SUPPLEMENTARY MATERIALS: An Order-Theoretic Perspective on Modes
and Maximum A Posteriori Estimation in Bayesian Inverse Problems*

Hefin Lambley’ and T. J. Sullivant

SM1. Technical supporting results.

SM1.1. Radial cumulative distribution functions.

Lemma SM1.1 (Properties of RCDFs). Let X be a metric space and let p € P(X).

(a) For each r > 0, x +— u(B,(x)) is upper semicontinuous.

(b) For each x € X, r — u(By(x)) is monotonically increasing, is continuous from
the right, has limits from the left, and is upper semicontinuous. Furthermore, r +—>
w(By(x)) is differentiable \'-a.e.

Proof. For (a), fix r > 0 and let (z,,)nen converge in X to some 2z € X. Then

p(Br(2) = lm u(B, s () since By(2) = ) Brsateron) (@)
neN
= liIILSup M(Br+d(m,mn) ($))
> lim sup pu(By(xy,)) since B, j(ze,)(T) 2 Br(7n).
n—oo

For (b), monotonicity follows from the monotonicity of probability. To examine continuity,
fix z € X and let (r,)nen be a convergent sequence in [0, 00) with limit » > 0. If (r,)nen is
decreasing, then (,,cy Br, () = Br(z) and so the continuity of probability along monotone
sequences implies that (B, (x)) \, p(B(x)), which establishes continuity from the right. If
(rn)nen is increasing, then |,y Br, (z) = B,(x), and continuity of probability implies that
w(Br, (2)) 7 w(Be(z)) < p(B(x)), and this establishes existence of a limit from the left.

Now let 7, — 7, and make no assumption that this convergence is monotone. By the above,

limsup p(By, (x)) € {M(Br(ﬂv)), 1(By ()},

n—o0

i.e. the limsup is at most u(B,(z)), which establishes upper semicontinuity. Finally, a.e.-
differentiability of r — u(B;(z)) follows from monotonicity and Lebesgue’s theorem on differ-
entiability of monotone functions. |
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Corollary SM1.2. Let X be a separable metric space, let p € P(X), and fix r > 0. Then

M, = sup u(B,(z)) >0
zeX

and every sequence (Ty)nen such that p(By(x,)) — M, as n — oo is bounded.

Proof. The separability of X implies that supp(p) # @ [SM2, Theorem 12.14], and so
there must exist at least one x € X with u(B,(z)) > 0. Hence, M, > 0.

Now let (zy,)nen be any sequence such that p(B,(x,)) — M, as n — oo. Then there must
exist N € N such that

n>N = u(Br(z,)) = Mr/2 >0,

ie. z, eventually lies in {x € X | pu(By(xy)) = Mr/2}, which is a bounded set by Lemma
4.2(c), and so (zn)nen is a bounded sequence. [ ]

Definition SM1.3. Let X be a metric space. A probability measure p € P (X) will be called
spherically non-atomic if every metric sphere has zero p-mass, i.e., for all r = 0 and all

r € X, p(Br(z)) = M(Br(x))

Corollary SM1.4 (RCDFs of spherically non-atomic measures). Let X be a metric space and
assume that p € Z(X) is spherically non-atomic.

(a) For each r >0, x — u(By(x)) is continuous.

(b) For each x € X, r — pu(B,(zx)) is monotonically increasing and continuous.

(¢) (ryx) — pu(By(x)) is continuous.

(d) For cach z € X, p({x}) = p(Bo(x)) = limy 0 j( By (1)) = 0.

Proof. Easy modification of the proof of Lemma SM1.1 shows that
e for each r > 0, = — pu(B,(x)) is lower semicontinuous;
e for each z € X, r — pu(B,(z)) is monotonically increasing, is continuous from the left,
has limits from the right, and is lower semicontinuous.
For a spherically non-atomic measure j, each occurrence of u(By(z)) can be replaced with
w(Br(x)), and this together with the original statement of Lemma SM1.1 proves parts (a) and
(b).
An easy modification of the classical theorem of [SM9] on the joint continuity of separately
continuous functions (see e.g. [SM7, Theorem 3.1]) establishes (c).
Finally, (d) follows from p({z}) = u(Bo(z)) = u(Bo(z)) = (@) = 0; the claim regarding
the limit follows from the continuity of r — u(By(z)), as proven in (b). [ |

SM1.2. Radius-r modes in sequence spaces. Given p € [1,00) and « € ]Rlio, we define
the corresponding weighted ¢ space and its norm by
p\ 7
< o0

We also equip RY and its subspaces with the finite-dimensional projections

T
P =S v = (T)nen € RN ]z, := (Z OTH

neN! "

P,:RY 5 R?, 2= (k) ken — (Z1,. .., xn),
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and denote the ball of radius r > 0 centred at x € R™ by

Z" ye— i)
k — Lk
k=1 k

Lemma SML.5. Let X = £, for some p € [1,00), a € RY, and let p € P(X). Define the
set function i, (A) == (uo P, 1) (P,A) (This function is not necessarily a measure.)

(a) For anyn € N, z € X, and r > 0, the projection maps satisfy P,By(x) = B} (Pyx).

(b) For any x € X andr >0,

n Pn_l(PnBr(x)) = By(z).

neN

(c) Foranyn € Nand A € $(X), the projection maps satisfy P, (Pm_lA) C Py Y (PA).
(d) For anyn € N and A € B(X), the set functions u, satisfy pn(A) = u(A).
(e) For any x € X and r >0, one has lim,_,o pin(Br(x)) = p(Byr(x)).

Proof. (a) Use that

P, B, (z) = {y € R" | there exists § € X such that ||§ — z|/» <rand y= P.j}
n |9k — :ck!p » -
y € R™ | there exists § € X such that Z ———— << rPandy= P,y
ol
k=1 k
|y — axf?
= {y ER" > T < rp} = B"(P,x).
k=1
(b) Observe that, by (a),
(P ' (P.B = () P, {(B}(Paz))
neN neN

={y € X | Py € B'(P,x) for all n € N}
{yEX ZM rpforallnEN} B, (x).
k=1 a’f

(c) This is a straightforward consequence of the definitions.
(d) This follows from the inclusion A C P, !(P,A) and monotonicity of .
(e) As (P, (PuBr(z )))n ¢y 18 a decreasing sequence of sets, it follows that

Jim pi(A) = lim (P (PoBr (@) = u(ﬂ B! )) = pu(B(v))
neN

by continuity of measure. |
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Lemma SM1.6 (Spherical non-atomicity and weak upper semicontinuity in sequence
spaces). Let X =/, 1<p<oo,ac REO, and let u € P(X). Suppose that uo P, € P (R")
is spherically non-atomic for each n € N. Then, for each fixzed r > 0, the map x — u(B,(x))
18 weakly upper semicontinuous.

Proof. Suppose that zp — z* as k — oo, and let p,(A) = (uo P, ) (P,A). Since
tn(Br(x*)) Ny p(Br(z*)) (Lemma SM1.5), it follows that, for any € > 0, there exists N €
N such that, for all n > N, pn(Br(z*)) — p(Br(z*)) < e. Using this and the inequality
tn(Br(xg)) = p(Br(zy)) for any k € N, we obtain

(SML.1) 1By () — 1(By(2*)) < pin(By (1)) — pin(Bo(a*)) + <.

By hypothesis, z, — z*, so P,z — P,x* as k — oo. As po P, ! is assumed to be spherically
non-atomic, = + (o P 1)(B?(x)) is continuous (Corollary SM1.4). Hence,

klgilo(“ o PV (P, B, (1)) = klir{:o(u o PV (B (Puxy)) Lemma SM1.5(a))
= (o B, ) (B} (Paz™))

= (uo Py ) (PuBy(a))

by continuity)

)
(
(
(Lemma SM1.5(a)).

Hence, limy 00 pin(Br(xr)) = pn(Br(x*)). Taking limits as k — oo in (SM1.1) yields that

lim sup pu(By (1)) — p(Br (7)) < klgrolo tn(Br(z)) — pn(Br(2¥)) + € = €.

k—o0

As e > 0 was arbitrary, this shows that x — u(B,(x)) is weakly upper semicontinuous. [ ]

We now state an explicit version of Anderson’s inequality following the inequalities of
[SM5, Lemma 3.6] for Gaussian measures and [SM1, Lemma 6.2] for Besov measures with
p=1.

Fix parameters’ 1 < p < oo, s € R, and d € N; the (sequence space) Besov space X, is
defined to be % for the weighting sequence v, == k~(5/4+1/2+1/P "and the (sequence space)
Besov measure B, is defined to be the countable product measure @),y ttk, where i, € Z(R)
has Lebesgue density proportional to exp(—|zx/yx[?). It is known that Bj charges X/ with
full mass when ¢t = s — (14 7n)d/p and n > 0 [SM8, Lemma 2.

Lemma SM1.7 (Explicit Anderson inequality for Besov-p priors, 1 < p < 2). Let s € R,

deN, n>0 andlet t =5 — (1+n)dp. Suppose that X = X, and let p = By, € P(X) be a
sequence-space Besov measure. Then, for any 0 < r < Hxng and x € X,

(SM1.2) m < exp(—é(HQ;HX; _ T)”).

Proof. The space X]t) can be written as the sequence space Ef; with the weighting sequence
O = f—(s/d+1/2)+(24n)/p Ve = k—(s/d+1/2)+1/p  The formula for the unnormalised marginal
density of the Besov measure then yields

'In the original setting of real analysis, s and d were interpreted as smoothness and spatial dimension
respectively, but for us only the ratio /4 is important.
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tin(Br(x))
pn(Br(0))
B anBr(a:) exp(— D oiq [vi/lP) du
anBT(O) exp(— > i [4i/lP) du
_ SUPyeP B () exp(—g 2oi1 [¥/6:lP) [, () XD (= iy [uifl? + 5 D00y [wifoi|P) du
h Jpo 0y &P (= iy [/l + 3 2| i/ailP) du

1 n
< sup exp<—22|y¢/5i|p)’
)

yEP, Br(x i—1

where the ratio of integrals is bounded above by 1 using Anderson’s inequality [SM3]. Hence,
as limy, o0 tin(Br(z)) = p(Br(z)) (Lemma SM1.5),

 pn(Br(z) BN
—— L = lim ————= < lim sup exp|-—=
w(Br(0))  n—oo iy (By(0)) ~ n—oo yEP, By (z) 2 Z

=1

which establishes (SM1.2). [ ]

Theorem SM1.8 (Radius-r modes for product measures on weighted (? spaces). Let X = 5,
1<p<oo, a€RY). Let py = @, cn tin € P(X) with each p, < A on R. If i < po, then
w has a radius-r mode for any r > 0.

Proof. As pg is a product of the measures pu,, which are all absolutely continuous with
respect to A!, the pushforward measures g o P, ! are absolutely continuous with respect to
A" As pu < po, it follows that o P;! < ppo Pt so the pushforwards of u are also
absolutely continuous with respect to A". Hence, the measure p has spherically non-atomic
pushforwards p o P!, and so the map = — u(B,(z)) is weakly upper semicontinuous for
any r > 0 (Lemma SM1.6). As any sequence (p)neny wWith u(By(zy)) M, is bounded
(Corollary SM1.2), there must exist a weakly convergent subsequence (z, )reny — z* by the
reflexivity of /5, p > 1. The weak upper semicontinuity of x — u(B,(x)) implies that z* is a
radius-r mode, because M, = limy_,oc (B (xp,)) < p(Br(x¥)).

Corollary SM1.9. Suppose that X = (5, 1 < p < o0, a € RIEO. If p < pg and pg =
®nEN Hn is

(a) a Gaussian measure;

(b) a Besov measure; or

(¢) a Cauchy measure,
then p has a radius-r mode for any r > 0.

SM1.3. Small-ball probabilities for the countable dense antichain. The measure in The-
orem 5.11 places variants of the prototype densities py ,, at each dyadic rational. While a
variety of constructions are possible (see Remark 5.12), we choose to use the dyadic rationals
in [0,1] as the dense set for simplicity. The advantage of using the dyadic rationals is that
one can exploit the natural “level” structure, writing D, = {(21 —1)27¢ ‘ 1<K 25*1} for
those dyadic rationals which, in their simplest form, can be written as ¢27¢. From this level
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structure, one can explicitly compute the distance between terms and bound the support of
the densities py (g i) m() centred at points in Dy.

As the dyadic rationals are precisely the points in [0, 1] with a finite binary expansion,
the behaviour of the RCDF u(B,(x)) at an arbitrary point = € [0, 1] depends on a quantity
which we call the dyadic irrationality exponent, and denote S2(z), which can be thought of as
a quantitative estimate on the length of runs of 0s or 1s in the binary expansion of x. This
quantity is very much analogous to the number-theoretic irrationality measure p(z,n) =
mini«p<qq<n | — P/q| and corresponding irrationality exponent (x) [SM6]. We choose the
notation [(x) for the irrationality exponent and not the more usual p(z) to avoid confusion
with the measure pu.

Definition SM1.10. (a) The dyadic irrationality measure of = € [0, 1] is given by

wo(x,f) == min |z —q]|.
qGLﬂle Di

(b) The dyadic irrationality exponent of x € [0,1] \ D is given by

s ()02(337£) _
llggfw > O} = sup{ﬁ >1

p2(2,0) _ OO}‘

Ba(x) == inf{ﬁ >1 5t

lim inf
£—r00
The dyadic irrationality exponent [S2(x) is well defined, and indeed

() 0, B < Ba(x),
(SM1.3) llen_lNl)I‘}f g = {+007 5> fola).

In general, it is not possible to say anything about the limit in (SM1.3) in the critical case =
B2(z); the value could be anything in the range [0, 4+-0c]. Furthermore, as o(z,2¢) < pa(z, £),
it immediately follows that f2(x) < B(z), but the quantities are not equal in general — for
example, any irrational number must satisfy 3(z) > 2 by Dirichlet’s approximation theorem,
but one can construct irrational numbers with S2(x) = 1.

Lemma SM1.11 (Properties of the measure in Theorem 5.11). Let u € Z(R) be the measure
in Theorem 5.11 and fix ¢ € N.
(a) Given qu; € Dy, the density prs)me)(- — qei) is supported within By-aets(qe)-
(b) For distinct quz,qry € Dy, the densities py ) me) (- — @) and pyeinyme (- — i)
have disjoint support, and the supports are a distance at least 2=¢ — 2=4+% gpart.
(c) Fiz 6,7 >0 and x € [0,1], and suppose that infyecp, |z —q| > 6 +r. Then

2[—1

T+
D / Pr(eiym(n)(t — qes) dt < 2r6772.
i=1 xr—Tr

Proof. (a) By construction, py(si)m(e) has mass m(f) = 272641 Hence, the truncation
radius of this singularity is at most 2m(¢)? (Proposition 5.10(e)) and therefore the
support is contained in a ball of radius 2 x 2~4+2 L 2-4+3,

(b) Distinct points in D, must be a distance at least 27 apart, and by (a) the supports of
the densities py(g,i),m(¢) and pr(e,ir),m(¢) are contained in a ball of radius 2-4+3 Hence,

4043

their supports must be at least a distance 27¢ — 2 x 2~ apart.
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(c) By Proposition 5.10(f), outside of Bs(qe,i), the density pr(i)m() is bounded above
by 6~"/2, and the supports of the densities are disjoint, so the upper bound follows
immediately. |

Lemma SM1.12 (Behaviour of RCDFs in Theorem 5.11).

Let p € Z(R) be the measure in Theorem 5.11.

(a) Suppose that qo; € Dy. Then p(Br(qei)) ~ tie,i)m(e)(Br(0)) asr — 0.

(b) Suppose that x € [0,1]\ D and that B2(x) < 4. Then, for any 5 € (B2(x),4), it follows
that (B, (z)) € O(r™™ML78}y g5+ — 0, and in particular p(B,(z)) € o(r'/?).

(¢) Suppose that x € [0,1]\ D. Then, for any q € D,

and therefore x ||o q.

Proof. (a) For any r < 27, the ball B,(gs;) does not contain any element of Lﬂle D;
except qo;. Furthermore, for m € N, if r < 27™ — 274m+3 then B, (g,,;) does not
intersect the support of any singularity centred at ¢’ € D,,. (Lemma SM1.11(a)).

As 27™ — 274mF3 € ()(27™) as m — oo, there exists M € N and ¢ > 0 such that

27m _9=4mE3 5 0™ for allm > M.

Picking £1(r) := [—logy(7/c) |, we observe that B;(gs;) is disjoint from the supports of
any singularities in Uél(r) D;. Hence, we bound the mass from the first M levels using
Lemma SM1.11(c), then note that there is no contribution from levels M, ..., ¢;(r),
and finally bound the total mass from level ¢1(r) + 1 onwards crudely. Fix 0 =

infq’elﬂf\il D, |gei — ¢'| and suppose that r < 9/2; then

1(Br(qe.i))
< (e, m(e)( +(0))

+ZZ/_ Pi(ig)m(i) (E — ¢ig) At + Z

i=1 j=17%"" i=l1(r)+1
< Bk(e.i).m(ey(Br(0)) + 2M (8/2) "2 + Z 97 (Lemma SM1.11(c))
i=01(r)+1

= [(ei),m(e)(Br(0)) + O(r) as 7 — 0.

AS pigy(e,i),m(e) (Br(0)) € O(r'/?) as r — 0 (Proposition 5.10(c)), the O(r) term is negli-
gible and hence 1(Br(qei)) ~ tiei),m(e)(Br(0)).
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(b) Take 8 € (B2(x),4); (SM1.3) implies that

infqetrjle Di]x —q| .

lim inf

it

Hence, for rp == 274+3 it follows that infqewe blz—ql —re € Q27F% as £ — co.
i=1""1

Furthermore, as the supports of the densities centred at distinct elements of D, are

disjoint and at least a distance 27¢—274+4 ¢ (27¢) apart (Lemma SM1.11(b)), there
must exist L € N and ¢ > 0 such that, for all ¢ > L,

inf |z —q| —rp> 277
qeL’!’Jf:l D;

2—€ _ 2—4€+4 > 62_4.

Defining ¢, (r) = L—% logy(r/c)| and la(r) == | —logy(7/c) |, we see that if L < ¢ < £1(r),
then B, (z) is disjoint from the support of every density centred at a point of Dy, and
if £1(r) < £ < la(r), then B,(x) intersects the support of at most one density centred
at a point in Dy. For £ > lo(r), it is sufficient to bound u(B,(x)) by counting the total
mass added in the /*" level.

Hence, let § := infqeLﬂiL:1 p,|T—4q| > 0 and pick r < §/2 so that we may bound the mass

from the first L levels using Lemma SM1.11(c). Using this and the claims above,

1(Br(z))
L 20t £a(r)
< Z Z / Pr(ei)me)(t — qeq) dt + Z m(f)
=1 i=17*7" £=£1(r)+1
+ ) 2t
L=la(r)+1
£a(r)
<2LOf2) " Pr4 Y 27 4760 (Lemma SM1.11(c))
=01 (r)+1

< 2L(5/2)‘1/2r + 22—2(61&)“) + 2r
Cc

2 .
< 2L(3/2) " Pr + §(£) & + 2% e O(r™{L2/8Yy ag 1 — 0.

3

(c) The case fa2(z) < 4 follows from (b). Hence, without loss of generality, suppose that
B2(x) > 1 and pick 5 € (1, B2(z)); (SM1.3) implies that

inf 0 ,lzr—q
1- . f qeLﬂi:l D'b —
iint S =0

Hence, there must exist a sequence ({x)ixen * 00 and a sequence (qe, )ken With gg, €
Dy, such that |z—gqp, | < 27P%~1. This implies that any q,, # q € L*'in1 D; must satisfy
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lz—q| > 27%—278%~1  Asit suffices to bound pu(B,(x)) at the radii s, :== 278%~1 X 0,
we proceed by bounding the mass contributed by the first £ levels by the total mass
from the density centred at gy, plus a ©(r) term given by Lemma SM1.11(c).

For ¢ > (i, by a similar argument to that used above, any q € D, satisfies |x — ¢| >
2=t _2-Btk=1_ Ag the density centred at ¢ is truncated at a radius at most r, :== 2~4+3
and 274 — 27443 € Q(27%) as £ — oo, there must exist L € N and ¢ € (0, 1) such that
for L < £ < By,

|z —q| —rp > 270 =27t g7 5 o=t 9=Blk—L

So, Bg, (z) does not intersect the support of any density centred at a point of Dy if
sp < 278 —27P% L hence, if L < ¢ < Bl + logy(c), then By, (z) does not intersect
the support of any density in the /" level.

Combining these two claims and taking k large enough that ¢, > L 4+ 1 yields the
bound

le—126-0 4
Pr(e,i)m(e) (t — quq) dt
-—Tr

(B @) < 3 /

=1 i=1"7%

+ w(Bs, (qe,)) + Z 27
{=|Blr+logy(c)]

3 B —1/2 8s
< 20, (2 b _ 9 Bfk) sk + 1(Bs, (q0,)) + —=

(Lemma SM1.11(c))
l/ﬁ 71/2 8Sk
< 20 ((25k) - 23k> sk + 1(Bs, () + =~

As (2s3)"° — 2s;, € Q(s,lg/ﬂ) as k — oo, we may pick k sufficiently large that (2s;)"? —
2sp, > C’s,lg/ﬁ for some C' > 0. Hence, using that ¢} = —%(10g2(sk) - 1),

1 8
1(Bs, () < 1(Bsy (4r,)) + 20(C's") "2 + —&

2012 _ 8s
2 (lomy(sn) — 1)y B
= u(Bs, (qr,)) + 0(3,1/2) as k — oo.

< IU’(BSk (qgk)) -

The claim follows because

lim inf A Br () < lim inf (B (90,))

P u(Bre) SRR L Bae)

and the RCDFs at distinct dyadic rationals are chosen so that their ratio oscillates on
either side of unity.

(d) Take B € (4, B2(x)). Then, by (SM1.3), there exists a sequence of levels (;)ren /00
and a sequence (qr, )ken With g, = qr, 5, € Dy, With | — gy, | < c27P%  Tgnoring the
contribution from densities centred at points other than gy, , we observe that
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r—r
Either x > gy, or x < g, ; we deal with the first case as the second is almost identical.
Fix s;, = 274 *3 By translating the density, we see that

Sk
1(Bay () > / Pr(tpin) it (£)

—sp+(z—qe,,)

Sk —sp+(z—qe,,)
=/ Pkt i),m(er) (1) dt—/ Pkt in)m(ex) (1) dt.

—Sk —Sk

Indeed, as the density py(g, i\),m(e,) 1 truncated at a radius at most 27443 (Proposition
5.10(e)), and as |z — gy, | € o(s), one sees that the ball mass around x asymptotically
approaches the ball mass around the approximant gy, . By a similar argument to (c),

s Br(@) ~ (B (0))

i.e. x #o ¢, because the ratio of RCDFs at two distinct dyadic rationals oscillates
on either side of one. The claim on incomparability then follows because ¢ #g x
(Lemma SM1.12(c)). [ ]

> 1,

SM2. Alternative small-radius preorders. This section briefly outlines some alternatives
to Definition 5.1 of <o and their shortcomings.

The main difficulty that one encounters with alternative definitions is that the correspond-
ing relation may not be transitive. We claim that transitivity is an essential property for any
small-radius relation: without transitivity, it is not meaningful to talk about maximal and
greatest elements, and so the characterisation of modes as greatest elements of an order fails.

Of course, for a small-radius preorder to be relevant to us, its greatest elements must have
some natural interpretation as “points of maximum probability”. In some sense, determining
what characterises a point of maximum probability is the main challenge, but, motivated
by the examples considered throughout the paper, we believe that none of the alternative
small-radius preorders are a significant improvement on preorder <.

It seems natural to define an ordering on X by taking limits of the positive-radius preorders
<, as7T — 0. As any binary relation can be viewed as a subset of the Cartesian product X x X,
where (z,2) € <, precisely when z <, 2/, we define some candidate limiting orderings using
set-theoretic limits of the net (<, ),~0. The corresponding limit set need not be a preorder in
general, but we show that certain set-theoretic limits do always yield a preorder.

Indeed, the set-theoretic limits inferior and superior of a net (A;),~o of subsets of X are
defined by

hgl_}élfAT = U ﬂ A, ={ye X|ye A, forall r < R(y)},
R>0r<R

limsup 4, = ﬂ U A, = {y € X | for some null sequence (7, )nen, y € Ay, for all n € N},
=0 R>07<R
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and the Kuratowski lower and upper limits of (A;),>o are defined by
LiO A, = {y € X |y is a limit point of the net (A;),~0},
r—

LSO A, ={y € X |y is a cluster point of the net (A,),>0}.
r—

The following is a useful equivalent characterisation of the Kuratowski limits:

Lemma SM2.1 ([SM4, Lemmas 5.2.7 and 5.2.8]). Let X be any metric space and let (A, )r>o
be a net of subsets of X.
(a) x € Li,—0 Ay if and only if there exists a net (z,)r>0 converging to x with x, € A,.
(b) x € Ls,—o Ay if and only if there exists a decreasing null sequence (ry)pen and a
sequence (Ty, )nen converging to x with x,, € A, .

The set limits described above give four different approaches to taking the limit of the
sets (=r)r>0, which we denote

limsup .__

ﬁgmlnf = liminf <, <0 = limsup <,
r—0 r—0
Li . Ls
<=L =< =g = Ls <.
0 THO\T’ Y ra()\r

Proposition SM2.2. Let X be a metric space and let pn € P (X).

(a) <iminf is o preorder;

(b) —48“1 inf js a subset of <o;

(c) o <liminf o/ — 2 <o 2/,

Proof. For (a), it is routine to check that <i™ inf i a preorder: reflexivity is obvious, and
if x <8minf y and y ﬁgminf z then there exists R > 0 such that, for all r < R, z <, y and
Yy <X, 2, giving = <, z by transitivity of <.

For (b), (z,2') € <iminf implies that, for some R > 0 and all 7 < R, = <, 2. Hence,

lim sup M

<1,
0% (B, ()

so x <o 2’ by definition. Claim (c) follows immediately from (b): if (z,2') € <i™inf then
(z,2") € <0, 80 T <0 2. [ |

As a consequence of (b), any =<¢-antichain is also a <8mmf—antichain. Hence, Theorem
5.11 gives an example of a countable dense <gm inf_antichain; this demonstrates that sgm inf
does not have better behaviour in this regard than <.

The set-theoretic ordering 48“1 inf can also be criticised as unnecessarily strict in cases
where 2’ < @ for any r > 0, but

 wB)
mse (Bo(e'))

Example 4.9 gives a measure where the <8minf—greatest elements and the =<g-greatest ele-
ments differ: under <8mmf only +1 is greatest, whereas both —1 and +1 are <-greatest.
While ﬁgmmf—greatest elements are reasonable candidates for modes, they do not seem to
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correspond exactly to any of the established definitions of modes. To be more precise, while
Proposition SM2.2(b) implies that they are always weak modes, it is not clear whether or not

they are strong modes, and not all weak modes are <gm inf_sreatest.
Example SM2.3 (<0™" is not necessarily transitive). The essential idea is even if z <y, ¥

for some null sequence (rn)neN, and y <, z for some null sequence (77, )nen, it is possible that
x %, z for any r > 0. For a concrete example of this situation, let

X ={-2+27""|neN}u{2£27%"|neN}u {27 |ne N}
with its usual Euclidean metric. Define the “target RCDFs”
f(2—3n+2) — 2—3n+2 (2—3n+2) 2—3n+1

2733 if n is odd,

h(273%2) = {23n

if n is even,

and let
1
Z 5 2 3n+2 f(273n71)) (5_2_2—3n+2 + (5_2+2—3n+2)
neN
1 1 —3n —3n—
+ 7 5(9(2 ) —g(27? ")) (Ba—o-sn+2 + Gpyo-3n-1)
neN
+ % %(h(2_3n+2) - h(2_3n_1)) (5,2—3n+2 + 52—3n—1),
neN

where Z is a normalisation constant chosen to ensure that u € 2(X).
The construction of y ensures that the RCDFs at —2, +2 and 0 are + f(r), £g(r) and

~h(r) for r <271, Then

2.

p(Bo-sn+2(— )) 271 if n is odd,
p(Ba-3n+2(0)) 22 if n is even,
((By-sn+2(0)) |22 if nis odd,
((Bo-sni2(+2)) |21 if n is even,
)
)

(
(B sn12(~2))
#(By mr2(+2))

It follows that —2 xgmsup 0, because there are null sequences (7,,)nen such that —2 <, 0
and vice versa; the same argument shows that 0 < =<UmSUP 49 But —2 =<y 2 for any r > 0, and
hence —2 %hm SUP 9. This violates transitivity.

Ezample SM2.4 (<! and <§* are not necessarily transitive). Let u € Z(R) be the measure
with Lebesgue density p(z) := 1 [z € [0,1]]. We first verify that:

(a) z <511 for any x € R;

(b) 1 x5z for any x € R;
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(c) Y2 £5S x for any x € R\ [0, 1]; and

(d) Y2 &' & for any x € R\ [0, 1].

For (a), observe that z <, 1 —r for all small 7, so (z,1 —r) € <,. Hence, (z,1) € <! by
Lemma SM2.1.

For (b), use that 1+r <, z for all small r, so (1+7,z) € <,. This implies that (1,z) € <{'.

For (c), suppose that (z), ,zr,) — (1/2,z), and (2, ,2r,) € <r,. Let € = min{|z|, |z—1|} >
0. There exists N7 € N such that, for all n > Ny, min{|z, |, |x,, — 1|} > /2. As (7n)nen is
a decreasing null sequence, there exists No € N such that, for all n > N, r, < /2. Picking
N = max{Ny, N2}, we have u(By, (z,,)) = 0 for n > N, because B, (z,) N[0,1] = @. It
is easy to see that if 27, — 1/2, then for sufficiently large n u(B,,(x;, )) > 0. Hence, for all
sufficiently large n, 2, &, 2r,. This is a contradiction.

Claim (d) is a corollary of (c), because <§' C <5°.

Now we prove that <%i and <I(js are not transitive. Suppose for contradiction that they
are: then (a) and (b) imply that every point = € R is equivalent to 1, and so all points in R are
equivalent by transitivity. As <%i C #IGS, this implies that all points are also ﬁgs—equivalent.
However, (c) and (d) show that not all points in R are <{*-equivalent or <{'-equivalent.
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