving system (X, 2", u, T') and some point = € X, we aim
to understand the behavior of the set {T"z : n € Z;}. Many questions regarding its behavior
arise naturally. One may ask, for example, whether the orbit of a typical point x € X returns
close to its starting point—here the assumption that X is a metric space with some metric d
is implicit, although it is not necessary to define closeness—that is, whether there exists an
increasing sequence (ng)ren of positive integers for which d(z, T z) — 0, as k — co. Another
interesting question is if the typical orbit {7z : n € Z} is dense or even, equidistributed in
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X, which translates to the (assymptotic) density of the set {n € Z; : T"x € A} being equal to
w(A), for any A € 2.

A property that all measure-preserving systems enjoy is that of recurrence. This is a central
theme in ergodic theory and it basically refers to results concerning how points in dynamical
systems return close to themselves under iteration. The first theorem of ergodic theory is
Poincaré’s recurrence theorem. This is essentially the pigeonhole principle for ergodic theory.
It is a consequence of the space being of finite measure (the simple example of a translation by
a positive constant on R with the Lebesgue measure exhibits no recurrence), which is already
a convincing reason for us to restrict ourselves to the study of probability spaces.

Theorem 2.12 (Poincaré recurrence theorem). Let (X, 2", 1, T) be a measure-preserving
system and let A € Z°, with u(A) > 0. Then,

(i) W(ANT=™A) >0, for infinitely many n € N and
(ii) for almost every x € A we have that T"x € A, for infinitely many n € N.

Remark 2.13. Notice that in (ii), the restriction that x € A is necessary, as the counterexample
of the identity transformation, Tx = x, suggests.

Proof. Let k = [ﬁ] + 1 and consider the sets A,T"YA,T-2A,..., T FA. These sets cannot
all be pairwise disjoint, for if they were—using that u(T"A) = u(A), n € N, as T preserves the

measure u—we would get
pAUTPAUT?2AU. .. UT"A) = (k4 1) - u(A) > 1,
which is impossible. Thus, there exist 0 < k; < kg < k, such that
p(ANT=ke=k) Ay = (TR (AN TRk A) = (TMANT*24) > 0.

Setting n = ko — k1 we have that u(ANT~""™A) > 0. Repeating the same argument for the
sets A, T~™A,T72mA,.... T ¥ A, for any m € N, we get that there exists n = mi, for some
l e {1,2,...,k}, such that uy(ANT™™A) > 0 and so the first claim follows. For the second
result, we consider the set

G:={x € A: T"z € A, for infinitely many n € N}

and our goal is to show that u(G) = u(A). It suffices to prove that u(A\ G) = 0. Observe that
we can write

A\G = GAk,
k=1

where
A ={z € A:T"x ¢ A, for every n > k}.

Fix k € N. Then, by the definition of A; we obtain that Ay N T "A; = (), so that u(Ag N
T-"Ay) =0, for every n > k, which by (¢) implies that p(Ax) = 0. Therefore, the subadditivity
of p gives that u(A\ G) =0. O

Remark 2.14. Recurrence is an important property which should not be confused with density.

For example, let T, be a rational rotation on the torus, with q = %, for k,m € N, as in Example

. Then, any point x € T is periodic under Ty, with a period at most m, which means that
T)'z =z, for allx € T. Thus, for any measurable subset A of T of positive measure, almost all

its points are infinitely recurrent to A, but none of them is dense, being periodic.
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The next result is a fancy strengthening of the previous theorem and although this particular
proof is not much noteworthy, we include it, as it is elementary. There is also a proof (and this
is typically the one preferred) which uses the mean ergodic theorem, a relatively strong tool.
Before we state this proposition we give a definition of large subsets of integers.

Definition 2.15. A subset of the set of integers is called syndetic if it has gaps—that is, integer
intervals which belong to its complement—of bounded length. The exact same definition can be
adapted for subsets of the non-negative integers, Z, or for the natural numbers, N.

Remark 2.16. A more elegant, equivalent definition is that a subset E of the integers 7 is
syndetic if Z. can be covered by finitely many translates of E. If E has gaps of length bounded by
some m € N, then clearyZ = EU(E+1)U...U(E+m) and coversely, if Z can be covered by
m-translates of E as above, then any set of the form {k,k+1,...,k+ m}, where k € Z, must
intersect I.

Proposition 2.17 (Strengthening Poincaré recurrence). We can in fact show that in the
context of Theorem[2.13, the set

R:={neN:u(AnT"A) >0}
s syndetic in Z .

Proof. Assume for contradiction that there is some set A € 27, with u(A) > 0, for which the
set R under examination is not syndetic. Then its complement,

E={neN:puy(AnT"A) =0},
must contain arbitrarily large integer intervals. Such an interval is of the form
J={m+1,...m+ M}, for m,M € N.

With [(J) = M we denote its length and with ¢(J) = [m + #] the integer part of its center.
Let ng € N. By assumption, there exists some J; C E, with I(J1) > ng and ¢(J1) = nq,
for some n; € N. Then, there exists a Jo C E with length [(J2) > 2(ng + n1) and ¢(J2) = ne,
for some no € N. Continuing inductively, we find that for any m € N, there is an interval
JIm+1 C E, so that [(Jym41) > 2(no +n1 4 ... + 1) and ¢(Jpm41) = N1, for some np,q € N
Now notice that for I,m € N with [ < m, we have that n,, — n; € J,,, because n,, is the
center of Jy, and |[(ny, —ny) — np| < @ However, this implies that
p(ANT=(m=m) Ay = 0, for all I,m € N, with [ < m,

which is a contradiction, since it means that the sets T=™ A, T~™ A, ... T~ "M A are essentially
distinct and thus,

M M
p(JT74) = 32 p(T " A) = M- p(A),
=1 =1

for any M € N. O

Another classical, but much deeper result in ergodic theorey is the multiple recurrence
theorem, due to Furstenberg, which is basically a generalization of Poincaré’s recurrence. A
fully detailed exposition of that can be found, for example, in Chapter 7 of the book by Einsiedler
and Ward [5].



36 CHAPTER 2.

Theorem 2.18. Let (X, 2,1, T) be a measure-preserving system, A € 2 be any set with
w(A) >0 and k € N. Then,

N
1
lim inf — ANT "ANT 2An---NT*A4)>0
inl 7 2 )2

and in fact,

N—-1
> WANT "ANT AN ---nT7F"4) > 0.

n=

.. 1
lim inf
N—M—soo N — M

The multiple recurrence result that extends Poincaré’s theorem is an immediate corollary
of the above and reads as follows:

Theorem 2.19. For any measure-preserving system (X, 2, u,T), a set A € 2", with u(A) >0
and any k € N, there exist infinitely many n € N, such that

WANT "ANT2AN.-..NTFA) > 0.
In fact, the set of n € N for which this multiple intersection is non-trivial is syndetic.

Proof of Theorem [2.19, assuming Theorem[2.18 If this were not true, then there would exist
. . . N—oo
some sequences of non-negative integers (an)yen, (bn)nen with by — ay —— oo, such that

WANT"ANT 2AN...NT A) =0, for any n € (an,by), and N € N.

However, this would mean that

by—1
lim —— ANTMANT 2"AN...NT*A)=0
Ngnoo bN—aN nga:NM( ) ’
contradictory to Theorem [2.18 O

2.3 Ergodicity

The next notion, called ergodicity, is a property enjoyed by some measure-preserving systems
and it is the natural concept of indecomposability in ergodic-theoretic terms.

Definition 2.20. If (X, 2", 1, T) is a measure-preserving system and A € 2" some measurable
set, we call A invariant under T, if T~'A = A, where the equality is meant up to sets of measure
zero. Precisely, we write A = B, if u(AAB) = 0.

Remark 2.21. If T"'AC A, then T'A = A since p(A\ T 1A) = p(A) — u(T-1A) = 0.
Remark 2.22. If T is invertible, then a set A € Z is T-invariant if and only if TA = A.

Example 2.23. If (X, 2", u,T) is a dynamical system and x € X is any point, then the set of
its orbits under T is T-invariant. Indeed, let

A:={T"z:neZ}.

Then, clearly T~'A = A. If T is also invertible and periodic, for example with period n € N,
then we may only consider the forward orbits, that is, the set

A= {z, Tz, T?z,...,T"x}

and then TA = A.
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Definition 2.24 (Ergodicity). A measure-preserving transformation T on some probability
space (X, 2", ) is ergodic if there are no non-trivial T-invariant sets in 2 . This means that
forany Ae &

T 'A=A = u(A) =0 or u(A) =1.

In this case we say that (X, 2, u,T) is an ergodic system. If, moreover, the transformation T™
(which is always measure-preserving) is also ergodic for every n € N, we say that the system
(X, Z,u,T) is totally ergodic.

The reason behind identifying ergodicity with indecomposability is the following simple
proposition. Notice that the reduction resulting from this proposition is only possible if the
system is non-ergodic and according to it, such a system can be decomposed into two measure-
preserving systems, (A, 24, pua, Ta) and (X \ A, Zx\ 4, lx\4, Tx\4). Similarly to prime num-
bers being the building block of all integers, in the sense that they are indecomposable and also
sufficient to decompose any other integer, we will see that the indecomposable ergodic systems
are the building blocks of all measure-preserving systems. We do not include the proof of the
next proposition as it is a very simple exercise that offers no additional insight to this exposition.

Proposition 2.25. Let (X, 2, u,T) be a dynamical system and let A € Z be a set of positive
measure, w(A) > 0, and assume that T~'A = A. Then, the quadruble (A, Za,pa,Ta), where
2y :={BNA:Be Z}, Ty is the restriction of T on A and ps(B) = “(MB(QA forany B e 2,
is a measure-preserving system as well.

Example 2.26. Any rational rotation on the torus is non-ergodic. Indeed, let ¢ = "> € (0,1)

be a rational and let T; = x + q (mod 1), for any x € T. Then, observe that the set
m—
U l J
~ ‘n’n
has measure % and it is T-invariant. For ¢ = 0 we get the identity transformation which is
obviously non-ergodic.
There are several characterizations of ergodicity , the equivalence of which we prove below.
Theorem 2.27. For a measure-preserving system (X, 2", u, T) the following are equivalent:
(i) T is ergodic
(ii) for every A € Z with p(A) > 0, we have that p(|J;—; T "A) =1

(iii) for every A,B € Z with u(A) > 0 and u(B) > 0, there exists some n € N, such that
wBNT™A) >0

(iv) for every A € 2" with u(A) > 0, we have that for almost every x € X there exists some
n € N, such that T"x € A.

Proof. Assume (i) holds and set B :=J;°; T""A. Then T'B C B, so that B is T- invariant
by Remark Thus, u(B) =1, as u(B) > u(T~A) = p(A) > 0.
Next, assume that (i7) holds and let A, B € 2" be sets of positive measure. Then,

0<u(B)=puBnN( UT"A fj BmT*”A))giM(BmT*"A),
n=1

n=1 n=1

so that not all terms in the sum are zero.
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If (737) is true and we set B := {x € X : T"x ¢ A, for every n € N} we need to show that
u(B) = 0 in order to get (iv). This is immediate, since B NT ™A = (), which implies that
w(BNT™™A)=0, for all n € N.

Lastly, assume that (7v) holds but there exists some T-invariant A € 2" with 0 < u(A4) < 1.
Then T7™"A = A and so T™x € A for almost every x € A and for every n € N. Because
(X \ A) > 0 we also have that for almost every = € A (in fact, for almost every = € X) there
exists some n € N, such that 7"z ¢ A, which is of course a contradiction. ]

There is also an equivalent definition of ergodicity via measurable, essentially bounded
functions and although we could include it as a fifth condition in Theorem [2.27], its difference
in nature as well as its significance in applications compels us to distinguish it as a particular
statement.

Theorem 2.28. A dynamical system (X, 2, 1, T) is ergodic if and only if for every f € L>°(u)
for which f(Tx) = f(z) for u-almost every x € X, it follows that f is almost everywhere
constant, with respect to the measure .

Proof. Suppose T is ergodic and f(T'z) = f(x), for p-almost every = € X and some f € L (pu).
If f were non-constant there would exist ¢ € C, so that the set

A={ze X |f(x)| >c}
has measure 0 < 1(A) < 1. Then,
T'MA={zeX:TecA={zecX:|f(Tz)|>ct={zecX:|f(x)>c} = A4,

so that A is T-invariant, a contradiction.
Conversely, let A € £ be T-invariant. For f = 14 € L*°(u) we get that

Tf(x) =1p-14(z) = La(x), for u-almost every z € X,

thus f is p-almost everywhere constant, which easily implies that u(A) € {0,1}. O

The next result is an interesting primary step in the direction of analyzing and understanding
typical orbits in dynamical systems.

Proposition 2.29. Let (X, %, u,T) be an ergodic measure-preserving system, where (X,d) is
a compact metric space, B is the Borel o-algebra on X and p(U) > 0, for every non-empty
open set U C X. Then, for almost every x € X we have that

{T"x:neN} =X.

In fact, in such cases, the typical orbit is not only dense in X but also equidistributed, which
can be shown using slightly stronger ergodic theoretic tools than the ones we have established so

far.

Proof. Let (Up)reny be a countable base for the topology of X, which exists since compact
metric spaces are second-countable. Since u(Ug) > 0, for every k € N, from the (iv) property
of Theorem [2.27] we get that for every k € N

{Trz:neN}NU; #0,

for almost every z € X. The countability of the basis implies that for almost every x € X we
have that
{Trz:neN}NU, #10,

for every k € N. Therefore, {T"z : n € N} = X. O
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Remark 2.30. The assumption that p is positive on open sets is necessary, as we can see by
considering the case of p = dp, X = [0,1] and Tx = x, which is ergodic, but the orbit of every
point is the point itself, thus is not dense in X.

We also have the following two conditions which allow us to prove ergodicity of a transfor-
mation and are often easy to check.

Proposition 2.31. Let (X, 2", u,T) be a measure-preserving system.

(i) If 2o is a semi-algebra of subsets of X which generates Z (perhaps, modulo sets of
measure zero) and

N
1 00
N E w(ANT"B) Noo, w(A) - w(B), for every A, B € Zy, (2.5)

n=1
then T is ergodic.

L2 (1)

(ii) If F C L>=(u) is a family of functions such that span(.F) = L?(u) and
| X
S [ g [ pau | gau prevfge s (20
N = Jx X X

then T 1is ergodic.

We briefly introduce characters of compact abelian groups and some of their properties.

Definition 2.32. For a compact, abelian group G, every measurable function x : G — T
satisfying the equation

x(zy) = x(x)x(y), for every z,y € G
is called a character of G. The set of characters of G is denoted by G.

For example,
(i) if G =T, then G = {e*™ . k € 7}
(i) if G = Zg, then G = {€*™'¢ 1k =0,1,...,d — 1}
(iii) if G = T?, then G = {2"F7 : |k € 74, 7 € T4}
(iv) if G = T, then G = {2 7 . | ¢ 74, & € T¢,d € N}
Some basic properties of characters on a compact abelian group are the following:
(i) if x € G, x # 1, then Jx x(x) dmg(z) = 0, where m¢ is the Haar measure of G

(i) [y x1(x) - x2(x) dmg(x) is zero if x1 # x2 and is equal to one if x; = x2. Thus, different
characters are orthogonal elements of L?(mg)

(iii) The set G is countable, because G is compact and so L?(mg) is separable, but from the
previous property G is orthonormal.

Some basic examples of ergodic transformations are the following.
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Example 2.33 (Irrational rotations on the torus). Let (T, Z(T), mr,Ty,), with Tyx = v+«
(mod 1), a € R\ Q, be an irrational rotation on the torus. It is well-known that the family of
functions

F = (¥ L e

has a dense linear span in L?(mrt). Therefore we only need to show that holds for any
functions f,g € F, which is straightforward.

More generally, let G be a compact abelian group with Haar measure mg and a € G. Then,
one can show that a rotation R, : G — G defined by Ry,g = a - g, for all g € G is ergodic if and
only if {a™ :n € Z} = G if and only if x(a) # 1, for all characters of G with x # xo, where X
is the trivial character, i.e. xo(G) = {1}.

Example 2.34 (Skew products). Another family of ergodic transformations with a wide range
of applications is that of skew products. Precisely, the transformations T : T? — T2, of the form

T(z,y) = (x+o,y+ f(z)) (modl), z,yeT,
are ergodic if and only if « € R\ Q and for every m € Z\ {0} the equation

9z +a) —g(x) =mf(x) (mod 1),

has no measurable solution g : T2 — T2. The proof of that follows a standard technique, which
uses the uniqueness of the Fourier expansions of g(x,y) and g o T (x,y).

Example 2.35 (Bernoulli shifts). Let A = {1,2,...,n}, for somen € N and T : AZ — A”
be defined by

T((vk)ken) = (Tri1)ken, for a sequence (zx)ren € A%

Consider the system (A”, B, u,T), where B is the Borel o-algebra of A” and the measure p is
defined by

N(x—m =0-m, T-m+1 = 0—m+1,---, L0 = A0,y .-, Tk = ak) = Pa_mPa_mi1 """ Pag_1Pay>

for any m,k € N, where a_p,0—ms1,-..,0p_1,0r € A and p1,...,pp > 0 are such that
Yoy pi = 1. This means that p is the infinite product measure [[;° _ . ptp, wherep = (p1,...,pn).
Cylinder sets of the form considered in the definition of u above constitute a semi-algebra gen-
erating % and then condition (i) of Proposition for these cylinder sets implies that the
system (A”, B, p,T) is ergodic.

We briefly return to factors of dynamical systems which were described in the first section

in order to discuss a very special case of factor/o-algebra, which is the Kronecker factor.

Definition 2.36 (Kronecker factor). Let (X, B, u,T) be a measure-preserving system. The,
the closed linear subspace of L?(u) defined as

2
Jp = span{f € L>®(u) : f is an eigenfunction of T}L (“),
is the Kronecker factor of (X, A, u,T). Here, a function f € L*(u) is an eigenfunction of T if
there exists a € R, so that Tf = e*™f and e*™@ is the respective eigenvalue. If Hp = L*(u),
then (X, 2, u,T) is called a Kronecker system.

Examples 2.37.

(i) For T : T — T with Tx = = + «a (mod 1) the Kronecker factor is L*(u), so rotations
on the torus are Kronecker systems, because Jp contains the trigonometric polynomials
which are dense in L*(p).
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(i) For T : T — T with Tx = 2z (mod 1), we have that H#7 is simply the set of constant
functions.

Theorem 2.38 (Halmos-Von Neumann). If (X, %8, u,T) is a regular, ergodic measure-
preserving system, then it is a Kronceker system if and only if it is isomorphic to an ergodic
rotation on some compact abelian group.

Proof sketch. Ergodic rotations on compact abelian groups are Kronecker, because the Kro-
necker factor contains the group’s characters. For the converse we only give a two-step sketch.

Step 1. If two ergodic Kronecker systems have the same eigenvalues, the set of which is a
subgroup of the complex unit disk by ergodicity, then they are isomorphic.

Step 2. If A C T is a countable subgroup, then there exists an ergodic rotation on some com-
pact abelian group, G, such that the set of its eigenvalues is exactly A. In fact, G = A.
Combining those steps the proof follows immediately. O

Remark 2.39. Here we defined the Kronecker factor of a measure-preserving system with
transformation T by means of a T-invariant algebra of measurable functions. By the discussion
regarding the alternative definitions of factors in the end of Section 2.1, we can also call the
o-algebra J the Kronecker factor, where J& is the o-algebra corresponding to the Kronecker
factor, that is, the set of all inverse images of measurable sets via functions in the Kronecker.
With this understanding, with E( f|. ") we formally denote the conditional expectation of f (some
measurable function of the system) with respect to &, but we may also mean the projection of
f onto the space L*(¥'), which is no other than the Kronecker factor as it was initially defined.

We mentioned that ergodic systems are sufficient to decompose any measure- preserving.
This is due to the next classical result in ergodic theory, for the proof of which one uses the
method of disintegrating measures and it basically says that given a measurable transformation
T, any T-invariant measure can be decomposed as a convex combination of ergodic measures.

Theorem 2.40 (Ergodic decomposition). Let (X, %, u,T) be a reqular measure-preserving
system, i.e. X is a compact metric space, B is the Borel o-algebra and u is a probability measure
on (X,2). Let Mp(X) denote the set of T-invariant Borel probability measures on X. Then
there exist measures pi; € M7 (X) such that,

(i) © — pg is measurable, that is, x — fX f duy is measurable for every f € L' (u)
(ii) py is ergodic for p-almost every x € X

(iti) p= [y po dp(z), which means that for every f € L'(p) we have

ot an = [ ([ 10 aut)) duo

2.4 Furstenberg’s correspondence principle

The current section is devoted to Furstenberg’s correspondece principle, which has allowed for
the conveyance of a combinatorial statement into a statement in ergodic theory and was the
first step in Furstenberg’s proof of Szemerédi’s theorem. It is a very insightful, although not
particularly difficult to understand nor to prove, concept, according to which, vaguely, the
quadruple (N, Z(N),d,T) behaves like a measure-preserving system. Here 42(N) denotes the
power-set of the integers, d is the upper-density function and 7 is a shift map on N, specifically
the translation by 1.
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In order to facilitate the understanding of the principle we first need to define and process
the notions of density and upper density of subsets of the integers. For our purposes we restrict
attention to the non-negative integers, yet the generalization is obvious.

Definition 2.41. For subsets A C N we define the natural density of A as the quantity

<n< :
d(A)::ngnoo|{1_n_]sz ne A}

)

only for those sets A for which the limit exists.
Remark 2.42. This definition is restrictive as there exist many subsets of the integers without
a natural density. A subtle example is the following. Let
m
1079

that is, Ey is the set of non-negative integers with exactly n-digits, for n € N. Then, consider
the set

E,:={meN:min{j e N: < 1} =n},

o
E =] Ems1.

n=0

We see that |E,| = 9-10"", for every n € N and simple calculations lead to the inequalities

i |EN[1,10%] _ 1
Noso 102N 2
and
. |En 10
M RN -

which show that E does not have a natural density.

Definition 2.43 (Upper densitiy). For subsets A C N we define the upper density of A as
the limit Len<nN 4
d(A) = limsup|{ sn<N:nedj
N—o00 N

and we observe that this quantity always exist.
A somewhat weaker notion of density is that of upper Banach density.

Definition 2.44 (Upper Banach density). For subsets A C N we define the upper Banach
density of A as the limit

HM <n<M+N—-1:n¢c A}
N—oo preN N

Remark 2.45. The upper Banach density of a set A always exists and is equal to the infimum

) HM <n< M+ N—1:n¢c A}
inf sup .
NeN preN N

This follows easily from Fekete’s sub-additivity lemma, according to which, if (ap)nen s a sub-
additive sequence of real numbers, i.e. one that satisfies apym < ap + am, for any k,m € N,
an an

then the limit limy, o <* exists and is equal to the infimum inf,en 5. The proof of the lemma

is simple and unnecessary, so we omit it. For the claim about d*(A), observe that for A C N,

ay:=sup {M <n<N+M-1:nec A}
MeN

s a sub-additive sequence.
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As an application of the multiple recurrence theorem and the correspondence principle by
Furstenberg we obtain a very important result in arithmetic combinatorics, Szemerédi’s theorem.
There are other known proofs of this theorem as well, the first being an ingenious combinatorial
argument by Szemerédi himself and another proof by Gowers using Fourier analysis. As Terence
Tao wrote ”their proofs tend to share a number of common features, and thus serve as a kind
of “Rosetta stone” connecting these various fields”.

Definition 2.46. An arithmetic progression of length n € N is a subset of the integers of the
form
{m,m+k,m+2k,....,m+ (n—1)k}, where m,k €Z, k #0

The precursor of Szemerédi’s theorem is a special, and much simpler to handle, case of the
same result, a conjecture attributed to Brauer proven by Wan der Waerden. Namely:

Theorem 2.47 (Van der Waerden). If | € N and Ei,...,E; is a finite partition of the
integers, that is,
Z=FEUEU...UE,

(here U denotes the disjoint union) then, some Ej;, with j € {1,2,...,l}, contains arbitrarily
large arithmetic progressions. Therefore, for any r > 1 there exist m, k € Z with k # 0 so that

m,m+k,m+2k,....m+ (r—1)k € Ej.

Theorem 2.48 (Szemerédi). If E C Z with positive upper density, then E contains arbitrarily
large arithmetic progressions.

Remark 2.49. Observe that for any finite partition of the integers Eq, Es, ..., E; there must
exist at least one set E; with positive upper density and consequently Wan der Waerden’s theorem
is a special case of the theorem by Szemerédi.

We will prove two forms of the correspondence principle, one for general measure-preserving
systems which we will do in two ways and an analogous result for the ergodic case.

Theorem 2.50 (Furstenberg’s correspondence principle). Given E C N there exists a
measure-preserving system (X, B, 1, T) and a set A € B with u(A) = d(E), such that for every
m € N and any integers ni,na,...,ny, € N, we have that

WANT™MANT ™AN---NT " A) <d(EN(E—-n1)N(E—n3)N---N(E—np)) (2.7)
Remarks 2.51.
1. The system (X, %, u,T) is in fact invertible.
2. The only thing that depends on E is the measure p.
3. Fornj =j-n, where j =1,...,m, we get that
WANTANT2"AN---NT™A) <d(EN(E—-n)N(E—-2n)N---N(E—mn))

and so Szemerédi’s theorem, i.e. Theorem follows from Furstenberg’s multiple re-
currence theorem, i.e. Theorem|2.19.

First proof of Theorem[2.50 Let X = {0,1}2, & be the o-algebra generated by cylinder sets
in X, that is, the Borel o-algebra on X, T': X — X be the shift map, which means that

T((zk)ken) = (Tr41)ken, for any sequence (2)reny € X
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and finally, set
A={re X z9=1}

We proceed to the construction of p. Let av = (ag)ken be the sequence defined by oy = 1g(k),

for every k € N. There exists some sequence (IV});eny with lim;_, w = d(E). Now,
for each | € N consider the measure

1 N; 1 N;
M= Nl Z Orna = ﬁl Z 5((f¥k+n)keN)
n=1 n—1
and observe that p;(A) = N% 27]:&:1 S((apin)nen) (A) = N% Zf:]l:l ay,. Then,
d(E) = lim EN{L2. . Nl = lim 1§ljak = lim 14(A).
l—o0 Nl l—00 Nl 1 =00

Because the space of probability measures on (X, %) is weak® compact, there exists a sub-
sequence of (u;);eny which is weakly convergent and has limit point some probability measure p
on (X, %), with u(A) = d(E). The cylinder sets is an algebra that generates 4, so in order to
show that T is u-preserving, it suffices to show that
w(T~'B) = p(B), for all cylinder sets B.

But for a cylinder set B of the form

B={reX:z y=a_g,...,x0=ag,...,Tx = ar}, where a_g,...,aq,...,a; € {0,1}
it is easy to see that

2
lm(B) — (T~ B)| < N for any [ > 2k 4 1.

We are left with showing (2.7). Notice that T™"A = {z € X : z,, = 1}, for any n € N and so
for ni,ne,...,ny, € N and [ € N we have that

WANT™MANT AN AT "™ A) =

Jifz <k < Ni: (Tha)o = 1, (TR, =1, (T*a), = 1]
By the definition of A the latter becomes
]\1&|{1gk:gNl:keE,n1+keE,...,nm+keE}|,
which is equal to
]ifl|{1§k§Nl:k:eEﬂ(E—nl)ﬂ--ﬂ(E—nl)H.

Letting [ — oo and by the definition of d we get that

WANT™MANT ™AN---NT "A)<d(EN(E—-n)N(E—-n2)N--N(E—np)).
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Remark 2.52 (Modifying the result by making the system ergodic). Adjust the first part
of the above proof as to have X = {T"a : n € Z,} and get a measure p for which u(A) = d*(E),
where again A := {x € X : g = 1}, only now with a different X. To do this we will simply

choose two sequences (Ny)ien and (M;)ien, with N oo, 00, for which

lim ’E N {Ml,Ml + N, — 1}|
l—o0 Nl

— d*(E)

and the rest are similar. Then, we can use the ergodic decomposition of u under the transfor-
mation T in order to obtain a measure v for which the system (X, 2,v,T) is ergodic and for
which v(A) > d*(E). Indeed, if p = [y po dp(x) is the ergodic decomposition of p under T,
then

u(A) = [ nal) duo)
s0 that pi(A) can not be strictly less than d(E) for all z € X. Now, the set
ANT™MANT ™AN---NT™"A
is both open and closed (clopen) and so its indicator function,

L anr-m1 AnT—72 An-AT—nm A

is continuous. Thus, by Proposition there exist integer sequences (an)nen, (DN)Nen with
an < by, for all N € N and by — an N_>—OO> oo, such that

bn
_ _ _ : 1
VANTANT AN AT A) = Jim o n;v Bl
But,
by
D Lirr-manenr-ma(T"e) = {ay <n<by:in € EN(E—m)N---N(E-m)},
n=an

so that, by the definition of the upper Banach density d*, letting | — oo we obtain the inequality
vV ANT ™MANT ™AN---NT " A) <d"(EN(E—ni))N(E—na)N---N(E—ny)).

For m =1 and ny = 0 we have that v(A) < d*(E), which, combined with the reverse inequality,
completes the claim.

Second proof of Theorem[2.50. Consider X, %, T and the set A as in the first proof of the
theorem.

We will now define the measure p on the cylinder sets of X to ensure that the condition
holds, with an equality instead of an inequality and with an additive density d’, in general
different from d, which is not necessarily additive and may thus not lead to a measure on the
algebra of cylinder sets %, ,, which is generated by the —m, k cylinder subsets of X, meaning
sets of the form

Copmp ={r€X 12 1 =0, Tomil = Qemg1,- .., The1 = Qp—1, Tk = A},

for a_pm,a_m41,...,ap_1,ar € {0,1}.
Using a simple diagonal argument we find a sequence (N;);en, such that
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‘Eﬂ{l,Q,...,NlH _ E(E) and

(1) limlHOO N,

(if) limy_yo (B =mN(E® _nQ)m"]'Q(Eam —nen) 012N ovigts and is equal to
d ((E™ —ny)N(E2 —ng)N---N(E —ny,)), for every a,as,...,an, € {0,1} and

N1,M2, ... Ny € Z, where E' := E and E° :=Z\ E.

Observe that d(E) = d'(E). Next, we define the measure ji_, j on cylinder sets of the form
of C_,, . that we described above, by the condition

(*) pemp(Comp) =d ((E*m™ +m)) N (E*m +m—1)N---N(E%1 —k+1)N (E™ —k)).

Then, p is finitely additive on the algebra Z_,, , because the density d’ was chosen additive
and the compatibility condition of Kolmogorov’s extension theorem is satisfied. Therefore,
there exists a measure p on %, extending the measures pi_,, ,, which satisfies the condition (x).
Consequently, )

w(A) = p({z € X : 2(0) = 1}) = d(E) = d(E)
and also,
pANT™MANT ™AN---NT " A) = pu({zo =1} N{zy, =1} N---N{xy, =1}),

which is the same as

d(EN(E—n1) N (E—n)N-- N (E—nm)),

concluding the proof. O

2.5 Mean ergodic theorem

The content of ergodic theorems is the relationship between the behavior of averages taken along
the orbits of points under iteration of measure-preserving transformations and averages taken
over the measure space with respect to some invariant measure. In terms of measure-preserving
systems, the so called ”ergodic hyporthesis” means that for a dynamical system (X, 2", u,T)
the proportion of time that a typical orbit spends in some set A is asymptotically equal to
its measure p(A). In fact, this is precisely the statement of the pointwise ergodic theorem for
ergodic systems.

Theorem 2.53 (Von Neumann’s mean ergodic theorem). Let (X, 2", u,T) be a measure-
preserving system and let f € L*(u). Then

N

o1 ny
NIE’%ON;T I =E(f|-77),

where the limit is taken in L?(u) and E(f|#r) is the conditional expectation of f with respect
to the o-algebra of T-invariant sets,

Ip={Ae X T A=A}

If T is ergodic the only T-invariant sets have measure zero or one, therefore, in this case, Ir =
{0, X}, up to sets of measure zero, which are irrelevant. By the definition of the conditional
expectation for L2-integrable functions, E(f|.#1) is basically the orthogonal projection, in L?(u),
of the function f onto the subspace L*(F7). Thus, for ergodic systems, the conclusion of the
ergodic theorem is that

N
1

li —E ™f =

N1—>mooNn:1 f /deu7

where the limit is taken in L*(p).
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Remark 2.54. The proof we choose to present is geometric and uses some basic principles of
functional analysis. We work on the space L?(u) with the inner product defined by

/f 9@ du, for f.g € L*(n).

Then we consider the operator Ur : L?(u) — L%(p), defined by

Ur(f) =Tf = foT, for f € L*(u),

which is induced by T and is called the associated operator. Then Up preserves the inner product
and is thus, an isometry from L*(u) into L?(u), because T is measure-preserving. Indeed

<UTf,UTg>—/Tf-ngu—/f-g dp = {f.g).

Also, Up is unitary, i.e. bounded, inner product-preserving and surjective, when T is invertible
and with measurable inverse. In this case, the adjoint operator of Ur, denoted by Ur (the one
which satisfies (Urf,g) = (f,Uxg), for all f,g € L*(n)), is equal to its inverse, U:Fl. With this
notation we will prove that for any f € L?(u) we have

= Z UTf PTf

where Prf is the orthogonal projection of f onto the closed subspace It of L*(p) defined by
Ir:={g € L*(n) : Urg = g} C L*(n),
which is the same as the first statement because E(f|97) = Prf.

Proof of Von Neumann’s mean ergodic theorem.
Step 1. Let Hy := {h — Urh: h € L2(u)}. We claim that Hi: = Ip. First, let h € H7. Then
for any g € L?(p),

(h,g —Urg) =0 = (h,g) = (Urh,g),
so that Urh = h. But Ur is an isometry and thus,

|\Urh — h||2L2(u) = (Urh — h,Urh — h) =2 HhH%g(u) — (Urh,h) — (h,Urh),
which implies that
1Urh = Bl 72g,) = 2 1ll72(0 — (b Uzh) = (Uph, h) = 2 |[Al[72( — 2 1Bll72 = 0.

We have shown that Urh = h, that is, h € Ir. Conversely, let h € L?(u) be T-invariant. Then
for every g € L?(u) we get that

<h7g - UTg> = <h>g> - <h7 UT9> = <hag> - <UTh> UTg) =0,

since Ur preserves the measure, therefore h | Hp. By the theory of Hilbert spaces we have
established the following decomposition

L*(u) = Hy @ I,
according to which any function f € L?(u) can be written as a sum

f=Prf+ fu, (2.8)
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where fg € Hp.
Step 2. For fi € Hp we claim that

N
1 npe LA
N nz::lUTfH N—oo 0.

First of all, if fy is of the form fy = h — Urh, for some h € L?(u1), then for any N € N,

1Y n 1 & n n+1 1 N+1
Ngyhm:Ngymm—@,mzN(mh—% )

and this converges to zero as N — oo with respect to the L?(y) norm, because

|vrh - vyl

h H N-‘rlh‘
gy VM 0T Ry 20Bleg
N - N N ’

since Ur preserves the L?(u) norm. For a general fy € Hp, we have that for any € > 0 there
exists some h € L%(p) so that || fz — (h — Urh)|l 2,y < €. Therefore,

N N
1 1
n=1 L2(p) n=1 L2 ()

for large enough N € N.
Step 3. By (2.8)) and step 2, we have that

N N N N
1 ne i n l n o i n LQ(#)
N ; Upf =% ;UﬂPTf) + 5 ;UTfH =Prf+5 > Utfu~—— Prf,

n=1
for any f € L?(u), completing the proof. O

Remark 2.55 (Uniform mean ergodic theorem). In a similar fashion (in fact the proof
is almost identical as only the second step needs to be modified trivially) we get that for every

feL?(p), )
ne L)
i > URS E%:]E(ﬂfﬂ,
neln

for any sequence of integer intervals (In)nen with |In| N2,

An easy corollary of the mean ergodic theorem and Proposition (which can also be
extended to a uniform result) is the following.

Corollary 2.56. Let (X, 2", u, T) be a measure-preserving system and (In)nen be any sequence

of integer intervals with |Iy]| N2 0o, Then T is ergodic if and only if for every f,g € L*(p)

we have that

and for every A, B € & we have that

1
lim — wWANT"B) = u(A) u(B).
Jm g 3 ) = n(4) u(B)

Remark 2.57. Observe that Proposition [2.17 follows immediately from this corollary.
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As a form of encyclopedic information we mention the analogous pointwise ergodic theorem
which was established by Birkhoff.

Theorem 2.58. Let (X, 2,1, T) be a measure preserving system and f € L'(u). Then, for
u-almost every x € X we have that

1 N
lim > f(T"x) = E(f|-57).
n=1

N—o0

We will not use this theorem in this exposition, but it has a wide range of applications, an
example being the ergodic hypothesis and another one being that the typical orbit is equidis-
tributed, namely:

Corollary 2.59. If (X, 2", u,T) is an ergodic system and A € Z, then for almost every r € X
we have that

lim |{1§n§N:T"a¢€A}|:

Corollary 2.60. Let (X, %, u,T) be an ergodic system, where (X,d) is a compact measure
space, (X, A, u) is a probability space with & being the Borel o-algebra and let (Ok)ken be a
basis for the topology of X. A sequence (xy)nen is said to be equidistributed in X (with respect
to the basis (Ok)ren) if

lim {1<n<N:z, €0}
N—oo N

— 1(Og), for every k € N.

Then, for p-almost every x € X, the orbit of x, i.e. the sequence (T"x)nez., , is equidistributed
in X (with respect to the basis (Oy)ren). By definition, this means that for almost every x € X,
we have that

1<n<N:T'zeO
iy =S v €Oul _,

N-—o0 N t(Ox), for every k € N.

2.6 Unique ergodicity and generic points

Transformations on compact metric spaces with a single invariant measure are clearly interesting
and we show some of their powerful properties which result from the uniqueness of the measure.
Here we consider the metric spaces to be endowed with the Borel o-algebra if it is not mentioned
otherwise.

Definition 2.61. Let T : X — X be a continuous transformation on a compact metric space
(X,d). Then T is called uniquely ergodic if there exists exactly one T-invariant Borel probability
measure on X.

Remark 2.62. If T is uniquely ergodic with measure p, then T is ergodic. Indeed, if it were
not ergodic, then by Proposition[2.25 there would be a second T-invariant measure on the same
space, contradicting the uniqueness of .

Proposition 2.63. Let T : X — X be a continuous transformation on a compact metric space
(X,d). The following are equivalent

(i) (X,T) is uniquely ergodic with T-invariant measure [
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(ii) For every f € C(X) we have that the averages
TTL
m 5
N

converge uniformly to a constant C, as N — oo, where (IN)nen s any sequence of inter-
vals whose lengths tend to infinity (it turns out that C = [y f du).

(111) For every f € C(X) we have that
lim — (T"x)
N—oo |IN| n%: f

for every x € X (it turns out that C = [y f du), where (In)nen is any sequence of
intervals whose lengths tend to infinity.

Proof. (i) — (i1): Assume for contradiction that there exist an ¢ > 0, sequences Ny * oo and
z € X and some f € C(X), such that

Zf /}(fuZe,

nGI

for every k € N. Define the Borel measures

nEI

for k € N. Then, there exists a sub-sequence of (u)reny which converges in the weak™* topology to
some measure v which is T-invariant. Indeed, assume without loss of generality that % v
— 00

and let f € C(X). Then,

foT dv— / f dv| = |lim f(T ) — (1)),
/ ] = i g 3 |
which is less than or equal to
Jim = [l
\f il

since f € C(X) and is thus uniformly bounded. But p # v, because

’/fdl/—/fdu‘ hm
X X |INk

(44) — (i74): This is obvious.
(#i1) — (i): If p,v are T-invariant measures and f € C'(X), then

S /deu >e

nGI

for every x € X. Integrating with respect to p and v, using the bounded convergence theorem
and the fact that y, v are T-invariant we get that C, = [y f du = [y f dv for every z € X. [



2.6. UNIQUE ERGODICITY AND GENERIC POINTS 51

Definition 2.64 (Equidistribution). Let X be a compact metric space and p a probability
measure on X. We say that a sequence (xy)nen 18 equidistributed in X, if for every f € C(X)

we have that
1N
lim — n) =
Nl_rgoNg:lf(fﬁ ) /Xf(ﬂﬁ) dp

Definition 2.65 (Generic points). Let T : X — X be a continuous transformation on a
compact metric space (X,d) and let p be a T-invariant probability measure on X. We say that
a point x € X is a generic point for the dynamical system (X, u,T), if for every f € C(X) we
have that

Equivalently, the sequence (T™x)pen is equdistributed in X with respect to the measure p. It is
called quasi-generic, if for some sequences (an)nen, (bn)nven with ay < by and by —any —1 —

00, we have that
an+by+1

leéoﬁ Z (T —>/fdu

n=an

Definition 2.66. Let (X, %, 1) be a probability space with X a compact metric space. We say
that a function f : X — C is Riemann integrable with respect to u, if for every e > 0 there exist
g,h € C(X), such that

g(x) < f(z) < h(x) for every x € X
° fX (z) dp < e
It is an easy exercise to verify the following:

Proposition 2.67. Assume that (z,,)nen is an equidistributed sequence in some compact metric
space X with measure . Then

1. limy 00 % Zﬁ;l f(T"x) = [y f dp, for every Riemann integrable function f: X — C

2. Hne{l""’%}: zn€A} Moo, w(A), for any A € 2 with u(0A) = 0, where A denotes the
boundary of A.

Remark 2.68. If (X,T) is uniquely ergodic with measure u, then for every x € X the orbit of
x, that is, (T"x)nez.. , is equidistributed in (X, ).

Proposition 2.69. Let (X, pu,T) be an ergodic system, where (X, d) is a compact metric space.
Then p-almost every point x € X is a generic point for the system (X, u,T).

Proof. Since X is a compact metric space the space C'(X) is separable. So, we can choose a
countable dense subset of C(X), with the |||, say (fx)ren. Notice that continuous functions
on X are bounded and thus, in L!(x). Then, by Birkhoff’s ergodic theorem for the countable
set (fk)ken, we have that for y-almost every x € X

for every k € N. A trivial approximation argument leads to the proof of the proposition. O
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One of the main underlying motives for devoting a whole section to uniquely ergodic trans-
formations and generic points (in the context of this thesis) has been the following proposition,
which we invoke in modifying the Furstenberg’s correspondence principle.

Proposition 2.70. Let T : X — X be a continuous transformation of a compact metric space
X to itself and let x, € X. Set X' = {T"xo :n € Z4+} and let p be a measure so that (X', u, T)
is an ergodic system, where (X', d) is also a compact metric space. Then xq is quasi-generic for

.

Proof. By the previous proposition p-almost every point of X’ is generic. Let x € X’ be such a
point. Let also (fx)ren be a dense set of functions on C'(X) and (Ng)gen a strictly increasing
sequence such that

<1
k"

1 D .
Ny 2 T :c)—/ka dy

for every k € N. Then, for any k € N there exists an a; € N, for which d(T%x, x) is sufficiently
small, so that

Nk+1

1 2
— T (T% g —/ du| < —,
N nz:l ST (T ) ka p <
which gives that
1 Ni+agp+1 9
— Y. fe(T"x0) —/ Jr dp| < 7.
Ny n=ap+1 X k

Setting by, = N+ ax, for k € N and extending the convergence from the dense subset, for which
it initially holds, to the whole space C'(X) we obtain the desired result. O

The following theorem is useful for determining whether a topological system with a trans-
formation is uniquely ergodic or not.

Theorem 2.71 (Furstenberg). Let T : X — X be a uniquely ergodic homomorphism and let
w be the unique T-invariant measure on (X, Z"). Let G be a compact abelian group with Haar
measure mg and U : X — G a continuous map. We define the transformation S : X x G —
X x @G, by

S(z,g9) = (Tz,g-U(x)), for any (xz,g) € X x G.

Then, the system (X x G,0(Z x B(G)),u x mq,S) is ergodic if and only if it is uniquely
ergodic.

Remark 2.72. In other words, for such skew products as the ones described above, the natural
tnvariant measure is ergodic exactly when it is uniquely ergodic.

Examples 2.73. Two very ordinary examples are the following:

1. T(x,y) = (z+ a,y+z), fora e R\ Q

2. T(z,y,2) =(r+a,y+x,2+y), fora e R\Q

2.7 Van der Corput lemma

The traditional statement of the Van der Corput difference theorem regards uniform distribution
or equidistribution mod 1, (mod 1 simply means that we look at the sequence’s fractional parts
in [0,1)) of a real sequence (x,)nen and it says that equidistribution mod 1 of (zy,)nen follows
from the equidistribution mod 1 of the sequence of differences (z,+n — n)nen, for any h € N.
Just for reference the definition of equidistribution is as follows
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Definition 2.74. Let (x,)nen be a sequence taking values in [0,1). Then (zp)nen S equidis-
tributed if, for any 0 < a < b <1 we have

lim H1<n<N:z,€]lab) }

=b—a.
N—o0 N “

For our purposes we need a version of the above theorem in the context of Hilbert spaces.
Arguably, the most useful version is the following elementary result.

Lemma 2.75 (Van der Corput lemma). Let H be a Hilbert space with inner product (-,-)
and the induced norm ||-||. Consider a bounded sequence (vp)nen taking values in H. Then, if
for every m € N we have that

N

. 1
i, 7 Do) =0,
n=

it follows that

Proof. Without loss of generality, let ||v,||; < 1, for any n € N. For any m € N we have that

— Y vp——=>» v

N n N n+m
n=1

and so, for any M € N fixed we have that

1 & 1 n (1 &
szn—NZ<MZ'Un+m>
n=1 m=1

n=1

N—o00

—0

N—o0
— 0.

To see this just expand the average % zgzl (ﬁ Zn]‘le vn+m) and see that, for N relatively

large with respect to M, it behaves like the average % 25:1 Un+m, because they differ only in
the first M and last M terms. Thus, for any M € N we have that

1 & 1L 1 X
N;UTL NZ (M Z Un+m>

n=1 m=1
where, by the triangle inequality, the last limit is less than or equal to

2 2

= lim sup
N—o0

lim sup
N—o0

)

1 L1 & ’ 1 &1 & ’
lim sup ( Z — Z Untm ) < limsup — Z — Z Untm
N—oo N n=1 M m=1 N—yoo N n=1 M m=1
The last inequality follows from the concavity of x +— x? according to which, for some real
numbers x1,...,xy we have that

n=1 n=1
Now,
1 L1 & ’ 1L 1 X
lim sup — — v < limsup — v v
w3 s 5 || i e 3 o
n=1 m=1 n=1 m,k=1
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and this is in turn is less than or equal to

1 & 1 o
2 Z h]I\fn Sup N Z<vn+ma Un+k> .
m,k=1 0 n=1

This average can be decomposed in three individual averages, the first two being

N+m

N
1 . 1 1 . 1
372 Z lim sup N Z<vn+m7 Untk)| = M2 Z lim sup N Z (Vn, Untk)
I<m<k<m N7 n—1 1<m<k<M N7 n=m+1
and
1 N 1 1 Nk
YD) Z lim sup N Z(Un-‘rmy Un+k> = e Z lim sup N Z <Un+ma Un) )
1<k<m<M N7 n—1 1<m<k<M N7 n—k+1
which are zero by the assumption that
LN
li — =0.
msup ;(vnm, Un)
The third individual average is
N
1 1 1
— lim sup —Z [Vneml|?] < ~—
2 Z ntm
M 1<m<M N— N = M
and since M was arbitrary we obtain the lemma. O

Next we present a finite quantitative version of the Van der Corput lemma, which is useful
on its own, but here will only be used for the proof of the anagolous infinite result.

Lemma 2.76 (Quantitative Van der Corput). Let H be a Hilbert space with inner product
(-,+) and induced norm ||-||. Let also I be a (finite) interval in Z and let (v,)nen be a sequence
in H and assume that ||v,|| < 1, for alln € N. Then, for all M € N with M < |I| we have that

? 11 &2
2.9
‘I‘ Zvn W M Z |I‘ Z Umvn+m 5 ( . )

nel 1 nel

for some absolute constant C' > 0.

Proof. Let I and M be fixed and as in the statement. Then

] PNy Z BT o

nEI m=1 nel

as in the proof of Lemma Thus,

M

1 1 2M
i | < | 30 37 30 v+ 71
nel nel m=1
and taking the squares, using the boundedness assumption of ||v,| and the fact that X m < 1

this gives
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2 2

M
1 1 1 SM
mzvn S WZM > Untm TR
nel nel m=1
Moreover,
2 2
1 1 H 1 1 H
mZMZ”wm sz 3 D Untm
nel m=1 nel m=1

and expanding the square, the last average is simply

1 1 < 1 & 1 L (1
EDDICH PEATES SR E A Of (1 p ) ]
nel m=1 k=1 km=1 nel
Therefore, we have so far shown that

2
1
72

nel

M

8M 1 1

R TRE (ur D””*m’””*’”) | (210
k,m=1 nel

We are left with bounding the average ﬁ > 24 m—1 <‘—}| Y ner(Vntm, vn+k>). This is decomposed

into three averages, the first one being
M
1 1 9 1
i 3 (el < 37
m=1 nel

The other two averages are

1 1 1 1
w2 (m2<“n+m’””+"’>>:w 2| 2t
nely

1<k<m<M nel 1<k<m<M

and
1 1 1 1
W Z m Z<Un+ma Un+k> = W Z m Z <Un7 Un+k> s
1<m<k<M nel 1<m<k<M nelm

with Iy = I + k and I, = I +m. Observe that by the conjugacy property of inner products
these averages are the complex conjugates of one another. We therefore have that

1 1 1 1
Ve Z <|I| Z<’Un+m, Um—k)) + e Z <|I| Z(Un—Hm vn+k>>

1<k<m<M nel 1<m<k<M nel
is equal to
2 1 4 2 1
2 Z R 7 Z (Vngm,vn) | < 1 + Vel Z s (m Z<Un+m,vn>> ;
1<k<m<M nely, 1<m<M nel

because for any 1 < k < M we have that

1 1 2M
m Z <vn+myvn> - m Z(Un+mavn> < W

nelk nel

and hence we conclude. O
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The final version will be used in the PET induction argument.

Lemma 2.77 (Infinite quantitative Van der Corput). Let H be a Hilbert space with inner
product (-,-) and induced norm ||-|| and let (In)nen be a sequence of integer intervals whose
lengths tend to infinity. For each N € N, let (vn(n))nen be a bounded sequence in H. Assume
that [[loy(n)|| <1, for all N,n € N. Then

2

M
1 2 1
limsup || — vy (n)|| <limsup — limsupR | — un(n),on(n+m
(2.11)

Proof. For m € N fixed set

) 1

k(m) :=limsupR [ — Z (vn(n),vn(n+m))
N—o0 1INl &
N
Then, from Lemma with I = Iy for some N € N we have that
2
1 cM 1 1 L2 1
i S T SRl —
i o) <t 3 (g 3 et )
N m= nGIN
and taking first the limsup as N — oo and then as M — oo we obtain the inequality
2
1 1 & 2
limsup || — vy(n)|| <limsup — — k(m),
N m=

which is (2.11)). O

The final result in the category of the Van der Corput-type lemmata is an immediate corol-
lary of the Lemma

Corollary 2.78. Let H be a Hilbert space with inner product (-,-) and induced norm ||-||. Let
also (vp)nen be a bounded sequence in H and (In)nen be a sequence of integer intervals whose
lengths tend to infinity. Define the sequence (Sm)men, by

1
Sm 1= limsup — Z (Un+m,Vn)|, for m € N.
Nooo IN] ot
If
| M
lim — =0,
Mgnoo M mZ:lsm

then it follows that

1
li —_— =0.
g |l D



2.8. SPECTRAL THEOREM AND APPLICATIONS o7

2.8 Spectral theorem and applications

We have already associated to each measure-preserving system (X, 2", u,T') an operator, Uy :
L?(u) — L?(p), defined by

Ur(f) = foT, for f € L*(n)

and we have seen that it preserves inner products, and thus the L?(x) norm, and that it is also
unitary when 7' is invertible. We introduce a convenient notation to work with the cases of
non-invertible transformations as well. Precisely we write

Ut .= (Uf)™"™, when n <0,
where U7 is the adjoint operator of Ur. This way, the operator Ur is invertible, with
Ur' = Ut

and so it is unitary. As we are interested in orbits of typical points in X we are also interested
in the asymptotic behavior of the iterates Upf, for functions f € L?*(p), n € N. So, given
such a function we can focus our attention on the restriction of Ur to the L?(u)-subspace
Hy := span{UJLf : n € Z}. It turns out that Ur : Hy — Hy is in a sense equivalent to an
operator on L%(S, B(S), uuf), where S denotes the complex unit circle, for which g(z) — zg(z),
for any function g € L2(S, %B(S), u £), With py an appropriate finite and positive measure on S.
This is facilitated through the theorem of Herglotz, a result in harmonic analysis. Recall that
a complex sequence (ay)nez is positive-definite if, for every complex sequence (x,,)nez which is
zero but for finitely many terms, we have that

Z Am—n Tm Tp >0

n,meZ

and that the n — th Fourier coefficient of a finite Borel measure p defined on S is the number
fi(n) = [¢ 2" dp.

Theorem 2.79 (Herglotz). A sequence (an)nez is the sequence of Fourier coefficients of a
positive and finite Borel measure on S if and only if it is positive-definite and a_,, = a,, for
every n € N. This measure s unique.

Theorem 2.80 (Spectral theorem). Let (X, 2", u,T) be a measure-preserving system and
f € L?>(u). Then, there exists a unique finite and positive measure oy on S corresponding to f
called the spectral measure of f, such that

/Xf-T”f du:/Sz” dog(z),

which is usually written as

1
/ f-T"f dy = / ™ do g (t), (2.12)
X 0
for every n € N.
Proof. Consider the sequence (ay)necz defined by
an = (Urf. f), n € L.

Thus, for n > 0 we have that

an = (U f, f)
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and for n < 0 we have that

Then, clearly, a_,, = @, for every n € Z. Also,for any N € N and sequence (zy),cz we have
that

N N
0§<Z xn ULS, Z zn, UL f),
n=—N n=—N

where the inner product is equal to

N
S (an Upfozn URH) + Y. (oo Upfoam UPf)+ > (an URfam UES).
n=—N —N<n<m<N —N<m<n<N
The latter becomes

N

S lan Upfan URH) + D wn Tl UF"LH+ D an T(UP™F, 1),

n=—N —N<n<m<N —N<m<n<N

which is nothing but
N

5 Tn Tm Opn—m,

n,m=—N

hence, (an)nen is positive-definite. If o is the measure corresponding to (an)nen from the
theorem of Herglotz we obtain that a,, = d¢(n), which leads to

1
/]?-Tnf dM:/ e?mnt dO‘f(t),
X 0
for every n € N. O

What follows is a series of applications of the spectral theorem that we will use throughout
this thesis.

Proposition 2.81. Let (X, 2,1, T) be a measure-preserving system, f € L*(u), a € N and o¢
be the spectral measure corresponding to f. Then, for any complex sequence (cn)nen we have

that
1 & 1 & A
'lNzcn‘Tanf — Nzcn‘e%rwnt 7
n=1 L2(p) n=1 L2(oy)
for every N € N.
Proof. Let N € N. Then
1 & 1 & 1 & 1 &
e ] Y T Y e T = i 3 e ),
n=1 L2(u) n=1 n=1 n,m=1

Now, (T f, T f) = (U;(n_m)f, f), which is equal to (T*™=™) £, ) if n > m and (f, 7"~ f)
else, showing the usefulness of this notation, so that applying the representation of the spectral
theorem we get that

1 - o | N ,
H N Z en - T f — i Z Ch Cm/ e?wza(n—m)t dO'f (t) _ ~ Z Cp - 2miant
n=1 L2(p) n,m=1 0 n=1 Lz(af)
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Remark 2.82. Notice that the same proof can be carried out for the averages over any interval
In € N and not only [1, NJ.

Proposition 2.83. Let (X, 2, u,T) be a measure-preserving system, f € L*(u) and s be the
spectral measure corresponding to f. Then

(i) For anyt € [0,1) we have that

N—o0

1 X A _
or({t}) = lim anle—mm /X FTf dp (2.13)

(it)
1
Jim —Z\f T f dul® /Oaf({z}) dog(z) (2.14)

(111) For any a € [0,1) we have that
N

1 i
NZTnfe 2mina

n=1

lim
N—oo

— os({a}). (2.15)

L2(p)

Proof. (i) Let ¢t € [0,1). Then,

| N | N
—2mint £ om _ 2min(x—t)
g e f-1T"f du = E / e do¢(z),
N & /X N & J, 7(@)

for N € N. Now, for any x € [0,1) such that © — ¢ ¢ Z, i.e. every x # t, we know that

N
1 2min(xz—t) N—o0
&3 oo 2%

while the average for x =t is 1 for all N € N. Thus, by the bounded convergence theorem (or
Lebesgue’s dominated convergence theorem for bounded measures) we get that

N o
1 Tin(r— N—oo
NE:/O 2 G () N2 (1),
n=1

hence, the claim.

(if) First, by (212),

N 1 2
_ 2 : 2
]\}LI’)I;ON T”f dlu, = lim N -~ /0 e TINZ dO'f(Z)
This becomes
N 1
li S 2min(z—w) d d
i /0 ¢ of(w) dog(z),

which is the same as

1
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by the bounded convergence theorem. As the argument in the proof of (i) shows, the last
integral equals

/01 /01 Liz—u)(w, 2) dog(w) dog(2),

and this is simply
1
[ orteh ot
(7i7) We have that

1 & :
N Z Tnf . 6727r'ma
n=1

which by (2.12)) becomes

1 —2mi(n—m)a Ti(n—m
Y e >/ez< " dos(t)

1<n,m<N

1 \(m—n)a r n—m
—z X e [pagmeng gy,

L2(u) 1<n,m<N

)

2min(t— a)
N Z ‘
L2(o1 (1))

for any N € N. Letting N — oo and using the bounded convergence theorem as we are
accustomed to by now, we obtain that

hm

Z Tnf e~ 2mina _ O'f({a}).

L2(p)

O]

Definition 2.84. Let (X, 2,1, T) be a measure-preserving system. Then the spectrum of T,
denoted by Spec(T'), is defined as

Spec(T) := {t € [0,1) : there exists f € L*(u), such that Tf = e*™ " f}.

2mit

The functions in this definition are called eigenfunctions of T and the numbers e are the

eigenvalues. We can also define the rational spectrum of T as the set Spec(T) N Q.

Proposition 2.85. Let (X, 2,1, T) be a measure-preserving system, f € L?(u) and or be the
spectral measure corresponding to f. Then, o¢({z}) = 0 for all the points z € [0,1) \ Spec(T),
i.e. points not in the spectrum of T.

Proof. Let zg be such a point and assume that o¢({z0}) > 0. We consider the sequence

1 N
N Z e—271'inzo Tnf,
n=1

for N € N, which is bounded in the L?(x)-norm. Therefore, there exists a weakly convergent
sub-sequence and this means that there exist a sequence of positive integers (Nk)reny and a
function f € L?(u), such that

Ny
1 —2minzomn 7 F7
/lee T f hdy — | f-hdpy,
n=1
for any h € L?(i). We notice that f is an eigenfunction of T with z as its eigenvalue, because

/ Urf-hdp= / f-Uph du = lim / Z e P £ Ubh d,
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which gives rise to the equality

l—o00

N,
1 . _
Tf hdu= hm/§ e~ 2minzontl e by,
/ fohdp= N 2 J-hdu

and this limit becomes
Nl+1

lim e27rzz0 1 Z efQﬂznonnf h du.

l—00

for any h € L?(u). Therefore,
/Tf'hd,u:/e%izof-hd,u,

for all h € L?(y), which implies that T'f = 2720 f. If we show that f is non-zero we will have
reached a contradiction, because then zy would be in the spectrum of T'. Observe that

/f~ f d,u _ hm 72 —2wznz0/Tnf f d,u _ hm ﬁz —27rznz0/ 271'z'nzdaf(z)7

where the last limit is equal to

o7({z0}) + lim

27rzn(z zo)do_ 20}),
L . NZZ 1(2) = o5 ({z0})

which is positive by assumption. Therefore, f is indeed non-zero. O
Remark 2.86. The same proof-with trivial modifications—shows that, if

fLE, :={geL’(n):Tg=e""g},
for some zy € [0,1), then o¢({20}) = 0.

Another result that we will need is the following lemma concerning transformations with
trivial spectra.

Lemma 2.87. Let (X, 2", u,T) be a measure preserving system. Then the spectrum of T is
trivial, i.e. 0, meaning that T has only T-invariant eigenfunctions, if and only if the spectral
measures corresponding to all functions f € L*(u) which are orthogonal to the subspace of
T-invariant functions have no point masses.

Proof. We claim that it suffices to show that
o;({a}) =0 < f L E,:={ge L*n): Tg=e""g}, (2.16)

for all f € L?(p) which are orthogonal to all T-invariant functions, where by o we denote the
spectral measure of each such function f. Observe that E, is a closed subspace of L?(y), for
any a € [0,1) and that Ej is the subspace of T-invariant functions. To see that the claim holds,
assume first that this equivalence is true and that 7" has only T-invariant eigenfunctions, but
there exist f € L?(u) so that f L Ey and a € (0,1), such that o¢({a}) > 0. Then f is not
orthogonal to E,, and so E(f|E,) is an eigenfunction of 7' not in Ey. For a = 0 the orthogonality
assumption implies that o7({0}) = 0. The other direction follows trivially from (2.16]), because
any f € E,, a € (0,1), is orthogonal to Ey. Hence, the claim follows.
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Now, let o({a}) = 0. Then

N
: 1 m —2min _
dm 5D T el = op({a))
n=1 L2(p)

by (2.15). So, considering any function g € E,, so that T"g = e*™"?¢, for n € N, we have that

/f-gd,u:e2“”“/T”f~gd,u,f0r any n € N

and thus
1 & N—
- _ —2mina n oo
/f.ng—NE_le /Tf gdp —=0

by the Cauchy-Schwarz inequality. Therefore f L E,, which allows us to conclude, since the
converse was basically dealt with in Proposition (see Remark [2.86]). O

The final result of this subsection has to do with determining the form of the eigenvalues
of the product of two measure-preserving transformations. It turns out that we can completely
describe them with respect to the eigenvalues of the individual transformations.

Lemma 2.88. Let (X, 2", u,T) and (Y, % ,v,S) be measure-preserving systems and consider
their product, which is the measure-preserving system (X xY, Z°@ % ,uxv,T x S). Then, any
etgenvalue of T x S is the product of an eigenvalue of T with an eigenvalue of S.

Comment 2.89. The subspace of L?>(X x Y) that consists of all the finite sums of functions
of the form F(z,y) = f(z)-g(y), for f € L*(X) and g € L*(Y) is dense in L*(X x Y).

Proof. Let t € Spec(T x S), so that e?™ is an eigenvalue of 7' x S and let F(z,y) € L>(X xY)
be its eigenfunction, so that it is non-zero (identically). Then, there exists some function
G(z,y) € L*(X xY) (for example G = F), such that

/ F(z,y) - Gz,y) d(u x v) #0.
XxXY

Composing with (7' x S)", for any n € N, in the integral and using the fact that
(T x S)"F(x,y) = *™™ F(x,y),
we obtain that

1 N
N2 [ Play) (T x S)'Glavy) dnx ) 20

for any N € N. By Comment there exist some functions F(z,y) = fi(x) - fa(y) and
G(z,y) = g1(x) - g2(y) in L2(X x Y), for f1,g1 € L?(X) and fa, g2 € LQ(Y) such that

1 N
v mt/XXY 1(@) - foy) - T g1(x) - S"ga(y) dlp x v) £ 0.

Therefore

/ fi(@) - T () du / faly) - S"ga(y) d(v) £ 0. (2.17)
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Observe that the last average is bounded in absolute value by

N
1 mn
I£2ll 2 - 92l 2 vy - 57 > /fl A du‘ (2.18)
n=1

and by

N
1
il lanllzy 3y 32| [ £ 8" 219)
n=1
Hence, by Proposition below we have that if E(f;|.#7) = 0 or E(g;|#5) =0, for j = 1,2,
the limit as N — oo in (2.17)) is zero. Thus, without loss of generality we can assume that
fi, fo € Jr and g1,92 € #s. By the definition of the Kronecker factor (see Definition [2.36])
and a typical approximation argument it follows that there exist eigenfunctions fs, g3 of T and

f4,94 of S, for which an analogue of (2.17)) holds, namely,

N

1 .

N >~ eZmint / fa(x) - T"gs(x) du / fa(y) - S"ga(y) dv # 0, for any N € N.
n=1 X Y

27T’L'(7tl) 271‘7:(7t2)

If €271 ¢2™i2 are the eigenvalues of g3, gy respectively (notice that e and e are

eigenvalues as well), this gives

N

1 .

N o) [ @)oo du [ fi0) i) dv £0, for any N €
n=1 X Y

But, in this case we must have that ¢t = —t1 — t2, because for any a # 0 we know that
1 N . N
F 2 [ ) a0 dn [ i)l av 20
n=1

In conclusion €27t = 2mi(—t1) . o2mi(—t2) g4 that the e2™ is indeed the product of an eigenvalue
of T" with an eigenvalue of S as claimed. 0

Remark 2.90. Let S =T (and of course X =Y, 2 =%, u=v). It follows immediately that
if the system (X, 2, u,T) has trivial rational spectrum (i.e. Spec(T) N Q = {0}) the same is
true for the system (X x X, 7@ 2", ux pu, T x T). Indeed, if ¢ € Spec(T x T)NQ, q # 0, then
there exist ri,mo € R\ QU {0} such that ¢ = ri + ro. But then, if fi1, fa are the eigenfunctions
of T corresponding to r1,r9 we see that fi - fo is also an eigenfunction of T with €*™4 as its
etgenvalue, a contradiction.

Proposition 2.91. Let (X, 2 ,u,T) be a measure-preserving system and f,g € L*(u). If
E(f|#7) = 0 or E(g|#7) = 0, where 7 is the o-algebra corresponding to the Kronecker factor
of T, we have that

N
. 1 n
dim S| o rs <o
Proof. We will actually show that
1 & 2
_—_— o _
i y 3| f o1 duf <o

After expanding the square of the absolute value in the above averages, the goal reduces to
showing that

Jim 1Z/Xxxg@)g-(TxT)"f@fd(uxu):0, (2.20)
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where g ® g(z,y) := g(x) -g(y) and thus [y, 9®7G d(px pu) = [y g dp- [ G dp. By the mean
ergodic theorem for 7' x T we get that the limit in (2.20)) becomes

/ g7 E(f @ F1.7(T x T)) d(u x 1),
XxX

where (T x T) is the o-algebra of T' x T-invariant sets. The result follows from Proposition
of the next chapter. ]

2.9 Khintchine recurrence

As we have mentioned in the introduction, the aim of this thesis is to simultaneously generalize
Khintchine’s and Furstenberg’s recurrence theorems, the former being a quantitative extension
of Poincaré’s recurrence theorem. In this section we state and formally prove both theorems,
which serve as the starting points of our exposition.

Theorem 2.92 (Khintchine’s theorem). Let (X, 2", u,T) be a measure-preserving system.
Then, for any A € Z~ with positive measure and for every e > 0, the set

E:={neN:u(AnT"A) > (u(A)?* - ¢}
s syndetic.

Proof. We claim that it suffices to show the inequality

N

. 1 _ 2
n > .
N N M HZ_M“(A NT7A) 2 (nl(4))

Indeed, suppose the set E does not have bounded gaps. Then, there exist ¢ > 0 and intervals
(an,by] C N with ay < by, N € N and by — ay =% o, such that

w(ANT"A) < u?(A) — ¢, for every n € (an,by],every N € N.

But in this case we would have a contradiction, for

by

1
lim —— ANT ™A) < (u(A)? —e.
N an n:%:“”( ) < (u(A))

Hence the claim is true. Now, an application of Von Neumann’s mean ergodic theorem gives

1 N
oyt X | st au= [ 5B di (2.21)

Let f := 14 and observe that
[ 1801 au= [ ©(s150))* di
X X

because f = E(f|#r) + fi, where fi L E(f|.#7). Therefore, (2.21) becomes

lim 1
N-M—oo N — M
n

al 2
:%HM(AWT )= /X (E(Lal.97))? du
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and an application of the Cauchy-Schwarz inequality gives that

: 1 = -n ? 2
VAP T 3 MANT )2 ([ Bt an) = iy

where the last equality follows from the property of the conditional expectation of a function

to have the same integral as the function itself.
O

Theorem 2.93 (Furstenberg-Sarkozy recurrence theorem). Let (X, 2", u,T) be a measure-
preserving system. Then, for any A € X with positive measure there exists n € N such that,

p(ANT ™ A) > 0.

In fact we will prove that

N
1 2

lim — ANT™™ A) > 0.

i, 7 2 )

Remark 2.94. A similar proof works for any integer polynomial p : N — N, with p(0) = 0 and
for p: N — Z, where in this case we also assume that T is invertible.

Proof. Let Hyq := {f € L?(u) : there exists r € N, such that 7" f = f}, which is a closed lin-
ear subspace of L?().
Step 1. If f € L?*(u) and f L #4, then

1 N 2
lim — "f=
Ngnoo N Z T f 0,
n=1
where the limit is in the L?(p) norm. Without loss of generality, assume that || f]| 2 <L
From the Van der Corput lemma, Lemma if we set v, := ™ f, for any n € N, it suffices
to show that for any m € N we have that

N

. 1
33 ) =0
n=

Indeed, for m € N fixed we have

N N N
1 1 2 2— 1 2 _
- _ - (n+m) . n _ m2+2mn ¢
N§<vn+m,vn>—N§j/XT T fdu—NE:/XT fofdu  (2.22)
n=1 n=1 n=1
for any N € N. Now, the mean ergodic theorem for the transformation 72™ shows that

1
lim

N
Jim > T f = E(f|Ipen) = 0,

n=1

where the limit is in L?(u) and the equality holds since f | o = f L L?*(Fpem). Taking
the limit in (2.22) and using the Cauchy-Schwarz we get that

N

. 1
lim N Z<vn+m, vn) = 0.

N—oo
n=1

Step 2. In order to take advantage of the first step we denote by Py, ,(14) the orthogonal
projection of 14 onto .4 and write
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14 = g1+ g2, where g1 := Py, (14), and g2 L 4.
We then have that

NZT" 14) = ZT” g1+NZT” 92,

for N € N, but from step 1, we know that

lim —ZT” g2 =0,

N—oo N

where the limit is in the L?(p) norm. Thus,

ZT” La) - ZT" o

lim
N—o0

pu— ()7
L2 ()

which implies that

N N
1 ) 1 )
lim |~ ANT " A) — — ™ —0.
Jim (N n§1u( a )= N nEI/Xgl o du) 0

Step 3. g1 > 0. Indeed, set B := {x € X : g1(x) < 0}. Observe that Py, ,(14) can also be seen
as the conditional expectation of 14 with respect to the o-algebra of the functions in J#..;, and
in an abuse of notation we denote this o-algebra by .. as well and write g1 = E(La|-#rat).
Now, B is an inverse image of a Borel set through a function in .J%.,, so it belongs to the

o-algebra ,.:. Therefore,
/91 du=/ 1a dp >0,
B B
so that u(B) = 0.

Step 4. Let € > 0. Then, there exist 7 € N and g3 € L?(p) for which T"g3 = g3, such that

g1 = g3l L2y <€

Therefore, for any m € N we have that

‘/ aT™g1 du —/ g3T" g3 du‘ < 2e (2.23)
X X

From the positivity of g1 we have that
lim — ZN: g du > < lim — 3 T g, d
N—>00Nn:1/xgl g1 “_r<NE>nooN;/Xgl g1 M)
and from we get that
1 & 2
]}gnmN;/)(g1T” g dp > — (NIgnOOZ/ g3 T g du) — 2.

Now, from the choice of g3, we know that [ < 93T (rn)? g3 dp = [ X 932) dp and (2.23) once again

gives that
1 2
lim — T g1 dp > - 2dp ) —4de> = du| —4
NN 2/91 g1 dp </X91 u) er(/Xgl u) €
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where the last inequality follows from Cauchy-Schwarz. As in step 3, we have that

(/X 9 du>2 = (u(4))?

and choosing € < 1(1(A))?, we obtain the theorem. O

From Theorem [2.93|and Furstenberg’s correspondence principle we get the following result in
additive number theory showing that square-difference-free subsets of the non-negative integers
can not be ”very large”, in fact, they must have zero upper density.

Corollary 2.95. Let A C N with d(A) > 0. Then, A is not square-difference-free, that is, there
exist ann € N and z,y € A such that, x —y = n?. In fact,

N
e ] 3 2
l}ﬁlgoangld(Aﬂ (A —n®)) >0.
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Chapter 3

Seminorms and Nilsystems

In this chapter we present the basics of the theory surrounding the so-called Gowers-Host-Kra
seminorms and we also introduce the notion of nilsystems and discuss some basic equidistribu-
tion and convergence results on them. The details, as well as a more general relevant background
can be found in Host and Kra’s book [16].

3.1 Seminorms

3.1.1 Introduction to seminorms

The first part of this second introductory chapter is dedicated to the construction of the so-
called Gowers-Host-Kra seminorms and to the recovery of some basic results about them. These
seminorms act on measurable functions on some measure-preserving system and for our pur-
poses, their utility lies in the fact that they suffice to control ergodic averages, and also that
the they give rise to characteristic factors of ergodic averages, which simplify and facilitate the
study of their assymptotic behavior.

Definition 3.1 (Seminorms). Let (X, 2 ,u,T) be a measure preserving system. Then we
define the first seminorm || - |1 for any f € L™ by

Il == NECA27) L2

where P7 is the o-algebra of T-invariant sets and then inductively, for any s € N, we define

N
25+1 L . 1 — 928
Wﬂu+1-—-;ggDA,Egrf-Imfms-
n=

If the system is ergodic the first seminorm becomes

1= | [ 1 ]
X
Remark 3.2. Notice that we could alternatively define the quantity (which is not a seminorm)
I7oi= [ 1 du
X

and extend the inductive definition to contain the case s = 0 as well. Indeed, by the mean
ergodic theorem, we would then have

TS [ o -
1717 == ngnooN;/Xf-T fdu=/Xf-E(f!fT) dp = [E(f1.77) 122,

69
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and the rest are unchanged. Observe also that

1l > ] [ du] > 1/l

since

' | B(f177) o 2

2
[ - < [ 1B dul = 111
X b's
Notation 3.3. If (X, 2", u,T) is a measure-preserving system and f € L (u) and s € N, let
n = (ni,na,...,ns),n’ = (nf,nh,...,n.) € N* and € = (e1,€9,...,€65) € {0,1}° and z € C.
Then

(i) €e-n:=€ ny+e€e na+...+ € ng
(ii) |n| :=n1+n2+...+ns and ’6’ =€ +ex+ ...+ €
(iii) €%z = z and €%z =z, for anyl € Z

€s

(iv) nc:= (n*,n?,...,n%), where n?

;=1 andn :—n , for j=1,2,.

(v) Apf=f-T"f, forn €N

(vi) Apf = AnAny - A f = Tleeqoys Elden g

To acquire some intuition with regards to the last equality, let s = 2. Then, observe that for
some n = (n1,n2) € N> we have that

AQ _ Anl Angf _ Anl (7 . Tn2f) — f X Tn2? . Tn1? . Tn1+n2f
and for s =3 and n = (n1,n2,n3) € N3 we have that
Aﬂ — Am (f,Tn:s?,Tnz?,Tnz-i-n:sf) — 7-T”3f-T"2f~T”2+”37-T"1 f.Tm-i-ng?_Tm+n2?,Tn1+n2+n3f

Another way to express the seminorms is through consecutive limits of averages which
also proves that the limits in Definition actually exist. Specifically we prove the following
statement.

Proposition 3.4. Let (X, 2,1, T) be a measure-preserving system and f € L>(u). Then, for
s € N we have that

N,

s . 1 :
1712 = Jim }j cdim =3 [ A A du (3.1)

sTree Snszl

Proof. For s =1 this was already shown. Let s = 2. Then,

1
lim — lim Z/ fTf-TTF - T f dpy =

M—oco M

1
lim 72 lim Z/ foTf T (F-Tf) dp,
which by the mean ergodic theorem becomes

lim Z/ f-Tf-E(f-T"f|.%7) du
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and this is equal to

N
i 3 /X E(f - T"f|.97) - E(f - T"F|.97) dps = I 113
=1

N—oo —

This gives us the idea of how to prove the proposition inductively. Assume that the statement
is true for some s € N and for f - T™f, for any n € N . Then,

N1 s+1

1
I SRT A A du —
NllglooNl nlzzl stlrgoo]\]sﬂ Z / ny TLs+1f 1
1 N1 Nst1
lim — oo i Ay, - A T (A, - Anf) d
NllglOO N, ;1 NS+11H_1>OO Ns+1 Z / ni an ( ny nsf) 1,
1=

N,
: 1 Z o1 Z 7
llm 7’” hlll ]\fSnl/)(Anl Anst(Anl Ansf|jT) dlj/

Ng—o00

Now, by the inductive hypothesis we have that for any n € N

N1 N,
1 1 —
n 2‘5 —_— ... 3 —_— LY . n
ni= ng=

Therefore, the limit
N

li . T 28
Ji 5 D71

exists and is the same as

Ny N
1 I
&%NZNE@ME Zl“‘NSEFLOOMZ/XAm"'Ans<f'T 1) du
ni= Ns

Exchanging the order of the limits as to have the limit over N taken first (we can do this by
Corollary 3, [13]) we get that the previous limit becomes

N1 N
1 1 —
1; 7§ 1; 7§ A A FAE(A. - A
N11£>noo N oy Nslgloo Ny no—1 /X " nSf ( " nSf|jT) dﬂ’
which yields the desired result. O
It is shown in [16] that the functions || - ||s are indeed seminorms for any s € N. We now

show that the sequence of seminorms of a given function is increasing.

Proposition 3.5. Let (X, 2", u,T) be a measure preserving system and let f € L*°(u). Then,
the sequence (|| f|ls)sen is increasing.

Proof. First we show that || f]l1 < || f[l2- By definition and Remark |3.2| we have that

N N
1 _ 1 _
4 — : _ . n 2 > : _ . mn 2.
Il i NnEIHIf " fllf > ngr;ONnEIIIIf " fllo



72 CHAPTER 3.

Then, an application of the Cauchy-Schwarz gives that

N 2
R B Y
LAl ( Jim < SYFT fuo> ,
n=1

and the last limit is equal to || f I1, as was again shown in Remark Next, assume that
If-T"flls=1 < |If - T™f||s, for some s € Ni any n € N. In order to prove that || f|ls < || flls+1,
it is enough to show that [|f[|2"" < || f”]grl . But,

2
171" = <hm *me i )

and
N
2stL g F . gqm oy 2°
11 = J&E%ONZJW'T fIE
n—
The Cauchy-Schwarz inequality gives that
1
23+1 li Fomop2°
il .T
17" < i 307 -1

which, by the inductive hypothesis, is less than or equal to

25+1

N
) 1 = 25
Jim zzllﬂf Tl =1 -
e
O

It was originally shown in [I4] that for any s’ < s we can take any s’ of the iterative limits
in (3.1) to be simultaneous limits not changing its value. So, for s’ = s this means that

11 = gim o S / Anf du,

ne[N]s
for s =s—1
s 1 1
25 . 2
112 = Jim e > o Z [ Anns = i i 3 1l 62)
QE[N}571 HG[N]sfl
and in a similar fashion, for s’ = s — 2, it means that

M
. 1 1
25 7 L . _
Il = Jim s EZ[N}S_QMI%M %LI%OKZ/ AnBmAref dp =

1
Jm s 0 ALl (33)

ne[N]s—2
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3.1.2 Important results

Having defined the Gowers-Host-Kra seminorms we proceed to show some basic properties they
possess, which will hopefully illustrate their importance early on.

Proposition 3.6. Let T, S be commuting measure-preserving transformations on a probability
space (X, 2, 1), i.e. ToS = SoT. Then, for any s € N and f € L (u) we have the implication

I CIs = |flls <[ flls.s-

Proof. For s =1 we have that

112 = /X E(f].75)|? dyu = /X EE(f|55).50) + Fol? du,

where we have decomposed the function E(f|.#g) as the sum of its conditional expectation with
respect to S, i.e. its orthogonal projection onto L?(.#r), and its orthogonal projection, say
fa, onto the orthogonal complement of L?(.#7) in L?(2"). By orthogonality the square in the
last integral expands to

[ EEGLILIE 1 > [ B d= 1S
X X

The result follows by a simple inductive argument. Indeed, by the first case we get that

N N
I3z = Jim 5 SOIEG 7" F172) o, < Jim 55 D2 B - T £155) e, -
n=1

n=1
Now, since the transformations commute, the mean ergodic theorem implies that
N

M
. 1 . 1 T n m nqQmf
im — lim mgl/xf-Tf-S f-T"S™f du

N
.1 7. 2=
Jim o SO IEG T 155 1 = Jim 3

and exchanging the order of the limits over N and M, the last average becomes

M N M
. 1 . 1 = m m L 1 - m 2
&@an;&E“wN;/Xf'”'S $1S"F dp = i g D 1B ST gy
Once again,
1 < - 2 1 U — 2
3y 2 B S™ Ao < Jim o7 D [BCF - S™ 7159 |2y = s

concluding the proof for the case s = 2 as well. A similar argument gives the general case. [J
Next we show that seminorms control linear ergodic averages in a very convenient way.

Proposition 3.7. Let (X, 2", u,T) be an ergodic system. Then, for any pairwise distinct,
positive integers ai,...,an € N, where m € N, there exists some Cp, > 0 such that, for any
fiy-ooy fm € L®(n), we have that

lim sup

< Cp- min | fjllmsar (3.4)
N—o00 =1

1 N
T T :
n=1 L2 ()
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Proof. First, let m = 1. Then,

1N

N 2T
n=1

so applying the ergodic theorem for the measure-preserving transformation 7! gives that

N

%Z(TGI)"J‘H

n=1

L2 ()

I

L2(p)

N

% Z T" fy

n=1

lim sup
N—o0

= [[E(fu|Ira )|l 12() -
L2 ()

and also that
lim *Z / T dp = / B Iren) P dit = [E( |57l

where Spa; ={A € 2 : T~ A= A}. Taking squares in the previous equality we find that

< hm—

2
HE<f1‘jTa1)Hiz(u): hm — /fl T f dy

/fl 7" fi dM

and we observe that the inequality (this is a trivial, but useful trick)

a1N
fm L / 7oy | < m \ | B d - LAl
N—oo N N—o0 a1
also holds. Therefore, we have shown that
1 & .
lim sup NZTalnfl < (a1)® - | fill2z-
N=voo 170 n=1 L ()

Next, we assume that (3.1)) holds for some m > 1 and we take any aj,...,am, am+1 € N and
Jisoo oy Sy fmgr € L°(p) with || f5] <1, for j =1,...,m,m+ 1. Set

p =T fy TR TOm f g, for n € N.
For any N,h € Nand j € {1,...,m,m+ 1} we then have that

N

% Z<Un+h; Un>

n=1

N
s i 1 ar—a;)n/ g a a —a;)nif a
'/xfj'Tathj ' NZT( A (fr TR ) T (L T ) dp
n=1

and by an application of the Cauchy-Schwarz this is less than or equal to

ZT aan (fy et py) L pemaan (GRS pemahp )

L2 ()

We do that for a; = min{ai,...,am+1}. Then, by the inductive hypothesis and the Van der
Corput lemma (in the form of for Iy = [1, N] and vy (n) = v, for any N € N) we know
that

LA 2 I
lim sup N Z Un < lim sup T Z Sh,
N—o0 ne1 L2() H—oo he1
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where

2

1
N Z Unth,Un)|, for h € N.

sp, = limsup
N—oo

Therefore, using the inductive hypothesis we have shown that

2

N
. 1
limsup || — g Un, < lim Sup — E Cm ||| fi T h’fl llmt1,7-
N—o00 N n=1 Lz(p,) H—oo 17 7m7

Working as in the case m = 1 and using Holder’s inequality we see that

lim sup — ZC’ mm H|f T4 fillmar 7 < 2-a;-Cyy limsup

H—o0 L....,mm H—oco Z

mez Thfzmm+1 T <

2-a;-Cp (hm sup

H—oo z

TR
h m+1
Z\Hfz T lel\fnﬂ,:r) =2-ai - Co W filloura.z

for any i = 1,...,m,m + 1, so that, indeed,

1 N
N 2

n=1

lim sup

< Oy min | fillmsor.
N—o0 i=L,..,mm+l

L2 ()

O]

We proceed to prove two results that will give a natural introduction to the concept of
characteristic factors and the way in which these factors are connected to the seminorms we
have defined.

Proposition 3.8. Let (X, 2,1, T) be a Kronecker system and f € L*>(u). Then,
Ifllz =0 <= f=0. (3.5)

Proof. One direction is obvious, so let ||f|l2 = 0. Then, by the definition of the first two

seminorms we have that
/ f-T"f dp
X

Applying the spectral theorem, in fact a corollary which results from that, namely equation

(2.14)) from Proposition we get that

N

. 1
dim >

n=1

2
=0.

1
[ orteh dogt) =0
which means that oy has no point masses, being a non-negative measure. Therefore, by Lemma

2
2.87], we see that f L E,, for all a € [0, 1), so that (recall that #7 := span{E, : a € [0, 1)}L (M))

Lot =L = f=0,
since the system was assumed to be Kronecker. O

Remark 3.9. This result also shows that for any ergodic system (X, 2", u,T), if some function
feL>®(u) has || fll2 = 0, then f L J#r. The converse is also true, namely that if f is orthogonal
to the Kronecker factor, #7, then || f|l2 = 0. For the proof of the latter one simply observes that
f L 7 implies that oy has no point masses and the rest of the argument is actually included
in the above proof.
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We give another proof of Proposition [3.8 which uses an equidistribution argument and can
also be generalized for the seminorms || - ||, for & > 2, in contrast to the first proof which has
no generalization, since there is no known generalization of the representation in the spectral
theorem, i.e. , for more than two functions.

Alternative proof of Proposition[3.8. Assume for simplicity that 7" is an ergodic rotation on the
torus, i.e.
Tx =z+ «, for any 2 € T, some o € R\ Q.

Then, for any f € L*°(u) we have that

N
|Hf|||§:]\}gnoo%2 lim Z/f f(z +na) - f(z+ma) - f(z+na+ma) dnmr.

M—oco M

Next, the sequence (ma)men is known to be equidistributed on the torus, and the function
F, : T — T defined by

/f flx+na)- f(x+1t)- f(x+na+t) dnr, fort €T

is Riemann-integrable. Therefore, we see that

712 = lim Z/ f@) - flz+na)- f(z+t)- flz+na+t) dnp(z) dng(t).
In a similar fashion we actually obtain that

0=|flls= / fla) - flx+t1)- flz+ta) - f(z+ b1+ t2) dmy(z) dmr(ty) dmr(tz).

In this integral we make the change of variables x — x — t3 and then it becomes
. f(LL’ - tQ) . ?(LL’ — 12+ tl) . ?((l)) . f(fL’ + tl) qur(x) qur(tl) qur(tg).
T

Now, this can be writen as

/TZ (/ flo—to) - fl@—ta+1t1) me(t2)> f(x)- f(x+t1) dmrp(x) dmr(t)

and making another change of variables (x — t2 — x) we obtain the integral

2

f(z+t1) dmyp(z)| dmr(ty).

Consider the function )

F(t1)

)

/f f(x+t1) dmp(x)

which is continuous and so, as we have established, equal to zero for any t; € T. Taking the
limit as t; — 0 we get that

/ ‘f me ) = 07
which implies that f = 0. O]

Using this fact (that is, Remark [3.9)) we prove another useful result, which was essential in
the proof of Lemma, and will appear once again in Section
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Proposition 3.10. Let (X, 2", u,T) be a measure-preserving system and f € L*>(u). Then,
E(f|#(T)) =0 = E(f® fl7/ (T xT)) =0,

where # (T) and (T xT) are the o-algebras of the Kronecker factor and the (T x T')-invariant
sets, respectively.

Proof. By the mean ergodic theorem, E(f ® f|.# (T x T)) is the L?(u x p)-limit as N — oo of

N —
Z (T x T)"(f ® f).
But some easy calculations give that

1 P 1
HNZ(TxT>"<f®f> == ‘/T”f T d|

L2(pux ) 1<n,m<N

)

n=1

which equals

N 2
% <Z /!T”fl2 dp

n=1

‘/T”’”f Faul

£ 1 ’
T F Y -
n=1

However, this converges to zero as N — 0o, because f is orthogonal to the Kronecker factor
(T). Indeed, this implies that || f]l2,7 = 0, as we have already established. Now, if the system
is ergodic,

2
e
1<m<n<N

and this is less than

Tf - f dp

o = Jim —

/f TF d|

and we conclude. In the general case we have that

1 N 2 1 N _ 2 1 N - 2

L — | [r@ @] < &S [EG D)
— n—1 n=1

but then

N
90 = tim S [ [B(7 771 (1)  d
n=1
]

Remark 3.11. It follows from Pmposition that, if || fllaz = 0, then ||f @ fllirxr =0 as
well, for any f € L*>(n). Indeed, if || f|l2,r = 0 we know that f L 7, and thus E(f|# (T')) =0,
so that

(T X T HL2 (X ) =

It is then natural to ask whether the property of the seminorms || - |2 mentioned in Remark
3.11| generalizes as to hold for any s € N, s > 2. We show that it does in the next proposition.
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Proposition 3.12. Let (X, 2", u,T) be a measure-preserving system, f € L*(u) and s € N.
Then,

Iflls+1.0 =0 = IIf @ flls,rxr = 0. (3.6)
Proof. Let s € N. Using (3.1) we see that
1 O
0 @ Pl ey = Jim — 3 - Jim Z / Any B (f @ T) dlse x 1)

Ni—oo N Ns—oo N, s
n

and this turns out to be the same as

. 1
i X Z/ A B L7

Now, using the mean ergodic theorem as in the proof of Proposition this is precisely
Ny Ns+1

. 1
N]ilgloo F Z e lim Z / Anl s Ans+1f d,U/

Ngy1—00 N
1 n1:1 s+l S+1 n s+1=— 1

and by (3.1]) this equals || f H]zf:T We have thus shown that

If @ Fllsoxr < WFI3 41
from which the initial claim follows. O

The basic idea that appears in Remark is that the second seminorm is in a very specific
way related to the Kronecker factor. Namely, we have that for ergodic systems

E(fl#) =0 < [fll2=0.

Driven by this result we seek to describe factors which will be related to the other seminorms
Il - llx, for any k& € N, in a similar fashion.

Definition 3.13. Let (X, 2 ,u,T) be a measure-preserving system. Then, for any k € N we
define the structure factors Zj, with o-algebra %25, so that

E(f12:) =0 <= [fllx+1 =0

We have already shown that for ergodic systems Zy is the Kronecker factor. We can also
extend the definition for k = 0 with 25 = Sp, the o-algebra of T-invariant functions, as

Il = NEC 2 L2 )

Remark 3.14. [t is not evident that such factors exist. However, it is the nature of the
seminorms || - ||x that gives rise to these o-algebras. All the details regarding those seminorms
and the structure factors Zy can be found in Chapters 8 and 9 of [16].

We now state a result analogous to Proposition for the seminorm || - ||3 and a specific
skew-product system and that in this case, the previous equivalence does not hold.
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Proposition 3.15. Let (T?, %(T?),m,T) be the measure preserving system with m being the
Haar measure on T2 and T : T? — T2 be defined by

T(z,y) = (x + o,y + ), for all (z,y) € T?,
where « is irrational. Then,
(i) there exists f € L (m) with f # 0, but ||f|2 =0
(ii) for any f € L*°(m) we have that | flls =0 < f=0

Proof. (i) As the Remark shows, if f L 7, then || f]l2 = 0. It is not hard to see that for
the particular skew-product system,

Jr ={f € L>m): f(z,y) = g(z), g € L= (mr)}.

Therefore, a function of the form f(z,y) = €™ is orthogonal to the Kronecker, because

/ flx,y)g(x) dm = / ) dmr - / e*™ dmy = 0, for any g € L>(mt),
X

which means that || f||2 = 0, but clearly f # 0.
(7i) Step 1. Let f € L*(m) be such that || f||s = 0. Then, by Proposition [3.4] we have that
1 & 1 &
lim — lim — lim — s
Nllgloo N1 nzl Nzlinoo NQ nz N31£I>100 N3 / f f
1= 2
Tnzf . Tn2+n3f . Tnlf . Tn1+n3f . TTL1+TL2? . Tn1+n2+n3f dm = 0. (3.7)
Step 2. We can alternatively consider the transformation that has the form
T(x,y) = (z + o,y + 2z + ), for (x,y) € T?,

because it is isomorphic to the one in the statement, through the factor map ¢(x,y) = (z, 2y+x)
and ¢~ (z,y) = (z,% Y5%). This should simplify things because the iterates under this transfor-
mation have a more convenient form, namely

T"(z,y) = (x + no,y + 2nz + na), for n € N.

Therefore, we can calculate (3.7) by substituting the formula for the iterates 7" (z,y) in the
integral

/ ? . Tnsf . Tnzf . Tﬂ2+n3T . Tnlf . Tn1+n3? . Tn1+n27 . Tﬂ1+n2+n3f dm.
X

The rest of the proof is a generalization of the technique we used in the alternative proof of
Proposition but we omit it as the details get messy and the result is well-known. O

3.1.3 Characteristic factors

We move on to determine factors that characterize convergence of multiple linear averages, that
is, factors that control the behavior of such averages. More precisely, we let (X, 2", u,T) be a
measure-preserving system and consider some functions fi,..., fr € L>°(u), some non-negative
integers ay, . ..,ar € N and a sequence of intervals (Iy)nen in Z whose lengths tend to infinity.
A general goal is to study the limiting behavior of the averages

] 2 T T )

neln
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for N € N, in the L?(u)-norm. It is often useful to be able to replace each of the functions
fj with E(f;|#), where % is some T-invariant o-algebra, for j = 1,...,k, under the condition
that the value of the limit does not change, because the nature of the factor corresponding
to an appropriate o-algebra % may facilitate the study of the assymptotic behavior of the
new (equivalent) averages. More precisely, we say that a factor (Y, % ,v,S) of (X, 2", u,T) is
characteristic for convergence of the averages in , when the limit exists in L?(y), if and
only if the limit of the same average with the functions f; replaced by E(f;|%) exists in L*(v)
and if, in addition, the limits have the same value.

Remark 3.16. The factor (Y, % ,v,S) is characteristic for convergence of the averages in (3.8)
if and only if

1
li —
Voo || 1Tn]

ST g =0,

nelv L2()
when E(f;|%) =0, for some j € {1,...,k}. The necessity being obvious, observe that
1

7] Y TUE(fZ)- - T E(fil?)

neln

1
[In] DT fr T f —

neln

1s the same as

|I]]-V| Z Tan (fl _E(f1|@)) . Ta2nf2 . _Taknfk+

nely

\IlN! S TUE(f|D) - T (fo = E(fol#) - T fro+ -+
nelyn
|Itv| S TUE(AHIY) - T2 E(fo|#) - T (fi — E(fel#))

nely
and that E(f; —E(f;|%)|%) =0, for any j € {1,...,k}.

Lemma 3.17. Let (X, 2", u,T) be an invertible, ergodic measure-preserving system with Kro-
necker factor & (T') and let A be the o-algebra corresponding to the Kronecker. Then, for any
fyg € L*>®(pn) we have that

1 n n 1 n n N—oo
Tl > URf-Ug - T > URE(f|X) - UF"E(g|4) 22200, (3.9)
N nGIN N nelyn LQ(H)

for any sequence (In)nen of integer intervals whose lengths tend to infinity.

Remark 3.18. What this means is that the Kronecker factor is characteristic for the conver-
gence (in L?(n)) of the averages

1 n n
WZTf'Tz g, for N € N.

neln

Proof. 1t suffices to prove that

1
lim — URrf-U%qg =0,
|IN| Z Tf TY

N—oo
nely

where the limit is taken in L?(u), if either E(f|.#") = 0, or E(g|-#") = 0. We do this for the
second case only, as the first is analogous. The proof will be based on the Van der Corput
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lemma in the form of Corollary Set v, = URf - U2'g, for any n € N and consider the
sequence (S, )men, where

Sm = limsup

1
—_ Z Untm,Un)|, for m € N.
N—>oo N cln

Substituting the definition of v, the above limit becomes

. 1 n+m n—+2m ng n—
thUPMZ/UT+ fouztEng Uy - UG du

N—oo

and because T™ preserves the measure p, this is equal to

lim sup ’N| Z / URf-f- UT( 7g-9) du|. (3.10)

N—oo neln

From the mean ergodic theorem, equation (3.10|) gives that

sm—’/UTf fdu/ Mg -gdu|, for m € N.

According to Corollary we need to show that
| M
i 3g D om =0

From the above discussion we get that

1 N i [R  N y
and so it is enough to show that

| M - 2 g 2M - 2
A}gnooMz::l /XUT g9-gdu <A}gnoomz /XUTg g du| =0.

This, however, follows from the definition of the second seminorm for ergodic systems (see
Definition [3.1)), according to which

M

1
4 1
lol = Jim >

m=1

2

)

/ Ur'g-g dp
b'e
along with the fact that

E(g|2) =0 = ligll2=0

(for the last implication see Proposition and Remark .
O

Remark 3.19. The assumption that T is an invertible transformation is used in the proof of
the case that E(f|2") = 0.



82 CHAPTER 3.

Corollary 3.20. Let (X, 2", u,T) be an invertible, ergodic measure-preserving system with
Kronecker factor # (T') and let & be the o-algebra corresponding to the Kronecker. Then, for
any f1, fo, f3 € L*°(u) and any sequence (In)nen of intervals whose lengths tend to infinity,

we have that the limit )
lim — E / CURfo - U f3 dp
N—oo |In| - N1 f2 f3

is equal to the limit

lim \IN! Z / f1 - URE(fo| #) - UFE(f3]-#) d

N—oo

Proof. Let f1, fo, f3 € L%(u) and (In)nen be as in the statement. Then,

1 " :
wngl;v/xfl-UTfé ' fs dp — vl Z/fl (fo| #) - UPE(f3]4) du| <

1 —00
11113 Hlm > (URf- UF' fs = UFE(fol ) - UFE(fa #) 12y = 0, (3.11)

neln
by Lemma ]

Remark 3.21. The exact same procedure can be applied in order to obtain the above corollary
for the iterates T fy and T f3 instead of T™ fo and T?" fs, where a,b € N are any non-negative
integers.

Remark 3.22. Notice that Lemma is a refinement of Proposition[3.7, according to which
the factor corresponding to the seminorm || - |3 should be characteristic for the above averages,
that is, Zs. However, we proved here that the Kronecker factor, which is identified with Z1, is
in fact characteristic. This refinement actually holds for linear ergodic averages of any number
of functions, as it is shown in Theorem 8 of Leibman’s paper [19].

We will not need the result of Leibman in its full generality, but we will use that the factor
Zs is characteristic for an average with three functions, so we state it here for reference.

Lemma 3.23. Let (X, 2", u,T) be an invertible, ergodic measure-preserving system. Then, for
any f,g,h € L>®(u) we have that

Z U - Uty - Uf - u D UFE(12) - UPE(g1 %) - URE(Z)| S50,
nGIN nely L2(p)

(3.12)
for any sequence (In)nen of integer intervals whose lengths tend to infinity. A result analogous

to Corollary [3-20 holds in this case as well.

3.2 Nilsystems

3.2.1 Definitions and examples

Nilsystems are important and useful due to their high structure, firstly because they share
many properties with rotations, which by their simple nature are easy to handle and work with.
Moreover, in many case nilsystems turn out to be the natural objects that describe the behavior
of multiple ergodic averages. However, because the theory regarding nilsystems is rather labored
and the arguments used to obtain their properties are involved we would ideally disregard them
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in recovering convergence results. This is partly achieved in this thesis, through the almost
fundamental proof of Theorem Much of the definitions and fundamental properties that
we discuss in this section can be found in Chapters 10 and 11 of [16].

Since we always work with topological groups we give their definition.

Definition 3.24. A group G that is also endowed with a topology T is called a topological group
if the map ¢ : G x G — G defined by ¢(g1,92) = glgz_l, for g1,92 € G is continuous with
respect to the product topology on G X G. This amounts to saying that group multiplication and
muersion are continuous maps.

We always consider topological groups, G, with identity element denoted by e and we also
let Gy be the connected component of e, that is, the union of all connected subsets of G
containing the identity. If a,b are elements of G we denote their commutator, aba~'b~!, by
[a,b]. If A,B C G, then we define [A, B] as the subgroup of G which is generated by all the
commutators of G formed by elements of A and B, that is [A, B] := ({[a,b] : a € A,b € B}),
and we call it the commutator subgroup of A and B. With this notation the subgroup [G, G]
is called the commutator subgroup of G. Notice that, the set {[a,b] : a,b € G} may not be a
subgroup of G itself. Given a topological group G we can define other commutator subgroups
recursively, by letting G1 = G and Gi4+1 = [G, Gy, for any k € N.

Definition 3.25. Let G be a topological group. If its (k + 1)-commutator subgroup, Gii1 is
trivial we call G a k-step nilpotent group. With this convention a 1-step nilpotent group is
simply an abelian group. Indeed, if the commutator subgroup |G, G] of a group G is trivial, then
the commutator of any two elements in G is the identity, therefore all its elements commute
with each other.

Nilsystems are the result of studying dynamics on quotient groups of specific k-step nilpotent
groups. We define them below. First recall that a subgroup H (not necessarily normal) of a
group G is cocompact if the quotient space G/H is compact. A discrete topological group is
simply a group equipped with the discrete topology. We also need the concept of group actions.
Given a group G with identity element e and a set X, a (left) group action of G on X is simply
a function ¢ : G x X — X, which satisfies the following two conditions:

ole,z) = x, for any x € X
(g, ¢(hx)) = ¢(gh,x) for any g,h € G and = € X.

Definition 3.26 (Nilsystems). A k-step nilmanifold is a compact quotient space X := G/,
where G is a k-step nilpotent Lie group and I' is a discrete, cocompact, normal subgroup of G.
For a fized element a € G the group G acts on G/I' by left translation by a, which is given by

Ta(gT) = (ag)L, for g € G.

Let 4T denote the Borel o-algebra of G/T' and m denote the Haar measure on (G/T,9/T),
which is the unique probability measure on X that is invariant under left translations and positive
on non-empty open sets (see Theorem @ For a fixed element a of G, we call the measure-
preserving system (G /T, 9 /T',;m,T,) a k-step nilsystem and the map Ty, a nilrotation.

Given a nilmanifold X we can consider a sub-nilmanifold, which preserves its structure. For
a closed subgroup H of G, the group Y := (HT'/I"), which by the second isomorphism theorem
is isomorphic to H/(H NT), may not be compact (let X = R/Z and H = {tv/2 : t € Z}, so
that HNT = {0} and thus Y = Z). However, if Hz is closed for some = € X, then it can be
shown that Y is compact. Also, Hx, a subset of X, can be given the structure of a nilmanifold,
because for x = gI', some g € G, we have that Hx = H/A, where A := H N glg~".
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We work with Lie groups because they are sufficiently general for the proofs that rely on the
use of nilsystems to work and have appropriate structure, which facilitates their handling. To
define Lie groups one needs the concept of topological manifolds. A d-dimensional topological
manifold is a paracompact Hausdorff topological space, (M, ), in which, for every point p € M,
there exists a neighborhood U € 7 of p and a homeomorphism ¢ : U — R%. Paracompactness of
the space means that every open cover admits a locally finite open refinement. A Lie group (G, -)
is a topological group which is also a smooth nilmanifold, for which the maps p: G x G — G,
with u(g1,92) = g1 - g2 and ¢ : G — G, with i(g1) = gfl, for all ¢1,92 € G are smooth.
A central theorem regarding Lie groups, which will be useful to us, is the so-called closed-
subgroup theorem, according to which closed subgroups of Lie groups are Lie groups as well.
We also note that the quotient group G/N of a Lie group G with a normal and closed subgroup
(with respect to the topology of the group) N of G is also a Lie group. Moreover, the identity
component (or the connected component of the identity) of a Lie group is always open, and
thus clopen, in the group’s topology. Finally, a classical result in Lie theory, which is part of the
classification problem of compact, abelian, Lie groups is that (up to isomorphism) a connected,
compact, abelian, Lie group is a finite-dimensional torus.

The simplest examples of nilsystems are rotations on compact abelian Lie groups, which
are of course 1-step nilsystems. More generally, every nilpotent affine transformation on some
compact abelian Lie group is isomorphic to a 1-step nilsystem as we will see below, but these
are clearly not all the possible cases and we provide some examples of a different form as well.

Example 3.27. As the preceding discussion reveals, 1-step nilsystems are simply rotations on
compact abelian groups, since 1-step nilpotent groups are abelian and quotient groups of abelian
groups are also abelian. The most familiar case is that of a rotation on the 1-dimensional torus,
say T, : T — T, with Te(x) = z 4+ a (mod 1), for any x € T, where the arising nilsystem is
ergodic if and only if a € R\ Q.

Example 3.28. Another basic example is the affine system on the 2-dimensional torus with
the Haar measure and transformation T : T? — T? defined by

T(z,y) = (x+ o,y + Az +p), forz,yeT,
where A € Z and o, § € R. We claim that this is a 2-step nilsystem. The underlying nilmanifold
is X = G/T, with Haar measure denoted by mx, where
G=ZxRxR={(ky,z2):kcZyzcR}, T :=272%={(ki, ko, k3): k1, ko, k3 € Z}
and the multiplication (the group operation) on G is given by

(k1,y1,21) - (K2, y2, 22) = (k1 + k2, y1 + y2, 21 + 22 + k1y2).

The nilrotation is Ty : G/T — G/T', where b := (\,a, B) € G. It is sometimes helpful to think
of an element (x,y,z) € R® as the 3 x 3 matrix

1
A:=10
0

o = R
— QW

and then, the operation that was defined on G is identified with matriz multiplication. We
observe that for an element g = (k,y, z) € G we have that

gl = {(k+ k1,y + ko, z + k3 + kkg) : k1, ko, k3 € Z}
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and thus
Ty(gl') = {(k + k1 + Ny + ke +a,z+ ks +kka+ B+ Ay + k2)) : k1, ko, k3 € Z}.

In order to prove our claim we need to construct an isomorphism between the measure-preserving
systems (T2, B(T?), mp2,T) and (G/T,%(G/T),m,Ty), according to Definition [2.11 To this
end, consider the map 1 : G /T — T? be defined by

P(gl) = (y,2) (mod 1), where g = (k,y,z2) € G,

so that
Y(T(gl) = (Y + o, 2+ Ay + B)  (mod 1).

Then 1 is indeed a measure-preserving bijection and
T(W(gl) =T(y,z) = (y+ o,z + Ay + B) (mod 1) = (Ty(gT),
which completes the construction as T o =1 oTy.

Example 3.29. The final example we present is that of a skew product on the 3-dimensional
torus with the transformation T : T — T2 defined by

for a, B € R and some appropriate function f : T> — T. We consider the 2-step nilpotent Lie
group G = R3 with multiplication given by

(1,91, 21) - (22,y2,22) = (21 + T2, y1 + Y2, 21 + 22 + T1Y2).

We note that G is essentially the Heisenberg group, which is the group of 3 x 3 upper triangular
matrices with 1’s in the main diagonal under the operation of matrix multiplication. Then, we
let T = Z3 as before and we obtain the 2-step nilmanifold X = G /T with Haar measure mx.
For b= («a,,v), where a, B are as before and v € R, we define the nilrotation Ty : X — X as
usual and the nilsystem that arises is (X, B(X),mx,Ty). Let g = (x,y,z) € G. Then,

gU ={(x + k1, y + ko, 2 + k3 + k) : k1, ko, k3 € Z}

and
bgl' = {(a+ x4+ k1, B +y+ ko, v+ 2+ ay + k3 + (o + x)k2) : k1, ko, k3 € Z}.

We claim that for f:T? — T given by
flay)=~v+aly—[B+y) +a(lyl - [6+y]) (mod1l), forz,yeT,

the skew product system defined above is isomorphic to the nilsystem (X, B(X),mx,Ty). To
see this consider the function v : X — T? with

Y(gl) = (z — [z],y — [y, 2 — zly] — [z —z[y]]), forg=(z,y,2) €G.

It is easily verified that v is a measure-preserving bijection and we can also see that oly = T o).
Indeed, for any g = (x,y,2) € G we have that

T((gl) =T(x — [z],y — [y], 2z — x[y] — [z — z[y]]) =
(r+oy+Bz—zyl +y+aly—[B+y]) +2(y] —[B+y]) (mod 1)

and this is equal to

(+oy+B,z+y+ay—(a+z)[B+y]) (mod1)=1p(bgl') = h(Ty(gT)).
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3.2.2 Useful results

A fact that we will use in our proofs which involve nilsystems is that the commutator subgroup
of a connected group is connected too and we show that next.

Proposition 3.30. Let G be a connected topological group. Then, the commutator subgroup
G2 = [G,G] of G is connected as well.

Proof. The main idea behind this proof is that a continuous image of a connected set is con-
nected, which is a very basic result in topology. Now, each element of [G, G| has the form
(91,911 - - - [9k, 9], where k € N and g;, ¢} € G, for j = 1,..., k. For a fixed k € N consider the
map fi : G — G, defined by

fk(glug/thagé? o 7gk7g;{:) - [917.91”9279;] o [gkhg;c]

The function fi is continuous (this follows from the definition of a topological group, see Def-
inition [3.24] and because, by Stone-Weierstrass, the tensor product of continuous functions is
continuous) and the set G?* is connected (as the cartesian product of connected sets), therefore
f1(G?) is connected. Each of the sets fi(G?*) contains the identity element (it is simply the

image of (e,e...,e,e) € G?*) and thus, their intersection is non-empty. Lastly, notice that
Uken fx(G?%) is equal to [G,G], and recall that the union of connected sets with non-empty
intersection is connected. O

In [I8], Leibman showed that uniform distribution of a polynomial sequence in connected
nilmanifolds is actually equivalent to uniform distribution of the projection of this sequence in
a certain factor. Precisely he showed the following.

Theorem 3.31 (Leibman). Let X = G/I" be a connected nilmanifold and let g(n) be a polyno-
mial sequence in G. Define the factor Z := G/(|G,G|T") and let m : X — Z denote the natural
projection. If v € X, then (¢(n)x)nen is equidistributed in X if and only if (g(n)m(z))nen is
equidistributed in Z.

Two very important criteria that hold for ergodic nilsystems are the following.

Proposition 3.32. Let (X = G/I',9/I',;m,Ty) be an ergodic nilsystem. Then, the system is
also totally ergodic if and only if X is connected.

Proof. Assume that the nilsystem is totally ergodic and let Xy be the connected component of
the identity of X, that is, of I'. It suffices to prove that Xg = X. Now, because X is a Lie group,
the identity component X is open and because it is a compact space and the translations of
Xy by powers of a form an open cover of X, which is in fact a disjoint union of finitely many
translations of Xy. Indeed, notice that if a™ Xy N Xy # 0, for some m € N, we also have that
a™ Xy C Xp, as Xp is the identity component and a" Xy is also connected. But, because a
permutes the sets of this cover (a™(a™Xy) = a™™Xj) it must be the case that for some n € N
we have a"Xg = Xy. This allows us to conclude that X is connected, since T, was assumed
totally ergodic, so that 77" is ergodic and T,» = T}, but the Haar measure of the 77'-invariant
set X is positive, as it is open. Observe that X is actually equal to X and not up to sets
of measure zero, because it is clopen and so its complement, if non-empty, must have positive
Haar measure, being open.

For the converse, we assume that X is connected and let m € N. For Z := G/(G2I") consider
the natural projection 7 : X — Z, defined by p(gl') = gG,T, for any g € G. Since Ty, is ergodic,
there exists some zg € X so that the sequence (7, (x0))nen is equidistributed in X. Thus, the
sequence (nagm(xo))nen is equidistributed in Z, where ag := 7(al’). Indeed, simply notice that
if f € C(Z), then form € C(X) and that for n € N the equality

f(naom(zo)) = fom(T5 (20))
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holds, which implies the claim by Definition 2.64 Now, because Z is a connected, compact,
abelian group, we also know that the sequence (mnagm(xg))nen is equidistributed in Z, where
mnaogm(zg) = 1o (xg), for n € N. By Leibman’s theorem above we get that the sequence
(T2 (z0) )nen is equidistributed in X. This implies that the transformation 7)) is ergodic and
because m € N was arbitrary it follows that Ty is totally ergodic. O

The proof of the next proposition can be found in [6].

Proposition 3.33. Let (X = G/T',9/T',m,T,) be an ergodic nilsystem. Then, there exists
some d € N such that (the finitely many) ergodic components of T are totally ergodic.

A very important result regarding the pointwise convergence of ergodic averages in nil-
systems is the following formula, which is a straightforward generalization (by Leibman) of a
formula given by Ziegler. For this limit formula we need some notation first. Given a nilmanifold
G/T and ly,...,l; € N we define the set

e e

Iy Iy I Uk
H = {(glgd?) . -g,g’“_’f)hh g gtt) ~g,g’“_’f)hk) 1 gi € G, hi € Gy},

where (Z) = 0 if a < b, and G}, is the recursively defined, k-th commutator subgroup of G.
Also, let A = HNT*. It can be shown that H is a closed subgroup of G¥. Then, the subgroup
A is discrete like I', and cocompact as the intersection of a cocompact with a closed subgroup
of G¥, so that H/A is a nilmanifold and thus, carries a Haar measure, mz.

Proposition 3.34 (Ziegler [21]). Let (X = G/T,9/T",T,,mx) be an ergodic nilsystem and
letly,... .l € N. Then, if f1,..., fr € L=®(X), for almost every x = gI' € X we have that

N-1

yim _1 Vi n%]\:/f ATE ) (T ) = /H/A filgyaD) -« fi(gyel') dmu(yA),

where y = (y1,...,yx) € G¥ and H, A are as before.

In [14] it is shown that for every ergodic system (X, 2", u,T) and s € N there exists a T-
invariant sub-o-algebra 2 of 2" such that for f € L°°(u) we have that E(f|Z5) = 0 if and only
if || flls+1 = 0. But, for a system of the form (X, Z;, 11, T) we have some structural information
given by the main result in [I4]. In order to make sense of the theorem we define first the
concept of inverse limits of systems.

Definition 3.35. We say that a system (X, Z", u, T) is an inverse limit of a sequence of factors
(X5, Zj u5,Ty) - j € N}, if {Zj}jen is an increasing sequence of T-invariant sub-o-algebras
of &, such that vjeN Z; = 2 up to sets of measure zero. Remember that Z;\| X, is the
smallest o-algebra containing both Z;, 2y, for j,k € N.

The main structural result is Theorem 10.1 of [I4] or Theorem 1 of Chapter 16 of [16] and
reads as follows:

Theorem 3.36 (Host-Kra). Let (X, 2, u,T) be an ergodic system such that 2~ = %, for
some s € N. Then (X, 2", u,T) is an inverse limit of ergodic nilsystems.

Remark 3.37. We have defined a system (X, 2 ,u,T) to have a finite rational spectrum if
there are only finitely many eigenvalues e*™4 of this system with ¢ € Q. This is equivalent to
saying that there is some d € N, such that the ergodic components of the system (X, 2", u, T%)
are in fact totally ergodic.

Combining Proposition and the equivalence of Remark we obtain the following
corollary to Theorem [3.36
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Corollary 3.38. Let (X, 2 ,u,T) be an ergodic system such that & = %, for some s € N.
Then (X, 2", u, T) is an inverse limit of systems with finite rational spectrum.

In order to prove one of the Khintchine recurrence results we will need the following compu-
tation due to Or Shalom ([20]). Recall that for n € Z, a group G is said to be n-divisible if, for
every g € GG there exists a solution to the equation z" = g, where the multiplicative notation
for the operation on G is used.

Lemma 3.39. Let a,b € Z be coprime and U be some compact, abelian group. If U is a,b,a+b
and a — b divisible, then the sets (we use multiplicative notation for the operation on U )

a b a+b
A= {(9799?92(2)799?9§2),ggi‘“’gé 2 )) 2 9,91,92 €U}

and
B = {(u b7 0P~ 00T st v € U

are equal.

Proof. We first show that A C B. Let g,g1,92 € U be arbitrary and choose s € U, such that
52 = gy. Observe that U is 2-divisible, because at least one of the numbers a,b, a + b, a — b must
be even and divisibility of a group by an integer implies divisibility by its divisors as well, so

that the existence of such an s is guaranteed. By the divisibility assumption, there exists some
u € U so that u®® = g. Now, let v = ug;s**~! and t = gg‘fgéQ)ua_b. Then,

(3)

b_
tu’™" = gg19s

and
(a+b—1)(a+bd) a+b
PO — byt latb-1)(ath) _ atbgaty T o et gg 2)
Finally, we have that
a a(a—1) | (a+b—1)(b—a)
tvbfa _ gg%géz)uafbubfaglly—as(oﬂ»bfl)(bfa) _ gglljgé 57—+ 5 )

As a trivial computation shows,

ala—1)+(a+b—1)(b—a)=b>—b=>b0b-1),
and thus the last quantity becomes gg% g5, which proves that A C B. For the converse inclusion
let u,t,v € U. We then set ¢ = u®t?, choose s € U, such that s> = go (for some gy € U, which
will be chosen later) and set g; = vu~'s'~27%. We need to find an element go € U for which

the following equations hold

99%952) — tub—a

b (S) b—a
99195~ =tv
a+b)

gg‘f+bg§ 2/ — g0

Substituting the above equations for g and g;this system becomes

+b

2
ua—i—b(vu—lsl—a—b)asa —-a _ tub—a

2
uzz—i—b(vu—lsl—a—b)bsb b _ tvb—a
uaer(qulslfafb)a+bs(a+b)2f(aer) — potbd

which reduces to the equation
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Since U was assumed to be a and b divisible there exists a solution to this equation and so can
we conclude by choosing go = s2. Indeed, let s; be the solution to the equation 2% = ¢t~ (uv)®
and s be the solution to the equation z® = s; in U. Then,

Sab — (Sb)a — S% — til(uv)a.
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Part 11

The Case of Linear Exponents
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Chapter 4

Extension of Khintchine’s
recurrence: Negative results and
special cases

In this chapter we present counterexamples to Khintchine recurrence results for non-ergodic
systems and for arithmetic progressions of length 5 or larger, showing the necessity of these
assumptions. The same counterexamples were first given by Bergelson, Host and Kra in their
paper [3]. In order to facilitate understanding of the main ideas presented in the proofs of the
main results regarding Khintchine-type lower bounds with linear exponents we proceed to prove
two special cases of these results.

4.1 Some negative results

4.1.1 The non-ergodic case

Below is an important result due to Behrend, which will be used in providing a counterexample
to the extension of Khintchine’s theorem for a non-ergodic system and a three-term arithmetic
progression. The proof is based on, but more detailed than, Behrend’s original argument given
in [1J.

Theorem 4.1 (Behrend). Let N € N. Then there exists a subset of {1,2,..., N} of cardinality
greater than Ne~ V9N “which does not contain any arithmetic progressions of length three.

Remark 4.2. The construction relies on the trivial observation that a line can intersect a
sphere in at most two points.

Proof of Theorem [{.1} To begin with, observe that for any M € N there are exactly M?-points
x = (x1,x2,...,x4) with integer coefficients, such that 1 < x; < M, for all 1 < i < d, and for
any such point we have that the number % + 23 + ... + 22 is an integer in the interval [d, dM?].
Therefore, there exists a sphere in R?, say Sa,m, with radius r € [\/8, VdM |, having more than

Md Md—2
AM?—d+1)~ d

such points. We now consider the map P : [1, M]¢ — Z defined by

d
1 ‘
P(z) = Y E z;(2M)?, for any = = (21,29, ..., zq) € [1, M]?,
i=1

93
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where [1, M]¢ denotes the set of points we mentioned. It is fairly easy to see that P is a linear
map, that is,
P(az 4 y) = aP(x) + P(y), for z,y € [1, M]? and a € Z,

and also that the inequalities 1 < P(x) < (2M)? hold, for all = € [1, M]?. Indeed, the first
inequality is trivial and for the second one, simply notice that

IS

—1

P(z) < P(M,M,...M))=M (2M)Z :M(2M)d_

2M -1 < M

s
Il
=)

We will now prove that

P(x) — P(y) = P(y) — P(z) = z—y =1y — 2, for every triplet z,y, z € [1, M]¢,
which also implies that P is one-to-one. For this we need the following intermediate result:
Lemma 4.3. If z € (—2M,2M)?¢, then P(z) =0 <= 2 =0.

Proof of the Lemmal[4.3. For the non-trivial direction, suppose that P(z) = 0 for some z # 0.
Let ip € [1,d] be the least coordinate of x for which z;, # 0. Then,

d
0=P@)= 5o 3 w(2M)| =

1=10

d d*(i0+1)
Tig=— Y @wM)T0==2M - Y ziyigr1(2M)' =~ 2M,
1=ip+1 i=0

for some [ € Z , which is impossible since 1 < |z;,| < 2M — 1 . We have thus reached a
contradiction which proves our claim. O

Returning to the desired property, let z,y,z € [1, M ]d be such that

Linearity then implies that P(x — 2y + z) = 0 and an invocation of the Lemma gives the result,
because & — 2y + z € (—2M,2M)?. Therefore, P is an injection.

To finish, we set d = [IogN] , M = [¥/%] and § = S;, N Z% Then P(S) C [1,(2M)4),
so that P(S) C [1, N] and |P(S)| = |S| by the established properties of P. At this point we
observe that the set P(.S) contains no non-trivial, three-term arithmetic progressions because,
by the last property, for such an arithmetic progression in P(S), a corresponding set of three
points lying on the same line would exist in S, which is impossible by the initial observation
that a line cannot intersect a sphere at three points. Finally, |P(S)| > Ne(=4V19N) which
concludes the proof with P(S) being the desired set. Indeed:

Ma—2 (M)d— e(2—[VIogN DN( \/%]2)
ps) =151z 2 s e
- d d [V/logN]
N . e(0=VIogN) | () | ~1-iogN —4y/logN

We are now in a position to prove the first result of the section.



4.1. SOME NEGATIVE RESULTS 95

Theorem 4.4. There exists a non-ergodic measure-preserving system (X, A, u,T) and a subset

A of X with u(A) >0, such that

pANTANT 2 A) < —(u(A))?,

for every n € N.

Remark 4.5. We actually show that for everyl € N the bound p(ANT " ANT 2" A) < 1(pu(A))!
holds, with the set A depending, of course, on I.

Proof. Let (X, %, 1, T) be the dynamical system with X = T x T, £ being the Borel o- algebra,
= mT X mr the Haar measure on T X T and T : T x T — T x T be defined by

T(z,y) = (x,y +z), forevery (z,y) € X.

To begin with, T is non-ergodic since the function F' : X — T, with F'(z,y) = z, is non constant

and T'—invariant, or alternatively, because the set [0, %) x T is T'—invariant with measure %

Let N € N and L be a subset of {1,2,..., N} of cardinality greater than Ne(=*v!°9N)) which
does not contain any (non-trivial) arithmetic progressions of length three. Such a set exists by
Behrend’s theorem. Now, we define

(N 1

A:=T x B, where B := U[ﬁ’ﬁ+ﬁ)’

€L

which (meaning B) is a disjoint union of intervals on the torus. For n € N we observe that

WANT"ANT 2" A) = //Tr . L anr—nanr—2n A(2, ) dmr(y) dmr(x),
X

which equals

/ /  Lal@) AT @) AT ) dm(y) dme ()

By the definition of A, the last integral is the same as

JI 180) - 150y +02) - 150y + 200) dina(y)ma(@)

and with a change of variables (z — nz, which is measure-preserving) this becomes

//MT Lp(y) - 1p(y + ) - 1p(y + 2z) dmr(y)dmr(z).

In order to bound the last integral we can limit ourselves to the case that the integrand is non-
zero, that is, when y,y 4+ x,y + 2x € B. By the definition of B, there exist some i1, 149,13 € L
and 0 < a,b,c < ﬁ, so that
il i2 i3
Yy QJV,‘% a, y+zx 2]V,4— and y + 2z IN +c

Since y — 2(y + ) + (y + 2x) = 0, a simple substitution shows that

11 — 219 + 13

5N —a+2b—c,
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which belongs to (2N, 2N) and therefore i1 —2ig+1i3 € (—1,1). Thus, necessarily, i; —ig = 12 —1i3,
making 41,42, ¢3 a three-term arithmetic progression in L and as such it must be trivial by the
choice of L. Therefore,

’Ll il 1

Y+, y+2:1:€(2N 2N+m) (mod 1),

which implies that 2 belongs to (g3, g&) (mod 1), an interval of length 7. Since y is restrained

in B, we obtain the bound
mr(B)
AN

WANTANT 2 A) <

Now, u(A) = mp(B) = ‘Ll and so it suffices to prove that |L|;_l > (4N)=2, for any [ € N, with
[ > 3. But L was chosen so that

= Ne(—4logN)) L)t > (Ne(—4\/W)))l—1

and so it suffices to show that N

(l 1)\/logN

The latter inequality is true for large enough N (depending on [), because for [ € N fixed we
have that

24[1

A-DVIogN < (%) _ /7

a consequence of which is that

N
R TR - (41)

4.1.2 The case of general systems and five-term arithmetic progressions

We proceed to show the second result of this section, namely the fact that a generalization
of Khintchine’s recurrence theorem does not hold for arithmetic progressions of length 5 and
thus larger than 5 as well, even in the ergodic case. Notice that we have already done so for a
non-ergodic system and progressions of length greater than 3 in the previous theorem.

First, we define the concept of quadratic configurations, which will be used in the proof.

Definition 4.6. A quadratic configuration (of 5 terms), denoted by QCSH, is simply the set
{P(0),P(1),P(2),P(3),P(4)} C Z, where P is a non-constant integer polynomial of degree at

most 2, that is, P : Z — Z with P(n) = n(n Y 4 bn+c, such that a,b,c € Z. and (a,b) # (0,0).
We make some simple observations.

e If deg(P) = 1 then the quadratic configuration corresponding to P is merely an arithmetic
progression of length 5 | starting from ¢ and having a constant difference b # 0 between
any pair of its terms.

o If deg(P) = 2 then 3 < |{P(0),P(1),P(2),P(3),P(4))}| < 5 and a scenario with the
least amount of distinct elements in this configuration is one where a = —b, in which case

P(0) # P(1) = P(2) # P(4) and P(0) = P(3) # P(4).
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e We have P(0)—3P(1 )+3P( )—P(3) = P(1)—3P(2)+3P(3)— P(4) = 0, regardless of the
degree of P. Indeed: P(0)—3P(1)+3P(2)—P(3) = c—3b—3c+3a+6b+3c—3a—3b—c =0
and P(1) —3P(2)+3P(3)—P(4)=b+c—3a—6b—3c+9a+9b+3c—6a—4b—c=0

e Ifa,b c,d, e €Z are such that a —3b+3c—d = 0 and b—3c+3d—e = 0, then there exists
an integer polynomial P of degree 1 or 2 with P(0) = a,P(1) = b,P(2) = ¢,P(3) = d
and P(4) = e, i.e. {a,b,c,d, e} is a quadratic configuration of 5 terms. To see this, set
P(n) = (c+a—2b)@ + (b—a)n+a.

In order to construct the desired counterexample we need two intermediate results; First, an-
other clever combinatorial theorem of similar nature to Behrend’s-due to Imre Ruzsa (see
[3])-about the existence of large subsets of {1,2,..., N} that do not contain quadratic config-
urations of 5 terms and then a lemma, the necessity of which shows up in the course of the
construction.

Theorem 4.7 (Ruzsa). Let N € N be fized. Then, there exists a subset of {1,2,....,N} of
cardinality greater than Ne V9N which does not contain any quadratic configurations of 5
terms.

Before proving the theorem we give a geometric proposition.

Proposition 4.8. Let a,b,c,d,e € R?, for d € N, be 5 points with the same Euclidean norm
[| - ll2 (where ||al|2 = \/(a% +a3+..+ad?) , if a=(a1,as,...,aq) ), such that

a—3b+3c—d=0 (i)
b—3c+3d—e=0 (id)

Then,a=b=c=d=e.

Proof. By (i) and (ii) we get that
a+2=ec+2b (ii).

. _ (a+2d)
Then, setting © = 5

,y=b—xand z =d — x, we get

r—22=3x—-2d=a+2d—2d=a, r+y=br+z=d, t—2y=-2b+3x=e¢

2 —a—-2 _
andy+z+x:b+d—:p:b+d—a—;d:3b+3d3a d:3b+§i a:C’

by (iii). By the equalities
llal[3 — [lz][5 = [1bl3 = [l2|3 = llcl 13 — l|=[13 = ||d][5 — [[z][5 = [le]3 — [|z]3
we get that

Al2113 — 2w, 22) = [lyl3 + 2{w, ) = |lyll3 + [|2113 + 2(z, 2) + 2(z,y) +2(y, 2) =
= |I213 + 2(z, z) = 4lyl3 — 2(z, 2y).

Now,
Al|2113 — 2z, 22) = |23 + 2(2, 2) = 3[|2]I3 = 6{z,2) = ||2][3 = 2(=, 2)
and similarly,

1113 + 2(z, ) = 4llyl3 — 2(z,2y) = |lyll3 = 2(z,9)
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The above two equalities, along with ||y||3 + 2(z,y) = ||2||3 + 2(z, 2), imply that ||y||]2 = ||2||2.
Combining the established identities we obtain that

2|lylI3 = llyllz + ll2113 + 2(z, 2) + 2z, y) + 2y, z) = 4|lylI3 + 2(y, 2)

which in turn implies that

(. 2) = ~lyll3 = ~{y.9) = y=—=
Therefore, (z,y) = (r,—y) = —(z,y) and these are equal to ||y||2 , so that y = 0 and thus,
z =0 as well. We can now conclude that a =b=c=d=e==z. O

Proof of Theorem [{.7, We mimic the construction of Behrend’s theorem. That is, we choose

M e Nand an r € [\/Zi, \/&M] for which there exists a sphere in R?, say Sa,nr, with radius 7,

. -2 . . . .
having more than 7 -boints x = (x1,x2, ..., z4), which have integer coefficients and are such

that 1 < z; < M, for 1 <17 < d and x% + x% + ...+ xfl =72, The only variance is that we now
consider the slightly different map P : [1, M]? — Z defined by

d
1 .
P(x) = 74M E xi(4M)’, €T = (l‘l,l'z,...,xd) S [1,M]d,
=1

which is again integer valued, linear, one-to-one and for which 1 < P(z) < (4M)¢ hold for all
x € [1,M]?¢. Also, if x,y, z,v,w are points in [1, M]?, with

P(z) —3P(y) + 3P(z) — P(v) =0 and P(y) — 3P(z) + 3P(v) — P(w) =0,

then, linearity, the analogous property of P that was shown in the Lemma used in the proof
of Behrend’s theorem and the fact that * — 3y + 3z — v and y — 32 + 3v — w are points in
(—4M,4M)%, together imply that

r—3Yy+3z—v=y—324+3v—-—w=0

This means that a quadratic configuration of 5 terms in P([1, M]?) corresponds to one in [1, M].
Finally, let S = Sg N Z4. Then S contains no quadratic configurations of 5 terms. Indeed,

if {Q(0),Q(1),Q(2),Q(3),Q(4)} was such a set, we would have that Q(0), Q(1), Q(2), Q(3),Q(4)

would be 5 points with the same Euclidean norm, which would also satisfy the equations:

Q(0) —3Q(1) +3Q(2) — Q(4) = 0 and Q(1) —3Q(2) +3Q(3) —Q(4) =0

However, from the previous proposition, this is a contradiction. From now on the proof is
identical to the corresponding part in Behrend’s theorem and so we omit it. ]

Lemma 4.9. Let N € N and L be a subset of {1,2,...,N — 1} of cardinality greater than
Ne=4IogN) “yhich does not contain any quadratic configurations of 5 terms. Such a set exists
by Ruzsa’s theorem. Consider the set

7 7 1
Bi=UL=Uliy 5 + o8
€L 1€L

If v,y,z € T are such that the points a; = x + iy + iz (mod 1) are in B fori = 0,1,2,3,4,
1 4AN-1
then {2y} € [0, W) U ( AN J.
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Proof. Observe that -as real numbers- ag, a1, as, az, a4 belong to [0, %), since they belong to B.
Now, for each i € {0,1,2,3,4} there exists a k; € L for which a; € Ij,. A simple substitution
shows that

ap — 3a1 + 3a2 —ag = a3 —3az +3a3 —ag =0 (mod 1)
Next, if we consider a1, ag, az as real numbers again, we see that
k k k k k k
i = 3% + 1w) T3(5%) < a1 —3a2 +3as < (F + m@y) — 34% +3(1k + ww):

which implies that

k1—3]€2+3k3_ 3 k1—3k2+3]€3+ 1> < 3 1>

— -7

a1~ 3az +Jaz € ( AN 6N’ 4N IN

Since ay4 € [0, %), we have that a4 = a1 — 3as + 3as holds as an equality of points in R and thus

k1 — 3ko + 3k3 3 ki1 —3ky + 3k3 1 1
a4 c ( AN T I6N” AN * 4N> M [0’ 4>

Also a4 € Iy, and so, if kg # ki — 3ka + 3k3 we could assume without loss of generality that
k4 > k1 — 3ko + 3k3, but then we would have that f—]‘{] > % + ﬁ and ultimately:

k1 — 3ko + 3k3 3 k1 —3ky + 3k3 1
I - —_— prnd
) < AN 16N’ AN - 4N>

|:k‘4 k4 1 >m<k1—3k2+3k3_ 3 k1—3k2+3/€3+ 1 >_®

AN’ AN T 16N AN 16N AN AN

Thus, ky = k1 — 3ko + 3k3 and, similarly, one shows that k3 = ko — 3k1 + 3k2. Therefore,
{ko, k1, k2, k3, k4} is either a quadratic configuration of 5 terms in L or ko = k1 = ko = k3 = kuy,
with the former contradicting our hypothesis. In conclusion ag, a1, az, as, as € Iy, and since

day —ag —3ap =4drv+4y+4z—2 -2y —42z—3x (mod 1) =2y (mod 1)

and, at the same time

1 1
- 4 _ _ R
N <4day; —ag — 3ag < AN

we have in fact proven that 2y € [0, ) U (4=, 1] (mod 1). O

Theorem 4.10. There exists an ergodic dynamical system (X, B,u,T) and a subset A of X
with p(A) > 0, such that

WANTTANT2"ANT 3" ANT " A) < ~(u(A))°, for every n € N,

N

Remark 4.11. We can actually show that for every l € N with | > 5, the bound
WANTTANT 2ANT 3 ANT " A) < ~(u(A))!

holds, with the set A depending, of course, on l. Actually, this is the bound which allows us to
extend the same result to analogous arithmetic progressions of length of length greater than 5
immediately.
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Proof. Let a € R\ Q and (X, %, u, T) be the dynamical system with X = T x T, % being the
Borel og-algebra, p = mr x mr the Haar measure on X and 7' : X — X be a transformation
defined by

T(xz,y) = (x + a,y + 2z + a), for every (z,y) € X.

This system is ergodic and in fact uniquely ergodic, because a is irrational. We now consider
the sets L C {1,2,..., N} and B C T of Lemma and set A = T x B. A simple induction
argument shows that T"(z,y) = (= + na, y + 2nx + n2a), for any (x,y) € T? and n € N. Then,
the quantity we want to bound, i.e.

WANT "ANT 2"ANT 3"ANT 4" A),

can be seen as the integral

/T/T La(z,y) - La(T™(x,y)) - 1a(T*(2,y)) - 14(T*(2,y)) - 1a(T*"(2,y)) dmr(y) dmr(z),

which is equal to

// 15(y) - 15(y + 2nz + n2a) - 15(y + 4nz + 4n’a)
T JT

1p(y + 6nx + 9n%a) - 15(y + 8nz + 16n%a) dmr(y) dmr(z).
In order for the integrand in the last integral to be non-zero we need y € B and if we set
a; =y + j(2nx) + j%(n%a), for j =0,1,2,3,4

we also need ag, a1, as, ag and a4 to belong to B. Therefore, an invocation of Lemma

implies that
1
{4na} €0, E) U(l TN’ 1),

which is a set of measure ﬁ on the torus, and thus x lives on a set of measure ﬁ (for this

simply notice that if {nz} € (a,b) C[0,1), then x € U?;()l(aT”, bti)). Consequently we obtain

the bound

mr(B)
2N

In order to finish the proof we need to show that ™ ](VB) < W (‘;‘))5

WANT "TANT MANT 3" ANT 4" A) < ., neN

, or equivalently, that:
L|* > 16'N? = N*(eWVIoN)E > 160 N3 = N > 1616VI09N)

which holds for large enough N, as we showed in (4.1). In a similar manner we can show that

mgi](f)g%'w,foranylel\?. O

4.2 Special cases of multiple recurrence

Before proving the general positive result for lower bounds we will deal with two special cases.
The first case deals with a specific category of systems, those with Kronecker factors which are
ergodic rotations on the torus, and two linear integer polynomials without constant term. The
second case concerns an ergodic skew product system and three integer polynomials as before,
with the third one being the sum of the first two.
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4.2.1 Khintchine-type lower bounds for any pair of linear integer polynomials
with zero constant term

Proposition 4.12. If the Kronecker factor of an invertible ergodic system (X, 2, u,T) is iso-
morphic to an irrational rotation on the torus, then for every a,b € N,e > 0 and A € I with
w(A) >0, there exists n € N, such that

WANTMANT"A) > u(A)P —e. ()

In fact, there exists a syndetic set of natural numbers, S, such that (x) holds for anyn € S.

Lemma 4.13. Let (X,2,u,T) be an invertible ergodic system for which (T, Z(T), mr, Ra),
with Ry : T — T defined by

Rox = (x 4+ «) (mod 1), fora € R\ Q,

is the Kronecker factor and let JZ be the o-algebra corresponding to the Kronecker factor of
T. Then, for any a,b € N, any functions f,g,h € L>®(u) and V' C T open, such that the set
S:={neN:{na} € V} CN is syndetic, the limits

lim Z]ls /f-T‘mg-Tb”h du

N—M—00 ]SN N[M

and

an . pbn
i e Al M N 2 Z 1s(n / (f|#) - R"E(g|.#) - R*E(h|#) dmr

are equal, where Sy ={1<n < N:neS}.

Proof of the lemma. Because 1g(n) = 1y (na) and 1y is Riemann-integrable (this is true if we
assume that the boundary of V', 9V, has zero measure, because the indicator function of a set
is continuous except on its boundary, which is not true for all open subsets, but it certainly
holds for open and convex sets as the ones we care about) it is enough to prove the equality of
the limits with e?™*" for any k € 7Z, in place of 1g(n). Indeed, the integrability of 1y means
that for every € > 0, there exist ¢’, h’ € C(T), such that

g (z) < 1y(x) < h'(x), for all x € T and /(h/ —g)<e

Without loss of generality we can assume that f,g and h are real valued and non-negative.
Then, from the previous inequalities between the functions ¢’, 11/, and A’ we have

N
1 an bn
1 N 1
S 1 T T hdy < —————— h( T q. TR d
‘SNQ[MN‘n;vm)/f gToh dyu < \st[MN\Z (na) [ £Tg T dy

Now, there exist K, K’ > 0 so that sup,cy UXf-T‘mg-Tb”h d,u‘ < K and |Sy| > ﬁ, for
N € N. Thus,

N
(W (na) no / ST . T d
By A LN Z g(na)) | f-T"g 1

n=

< KK'

1 N
N-M > =

n=M
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and this is bounded by 2K K'e, for all large enough N € N, because h' — ¢’ is a continuous
function on T, the sequence ({na})nen is equidistributed and consequently

1
N-M

N
> (0 —g)na) === [ (W~ ¢)(@) dmp(a) <.
n=M

This means that we can replace 1y (na) with continuous functions and then, using Weierstrass’
theorem and linearity, it suffices to use trigonometric monomials, i.e. 2% k € Z, as claimed.
Now let ¢ : X — T be the factor map, so that poT = R, o ¢ and set

hi(z) = e2m§¢’(m), for k € Z, a € N,
which implies that
Ty (z) = 2™ia(G(T"2) = 2rig($la)tana) _ 2mik(n)p, (1) 2 € X, and n € N,
Setting f(x) = hy(z)f(x) and §(x) = hy(x)g(z), we get that
E(flA) = hi - B(f|2)

and that
RYE(G|A)) = hy, - 2™ *) . RIM(E(g|K)).

Therefore,

N
1
2mik(na) an bn an~ bn
-T -T"hdy= ———— -T -T°"h d

which as we have seen (in Corollary [3.20) has the same limit as

1 N 5
ox AL 2 / E(f|¢) - R¥E(G|A) - RYE(h|.A#) dm,
’ n=M

which in turn equals

N
Z €2mk na /E(f‘«%/) . RZ”E(Q’%) . RZHE(}‘LL%/) dm’]I‘.

|SN ﬂ ‘ n=M

Proof of Proposition[[.13. Let (T, 2(T), mt, R,) be the Kronecker factor of (X, Z, u, T'), where
Ry(z) =2+ a (mod 1) , x € T, for some o € R\ Q. We write m for the Haar measure of the
torus, mp. The sequence ({na}),en is equidistributed and so for any 0 < § < 1 we have that

I H{M <n < N :{na} € (—0,0)}|
N- Moo N-M

= my((—6,0)) = 24, (4.2)

where, with (—d,0) we mean the subset [0,) U (1 — 4, 1] of [0,1]. To see this we first note that
the system (T, %Z(T),m,T) with Tx = x + «, for « irrational, is uniquely ergodic. But this is
equivalent to the fact that, for any f € C(T) the average ﬁ Zflv: a JoT™ converges uniformly
to the constant [ f dm and using a common approximation argument we can replace continuous
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with Riemann-integrable functions in the previous condition. For details see Proposition [2.63]
and Proposition Therefore, if x = 0 and f = 1(_s4) we get that

L HM<n<Nifna}e (=66}
N-M 500 N—M -

N
. 1

Now, let #" be the o-algebra corresponding to the Kronecker factor of T, fo, f1, fo € L>®(un)
and E(f;|-#") be the corresponding projections of f; to the Kronecker factor for i = 0,1,2. (See
Remark to understand these notions). Fix some 0 < 6 < 1 and consider the sets

Ss ={neN:{na} €(=6,0)}, and Ssny ={1 <n <N :{na} e (-6,9)}, for N e N.

Observe that the set Ss is syndetic, as it can be expressed by {n € N : mp(ENR,"E) > 0},
for E = [0,6), which is well-known to be syndetic (see for example, Proposition 2.17). As in
the proof’s beginning, by the equidistribution of ({na}),en in T we also have that for any
Riemann-integrable function F': T — C, the equality

]\}1_1)1100 — Z F(na) / F(t) dmy(t
holds and in fact

1
y
N-Mosoo N — M

its-

F(na) = /TF(t) dmr(t).
Thus, if we set
F(t) = 1(_s4)(t) /T E(fol#)(x) - E(f1|4) (@ + at) - E(fo]2) (@ + bt) dms(x),

then F' is Riemann-integrable and so the limit

N
N N MZF

n=M

equals
/ s /T E(fol# ) (x) - E(f1|2)(x + at) - E(fo] £ ) (x + bt) dmy(x) dmp(t).  (4.3)

But, as a simple substitution shows

Al N Z 15,() | B(fol#)(a) - RYE(ALH)(w) - FE(f2) ) (z) dmr(o)

N
1
= i _ F
N-Mo0 |Ss.n N [M, N]] 2 Flna),

n—

and by (4.3]) this is equal to

1
r(=5,0) /(_M) /TE<fo|¢%/)(:v) CE(f1] ) (x + at) - E(fo| ) (x 4 bt) dmp(z) dmp(t).
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Let G : T — C be the continuous function defined by
G(t) = [ E(fol ) (@) (| #)(e +at) - Bl ) (o + bt) dor (o).
T

To see that G is indeed continuous (which was also implied in the claim that the function F'
previously defined is Riemann-integrable), first note that, for any g € L (mr) the map ¢ — g,
where ¢®)(z) = g(z + t), is a continuous map from T to L'(mt), with respect to the metric on
T and then simply notice that for any t1,t2 € T we have that

G(t) — Glta) = /T E(fol ) (@) - E(f1|.# )@ + atr) - E(fol ) (z + bt1) dm(z)—

/T E(fol#)(z) - E(f11.4) (@ + ata) - E(fal 8 )z + bta) dm(x),

which can be written as

/TE(fo\%/)(fU) E(H1H) (@ + aty) — E(f1|)(x + atz)] - E(f2| ) (x + bt1) dmr(x)

+ /T E(fol #)(x) - E(f1].# )@ + at2) - [E(fal #) (@ + bt1) — E(fol ) ( + bt2)] dme(a)

and this is bounded above by

ISl ) e - 1Bl ) g - A1) = E(fo]2) 12

1

B0 ) - IBCAIH g - B2l — B(fo].o) )

Thus,
1

m'ﬂ'(_éa 5)
So, if in the above notation we set fo = f1 = fo = 14, for some A € Z with u(A) > 0, we get
that

/ G(t) dm(t) = G(0), as & — 0.
(~59)

60 = [ @i ([ E(JIAW)>3 — ()

and thus, for any € > 0 there exists § > 0 small enough so that

1
/ /IE(]IA\,){/)(J:) CB(14]|#) (z + at) - B(1La]|# ) (z + bt) dmr(z) > (u(A))? —e.
mr(—6,0) J—s5) JT

Therefore, by the asymptotic equality of the averages established in the previous lemma, for
any choice of € > 0, there is an appropriate ¢ for which

WANT "ANT"A) > (u(A))? —e

li 1
N— }\?—)OO‘SéNmMN‘ Z 5'5

This readily implies that there exists n € N (in fact a syndetic subset S of N) so that
WANT"ANTA) > (u(A)® —€, n € S.

Indeed, assume that the set {n € N : y(ANT "ANT A > (u(A))? — €} is not syndetic.
Then there exist sequences (ay)nen and (by)yen with by — ay — oo and

WANT"ANT"A) < (u(A))® — €, for n € [ay, by].
But this would imply that

1
lim WANT MANTMA) < (u(A))? — ¢,
N—oo |S§N N [aN, bN” neSs N;[U«N o]

which is a contradiction. O
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4.2.2 Khintchine-type lower bounds for a special case of three linear poly-
nomials

Proposition 4.14. Consider the dynamical system (T?, B(T?), mr2,T), (for briefness we write
%A instead of B(T?) and m instead of my2), with T : T? — T? defined by

some irrational . Then for every a,b € N, c =a+b, A € B with m(A) > 0 and for any ¢ > 0
there exists n € N such that

mANT "ANTMANT " A) > (m(A))* — e. (%x)
In fact, there exists a syndetic set of natural numbers, S, such that (%) holds for any n € S.

Proof. We will first deal with the special case a = 1, b = 2 and ¢ = 3. To begin with, notice that
we can replace T with the transformation H defined by H(z,y) = (z + o, y 4+ 2z + «), which we
shall denote as 7' from now on, since the systems (T2, Z(T?), mq2, T') and (T2, B(T?), my2, H)
are isomorphic, with the factor map given by ¢(z,y) = (z,2y + z) and ¢(z,y) = (2, L57).

Fix 0 < ¢ < 1 and consider the sets S5 and S5 v, N € N, as in Proposition [£.12} We remark
that the sequence ({na},{nz}, {na})nen is equidistributed in T3 for almost every z € T (in
fact, it is equidistributed for any = € T that is rationally independent to «), because the
transformation H : T3 — T3 defined by H(z,y,2) = (z + o,y + 22 + «, z + ), is uniquely
ergodic for (o, 5) that are rationally independent (see Theorem and the examples after it)
and H"™(0,0,0) = (na,n?a, nfB). Therefore, if F : T3 — C is Riemann-integrable, the equality

N
o )
&%N;F(na,n%n a) = - F(t1,t2,t3) dmys(t1,t2, t3)
holds and what is more,
.
T %F(na,nx,nQQ) . /T F(t,ta,15) dmgo by, 2, 15) (4.4)
n=

is true for mrp-almost every x € T. We let f € L°°(m) and proceed by setting

F(t,ta,t3) = 1(_s,6)(t1) /2 f(x,y) - flo,y+ 22 +t3) - [,y + 4ta + 4t3)
T
fx,y + 6ty + 9t3) dm(z,y).

Then F : T? — C is Riemann-integrable and
/ f@,y) - f(z+t,y + 2t +ts3) - f(2+ 2t1,y + 4t + 4ts) - f(@ + 3t1,y + 6t + t3) dm(z,y)
TQ

is a continuous function of ¢1, so for any € > 0 we can choose small enough § > 0 so that

N

1

lim ——— 1 : 2 2q)- 2 dnz+4n’a)-

yAm ZM Sé(n)/T2 f(z,y)- f(x+na,y+2nx+na)- f(z+2na, y+4nz +4n“a)
n=

f(z + 3na,y + 6nz 4+ Ina) dm(z,y)

is greater than

N

1

li 1 : 2 2q) - 4 4n’a)-
N_i?LOON—M;_M sa(n)/wf(x,y) fla,y+2ma +n7a)- f(z,y +dnz + 4n"a)

f(z,y + 6nz + 9n’a) dm(z,y) — e,
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which by (4.4) equals
/ , J(x,y)-f(x, y+2ta+t3)- f (2, y+4ta+4t3)- f(x, y+6t24+9t3) dmqa(x, y, ta, t3) dmy(tr)—e.
(=5,5) JT

From the above we get that for any ¢ > 0 there is an appropriate § > 0 such that

1

N
B TS AT 20, 1) [ 1) T ) T )T ) il

is greater than

/W F(@,y) - F@yy + 2+ t3) - 2,y + At + Ats) - f(2,y + 6t + 93) dmpa(2,y, ta,t5) — €.
At this point, what is left is to bound the quantity

/T4 flx,y) - fz,y+2ta+t3) - f(z,y +4ta +4t3) - f(x,y + 6ty + 9t3) dmys(x,y,ta,t3) (4.5)

below by ([p2 f(z,y)dmyz(z,y))*, for then if A € Z with m(A) > 0, choosing some € > 0 and
setting f = 14 we will have shown that

1
lim @ ——————— mANT "ANT 2MANT3"A) > (m(A)* —e,
N—-M—o0 ’S(S,N N [M, NH nES(;NZﬂ[MN}

which implies the desired result. Now, in order to bound the integral in (4.5 we observe that if

go =Y, g1 =Yy + 2t +t3, go =y +4ts + 4t3, g3 =y + 6t + 93,

then
392 + g0 = 391 + g3.

Therefore, (4.5) becomes

/T/T </392+ng f(z,90) - f(z,92) dmy2 (90>92)>2 dmr(w) dmr(x) (4.6)

and using Cauchy-Schwarz, (4.6)) is greater than or equal to

/T (/1r /392+90:w f(x,90) - f(x,92) dmr2(go, g2) me(w)>2me(x),

which can be written as

/T (/Tf(:c,w —3g2) - f(x, g2) dmr(w) me(92)>2 (o)

With a change of variables (w +— w + 3g2) this becomes

/T (/Tf(m,w) - f(z, g2) dmr(w) me(QQ))Qme(x)’

f(frew dmﬂw)fdmﬂa:).

and this is the same as
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With another application of Cauchy-Schwarz the last integral is greater than or equal to

([ sty mw) amata))' =

and so we conclude with the case a = 1, b = 2 and ¢ = 3. Having established this special
case we can generalize our result for any a,b € N and ¢ = a + b. We work as before, only now
considering the Riemann-integrable function F : T% — C with

F(t1,t2,t3) = 1(_s4)(t1) /2 f(z,y) - f(z,y + 2ats + a’ty) - f(x,y + 2bts + b7t3)-
T
f(@,y + 2cty + t3) dm(z,y)

for some f € L°(m) and then we get that for any € > 0 there is an appropriate § > 0, such
that

1

N
. an bn cn
N_IMHLOOWR%HS(;(”) /11‘2 f(m,y)-T f(:v,y)-T f(a:,y)oT f(xvy) dm(m,y)

is greater than

/ fx,y) - flz,y+2aty +a®t3) - f(x,y+ 2bts + b*t3) - f(x,y + 2cty + c2t3) dmpa(x, y, ta, t3) — €.
'JI‘4

In order to finish the proof we notice that, if

90 =Y, g1 =y + 2ats + a’ts, go =y + bty + b*t3, g3 =y + 2cty + c*t3,

then
cg2 + (b—a)go = cg1 + (b — a)gs,

which allows us to show that
/ f(,y) - flz,y+ 2aty + a’ts) - f(z,y+ 2bts + b°t3) - f(z,y + 2cta + t3) dmpa(z,y, ta, t3)
’]1‘4

is greater than ([1. f(z,y)dmy2(z,y))* and thus to conclude. O
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Chapter 5

Khintchine-type extensions of
Furstenberg’s double and triple
recurrence

In the final chapter of the second part we conclude with the linear-case Khintchine-type lower
bounds, recovering the main Theorems and specials cases of which were Proposi-
tiong4.12) and [4.14] respectively. These results are due to Host and Kra, but in this presentation
we follow the simplified methods from Frantzikinakis’ paper [6].

5.1 Khintchine-type double recurrence

For accessibility we state here the first theorem we want to prove, Theorem [I.14]

Theorem 5.1. Let (X, 2, u,T) be an ergodic measure-preserving system. Then, for every
a,b e N, every e >0 and A € & with u(A) > 0, the set

(neN:p(ANT™ANT " A) > (u(A))® — ¢}
1s syndetic.

As in Lemma we first show that the Kronecker factor is characteristic for the L?(u)-
convergence of analogous averages, the asymptotic behavior of which will allow us to recover
the theorem. The main difficulty here is that we cannot exploit the nature of the Kronecker, as
in the special case of Lemma [4.13] where it was an irrational rotation on the torus.

Lemma 5.2. Let (X, 2,u,T) be an invertible, ergodic system, with Kronecker factor of the
form (G, 9, m, R,), where G is a connected, compact, abelian group, & the Borel o-algebra, m
the Haar measure and the transformation R, : G — G be defined by

Ryx=z+a, v,

for some o € G, such that {na:n € Z} = G. Let & be the o-algebra corresponding to the
Kronecker factor of T. Then, for any a,b € N, any functions f,g,h € L*(u) and V C G open,
such that S :={n € N: {na} € V} C N, the limits

N
: 1 an bn
NIMHLOON_Mn%]ls(n)/XﬁT g-T"h du
and
N
im 3" 1g(n) / E(f|4) - R™E(g|.#) - RE(h|.A) dm
N-M=oo N =M — a « @

are equal.
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Proof. 1t suffices to prove that under the conditions of the statement, if E(g|.#) = 0 or
E(h|o#") = 0, then

N
1
li > 1s(n)-T"g-T"h =
N—Msoo N — M MS(") g-T7h=0,
n=

where the limit is taken in L?(u). We show this under the assumption that E(g|.#") = 0 and
the other case is similar. As in the proof of Lemma we see that we can replace 1g(n) with
x(na), where y : G — T is any character of G. Since G is connected, compact and abelian we
know that for any k& € N there exists a solution to the equation z* = a in G and we denote
such a solution by 7. This is classical and it follows from the fact that connected, compact,
abelian groups have k-th roots, because the exponential map in such groups is surjective. Then,
consider the transformation 77 : G?> — G2, with 7' = T x Re, acting on G? with the Haar
measure v :=m X m, and let v = f vz dy be the ergodic decomposition of v.
We observe that the following implication holds,

E(g|-#) =0 = E(g® x|-# (v)) = 0, for v-almost every = € G,

where g ® x(z,y) = g(x) - x(y). Indeed, Remark [3.9) we have that ||gll2r = 0 and we want to
prove that [|g ® x|l2.7» = 0 as well, for v-almost every z € G2. By Proposmon H lg ® xll3 T
becomes

NIE%O*Z N}@mﬂz L aox- 990 ()" g © 0 (T GEX) dlm x m),

which is the same as

M
1 1
lim = » = lim — g-T"g-T™g - T"™g dm = ||g||3 -
NféoNn_lleéoM;/Gg 9-1"g g dm = |lgllsr

To see the last claim notice that by the multiplicative nature of characters ( x(a+b) = x(a)-x(b))
and the fact that they map elements of G to the torus, we have that

LX) x40 x4 mE) X+ 0+ m) dmy

is equal to

a

/|X na+ma)‘2 dm(y)Z/Gl dm(y) = 1,

thus asserting the claim, from which the implication follows.
Now, by the previous implication and Lemma we get that

N
. 1 /\an \bn —
NergmN_Mn%(T) (g@x) - (T)"(h®1) =0,

where the limit is taken in L?(v;), for almost every x € G2. Then, since

2

N
/\bn _
‘N i "gex) - (T)"(he1) =
n:M L2(v)
N 2
(T (g & x) - (T")"™(h®1) dv(x),
a2 - M
n=M L2(V9c)
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the bounded convergence theorem asserts that

N
. 1 /\an \bn —
NJMHLOON—MR_M(T) (gox) (T)"(h®1) =0,

where the limit is taken in L?(v). However,

N
N E 7 n%(T’)“”(g(x) X)) - (T (h(x) - 1(y))
is the same as
1 N
XW) 37 2 X(na) - T%g(x) - T"h(x)
n=M

and x| 2(,,,) # 0, therefore we get that

where the limit is taken in L?(u). O
In the proof of Theorem we will also need the following auxiliary result.

Lemma 5.3. Let (X, 2, u,T) be a totally ergodic system and (Y, % ,v,S) be a factor. Then,
(Y, % ,v,8) is also totally ergodic.

Proof. This is trivial since factors of ergodic systems are also ergodic. Therefore, (Y, %, v, S™)
has to be ergodic for any m € N, being a factor of (X, 2", u, T™). O

We are now in the position to prove the first main theorem.

Proof of Theorem [5.1]
Step 1. Assume that the system (X, 2", u,T) is totally ergodic. By the last lemma, its Kro-

necker factor, % =(G,¥,m,R,), is totally ergodic as well and so it is as in the statement of
Lemma [5.2] Ergodicity on compact, abelian groups is the same as unique ergodicity, so that
(na)nen is equdistributed in G. Then, for some 6 > 0 define

Ss :={neN:nae B(0,0)}
and notice that the equidistribution of (na),en implies that

L1850 (M, N

yAm = =m(B(0,9)) > 0.

Now, Lemma [5.2] gives that the limits

N
1

li —E 1 LT T d

N-Mo0 [S5 N M, N]| &= S‘S(n)/xf I :

and
N

: 1 an bn
N—ljlwm—mo Wﬂ% Lg;s(n) /GE(fL%/) - RGE(g|) - RY'E(h|X) dm

are equal, for any f,g,h € L®(u). The rest of the proof in this case is identical to the analogous
part of the proof of Proposition
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Step 2. In the general case, first recall that the Kronecker factor £ is an inverse limit of
systems with finite rational Kronecker factor, J#.,;. Therefore, for any € > 0 and f € L>®(u),
there exists some factor .#” of .#°, such that

, €
Thus, since € > 0 was arbitrary we can replace the functions E(f|.%), E(g|-#") and E(h|%¢)
with E(f|#"), E(g|-#") and E(h|-#") and the equality of the limits in Step 1 still holds (up to
an arbitrarily small error). Let r € N be such that the rational Kronecker of J#” is actually
Hy. This means that the system (#7,T") has a trivial rational spectrum and thus, its ergodic
components are in fact totally ergodic.So, if we work as in the previous step but with the ergodic
components of T, instead of T', we actually obtain that

1

N
N s P IR) R R T (TEN

which gives that
{(neN:p(ANTT"ANT™MA) > (u(A))> — €}
is a syndetic set. This is of course stronger than the desired result. O

From this theorem we also infer the following combinatorial result, again using the corre-
spondence principle.

Corollary 5.4. Let A C N with d(A) > 0 and let also a,b € Z. Then, the set
{neN:dAN (A —an)n (A —bn)) > (d(A))> — €}

is syndetic for any e > 0.

5.2 Khintchine-type triple recurrence

The next and final main result of this part is Theorem [1.15] which reads as follows.

Theorem 5.5. Let (X, 2, u,T) be an ergodic measure-preserving system. Then, for every
a,beN, c=a+b, Ae 2 with u(A) >0 and for any € > 0, the set

(MeN:p(ANTmANT"ANT—"A) > (u(A))* — e}
18 syndetic.

Proof.

Step 1. Let € > 0 be fixed and let fy, f1, f2, f3 € L°°(u). Then, we know that the factor 25
is an inverse limit of ergodic 2-step nilsystems by Theorem and thus, there exists such a
factor of 25, say %/, so that

€ .
||E(fz|£F2) - E(fz|g/)”L2(,u) < ga for i = Oa 172737

where T acting on & is an ergodic 2-step nilsystem. Now, we recall that nilsystems have a finite
rational Kronecker factor and so there exists some r € N for which the rational Kronecker of %
is actually the factor .. Therefore, the system (%/,T") has finitely many ergodic components,
which are in fact totally ergodic, and so each of these components has the form of an ergodic
2-step nilsystem on a connected nilmanifold, Y = G/T', say (Y = G/I',9/T",m,T,).

Step 2. By definition, G is 2-step nilpotent, which gives that Gy := [G,G] is abelian. Thus,
the subgroup I'y := G2 N T is a normal subgroup of G and so the factor G/T'2 is a group.
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To see this claim notice that Gy is normal, being the commutator subgroup (an elegant and
direct argument is this: if a € G3 and g € G, then gag~'a~! is a commutator, so it belongs
to Ga, and then by closure, gag~! = (gag~'a!)a € G3) and that the intersection of normal
subgroups is also normal. But then, by the third group isomorphism theorem we know that
Y =G/T = (G/T3)/(T'/T3), and so we can assume that I'y = {e}. Therefore G is a compact,
abelian, Lie group (as a closed subgroup of a compact, Lie group, that is, G), which is connected
as it is the commutator subgroup of a connected group, and thus we can consider it to be a
finite dimensional torus with Haar measure A. Moreover, GoI" is a normal subgroup of G and
in a similar fashion, Z := G/G2I is a connected compact abelian group, which we can again
assume to be a finite dimensional torus with the Haar measure \.

Step 3. Let m: Y — Z denote the natural projection, which means that

7w(gl') = gGoT', for any g € G

and let ap = 7(al'). Now, consider V' to be an open subset of Z, the boundary of which has
measure zero, m(0V) = 0 and set S := {n € N: nag € V}. The first important claim is a result
analogous to Lemma Precisely, we show that if E(f;|2%) =0, for i = 1,2,3, then

N-1
> Lg(n) T fy T fy - T f3=0 (5.1)

n=

1
;
N-Msoo N — M

in L?(u). First of all, we can assume that the integers a, b, ¢ are relatively prime, so that there
exist o/, b, ¢ with aa’ 4+ bb' + ¢’ = 1. For, if they are not relatively prime, we let d = ged(a, b, ¢),
write a = ai1d, b = b1d, ¢ = c;d and work with the polynomials {a;p(n),bip(n),cip(n)}, where
p(n) = dn, instead of the polynomials {an,bn,cn}. Notice that 1g(n) = 1y (nag), where 1y
is Riemann-integrable so using a typical approximation argument, as we have done in detail
previously, it is enough to show that holds for x(nag) instead of 1g(n), where x is any
character of Z. With our additive notation on Z, x(nao) is simply x(a"Gzl') = x om(a"T"), for
any n € N. Observe that for n € N we have that

T (f1 - x(@¥ GoD)) - T"™(fo - x(a® Gol)) - T (f3 - x(a® GoT'))

is equal to
X(aaa/nGzl—\) . X(OébblnGQF) . X(aCCInGQF) . Tamfl . Tbnf2 . Tcnfg.

Now, this can be written as
x(aa'nag) - x(bb'nag) - x(cc'nag) - T fy - T fo - T" f,
which, by the definition of characters as homomorphisms, becomes
X(nag) - T fy - T"" fo - T f5.
Therefore, in order to establish our claim it suffices to show that

N-1

AR N i M n;T(m(fl - x(d'ag)) - T (f2 - x(V'ag)) - T (f3 - x(c'ag)) = 0 (5.2)

in L?(u). Recall that the factor 23 is characteristic for the convergence of the above averages.
Now, the assumption that E(f;|2%) = 0 (and similarly for the functions f» and f3) implies that
E(f1 - x(ad'ag)|Z3) = 0 as well, because Z = G/GoI' C G/T =Y, and Y C Zs by the definition
of inverse limits, so that follows. Finally, observe that the factor 2 is also characteristic
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for the analogous weighted averages to the ones in (5.1) with the transformation 7" instead of
T. Indeed, the proof follows the same pattern with the equation (5.2)) being replaced by

N-1

N—I}\?Loo N _1 M n; T (f1 - x(d'ag)) - T™"(fo - x(Vag)) - T™"(f5 - x(c'ap)) = 0,

which remains true, as the factor 2% is characteristic for such averages.
Step 4. Next, for § > 0 fixed, we consider the set

S5 :={n € N:nag € B(0,0)},

in place of S, where V is now B(0,6). The factor (G/T',¥/T',m,T,) is totally ergodic, so that
the sequence (a™),en is equidistributed in G/T", thus the sequence (nag),en is equidistributed
in Z. Alternatively, since Ty, is an ergodic rotation on the d-dimensional torus for some d € N,

it is also immediately totally ergodic, because if o = (a1,...,aq) € R?, then aj, ..., g must be
linearly independent (for the rotation to be ergodic), but then mayq, ..., may are also linearly
independent for any m € N. This means that
SsN[M,N
lim M = N (B(0,8)) = m(B(Gs,6)) > 0, (5.3)

N—M—o0 N-M

where the last equality holds because the zero element in Z is GoI',
71({0}) = 7 H(GaTl) = {gT" : gGaTl' € GoT'} = {gI" : g € GoT'} = GoI'/T = Gy
and thus 7=1(B(0,0)) = B(G2,6). Therefore, (5.1) gives that for fo, f1, f2, f3 € L°° (1) we have

1
.
N—Mosso |S5 N [N — M)|

N
Z ]155(“)/ fo Ty - T fo - T f3 dp =
n=M

lim 1 ho - T*"hy - T""hy - T“"h3 d 4
Nle—mo\S(;ﬂNMZS‘S /0 ! 2 3., (54)
where h; = E(f;|2%), for i =0,1,2,3.

Step 5. It follows from our work in Step 1 that the equality in (5.4]) still holds up to an error
of £ if we replace the functions ho, h1, ho, hz with go = E(fo|%), g1 = E(f1|%), g3 = E(f3|#?)
and g3 = E(f3|%). But ¢ has the structure of a nilsystem and so we can calculate the second
limit in (5.4]), with the functions go, g1, g2.93. Moreover, we can work with the transformation
T" instead of T and our goal is to show that, for appropriate § > 0,

ryan ,  (pry\bn _ ryen > 4_ €
i e M‘znsé w) [ - (g () (1) g5 > () = 5,

which implies that the set

{neN: u(ANT T mANT ™ MANT ™" A) > ((u(A)* — €}

is syndetic and this is stronger than the original result we want to prove. Now, a typical ergodic
decomposition argument shows that we can work with the ergodic components of T" on %
instead of T, which are totally ergodic, so that we can assume that (#/,7") is totally ergodic.
For simplicity we write T as T. We begin by showing that the previous limit equals

ﬂm/X/B(G 5)/G QO(QF)'gl(gg%ggg)r).gg(ggl{ggg)r)'

43(99597T) dA(ga) dm(giT) dm(gT). (5.5)
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The first step in showing this is to use Ziegler’s theorem, according to which, for m-almost every
x = gI' we have that

N-1
N 1}\4111_}00 N - X(nao) - g1(a®™z) - go(a”x) - g3(az) =
/. /G (0162 - 91 (99105 'T) - 92090k T) - 03(0056L”T) dA(2) dm(T). (5.6)

The same approximation argument that we used for (5.1]) allows us to change the function x
with 1p(g,s) in (5.6, thus obtaining the equality

N-1

! Z Lp(0.6)(nao) - go(z) - g1(a™z) - go(a’x) - g3(az) =

lim
N— M—>ooN M

/ i /G 9o(gT") - g1 ( 99192( )F)-gg(ggﬁ’ggg)F)-gs(ggfggg)m dA(g2) dm(giT), (5.7)

for m-a.e. x = gI' € X, after multiplying both terms of the equation with go(¢I'). Then we can
integrate with respect to m(z) and the last identity becomes

N-1

: 1 an n cn
W v 2 00 [ ) @) a(a) o) ) =

/ / » /G 9o(gT) - g1 ( gglgg )F)~gz(gglfg§g)1“)-gs(ggfggg)F) dA(g2) dm(giT") dm(gT),

which, using , becomes the desired identity.

Step 6. For fo = f1 = fo = f3 = 14, so that go = g1 = g2 = g3 = E(14]|%3), which we denote
by g, we want to bound the quantity in for some appropriate § > 0. To begin with, by
the continuity of the function in question with respect to the variable §, we see that the limit

of as § — 0 1is
/ /G o g(gT) - (gglgg )F) : @(ggl{ggg)l“) -é(ggfggg)F) dA(g2) dA(g1) dm(gT).

Since (G5 is the commutator subgroup of G all its elements commute with those of GG, so that
this last integral becomes (we write z for gI)

b c
L i@t - idhe) ) - atais?a) dhan) aN(@) dm(a),
Gz ><G2
which for convenience we rewrite as
a b c
L] e atastal) statel® ) stagiala) ixg) aN(en) aran) dm(a). 59)
GQXGQXGQ

Using Lemma m (which is applicable since a and b have been assumed relatively prime and

G2 has k-th roots, and is therefore divisible, being a connected, compact, abelian group) the
integral in ([5.8) can be written as

/ / G(utbe) - g(tub%) - g(toP %) - G(v¥Tlx) dA(t) dA(u) dA(v) dm(z).
GaxGa2xG2

Now, this is clearly equal to

/X/G2 (/ng(ua+b x) - g(tu’" ) d\(u )>2d)\(t) dm(z).
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and using the Cauchy-Schwarz this is greater than or equal to

/X </02 /G2 Gux) - g(tub ) dA(t) d/\(U)>2 dm(x). (5.9)

With a change of variables (¢ +— ¢(u’~%)~!) the integral in (5.9) becomes

/X (/GQ /G2§(ua+bx) - g(tz) dA(t) dA(u)>2dm(g;),

gltx) dX(t) | §(u*z) dA(u) 2dm(gc). (5.10)
f (L s oo [ )

Since Gj is (a + b)-divisible the last integral can be written as

/X </GQ§(t:c) dA(t) /GQQ(u:r) dA(U)>2dm(:L~) = /X (/@g(m) d)\(t)>4dm(x),

which again by Cauchy-Schwarz is greater than or equal to

</X /G gltz) dA(H) dm(w)) B

([ it dm<x>)4 ~ (u(A)".

Therefore, we have proven that for any € > 0 there exists some d > 0, such that the quantity in
(5.5) is greater than (u(A))* — §, which allows us to conclude. O

which is the same as

But this is the same as

As before we can use Furstenberg’s correspondence principle to obtain a combinatorial analog
of the previous result.

Corollary 5.6. Let A C N with d(A) > 0 and let also a,b € Z and ¢ = a +b. Then, the set
{neN:d(AN(A—an)N(A—bn)N(A—cn)) > (dA)* — e}

is syndetic for any € > 0.
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The Case of Independent
Polynomials
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Chapter 6

The PET Induction Argument

In this chapter we obtain an auxiliary result concerning characteristic factors for polynomial
ergodic averages, using the PET induction scheme. This inductive argument was initially for-
mulated by Bergelson in [2] and covered the special case of weak-mixing transformations. The
more general result was later proven by Host-Kra in [15], appart from some special cases which
were proven by Leibman in [I7] and we follow the argument given in Host and Kra’s book [16].

6.1 The main result

In an effort to prove convergence results of polynomial ergodic averages -that is, averages
in which the exponents of the iterates of the individual functions are evaluations of integer
polynomials- the method of finding characteristic factors, for the averages under consideration,
is crucial. In the case of essentially distinct integer polynomials such factors are found using
the famous PET, a technique that we analyze in this chapter.

We define two integer polynomials to be essentially distinct if their difference is a non-
constant integer polynomial.

Definition 6.1. Let p1,ps : N — 7Z be integer polynomials. Then we say that p1 and py are
essentially distinct if deg(p1) > 1, deg(p2) > 1 and if deg(p1 — p2) > 1, i.e. both polynomials as
well as their difference are non-constant integer polynomials.

In the chapter we adopt the above restriction in the relationships between polynomials
because, firstly, this property is exactly what we need for the application of the induction
argument below. On the other hand, we see that in order to study the asymptotic-in L?(j)-
behavior of averages of the form

N
% S e e fy et g,
n=1

where N € N, fi,..., fin are essentially bounded measurable functions with respect to some
measure preserving system (X, 2, u,T) and p, ..., py, are integer polynomials, we can reduce
to the case where the polynomials are non-constant and essentially distinct. If, for example, p;
is constant, the convergence of the average above is equivalent to the convergence of

N
% Z P2 om0 £
n=1
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in L?(u). Also, if for example, p3 — ps is a constant polynomial, say p3(n) — p2(n) = ¢, n € N,
we can compose with T° in

9

L2(p)

N
% SO gy e g,
n=1

thus reducing ourselves to the convergence of
1 N
~ Zsz(n)(f2 fs) - TP gy opPm() f
n=1

because T¢(T" p2(n) fo) =1P3 (n) f,, for any n € N and T° is measure-preserving.

In what follows we want to show that given a family of essentially distinct and non-constant
integer polynomials, p1, pa, ..., pm, there exists some s € N, which depends solely on m and the
polynomials, so that for any measure-preserving system (X, 2", u, T) and f1, fa, ..., fm € L™(u),
the factor Z4(X) is characteristic for convergence of the averages

N
]\;EHOONZ_;TM( ) fy TP fy P £ (6.1)

where the limit is taken in L?(u). Namely, if E(f;|Zs(X)) = 0, or equivalently, if || fi[ls+1 = 0,
for some i € {1,2,...,m}, then the averages in converge to zero in L?(u). In fact, we can
take the average along more general intervals and the result remains true. Precisely, we will
show that for any sequence (Ix)nen of intervals whose lengths tend to infinity, under the same
condition as before, we have that

1
li E Tri(n) g p2(n) g pm(n) £ 2
Nglool |IN‘ = fl f2 fm O; (6 )

in L?(). In order to do that we will show a more general result, Proposition which is
stated with functions that depend on NN in the averages under examination. For the formulation
of this proposition we introduce the helpful notion of polynomial families and their types, which

is a clever way of ordering sets of integer polynomials, upon which the induction argument will
be based.

6.2 Polynomial families and their types

Definition 6.2. Let & = {p1,...,pm} be an ordered family of essentially distinct integer poly-
nomials for some n € N. In this case we call & a polynomial family. Notice that by this
assumption none of the polynomials in & is constant. If d := max{deg(p1),...,deg(pm)}, we
define the degree of &2 as d and we say that the family &2 is reqular when the degree of & is
equal to the degree of the first polynomial, that is, deg(p1). Also, for anyi € {1,...,d} define &;
as the subset of &2 which contains all the elements of &2 with degree i. Then, by w;, we denote
the number of distinct leading coefficients of the polynomials of &2. Of course, 0 < w; < m —1,
forie{l,...d—1}, 1 <wg <m and wi + ... + wg = m. We define the type of the polynomial
family & to be the vector (d, wq, wq—_1, ..., w1).

Examples 6.3. Some examples of polynomial families are the following
o 2 ={2n3n3 2n% — n +1,4n,3n}, with type (3,2,1,2)

o Py ={2n8 4+ 15 3n% n® — 2n,n’ 4n5 4 3n2,n3, 2n + 4}, with type (6,1,3,0,1,0,1)
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o P53 ={3n8 4n> 3n5,2n% 2n® + n* —n3 n? n? +n+ 1}, with type (6,1,3,0,1,1,0)

The basic concept we will use is that of the type of a polynomial family. The most prac-
tical way in which we can order the set of types of polynomial families with m elements is
lexicographically, meaning that

(d7 Wq, Wd—15 -5 wl) < (Cy Loy Le—1y -+ :1:1)

if and only if either d < ¢ or d = ¢ and there exists j € {1, ...,d} for which w; < z; and at the
same time, w; = x; for j < i < d. Using this form of ordering we can use an induction principle
on the set of types of polynomial families, due to the following result.

Example 6.4. In the example above we have that the type of &1 is smaller than the type of
Py, which is in turn smaller than the type of 5.

Lemma 6.5. Any subset of the set of types of all polynomial families admits a minimum
element.

Remark 6.6. Although there might be infinitely many types less than a fized type, for example,
the type (2,1,n) is strictly less than (3,1,1,1) for anyn € N, a decreasing sequence of types must
have finitely many distinct elements, that is, it terminates. The result is then trivial because,
assuming the existence of a subset of types with no minimum element implies that for any type
in this subset there exists a strictly smaller type (notice that the set of types with the choice of
lexicographical ordering is totally ordered). Then, the decreasing sequence that comes from this
process is essentially infinite, meaning that it does not terminate, which is a contradiction.

Proof. To prove that any decreasing sequence of types terminates, which is sufficient by the
remark, let (¢,),en be a decreasing sequence of types, with

t1 = (d, Wy W—1y - - - ,wl).
Then, if w; > 1, the term t9 is at most (d, wg, w41, ..., w1 — 1) and after w;—steps we see that
tw,+1 is less than or equal to (d, wg, wg—1,...,ws — 1,m), for some m € N fixed. So, without

loss of generality, we can assume that
twy+1 = (d, wg, wq—1,..., w2 —1,m), for some m € N,
Then, just like before, we get that
twy+14m < (d,wg, wg—1,...,wy —2,7), for any j € N,
and so we can assume that
twy+1+m = (d,wg, wg—_1, ..., wy —2,m), for some m € N.

Continuing in that manner we see that each w;, for ¢ € {1,...,d}, as well as d, in the definition
of 1 will be decreased after a finite number of steps for some type in the sequence. Therefore,
there exists [ € N so that

t = (d - 17$d—17$d—27 v a$1)7
for some x1,...,x4-1 € N. We have basically reduced the initial sequence to the case where
t) = (d - 17wd717wd727 s 7w1)-

Repeating the same argument d—times we reach a type in the sequence which has the form
ty = (1,m), for some k,m € N.

Notice that there are only (m — 1)-types smaller than ¢, = (1, m), for any m € N, therefore, the
sequence must terminate after a finite number of terms. O
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Our next aim is to extend the definition of polynomial families. To this end, let k,m € N,
h = (h1,...,hx) € N*¥ for i = 1,2,...,m, let pp; : N — Z be essentially distinct integer
polynomials and moreover consider the integer polynomials qi,. .., g, : N¥T! — Z defined by

¢i(h1,...,hg,n) =ppi(n), fori=1,2,...,m and hy,ho,..., hy,n € N,

We can reformulate this by demanding that the degrees of py ; are uniformly bounded and that
each of the coefficients of pj; is an integer polynomial in the variables hi, ..., hy. Indeed, for
any ¢ = 1,2,...,m, we have that

deg(pp;) < deg,,(qi), regardless of h € Z*,

thus, the polynomials py, 1,pp.2, - - ., Ph,m have uniformly bounded degrees. For the second struc-
tural property of these polynomials simply observe that if ¢ : N¥+1 — Z is a polynomial of degree
[ with regards to the variable n, then

q(h,n) = ro(h) + ri(R)n + ro(h)n® + ... +r(h)n!,

for h = (hy,ha,...,hy) € NF and n € N, where r9,71,...,7; are integer polynomials in the
variables hi, ho, ..., hg.

Definition 6.7. If &, := {pn1,Pn2,---+Phm}, where the polynomials py1,Pn2,--.,Phm are
defined by the procedure described above, we call ), a polynomial family indexed by k parameters
hi,ha,. .., hg. Since we want this definition to extend Definition[6.9 we also say that an ordinary
polynomial family is polynomial family indexed by 0 parameters. As in Definition[6.3, for fized
h € 7' the type of the polynomial family P, is the vector (d,wq,wq—1,...,w1), where d is
the mazimum degree between the polynomials pn1,Pn2,---,Phm and for j =1,...,d, w; is the
number of distinct leading coefficients of polynomials in &y, of degree exactly j.

Example 6.8. An example of a polynomial family indexed by 3 parameters hy, ha, hs is
Py, = {(2h1 + ha)n* — (k1 + 4hg)n?, (h1 + hahs)n® + han? n® + hin, (b} + 2hohs + h3)n®},

for h = (h1, ha, h3) and if, for ezample, hy = hy = hg = 1 the type of this family is (4,1, 3,0,0),
but, if hy = 1,ho = hg =0 its type is (4,1,1,0,0).

Now we will use a convenient way to define large and small subsets of N*, for k € N, in order
to show that given a polynomial family indexed by k parameters its type is practically constant
and then use this property to make the inductive argument on the types of polynomial families
effective.

Definition 6.9. We say that a subset of N is small if it is finite. For any k > 2 we say that
a subset E of N* is small if there exists a small subset of N*=1, say F, such that, for every
(h1,ho,... hi_1) & F, the set {hy, : (h1,ha,...,hx_1,hg) € E} is finite. Alternatively, E C NF
is small, if there exists some small subset F of NF~1-making its complement, FC, large in NF~1-
such that the projection on the last coordinate of the set (FC X N) N E is a finite subset of N.

From now on we say that a property in N¥ holds for almost all values of h € N¥ if it holds
everywhere but for a small set in NF.

The next simple observation will be used.

Lemma 6.10. The union of finitely many small subsets of NF is also small.
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Proof. Obviously, it suffices to show this for the union of two small subsets of N¥. Therefore,
let £y, F5 be small subsets of N*, but with F := E; U E5 not small. Then, by definition, for
every small subset I of N¥~1 there exists a € N¥~! not in F, such that the set {n : (a,n) € E}
is infinite. But, F := E; U E», so that either {n : (a,n) € E1} or {n: (a,n) € E>} is infinite.
In any case, this contradicts the fact that 1, Fs» were chosen small. ]

The following lemma is the implementation of the comment before Definition

Lemma 6.11. Let &%, be a polynomial family indexed by k parameters, for k € N. Then,
outside of a small subset of N*, the degree of all polynomials in Py, as well as the type of Py,
do not depend on the choice of h.

Proof. Tt suffices to show that a polynomial p : N¥ — Z, is either identically equal to 0 or it is
non-zero for almost all values of h € N*. Indeed, if this is known and Ph = A{Ph1:Ph2s - Phom )
then the coefficients of each pj, ; are integer polynomials in N* and so they are either identically
0 or non-zero almost everywhere in N¥. Without loss of generality we assume that they are all

non-trivial. Then, since pp 1,Dn.2,---,Pnm have uniformly bounded degrees, there exists some
upper bound d for the degrees of py, 1, Pp2; - - -, Phm, Which holds for all A € N*. Therefore, there
are at most m - d polynomials in hq, ..., hi corresponding to coefficients of the polynomials in

&), However, the union of finitely many small subsets of N* is also small in N*, so that, outside
of the union of all those small sets in N¥ for which the coefficients of the polynomials in &2, are

non-zero, the degrees of py 1,pp2,...,Pnm remain constant and the type of &%, is also fixed.
The proof follows from Proposition which we show next. O

Proposition 6.12. A polynomial p : N¥ — Z is either the constant polynomial 0, or p(h) # 0,
for almost every h € NF.

Proof. For k =1 this is trivial because polynomials of one variable and degree m have at most
m-roots. Now, let k& > 1, assume that the result is valid for ¥ — 1 and let p : N* — Z be a
non-trivial polynomial with deg, (p) = I, but with a set of roots, E, that is not small in N,
Then consider the representation

p(h,n) =po(h) + pr(B)n+ ...+ p(h)n', n €N, and h € N* 1,

where pg,p1,...,p : N¥=1 = 7Z are polynomials. Now, E is not small and so, for any small set
F C NF~1 there exists a point h = (hy,...,hx_1) ¢ F, such that the set {hy, : (b, hy) € E}
is infinite. From the inductive hypothesis the union of the sets of roots of the polynomials
D0, D1, - -, is small in N¥~1. Let F' be this set and let h be the point outside of F' for which
{hi : (h,hi) € E} is infinite. Then

(po(h),p1(h),....m(h) = (ag,a1,...,a) € Z'\{0},

and so
q(n) :==p(h,n) =ao+an+ ... +amn', n €N,

is an integer polynomial in one variable with infinitely many roots, which is a contradiction. [

If we take Lemma into consideration, then, given a polynomial family &7, indexed
by k parameters, we can define its almost everywhere fixed type as the type of the indexed
polynomial family. For reference we isolate this definition.

Definition 6.13. Let &), be a polynomial family indexed by k parameters. Then, its type is
defined as its almost everywhere fized type. Moreover, we say that &), is regqular if it is reqular
for almost every h € N*,

Remark 6.14. All the definitions and results of the chapter hold if we define integer polynomials
as maps from Z (instead of N) to Z, but there is really no need for that in this essay.
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6.3 A more general proposition

We are now ready to formulate the result in the proof of which the PET argument (which, by
the way, is an acronym for ”Polynomial Exhaustion Technique”) will be used and from which
our main result follows.

Proposition 6.15. Let &, = {pn1,Pn2,---»Phm} be a family of essentially distinct inte-
ger polynomials indexed by k parameters, for some k € N and some m € N, with h €
N¥.  Then, there exists some k € N, such that for any system (X, 2 ,u,T), any functions
fi, fNp2, N B3y o fNm € L®(p), N € N, which are uniformly bounded with || fi]ls+1 = 0,
and any sequence (In)nen of intervals whose lengths tend to infinity, we have that

li TPr1(n) £ TPR2(1) . TPhm(n) — )
im \IN! Z/ fi- SN2 INhm dp| =0, (6.3)

N—oo
nely

for almost all h € N*.

Remark 6.16. Notice that of course, there is nothing special about the function that appears
first in the product TPr1() f . TPh2( )fN’h,g x -Tpﬁ»m(”)fN’h,m, since with a simple permutation
we could exchange fi with a uniformly bounded sequence (fnp1)nen in L(p) and for any
other i € {2,3,...,m}, we could exchange the sequence (fn pi)Nen with some f; € L>(u), for
which || fills+1 = 0 and the result would remain true.

We claimed that Proposition [6.19]is more general than the main result. Using a very simple,
yet important technique, which allows us to expand a weak convergence result to one regarding
strong convergence in L?(u), we will prove that in the next proposition.

Proposition 6.17. From Proposition[6.15, it follows that if p1, ..., pm is a family of essentially
distinct, integer polynomials, then there exists some s € N, so that for any system (X, 2", u, T)
and fi, fa, ..., fm € L™(u), the factor Zs(X) is characteristic for the averages

ST fy g fy e g

| N| neln
where (IN)neNn is any sequence of intervals whose lengths tend to infinity.

Proof. Let (In)nen be a sequence of intervals whose lengths tend to infinity, (X, 2", u,T) be a
measure preserving system and fi, fo, ..., fm € L>(n). Set

= TPi(n) £y . TP2(n) £y ... TPm(n) for N € N.
N \IN\ ; fi- ) f2 fm, for N €
n€ly
Then, the functions fi, ..., f;, fnv are uniformly bounded, for N € N and so by Proposition

for the polynomial family & = {p1,p2, ..., Pm, Pm+1}, where pp, 11 = 0 and pq, ..., p, are
essentially distinct, integer polynomials, there exists some s € N, such that, if || fi]s+1 = 0,

meaning that f; L Zs(X), we have that

lim e g e fy o ppm() g P (n = 0. 6.4
uN| 3 / TR fn ) f dp (6.4)

N—oo
neln

From the definition of p,,4+1 and fy, (6.4)) becomes

li TP £ P20 £ Pm(n) £ = 0. .
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which is of course the same as

1
lim

= pi(n) £ pp2(n) £ . Pm(n) =

nelv L2 ()
showing that the factor Zs(X) is characteristic for the convergence (in L?(j)) of the averages

1

Tl Z TP f o) £y o) £
N

neln

for N € N, as we claimed. O

6.4 The PET induction

From what we have established so far we see that it remains to prove Proposition We do
exactly that below using the PET induction scheme.

Proof of Proposition[6.15 Fix m,k € N, a polynomial family indexed by k parameters,

L@ﬁ = {pﬁ,lapﬁ,Qv "‘7pﬁ,m}7

a system (X, 2, u,T), functions fi, fnp; € L>(p), N € N, i =2,...,m, which are uniformly
bounded and a sequence (In)yen of intervals whose lengths tend to infinity. By the uniform
boundedness assumption we can further assume that the functions f1, fy ; are 1-bounded. For
any h € N¥,| let

1
J, := limsup m Z /X Tpﬁ’l(")fl . Tp@ﬂ(”)f]v,@,g - Tpﬁ”"(")fN,@,m du

N—oo nely

Our goal is to show that J; = 0 for almost all h € N*.
Step 1. The case of a single polynomial and a reduction. First suppose that m = 1. In
this case

N—oo

1
Jp = limsup n] Z /XTPh,l(n)f1 du
neln

and since TP21(") is measure-preserving for any n € N, the above limit simplifies to

) 1
Jp = limsup W Z /Xfl dp :‘/Xfl du’.
neln

N—oo

Thus, J, < || fi]|1 and for s = 1 we get that || fi||s+1 = 0 implies that || f1 1 is also 0, because the
sequence (|| fi[lm)men is increasing. We can also dispense with the case that &7, is not regular.
Indeed, let d be the degree of &), (which is actually equal to d for almost every h € N¥) and
choose a € N such that, the polynomials

qn,i(n) == ppi(n) + an?, fori=1,2,...m,

are all of degree d, for almost every h € N¥. Then, because the transformation T is measure
preserving for all n € N, the value of .J;, remains the same (up to small subsets of N¥), if instead
of the polynomials pj, ; we use the polynomials gy, ;.



126 CHAPTER 6.

Therefore, without loss of generality we can assume that m > 1 and that &7, is a reg-

ular family with type (d,wq,wq_1,...,w1). Our plan basically consists of showing that the
statement holds for &%, that is, J, = 0 for almost all h € N*_ under the condition that the
analogous statement holds for all regular polynomial families with types strictly smaller than
(d,wq,wg_1,...,wy). This will be enough for us to conclude since, by Lemma any non-
empty set of types has a minimal element and for the type (1,1), which is the smallest type
possible, we have already established the result.
Step 2. A permutation of the polynomial family. We start with some 1- bounded func-
tions fi, fyni € L®(n), N € N, i = 2,...,m and at each step of the inductive process the
family is alternated with the apparent exception of fi, for which we will assume that some
appropriate seminorm is equal to zero. First, we will-if necessary—permute the polynomials
corresponding to all functions fyp,; € L®(u), N € N, which are py ;, for i =2,...,m. We do
this in a way to ensure that for almost all A € N* we have that

(i) min{deg(pp,2),deg(pn3),---,deg(prm)} = deg(Pnm)
(ii) max{deg(pp1 — pn2),deg(Pr1 — Pn3),--->deg(pr1 — Prm)} = deg(Pr1 — Prm)-

It is easy to do that if all the polynomials have the same degree, because the first condition
is then a priori satisfied and we simply choose a permutation for which the second condition
holds. Now, assume that pj, 1,pn2, .., Ph,m are not of the same degree and permute them so that
deg(pp,m) is the smallest among all the degrees. Then, deg(pp,m) < deg(ps,1) and therefore

deg(pn1 — Pam) = deg(pp,1) > deg(pp1 — pnj), for j=2,3,...,m —1,

thus obtaining the validity of both conditions. Remember that we require the above inequalities
to hold for almost every h € N*. From now on we assume that such conditions hold for Py,
Step 3. The inductive step. We construct a family with type less than &7, as follows. Let

Qhj = Phj — Phym, for j=1,2,...,m —1
and consider 2, := {qn,1,9n2, - - - qn,m—1}. According to the second condition,

deg(qn,1) > deg(gp,;), for j=2,...,m —1.

Additionally,

Ghj — Qhi = Phj — Phi, for i, € {1,2,...,m —1}
and because the polynomials in &, are essentially distinct by assumption, the same is true for
those in 2, making the latter family a regular one. We claim that the type of 2}, denoted as

(¢,Tey o1, ..., x1), is strictly less than (d, wq, wg—1,...,w1). If ¢ < d there is nothing else to
show. Else, observe that 1 < deg(ppm) < ¢ = d and that

xdeg(pﬂ,m) = wdeg(pgm) - 1’

because there are wqeg(p, ,,)-distinct leading coeflicients of polynomials of the same degree as
that of py,,, in &, including that of py, ,,,, which is absent in 2}, and from all the other leading
coefficients in &7, we remove the leading coefficient of py, ,,. Obviously,

z; = wj, for j = deg(ppm) + 1,deg(pam) +2,...,4,

because for polynomials of degree strictly greater than deg(pp ), subtracting the polynomial
Ph,m does not affect the leading coefficient. Hence the claim is proved. Using the invariance of
p under the transformation TP2m (™ for any n € N, we have that

1
Jp, = limsup | —— Z / T—Ph,m(n) (Tpm(n)fl 'Tpﬁ’2(n)fN,h,2 .. .Tpﬁ,m(n)fNﬁ’m) dpl,
o N—o0 |IN‘ nelv ”X B B
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for almost all h € N* and this can in turn be written as

1
lim sup Tl Z / (T%,l(”)fl ‘Tqﬁ’2(n)fN,@,2-'-Tqﬂ*mfl(")fzv,@,mq'fN,@,m) dul .
N X

N—o0 nely

An application of the Cauchy-Schwarz inequality, along with the boundedness assumption for
N m, N €N, gives that

1
Jp, < lim sup Tl Z T () fy T2() oy o Plmea (M) 7
N

N—o0 nely LQ(M)

for almost all h € N*. If we have that deg(gn,1) = 1 we can easily conclude, since averages
with linear exponents are controlled by the seminorms of the individual functions, according to
Proposition More specifically, we can assume that all the polynomials gx 1, qn.2; - - - s @hm—1
have degrees 1, and then Proposition implies that for all h € N¥,

1
lim sup |In] > Tma ) fy T2 gy o T W fy < N fillm,
N

N—o0 neln 12 W

so that it suffices to assume || fi]|s+1 = 0 for s = m — 1. This concludes the proof of Proposition

when deg(gp1) = 1.

Finally, we deal with the case that deg(qp,1) > 1. Let
I'={i:1<i<m-—1, with deg(g,) > 1}

and
J={12,....m—1}\1,

the complement of I in {1,2,...,m—1}. Notice that J could be empty, but not I, as it contains
1. We proceed to another transformation of the polynomial family. For h € N* and hj,; € N,
let & € N**1 be defined by k = (h, hjy41). Then, define the polynomials

Tki(n) = qni(n + hy41), forn €N, and i € I,

and consider the polynomial family % which constitutes of the elements of 2}, along with the
polynomials 7y, ;, for those ¢ € I. In a more compact form,

o (U)o () (Um)

It follows that % has [ := (2|I| 4 |J|)-elements, and we can write it as

'@E = {gﬁ,la 9k,25 - - )g@,l}a

with the requirement that gx1 = ¢p1 and any ordering of our liking for the other (I — 1)-
polynomials of Z#. Of course, [ > m > 2.

Then %}, is a regular family indexed by k£ + 1 elements. First of all, we have already
established that g ; has maximum degree for almost all h € N* among the elements of D,
and since deg(ry,;) = deg(gn;), the polynomial g ; has maximum degree in %, up to small
subsets of N¥+1. Moreover, the polynomials in ), are essentially distinct and none of them is
constant. To see this, first recall that the elements of 2}, are essentially distinct and by their
definition as differences of distinct polynomials of &, which was essentially distinct to begin
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with, none of them is constant. We thus only need to show that the elements of %}, are also
essentially distinct in order to prove the claim of its regularity. Let i # j, for 4,5 € {1,2,...,1}.
We have to show that gi; — gp,; is non-constant for almost every k € NF+1. In the case that
Oki = Qns and g ; = qpj we know that from the regularity assumption for 2. The same is
true if gy ; = 7 and gg j = r;. The final case is that for which gy ; = r; and gi ; = qp 4, for
which we do not exclude the possibility of i = j. Then

9k,i(1) — 9k, j(n) = qni(n + hii1) — qp,j(n), (6.6)

for n, hy+1 € N. Then deg(qp;) > 1, since ¢ must belong to I. Therefore, if i = j, the difference
in is a polynomial of degree deg(gp,i) —1 > 1, for hyy1 # 0. On the other hand, if i # j,
then gp(n) — qnj(n) is a non-constant polynomial and the same holds for any hry1 € N in
(6.6). What is more, the types of %) and Zjare the same and, as we demonstrated before,
less than the type of &,. Indeed, for the elements of %} which are not in 2}, that is, for the
polynomials 7, ;, for i € I, we have that ry;(n) := qpni(n + hgy1), for n, by € N and thus, the
leading coefficients of r; and ¢ ; are identical.

Step 4. The Van der Corput lemma. By the induction hypothesis there is an s € N that
corresponds to the type of %). Now,

Jp = limsup
N—00 ‘ N

‘Z/T Pr,m (1) (Tp“")fl TPz foy oo TPRm (T hom) dp

and an application of the Van der Corput lemma, in the form of Lemma gives that

Jh<hmsup— Z lim sup IIN\ Y T ()|,

H—oo hl =1 N—o0 nely

where

J(h,hk+1)(”):/ Tqﬁ’l(")ﬁ-Tqﬁ’z(")fzv,ﬁ,z-"Tqﬁ’m‘l(")fzv,@,m_l'
X

h h Gy ee—
Tn,1(n+hit1) i T 2(n+ k+1)th2 . T9hm—1(n+ k+1)fN’ﬁ7m_1 du,

for n,hyy1 € N, and h € N¥. The final crucial observation is that for appropriate functions
gN ki € L(p), with i =1,2,...,1, the quantity Ji;)(n) can be written as

/ T Mgy gy - T2 Mgy g o - T Mgy gy dp,
X

with k& = (h, hgy1) € N¥FL Indeed, for n, hp 1, N € N, h € N¥ i ¢ {1,...,1} and k =
(h, his1) € N¥+1 we can consider the following cases

o if gy i(n) = qni(n), for i € I'\ {1}, then define gy, as fnpi

o if gri(n) = qni(n + hip1), for i € I'\ {1}, then define gnx; as fvpni
o if gii(n) = qn1(n),then define gy, as fi

e if gy i(n) = qn1(n + hig1),then define gy g, as fi

o if g i(n) = qni(n), for i € J, then deg(gp;) = 1, so that g ;(n + hikt1) = qni(n) + ahjy1,
for some a € Z and we define gy ; as fvp - To‘h’f+1fN’b7i
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and the claim follows by a simple substitution. Now, because gy ;1 = f1 and | fi[|s+1 = 0, by
assumption, we are in the position to apply the inductive hypothesis and ensure that for almost
all k € N*1 we have

1
limsup | — Je(n)| = 0.
N—o0 |IN|n€ZIN B

Recall that

H
1 1
<1 — li —
Jp < imsup - Z im sup T E Jwy(n)],

H—oo his1=1 N—oo nely

and so it follows that Jj, = 0 for almost all h € Nk, Indeed, if J, > 0 for h in a subset of NF
that is not small, then for all these h and for infinitely many hjy1-in fact, for hyy1 in a set of
positive upper density-we have that

. 1
lim sup vl Z Ihhy, (n)| > 0.

N—o0 nely

But this is a contradiction, due to the fact that the direct product of a set E in N¥ which is not
small with an infinite subset of N, say F, is also not small in Nf+1,

To see the final claim, assume that F x F' C N*¥*1 is small. Then, there must exist some
small subset G C N¥ such that for any (h1,...,hs) ¢ G, the set

{hk+1 : (h1,~-~,hk7hk+1) € F x F}

is finite. But GPN E # (), for otherwise, E would be small, being a subset of G. Therefore,
there exists some (hy,...,h;) € EN GC, for which the set

{hk+1 : (hh---;hk;thrl) € FE x F}

is infinite, a contradiction. As a consequence, we obtain Proposition [6.15 O
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Chapter 7

Joint Ergodicity of Independent
Sequences

We recall that the third main goal of this exposition is to recover a Khintchine-type lower bound
for any number of integer polynomials, under conditions on the polynomials which make such
a recurrence result possible. If the polynomials in question are a1, as,...,ar : N = Z, then our
goal is to understand, for any ergodic system (X,.2", u,T), the limiting behavior in L?(u) of
the averages

1 N
~ Z T fye o)
n=1

as N — oo, where f1,..., fr are any functions in L (u). This is not a simple task. We begin
our effort in the following section by first finding conditions on the polynomials under which the
iterates 791 £, ..., T% ™) £ n e N behave independently enough so that the above averages
converge to the product of the integrals of the individual functions for all ergodic systems.
Building up from this result we continue in the next section to describe the conditions, on
such a family of integer polynomials, which make the rational Kronecker a characteristic factor
for the convergence of those averages, for every ergodic system. We follow the methods and
techniques given in Frantzikinakis’ paper [7].

7.1 Joint ergodicity of sequences

7.1.1 Definitions and main results

For a family of integer sequences, the first property that we described above is called joint
ergodicity and it is precisely defined as follows.

Definition 7.1. A family of sequences ay,as,...,ar : N — Z is said to be jointly ergodic for an
ergodic system (X, B, u,T), if for all functions f1, fa, ..., fr € L°(n) we have that

N k
. 1 ai(n a2(n ar(n J—
]\}gnooNZ_:lTl( ) fy -T2 fy el )fk_[[l/fid“’ (7.1)

where the limit is taken in L?(p).
Definition 7.2. The collection of sequences ai,as, ...,ar : N — Z is said to be:

(i) good for seminorm estimates for the system (X, B, u,T), if there exists an s € N such
that, if fi, fo, ..., f € L>®(u) and || fills = O for some i € {1,...,k}, then
| X
im — () £ paz(n) £ . par(n) ¢,
lim % T fy T fy T fi = 0

n=1
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in L?(w). It is good for seminorm estimates if it is good for seminorm estimates for every
ergodic system.

(ii) good for equidistribution on the set S C [0,1), if for all {t1,...,tx} € SF\{0,...,0}, we

have that
1 ¢ (ar(n)t (n)tx)
. 2mi(ar(n)ti+...+ar(n)ty) —
v " -

It is good for equidistribution if (7.2) holds for all {t1,...,t;} € [0,1)*\{0,...,0}.

(iii) good for irrational equidistribution on the set S C [0,1), if for all {t1,... ,t;} € S*, not
all of them rational, equation (7.2]) holds. It is good for irrational equidistribution if (7.2)
holds for all {t1,...,tx} € [0,1)*, not all of which are rational.

Lemma 7.3. If a family of sequences ai,as,...,a is good for seminorm estimates for every
ergodic system, according to property (i) of Definition then it is also good for seminorm
estimates for every measure-preserving system.

Proof. Assume that the conditions of Lemma [7.3] hold with s € N being the integer corre-
sponding to aj,as, ..., ak, as in property (i) of Deﬁn1t1onn Let (X, 2", 1, T) be any measure
preserving system, u = [ p, dp be the ergodic decomposition of the measure i and pick any
functions fi, fo, ..., f € L>=(n), with || fi||s = 0, for some ¢ € {1,2...,k}. Then, for any N € N
we have

2

N N

1 1
el () ¢ ... ak(n) — el () ¢ ... ar(n)
S T fy ) —/X STy ek g dpu(z),
n=1 L2(p) n=1 L2 (pta)
but
2
Z GO AT )
L?(pa)
for any x € X, because the systems (X, 2", uy, T') are ergodic. Thus,
| XN
lim — Tar(n az(n) £ pa(n) g
m > V1 12y T = 0
n=1
in L?(u), so that a1, as, .. ., a; are also good for seminorm estimates for the system (X, 2, i, T).

O]

The first theorem we want to prove is a result that describes the conditions on any family of
integer sequences under which the family is jointly ergodic for all measure-preserving systems.

Theorem 7.4. Let S C [0,1) with countable complement in [0,1). The family of sequences
ai, a9, . ..,a : N — 7 is jointly ergodic for all ergodic systems with spectrum in S if and only if
it 1s good for equidistribution on S and good for seminorm estimates for these systems.

An immediate consequence of Theorem [7.4]is the following result, for the proof of which one
only needs to remember that a totally ergodic system (X, %, u,T) has a spectrum, denoted by
Spec(T'), such that Spec(T") C ([0,1)\Q) U {0}.

Corollary 7.5. The family of sequences ai1,as,...,ar : N — Z is jointly ergodic for all totally
ergodic systems if and only if it is good for seminorm estimates for all totally ergodic systems
and good for equidistribution on (]0,1)\Q) U {0}.
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Remark 7.6. The necessity of the conditions in Theorem s an easy task, so we prove it
first.

Proof. Indeed, let (X, %, 1, T) be an ergodic dynamical system with spectrum in S and suppose
that the collection of sequences ay, a9, ...,ar : N — Z is jointy ergodic for this system, that is,
if f1, fa,..., fx € L*(u), then holds. It is trivial to check the first property of definition
since || fi|1 = | [ fi dul, by the definition of seminorms for ergodic systems, which means
that if || f;]| = 0, for some i € {1,...,k}, then [ f; du =0 as well.

Now, let t1,t9,...,tx € Spec(T), not all of them zero and fi, fa,..., fr € L>(u) be the
respective eigenfunctions, so that T'f; = €™ f;, j € {1,2,...,k} and without loss of generality,
assume that |f;| =1, for j € {1,2,...,k}, since eigenfunctions in ergodic systems have constant
(and non-zero) absolute values. Then, the limit

N
1
lim — N o g pazn) . pak(n)
m ; 1 P T
is the same as the limit
1 N
A}E}noo N Z e2mial (n)t1 fi- 627ria2(n)t2 for e27riak(n)tk e,

n=1

which is equal to
1 N
¥ 2 : 27ri(ll1(n)t1+-~+ak(n)tk). (?.3)

n=1

fl'fz"'fk']\}i_ffloo

The quantity in ([7.3)) converges to ] |f:1 [ fi dp in L%(y), but its L?-norm is
| N
ey ; E 2mi(a1(n)ti+...4ai(n)ty)
||f1 f2 fk||L2(M) J\}1—>l“ N e 1 1 k k (74)

n=1

and Hle [ fi dp =0, because

[ du= [ 18 au0= [ gy au=cmt [ £ a

for j € {1,...,k}. Therefore, (7.4 implies that

N
1 .
li - 2mi(a1(n)t1+...+ag(n)ty) 0.
gm 5D e
n=1
Finally, our initial assumption was that the joint ergodicity of aj,as,...,ar : N — Z holds for

all ergodic systems with spectrum in S and since for any tuple {1, ...,;} € S¥\{0, ...,0} we can
find a system with 1, ..., % in its spectrum we have proven the validity of the second property
of Definition [T.2] as well. m

The rest of this section is devoted to the proof of the sufficiency of the conditions in Theorem
[7.4] Because the proof is notationally complicated we deal particularly with the case k = 2 and
in the end we give a mere summary of the proof for a general k£ € N. Our first goal is to prove
the next result.
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Theorem 7.7. Let S C [0,1) with countable complement in [0, 1). If the sequences a,b: N — Z
are good for equidistribution on S and good for seminorm estimates for an ergodic system
(X, B, u,T), with Spec(T') C S, then for all f,g € L*°(u) we have that

. 1 a(n b(n _
lim NZT()f-T()g—/fd,u/gdu (7.5)

in L*(p).

It would be chaotic to write the whole proof at once, so we do it gradually. First we show
our result in the special case where f or g is an eigenfunction.

7.1.2 A special case of Theorem [7.7]
Proposition 7.8. Theorem holds when f or g is an eigenfunction of (X, B, u,T).

Proof. Suppose f is an eigenfunction with eigenvalue ¢t € [0,1) (the proof is identical if g is an
eigenfunction by symmetry). If g is a constant the result follows easily, because

1 Y 1 X
_ a(n) £, b(n) A 2mia(n)t
N ;T - 9N ;6 f

)

L2(p)

L2(p)

which is equal to
N
91 fll 2 - Z ePmie(mt Z2%,

where convergence holds by the equidistribution assumption for (a(n)),cn and Weyl’s criterion.
Next, we notice that it is enough to prove the result when [ g du = 0, because in the general
case we have that

1 & 1 & 1 &
LS e ptg = LS e (Tbm)g /g du) b3 ey </g dﬂ> .
n=1 n=1 n=1

As we demonstrated above, it is enough to prove that

Qﬂzant b(n) , _
& S gy o

in L2(p), if J g du =0, for which we actually need to show that

- 2mia(n)t (n), _
Jim Z g=0 (7.6)

in L?(p). By the spectral theorem of Herglotz (Theorem [2.80), there exists a measure oy,
corresponding to g, which is positive and bounded on [0, 1) and such that

1
/T"g cgdu = /0 MM g, (2), (7.7)

for every n € N. As we have shown in Proposition and specifically by equation (2.13)),

o,({0}) = lim ;Z/T”g.g dp.
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Thus, an application of the mean ergodic theorem (Theorem [2.53)) gives that

g({O})Z/ng-/ngZO

and the same is true for all 2y € [0, 1) not in the spectrum of T, as we have shown in Proposition
Next, using the representation in (|7.7]) we find that

N N
1 Tia(n n 1 Tia(n mib(n)z

”NZ€2 (n)t , b( )gHLQ(M) — ”NZ€2 (n)t . g2mib(n) ”LZ(Jg)a (7.8)

=1 n=1
because
1 o= o 1 o o, 1 & .
HN Z e2ma(n)t . Tb(n)gH% — /(N Z eQma(n)t . Tb(n)g) . (N Z 672ma(n) Tb(n) )du,
n=1 n=1 n=1

which can be written as
1 L
el Z 62M(a(n)a(m))t/T(b(n)b(M))g g du
n,m=1

and this is equal to

1 U b omi
72 Z 2mi(a(n)— ))t/o 627Tl(b(")*b(m))z dag(z).

From equation ([7.8)) it follows that in order to conclude we just need to show that

hm Hiz 2mia(n)t—2mib(n zH 12(0y) =

By the equidistribution property of (a(n))nen and (b(n)),eny we have that

lim § : 2mia(n)t—2mib(n)z -0
N%ooN

for all z € Spec(T) (it is a trivial observation that z € Spec(T) = —z € Spec(T')) and since
the measure o4 has no point masses for z = 0 or z ¢ Spec(7'), an application of the bounded
convergence theorem yields the required result. ]

Remark 7.9. Notice that Proposition [7.8 implies that Theorem [7.7 holds for f or g constant
functions, since a constant is trivially an eigenfunction of (X, B, u,T).

7.1.3 Some key facts

We will now show that if a positivity condition holds for f (or symmetrically, g) then it also
holds for an averaged function f, which is important because uniformity properties of f are
easier to handle.

Proposition 7.10. In the context of Theorem let f,g € L*(u) be such that

1 N
a(n b(n
72 7M. b
n=1

>0 (7.9)
L2 ()

lim sup
N—o0
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Then there exists a strictly increasing sequence (Ni)gen in N and 1-bounded functions (fi)ren
in L>°(u), such that if f is defined as the weak-limit of Nik ijﬁl T fp. . TP =aM)g (observe
that f € L®(u)), the inequality

>0 (7.10)
L2 ()

lim sup
N—oo

1 .
v Z:l 7o f .7 g

holds as well.

Proof. Since f,g € L*°(p) there exists a positive constant M > 0, so that ||f| ., < M and
9]l < M and dividing by M in equations and we can assume without loss of
generality that f and g are-essentially-bounded by 1. Now, consider the L?(u)-closure of the
linear span of all subsequential weak-limits of sequences of the form

N
1 —a(n n)—a(n) =
ST el
n=1

for (fn)nen € L (i) some 1-bounded functions and we let this subspace of L?(u) be repre-
sented by ¢.

First, assume that f is orthogonal to & and that there exist an € > 0 and a strictly increasing
sequence (Ng)gen so that if we define fi := Nik Zivil 7o) f .70 g then for every k € N we
have that || fi|lf2(,) > €, which implies that | f k”%%#) > €2 and expanding the square we write
that as

Ny,
1 _
NZ/fk‘Ta(n)f~Tb(”)g dp > e, keN. (7.11)
k

We now consider the sequence of functions N ZN’“ T-oM) f. . TPM—a(M)g | e N, which are 1-
bounded (since fj are 1-bounded as well) and so they belong to the closed subspace ¢ of L?(p).
Since L?(y) is a Hilbert space, this bounded Sequence has a weakly convergent subsequence, so

that without loss of generality we can assume that ( foil T—a(n) f,.Tbn)—a(n) J)keN converges
weakly to some h € 4. By (7.11] - we get that

Ny
Ni > / T g f.oTM =g 4y > €2 ke N (7.12)
k n=1

and letting k — oo we obtain that [ f - h dyp > 0 which is a contradiction, since f was assumed
orthogonal to &. Therefore

N
. - a(n) b(n) ,
N 2 T T =0

in L?(p), if f is orthogonal to ¢. It then follows that if E(f|%) is the orthogonal projection of
f onto ¥, we have that

lim —ZT“") f—E(f|9))-T"™g =0

in L?(p) as well, because L?(u) =% @ %' by the orthogonal decomposition in Hilbert spaces.
Thus, assuming that equation ((7.9) holds we get that there exists € > 0, such that

hmsupl\*ZT“" (f19) - T gl L2 () >
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Since E(f|¥9) € ¢, there exist k € N and functions hy, hg, ..., by which are subsequential weak
limits of sequences of the form 4 Egzl T fr . TP =g for (fn)nen in L°(1) a sequence
of 1-bounded functions, with

€
IBCAZ) = (4 o+ o+ B 12 < 5

At last, there must exist an ¢ € {1,2,...,k}, so that if f = h; we get that

€
> .

i
imsup " T
o

N—oo

1 .
~ Z T f b g
n=1

This completes the proof because f is a 1-bounded function like ¢ and fx, for N € N. O

The following proposition will also be of use to us.

Proposition 7.11. If (X, %,u,T) is an ergodic system and f € L*(u) is 1-bounded, then

VIS < supyesr® ( [7:x du) , (7.13)

where &(T) is the set of eigenvalues of T with unit modulus. This immediately implies that if
Il fll2 > 0, then there exists x € &(T) so that R ([ f - x dw) > 0. More generally, if || f|ls+2 > 0,
for s € N, then there exists a xn € &(T), n € N®, such that

a1
l}wgofﬁ Z %(/Anf'xnd,u>>0.

ne[N]s

Proof. Let # (T) be the Kronecker factor, which was defined as the L?(u)-closed subspace
spanned by all eigenfunctions of 7. Then, if g € L?(u) is orthogonal to .# (T') we have that
llglla=0, as we have shown in Proposition (see the Remark as well). Therefore, if
f:=E(f|#(T)) is the orthogonal projection of f to # (T') we have that || f|2 = || f]l2- By the
separability of the Hilbert space L?(u) there exists a (countable) orthonormal basis of # (T,
which consists of eigenfunctions in &(7T), say (xx)ren. Then f can be expanded as a Fourier

series by
f= X( fx du>= x( fex du)-
;k;/ 1 g;k/ .

If ¢p := [ f-X& dp, k € N, then

N1 N
- 1 1 ~ = = ~
4 : : n n ni+n
= lim — lim — ST TR f d
17 = i 3 Jm e 3 [Fam i

Notice that T™ f =37 e2mnakyy e m € N, where e?™ is the eigenvalue of yy, and thus
by the orthonormality of (xx)ren We get that

/f Tmf. Tnzf_ Tt f g, — Z BT
k=1

Indeed,
[Famirn i
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is equal to
S 00 00
/f . (Z 6—2mn1akm> . (Z 6—2mn2akm> . (Z e27rl(n1+n2)akxk . Ck:> d#
k=1 k=1 k=1

Because (xi)ken is orthonormal, the only terms that survive in the product of the three sums
are those corresponding to

(e—QTrinlozk —2ming oy,

) . (627ri(n1+n2)ak

Xk k) - (e Xk Ck Xk Ck:)

for k € N, so that the last integral becomes
oo
/,f Z (6—2Win1akm) . (6_27rin2akm) . (627ri(n1+n2)akxk . Ck) dp.

After a simple computation this simplifies to

/fgm~Ck>-<xk-Ck>-<xk-ck> duzgckﬁ-ck-(/f- Xkdu),

which by the definition of cg, is actually Y32, [cg|*. Therefore,

o o0
Il = Z ek ! < sup(|cx])? Z e |?
=1 keN =1

By Parseval’s identity and the fact that f and ¢; are 1-bounded, we have that

/f'xdu X;@lp €FE</f Xdu>

where the last equality follows from the fact that the set &(7') is invariant under multiplication
by any e*™@ for a € R. For the general result, let s € N and assume that || f[|s12 > 0. Then
by (3.3)) we also have that

1715 < sup(lex))? | fII72() < sup x| < sup
keN keEN x€E(T)

lm 2 Z IALfII2 > 0

nG[N]g
and using inequality ([7.13]) we obtain that
1
liminf — Z sup §R</Anf Xdu) >0,

N—oo NS
G[N]S XG(O

which concludes the proof. O

7.1.4 Gowers-Cauchy-Schwarz and a positiveness property

The last intermediate result uses an important inequality and the above two propositions to
show that if some seminorm of an average of functions is positive, then similar positiveness
properties hold for iterated differences of the individual functions as well. The inequality under
discussion is a variation of the Gowers-Cauchy-Schwarz inequality and we prove it first.

Lemma 7.12 (Gowers-Cauchy-Schwarz inequality). Let (X, 2", 1, T) be a measure-preserving
system and for s € N, let fo € L*(u) be 1-bounded functions for any e € {0,1}°, and g, € L (p)
for any n € N°. Then, for every N € N we have that

23

NS Z/ II 7% gndn] < D /A’” wf- T T €gne | die

ne[N]s ec{0,1}s n,me[N|s ec{0,1}

(7.14)
where 1 :=(1,...,1) € N5,



7.1. JOINT ERGODICITY OF SEQUENCES 139

Proof. Let s = 1. Then, for any N € N we have that

E]

2
v 2 I T -

ne[N]s ec{0,1}*

2

N
1 /
EY; fD'Tnfl'gn dp

2
and because fo is 1-bounded, so that [y ‘% Zflvzl fo‘ dp < 1, an application of the Cauchy-
Schwarz inequality gives that the integral on the right-hand side is less than or equal to

J,

Composing with T~ this becomes

2 N
1 e e
=5z 3 [ TR g0 T d

n,m=1

1 N
72Tnf1 *In
Nn:l

N
1 / T
- T " f-T7" gn'gm) du,
N2 Z X (

n,m=1

which is the right-hand side of (7.14)) for s = 1. We also prove the result for s = 2. The general
case is shown in a similar manner inductively, by successive applications of the Cauchy-Schwarz
inequality, but we omit it due to its notational complexity.

For s = 2 the left-hand side of ([7.14]) can be written as

4

N
1
N2 O [ A T T T g ]
X

n,m=1

if, instead of fo,0, f1,0, fo,1, f1,1 we write fo, f1, f2, f3, respectively. Notice that now fi = f3.
Since fp and f; are 1-bounded functions, as in the first case, we can use the Cauchy-Schwarz
inequality to bound the last average by

1 1 & 2\ *
> /X ST T g dn| | (7.15)
n=1 m=1

By expanding the square of the integrand, (7.15)) becomes

1en [ 1 & _ _ i
N Z/ N2 Z T fo - T" ™ f3 - gum - T fo - " f3 - G dp |
n=1"X m,k=1
which is equal to

2

N N
1 —m - 1 m n+k—mTp_ —-m .
N 2 /XfQ'Tk f2'<NZT fo T T (gn,m'gn,k)> dp |,
n=1

m,k=1

since T is measure-preserving. Another application of the Cauchy-Schwarz inequality along
with the boundedness assumption for fs gives that the latter is bounded by

=

m,k=1

2 2
dup | . (7.16)

N
1 e e
NZTnf?)_Tn-i-k mfg'T m(gn,m'gn,k)
n=1




140 CHAPTER 7.

Expanding the inner square once again, (|7.16|) is equal to

Z |+ S Ty T U T gy T (g g g ) di

mkl n,l=1

We can then compose with 77" in the integral obtaining the average

2

1
N Z /f3 Tkm f Tl nf TH_kmnf Tmn(gnm gnk’ glm glk) d,u ’
n,m,k,l=1
which is precisely the average in the right-hand side of ([7.14)), completing the proof. O

The intermediate result that we mentioned before is the following.

Proposition 7.13. Let (X, %, u,T) be an ergodic system and for some Ny — o0 and 1-bounded
functions (fi)wen in L(n), let f be defined as the weak-limit of the sequence N Z o Gkns

where gpp, = 7o) f . T —ag L n e N and f is such that || f]|ss2 > 0, for some s € N.
(i) If s =0, then there exists x € &(T) such that

lim sup —- Z R (/ fi - TG . Ty d,u> > 0. (7.17)

k—o0

(ii) If s € N, then there exist Xpn € &(T), n,n' € N°, such that

.. 1 b(n = a(n
l}ylnfﬁ Z hmsup—ZER </ A fr) T )(Aﬂ_mg)-T ( )X@,n; dM) > 0.

— 00
n,n'€[N]* hroo

(7.18)

Proof. Suppose that s € N. Then Proposition suggests that there exists a sequence
(Xn)nens in &(T') so that

1 -
Lol b S el pen £
lﬂﬁf NS </ Anf Xn d,u) = hmlnf Z R / H CTf X dpe | >0,
N]S ne[N]s ec{0,1}s
) ) ) (7.19)
since A, f = HEE{O,I}S €ldTenf n e N°. Now, by the definition of f, (7.19) yields that

liminf lim —Z% NS Z /TT”JFMJr T G H Gy, dp | >0,

N—oo k—oo IN|
ne[N]s ec{0,1}s\{1}

because

hmlnf— Z R /T”1+"2+“'+"5f- H %‘E‘Te'ﬂf-xﬂ du | =

N—o0
ne[N]s e€{0,1}\{1}

L L n1+na+.. +ns . le|en ¢
l}\ffglg)f Z Rty klg)(r)lo Nk Z / T2 kn H CTN - X dp
ne[N]s ee{0,1}5\{1}
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Using the variant of the Gowers-Cauchy-Schwarz inequality (Lemma [7.12) and the fact that
&(T) is closed under products and invariant under compositions with 7™, for m € N, we infer
that

liminf lim sup - Z Z /An w Gk Xnn die >0, (7.20)

N=oo koo n,n'€[N]s

for some x,, v € &(T), n,n' € N°. The positive quantity in (7.20) is less than or equal to
lim inf %S lim A Ap Gk * Xnp Apt =
N—oo N e [N] k—00
n,n’ $

1
lm inf 5 %:N] hilffogpiz / T Ay ygen - T xu dp.
n,n’ s

which, therefore, is also positive. Finally, notice that A,(h - k') = Ay(h) - Ap(h') and that
A, (T™h) = T™A,(h) for all m € N, n € N® and h,h’ € L (), so that

/ T, gon - T s dpt = / Doy fio - TG T

which completes the proof of (ii). For (i) we have s = 0 and by Proposition we get that
there exists x € &(T') so that

%(/f-xdu>>0 — %(kll}rgoMZ/gkn Xdﬂ> >0,

by the definition of f which implies that

Substituting the definition of gy, ,,, this is equivalent to

kliniomz% </ Taln) p, . pm)—aln) 5 dﬂ) 0.

and this easily implies the desired result, after a composition with 77 in the last integral. [

7.1.5 Proof of Theorem

In the context of Theorem [7.7] the sequences a,b: N — Z are good for seminorm estimates for
the system (X, %, i, T), hence there exists s € Ny so that the seminorms || - ||s+2 control the
averages in ([7.5)). What this means is that, if f,g € L®(u) are such that ||f|s+2 = 0 or that
llglls+2 = 0, then

lim — ZT“(” f-1rg =0 (7.21)

N—ooco N

in L?(u). We will prove the following crucial degree lowering property.
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Proposition 7.14. Let S C [0,1) with countable complement in [0,1), (X, %, u,T) be an
ergodic system with Spec(T) C S and let the sequences a,b: N — 7 be good for equidistribution
on S. If for some s € Z,, where with Z, we denote the non-negative integers, the seminorms
Il - ls+2 control the averages in (7.5), then the seminorms || - ||s41 also control those averages.

Remark 7.15. Theorem is a simple corollary of Proposition because, after iterating
the degree lowering property (s + 1)—times, it follows that the seminorms || - |1 also control the
averages (7.5), but || fll1 = | [ f du| and remark assures that the theorem is true for constant
functions.

Proof of Proposition[7.14 We assume that ||g]ls+1 = 0 and our goal is to show that equation
(7.21) holds. An equivalent formulation is that assuming (|7.9)) holds, we get that ||g|s+1 > O.
With this assumption, Proposition implies ([7.10) and since the seminorms || - ||s4+2 control

the averages in ((7.21)) it follows that .
I flls+2 >0 (7.22)

Now, if s = 0, Proposition implies that there exists x € &(7T) such that

hmsupZ%/fk b Mg . 7o)y dp) >

k—o0

and if s € N, by the same proposition, there exist x,, € &(T), n,n’ € N*, such that

1 b(n — a(n
l}goréf N Z hmsupZ%(/ o f) - I )(Aﬂ_mg) T )Xn,n; d,u) >0

T

An application of the Cauchy-Schwarz inequality gives that

Z Tb T n)

in case s = 0 and if s € N, it leads to the inequality

>0
L2(p)

lim sup
k—o00

> 0.

1 O
il Z Tb(n)( Apnd) - T(n) Xon!
n=1 L2(n)

1
liminfﬁ Z lim sup

N—o00
nn/€[N]s k—o0

For any n,n’ € N° the functions x,, s and x are eigenfunctions, so we can use Proposition
according to which the last two averages over n converge in the L?(u)-norm to the product of
the integrals of the individual functions involved. If s = 0 this translates to

/gdu-/xdu>0 — gl #0

and if s € N, it leads to

l}ggofﬁ /An w9 dp /Xnn’ d,u'>O:>
n,n'€[N]s
2
l}\%&fﬁ n—n'g du| >0. (7.23)

n,n'€[N]s

In the first case the proof is complete, while for the second one, by (7.23) we deduce that

/Agd,u

2

1
lim inf ~ >0,

N—o00
ne[N]s
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which is actually a limit and it equals ||g||s+1 by (3.2)). Indeed, for N € N, we have
/An wg dp 228' > H - n;) /Angdu

ne[N]sufo} j=1
where n = (ny,...,ns), because U Apg d,u|2 remains the same if we change the sign of some
of the coordinates of n and for any n = (ny,...ns) € [N]° there are 2° - [[7_, (N — n;) options

j=1
for n’ = (nf,..n}) and n” = (n7,..ny) in [N]° so that n} —nf = n; or n} —nf = —n;, for all

J J
j =1,...,s. That U Apg dp‘z is invariant under sign changes in the coordinates of n follows

)

n,n'€[N]*

from the definition of A,g := Ay, -+ Ay,9 = HeE{O,l}S EldTeng, because if n; becomes —n;,
for some j € {1, ..., s}, writing the new vector as n’ and then composing with 7™ in the integral
[ Apg du, we obtain [ A,g du. Therefore

/An n'g d#
n,n'€[N]s

21}\?33;721_[ j)’/Angd,u

ne[N]s j=1

lim inf —
N s

< 2%lim 1nf —
N—

ng d,u

)

e[N

which proves our claim. This, however, concludes the proof of Proposition and thereby of
Theorem [7.7 O

7.1.6 Summary of the proof of Theorem

The final subsection is basically a summary of the proof of this section’s main result, that is,
Theorem for general k € N. We remind the reader that the necessity of the conditions was
already shown in the Subsection So, assuming that a family of sequences ay,as, ..., ax :
N — Z is good for equidistribution on S, where S C [0,1) with countable complement in [0, 1),
and good for seminorm estimates for the ergodic system (X, %, u,T), so that for some sy € Z
the seminorms || - ||s,+2 control the averages in below, we want to show that for all
functions f1, fo, ..., fr € L°°(n) we have that

N k
. 1 ai(n as(n ap(n J—
NIEHOON;Tl( ) fy ) fy e >f,€£[1/fidﬂ (7.24)

in L?(p). In this context we would like to use an argument similar to the one used in Proposition
[7.8] if one the functions involved is an eigenfunction of T', but the theorem of Herglotz is not
applicable for this generalized average. Instead, we are going to use an induction argument.
For some m € {1, ..., k}, let (P,,) be the property:

(Pp) If fj € &(T) for at least k — m values of j € {1,...,k}, then (7.24) holds.

Observe that Theorem |7.4] follows from property (Px). To prove that (Py) holds we first notice
that (Py) is true, which can be shown as in Proposition using the spectral theorem and
the good equidistribution assumption of the sequences ap, ag, ..., ar. Next, suppose that (P,)
is true for some m € {1,...,k — 1} and we want to show that (P,,11) is also true. To this
end, we assume without loss of generality that f; € &(T), j = m+2,...,k (if m+2 < k)
and we are going to show that - holds. We already know that if || fj|lso+2 = 0, for some
j € {1,2,,k}, then the averages in converge to 0 and the plan is to once again show a
degree lowering property, namely that, the seminorms || - ||s,+1 also control these averages if
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fj€ &), j=m+2,...,k This would be sufficient, since after iterating this property sg + 1
times we get that the seminorms || - |1 also control the averages and this establishes (Pp,+1).

As in the proof of Proposition [7.14] we will show the contrapositive of what we mentioned,
so we assume that

>0 (7.25)
L2(p)

As in Proposition we can show that (7.25)) is still true if instead of f; we use the function
fj, which is defined as the weak-limit of the sequence

lim sup
N—o00

N
% SO o) gy ek gy
n=1

N
1 -
lim — E T g | | Tem)=aes(n) £
P NS (1, BN}

for some N; — oo and 1-bounded functions f; € L>®(u), | € N, where j € {1,2,...,m + 1} is
fixed, so that f; € L>(u) and by our assumption we obtain that || f;]ls,+2 > 0. An argument
similar to the one used in Proposition gives that for so € N there exist x, . € &(T),
n,n’ € N%, such that the liminf

Ny
1}ﬂi£f Nl% Z lim supz R /(An—n’fl) : Taj(n)X@m;‘ H T (A, i) du

n,n’€[N]s l=oo ie{1,....k}\{j} o

is strictly positive and that for sgp = 0, there exists x € &(7T'), such that

N
1 _
lim sup N E R /fl LT M)y H T4 f; dp
n=1

=00 ie{l,...k}\{j}

is positive as well. Now, there is a number of (k—m) functions in the averages over n that belong
to &(T) in both cases, which are X, »/; fm+2, .-, fx and x, fm42, ..., fr respectively. Observe that
here the restriction that j < m + 2 was used. Now, this allows us to implement property (P,,)
and, as in Proposition to deduce that

I fillsora >0, for ie{l,2,....k}\{j}

Since m + 1 > 2 we can do the same for any j; € {1,...,m 4+ 1}, other than j and conclude that
Il fillso+1 > 0 as well. We have thus shown that the seminorms || - ||s,4+1 control the averages in
(7.24), which proves the inductive step and therefore Theorem

7.2 Characteristic factors for general sequences

7.2.1 Definitions, main result and our ergodic theoretic toolbox

The aim of this section is to prove another theorem which can be useful in order to recover
convergence and multiple recurrence results in some cases where the form of the sequences

ai,-..,ar does not allow us to apply Theorem For example, if some of the sequences
ai,...,a are integer polynomials, there are rational vectors (¢1,...,%) € QF\(0,...,0), with
t; = 0 for the values of j corresponding to the non-integer polynomials among a1, ..., a, such

that the equidistribution condition fails, and so the theorem is not applicable to all ergodic
systems. Recall that the rational Kronecker factor %4 of a system (X, 2", u, T') has been define
as the L2(p)-closure of the linear span of all rational eigenfunctions of the system. For reference
we give a formal definition of the property we want to characterize.
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Definition 7.16. Let (X, 2,1, T) be a dynamical system. We say that the rational Kronecker
factor Hyq is characteristic for the sequences aq,...,ar : N — Z, if whenever (at least) one of
the functions f1,.., fr € L>(u) is orthogonal to Hyq, meaning that E(fj|#rq) = 0, for some
je{l, ...k}, we have that

N
1
im — ai(n) ¢ .. ak(n) £ —
]\}lm nEZIT fi---T k=0 (7.26)

where the limit is in L?(p).

The result that we show uses the already established Theorem and is the following:

Theorem 7.17. Let ay,...,ar : N — Z be a family of sequences. Then for every system
(X, 2", n, T) the factor J,q is characteristic for the sequences ai,...,ay if and only if these
sequences are good for seminorm estimates and good for irrational equidistribution.

Remark 7.18. Once again the necessity of the conditions is relatively simple and we show it
first here.

Proof. Assume that for every measure preserving system the factor 7, is characteristic for
the sequences ay, ...,ar : N — Z and let (X, 2", 1, T) be an ergodic system, fi,..., fr € L>(p)
and suppose that || f;|l2 = 0 for some j € {1,...,k}. Then, by Proposition and Remark
fj is orthogonal to the (rational) Kronecker factor and so holds, which shows that the
seminorms || - [|2 control the averages in or, equivalently, that the family a4, ..., ax is good
for seminorm estimates for the system (X, 2", u, T).

Now, let t1, ..., tx € [0,1), where we assume without loss of generality that t; € R\Q, and let
(X, 2,1, T) be a system with e2™1 .. > some of its eigenvalues and fi, ..., fp € L= (1) be
the respective eigenfunctions. Then f; is orthogonal to 7,4 because by Weyl’s equidistribution
theorem (notice that T f; = @Mt f; and t; € R\ Q) it belongs to the "totally ergodic
component” of T, that is,

N2 0,V a € N,
2

Vo= {f € L2(p)

L
2T
n=1

which is the orthogonal complement of %, in L?(u) (see, for example, Theorem 7.10, in
the book of Einsiedler-Ward [5]). Thus, by assumption, (7.26|) holds once again and a simple
computation shows that (7.2]) holds. As in Remark we can conclude. O

Unfortunately, unlike the proof of Theorem we cannot use exclusively elementary argu-
ments to show the non-trivial direction of Theorem We will need some deep tools from
ergodic theory and specifically we will assume, in a decisive way, Corollary a weak case
of Host and Kra’s structure theorem that was presented in Chapter [3] For reference, we write
down the part of Theorem that we have yet to prove.

Theorem 7.19. Let ay,...,a; : N — Z be a family of sequences which are good for seminorm
estimates and good for irrational equidistribution. Then, for every system (X, 2 ,u,T), the
factor H,..+ is characteristic for the sequences ay,. .., a.

We recall the definition of systems with finite rational spectrum and make a simple remark
that will be used in the course of this theorem’s proof.

Definition 7.20. A measure-preserving system (X, 2 ,u,T) has finite rational spectrum if
Spec(T) N Q is a finite set.
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Remark 7.21. If (X, 2", u, T) has finite rational spectrum then there ezists a k € N such that
the system (X, 2", u, T*) has trivial rational spectrum. Indeed, if

Spec(T)NQ = {n1/my,...ng/my}, forni,...,ng € Z and my,....,m; € N,

gust let k =lem(myq,...,my). Then the eigenvalues ezm(%),fori =1,...,1, reduce to trivial ones
for T* and if 62’”'(%), with n,m € N is another eigenvalue of T* with eigenfunction f, we have
that T*™f = f, so that f is a linear combination of eigenfunctions with eigenvalues that are
(k - m)-roots of unity, which by the assumption for Spec(T) N Q, would imply that T*f = f, a
contradiction.

7.2.2 Intermediate results and simplifications

We will also use the following auxiliary result.

Lemma 7.22. If the sequences ay, ..., ax : N — Z are good for seminorm estimates and irrational
equidistribution, then so are the sequences by, ...,br : N — Z defined by

m—1 (n) — r
bi(n) = nmmr(aj(n))a](%, je{l,...k}, neN,
r=0

for some m € N fized.

In the proof of the above we will need the following statement which is of independent value
so we isolate it in a proposition.

Proposition 7.23. Let ay,..,ar : N — Z be sequences that are good for seminorm estimates for
a system (X, 2", pu, T) and the system (X X X, 2@ Z,ux pu, T x T) (or we could assume that
they are good for seminorm estimates for all systems), which gives that there exists an s € N
such that, if gi1,...,g9x € L>(p) and there is a j € {1,...,k} with |g;||s = 0, we have that

1
lim — ZTal(n)g1 T g —

0in L*(p). If in addition, ||g;|ls+1 = 0 for some j € {1,...,k}, then for any bounded complex
sequence (¢p)nen we also have that

N
1
Jim = Ty T Mgy T gy = 0
n=1

in L?(p).
Proof. For any N € N we have that

4

-(/

L2(p)

dp

| N
¥ Z en - T Mgy .. g
n=1

N

1

v § en - T Mgy ... g
n=1

which is equal to
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where F, = ¢, - T% Mg, ... T%M g, for n € N. By Cauchy-Schwarz this is bounded above by

’/F -F du

However, the last average is simply

ZF ® F,

where G, @ G, = (T x T)* (g, @ G7) - (T x T)*™ (g, @ Gr), for n € N. To conclude we
notice that sup,cy|cn| is bounded and that ||g;|ls+1,7 = O implies that |g;|ls,7 = 0 as well
(Proposition and also that [|g; ® Gjls,rx7 = 0 (as was shown in Proposition

1
=3 > /F @ Fp - Fp @ Fpy d(p @ p)
1<n,m<N

1<n ;m<N

2

Y

neN
L? (u®@p)

N
1 o
<Sup]cnl-HN E Gn @Gy
n=1

L2 (p®@p)

O]

Next we prove Lemma

Proof of Lemma[7.23. Let ty,....,tx € [0,1) and without loss of generality assume that ¢; is
irrational. In order to prove the equidistribution claim we need to show that

N
i 27r1 (b1(n)t1+ba(n)ta+...+bg(n)tn) _
Ngnoo N ;

Now, e2mi(bi(n)t1+b2(n)ta+...+bk(n)in) equals
00D ook BORMCHO) Ene ey
and, using the fact that Y7 " 1,,z.,(a;(n)) = 1, for all j € {1,..., k}, this becomes

J(n)t rt,;

2oy ) | 2mi(—(Doy T Tz (ag(n) 1) (7.27)

Letting F': ZF, — C be defined by
F(xy,..,xg) := e2m(7(2§:1 b iany lmz“(xj)%), T1,..., T € Zﬁ@,

the last quantity (in (7.27))) can be written as

(n)t

F(ai(n), ..., ag(n)) - 25 =), (7.28)

We now recall that the characters of ZF, are the functions
Zk — C*, such that x;(2) := e 2) Jfor j,z €{0,1,....m — l}k

where j -z = j121 + ... + jgz is the inner product of j = (j1,...,Jk) and z = (z1,...,2k). A
consequence of this is that the Fourier transform of a function f € L?(ZF,) has the form

0g) = Y f)x(2)
2€ZE,
and thus the Fourier expansion of f is the sum

> FoG)x

JELY,
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Consequently, if z = (a1(n), ..., ax(n)), for some n € N, we get the representation

Far(n), ax(n) = 3 Flxg)- (e Grenlmtetinentn)
JELR,

and using this, ([7.28) becomes

~ 101 ()4 Higag(n) | ag(n)ti+...tap(n)ty
Z F(x;) - (627”( = + - ))

JELE,

Therefore it suffices to show that

N

1 ; jitty Ittty
1i L 2mi(a1 (n) = L+ Fag(n) = =) 0
Ngnoo N Z ¢ ’
n=1
for all j1,..., 5k € {0,1,...,m —1}. But we have assumed that ¢; is irrational and so tl% is also

irrational for any j; € {0, 1,...,m— 1}, which gives the last claim because of the equidistribution
assumption for aq, ..., ak.

For the second property, let (X, 2", u, T') be any ergodic system and let m € N. We consider
the system (X, Zm, tom, ITm), called the "m-th root” of (X, 2", u,T), which is defined by

X =X x{0,1,...,m—1}, Z,, is the product o-algebra 2" ® &, where & denotes the power
00+061+...4+6m—1

= , and for any

set Z({0,1,...,m — 1}), the measure is pi, 1= p X Uy, for v, =
r € X we let

T (z,i) = (x,i+ 1), for i € {0,1,...,m — 2}, and T, (x,m —1) = (Tz,0)

We claim that the system (X, Zm, ttm, Tm) is also measure preserving. Notice first that if
Ax B e 2 x 2, then setting A1 x By := (Ax B)N (X x {1,....,m —1}) and Ay x By :=
(A x B)N (X x {0}) we get the equalities

T YA x B))=Ax (B-1)

and
T, (Ay x By) =T 1A x {m —1}.

Therefore, by the additivity of u,,, and because A; x By, As X By is a partition of A x B,
s (T (A % B)) = pim (T, (A1 % B1)) + (T, (A2 x By))
holds, where the last quantity becomes
(A) - V(B = 1)+ (T 4) - v ({m — 1)
Since T is measure preserving and v, is the uniform measure in {0,1,...,m — 1} we obtain
(T (A X B)) = j(A) - va(B) = ptn(A % B).

The claim now follows from the fact that 2~ x & is a semi-algebra that generates 2" @ .

Now, the family of sequences aq,...,ar is good for seminorm estimates for the system
(Xoms Zmy im, Tin)) by assumption, so that there exists an s € N, s > 2 such that, whenever for
91, s gk € L () there is a j € {1,...,k} with ||g;|ls—1,7;, = 0, we have that

. 1 a1 (n) ar(n) _
dim 5> T gr - Tt = 0
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in L?(pm). Notice that the system (X, Zom, tm, Tin) is not necessarily ergodic, but the se-
quences ai, ..., a, were assumed to be good for seminorm estimates for all ergodic systems and
thus, for all measure preserving systems, by Lemma [7.3] By Proposition this implies that
if in addition |gj|s1, = 0, for some j € {1,...,k}, then for any bounded complex sequence
(cn)nen we have that

N
. 1
NN Zl en T Mgy T Mg =0 (7.29)
n=
in L?(pty,). We will show that the seminorms || - ||s in fact control the averages
L
N T f T (7.30)
n=1

N e N, for any fi,..., f € L*°(p), meaning that if || f;]|s = 0 for j € {1,..., k} the averages in
converge to zero in L?(p1). From this we can infer that by, ..., by are indeed good for semi-
norm estimates. In this direction we first observe an important property of the transformation
T,,. For any f € L*(u) we have that

T7(f @) (z,i) = (fR )T (x,i) = (f@1)(Tz,i) = (Tf)(z), i €{0,1,...,m — 2}

and similarly
T7(f®@1l)(x,m—1)=(Tf)(x), for all x € X.
Hence, for fi,..., fr € L>(n) it suffices to show that if || f;j||s = 0 for some j € {1, ..., k}, then

N
lim — SO (f@1) - T (fro 1) =0 (7.31)

in L2(pm). But mb;(n) = Y7 Lnzar(aj(n)) - (aj(n) — ) = aj(n) — rj(n), for j € {1,...,k},
n € N and r;(n) € {0,1,...,m — 1} depending on j and n, and consequently the averages in

(7.31]) are equal to

N
%ZT&l(n)(Térl(n)(fl ®1))-- .Tﬁ%k(n)(T%m(n)(fk ®1)), N €N,
n=1

where 71,...,r; : N = {0,1,..m — 1} are the sequences described above. Now, there are m*

different possible values for each vector (r1(n),...,7x(n)) € {0,1,..m —1}* n € N, and so the
last average is equal to a sum of m* weighted averages of the form

N
1
o 2o LRI (L@ D) TR (T (fr ©1),
n=1

where N € N, ry,...,7, € {0,1,...,m — 1} and ¢, is either 0 or 1 for each n € N. Thus, all we
are left to do is show that

. 1 alln —T1 ap(n —-T
lim > e T T (fr @ 1)) - T (T (f 1)) = 0 (7.32)

in L?(tm). We know that [|f;
If; ® 1)|s,rm = 0. Indeed,

m

s,7 = 0 and that T (f; ® 1) = T'f;, so we also have that

1 ® Uy = ' 1 dﬂm] _ ' [ du’ — 1l
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and for any n € N

1An(f; ® Dlluzy = \ [wen g e dnm] _ ] Jwen-@men dum' _
‘/f-T"fjdu-/lez/m

175 @ oz = I fill2.r

_ ' [ 8, du] N

so that

which also gives

1A (S5 @ Dll2zge = 1(F5 - T f5) @ Dll2zge = 180 fill2ir

and generally || f; @ 1]ls7m = || fjlls,7» by the recursive definition of the seminorms. Moreover,
the fact that || f; ® 1]|s,z» = 0 implies that || f; ® 1|57, = 0 as well. This follows by Proposition
since S C Fpm. Therefore, \HTﬁrj(fj ® 1)|ls,7,, is also zero, for all r; € {0,1,...,m — 1},
so that holds in light of with g; = T)i(fi®1),i=1,2,...,m. To see the last claim
just observe that for n € N, the equalities

IT0™ (f5 @ Vllsz, = 1f ® Us,1, and A (T (f; ® 1))

Smi = H‘An(f] ® ]‘)m57Tm

hold trivially, since T, is measure-preserving and then proceed as before. ]

Before giving the proof of Theorem [7.19 we make an important simplification.
Proposition 7.24. It is enough to prove Theorem[7.19 for ergodic systems.

Proof. Indeed, let (X, 2", u,T) be any measure preserving system, let u = [z dp be the
ergodic decomposition of the measure p and fix an f € L>®(u). For any x € X let o and o,
be the spectral measure of f with respect to (X, 2, u,T) and (X, 2", puy, T'), respectively. By

(2.16)), we know that
E(f|H#rat(pn)) =0 < o({q}) =0, for every q € Q,

because Hyq;(11) is the L?(p)-closure of the linear span of the union | e Eq(T'), where
Ey(T) = {g € L*(n) : Tg = ’™g}.

Now, p = [ iy dp means that for any h € L'(x) the equality

Jo (1) at)) o) = [ 1o dute)

holds and so, for n € N and h =T"g - g, we have the equality

/X (/01 eminw dax(w)> du(z) = /01 X o ()

so that ¢ = [ o, dp(z). This implies that for any ¢ € Q we get that

/ o2({a}) du(z) = 0

and because the measures o, are non-negative, o,({q}) must equal zero for every ¢ € Q, for
p-almost every x € X. Therefore, E(f|#;qt(pz)) = 0 for p-almost every z € X and the
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result follows. Indeed, if fi,..., fr € L°(u) and without loss of generality we assume that
E(f1|#rat(p)) = 0, then for N € N

N 2 N 2
1 1
~ Z 7o) £y 7o) = / v Z T £y (™) g du(z),
n=1 L2(u) X n=1 L2(pe)
but
1 N ’ N
LA T R ALYt
n=1 L2 (pz)
for p-a.e. x € X, if the theorem holds for ergodic systems. O

We present two final reductions to make the main proof easier to follow. Henceforth, we
assume that (X, 2, u,T) is ergodic, ai,...,a; are good for seminorm estimates for this sys-
tem and good for irrational equidistribution. Then for any family fi,..., fr € L%(u) with
E(fj|#at(T)) = 0, for some j € {1,...,k}, our goal is to show that

N

1
li 72 Tar(n) g opak(n) g —
Nooo N 4~ h =0,

where the limit is in L?(u).

Proposition 7.25. For the proof of Theorem it is enough to show that the Kronecker
factor A (T) is characteristic for L?(u)-convergence of the averages

LN

NZTal(n)fl...Tak(n)fk_

n=1

Proof. Let f; = E(f;|.# (T)) + fi, where f; is orthogonal to #(T), for i € {1,...,k}, be the
orthogonal decomposition of f; with respect to £ (T'). If the Kronecker is characteristic then
the L?(p)-limit of

| N
~ Z 7o) fy o k() £
n=1
is the same as the L?(u)-limit of
L X
~ 2 TN Ef] A (T))) - T E(fi] 2 (T))).
n=1

Now, by the definition of # (T) as the L?(u)-closure of the linear span of all eigenfunctions of
T, for every € > 0 there are eigenfunctions g1, ..., g such that

N

. 1 a1 (n ak(n aiin AT

Jim {55 37 (T B (@) TN B () =T gy T4 g ) | <
n=1 L2(p)

Thus, we can assume that fq, ..., fr are eigenfunctions of T, which means that
Tf = e™if; with t; € [0,1) for i€ {1,...,k},

and t; irrational, since f; is assumed orthogonal to #.q:(T"). In this case

N N
1 1 )
im — ar(n) £ ... ak(n) £ .. C Tlim — 2mi(a1(n)t1+...+ax(n)ty)
leéoNnZlT fuo T e = (fre i) ]\}%anle

and the result follows by the irrational equidistribution assumption for the sequences ay, ..., ag.
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Proposition 7.26. In order to prove Theorem we can further assume that the system
(X, 2, u, T) has finite rational spectrum.

Proof. Without loss of generality assume that f1, ..., fi are 1-bounded and that E( f1|#(T')) = 0.
As we have mentioned in Chapter [3| if E(f|Z5(T)) = 0, then || f]|s+1,7 = 0. So, by writing f;
as E(fi|Z.(T)) + fi, where E(f;|2%(T)) = 0, for i € {1,..k} and s € N is such that the
Il - lls+1,7—seminorms control the averages

1
¥ Z 7o) £y ™)
n=1

(such an s exists because ay, ..., ax are good for seminorm estimates for all ergodic systems) we
see that we can assume the functions fi, ..., fx are Z5(T")-measurable or that, for our purposes,
2 = Z,(T). Then, by Corollary & is an inverse limit of systems with finite rational
spectrum, say, {(X;, Zj,u;,T;) : j € N}. Thus, for any € > 0 there exists j € N, such that
|E(fi| Z5) — fiHLQ(,u) < t, forall i € {1,...,k}. Indeed, by the properties of the conditional
expectation, we have that the sequence (E(f;|Z})) en converges almost surely to E(f;|2") and
since supjey [(E(fi] 25))| < |Ifillo, We also get L?(u)-convergence by Lebesgue’s dominated
convergence theorem or alternatively, by the L?-martingale convergence theorem, for any i €
{1,...,k}. However, this means that

1

N
S ST fy T f = T B(f ] 25)) - T B(f) 25)) )

N < €,

L2(n)

n=1

with € arbitrarily small, and consequently we can assume that fi,..., fi are Zj-measurable, or
more generally that the system (X, 2", u,T") has finite rational spectrum. O

7.2.3 Proof of Theorem [7.19]

After these last refinements we are finally in the position to prove the main result of this
subsection.

Proof of Theorem [7.19. By Proposition it suffices to show that the Kronecker factor ¢ (T')
is characteristic, so without loss of generality we assume that E(f1|.#(T)) = 0. Let by, ..., b be
sequences as in Lemma [7.22] Our aim is to prove that

N

1
; 72 ar(n) g .. par(n)
A}lmN TN fy TR f =0

in L?(p). For all j =1,...,k and n € N we have that

m—1

790 f5 =" Tnzr(aj(n))(T™)

r=0

a3t

(T f5),
which becomes
Z Lz ( a] Sb (n )( f )= Sbj(n)(Trj’nfj)a

where S :=T" and r;,, € {0, 1,...,m — 1} is such that 1,71, (a;(n)) = 1. Using this equality
in the previous average we obtain a sum of m* weighted averages of the form

N
% Z cn - ST (fr)) - - SEEO (TR ),
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where N € N, rq,...,r, € {0,1,...,m — 1} and ¢, is either 0 or 1 for each n € N. Since
E(f1|#(T)) =0 = E(T"f1|¢(T)) =0 = E(T"f1].¢(5)) =0, for any r € N,

which is true because the Kronecker is T-invariant and ¢ (S) C J# (T, we infer the following
reduction: It suffices to show that if a system (X, 2", i, S) has trivial rational spectrum, the

sequences by, ...,b : N — 7Z are good for irrational equidistribution and seminorm estimates,
E(fi|#(S)) =0 and (cp)nen is a bounded sequence, then

N
. 12: b1 (n b (n _

in L?(u). To begin with, since the system (X, 2", u, S) has trivial rational spectrum the same
is true for (X x X, 2 ® 27, u x p, S x S), as was shown in Lemma (see Remark .
Furthermore, the fact that E(fi|2#7(S)) = 0 implies that E(fi ® fi|-Z(S x S)) = 0, where
I(SxS)={Ac X 22 :(Sx8)"1A= A} is the g-algebra of (S x S)-invariant sets. This
was dealt with in the proof of Proposition Hence, if

TR u:/(u X 1) (z,y) A(p X )

is the ergodic desomposition of the measure p X i, then for (u x p)-a.e. (z,y) € X x X, we have
that the system (X x X, 2" ®@ 27, (1t X f1)(z,4),S X S) is ergodic with trivial rational spectrum
and such that

/fl ®E d(:u’ X :U’)(x,y) = 0.

Therefore, by Theorem we obtain that for (u x p)-a.e. (z,y) € X x X we have that

N
A % ;@ x S (L@ fr) - (S x )M (fr @ fr) =0

in L2((p x 1) (zy))- Integrating with respect to y x p as in Proposition this implies that
1 & _ .
lim > (S x S)MM(frefi) (S x5 (fre fi) =0

N—oo
n=1

in L?(p x p) and by the Cauchy-Schwarz inequality we get that

N
Jm D / (fx @ Fn) - (S x S (L@ fr) - (S x O (f @ Fp) dlu x p) =0,
n=1

for any bounded sequence (fn)nyen in L™®(u). But,

is the same as
/fN'Sbl(")fl“'Sb’“(”)fk d#'/ﬁv-Sbl(”)ﬁ...sbk(n)ﬁc dp,

which in turn equals
2

‘/fN'Sbl(n)fl'”Sbk(n)fk du
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Thus, another application of the Cauchy-Schwarz yields that

N
1 3 n n
NN 2 C”'/fN-Sb1< Vo 8O fidp =0, (7.33)

for any bounded sequence (¢, )nen. To complete the proof just set

N
1
fN = N Z Cr - Sbl(n)fl Ce Sbk(n)fk;
n=1

for N € N, which is a bounded sequence of L% (u)-functions and substituting in (7.33)) gives
the desired result, namely that

N
: 1 n n
lim Nzcn'sbl( )flsbk( )szo)

N—oo
n=1

in L2(u). O



Chapter 8

Khintchine-type lower bounds for
”independent” sequences

The climax of our work in the final part of this essay is the main theorem of this chapter. More
precisely, it is Theorem in which we prove that a Khintchine-type lower bound holds for any
family of linearly independent, integer polynomials with zero constant term. This theorem is for
the most part a consequence of our work in the preceding chapters, [7] and [ With these solid
foundations we are practically only left to prove Proposition below, which is hence an easy
task. We mention that the analogous result for the special case of the polynomials n,n? was
initially proven by Furstenberg and Weiss in [12]. The general case was conjectured by Bergelson
and proven by Frantzikinakis and Kra in [9] using the Host-Kra theory of characteristic factors
and some equidistribution results on nilmanifolds. In the course of our proof we have followed

the very recent methods developed by Frantzikinakis in [7], which avoid those deep tools.

8.1 Proof of the main result

We begin with a necessary definition of a property that the sequences will have to possess for
the main theorem to hold.

Definition 8.1. A family of sequences a1,...,ar : N — Z has good divisibility properties if for
every r € N we have that

d{n € N:aj(n)=0,...,ax(n) =0 (mod r)}) > 0.

Proposition 8.2. Let ay,...,ar : N — Z be sequences with good divisibility properties, which are
also good for seminorm estimates and irrational equidistribution, according to Definition [7.3
Then for every system (X, Z ,u,T), every set A € & and € > 0 there exists a set S C N of
positive upper density, such that for all n € S we have that

pANT™ 1M AN AT~ %M A) > (u(A)FF — e (8.1)

Proof. We will heavily use Theorem [7.17|of Chapter[7] Let (X, 2", u,T) be a dynamical system,
A€ Z and € > 0. For r € N let %, be the space of the T"-invariant functions of L?(p) and
notice that #; is a closed subspace of L?(u). Let also #;4; be the L?(p)-closure of the the linear
span of rational eigenfunctions of the system, that is, functions f € L?(y) for which there exists
q € Q, so that T'f = €™ f. Then, by definition, there exist rational eigenfunctions fi, ..., f,, of
the system so that

IE(QalHrat) = (fr+ -+ )l g2 < €/k

2mi-L 2 Im o r .
Assume that ¢” m1,...,e”" »m, where g € Q, are the eigenvalues of f1,..., f;, respec-

tively and let [ = lem(ny,...,ny). It follows that fi,---, fm € 2. But, by the definition of

155
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the conditional expectation in L? spaces as the orthogonal projection onto the closed subspace
with respect to which the conditional expectation is taken (here E(1 4| #.4) is the projection
of 14 onto the function space J#;4) and the fact that .7 is contained in J.,;, we get that

104 — EQLal#rat) 20 < 104 = ELAl#D) 200 < 114 = (Fr 4 -+ il 2

The first inequality holds because E(1 4|.%]) € ;4 and E(1 4| %#;4:) is the orthogonal projection
of 14 onto #,q, while the second is true, since E(14].%]) is the orthogonal projection of 14
onto % and f1 + ...+ fi, € #]. As a result we have that

£
i
If we define S; := {n € N : ai(n) = 0,...,ax(n) = 0 (mod l)}, then our good divisibility
assumption gives that d(S;) > 0, meaning that

S;Nil,....N
limsup’ 10 {L - N3 >
N—o0 N

[E(LalHrar) = B(La|AD) | L2y < [B(LalHrar) = (fr + -+ Fn)ll 22 < (8.2)

0,

which implies the existence of a IV,, — oo such that

Sin{l, ..., N,
hm‘l {7 7m}’>0

m—oo Ny,

(8.3)
Next, we consider the averages

1 al(n ap(n
W Z Ta( )fl"'T k( )fk’ (8.4)
™ eSiN[Num)

where [Np,] = {1,..., N} and f1, ..., fr € L=(n), m € N. We will show that the factor 7.4 is
characteristic for the averages (8.4), which means that if E(f;|-#5q:) = 0, for some j € {1, ..., k},
then the averages (8.4]) converge to zero in L?(u1), or equivalently, that the sequence

1
EREieS (72 fy o T iy = TS| Hpar) - TSyl Hrar))
l m nESlO[Nm] L2(M)

converges to zero as m — 0o. To see this equivalence simply write

S0 (T T fy - RS A ) - THOE (S| Hrar))
n€SIN[Np,]

as

S (T~ Bl Ha) - T - T f)

TLGSlﬂ[Nm]

> (TR Hrar) - T (fo = E(fol Hrar)) -+ T fi) + ot

nES;N[ N

> (TR Hrar) - T ol Hrar) - T (fi = E(fol Hrar) )
nESlﬂ[Nm]

Now, let G = (g) = {e,9,9%, ...,g'"'} be a cyclic group of order [ with identity e. Moreover,
let R: G — G with R(g™) = g™, for m € N, be the shift transformation on G and consider
a dynamical system (G,¥,v,R). If Lyeyis the indicator of e then it is trivial to see that the
averages in are the same as the averages

Nm,
WiVM (]\} Z(T x R)"™(f; ® Liey) - (T x R)*M(f, @ ]1{6})> (8.5)
m M on=1
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for every m € N. We have assumed that E(f;| %4 (7)) = 0 for some j € {1,...,k} and this
implies that E(f; ® L4y Ha(T x R)) = 0. Indeed

E(fj ® Liey| #rat(T x R)) =E(1® Ly - f; © 1|H4a(T x R)),
where 1 is the constant function that is everywhere 1 and this is equal to
(1@ 1)) - E(fj @ U Ha(T x R)) = (1@ 1) - E(fj| 0t (T)) = 0,

because #;q;(R) = # (R), since there are no irrational eigenvalues for R and .# (R) = L*(v),
as is the case for all rotations on compact abelian groups. Since the sequences aq,...,ax are
good for irrational equidistribution and seminorm estimates, by Theorem it follows that
the factor J#.4(T x R) is characteristic for the averages

N
% S (T x RO (f1 ® L) - (T x R)™ O (f, @ Lp,y)

n=1
which means that the average

N
— Z (T x R ™ (fy @ Iyep) -+ (T x R (fiy @ 1yey)

n=1

also converges to zero in L?(u x v) as m — oo. Now, using this and (8.3) we get that the
averages in (8.5) converge to zero in L?(u) as m — oo, and so the same holds for the averages
in (8.4) as well. A consequence of the equivalence that we established above is that the limit

1
liminf ———— fo T p o™ pdy 8.6
m—00 ’ 1N [Nm” nGSZZﬂ[:Nm] ( )

is equal to the limit (until the end of this proof J#,; is simply #..(T) and % is #(T))

1
liminf ———— > fo - TE(f1 | Har) - - T OE(fr| Hpar) dps,  (8.7)
m=00 Sy 0 [N nES;N [N
where fy also belongs to L>(u). Setting fo = f1 = ... = fr = 14 we get that becomes
1
liminf ————— Z p(ANT= 1M AN AT=%0 4)
m—oo |S; N [Np,]| SN
and (8.7) becomes
1
lim inf o E(1a| Hrar) - T E(L | Hrar) - - TR a| Har) dpp. (8.8
i 2 B TR ) (LAl Hrat) dp. (83)

Using telescoping once again we see that

/ E(La[ Hjar) - T OE(La| Hat) - - T*OE(La| Har) dpi

/ E(14|%7) - T ™ME(1a]| ) - - - T ME(1a]4) dp
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equals
[ B ~ BLAAD) - T OB (L o)+ T B(LA| Hror)
/ E(Lal#) - T (B(1 4| Hyar) — B(La|HD)) - T OB(La| Hpa) dpt + .t
[ AL - T B (L) -+ T (B(La| ) ~ (L)
and by this implies that the limit in is greater than

1
liminf ———— E(14]54) - T*"ME14]04) - - - T*ME(14]04) dp — e.
s 2

However, for n € Sjand j € {1,...,k} we have that a;(n) = 0 (mod 1), hence 7% ME (1 4].%) =
E(14|#) and so the last limit is equal to

k+1
/(E(JIA’%))’H—I dy —e > </E(HA|%) d#) —e= (#(A))k—&-l e
We have thus shown that

1
liminf ————— MAOT*‘”(”)AQ...QT*%(“)A > (u(A)F — ¢,
Moo Slm{Nm”neSlZﬂ[:Nm} ( ) 2 (u(4))

which we use to complete the proof of Proposition [8.2] just like we did in the final argument of
the proof of Proposition [£.12] O

Remark 8.3. With minor modifications one can also prove that (8.1) holds for a set S with
bounded gaps. In fact, to do this, we simply have to replace the averages of the form N—lm nNgl
with ﬁ Enelm where In = (an,by) are integer intervals with by —ay — 0o, as N — oo and

the argument works equally well for such averages.

As a special case of the previous proposition we obtain the recurrence result for linearly
independent integer polynomials. Specifically, the following theorem holds.

Theorem 8.4. Let p1,...,pr : N — Z be integer polynomials, each with zero constant term,
that is, p;(0) =0, for all j € {1,...,k}. If these polynomials are linearly independent, then for
every measure preserving system (X, Z,u,T), every set A € 2 and € > 0 there exists a set
S C N of positive upper density, such that for all n € S we have

pANT PO AN AT 4) > (u(4)H — e

Remark 8.5. According to the content of Remark[8.3, we can show that the same result holds
for a syndetic subset S of N.

Remark 8.6. The good divisibility property can be interchanged with the assumption that the
polynomaials have zero constant term.

Proof of Theorem[8.4. In order to prove the theorem we only need to show that such polyno-
mials satisfy the three conditions of Proposition [8:2] First, that the good divisibility property
holds is crystal clear, since for » € N fixed any n € rZ satisfies the equations

pi(n) =0 (modr), po(n) =0 (modr),...,pr(n) =0 (mod ),
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where the set rZ is syndetic, since its gaps are of length —1. This is so because the polynomials
have zero constant terms by construction. The property regarding seminorm estimates follows
from the PET induction argument we discuss in Chapter [6] and therefore, all we have to prove
is that linearly independent integer polynomials are good for irrational equidistribution.

So, choose t1, ...,t; € [0,1) not all rational, and consider the polynomial

k

p(n) => t;-p;(n).

=1

It is enough to show that p has at least one irrational coefficient, because then, by Weyl’s
equidistribution theorem, the sequence ({p(n)})nen is equidistributed, so that

1 N
. - 2 : 2mip(n) _
J\}g%o N n—1e 0-

Let d = max{deg(p1), deg(p2), ..., deg(px)} and write p;(n) = ajin + a;j2n?+ ... + a; 4n?, for all
j €{1,....,k}. Then, the coefficients of p corresponding to n", for m € {1,...,d}, are

t1-aym tta-aom+ ... +1g - Qg

By assumption, the vectors (ai1,1,a12,...,a1,4),(a2,1,a22,...,a2.4), ..., (@1, Gk 2, ..., Gk q), aT€ Ta-
tionally independent vectors in Z.
Now, assume for contradiction that all the coefficients of p are rational, say qi,...,qq € Q
and that
m =t1-a1m +t2- a2 + ... + U - g, for m e {1,...,d}.

We can assume without loss of generality that & < d. Then, the matrix defined by
a171 . al,d
A=
ag1 ... Qgd

has rank k& < d, meaning that the number of rationally independent rows of A is k and therefore
it has a right inverse, say B. As we have noted

[tl, ...,tk] A= [ql, ey qk]

we denote the multiplication of matrices) and so

”

(where by ” -

[t17 "'7tk] = [ql? "'?Qk] : B

But, B consists of rational entries, being the right inverse of A, therefore ¢q,...,t; must all be
rational, which is a contradiction. ]

The combinatorial consequence of the Theorem which result from Furstenberg’s corre-
spondence principle is shown in the following corollary.

Corollary 8.7. Let A C N of positive upper density, i.e. d(A) > 0. Let also p1,...,pp : N = 7Z
be a family of linearly independent integer polynomials with p;(0) = 0, for any j = 1,... k.
Then, for any € > 0 there exists a subset S C N of positive upper density such that

d(AN(A=pi(n) N (A =pg(n)) 2 dA) —¢

for anyn € S. In fact, we can even show that the set S is syndetic.
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