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Abstract

The goal of Algebraic Topology is to construct functors from a category of topological spaces to
the category of a specific algebraic structure. A particularly important class of such functors are
cohomology theories which assign sequences of R-modules to topological spaces which satisfy the
Eilenberg-Steenrod axioms and importantly only depend on the homotopy type of the space. By
restricting to the category of smooth manifolds, we can produce a notion of cohomology: de Rham
Cohomology. This report details the construction of differential forms and de Rham Cohomology with
the major goal being to show that de Rham Cohomology satisfies a version of the Eilenberg-Steenrod
axioms.
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I. Introduction

1.1 Motivation

Algebraic Topology can be broadly summed up as the study of algebraic invariants that can be defined
on certain classes of topological spaces which allow us to distinguish them up to homeomorphism or
homotopy equivalence. In the context of Category Theory, this amounts to constructing functors from
the category of topological spaces and continuous maps to a category of algebraic objects with the
relevant homomorphisms [BBT20].

One particularly important and interesting class of spaces are manifolds, which are spaces that
locally look like Euclidean space. It is possible to generalise the notions of calculus on R™ by defining
smooth structures on manifolds. A manifold with a smooth structure is called a smooth manifold. We
can exploit this smooth structure to produce rich algebraic structure, the highlight of which will be
differential forms and the exterior derivative. Together, they allow us to define an algebraic invariant
called de Rham cohomology which turns out to only depend on the homotopy type of the manifold
[Leel2]. The main goal of this report is to show that, in fact de Rham cohomology satisfies a version
of each Eilenberg-Steenrod Axiom, not just the homotopy axiom!

We proceed first by briefly discussing some category theory since it provides us with a consistent
language for discussing rigorously the association of algebraic structures to topological spaces. We
then introduce some notions from homological algebra which give us the tools to actually construct
examples of such algebraic structures.

1.2 Some Category Theory

Category theory is not only studies objects but also the relationships between them. In this way, we
define categories to contain information about both objects and their relations. We can then talk
about mapping between different categories, formalising the notion of associating algebraic structures
to topological spaces [BBT20].

The following is adapted from Topology: A Categorical Approach [BBT20].

Definition 1.2.1. A category, C consists of the following:
1. A class of objects Ob(C)
2. For any two objects X, Y € Ob(C) a set of morphisms, Hom(X,Y)
3. For all X € Ob(C), there exists a morphism idx € Hom(X, X) called the identity morphism

4. For all f € Hom(X,Y) and g € Hom(Y, Z), there exists a morphism
go f € Hom(X, Z) called the composition of f and g

satisfying
5. idy of = f = foidx for all f € Hom(X,Y),
6. fo(goh)=(fog)ohforall h€ Hom(X,Y), g € Hom(Y, Z), f € Hom(Z,W).

Example 1.2.2.

¢ ] 0b(C) \ Hom(X,Y) |
Set Sets Set functions
Grp Groups Group homomorphisms
Vecty | Vector Spaces over the field & k-Linear maps
Top Topological Spaces Continuous maps
hTop Topological Spaces Homotopy classes of maps
R-Mod | R-Modules where R is a ring R-Linear maps




Looking at Top in more detail, we note that for a topological space X, the identity map idy : X — X
is always continuous and for topological spaces X,Y and Z and continuous maps f : X — Y and
g:Y — Z, their composition go f : X — Z is continuous. Moreover, composition of set functions is
associative.

In each of the categories above, we have a notion of when the objects are “the same”. For example,
for topological spaces we have the notion of homeomorphisms (Definition A.1.3) and for groups we
have the notion of group isomorphisms. If two spaces are homeomorphic or two groups are isomorphic,
they have the same structure in the appropriate context. We can generalise this to any category.

Definition 1.2.3. Let C be a category, X,Y € Ob(C) and f € Hom(X,Y).

o We say f is left invertible if there exists a morphism g € Hom(Y, X) such that go f =idx. The
morphism g is called a left inverse of f.

e We say f is right invertible if there exists a morphism g € Hom(Y, X) such that f o g = idy.
The morphism g is called a right inverse of f.

o We say f is invertible if it is both left and right invertible. We then say f is an «somorphism.
e If an isomorphism f € Hom(X,Y) exists, we say X and Y are isomorphic and we write X =Y.

Lemma 1.2.4. Let C be a category, X, Y € Ob(C) and f € Hom(X,Y) be an isomorphism. If
g,h € Hom(Y, X) are a left and right inverse of f respectively, then g = h. We call g an inverse of
f. Moreover, the inverse of f is unique.

Proof. First, using associativity we have that
g=goidy =go(foh)=(gof)oh=idyoh = h.
Next suppose that g, € Hom(Y, X) are both inverses of f. Then
g=goidx =go(fog)=(g9of)og=idyog=g.
So the inverse is indeed unique. O

In the spirit of study objects and the relationships between them, we want to study relationships
between categories. The key information in a category are the identity morphisms and compositions
of morphisms, so this is what we want to preserve, analogous to how group homomorphisms preserve
the group operation. This motivates the next definition.

Definition 1.2.5. Let C and D. A covariant functor F : C — D consists of two functions:
e F':0b(C) — Ob(D)
e F':Home(X,Y) — Homp(F(X), F(Y)) for each X,Y € Ob(C)
which satisfy
e F(idx) = idp(x), for all X € Ob(C),
e F(fog)=F(f)oF(g), for all g € Hom¢(X,Y) and f € Home(Y, Z)

A contravariant functor F : C — D is similar but it instead maps F' : Home¢(X,Y) — Homp(F(Y), F(X))
and so instead satisfies F'(f o g) = F(g) o F(f), for all g € Hom¢(X,Y) and f € Home (Y, Z).

The definition of contravariant functors may seem a bit arbitrary: why should we care about
functors which swap the order of compositions? It turns out that many important objects in algebraic
topology and beyond behave this way, including de Rham cohomology! Here is another very important
example which is adapted from Introduction to Smooth Manifolds by Lee to fit this context [Leel2].



Example 1.2.6. Let k be a field. We can consider Hom(—, k) as a functor Vecty — Vecty in the
following way.

Given a vector space V over k, we define its dual space to be V* := Hom(V, k). V* has a natural
vector space by defining addition and scalar multiplication pointwise, e.g. for f,g € V'*,

(f +9)(v) == f(v)+g(v) forall v e V.

Given a linear map f : V — W we can define its dual map f*: W* — V* by f*o = ¢ o f. Since the
composition of linear maps is linear, p o f € V*. Moreover, f* is a linear map. Let ¢,¢ € W* and
a,b €k, then for allv e V

[ (ap +09)(v) = (ap + bip)(f(v)) = ap(f(v) +bp(f(v) = a fre(v) + b P(v).
So we have that f*(ap + b)) = a f*o + b f*1).
We also have for v € V and ¢ € V* that idj, p(v) = ¢(idy(v)) = ¢(v). So idj, = idy+ and given
f € Hom(V, W) and g € Hom(W, U) we have that
(g0 f) e(v) =¢(g(f(v)) = g"e(f(v) = [ (g"e)(v) = (f" o g")e(v).

So (go f)"=[f"og".

Now we see that if we let Hom(—, k)(f) = f*, Hom(—, k) maps vector spaces to their duals and linear
maps to their dual maps in such a way that composition is reversed. So Hom(—, k) is a contravariant
functor.

Remark 1.2.7. It is possible to generalise this functor to R-Mod. See the next section for the
definition of an R-module.

What makes functors so useful is that they preserve isomorphisms, as the next theorem states.
Theorem 1.2.8. Let F': C — D be a functor and let X,Y € Ob(C). Then

X2Y = FX)ZF(Y).
Proof. 1 give the proof in the case that F'is a contravariant functor. The covariant case is analogous.
Since X 2 Y, there exists an isomorphism f € Hom(X,Y) and let ¢ € Hom(Y, X) be its inverse.
Then fog=1idy and go f =idx. Applying F' to both of these equations we get that
F(fog)=F(idy) and F(go f) = F(idx)
= F(g9) o F'(f) = idpy) and F(f) o F(g) = idp(x)-
So F(f) and F(g) are inverse of each other and are hence isomorphisms. So F'(X) = F(Y). O

Remark 1.2.9. In general, the converse is not true. For example, we can think of the fundamental
group (See A.2.6) as a functor from the category of path connected spaces with morphisms as homotopy

classes of loops to the category of groups. We have that 71(R?) = 71(S?) but R? and S? are not
homotopy equivalent (a proof that these are indeed not homotopy equivalent is given in chapter 5).

This result is particularly powerful because given a suitable functor, it allows us to determine quite
quickly if two objects are not isomorphic!

Corollary 1.2.10. Let F : C — D be a functor and let X,Y € Ob(C). Then

FIX)2FY) = X2Y.
We can actually go one step further in this realm of studying the relationships between objects by
considering how functors may relate to each other. We do this by studying natural transformations.

Definition 1.2.11. Let F,G : C — D be two functors. A natural transformation n from F to G
consists of a morphism nx € Homp(F(X),G(X)) for all X € Ob(C) such that for any f € Hom(X,Y)
the following diagram commutes

(X)L Py

nxi lny

GX) 57 GY)

That is Ny © F(f) = G(f) onx.



1.3 Homological Algebra and Cohomology Theories

As we have discussed briefly, algebraic topology is broadly the study of functors from a category of
topological spaces to a category of some algebraic structures. Category theory gives us the general
language to describe this but how do we actually go about constructing such functors? Homological
algebra gives us one way to do this by providing a general framework for associating a sequence of
groups/R-modules to topological spaces. The overall method is to first produce a functor which takes
topological spaces to either chain or cochain complexes and then, as outlined below, we get other
functors from those complexes to groups which we call the homology or cohomology groups of the
complex respectively [Fri]. For our purposes, it is sufficient to just study cochain complexes and
cohomology.
Before we define cochain complexes, we recall the definition of an R-module.

Definition 1.3.1. [Mun84| Let R be a commutative ring. An R-module is an Abelian group M with
an operation - : R x M — M, called scalar multiplication, which satisfied the following for all a,b € M
and o, € R

l.a-(a+b)=a-a+a-b.
2. (a+p)-a=a-a+p-a.
3. a-(8-a)=(af) a.

4. 1-a=a.

Let M be an R-module and let S C M. We say S is a submodule of M if it is a subgroup of M
and is also an R-module with the same scalar multiplication.

Given two R-modules M and N, we call a function ¢ : M — N an R-linear map if ¢ is a group
homomorphism and for all &« € R and a € M we have p(a-a) = a-p(a). If o : M — N is an R-linear
map, we define its kernel to be the set ker(yp) := {r € M : p(r) = 0} and its image to be the set
im(p) :=¢(s) : s € M. ker(p) is a submodule of M and im(¢p) is a submodule of N.

Examples 1.3.2. [Mun84]
1. If k£ is a field, then it is a ring. So vector spaces over k are also k-modules.

2. If G is an Abelian group, we can define a scalar multiplication - : Z x G — G to be the n-fold
sumn-g =g+ ---+ g. In this way, we see that any Abelian group is a Z-module.

Definition 1.3.3. [Fri] Let R be a commutative ring. A cochain complex over R, (C*,d,), is a
sequence of R-modules, C", and R-linear maps d,, : C"™ — C"™*! which we call coboundary maps, such
that 0,41 09, =0 for all n > 0:

5o 51 5o bn

0 cY ct C? on ontl o L.

We call C" the nth cochain module and elements of C™ are called n-cochains or simply cochains.
From the fact that 0,11 0§, = 0, we immediately get this useful result.
Corollary 1.3.4. Let (C*,ds) be a cochain complex. Then im(6,) C ker(d,,4+1).

Proof. Let b € im(d,,). Then there exists ¢ € C™ such that b = d,,(c). Then d,,11(b) = dp4106,(c) = 0.
So b € ker(dp41)- O

This fact allows us to define a sequence of R-modules associated to a cochain complex by considering
the following quotient modules.



Definition 1.3.5. [Fri] Let (C*,d.) be a cochain complex. We call elements of ker(d,) n-cocycles
and elements of im(d,,—1) n-coboundaries. We define the nth cohomology group of (C*,ds) to be the
quotient

ker(dy,)
H"(C®) = —————.
() im(dp—1)
If z,w € C™ are n-cocycles such that [z] = [w], we say they are cohomologous. That is, z and w are

cohomologous if 3b € im(d,,—1) such that z —w = d,_1(b).
Remark 1.3.6. Corollary 1.3.4 implies that all n-coboundaries are n-cocycles.

Continuing with the theme of studying objects and the relations between them, we want to consider
maps between cochain complexes: cochain maps. The definition may seem arbitrary at first but it
will then use it to show that we get induced maps between cohomology groups.

Definition 1.3.7. [Fri] Let R be a ring and (C*®,d.) and (D*®,cs) be two cochain complexes over R.
A cochain map fo : C* — D® is a sequence of R-linear maps f, : C™ — D™ such that the following
diagram commutes

on

on—1 n—1 con ontl -
lfnl lfn lfrH»l
Dn_l En—1 Dn En Dn'H o

That is, fr41 06, =ep 0 fn for all n > 0.

Lemma 1.3.8. [Fri] Let R be a commutative ring. Then cochain complexes over R with cochain maps
forms a category which we denote Ch.

Proof. We have two things to check: existence of identity cochain maps and the composition of a
cochain map is a cochain map. First let (C®,d,), (D®, cs) and (E®,7e) be cochain complexes over R
and let fo : C* — D*® and g, : D* — E*® be cochain maps. Define he : C* — E*® by h,, = g, o fp, for
all n > 0. Then since f*® and ¢°® are cochain maps, we have

P10 0n = (gnt1 © fnt1) ©0n = gnt1 © (fat106n) = gnr10 (€no fn)
- hn+1 o 5n = (9n+1 Ogn) o fn = (nn Ogn) o fn =1"Mn o hn

Then the associativity of R-linear maps gives us that the composition of cochain maps is also associ-
ative. Now consider idg, : C* — C*® defined by id¢ :=idgn. Then

idg+1 00y = idgn+1 0 Op =0p = 0p0iden =y 0 idg .

So idg is a cochain map. Moreover, since for each n > 0, idg» is the identity map, we have for any
cochain map f, : C* — D*® that
id} ofe = fe 0idf .
O

Now given a cochain map, we can define well defined homomorphisms between the respective cohomo-
logy groups.

Lemma 1.3.9. [Fri] Let (C®,0s) and (D*®,cs) be two cochain complezes over a commutative ring R
and let fo : C* — D* be a cochain map. Then the map f* : H"(C*) — H™(D?®) given by f*[z] = [fn(2)]
s a well-defined R-linear map.

Proof. The fact that f* is R-linear follows from the definition of quotient modules. It remains to

show that if z,w € C™ are cohomologous n-cocycles, i.e. [z] = [w], we have that f*[z] = f*[w].
Let b € im(d,—1) such that z — w = §,-1(b). Then f,(z — w) = fo(dn-1(0)) = en(fn(db)). So
fn(2) = fu(w) = en(fn(b)). Hence, fn(z) and f,(w) are cohomologous, as required. O



Corollary 1.3.10. Let n > 0. The assignment of a cochain complex to its nth cohomology group and
cochain maps to their induced homomorphisms is a covariant functor H" : Ch — R-Mod.

Proof. Let (C*®,0,), (D%, cs) and (E®,ne) be cochain complexes over R and let fo : C* — D*® and
ge : D* — E* be cochain maps. Then if z € C™ is an n-cocycle, we have

(g0 f)[z] = [(gn © fn)(2)] = lgn(fn(2))] = g7 [fn(2)] = g" (f7[2]) = (g7 0 [7)[],
and
(ide)*[2] = liden ()] = [2] = idgm(cmy 2]
So (go f)*=g*o f*and (idg)* = idHn(C-). O

A natural question to ask is “Do two different cochain maps ever induce the same homomorphisms in
cohomology?” This motivates the next definition.

Definition 1.3.11. [Fri] Let (C*,d.) and (D*®,c.) be two cochain complexes over a commutative ring
R and let f,,ge : C* — D*® be two cochain maps. A cochain homotopy between f, and g, is a family
h = {hy}n>0 of R-linear maps hy,, : C* — D"~! such that for all n > 0

€n 0 hy + hiny100p = fr — gn-
If such a cochain homotopy exists, we say fo and ge are cochain homotopic.

Lemma 1.3.12. [Fri] Let fo,ge : C* — D® be two cochain homotopic maps. Then
ff=g": H"(C®*) — H"(D®). That is, cochain homotopic maps induce the same homomorphisms in
cohomology.

Proof. Let h be a cochain homotopy between f, and ge and let z € C™ be an n-cocycle. To show that
f*[z] = g*[z] we show that f,(z) and g,(z) are cohomologous. Since z is a cocycle, d,(z) = 0. So we
have

fn(2) = gn(2) = €n 0 hn(2) + hng1 © 0n(2) = en(hn(2)).
So fn(2) and g (2) are indeed cohomologous and hence [f,,(z)] = [gn(2)], as required. O

We now introduce some tools which relate the cohomology groups of certain cochain complexes which
will be invaluable for calculations later on.

Definition 1.3.13. [Mun84] We say the following (potentially infinite) sequence of R-modules

0 Ml b M2 ¥2 Mn #n Mn-l—l*)"’

is exact at M, if im(p,—1) = ker(¢,,). We say the sequence is ezact if it is exact at M, for all n > 0.

If the sequence

0 A—2.p_ " ¢ 0

is exact, we call it a short exact sequence.

We also have a notion of short exact sequences for cochain complexes which play an important role
in the calculation of cohomology groups.

Definition 1.3.14. [Leel2] A short exact sequence of cochain complezes consists of three cochain
complexes A®, B®,C*®

0—>AsLope P e g (1.1)
such that for all n > 0 the sequence
| P Ly s L —

is exact.



We can now state the Snake Lemma for cohomology, which is the result that allows us to compare
the cohomology groups of different complexes. The proof is analogous to the proof of the Snake Lemma
for homology which is proven in Algebraic Topology IV and is therefore omitted.

Lemma 1.3.15 (Snake Lemma). [Leel2] Given a short exact sequence of cochain complexes as in
(1.1), there exists an R-linear map A™ : H"(C*) — H""1(A®) for all n > 0, called the connecting
homomorphism, such that the following sequence is exact:
n—1 * * n *
..L)Hn(A-) L>H”(B') 4 H™(C*) LH"“(A') AN

To get a notion of cohomology for topological spaces, what remains is to construct a functor
which associates cochain complexes to topological spaces and continuous maps to cochain maps. The
standard example of cohomology is singular cohomology, a discussion of which can be found in Algebraic
Topology by Munkres [Mun84]. Many examples of cohomology for topological spaces have some useful

properties which were axiomatised by Eilenberg and Steenrod to form what we call a cohomology
theory [ES52].

Definition 1.3.16. [Jos95] Let G be a module over a commutative ring R. A cohomology theory with
coefficients in G is a sequence of contravariant functors {H*(—;G)}x>0 from the category of pairs of
topological spaces to the category of R-modules and a natural transformation

0% H*(A; G) — H*(X, A; G) which satisfy the following axioms:

(A1) Homotopy Axiom: If f,g: (X, A) — (Y, B) are homotopic maps, then f* = ¢g* : H*(Y, B;G) —
HF(X, A;G) for all k > 0, where f* := H*(—; G)(f)

(A2) Exactness Axiom: Let i : A — X and j : X — (X, A) be inclusions. Then there is an exact
sequence

*

XA G) L B (X G) s HYAG) S B (X A G) L (12)

(A3) Excision Axiom: Let (X, A)Obe a pair of topological spaces and let U C A such that U C A, where
U is the closure of U and A is the interior of A. Then the inclusion j : (X\U, A\U) — (X, A4)
induces an isomorphism for all k£ > 0:

§* H¥X, A;G) — HY(X\U, A\U; G)
(A4) Dimension Axiom: Let P be the one point space. Then

G, ifk=0,

0, otherwise.

H*(P;G) = {

II. Constructions on Smooth Manifolds

2.1 Smooth Manifolds and Smooth Maps

The remainder of the report will be dedicated to studying a particular class of topological spaces:
smooth manifolds. We first generalise notions from calculus that then allow us to associate a cochain
complex to these manifolds which then naturally leads to a notion of cohomology: de Rham cohomology
[Leel2]. This chapter is dedicated to building up the foundations of the theory of smooth manifolds
before we begin to study the algebraic structures in chapters 3 to 5. What follows is adapted from
Introduction to Smooth Manifolds by John M. Lee [Leel2] unless indicated otherwise. This section is
largely a review from Riemannian Geometry IV and as such, many details are omitted and can be
found in [Leel2]. We begin by giving the definition of a topological manifold.



Definition 2.1.1. Let n € Z>o. We say a second countable (A.1.5) Hausdorff (A.1.6) topological
space M is an n-dimensional (topological) manifold if it is locally Fuclidean. That is, for all p € M
there exists an open neighbourhood U C M of p and a homeomorphism ¢ : U — V for some open
subset V' of either R” or H" := {(x1,--- ,2z,) € R” : 2" > 0} with the subspace topology. We define
the dimension of M to be dim(M) = n. We call the pair (U,p) a chart centred at p. We write
Int(H") := {(z1, -+ ,2n) € R" : 2" > 0} and OH" := {(z1, - ,zn) € R" : x, = 0}. We say that
p € M is an interior point if there exists a chart (U, ¢) containing p such that ¢(U) C Int(H"). We say
that p € M is a boundary point if there exists a chart (U, ) containing p such that p € o(U)NOH" # &.
We define the interior of M, Int(M), to be the set of interior points of M and the boundary of M, OM,
to be the set of boundary points of M. We say M is a manifold without boundary if O0M = & and we
say M is a manifold with boundary otherwise. Lastly, we call a collection of charts A := {(U;, ¢;) }ics
an atlas for M if {U;}ics is a cover of M.

Remark 2.1.2. A point p € M is either an interior point or a boundary point, but not both. That
is M = Int(M) U OM. For the details, see Theorems 1.37 and 1.46 in [Leel2].

To define smooth manifolds, we want a notion of our atlas being “smooth”. Since up until this
point, we only have the definition of smooth maps between Euclidean spaces, we have to associate our
charts to smooth maps between Euclidean spaces. We do this by considering when charts overlap.

Definition 2.1.3. Let (U, ) and (V, ) be two charts of a manifold M such that UNV # &. We call
the maps g o)L : p(UNV) = pUNV)and Yoy l:pUNV)—(UNV) transition maps. We
say two charts (U, ¢) and (V, ) are smoothly compatible if either U NV = & or the transition maps
are smooth as maps between open sets of R” or H". We say that an atlas A for M is a smooth atlas
for M if all charts in A are smoothly compatible. We call charts of a smooth atlas smooth charts.

Remark 2.1.4. A map f:U — R" with U C H" is smooth if for all x € U there exist U C R" open
neighbourhood of = and a smooth map f : U — R" such that f|5-mn = flgamn-

It is possible that two different smooth atlases for a manifold produce the “same” structure in that
they determine all the same smooth functions on the manifold (see Definition 2.1.10). So trying to
use smooth atlases to define smooth structures does not appear to be particularly useful. However,
this next definition and proposition will fix this problem.

Definition 2.1.5. A smooth atlas A for a manifold M is said to be maximal if it is not properly
contained in a larger smooth atlas. That is, if A’ is another smooth atlas for M with A C A’, then
A=A

Proposition 2.1.6. Let M be a manifold. Then

(a) Every smooth atlas A for M is contained in a unique mazximal smooth atlas, called the mazximal
smooth atlas determined by A.

(b) Two smooth atlases for M determine the same mazximal smooth atlas if and only if their union
s also a smooth atlas for M.

Proof. See Proposition 1.17 in [Leel2]. O
This now allows us to define smooth structures on manifolds.

Definition 2.1.7. A smooth structure on a manifold M is a maximal smooth atlas A for M. We call
the pair (M, A) a smooth manifold if M is a topological manifold and A is a smooth structure on M.
We often omit the smooth structure and refer to M as a smooth manifold.

Remark 2.1.8. Proposition 2.1.6 (a) implies that to show a manifold M has a smooth structure, we
only need to find a smooth atlas on M. It need not be maximal since the proposition guarantees the
existence of a maximal smooth atlas that contains it and hence M has a smooth structure.



Examples 2.1.9.
1. {(R™,idgn)} is a smooth atlas for R”. So R" is a smooth manifold with dim(R") =n

2. Let S" := {z € R""! . ||z|| = 1} be the n-sphere. The standard smooth structure on M is given
by stereographic projection. So S™ is a smooth manifold with dim(S™) = n. See Example 1.31
in [Leel2].

3. U C M be an open subset of a smooth manifold without boundary M. Let A be the smooth
structure on M, then Ay := {smooth charts (V, ¢) for M such that V' C U} is a smooth struc-
ture on U. We call U an open submanifold of M and dim(M) = dim(U).

4. Let RP™ be the quotient space of S™ obtained by identifying antipodal points, called the real
projective space. Then RP" is an n-dimensional smooth manifold. See Example 1.33 in [Leel2].

5. Let Mi,..., My be smooth manifolds without boundary. Then M; X --- X M} is a smooth
manifold without boundary. If M} is a smooth manifold with boundary, then M; X --- X My is
a smooth manifold with boundary. See Example 1.34 and Proposition 1.45 in [Leel2].

Now that we have described the objects of interest, we want to describe relationships between them:
smooth maps. The intuition to keep in mind here is that smooth maps between smooth manifolds
locally look like smooth maps between Euclidean spaces.

Definition 2.1.10. Let M and N be smooth manifolds. Then a function F': M — N is said to be
a smooth map if for all p € M there exist smooth charts (U, ¢) of M containing p and (V,v) of N
containing F(p) with F(U) C V such that the map of Euclidean spaces 1o F oo™ : p(U) — ¥(V) is
smooth.

Proposition 2.1.11. Let F': M — N be a smooth map. Then F is continuous.

Proof. Let p e M and let (U, ) and (V, 1) be smooth charts of M and N as above. Then we get the
following diagram:

(U gpﬁy(w

Both ¢ and ¢ are homeomorphisms by assumption, so they and their inverses are continuous and
1o Fop™!is also continuous since smooth maps of Euclidean spaces are also continuous. From the
diagram, we see that F =1~ o (o Fo ¢~ ') o¢. So on a neighbourhood of p, F' is the composition
of continuous maps and is hence continuous on a neighbourhood of p. Since p € M was arbitrary, F'
is continuous on all of M. O

One might wonder whether smoothness depends on the choice of smooth charts, however the next
result guarantees this is not the case.

Proposition 2.1.12. Let F : M — N be a smooth map and let (U, ) and (V,1)) be any smooth
charts for M and N respectively. Then the map Yo Fop ™t : oUNF~YV)) = p(UNFYV)) isa
smooth map of Fuclidean spaces.

Proposition 2.1.13.

(a) Let F: M — N be a function between smooth manifolds. Then if for every p € M there exists
an open neighbourhood U of p such that F|y is smooth, then F' is smooth.

(b) Gluing Lemma: Let {U,V'} be an open cover for a smooth manifold M and let G : U — N
and H : V — N be smooth maps such that Glyny = H|uny. Then there exists a smooth map
F:M — N with Fly =G and F|y = H.



Proof. See Proposition 2.6 and corollary 2.8 in [Leel2] for the proofs of (a) and (b) respectively. O

The next result implies that smooth manifolds and smooth maps form a category, which we denote
Diff.

Proposition 2.1.14. Let M, N and K be smooth manifolds. Then the following maps are smooth:
(a) a constant map ¢: M — N,
(b) the identity map idpr : M — M,
(¢) the inclusion of an open submanifold U C M: i:U < M,
(d) the composition Go F : M — K of smooth maps G: N — K and F : M — N.

Proof. This is Proposition 2.10 in [Leel2] and the proofs of (a)-(b) are exercises so the proof of those
given is my own.

(a): Let p € M and let (U, ¢) be a smooth chart containing p and (V, ¢) be a smooth chart containing
c(p). Then ypocop~! is a constant map between subsets of Euclidean space and is hence smooth.

(b): Let p € M and let (U, ¢) be a smooth chart containing p. Then (U, ¢) also contains idys(p) = p.
Then ¢ oidy oo™t = id, () and so is smooth.

(c): Let p € U and let (V, ¢) be a smooth chart for U containing p. Then by definition of the smooth
structure on U (see Examples 2.1.9 3.), (V, ) is also a smooth chart for M containing i(p) = p.
Then since i|yy = idy, we again have g oio ™! = id, vy and so is smooth.

(d): Let p € M. By smoothness of G there are smooth charts (V,6) containing F(p) and (W, )
containing G(F(p)) with G(V) € W such that ¢ o G o 6~! : (V) — (W) is smooth. By
Proposition 2.1.11 F is continuous and so F'~!(V) is an open neighbourhood of p. So there is a
smooth chart (U, ¢) of M with p € U C F~Y(V). By Proposition 2.1.12 § o F o ¢! is smooth.
Then (Go F)(U) CG(V) CW and o (GoF)op ™t = (poGof ™ )o(foFopt), whichis
the composition of smooth maps of Euclidean spaces and is hence smooth, as required.

O

Remark 2.1.15. Combining this result with Proposition 2.1.11 we have that Diff can be thought of
as a category of a specific class of topological spaces and continuous maps that have extra structure!

An important class of smooth maps are those from a smooth manifold to R.

Definition 2.1.16. Let M be a smooth manifold. We define C*°(M) to be the set of smooth maps
M — R:
C®(M):={f: M —R: fis smooth}.

We call elements of C°°(M) smooth real maps.

Remark 2.1.17. Since R has a global chart (R,idg), to check smoothness of a map f : M — R
we only need check that there exists a smooth chart (U, ¢) for each point in M such that fo ¢! is

smooth.

Lemma 2.1.18. Let M be a smooth manifold. Then C°° (M) with pointwise scalar multiplication and
addition is a real vector space and with pointwise addition and multiplication is a commutative ring.

Proof. This is Exercise 2.1 in [Leel2] and so the proof given is my own. Firstly, 0y : M — R and
1ar : M — R given by 0ps(p) = 0 and 1,/(p) = 1 are both constant maps so are smooth by Proposition
2.1.14. These will act as the additive and multiplicative identities respectively. Now, let A € R and
f,g € C°(M). We define the following operations pointwise:

e scalar multiplication: (Af)(p) = X f(p),
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e addition: (f +g)(p) = f(p) + 9(p),

e multiplication: (f-g)(p) = f(p) - g(p).

Then provided each of these is a smooth map, the relevant properties to be a vector space or a ring
follow from the properties of addition and multiplication of real numbers.

First we show the smoothness of A\f. Let p € M. The smoothness of f implies there exists a
smooth chart (U, ) containing p such that f o ¢»~! is smooth. Then for all ¢ € ¢(U) we have
(Af)op 1) (q) = A (foe 1) (q). Then since scalar multiplication of smooth maps between Euclidean
spaces is again smooth, Af o ™! is smooth, as required.

Next, we check the smoothness of f + g and f - g simultaneously. Let p € M, then the smoothness of
f and g imply there exist smooth charts (U, ¢) and (V1)) containing p such that fop~! and goy~!
are smooth. Then p € UNV and UNYV is open since the intersection of open sets is open. Then since
the restriction of a homeomorphism is a homeomorphism, the map ¢ = ¢lyay : UNV — (U NV)
is a homeomorphism. In particular, this implies that (U NV, @) is a chart containing p. Then
by Proposition 2.1.12, both f o $~! and g o ¢! are smooth maps. Then since the addition and
multiplication of smooth maps between Euclidean spaces produces smooth maps, we have that the

maps (f + )o@ = (f 0 @) + (g0 @) and (f - g) 0@ = (fo ) (g0 &) are smooth, as required. [
Another important class of smooth maps are diffeomorphisms. These are the isomorphisms in Diff.

Definition 2.1.19. We say a bijective smooth map F' : M — N is a diffeomorphism if its inverse
F~' . N — M is also smooth. If a diffeomorphism from M to N exists, we say M and N are
diffeomorphic and write M ~ N.

Remark 2.1.20. If F: M — N is a diffeomorphism, Proposition 2.1.11 implies that since both F
and F~! are smooth they are both continuous. Hence F is also a homeomorphism and a homotopy
equivalence!

Example 2.1.21. Let (U, ¢) be a smooth chart of a smooth manifold M. Then ¢ : U — ¢(U) is a
diffeomorphism. We already have that ¢ is bijective by assumption, so it remains to show that ¢ and
o~ ! are smooth. Let p € U and note that (cp(U), idw(U)) is a global chart containing ¢(p). The maps

g opop™! teidy

and pop~ )

oid”/;,, are both equal to id ) and hence both are smooth, as required.
© w(U)

Throughout our study of smooth manifolds it will be useful to be able to “glue” smooth maps defined

on parts of a manifold together. To do this, we make use of partitions of unity. First, recall the

definition of the support of a function.

Definition 2.1.22. Let X be a topological space. We define the support of a function f: X — R to
be the set

supp(f) := {z € X : f(z) # 0}.

If supp(f) C U C X, we say f is supported in U. If supp(f) is compact, we say f is compactly
supported.

Theorem 2.1.23. Let M be a smooth manifold and let X = (Xa)aca be an open cover of M.
Then there exists a family of smooth maps (g : M — R)sca, called a smooth partition of unity
subordinate to X, which satisfies the following:

(a) 0 < 1o(p) <1 foralla € A andp e M,
(b) o is supported in X, i.e. supp(vq) C Xa,

(c) The family (supp(va))aca is locally finite, i.e. for all p € M there exists an open neighbourhood
U C M of p such that U N supp(a) = @ for all but finitely map o € A.

(d) Yaenthalp) =1 for allpe M.

Proof. The proof heavily relies on the fact that M is second countable. For the details, see Theorem
2.23 in [Leel2]. O]
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The existence of smooth partitions of unity allows us to immediately prove a few useful results.
Lemma 2.1.24. Let M be a smooth manifold.

(a) For any open set U C M and closed set A C M contained in U, there exists a smooth map
¥ : M — R, called a smooth bump function for A supported in U such that 0 < <1 on
M,y =1 on A and supp(yp) C U.

(b) Let A C M be closed and let fiA— Rk be smooth. Then for any open set U C M containing
A, there exists a smooth map f : M — R* such that f|A = f and Supp(f) cUu.

Proof. See Proposition 2.25 and Lemma 2.26 in [Leel2]. O

2.2 Tangent Spaces and Vector Fields

One of our motivations for studying smooth manifolds is to generalise calculus to spaces which are
not R™. So a natural question to ask is “can we find linear approximations of smooth maps?”. The
answer is yes! Recall from multivariable calculus that the Jacobian, DF', of a differentiable function
F :R™ — R™ is a matrix of all the first order partial derivatives of the components of I’ and hence
is a linear map DF : R™ — R™. The goal, then, is to find a sensible vector space associated to
each manifold and, given a smooth map, a linear map between them associated to that smooth map.
Everything that follows, unless stated otherwise, is taken from [Leel2].

Recall from multivariable calculus that we have a notion of directional derivative of smooth maps
f:R" - R. Given a point p € R", this is the first order approximation of f in a given direction
v € R™ at the point p. We can think of the directional derivative as a linear map V, : C*°(R") — R
that satisfies the Leibniz rule: Vy(fg) = (Vv f)g(p) + f(p)(Vvg). We use this as the template for the
following definition.

Definition 2.2.1. Let M be a smooth manifold and let p € M. A derivation at p is a linear map
v: C®(M) — R that satisfies the Leibniz rule: v(fg) = g(p)vf + f(p)vg for all f, f € C*°(M). We
denote the set of all derivations at p by T),M and call it the tangent space of M at p. We call elements
of T,M tangent vectors at p.

Proposition 2.2.2. Let M be a smooth manifold and let p € M. Then T,M is a real vector space
with dim(T,M) = dim(M).

Proof. To show that T,,M is a vector space, it is sufficient to show that it is a subspace of the vector
space of all linear maps C°°(M) — R. Using the subspace criterion from linear algebra, it is sufficient
to check that T),M is non-empty and closed under scalar multiplication and addition, which in this
case are defined pointwise. First, let A € R, f,g € C>°(M) and v € T,M. Then

(M) (fg) = X-v(fg) = A-gp)o(f) + X f(p)v(g) = 9(p) - (Avf) + f(p) - (Av)g.

So v satisfies the Leibniz rule and is hence a derivation at p. Similarly, let f,g € C*°(M) and
v,w € T,M. Then

(v+w)(fg) =v(fg) +w(fg) = gp)vf + f(p)wg + glp)vf + f(p)wg
= (v+w)(fg) =g9@)(vf+wf)+ f(p)(vg +wg) =g(p)(v+w)f+ f(p)(v+w)g.

So v 4+ w satisfied the Leibniz rule and is hence a derivation at p.

To see that T, M is non-empty note that the zero map 0: f — 0 € R is trivially a derivation.
The proof that dim(7,M) = dim(M) requires some more work. See Propositions 3.10 and 3.12 in
[Leel2]. O

The next result further illustrates that derivations behave like derivatives.
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Lemma 2.2.3. Let M be a smooth manifold andp € M. If f € C*°(M) is constant, then vf =0 for
allveT,M.

Proof. This is part of Lemma 3.4 in [Leel2] and was left as Exercise 3.5, so the proof given is my own.
Suppose f(p) =X € R for all p € M and let g € C*>°(M) be arbitrary. Then (f - g)(p) = A g(p) for all
p € M. So on one hand, v(fg) = v(Ag) = Avg = f(p)vg. On the other hand, by the Leibniz rule,

v(fg) = f(p)vg + g(p) vf. Combining these we get that f(p)vg + g(p)vf = f(p) vg. So g(p)vf = 0.
Since g € C*°(M) is arbitrary, we must have that vf = 0. O

Given a smooth map F': M — N and a point p € M, we would like to associate tangent vectors
at p to tangent vectors at Tp,) N in a linear way. This next lemma gives us a way of doing this.

Lemma 2.2.4. Let F : M — N be a smooth map and let p € M. Define the differential of F' at p
to be the map dFy, : T,M — TpyyN by dF,(v)(f) = v(f o F) for all f € C*(N). Then dF, satisfies
the following:

(a) dF} is linear

(b) If G : N — K is another smooth map, then d(G o F), = dG g, o dF,

(c) d(idn)p = idr,m

(d) If F is a diffeomorphism, then dF, is an isomorphism of vector spaces and (dFy) ™' = d(F~1) p(,).

(e) The inclusion of an open submanifold i : U — M induces an isomorphism di, : T,U — T,M for
allpeU.

Proof. For (a)-(d) see Proposition 3.6 and for (e) see Proposition 3.9 in [Leel2]. O

Remark 2.2.5. The differential is well-defined since if f € C*°(N) and F : M — N is smooth, then
foF : M — R issmooth as it is the composition of smooth maps and so f o F' € C°°(M). Therefore

it makes sense to apply v to f o F' and evaluating f o F' at p € M is equivalent to evaluating f at
F(p) € N.

It is often useful to do computations by locally defining coordinates on our manifolds. One benefit is
they allow us to locally define a basis for T, M.

Definition 2.2.6. Let (U, ¢) be a smooth chart for a smooth manifold M. We call U the coordinate
domain and ¢ the (local) coordinate map. We define the local coordinates on U to be the component
functions of o: (z!,...,2"), where o(p) = (z'(p),...,z"(p)).
Lemma 2.2.7. Let 2!, ...,a" be the standard coordinated of R™, a € R™ and for all 1 < i < n define
the following derivation at a

0 of

€T a

= o (a).

Then { 8‘(;.

a}?:l is a basis of T,R"™, called the coordinate basis for T,R™.
Proof. See Corollary 3.3 in [Leel2]. O

Now, given a smooth chart (U, ¢), ¢(U) C R" so by Lemma 2.2.4 (e) we get the isomorphisms

T,U = TyM and Ty, 0(U) = Ty,)R™ for all p € U. Moreover, since ¢ : U — ¢(U) is an diffeo-
morphism, we also have by Lemma 2.2.4 (d) that dy, : T,U — T,,y(U) is an isomorphism. Putting
this all together we get that T, (p)R™ = T,M. This allows us to associate the coordinate basis for
T, R™ with a basis for T, M, as the next result states.
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Proposition 2.2.8. Let M be a smooth manifold with dim(M) = n and let (U, p) be a smooth chart
containing p € M, with ¢ = (x!,...,2"). Then define 1 < i < n, define the ith coordinate tangent

vector to be the derivation
0
=d(e™)p(p) ( i ) :
P Oz »(p)

Then {aw }T‘L:1 is a basis of T, M, called the coordinate basis for T,M (with respect to (U,¢)). In

particular we may write v € T,M as

0
ozt

)

n
;0
v = E vt ——
ox’
=1 p

and we call (v',...,v™) the components of v.

Example 2.2.9. Let F : M — N be a smooth map, p € M and choose smooth charts (U, )
containing p and (V1)) with components ¢ = (z L. 2" and ¢ = (y!,...,y™). Then letting
F=v¢oFop:oUNFYV)) = (V) and p = ¢(p) and using that Fop~! =4~ o I and Lemma

2.2.4 we get
9 - 0 - (2
dF, (W ) = dF, (d(so Detw) <a$i )) =AWz (dFﬁ (axi ))
p P !

5 N OF7 D

— dF, (l > =d( ) s 20 P35
ox' |, o j=1 O % 1)

m Fj

z » =1 9T 9Y R

where FY is the jth component of F'. In this way, we see that dF), is represented in coordinates by the
Jacobian matrix of F'. So the differential of a smooth map really is the generalisation of the Jacobian.

Example 2.2.10. Let M be a smooth manifold and let J C R be an interval. We can think of
J as a l-dimensional manifold with a single coordinate tangent vector E . We define a curve in
M to be a smooth map v : J — M. Then its derivative at ty € J is deﬁned to be the derivation

v (to) := dy, (%‘to)' In particular, given f € C°°(M) we have

to)f_dt

So we can think of 7/(#) as a directional derivative! That is, 7/(t9) tells us how much f changes in
the direction of v at t = tg.

v (to) f = dys, (;t (for)=(fo)(to)-

t=to

In many applications both pure or otherwise, it is useful to associate tangent vectors to points on a
manifold in a smooth way. To get a notion of smoothness, we need to produce a smooth manifold out
of tangent spaces. This motivates the next definition.

Definition 2.2.11. Let M be a smooth manifold. The tangent bundle of M, denoted T'M, is defined
as
T™ = | | T,M.
peEM
We write elements of T'M as the pair (p,v) where p € M and v € T, M. There is a natural projection
map 7 : TM — M given by 7(p,v) = p.

Proposition 2.2.12. Let M be a smooth manifold. Then TM has a natural topology and smooth
structure which make it a 2n-dimensional smooth manifold. In particular, with respect to this smooth
structure, the projection map w: TM — M is smooth.
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Proof. Given (p,v) € TM, let (U, ) be a smooth chart containing p such that ¢ = (z!,...,2"). Then
we have a chart (771(U), $), where ¢ : 7=1(U) — R" is given by

B .0
s0<p,zvaxip

i=1

> = (x!, 20l e").

These are called natural coordinates on T'M. The proof that this is indeed a chart and that
these charts are smoothly compatible is given in Riemannian Geometry IV and is Proposition 3.18 in
[Leel2]. O

Tangent bundles now allow us to define the notion of vector fields, which associate a tangent vector
to each point.

Definition 2.2.13. Let M be a smooth manifold. A function X : M — TM is a rough vector field if
moX =idys. We say that a rough vector field X : M — T M is a smooth vector field if it is a smooth
map. We denote the set of smooth vector fields on M by X(M). We write X, := X (p) and we often
abuse notation and consider X, to be the vector part, i.e. X, € T, M.

Proposition 2.2.14. Let M be a smooth manifold and X : M — TM a rough vector field. Then if
(U, @) is a smooth chart for M with ¢ = (x!,...,2"), define the component functions of X to be
the functions X : U — R such that the vector part of X can be written as

Xp = ZXl 8$Z

Then the restriction of X to U is smooth if and only if its component functions are smooth.
Proof. The proof is given in Riemannian Geometry IV and is Proposition 8.1 in [Leel2]. O

Example 2.2.15. Let (U, ¢) be a smooth chart for a smooth manifold M with components

@ = (x,...,2™). Then for all 1 < i < n the vector field 8 1P 8i for p € U is smooth since its
component functions X; = 0if j # 4 and X; = 1 are smooth We cal’l) this the ith coordinate vector
field.

Given a smooth real map, we may use smooth vector fields to produce new smooth real maps as the
next result shows.

Lemma 2.2.16. Let M be a smooth manifold, (U, ) be a smooth coordinate chart with ¢ = (x!, ..., z™)
and f € C®°(M). Then

(a) The map p — %}pf is a smooth real map on U.

(b) Let X € X(M). Then the map (X f):p+— Xpf is smooth on M.

Proof. Let p € U. By Proposition 2.2.8 we have that —‘ f= ax% (f opl) = a(%oi;-_l)(go(p)). So
) (f 3 )

P gl f is equal to the composition of smooth maps o and hence is smooth. For (b), we
have that Proposition 2.2.14 implies that the component functlons of X are smooth real maps on U

and that
=> X'(p)
=1

Then using (a) we see that X f is the sum of products on smooth real maps on U. So since C*°(U) is
a ring, X f is also a smooth map on U. Then since the smooth chart was arbitrary, this holds for any
smooth chart and hence by Proposition 2.1.13 (a), X f is smooth on M. O

Proposition 2.2.17. Let M be a smooth manifold and let f € C°(M) and X,Y € X(M). Define
the rough vector fields (fX), := f(p)Xp and (X +Y), := X, +Y,. Then fX and X +Y are smooth
vector fields. In particular, these operations turn X(M) into a C*°(M) module.
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The proof of this proposition will be given in more generality in Section 2.5.

Example 2.2.10 showed us that we can think of derivations as directional derivatives of smooth real
maps. One might wonder whether we can define a notion of directional derivatives of vector fields. We
can indeed do this but it is tricker than it might seem. For a vector field W on R", we may compare
its values at different points between each since we can easily view W as a smooth map W : R” — R™.
That is, the difference W), 4, — W), is meaningful and allows us to define a difference quotient to define
the directional derivative of W at p € R" in the direction on v € R™. In the case of a smooth manifold
M, p+tv does not make sense since p € M and v € T, M. So we could replace it with a smooth curve
v : (—€,e) = M with v(0) = p. But W,y and W, still lie in different vector spaces, so W) — W)
makes no sense. To solve this issue, we produce a notion of derivative of a vector field in the direction
of another vector field: the Lie derivative. The definition relies on the fact that vector fields generate
a smooth R-action on M, called a flow, the differential of which allows us to push forward tangent
vectors at different points to one chosen point which ultimately allows us to compare them.

Theorem 2.2.18. Let M be a smooth manifold and let V € X(M). If OM # &, assume V is tangent
to OM. Then there exist unique open ® C R x M and mazximal smooth 0 : © — M such that

o the set ®P) .= {teR: (t,p) € D} is an open interval containing 0 for all p € M,
e 0(0,p) =p forallp e M,
0(t,0(s,p)) = 0(t + s,p) for all s € DP) and DCP) such that s+t €D,

for allp € M, the curve 8®) : ®®) — M is the unique mazimal curve 8W)(t) = 6(t,p) such that
0®)(0) = p and 6@ (0) = Vp,

o if s € DWW then 0GP s the interval {t —s: s € DV},

o for allt € R, the set My := {p € M : (t,p) € D} is open in M and 0y : My — M_y, given by
0.(p) = 0(t,p), is a diffeomorphism which inverse 6_y.

We call ® the flow domain and we call § the flow generated by V. The flow 0 is mazimal in the
sense that it cannot be extended to a larger flower domain and the curve ®) is mazimal in the sense
that it cannot be extended to a curve with the same properties whose domain is larger.

The proof relies on the theory of ODEs. See Theorems 9.12 and 9.34 in [Leel2].

Given a vector field V' and its flow 6, we push forward tangent vectors at 6;(p) to tangent vectors at
p = 0o(p) by applying d(6_¢)g,(p)- This now allows us to compare tangent vectors at different points
in a smooth way. We use this to compare the value of another vector field W at different points and
see what happens when ¢t — 0.

Definition 2.2.19. Let M be a smooth manifold and let V,W € X(M) such that if OM # &, then
V is tangent to OM. Let 6 be the flow generated by V. Then we define the Lie derivative of W with
respect to V' to be the (rough) vector field

. d(e—t)et(p) (Wet(p)) -Wp
(LvIV)y = lim t
Remark 2.2.20. We can also write the Lie derivative as
d

(LyW)p = — t_od((?—t)et(p) (Wo,(p)) -

Lemma 2.2.21. Let M be a smooth manifold and let V,W € X(M) such that if OM # &, then V is
tangent to OM. Then (Ly W), exists for allp € M and Ly W is a smooth vector field.

Proof. The proof relies on calculating the component functions of d(6_¢)g,(p) (W@t(p)) and showing
that they are smooth in (¢, p), then taking the derivative to imply that the Lie derivative is defined at
p € M and is smooth. See Lemma 9.36 in [Leel2]. O
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2.3 Immersions, Embeddings and Submanifolds

We would now like to produce a more general notion of submanifold than just our notion of open
submanifolds. Unlike with open submanifolds, it is much harder to define a smooth structure on
“lower dimensional” subsets of a smooth manifold which make the inclusion a smooth map. Instead,
we make use of the more geometric idea that tangent spaces are a linear approximation of manifolds.
We want to consider subsets of a smooth manifold which are topological manifolds and that can be
“consistently” approximated by subspaces of the tangent spaces of M. This latter condition motivates
the definition of a smooth immersion. Unless stated otherwise, what follows is adapted from [Leel2].

Definition 2.3.1. Let F' : M — N be a smooth map. We say F' is a smooth immersion if the
differential dFy, : T, M — Tp(,)M is injective for all p € M.

Example 2.3.2. This is my own example. Let F': R> — R? be the smooth map given by
F(z,y) = (x,y,2% + y?). Let p = (20,%0) € R? Then using the formula in Example 2.2.9, we get that
0

0 0 0
de (83’; p> = 1@ and de ((9:1] p) = @

So ker(dF,) = {0} since the basis of T,R? is mapped to linearly independent vectors which are always
non-zero. Hence the differential of F is injective for all p € R%. So F is a smooth immersion.

0
2 -
+ i) 92

F(p) F(p) F(p) F(p)

Definition 2.3.3. Let F': M — N be a smooth immersion. We say F' is a smooth embedding if F' is
also a homeomorphism onto its image F'(M) C N.

Example 2.3.4. Let F' : R> — R3 be as in Example 2.3.2. Then F is also a homeomorphism with
inverse F~!(z,y, 2% + y?) = (x,y). This is just the restriction of the projection map 7 : R? x R — R?
given by 7((x,y),2) = (z,y), which is continuous by properties of the product topology. Combining
this fact with Example 2.3.2, we get that F' is actually a smooth embedding.

Definition 2.3.5. Let M be a smooth manifold and let S C M. We say that S is an embedded
submanifold if it is a topological manifold in the subspace topology and it is equipped with a smooth
structure with respect to which the inclusion ¢ : S — M is a smooth embedding. We call the difference
dim(M) — dim(S) the codimension of S. Given a smooth manifold M and a submanifold S C M, we
call the pair (M, S) a pair of smooth manifolds.

Example 2.3.6. Let M be a smooth manifold without boundary and let U C M. In Example 2.1.9
(c) we showed that U is a smooth manifold with dim(M ) = dim(U) and Proposition 2.1.14 gives that
the inclusion ¢ : U < M is smooth. Moreover, Lemma 2.2.4 gives us that di, : T,U — T, M is an
isomorphism for all p € U, so dij, is certainly injective for all p € U. So the inclusion is a smooth
immersion. Lastly, the inclusion map itself is clearly injective and so is a homeomorphism onto its
image. Hence U is an embedded submanifold of M of codimension 0. In fact, one can show that these
are the only submanifolds of codimension 0, see Proposition 5.1 in [Leel2].

Proposition 2.3.7. Let F : M — N be a smooth map and let S C M be an embedded submanifold.
Then F|s : S — N is a smooth map.

Proof. Since S is an embedded submanifold, the inclusion map i : S < M is smooth. Then F|g = Foi
is the composition of smooth maps and is hence smooth by Proposition 2.1.14. O

2.4 Smooth Homotopies

Homotopies are key in algebraic topology but one limitation for our purposes is that currently they
are only continuous maps. We would like to know when homotopies are actually smooth maps and
what follows is a series of useful results related to this question. The theory to prove these results
is deep and lengthy so it is omitted but relevant results from [Leel2] will be signposted. It is worth
noting that the theory is split into two cases: when the codomain of the relevant maps is without
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boundary and when it has boundary. The former is treated in Chapter 6 of [Leel2] and the latter
requires the theory of flows and is treated in Chapter 9 of [Leel2].

To motivate our first result we look at continuous maps f : R™ — R" where n,m > 0. Since R™ is
convex we can use a straight line homotopy to show that f is homotopic to any other continuous map
[Munl4]. In particular, since smooth maps are continuous, every continuous map is homotopic to a
smooth map. In general, manifolds are not convex or even contractible, yet we still have this result!

Theorem 2.4.1 (Whitney Approximation Theorem). Let F': M — N be a continuous map between
smooth manifolds. Then there is a smooth map F : M — N which is homotopic to F. Moreover, if
ON = & and there exists a closed set A C N on which F is smooth, then the homotopy is relative to
A (See definition A.2.1).

The proofs for when N does not have boundary and does have boundary are given in Theorems
6.26 and 9.27 in [Leel2] respectively.

Definition 2.4.2. Let M and N be smooth manifolds. A homotopy H : M x I — N is a smooth
homotopy if it can be extended to a smooth map of some neighbourhood of M x I in M x R. Two
smooth maps F, G : M — N are smoothly homotopic if there exists a smooth homotopy between them.

As with standard homotopies, “smoothly homotopic to” is an equivalence relation. Symmetry and
reflexivity are proven analogously to the normal case. One has to take more care to ensure when
proving transitivity that the resulting homotopy is indeed smooth. The details of this are given in
Lemma 6.28 in [Leel2].

The key question now that we have a notion of smooth homotopy is “when are homotopic smooth
maps smoothly homotopic?” If we do not require the homotopy to be relative to some subset, then
the answer is always yes. But relative homotopies are more delicate.

Theorem 2.4.3. Let ;G : M — N be homotopic smooth maps. Then F and G are smoothly
homotopic. Moreover, if ON = @ and F' and G are homotopic relative to some closed subset A C N,
then F' and G are smoothly homotopic relative to A.

The proofs for when M does not have boundary and does have boundary are given in Theorems
6.29 and 9.28 in [Leel2] respectively.

2.5 Vector Bundles

In Section 2.2, given a smooth manifold M we defined its tangent bundle (Definition 2.2.11) and
vector fields on M (Definition 2.2.13). The former is another smooth manifold which locally looks
like a product of M and R™. We use this as motivation to define the more general notion of a vector
bundle of a topological space. Whilst we only care about the case of smooth vector bundles in this
report, I present the more general theory and specialise when necessary. What follows is adapted from
[Leel2] unless stated otherwise.

Definition 2.5.1. Let F and M be topological spaces and let 7 : E — M be a continuous surjection.
We say that the triple (E, M, 7), or simply just F, is a (real) vector bundle of rank k over M if the
following are satisfied:

1. For each p € M, the fibre E, := 7~ 1(p) is a real k-dimensional vector space.

2. For all p € M, there exist an open neighbourhood U of p in M and a homeomorphism
@ : 771 (U) — U x R¥, called a local trivialisation, which satisfies

e proj;; o ® =, where proj; : U x R* is the projection map

e for each ¢ € U, the restriction of ® to E, is a vector space isomorphism from F, to
{q} x RF = RF,
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We call E the total space, M the base space and m the projection map. If E and M are smooth
manifolds, the projection 7 is a smooth map and the local trivialisations are smooth maps, then we
call E a smooth vector bundle over M and we call the local trivialisations smooth local trivialisations.
For convenience we often say 7w : E — M is a (smooth) vector bundle. For p € M we write elements
of the fibre £, as vp.

Remark 2.5.2. The first condition for local trivialisations can be summed up as the following com-
mutative diagram:

~1(U) e U x RF
\ AU
U

Proposition 2.5.3. Let M be a smooth manifold and T M be its tangent bundle. Then with the natural
projection ™ : TM — M, TM is a smooth vector bundle of rank n over M, where n = dim(M).

Proof. Let (U, ) be a smooth chart for M with ¢ = (2!,...,2™). Then we define the map
®: 771 (U) - U xR" by

= (p,vl,...,v"),

(0] ;”axi

where we use Proposition 2.2.8 to write tangent vectors in local coordinates. Then for all p € U, ®|g,

g
oz’

p

is the vector space isomorphism

» (p, ei), where e; is the ith standard coordinate vector of R".
We also have for all p € U that

= projU(p,vl, ") =p=7(p,v).

n
iyo® = proj;; o ® [
(projy o ®)(p,v) = projy; o ;v p

p

Lastly, the composition
idgn
I U) =2 U x R ZZEp(U) x R
is equal to the smooth coordinate chart ¢ for T'M defined in Proposition 2.2.12. Since both ¢ and
X idgn are diffeomorphisms, we have that ® must also be a diffeomorphism. Hence @ is a smooth
local trivialisation and so m : TM — M is indeed a smooth vector bundle. O

Recall from Definition 2.2.13 that a vector field is a map X : M — T'M such that m o X = idy,.
We now generalise this to vector bundles by defining sections.

Definition 2.5.4. Let 7 : E — M be a vector bundle. A section is a continuous map o : M — E
such that moo =idy. If 7: E — M is a smooth vector bundle, we say that o : M — F is a smooth
section if it is a section and is a smooth map. We denote the set of smooth sections of E by I'(E).

Example 2.5.5. Smooth vector fields of a smooth manifold M are smooth sections of the tangent
bundle. That is X(M) = T'(T'M).

We may also generalise the notion of coordinate vector fields (see Proposition 2.2.14) by first
defining local sections and then our “local coordinates” will be a choice of local sections which form
a basis on each fibre.

Definition 2.5.6. Let 7 : £ — M be a vector bundle and let U C M be open. A local section is a
continuous map ¢ : U — F such that rtoo =idy. If 7 : £ — M is a smooth vector bundle, a smooth
local section is a section ¢ : U — E which is also smooth.

Definition 2.5.7. Let w : E — M be a vector bundle and let U C M be open. We say a k-tuple of
local sections (071, ...,0%) is linearly independent if (o1(p), ...,0r(p)) is a linearly independent k-tuple
in E, for all p € U. We say (o1,...,0%) span E if (o1(p), ..., 0x(p)) spans E, for all p € U. A local
frame for E over U is an ordered k-tuple (o7, ...,01) of local sections which is linearly independent
and span E. If 7: E — M is a smooth vector bundle, we say a local frame is a smooth local frame if
the local sections are smooth.

19



Analogous to Proposition 2.2.14 we can determine exactly when sections of a smooth vector bundle
are smooth by considering the component functions in a smooth local frame.

Definition 2.5.8. Let # : £ — M be a vector bundle of rank k. Let U C M be open and let
(01,...,0%) be a local frame. Then a function 7 : M — E satisfying 7 o 7 = idp; can be written as
T(p) = Zle 7¢(p)ai(p), where 7 : U — R is uniquely determined since for all p, (o1(p), ..., ox(p)) is a
basis of I,. We call these 7's the component functions of T with respect to the given local frame.

Example 2.5.9. Let 7 : E — M be a smooth vector bundle and let ® : 7=}(U) — U x R* be
a local trivialisation. Let ey, ...,e; be the standard basis for R¥ and let & : U — U x R* be the
smooth map given by & (p) = (p,e;). Now define the maps o;(p) := ®~! 0 &(p). Then o; is smooth
since the composition of smooth maps is smooth and ® is a diffeomorphism so ®~! is smooth. Then
proj;; o ® = m implies
mooi(p) = 7o ® H(p,e;) = projy(p, e;) = p.

So each o; is a smooth section. Then since ®|g, is an isomorphism £, — {p} x R*, its inverse @]g;
maps bases of {p} x R to bases of E,. Then since ey, ...,e; is a basis of R™, (p,e1), ..., (p, ex) is a
basis for {p} x R¥. Then since ®~*(p,e;) = a4(p), o1(p), ..., o (p) is a basis of E,, as required. We call
01, ..., 0% the local framed associated to ®.

It turns out that given a local frame, we can construct a local trivialisation whose associated local
frame is the one given. The proof is omitted for brevity and is given in Proposition 10.19 in [Leel2].
The result is stated formally below.

Proposition 2.5.10. Every smooth local frame for a smooth vector bundle is associated with a smooth
local trivialisation as in Example 2.5.9.

Proposition 2.5.11. Let 7 : E — M be a smooth vector bundle of rank k. Let U C M be open and
let (o1, ...,0%) be a smooth local frame. Then a function T : M — E satisfying m o T = idys is smooth
on U if and only if its component functions with respect to (o1, ...,0x) are smooth.

Proof. Let ® : U — U x R* be the local trivialisation associated to this smooth local frame. Then
since @ is a diffeomorphism, ® o 7 is smooth on U if and only if 7 is smooth on U. Then we have that
forallpe U

k
(®oT)(p) = (PorT) (Z Ti(p)Ui(P)> :

=1

Then since @ is a linear map on each fibre, we have that

k
(@o7)(p) =D 7' (p)®(0i(p))-
=1

Then since (01, ..., 0%) is the local frame associated to ®, oo = ® o ®~1 0 ¢;. So we have

k
(@o7)(p)=>_ T (PP = .7 (D), 7 (D).
i=1
Then ® o 7 is smooth if and only if the component functions (71, ..., 7%) are smooth. O

Example 2.5.12. What follows is left as Exercise 10.9 in [Leel2] and as such is my own work. Let
m: E — M be a vector bundle of rank k. We define the zero section to be the function ©® : M — F
given by ©(p) := 0p,, where 0, € E, is the zero vector. We have that 7 o ©(p) = 7(0,) = p. We
first show that © is continuous and hence a section. To this end, let V' C E be open and let v, € V.
Then let @ : 7= 1(U) — U x R¥ be a local trivialisation with p € U. We have that (® o ©)(p) = (p,0)
for all p € U, so projy o (P o ©)(p) = p = idy(p) and projgr o (¢ 0 ©)(p) = 0. Both of these maps
are continuous since the identity and constant maps are continuous. So by properties of the product
topology, ® 0 © is continuous on U. Then since both V and 7~!(U) are open in E, V N7 ~1(U) is open
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in E. So by continuity, @ }(VNnr~Y(U)) = 0~} (V)N x~1(U)) = ©~V)NU is open in U. Then
since U is open in M, ©~1(V)N U is also open in M. Hence ©~ (V) NU is an open neighbourhood
of p which is completely contained in ©~1(V), so p is an interior point of ©~1(V). Since v, € V was
arbitrary, every p € ©~1(V) is an interior point and so ©~1(V) is open, as required.

Now we show that if 7 : E — M is actually a smooth vector bundle, then the zero section is
smooth. Let p € M and let ® : 7~ }(U) — U x R* be a smooth local trivialisation with p € U.
Above, we calculated that ® o ©(p) = (p,0), so each of its component functions in the smooth local
frame associated to ® are the map p — 0 € R, which is constant and hence smooth. Thus by
Proposition 2.5.11, © is smooth on U. Then since p € M was arbitrary, every point in M has an open
neighbourhood U C M such that ©|y is smooth. So by Proposition 2.1.13, © is smooth on M, as
required.

We now show a general version of Proposition 2.2.17, i.e. the smooth sections of a smooth vector
bundle form a C*°(M)-module. The proof is left as Exercise 10.11 in [Leel2] so what is presented is
my own work.

Proposition 2.5.13. Let 7: E — M be a smooth vector bundle and let f,g € C*°(M) and
o,7 € I(E). We define pointwise addition and scalar multiplication as follows. For p € M let

(0 +7)(p) = a(p) +7(p) and (fo)(p) := f(p)o(p)-
Then fo + g7 is a smooth section. Moreover, I'(E) is a C°°(M )-module.

Proof. Let p € M and let ® : 7= 5(U) — U x R* be a local trivialisation with p € U. Then for all
q € U we have

Do (fo+g7)(q) = (¢, f(@)o1(q) + g(a)T1(q), -, f(@)or(q) + g(a)Tk(q))-

Then since o and 7 are smooth sections, their component functions o;,7; : U — R are smooth for all
1 <i < k by Proposition 2.5.11. We also have that f|y and g|y are smooth since f and g are smooth.
So f,g,04, 1 € C®(U) for all 1 < i < k and so since C*°(U) is a ring (Lemma 2.1.18) we have that
foi+ g7 is smooth on U for all 1 < i < k. Then by Proposition 2.5.11, since the component functions
of fo+ gt are smooth on U, we have that fo+ g7 is smooth on U. So p has an open neighbourhood U
on which fo+ g7 is smooth. Then since p € M was arbitrary, fo + g7 is smooth on M be Proposition
2.1.13. This shows that I'(F) is closed under addition and scalar multiplication. Distributivity holds
pointwise. The zero section is the additive identity of I'(E). Lastly, recall that 15, : p — 1 is the
multiplicative identity of C°°(M) and we have that 1p0(p) = 1p(p)o(p) = 1-o(p) = o(p) for all
p € M. Hence, I'(E) is a C*°(M)-module. O

Remark 2.5.14. We can view real numbers as constant smooth real maps. In this way, we see that
the scalar multiplication above restricted to constant smooth real maps turns I'(F) into a real vector
space.

We finish this section by proving a powerful result which gives us a way of ruling out spaces as
potential vector bundles a given base space. Namely, we show that the projection map 7 : £ — M is
a homotopy equivalence. The proof is left as Problem 10-2 in [Leel2] so what follows is my own work.

Lemma 2.5.15. Let m: E — M be a vector bundle over a topological space M. Then the projection
T is a homotopy equivalence.

Proof. The idea of the proof is to contract each fibre down to a point, e.g. the zero vector. In this
way, we show that the zero section © : M — E (see Example 2.5.12) is a homotopy inverse of the
projection map m : M — FE. Firstly, since © is a section, we have that m o © = idj; so certainly
mo® ~idy.

Next, to show that ©o7n ~ idg consider the following candidate for a homotopy. Define H : ExI —
E by H(vp,t) := tv, for all p € M and v, € E,. Since each fibre E, is a vector space, tv, € E, C E
for all t € I. So H is well-defined. We also have for p € M and v, € E, that H(vp,0) =0, = ©om(vp)
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and H(vp,1) = v, = idg(vp). It remains to show that H is continuous and we proceed similarly to
example 2.5.12. Let V C E be open, v, € V and let ® : 7 1(U) = U x R¥ be a local trivialisation
with p € U. Define the map f : 7~ 1(U) — RF to be f = projgx o ®. Then for v, € 7~ 1(U),
(® o H)(vg,t) = (¢,tf(vq)). So projy o (® o H)(vg,t) = q = m(vy) = 7 o projy(vg,t), which is the
composition of continuous functions so is continuous. We also have that projgro(PoH)(vp,t) = tf(vp),
which we can represent as the following composition

,id
7 1(U) x 7S R o I——=TRF

where the second map is scalar multiplication (v,t) + t - v, which is continuous. So projgs o (® o H)
is the composition of continuous maps and is hence continuous. So by properties of the product
topology, the map ® o H is continuous on U. Then since V is open in E, V N 7~Y(U) is open in
7~ YU). So since ® is a homeomorphism, ®(V N 7~1(U)) is open in U x R¥. Then by continuity of
PoH, (PoH) H@(VNr Y U)))=H ' (Vnr Y U)) = HY(V)NH Y (71 (U)) is open in 7~ 1(U) x I.
Then since E, C 7 1(U) for ¢ € U and each fibre is a vector space, v, € 7 H(U) = tv, € n~1(U)
forall t € I. So H- (7= 1(U)) = a1 (U) x I. So H~Y(V) N (x=1(U) x I) is open in 771 (U) x I and
since 7~ H(U) x I is open in E x I (since 77 1(U) is open in E), we have that H= (V) N (7= (U) x I)
is also open in E x I. Then since H=*(V) N (7~1(U) x I) € H~1(V) and contains (vp,t) for all t € I,
each (v, 1) is an interior point of H~1(V). Then since v, € V was arbitrary, we have that every point
in H=1(V) is an interior point. Hence H (V) is open. Thus H is continuous, as required. O

Corollary 2.5.16. Let w: E — M be a vector bundle. Then E ~ M.

Example 2.5.17. Since the torus 72 := S x S! is not homotopy equivalent to S?, T? cannot be a
vector bundle over S2.

III. Linear Algebra and Further Constructions
on Smooth Manifolds

3.1 Covectors and Tensors

In Section 2.5, we built up the theory of vector bundles and we saw that the tangent bundle of a
smooth manifold is an example of a smooth vector bundle. We would now like to construct other
smooth vector bundles on smooth manifolds. To do this, we build up the theory of tensors which
allows us to construct new vector spaces out of old ones. We will then use this to construct new vector
spaces associated to smooth manifolds by applying these constructions to each tangent space. In this
chapter, we will consider only real vector spaces but this theory generalises naturally to vector spaces
over any field. What follows is adapted from [Leel2] unless stated otherwise.

We begin this section by proving some results about the dual space. This will be our blueprint in
generalising to covariant tensors. Recall that in Example 1.2.6 we defined the dual space of a (real)
vector space V' to be V* := Hom(V,R). We will call elements of V* covectors.

Proposition 3.1.1. Let V be a finite dimensional vector space and let (eq,...,e,) be a basis for V.
Define €', ...,e™ € V* to be the covectors

oy {1 W=
R N

Then (!,...,e") is a basis for V*, called the dual basis of (e1, ...,e,). Thus dim(V*) = dim(V).
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Proof. This proof was left as Exercise 11.2 in [Leel2] so what follows is my own work. First, let w € V*
and let w; := w(e;). If v=>""  vle; € V, then by linearity

w(v) = Zviw(ei) = Zviwi = Zwiai(v).
i=1 i=1 i=1

Since v € V was arbitrary, we have that w = Y1 | w;e’. So w € span{ey,...,e,}. Since w € V* was
arbitrary, (¢!, ...,e") span V*,
Next, let Aq,..., A\, € R be such that )" ; \;e" = 0. Then for all v € V, we have

0= i el (v) = i vt
i=1 i=1

Then since v € V is arbitrary, each v’ € R is arbitrary. So for this to be true for all v € V, we must

have that \; = 0 for all 1 <i < n. So (¢',...,") are linearly independent. Thus (¢!, ...,") is a basis

for V*. O

Notice that covectors are linear maps which take one vector as an input and output a real number.
So to generalise, we consider multilinear maps which take in multiple vectors as an input and output
a real number. This is not the most general type of tensor but is enough for our purposes.

Definition 3.1.2. Let V be a vector space and let k > 1. A covariant k-tensor on V,
a:V x.--xV =R, is a map which satisfies
—_—

k times
(V1 ooy AU 4 (0, oy 0R) = AUV, oy Vg oy V) (V] ooy Vs ooy Up)

for all \,x € R and vy, ...,v;,0},...,v, € V. We denote the space of covariant k-tensors on V' by
T*(V*). It is convention for a O-tensor to just be a real number. As is the case for covectors, T*(V*)
is a vector space when equipped with pointwise addition and scalar multiplication. We also refer to
covariant k-tensors as multilinear maps.

Example 3.1.3. Let V be a real vector space and let w,n € V*. We define their tensor product to be
the map w®n : V x V — R given by (w ® n)(v1,v2) = w(vi)n(ve). Bilinearity follows from linearity
of w and 7. So w ® 7 is a covariant 2-tensor on V.
More generally, let A € T*(V*) and B € T7(V*). Then we define their tensor product to be the
(k 4 j)-linear map A® B:V x --- x V — R given by
—_——
k+7j times

(A® B) (01, s Vipj) = A(01, o0 V) B(Vk 415 ooy Ukt )

Proposition 3.1.4. Let V be a real vector space and let F,F' € TH(V*), G,G' € TI(V*), H € T*(V*)
and \,p € R. Then

(a) \F+uF)® G =AF®G)+ uF @G).
(b) F & (AG+ uG') = MF & G) + u(F & G').
(c) FoG)®H=F® (G H).

Proof. Let vy, ...,v54j1; € V be arbitrary. Properties (a) and (b) are proven in a similar way so we
only prove (a):
(AF + pF") @ G(ur, o, Vi) = (AF + pF') (01, ., 05) G (k41 oo Ukt )
= ME 1, o0y 0) G (VR 41, oo Vi) + LEF (01, o0 V) G (U1 -0 Vet )
= A(F @ G)(v1, ey Ug) + p (F' @ G) (01, or, Vpep)-
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Now we prove property (c):

(F®G)®HV1, .o, Vhtjri) = (F @ Q) (01, vy Vg ) H (Vg 15 o5 Ukt jti)
= F(v1, 00y V) GOk 15 ooy Vit ) H (Vktgib 1, g i)
= F(v1,...,0) (G @ H)(Vgg1, -vs Vktjiti)
=F®(G®H)(v1, ..., Vgt jti)

O]

A natural question now is “given an arbitrary covariant k-tensor, can we find a pair of lower rank
tensors whose tensor product is equal to the given k-tensor?” It turns out this is not always the case
but instead they are always a linear combination of such tensors. For finite dimensional vector spaces,
this is a corollary of the next result.

Proposition 3.1.5. Let V be a finite dimensional vector space with basis (e1, ..., e,) and let (¢',...,e")
be its dual basis. Then A ‘
B={"®@ - ®e*:1<i;<n V1<j<k}

is a basis for TF(V*). And so dim(T*(V*)) = n*.

Proof. The proof is analogous to the proof of Proposition 3.1.1. To check span(B) = T*(V), given
F € TF(V*) we define Fi,.. i, = F(es,...,e;,) and proceed analogously as in Proposition 3.1.1. To
show linear independence, we analogously consider a linear combination of elements of B that equals
0 and conclude since any k-tuple of vectors in V' is mapped to 0, the coefficients must be 0. For the
explicit details, see Proposition 12.4 in [Leel2]. O

3.2 Alternating Tensors

Given a covariant k-tensor, one might wonder what happens to the output if we permuted its entries.
In general there is not a pattern, however we can study two particular cases: permutations leave the
output invariant and permutations multiply the output by —1 raised to the sign of the permutation.
We call the former a symmetric tensor and the latter an alternating tensor. For our purposes, we only
need to study alternating tensors but a treatment of symmetric tensors can be found in Chapter 12
of [Leel2]. Unless stated otherwise, what follows is adapted from [Leel2].

Lemma 3.2.1. Let V be a finite dimensional vector space and let o € T*(V*). Then the following
are equivalent:

(a) a(vi,...;Vj, e Viy ooy V) = —(V1, oy Uiy oo, Vg, oy Ok) for all vy, ..., 04, 0,0, 0 €V
(b) a(vi,...,v) = 0 whenever (vy,...,vx) is linearly dependent.
(c) ais 0 if two of its entries are equal.

Proof. ((a) = (c)): Let w € V. Then (a) implies a(vi, ..., W, ..., W, ..., V) = —Q(V1, 0, W, vy W, ... V).
So (v, ooy Wy ooy w, ..y vg) = 0.

((b) = (c)): Let w € V. Then the tuple (v1,...,w,...,w, ..., vg) is linearly dependent, so (b) implies
(V1 ey Wy ooy W, .y vg) = 0.

((c) = (a)): For vy,...,v; € V (c) implies 0 = a(v1, ..., v; + v}, ..., v + V5, ..., v). Then multilinearity
implies

0 =a(V1, ey Uiy ooey Uiy oy V) + (01, o0y Vs oy Uj, ooy V)

+ (V15 ey Uy ooy Uiy ooy V) + (V15 00y Uy oy Uy ooy V).

Then (c) implies the outer two terms are 0. So we have
0= a(v,... Vi, ..., U, ooy ) + (V1 ..., V], ...y Vi, .., U ), Which implies (a).
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((¢) = (b)): Suppose (v1, ..., vx) are linearly dependent in V', then up to relabelling vy, = 25;11 a;vj
for some a; € R. Then by multilinearity we have

k—1

(v, .y V) = Zaja(vl, U — 1,05).
j=1

Then v; appears twice in the jth term, so (c) implies that each term is 0. Hence o(v1, ...,v;) =0. O

Definition 3.2.2. Let V be a finite dimensional vector space. We call a € T*(V*) an alternating
k-tensor on V if it satisfies any one of the properties in Lemma 3.2.1. We denote the set of alternating
k-tensors on V' by AF(V*). We also call elements of A¥(V*) k-covectors.

Corollary 3.2.3. Let V be a finite dimensional vector space and let o« € T*(V*). Then « is alternating
if and only if for any permutation o € Sy and vy, ...,vx € V we have

a(va(l)a X Ug(k)) = Sgn(a)a(vl, ceey vk).

Proof. The proof is left as Exercise 12.17 in [Leel2] so the proof given is my own. First suppose that
«a € V is alternating and let o € S;. Then since any permutation may be written as the product of
2-cycles ¢ = 711 -+ - T, the action of o on our entries is equivalent to swapping n pairs of entries. So
since « is alternating, each swap multiplies the output by —1, resulting in a total multiplication by
(=1)". Then since sgn(o) = (—1)", we retrieve a(vy (1), -, Vo(k)) = (sgn(0))a(v1, ..., k).

On the other hand, suppose that a(v,(1y, .-, Ve(r)) = (sgn(o))a(vy, ..., vg) for all vy, ...,vp € V and
o € Sg. Then swapping two entries can be represented by a 2-cycle 7 € Si. Then since sgn(7) = —1
we retrieve property (a) in Lemma 3.2.1. So « is alternating. O

Proposition 3.2.4. Let V be a finite dimensional vector space. Then AF(V*) is a vector subspace of
TF(V*).

Proof. The proof is omitted in [Leel2] so what follows is my own work. By the vector subspace
criterion, it is sufficient to show that the linear combination of alternating k-tensors is alternating and
that AF(V*) is non-empty. Firstly, A¥(V*) is non-empty since the zero map 0 : (vy,...,v3) +— 0 € R is
multilinear trivially multilinear and property (b) in Lemma 3.2.1 is trivially satisfied. Now suppose
that o, 8 € A¥(V*) and A\, u € R and suppose that vy,...,vp € V are linearly dependent. Then we
have that

(A + pB)(v1, .y vg) = Aa(vy, .oy vg) + p B(V1, ooy V).

Then since « and 3 are alternating, property (b) in Lemma 3.2.1 implies a(v1, ..., vx) = 0 = (v, ..., vg).
Hence (A + uB3)(v1, ..., vx) = 0 and so is alternating. So AF(V*) is closed under addition and scalar
multiplication. O

Remark 3.2.5. Property (b) in Lemma 3.2.1 implies that if & > dim(V), then dim(A*(V*)) = 0
since every k-tuple is necessarily linearly dependent. Covectors and real numbers satisfy property (c)

vacuously and hence A'(V*) = TH(V*) = V* and A°(V*) = TO(V*) = R.
We would now like to construct a basis for A¥(V*). To do this, we first introduce multi-indices.

Definition 3.2.6. Let &k € N. A multi-index of length k is an ordered k-tuple of positive integers
I = (i1, ...,ig). If 0 € Sk, we define I, := (ig(1), s io(r)). We say a multi-index I = (iy,..., i) is
increasing if i1 < i9 < -+ < ig. Given two multi-indices I = (i1, ..., i) and J = (j1, ..., j;), of length k
and [ respectively, we define a multi-index of length k + 1 by IJ := (i1, ..., ik, J1, -, J1)-

With multi-indices, we can now define elementary alternating tensors. These will not quite form
a basis of A¥(V*) but they are the first step.

Definition 3.2.7. Let (¢!,...,e") be a basis for V* and let I = (iy,...,i;) be a multi-index of length
k with 1 <y, ...,i; < n. We define the covariant k-tensor ! by

gl ('Ul) ce.ogh ('Uk)

el(vy, ..., vp) = det :

Eik<v1) Eik(‘vk)
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We call e/ an elementary alternating tensor. Swapping two entries of € results in swapping two
columns in the matrix in its definition, which results in multiplication by —1 by properties of the
determinant. So £’ is indeed alternating.

Lemma 3.2.8. Let (ey, ..., e,) be a basis for a vector space V and let (€', ...,e™) be the associated dual
basis for V*. Let ! be an elementary alternating tensor. Then

(a) If I has a repeated index, then ' = 0.
(b) If J =1, for o € S, then el =sgn(o)e”’.
(c) Evaluating ' on a sequence of basis vectors results in
hoa
elejyyme) =det | 1 o1 | =40,
U
where 0y is the Kronecker delta.

Proof. If I has a repeated index, then the matrix in the definition of e/ has at least two repeated rows
and hence its determinant is 0, which proves (a). For (b), we have that ¢ permutes the rows of the
matrix in the determinant which results in multiplication by sgn(o). Lastly, to show (c¢) note that
gl(ej) = (5; So each entry of the matrix will be a Kronecker delta. O

Before we give a basis for A¥(V*), we need one last simplifying notation.

!
E OZISI = E Oqel
I

{I:i1<~~’ik}

Definition 3.2.9. We write

for a sum over increasing multi-indices of length k.

Proposition 3.2.10. Let V be an n-dimensional vector space with basis (1, ..., e,) and let (¢!,....e")
be the associated dual basis for V*. Then for k <mn,

E = {e! : I an increasing multi-index of length k}
is a basis for A¥(V*). Therefore dim(A*(V*)) = (7).

Proof. First suppose a € A¥(V*) and for each multi-index of length k, I, define the number a; :=
a(ej,,...,e;, ). Then since « is alternating, ay = 0 if I has a repeated index and for o € Sj we have
J =1, = ajy =sgn(o)as. Then for any multi-index .J, Lemma 3.2.8 (c) gives us that

IooI Y
Z are’ (ej, ...€j,) = Z a7y = oy = a(ej, ..., €j)-
i i

Then by multi-linearity E/alal(vl, oy Ug) = a(vy, ..., vx) for all vy, ..., v € V. So leaﬁl =a. So &
spans A¥(V*). Now suppose that >_,’ase! = 0. Then for any increasing multi-index J, Lemma 3.2.8

(c) implies
/ /
0= Z arel(ejy,nej) = Z a0t =ay.
1 1

So each coefficient a; = 0. So & is linearly independent and is hence a basis for A¥(V*). The dimension
follows from a counting argument on the number of increasing multi-indices. O

One question we might ask now is whether the tensor product of two alternating tensors is again
an alternating tensor. In general the answer is no. For example, suppose V is a vector space with
basis (e1,ez) with associated dual basis (¢!,€2). Then ¢! ® 2(eq,e2) = 1 but &' ® e%(e2,e1) = 0 s0
e! ® €2 is not alternating. So we would like to construct another kind of product between alternating
tensors which produces new alternating tensors: the wedge product. We do this by taking the tensor
product then projecting onto the subspace of alternating tensors. We first define this projection.
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Definition 3.2.11. Let V be a finite dimensional vector space. We define the alternation
Alt : TH(V*) — AR(V*) by

(ATt ) (01, ..., vg) = % S (520(0)) Vo1, o V(i)

oSk
Proposition 3.2.12. Let V be a finite dimensional vector space and let o € T*(V*). Then
(a) Alt «v is alternating.
(b) Alt o = « if and only if « is alternating.
(¢c) Alt is a linear map.

Proof. This was left as Exercise 14.4 in [Leel2] so what follows is my own work. To prove (a), let
V1, .oy Vs ooy U, .., U € Voand let o € Si. Define 7, € Sy, be the two cycle given by 7,(co(7)) = o(j),
T5(0(7)) = o(i) and 7,(c(l)) = o(l) for I # i,j. Then sgn(r,0) = —sgn(o) and

a(UTUO'(l)7 o Vo (9)r oo Urgo(i)s oo ’U’racr(k)) = a(va(l)v < Ug(i)y =3 Ug(5)s ++o» UO’(k))‘

Then we have

1
(Alt @)(v1, ooy Vi, ooy U, ooy V) = o Z (5gn(0))(Vr, 5(1)5 ) Vrpr(§)s -5 Vrg (i) o Vrpr(k))
o€ES}

1
= _H (Sgn(TGU))a(U’rgU(l)a o Urpa(4)s o Vrga(i)s oo ngO'(k)))'
€Sk

Since we are summing over all permutations, we may sum over 7,0 instead without affecting the result.
So we may re-index the sum with p = 7,0 and we get

1
(Alt @) (V1, oy Vg, ooy Uy oy V) = 7 (81(p))A(Vp(1)s -+ Vp(s) s -+ Up(i) s -5 Up(k))-
PESk

This then gives us (Alt «)(v1, ..., vi, ..., Vj, ..., ) = —(Alta)(vi, ..., v, ..., 04, ..., V), s0 Alt o is indeed
alternating.

Part (a) gives us one direction of part (b). To show the other direction, suppose « is alternating.
Then a(vy(1), -+ Vo)) = (sgn(eo))a(vi, ..., vx) by Corollary 3.2.3. So we have that

1 1 1
(ALt a)(v1, ... vk) = 15 > (sen(o))*a(vr, ..., vp) = i > a(vr, o vr) = 7 Kalvy, v,

€Sk oESK

since sgn(o) € {1,—1} and |Sk| = k!. So Alta = a.
Lastly, to show (c), note that parts (a) and (b) imply that Alt is a projection onto the subspace
A*(V*) and hence must be a linear map. O

Definition 3.2.13 (Wedge Product). Let V be a finite dimensional vector space, w € A¥(V*) and
n € AL(V*). We define their wedge product to be the (k 4 [)-covector
(k+1)!

WA= ol Alt(w @ n).

The inclusion of this coefficient becomes apparent in the proof of the next result.

Lemma 3.2.14. Let V be a finite dimensional vector space with basis (e1,...,e,) and let (g1, ....e")
be its associated dual basis for V*. For any multi-indices I = (i1, ...,1;) and J = (j1,...,J;1) we have

5I /\5‘] = 5”.
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Proof. By multilinearity, it is sufficient to show that

IJ
el /\EJ(epl, s Cpeny) =€ 0 (Epys s €ppiy) (3.1)

for any sequence of basis vectors ey, ..., ep, .,. We proceed with 4 different cases.

Case 1: The multi-index P = (p1, ..., pr+1) has a repeated index. Then both sides of (3.1) are equal to
0 since both are alternating.

Case 2: P contains an index that does not appear in either I or J. So by Lemma 3.2.8 (c) evaluating
the right hand side of (3.1) produces a matrix that contains at least one column of zeros. So the
determinant is 0. Similarly, each term of the left hand side of (3.1) involves either &/ or ¢’ evaluated
on a sequence of basis vectors whose indices are not a permutation of either I or J respectively. So
each term is again 0 by Lemma 3.2.8.

Case 3: P = IJ and contains no repeated indices. Then by Lemma 3.2.8 the right hand side of (3.1)
is equal to 1. So we need to show that the left hand side is also 1. We have that

1
I J I J
el nel(epys s epy,) = T D (580(0)E (€py 1y €poi)E (€paisys o Epagurn))-

UESk+l

By Lemma 3.2.8 (¢), the only non-zero terms are those for which o permutes the first £ indices and
the last [ indices of P separately. So we write 0 = 7p where 7 € Sy, acts on {1,...,k} and p € S acts
on {k+1,...k+1}. Then sgn(o) = sgn(7)sgn(p) and we have

1
I, _J I J
€ Ne(epyy s ppy) = T Z(sgn(T) sgn(p))e (e(pT(l),...,epT(k))s (€ppiisnys - Eppgisny)

TESk
PES)
=5 Z (sgn(7))e’ (€(p, 1y o Eprry) il Z(Sgn(p))s (€ppirsnys s €pprsn))
" TES " peS;

= (A6 ) (epy oo p )AL ) (€ es )

1 J
=& (epn "'7€pk)5 (epk+17 "'76pk+z) =1

Case 4: P is a permutation of IJ and has no repeated indices. We can apply a permutation to P
to retrieve case 3. Then since permuting the entries of P multiplies both sides by the sign of that
permutation, we still have equality. O

We finish this section by proving some properties of the wedge product.

Proposition 3.2.15. Let w,w’,n,n" and \ be multi-covectors on a finite dimensional vector space V.
Then

(a) Bilinearity: For a,a’ € R

(aw + d'w) An=a(wAn)+adW An),
wA (an+adn') =alwAn) +d(wArn).

(b) Associativity: w A (n AX) = (wAn) AN

(c) Anti-commutativity: if w € A¥(V*) and n € AY(V*), then
wAn=(-1)*pAw.

(d) If (¢4, ...,e") is a basis for V* and I = (i1, ...,ix) is a multi-index, then

e A NER =gl
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Proof. Bilinearity follows from the fact that ® is bilinear (Proposition 3.1.4) and that Alt is linear
(Proposition 3.2.12 (c)). To show (b), let I, J and K be multi-indices. Then Lemma 3.2.14 implies

AT NelE) =l ne?B = TE = T N K = (e Ae?) Nk

Associativity in general then follows from bilinearity.
To show (c), let I and J be multi-indices of length k and [ respectively and let 7 € Sk1; be the
permutation which sends IJ to JI. Then by Lemma 3.2.14 and Corollary 3.2.3

el nel =l = (sgn(r))e?! = (sgn(r))e’ A el

Then since k - I many transpositions are required to permute I.J to JI, we have that sgn(r) = (—1)*.
So el Aed = (—=1)¥e/ A el. The general case then follows from bilinearity.

To show (d), we proceed by induction. First, let I = (i1). Then clearly e/t = . Now suppose
there exists an k& € N such that for a multi-index I = (i1,...,43;) (d) holds. Then the multi-index
I11 = (i1, ..oyig41) is equal to I (ig+1). So by Lemma 3.2.14 and associativity we have that

glert = gl p gl — gt Ao A gl A gl
Hence (d) follows by induction. O
Corollary 3.2.16. If k is odd and w € A¥(V*), then w Aw = 0.

Proof. Since k is odd, k? is also odd. So Proposition 3.2.15 (c) implies that w A w = (—1)w A w. So
wAw=0. O

Remark 3.2.17. Let V be an n-dimensional vector space. We define the exterior algebra of V to be
the vector space

A(VF) = éAk(v*).
k=0

Bilinearity and associativity of the wedge product implies that A(V*) with the wedge product is an
associative algebra. Moreover, since A¥(V*) A AL(V*) C AFT{(V*), the exterior algebra of V is said
to be graded. Lastly, property (c) in Proposition 3.2.15 implies that the exterior algebra of V is an
anti-commutative associative graded algebra.

3.3 Cotangent and Tensor Bundles

We have now developed enough of the theory of tensors to construct new vector bundles on smooth
manifolds. In this section, we focus on the cotangent and tensor bundles and leave the discussion
of bundles of alternating tensors to Chapter 4. What follows is adapted from [Leel2] unless stated
otherwise.

Definition 3.3.1. Let M be a smooth manifold and let p € M. We denote the cotangent space of M
at p by TyM := (T,M)*. Now we define the cotangent bundle of M by

T°M:= | | TyM
peEM

and the bundle of covariant k-temsors on M by

TFT*M = | | TH(T; M).
peEM

Remark 3.3.2. Since T*(T;yM) = T M for all p € M, we have that T'T*M = T*M.

Lemma 3.3.3. Let M be a smooth n-manifold. Then the cotangent bundle of M and the bundle of
k-tensors on M are smooth manifolds and smooth vector bundles over M of rank n and n* respectively.
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The proof is similar to the proofs that the tangent bundle is a smooth manifold and a smooth
vector bundle over M and can be found in [Leel2] in Proposition 11.9 and Exercise 12.18 respectively.

Definition 3.3.4. Let M be a smooth manifold. We call sections of the cotangent bundle covector
fields and sections of the bundle of covariant k-tensors on M (covariant) k-tensor fields. We also
refer to smooth covector fields as 1-forms and denote the set of 1-forms on M by Q!(M). That is
QYM) :=T(T*M). We denote the set of smooth sections of T*T*M by T*(M) := I'(T*T*M). Given
a smooth section of any of these bundles, A, we use the notation 4, := A(p).

Remark 3.3.5. In Definition 3.1.2 we defined a O-tensor to be a real number. So the sections of
TOT*M are maps M — R. In particular, smooth sections are smooth real maps and so C*(M) =
L(TT*M). We also use the notation Q°(M) = C>®(M).

We would like to construct a local frame for these bundles. The local frame for the bundle of covariant
tensors relies on some of the theory for the cotangent bundle so we will revisit it later in this section.
This next result will provide us with a local frame for the cotangent bundle. We first define the
candidate for a local frame of the cotangent bundle.

Definition 3.3.6. Let M be a smooth manifold and let (U, ¢) be a smooth chart. Then for p € U
define the covector X'|, € TxM by
. 9 .
7 Y]
Xp <8xj p) 1= 05

Then given a section w, we define its component functions to be the maps w; : U — R given by wl( =
Wp (% p). In particular, (A|,,...,A"|,) is the dual basis associated to the basis (W e &Tn )

of T,M. Then we have that w, = > I, w;(p)A’], using linearity of w. We then define the maps
ANt U — T*M by N(p) := X¥|p. We call (M, ..., \") the coordinate coframe.

Remark 3.3.7. Proposition 11.9 in [Leel2] provides us with a smooth chart for 7" M involving these
M|,’s. Given a smooth chart of M, (U, ) with ¢ = (z!,...,2™), we define the chart ¢ : > | a;\Y|, —
(X1 eeey Ty ALy ey Q).

Proposition 3.3.8. Let M be a smooth manifold and let w : M — T*M be a function such that
mow = idps, where w : T*M — M is the smooth vector bundle projection. Then the following are
equivalent:

(a) w is smooth
(b) In every smooth chart, the component functions of w are smooth
(¢) Each point of M is contained in some smooth chart on which w has smooth component functions.

Proof. This is left as Exercise 11.12 in [Leel2] so the proof given is my own. To show that
(a) = (c) suppose w is smooth and let (U, ¢) be a smooth chart for M with ¢ = (z!,...,2") and
let ¢ be the chart defined in Remark 3.3.7. Then (@ o w)(p) = (z!,...,2" wi(p), ..., wn(p)). Let
Tt R?” — R be the projection onto the (n 4 i)th coordinate. Then w; = 7, ;09 0w and so w; is
the composition of smooth maps and is hence smooth.

To show (b) = (c), let p € M and let (U, ¢) be a smooth chart containing p. Then by assumption,
the component functions of w are smooth on U. Since p € M was arbitrary, (c) holds.

Lastly, to show (c¢) = (a), let p € M and let (U, ) be the smooth chart containing p on which
the component functions of w are smooth. Let ¢ be the chart for T*M defined in Remark 3.3.7. Then
for all ¢ € ¢(U) we have that

~ -1 ~ -1 -1

powoy (q) = P(Wp-1(g) = (¢ (W1 097 ) (@), -, (wn 097 )(q))-
Then since each component function is smooth, w; o p~! is the composition of smooth maps so is
smooth. Then each component of ¢ owo¢~!:R" — R?" is smooth, so it is a smooth map. Hence w

is smooth on U. Then since p € M was arbitrary, w is smooth on M by Proposition 2.1.13. O
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Corollary 3.3.9. Let M be a smooth manifold and (U, ) be a smooth chart. Then the coordinate
coframe (AL, ..., \") is a smooth local frame for T* M.

Proof. The component functions of each A\ are constant maps and are hence smooth. So by Proposition
3.3.8 each X is smooth. Then since (A, ..., \"[,) is a basis for T*M for all p € U, (A!,...,\") is a
smooth local frame. O

Given a smooth real map f € C°°(M), it is possible to define an associated 1-form which can be
thought of as a generalisation of the gradient from multivariable calculus. It will also allow us to give
a better notation for the coordinate coframe.

Proposition 3.3.10. Let M be a smooth manifold and let f € C°°(M). Define the differential of
[ to be the map df : M — T*M by df,(v) == vf for v e T,M. Then df is a smooth covector field on
M.

Proof. Whilst a proof is given in [Leel2], I have opted to present a slightly different proof of my own.
Let (U, ) be a smooth chart for M with ¢ = (x!,...,2"). Then the component functions of df are

given by
) 0
» ox*

Then by Lemma 2.2.15 (a), each (df); is smooth. Since the chart was arbitrary, property (b) in
Proposition 3.3.8 is satisfied. Hence df is smooth. O

(d)ilp) =, (ai

£,

p

Corollary 3.3.11. Let M be a smooth manifold and let (U, ) be a smooth chart for M with ¢ =
(zt,...,2™). Let (\L,...,\") be the coordinate coframe. Then \' = dx® for all 1 <i < mn. We call the
dx"’s coordinate 1-forms and we call dm; a coordinate covector.

Proof. Let p € U, then dx* (i|p> i‘pxi = 5} =\, (% p). O

oxJ = 0ad

of _ o
oxr* Ozt

Using the notation » f, this allows us to write the differential in coordinates as

df = o 5da'.
i=1

It is in this form where the resemblance to the gradient is seen.
The next result demonstrates further that the differential of a smooth real map is a kind of
derivative.

Proposition 3.3.12. Let M be a smooth manifold and f,g € C>°(M). Then
(a) Let a,b € R, then d(a f +bg) = adf + bdg.
(b) d(fg) = fdg+gdf.
(c) If f is constant, then df = 0.

Proof. This is left as Exercise 11.21 in [Leel2] so what follows is my own work. Both (a) and (b)
follow from the properties of derivations. For example let p € M and v € T,M, then d(fg),(v) =
v(fg) = f(p)vg + g(p)vf. Then since p € M and v € T,,M were arbitrary, (b) follows. To prove (c),
recall that Lemma 2.2.3 says that if f € C°°(M) is constant, then vf = 0 for all v € T,M and p € M.
So dfp(v) =vf =0 for all v € T,M and p € M. Hence df = 0. O

Proposition 3.3.13. Let M be a smooth manifold and let f € C°°(M). Then f is constant on each
connected component of M if and only if df = 0.

31



Proof. 1t is sufficient to assume that M is connected. First, if f is constant we have that df = 0 by
Proposition 3.3.12. Conversely, suppose df =0, let p € M and let Cp, :={qg € M : f(q) = f(p)}. If we
show that M = C),, we have shown that f is constant. Let ¢ € C}, and let (U, ¢) be a smooth chart.
By definition of openness in R™ we can assume that U is homeomorphic to an open ball centred at
©(q) (or a ball intersected with H" in the case that ¢ € OM). Otherwise, let B C ¢(U) be an open
ball containing ¢ and make a new chart (o~1(B), ). Then each component of df is zero, so g a]; =0
on all of U. So by a result from multivariable calculus, f must be constant on U. Then U C (), and
is an open neighbourhood of ¢ and so ¢ is an interior point. Then since ¢ € C,, was arbitrary, we have
that C), is open. We also have that since C, = f~1({p}) and singleton sets are closed in Hausdorff
spaces, (), is the continuous preimage of a closed set so is closed. Hence by the connectedness of M,
C) is either empty or is equal to M. But clearly p € C), so Cp, = M. O

To construct a local frame for the tensor bundles, recall that Proposition 3.1.5 gives us that the
basis for T#(V*), where V is a finite dimensional vector space, is given by k-fold tensor products of
the dual basis for V*. This means that at each point p € M in a smooth manifold and smooth chart
(U, ) containing p, a basis for T#(T*M) is given by k-fold tensor products of coordinate 1-forms.

Definition 3.3.14. Let M be a smooth manifold and let A : M — T*T*M be a map such that
7o A =idy where m : TFT*M — M is the smooth vector bundle projection. Then given a smooth
chart (U, ) for M with ¢ = (z!,...,2"), we may write

A= )" Ay g da" @ @ dat,
We call A;,, 4 : U — R the component functions of A.

We then have a result analogous to Proposition 3.3.8!

Proposition 3.3.15. Let M be a smooth manifold and let A : M — T*T*M be a function such that
woA=idy, where wm: TFT*M — M is the smooth vector bundle projection. Then the following are
equivalent:

(a) A is smooth
(b) In every smooth chart, the component functions of A are smooth
(¢) Each point of M is contained in some smooth chart on which A has smooth component functions.

The proof is analogous to the proof of Proposition 3.3.8, see Proposition 12.19 in [Leel2]. Then as
with the coordinate coframe for T* M, we have that each k-fold tensor product of coordinate 1-forms
has constant and thus smooth component functions and hence they form a smooth local frame.

As with tensors, we can produce new tensor fields via the tensor product!

Proposition 3.3.16. Let M be a smooth manifold and let A € T*(M) and B € T7(M) and
f € C>®(M). Then the tensor fields (A ® B), := A, ® By, and (fA), = f(p)A, are smooth.

Proof. This is left as Exercise 12.23 in [Leel2]| so what follows is my own work. First, let (U, ) be a
smooth chart with ¢ = (z!,...,2™). Then on one hand, A ® B in these coordinates is

A®B = Z (A®B)i1,...,ik+~dxi1 ®---®dxik+j.

J
U1y lhtj

On the other hand, for p € M and vy, ..., v44; € T, M we have that

(A® B)p(v1, s Vktj) = Ap(V1, -y V) Bp (Vi1 -5 Vi)
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So in coordinates we have

_ E ) ) ... ik E ) . Thtl ) ... [
A ® B - Allw-'vlkdl‘ ® ® dx Blk+1,...,’tk+j dw ® ® dl‘
1150000k Tkt 1seslht g
= E . . B : ... iktj
= Air iy By iy, 4" @ - @ dx® 9
il,...,’ik+j

Comparing the coefficients, we get that (A® B)i, i, = Aiy,...iy Biy i1, iny,- Thensince A and B are
smooth, Proposition 3.3.15 (b) gives us that each component function A;, _ ;,, Birir,iny; U= Ris
smooth. Since C*°(U) is a ring, products of these component functions are also smooth. Hence each
component function of A ® B is smooth. So by Proposition 3.3.15, A ® B is smooth.

Similarly, let (U, ¢) with ¢ = (2!, ...,2™) be a smooth chart. Then in coordinates

A=Y (fFA), . ipda™ @ @ da'.

We also have that for p € U and vy, ...,vy € T,M that (fA)y(vi,...,vx) = f(p)Ap(v1,...,vn). So in
coordinates, we have

(fAp= > F() A, (A" |, @ - @ da'™ .

So comparing coefficients we get that (fA);, i, (p) = f(p)A,,. i, (p) for all p € U. Since A is smooth,
Proposition 3.3.15 implies that each A;, . ;, is smooth. Then each (fA);, . i, is the product of smooth
functions on U and is hence smooth. So by Proposition 3.3.15, fA is a smooth tensor field. O

Recall in Example 1.2.6 we showed that any linear map f : V — W has a dual map f*: W* — V*
given by f*(¢) = po f for ¢ : W — R linear. Given a smooth map, F': M — N, we have an associated
linear map dFy, : T,M — Tp, N at each tangent space to M. So given a covector w € T ;i(p)N , we
can define a covector (dF})*(w) = w o dF, € Ty M. This motivates the definition of the pullback of a
tensor field.

Definition 3.3.17. Let F' : M — N be a smooth map between smooth manifolds. Given a tensor
field A € T#(NV), we define the pullback of A by F to be the map F*A : M — T*T*M defined by

(F*A)p(vl, ceey ’Uk) = AF(p) (de(’Ul), ceey de(’Uk;)),

where p € M and vy, ...,v € T,M. If f € TO(N), i.e. f is a smooth real map, then F*f := fo F and
is smooth since the composition of smooth maps is smooth.

Proposition 3.3.18. Let F': M — N be a smooth map and let uw € C*°(M). Then F*(du) = d(uoF).
Proof. Let p e M and v € T, M be arbitrary. Then
(F*du)p(v) = dup(p) (dFp(v))
= dFy(v)u (by Lemma 2.2.4)

=v(uoF)
=d(uo F)p(v).

O]

Proposition 3.3.19. Let F': M — N and G : N — P be smooth maps between smooth manifolds
and let A and B be smooth covariant tensor fields on N. Then

(a) Let \,u € R. Then F*(NA+ uB) =\ NF*A+ uF*B.

(b) Let f € C°(N). Then F*(fA) = (f o F)F*B
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(¢) F¥(A® B) = (F*A) ® (F*B).
(d) F*A is a smooth tensor field on A.
(e) If C € T*(P), then (G o F)*C = F*(G*C)

(f) (idy)*B = B

Proof. The proof is left as Exercise 12.26 in [Leel2] so what follows is my own work. For (a), (b) and
(c) let p € M and vy, ..., v € T, M be arbitrary. Then (a) follows from

(F*(AA+ pB))p(vr, -y v) = (A A+ p B) pip) (dF ( 1), - dEp(vr))
= )\AF(p)(de(vl), . (Uk)) + ,uBF (de(’Ul), ceey de(’Uk))
= A(F*A)p(v1, ..., v ) p(F*B)p(v1, ..., vg),

(b) follows from

(E*(fA)p(v1s s 0k) = (FA) ppy (dEp(v1), oo, dFp(vr)) = (f 0 F)(p) (F*A)p(v1, .. vk),

and (c) follows from

(F*(A® B))p(v1; ..., Uptj) = (A® B)pp) (dFp(v1), ... dFp ()
= AF(p) (de(Ul), ceey de(vk))BF(p) (de(Uk+1), ceey de(Uk+j))
= (F*A)p(v1, oo, 0) (F* B)p(0ps1, ooy V) = (F*AQ F*B)p(v1, ..., Upsy)-

For (d) let (U, ¢) and (V,%) be smooth charts for M and N respectively with F(U) C V and ¢ =
(y',...,4%). Then on U, using parts (a)-(c) and Proposition 3.3.18, we can write F*A as

FFA=F* [ > Ay ady" @ - @dy™ | = Y (A5 0F)dy" o F)® - @d(y™ o F).

Then since A is smooth, Proposition 3.3.15 implies each A4;, . ;, is smooth on V. So each A;, . ; oF is
smooth on U. We also have that each 3% o F is smooth so its differential is also smooth by Proposition
3.3.10. So on U, F*A is a C*°(U)-linear combination of smooth covector fields and hence must be
smooth on U since the set of smooth sections is a C°°(U)-module (Proposition 2.5.13). Then since
(U, ) was an arbitrary chart, Proposition 3.3.15 implies that F*A is smooth on M.

For (e), let p € M and vy,...,v; € TyM. Then we use Lemma 2.2.4 (b) to get

(G o F) C)p(v1, ..y vi) = Corpy) (d(G o F)p(v1), ..., d(G o F)p(vy))

= Cq(rp) (AGp @) (dFp(v1)), ... dG p(p) (dFp (vE)))
= (G*C)F(p)(de( v1), ..., dEy(vg)) = (F*(G*C))p(v1, ..., vg).

Lastly, to prove (f), let p € N and vy, ...,v; € T,N. Then by Lemma 2.2.4 (c) we have

((idN)*B)p(’Ul, ...,’Uk) = BidN(p)(d(idN>p(Ul>7 ceay d(idN)p(’Ul)) = Bp(’l)l, ...,’Uk).

IV. Differential Forms

4.1 Differential Forms

In Chapter 3 we developed the theory of tensors and in particular of alternating tensors and we
concluded by talking about the cotangent bundle and the bundle of covariant k-tensors. What remains
is to talk about the bundle of alternating k-tensors. The smooth sections of this bundle are what we
will call differential k-forms. This section mirrors Section 3.3, whilst the subsequent sections develop
further the theory of differential forms. What follows is adapted from [Leel2] unless stated otherwise.
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Definition 4.1.1. Let M be a smooth manifold and k£ € Z>o. The bundle of alternating k-tensors
on M is defined to be
AFT*M = | | A¥(TyM).
peEM
We call smooth sections of A¥T* M (differential) k-forms and we denote the set of k-forms by QF (M) :=
L(AFT*M).

Remark 4.1.2. Following Remark 3.2.5 we see that A’T*M = T°T*M and A'T*M = T'T*M so
our notation for the set of 0- and 1-forms is consistent. Furthermore, Remark 3.2.5 also implies that
if k > dim(T,M) = dim(M), A*(T;M) is trivial. So for k > dim(M) we have that Q¥(M) is trivial.
That is, we have no non-trivial k-forms when k& > dim(M).

We also have that Q¥(M) is a C*°(M)-module and a real vector space by Proposition 2.5.13 and
Remark 2.5.14 respectively.

Analogous to the discussion of local frames for the bundle of covariant tensors, we have that at
each point in a smooth chart (U, ), a k-form is the linear combination of k-fold wedge products of
coordinate covectors:

/ . .
wp = Z wrdx™ A Adx'.
1

Complementary to the notation for the elementary alternating tensors and Proposition 3.2.15 we
define da! := daz™t A --- A dz* for a multi-index I = (i1, ...,i). Then analogous to the case for the
bundle of covariant k-tensors, {dz! : I an increasing multi-index of length &} is a smooth local frame
for A¥T*M. Then by Proposition 2.5.11 we see that a form w is smooth if and only if its component
functions w; are smooth in any smooth chart.

We can extend the wedge product and its properties to the level of differential forms. That is
Lemma 3.2.14 holds pointwise on any chart U and Proposition 3.2.15 holds pointwise on all of M.

Proposition 4.1.3. Let M be a smooth manifold, w € QF(M), and n € Q/(M). Then the map
(WA N)p = wp A1y is smooth and hence is a (k + 1)-form.

Proof. The proof is omitted in [Leel2] so what follows is my own work. Let (U, ¢) be a smooth chart
with ¢ = (x1,...,2™). Then we can write

/ /
w= Z wrdz! and n = Z nydz”’,
1 J

where the component functions wy,n; are smooth. Then using the properties of the wedge product,
we have that on U

wAn= (Z/wjd:n]> (Z/njdm‘]> = Zwmjdazl ANdz? = ZWIT]JCZ$IJ.
T J 1,J 1,J

Then each component function of w A n is wyrny, which is the product of smooth functions on U and
is hence also smooth on U. So by Proposition 2.5.11, w A n is smooth on M. O

Remark 4.1.4. Analogous to Remark 3.2.17, we can define the exterior algebra of M by
n
(M) = P *(m).
k=1

The wedge product turns Q*(M) into an associative anticommutative graded algebra.

In Section 3.3, we defined the pullback of a tensor field by a smooth map. Since differential
forms are also tensor fields, the definition of a pullback works for differential forms too. In particular,
Proposition 3.3.19 holds for differential forms. Moreover, given a smooth map F' : M — N and a
k-form on N, w € QF(N), we have that (F*w), is an alternating tensor on T,M for all p € M since
Wr(p) 18 an alternating tensor on Tr,)N. So F*w is in fact a differential k-form on M.
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Lemma 4.1.5. Let F : M — N be a smooth map between smooth manifolds, w € QF(N) and
n € QYN). Then

(a) F*: QF(N) — QY(M) is a linear map over R.
(b) F*(wAn) = (Frw) A (F™n).

(c) In any smooth chart, we can write

Frw=Y"(wroF)d(y" o F) A--- Nd(y* o F).
I

Proof. The proof is left as Exercise 14.17 in [Leel2] so what follows is my own. (a) follows from
Proposition 3.3.19 and the discussion above which shows the pullback of a differential form is a
differential form. (c) follows in an analogous way to the proof of (d) in Proposition 3.3.19 using parts
(a) and (b) of this lemma. It remains to show (b). First we will show that given A € T*(N), we have
F*(Alt A) = Alt(F*A). Indeed, let p € M and vy, ..., v € T}, be arbitrary. Then

* 1 *
AL(F* A)p (1, 08) = 7 > sgn(o) (F*A)p(Vo(1)s --os V(i)

’ oESK

1
) Z sgn(0) Ap(p) (dFp(Vo(1)), - AFp(Vo (k)))

o€Sk

— (A1t A) () (AF (1), ..oy dF(0g)) = (F*(Alt A))p (01, ooy v

Then combining this fact with the fact the pullback is linear over R and respects tensor products,
Proposition 3.3.19 (c), we get that

F*(wAn) = F* <(k/<;!+ul)! Alt(w ® n)) = (k/;ul)! AL ((F*w) ® (F*)) = (F*w) A (F*n).

O]

Corollary 4.1.6. Let M be a smooth manifold. Then the assignments QF : M +— QF(M), F > F*
and Q* : M — Q*(M), F — F* are contravariant functors to the category of real vector spaces and
real associative anticommutative graded algebras respectively.

Proof. This is not mentioned in [Leel2] and so the proof is my own. Firstly, Lemma 4.1.5 (a) and (b)
imply that the pullback is actually a graded algebra homomorphism. Then Proposition 3.3.19 (e) and
(f) imply that the assignments are indeed functorial. O

Remark 4.1.7. One might be pleased that we have constructed some functors from the category of
smooth manifolds to some categories of algebraic structures. However, spaces of differential forms are
not in general finite dimensional vector spaces so actually trying to calculate and classify QF(M) or
Q*(M) is too much work to be beneficial for our purposes. In the next section, we will introduce
an operation on differential forms which will provide us with much richer structure that we can take
advantage of for the purposes of algebraic topology.

4.2 The Exterior Derivative

In Section 3.3 we defined the differential of a smooth real map. That is, given a smooth real map
f: M — R, we can define an associated 1-form df € Q'(M). Proposition 3.3.12 (a) then implies
that we can think of the differential d : Q°(M) — Q(M) as a real linear map which maps 0-forms to
1-forms. The goal of this section is to extend this operation to arbitrary k-forms by constructing the
exterior derivative. We first define it on R™ and then use smooth charts and their pullbacks to show
that the exterior derivate exists on all manifolds. What follows is adapted from [Leel2] unless stated
otherwise.
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Definition 4.2.1. Let w = Zf]wJ dz’ be a differential k-form on an open subset U C R" or H". We
define its exterior derivative, dw, to by the following (k + 1)-form:

d (Z/WJ dacJ> = Z/d(.UJ A dz”.
J J

More specifically,

d (Z'w da?t A A d:cjk) =5’y %‘;j da’ Adat Ao A da, (4.1)
J J

=1

Example 4.2.2. This example does not appear in [Lee12] and is my own. Let w = (y%+2z) dx+2% dy
be a 1-form on R?. Then

dw = d((y* + 2z) dx + 2% dy) = 2dx A dx + 2y dy A dx + 2z dx A dy + 0dy A dy.

Then using Proposition 3.2.15 and Corollary 3.2.16 we have that dy A dx = —dy A dz and dx A dx =
0=dyAdy. So
dw = —2ydx Ndy + 2z dx Ndy = 2(x — y) dz A dy.

Remark 4.2.3. The standard smooth frame for A°T*M is the smooth map 157 : M — R given by
Ly (p) = 1 for all p € M since any smooth real map f € C°(M) = QY(M) can be written as the
product f1p7. So the exterior derivative of f € C*°(R") is given by df = df A 1gn = df, since the
wedge product with a O-form is regular pointwise multiplication. So the exterior derivative is in fact
an extension of the differential.

Proposition 4.2.4. Let U be an open subset of R™ or H" and V and open subset of R™ or H™.
(a) d is linear over R.
(b) If w € Q*(U) and n € QUU), then d(w An) = dw An+ (—1)Fw A dn.
(c) dod=0.
(d) If F: U =V is a smooth map and w € QF(V), then F*(dw) = d(F*w).

Proof. The linearity of d follows from the linearity of the differential and the bilinearity of the wedge
product. To show (b), by linearity, it is sufficient to only consider expressions of the form u daz! € QF(U)
and vdz’ € QYU) for smooth maps u,v : U — R. First given any multi-index I, we show that
d(udz’) = du A dx!. If I has repeating indices, dz! = 0 so by linearity d(udz!) = 0 and du A dx! = 0.
Otherwise, let o be the permutation which sends I to an increasing multi-index J. Then using Lemma
3.2.8 (b), we have

d(udz’) = (sgn(o))d(udz’) = (sgn(o)) du A dz’ = du A dz.
Then using the above calculation and Propositions 3.3.12 and 3.2.15 we get that

d((udz") A (vdz?)) = d(uwv dz! A da’) = d(uww) A da! A da? = (uwdv + vdu) A de’ A da?
= udv Adx' Adz? +vduAde’ A dx?
= (—=D)* (wdz) A (dv A dz”) + (du A dz') A (vda?)
= (=D*(udz?) A d(vdz?) + d(udz) A (vdz?).

To show (c), we first consider the case for 0-forms. Let u € Q°(U) = C°°(U). Then

n

" du . " 9%u , , 9%u 0%u ~ ~
= ¢ = ¢ J = — v J ==
d(du) =d ( oxt de ) Z Z OxtdxI da N de Z <8aci8xj OxI Ozt da /v de ) 0,

i=1 i=1 j=1 i<j
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since u : U — R is smooth so its mixed second partial derivatives are equal. Now suppose w € QF(U).
Then using part (b) we get that

d(dw) = d <Z'dw JAdEIA A d:njk>
J

k
= Z/d(dwj) AdzIt A - A dae 4 Z/Z(—l)i dwy Ada? A - Ad(dzP) A - A dade
J J =1

Then each term contains a form d(du) where u is a smooth real function. So each term and hence the
whole sum is equal to 0. So d(dw) = 0. Lastly, to prove (d), by linearity is it sufficient to consider
w=udz" A---Adx'. By Lemma 4.1.5 (c) we have

F*w=F*(udz" A---Ndz™) = (uo F)d(z" o F) A--- Ad(z% o F).
So by Proposition 3.3.18, Lemma 4.1.5 (b) and the fact that d o d = 0 we have that

d(F*w) =d(uo F) ANd(z™ o F)A--- Ad(z' o F) = F*(du) A F*(dz™) A --- A F*(dz'*)
= F*(du Adz™ A--- A da™) = F*(dw).

We can now extend the exterior derivative to a general smooth manifold!

Theorem 4.2.5 (Existence and Uniqueness of the Exterior Derivative). Let M be a smooth manifold.
Then there exist unique maps d : QF(M) — Q¥ (M) for all k > 0, called the exterior derivative,
which satisfy

(a) d is linear over R.

(b) If w € Q¥(U) and n € QUU), then d(w An) = dw An+ (1) w A dn.

(c) dod=0.

(d) For f € Q°(M), df is the differential of f as defined in Proposition 3.3.10.
In any smooth chart, d is given by (4.1).

Proof. Let w € QF(M). Since we want dw to be given by (4.1) on each smooth chart (U, ¢) we
pullback w by ¢! to give us a k-form on an open subset of R” or H". That is, we first calculate
d((¢~1)*w). Then we pullback this (k + 1)-form to produce a (k + 1)-form on M. That is, we define
dw := ¢*d((¢~1)*w). To show that the exterior derivative is well-defined, we need to check that it does
not depend on the choice of smooth chart. Let (V, ) be another smooth chart for M with UNV # @.
Then ¢ ov~! is a diffeomorphism of open subsets of R or H" so Proposition 4.2.4 implies

(pod ™) d((p™)'w) =d((poy™) (¢~ 1) w).
Then using the functoriality of the pullback (Proposition 3.3.19), we get that
@) o™ d((¢™ ) w) = d((¥™ ) ¢ (¢ ) w)
= M d((p7 ) w) = (™) w).

So the exterior derivative is indeed well-defined. Then (a)-(d) follow from Proposition 4.2.4. The
proof of uniqueness uses an argument involving smooth bump functions (see Lemma 2.1.24) and is
given in Theorem 14.24 in [Leel2]. O

We also have that the exterior derivative commutes with pullbacks in general!
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Proposition 4.2.6 (Naturality of d). Let F : M — N be a smooth map. Then for all w € QF(N) we
have
F*(dw) = d(F*w).

Proof. Let (U, ¢) and (V) be smooth charts for M and N respectively. Then 1o F o~ is a smooth
map between open subsets of Euclidean spaces so we can apply Proposition 4.2.4 (d):

F*(dw) = F* (Y1) w) = o™ (7)) Fr*d((v™ 1) w) = 9" (Y o Fop ) d((¥™ ) w)
= @' d((Y o Fop™) (v w) = ¢"d((p ™) F*¢"(¥™")"w)
= " d((p7) (F'w)) = d(F*w).
O

Remark 4.2.7. Recall that Corollary 4.1.6 gave us that QF is a contravariant functor for each k > 0.
In this perspective, Proposition 4.2.6 implies that the exterior derivative is a natural transformation
from QF to QF+1 (see Definition 1.2.11).

Definition 4.2.8. Let M be a smooth manifold and let w € QF(M). We say w is a closed k-form if
dw = 0 and we say it is an exact k-form if there exists n € Q¥~1(M) such that w = dn.

The fact that dod = 0 implies that all exact forms are closed but in general it is not the case that
all closed forms are exact. We will revisit this in Chapter 5 when we discuss de Rham Cohomology.

4.3 Other Operations with Differential Forms

In the previous section we studied the exterior derivative, but this is only one of many operations we
can define for differential forms. In this section, we will briefly study two such operations that will
be useful to us: interior multiplication and the Lie derivative. Since we only make little use of these
operations in this report, many of the details of proofs are omitted and can be found in Chapters 12
and 14 of [Leel2]. What follows is adapted from [Leel2] unless stated otherwise.

Definition 4.3.1. Let M be a smooth manifold and let X € X(M) and w € Q¥(M). We define the
interior multiplication of w by X to be the (k — 1)-form

(X 2w)p(vr, .y vp—1) 1= wp(Xp, v1, ...Vk—1).
If £ =0, the convention is that X Jw = 0.

One can show that given that X and w are both smooth, X _Jw is indeed also smooth. Moreover,
one can also show that the map ix : QF(M) — QF1(M) given by ix(w) = X Jw is linear over C°°(M)
(see Exercise 14.22 in [Leel2]). We also have ix(w A7) = (ixw) An+ (=1 w A (ix(n)) (see Lemma
14.13 in [Leel2]).

We now extend the Lie derivative of vector fields (see Definition 2.2.19) to differential forms. In fact,
this definition holds for tensor fields in general.

Definition 4.3.2. Let M be a smooth manifold, V' € X(M) with associated flow 6 such that if
OM # @ then V is tangent to OM, and w € QF(M). The Lie derivative of w with respect to V is

defined to be the form p

(EV(.U)p = % o

(0w )pa
provided the derivative exists.

Proposition 4.3.3. Let M be a smooth manifold and V € X(M) such that if OM # & then V is
tangent to OM. Then

(a) If f € C®(M), then Ly f =V f.
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(b) If f € C*(M), then Ly (df) =d(Ly f).
(c) If w € QF(M) and n € QUM), then Ly (wAn) = (Lyw) An+wA (Lyn).

For the proofs of (a), (b) and (c) see Proposition 12.32, Corollary 12.34 and Proposition 14.33 in
[Leel2] respectively.

Proposition 4.3.4. Let M be a smooth manifold and V € X(M) such that if OM # & then V is
tangent to OM. Let 6 be the flow associated to V. Then for w € QF(M) and pair (to,p) in the domain

of 8, we have that
d

i (H?W)p = (H;tko (ﬁVW))p‘

t=to

The proof involves a computation manipulating the pullbacks of the flow using properties in The-
orem 2.2.18 and can be found in Proposition 12.36 in [Leel2].

We now prove Cartan’s Magic Formula which gives us a relation between the Lie derivative and interior
multiplication and the exterior derivative.

Theorem 4.3.5 (Cartan’s Magic Formula). Let M be a smooth manifold and V' € X(M) such that if
OM # & then V is tangent to OM. Then for any differential form w € QF(M) we have

Lyw=V Jdw+d(V Jw). (4.2)
Proof. We proceed by induction. Firstly, let f € Q°(M) be a 0-form on M. Then
(V adf)p +d(V 2 f)p =V 2df)p = dfp(Vp) =V f(p) = (Lv fp.

Now let k& > 1 and suppose that (4.2) holds for (k — 1)-forms. Let w € QF(M) be written as
w = ZI,OJ_[ dz" A --- A dz™ in local coordinates. Then let w = z% and f = wrdz® A --- A da'k
and so each term in the above sum can be written as du A 3, where u is a smooth function and (8
is a (k — 1)-form. By Proposition 4.3.3 we have Ly (du) = d(Lyu) = d(Vu). Combining this with
Proposition 4.3.3 (c) and the induction hypothesis we get

Ly(dunp)=Ly(du)NB+duNB=dVu)ANB+dun(V 2dB+dV 1p)).
On the other hand, we have that

V ad(duNB)+d(V a(dunB)) =V 2(—=duNdB)+d(Vu)g —dun (V 10))
=—(Vu)dB+dun (V adp)+dVu) A+ (Vu)dp + du(V 1 3)
=duN(V 2dB)+dund(V2B8)+dVu)AB
=dVu)ANB+dun(V 2dB+d(V 28)) =Ly (du A B).

Thus, by linearity of the Lie derivative, we have (4.2), as required. O

Corollary 4.3.6. Let M be a smooth manifold and V- € X(M) such that if OM # & then V is tangent
to OM. Then for any differential form w € QF(M) we have

ﬁv(dw) = d(ﬁvw).
Proof. We use Cartan’s Magic Formula to compute

Ly (dw) =V 2d(dw) +d(V J2w) =d(V 1Jdw);
d(Lyw) =d(V 2dw) + d(d(V 2dw)) = d(V 2 dw).
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4.4 Line Integrals

We conclude this chapter by generalising line integrals from multivariable calculus to smooth manifolds
by defining the integral of a 1-form over a piecewise smooth curve. It is possible to define the integral
of arbitrary k-forms but we do not need that for this report and details can be found in Chapters 16
and 18 of [Leel2]. What follows is adapted from [Leel2] unless stated otherwise.

We proceed by first defining the integral of a 1-form on a compact interval [a,b] C R and then
define line integrals in general by pulling back the 1-form by the smooth curve.

Definition 4.4.1. Let [a,b] C R be a compact interval and let w € Q'([a,b]). If ¢ is the standard
coordinate on R, we can write w; = f(¢)dt for some smooth map f : [a,b] — R. We define the integral

of w over [a,b] to be
b
/ w = / f(t)dt.
[a,b] a

Definition 4.4.2. Let M be a smooth manifold and ~ : [a,b] — M be continuous. We say 7 is a
piecewise smooth curve if there exists a finite partition of [a,b], a = ap < a; < -+ < a,, = b, such that
Yas_1,a;] s smooth for all 1 <i < n.

Definition 4.4.3. Let M be a smooth manifold, ~ : [a,b] be a smooth curve and w € Q'(M). We
define the line integral of w over « to be the real number

/w ::/ yw.
il [avb]

If v is a piecewise smooth curve, we define

/w = Z/ (7|[ai_1,ai])*wa
vy i=1 [avb]

where [a;—1,a;], 1 <1i < n, are the intervals on which ~ is smooth.

Proposition 4.4.4. Let M be a smooth manifold and =y : [a,b] — M be a piecewise smooth curve and

w,wi,ws € QY(M). Then
/(C1w1 + cows) = 01/w1 +62/w2.
v v v

/sz.
v

(c) If v1 = Yja,q and v2 = V|[ep) for a < c < b, then

/w:/w+/w.
v 71 2

(d) If F: M — N is a smooth map and n € Q*(N), then

=]
Y Foy

Proof. The proof is left as Exercise 11.35 in [Leel2] so what follows is my own work. We assume
here that v is smooth, then the results for piecewise smooth curves follow. Linearity of line integrals,
(a), follows from the fact that the pullback is a linear map (Proposition 3.3.19) and the fact that real
integrals are linear. For (b), suppose that 7 : [a,b] — M is a constant map. Then for ¢ € [a,b] and
v € Ti[a,b] we have (y*w)i(v) = wy(y)(dyi(v)). Then since the derivation of a constant smooth map

(a) For c1,co € R we have

(b) If v is a constant map, then
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is always 0 (Lemma 2.2.3), we have that dv.(v)f = v(fovy) =0 for all f € C*(M). So dy(v) =0
and hence (7*w)¢(v) = wy(4)(0) = 0. Then (b) follows. For (c), suppose that (y*w); = f(t)dt for some
smooth map f : [a,b] = R. Then (yjw); = fljq,q(t)dt and (y3w): = flicp)(t)dt. So we have

/Y1W+[y2w:/acf|[azc](t)dt+/be|[c,b](t)dt:/‘abf(t)dt:/yw‘

Lastly, for (d) we use the fact that v*F*n = (F o~)*n:

/F*n:/ V*F*n:/ (Fov)*n:/ .
v [a,b] [a,b] Foy
Proposition 4.4.5. Let ~y : [a,b] = M be a piecewise smooth curve. Then

szlﬂmmvat

Proof. We first assume that ~ is smooth and that its image is contained in the domain of a single
smooth chart (U, ¢) with ¢ = (z!,...,2"). Then we may write v = (v},...,7") and w = > | w; dz’ in
these coordinates. Then we have

Wy (7 (1) = D wily () (V) (2)-
=1

On the other hand, using Lemma 4.1.5 (c) we have

n n n

(Yw) = (wioy)da oy => (wioy)d(y ) =Y (wioy) (¥) (t)dt = w,y (t)dt.

i=1 =1 =1

So by definition of the integral, we have

b
Jo=[ aw= [ wm@rena
~ [a,b] a

Now if 7y is an arbitrary smooth curve, its image is compact since « is continuous and [a, b] is compact.
So there is a finite cover of v([a, b]) by smooth charts and a finite partition of [a,b], a = ap < --- <
an = bsuch that each 7| [a;_1,a;] 18 contained in a single smooth chart. We then do the above calculation
on each subinterval [a;_1,a;]. Lastly, if v is piecewise smooth, we do the above calculation on each
subinterval on which ~ is smooth. O

We now show that the Fundamental Theorem of Calculus extends to line integrals!

Theorem 4.4.6 (Fundamental Theorem of Line Integrals). Let M be a smooth manifold, -y : [a,b] —
M a piecewise smooth curve and f € C*°(M). Then

!/#:fww»—ﬂw@»

Proof. First suppose that 7 is smooth. In a similar way to Example 2.2.10, we have that df, (' () =
(f o) (t) (see Proposition 11.23 in [Leel2]). So by Proposition 4.4.5 and the Fundamental Theorem
of Calculus, we have that

b b
/#:/dmmwmﬁ:/kmwww:ﬂﬂm—ﬂﬂm.

If v is only piecewise smooth, we apply the above calculation on each subinterval on which v is smooth
to get

/w=§]ﬂwm»—ﬂw@nnszw»—ﬂwwx
v i=1

since the inner terms all cancel out. O
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Proposition 4.4.7. Let M be a smooth manifold, v : [a,b] — M a piecewise smooth curve, w € Q*(M)
and a diffeomorphism ¢ : [c,d] — [a,b]. Then

/ | w if ¢ is increasing,
w = v
Yoy -

fvw if p is decreasing.

The proof relies on a similar fact for integral of 1-forms over compact intervals in R. See Proposi-
tions 11.31 and 11.37 and Exercise 11.32 in [Leel2] for the details.

We now provide a sufficient condition in terms of integration for a 1-form to be exact!

Definition 4.4.8. Let M be a smooth manifold. We say a 1-form w € QY(M) is conservative if
fvw = 0 for any closed piecewise smooth curve « : [a,b] — M. We say w’s line integrals are path-
independent if fww = faw for any two piecewise smooth curves =, 4 whose start and end points are
the same.

Theorem 4.4.9. Let M be a smooth manifold and let w € QY (M). Then the following are equivalent:
(a) w is conservative.
(b) The line integrals of w are path-independent.
(c) w is exact.

Proof. The proof that (a) <= (b) is left as Exercise 11.41 in [Leel2] so the proof given is my own.
The proof of (a) <= (c) is given in Theorem 11.42 in [Leel2]. First, suppose w is conservative and
let 1,72 : [0,1] — M be piecewise smooth curves with 71 (i) = y2(i) for i € {0,1}. By Proposition
4.4.7 it is sufficient to only consider such curves since we may reparameterise an arbitrary curve into
one of this form. Define the piecewise smooth curve I' : [0,2] — M by

o) {w), teo,1),
12(2-1), tell,2].

Then using the fact that w is conservative, we have by Propositions 4.4.7 and 4.4.4 (c) that

0—/w—/w—/w.
Tr Y1 Y2

So the line integral is indeed path independent and thus (a) = (b). On the other hand, suppose the
line integrals of w are path-independent and let v : [0,2] — M be a piecewise smooth closed curve
(again, by Proposition 4.4.7 it is sufficient to only consider this case). Then let ;1,72 : [0,1] — M be
the piecewise smooth curves given by 1 (t) := '[jg 1] (t) and 72(t) := ['[[ 9(2—%). Then 41(0) =T'(0) =
I'(2) = 72(0) and 71 (1) =I'(1) = 72(1). So by Propositions 4.4.7 and 4.4.4 (c) and path-independence

we have
/ w = / w — / w = 0.
r 7 72
So w is conservative and thus (b) = (a)

For (¢) = (a), note that the Fundamental Theorem of Line Integrals (Theorem 4.4.6) implies that
the line integral of df for f € C°°(M) only depends on the value of f at the end points of the piecewise
smooth curve, so is path-independent. Since we have already shown that path-independence of line
integrals implies a 1-form is conservative, df is conservative. Hence if w is exact, it is conservative.
The proof that conservative implies exact is much lengthier so the details are omitted for brevity. The
key is to pick a base point pg € M and use path-independence construct map f : M — R given by
f(p) = fvw where v : [a,b] — M is any piecewise smooth curve with v(0) = py and (1) = p. What
remains is to show that f is smooth and that df = w. The details are given in Theorem 11.42 in
[Leel2]. O
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We finish by stating a further useful property of the line integral of closed 1-forms.

Theorem 4.4.10. Let M be a smooth manifold and let w € QY (M) be closed. Then if 9,71 : [a,b] —
M are path-homotopic piecewise smooth curves, then

[o=]w
Yo 7

The proof requires the theory of integration of arbitrary k-forms and so is omitted but can be
found in Theorem 16.26 in [Leel2]. The idea is to pullback w by a homotopy H : I x I — M between
the paths and integrate the form over I x I and using Stokes’ Theorem, which is the generalisation of
the Fundamental Theorem of Line Integrals to higher dimensional integrals.

Corollary 4.4.11. Let M be a simply connected smooth manifold. Then every closed 1-form on M
18 exact.

Proof. Let w € QY(M) be closed. If 7y : [a,b] — M is any piecewise smooth closed curve, then since
M is simply connected ~y is path-homotopic to a constant curve ¢ : [a,b] — M. So by Theorem 4.4.10
and Proposition 4.4.4 (b) we have that
/ w = / w=0.
~ €

So w is conservative. Hence by Theorem 4.4.9, w is exact. O

V. De Rham Cohomology

5.1 The de Rham Cochain Complex

In Chapter 4 we introduced differential forms and in Section 4.2 we defined a notion of differentiating
them: the exterior derivative. We saw that applying the exterior derivative twice always resulted in 0
and this is what allows us to define a notion of cohomology for smooth manifolds. In this section, we
study the construction of de Rham cohomology and a few first results. What follows is adapted from
[Leel2] but is reframed in the language of homological algebra (see Section 1.3).

Proposition 5.1.1. Let M be a smooth manifold. Then we have the following cochain complex over
R:
(M) : 0——= (M) = Q! (M) = (M) "= QM) —" - (5.1)

We call Q*(M) the de Rham (cochain) complex of M.

Proof. By Remark 2.5.14, each Q¥(M) is a real vector space and by Theorem 4.2.5 (a) and (c), the
exterior derivative is a real linear map d : QF(M) — Q¥+ (M) such that dod = 0. So d is a coboundary
map and thus Q°*(M) is indeed a cochain complex over R. O

This now allows us to define de Rham cohomology!

Definition 5.1.2. Let M be a smooth manifold and let 2°*(M) be the de Rham complex of M. For
k > 0 we define the kth de Rham cohomology group of M, HﬁR(M), to be kth cohomology group of
Q°*(M) as in Definition 1.3.5. That is

HJp(M) == H*(Q*(M)).
Remark 5.1.3.

e Despite being called “groups”, the de Rham cohomology groups are in fact real vector spaces.
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e The coboundaries in Q°®(M) are precisely exact forms and the cocycles are precisely closed forms.
So the kth de Rham cohomology group can be seen as the space of closed k-forms modulo the
space of exact k-forms. In this way, we can interpret de Rham cohomology to represent the
failure of closed forms to be exact. For example, H 5R(M ) = 0 if and only if all closed k-forms
on M are exact.

Recall that Proposition 4.2.6 gave us that the pullback of a smooth map commutes with the
exterior derivative. In the context of cochain complexes, this means the pullback of a smooth map is
in fact a cochain map (see Definition 1.3.7).

Lemma 5.1.4. Let F' : M — N be a smooth map between smooth manifolds and let F* : Q¥(N) —
QF(M) be its pullback for k > 0. Then the following diagram commutes

...4>Qk71(]\7)L)Qk(N)LQkH(N)4>...

N o
..Hgk—l(M)LQk(M)LQk-H(M) I
Hence F* : Q*(N) — Q*(M) is a cochain map.

Proof. Firstly, Proposition 4.2.6 gives us that d o F’* = F* o d, so the diagram indeed commutes.
Furthermore, Proposition 4.1.5 (a) gives us that F™* is linear over R for each £ > 0 so F™* is indeed a
cochain map. ]

Corollary 5.1.5. Let M be a smooth manifold. Then the assignment Q*(—) : M — Q*(M), F — F*
18 a contravariant functor.

Proof. Corollary 4.1.6 implies that for each £ > 0, the assignment of F' to its pullback is functorial.
So for each k > 0, (ida)* = idge(ppy and (F o G)* = G* o F'*. Comparing this to the definitions of the
identity cochain map and the composition of cochain maps in Lemma 1.3.8, we see that as cochain
maps (idas)* = idge(pry and (F o G)* = G* o F*. So the assignment is indeed functorial. O

Corollary 5.1.6. Let F' : M — N be a smooth map between smooth manifolds. Then there is a
well-defined real linear map F* : HgR(N) — HgR(M) for each k > 0 given by

F*w] := [F*w].
Moreover, the assignment HEp(—) : M — HY.(M), F — F* a contravariant functor.

Proof. Lemma 5.1.4 implies that the pullback of F, F* : Q*(N) — Q®*(M), is a cochain map. Then
Lemma 1.3.9 implies that the map F* : H5,(N) — H5,(M) given by F*[w] := [F*w] is a well-defined
real linear map. Moreover, Corollary 1.3.10 implies that the assignment of the pullback to its induced
map in cohomology is functorial. Combining this with Corollary 5.1.5 we see that Hf,(—) is the
following composition of functors:

HF(—

@) Ch ) Vectg.

Hkn(—) : Diff
O

Corollary 5.1.7 (Diffeomorphism Invariance of de Rham Cohomology). Let M and N be diffeo-
morphic smooth manifolds. Then for all k > 0 we have

HJp(M) = Hjp(N).

Proof. Corollary 5.1.6 implies that H §R(—) is a functor. So since diffeomorphisms are the isomorphisms
in Diff, Theorem 1.2.8 implies that diffeomorphic smooth manifolds have isomorphic de Rham co-
homology groups. O
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We finish this section by proving some elementary results about de Rham cohomology.
Proposition 5.1.8. Let M be an n-dimensional smooth manifold. Then
(a) HE(M) =0 for all k > n.
(b) If M is connected, then Hp(M) = R.

(c) Additivity: If M is the disjoint union of countably many smooth manifolds, denote them {M;} jen,
then for all k > 0

e}
Hjp (M) = H Hir(M;).
j=1

(d) If p = #{connected components of M}, then Hlp(M) = RP.
(e) If M is simply connected, then H}p(M) = 0.

Proof. First recall in Remark 4.1.2 we saw that dim(Q¥(M)) = 0 for k& > n, so the cohomology of
the de Rham complex is trivial for £ > n. For (b), we have that there are no exact 0-forms since we
have no “(—1)-forms”. So HJn(M) = {closed 0-forms on M}. Recall also that Remark 4.1.2 gave us
that O-forms are precisely the smooth real maps on M. Then letting f € Q°(M), we have that by
Proposition 3.3.13 since M is connected f is closed <= f is constant. So for each a € R, there is
a constant map f, : M — R with f,(p) = a for all p € M. So the space of closed forms on M, and
hence HY,(M), is isomorphic to R.

For (c), let i; : M; < M be the inclusion map. Then we actually have an isomorphism for each
k>0,T:08M)— QF (U;i1 Mj>, given by Z(w) = (tjw, 5w, itw, ...) = (W|nmy, w|rys W Mg, ). T 1S
injective since if the restriction of a k-form to each component of M is zero, then it must be 0 on all
of M. T is surjective since giving an arbitrary k-form on each component of M defines a k-form on all
of M. Then since isomorphisms are preserved by functors (Theorem 1.2.8), Z induces an isomorphism
in cohomology.

For (d), label each connected component of M by M;. Then M = | |'_; M;. Then (b) implies that
HO-(M;) 2R for all 1 < j < p and so additivity implies HOp(M) 2 [[?_; R = RP.

Lastly, if M is simply connected Corollary 4.4.11 implies that every closed 1-form is exact. So

Hl (M) =0. O
Corollary 5.1.9. Let M be a 0-manifold. Then M is the disjoint union of p map points. So
RP, k=0
Hip(M)={ 7 ’
an(M) {0, k> 0.
Proof. Proposition 5.1.8 (d) and (a) give the results for £ = 0 and k > 0 respectively. O

5.2 Eilenberg-Steenrod Axioms for de Rham Cohomology

Proposition 5.1.8 (d) and (e) hint that there is some connection between the de Rham cohomology of a
smooth manifold and its topology. A question we might then ask is “how far does this connection go?”
One angle that we can take to answer this question is to ask whether de Rham cohomology satisfies
the Eilenberg-Steenrod axioms (Definition 1.3.16) since these axioms capture important aspects of
how cohomology groups interact with the topology of spaces.

5.2.1 Dimension

The dimension axiom is the easiest of the four to prove. In fact, we have actually already proven it!

Lemma 5.2.1 (Dimension Axiom). Let P be the one point space. Then

R, k=0,
HJp(P) = {0 k>0

Proof. This is Corollary 5.1.9 with p = 1. O
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5.2.2 Homotopy Invariance

Perhaps surprisingly, despite only using the smooth structure on the manifold to construct de Rham
cohomology, we actually have that it is invariant under homotopy equivalences! Out of the four axioms,
this one gives the strongest evidence that really de Rham cohomology provides us with topological
information.

The key step in proving homotopy invariance is to construct a cochain homotopy (see Definition
1.3.11) between if, and i} where i; : M — M x [ is defined by i:(p) = (p,t) for p € M. However
there is an issue when M is a smooth manifold with boundary: M x I does not have the smooth
structure of a smooth manifold with or without boundary. The way to fix this is to introduce smooth
manifolds with corners. Ignoring smooth structure, smooth manifolds with corners are topological
manifolds with boundary. However their smooth structure is different from that of a smooth manifold
with boundary. The charts are instead homeomorphisms ¢ : M — R, where R7 := {(2',...,2") €
R™ : z! > 0,...,2" > 0}. The theory of smooth manifolds can be extended to smooth manifolds with
corners and the details can be found in Chapter 16 of [Leel2]. In what follows, if M is a smooth
manifold with boundary, then M x I has the smooth structure of a smooth manifold with corners.
What follows, unless stated otherwise, is adapted from [Leel2].

Lemma 5.2.2. Let M be a smooth manifold. Then there exists a cochain homotopy between the
cochain maps i§, 37 : Q¥ (M x I) — Q*(M), where ig and iy are defined as above.

Proof. For each k > 0, we need to find a linear map h : QF(M x I) — QF1(M) such that for all
w € QF(M x I) we have h(dw) + d(hw) = ifw — ijw. We observe that the right hand side of this
equation looks similar to the result of the Fundamental Theorem of Calculus. So our approach is to
construct h in a way such that h(dw) + d(hw) is the integral from 0 to 1 of the derivative of t — ijw
and apply the Fundamental Theorem of Calculus.

First, we define the vector field S € X(M x R) by S, ) = (0, %‘SJ, where s is the standard

coordinate of R and we have identified T}, 5)(M x R) = T,M x T,R. Then given w € Q¥(M x I), we
define hw by

1
hw ::/ iy (S Jw) dt.
0

That is for p € M, (hw), = fol i7 ((S Jw)(p,s)) dt, where the integrand is a function I — A*(T¥M) =

R(%). Then given any smooth chart (U, ¢) of M, the components of the integrand are smooth functions
of (p,t) € U x I. So this integral defines a smooth k — 1-form on M. Differentiating under the integral
sign then gives that

d(hw):/o d(i3(S 2 w)).

So using Cartan’s Magic Formula (Theorem 4.3.5) and the naturality of d (Proposition 4.2.6) we get
1
h(dw) + d(hw) = / iH(S 1 dw) + d(i3(S I w)) dt
0
1
_ / iH(S 1 dw) + i1 (d(S o w)) dt
0

1
- / i (Lsw) dt.
0

Now if OM # @, S is tangent to (M x R) = 9M x R. So Theorem 2.2.18 implies there always exists
a unique flow 6 which is generated by S. Explicitly, 6,(p,s) = (¢,t+ s) and so (6; 0 ip)(p) = 6:(p,0) =
(p,t) = i¢(p). So using Proposition 4.3.4 we have that

i (L) = 3507 (Lsw)) = i 00

d

= %(iéﬁw) = —ijw.

o dt
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Thus by the Fundamental Theorem of Calculus

1
h(dw) + d(hw) = / %(ﬁw) dt = it — i,
0

We can now prove homotopy invariance of de Rham cohomology!

Lemma 5.2.3 (Homotopy Axiom). Let F,G : M — N be two homotopic smooth maps between smooth
manifolds. Then for k > 0, the induced maps in cohomology F*, G* : HgR(N) — H(QCR(M) are equal.

Proof. By Theorem 2.4.3, F and G are smoothly homotopic, so there exists a smooth homotopy
H:MxI— N from F to G. In particular, F' = H o iy and G = H o ¢;. Then since i and ] are
cochain homotopic (Lemma 5.2.2), their induced maps in cohomology are equal by Lemma 1.3.12. So
we have

F*=(Hoig)"=igoH* =ijoH" = (Hoi)" =G".

O]

Remark 5.2.4. The full homotopy axiom requires that homotopic maps of pairs induce equal maps
in cohomology. However, for smooth manifolds with boundary, it is not guaranteed that relative
homotopic smooth maps are relatively smoothly homotopic. So for maps of pairs, the above proof
does not work.

Theorem 5.2.5 (Homotopy Invariance of de Rham Cohomology). Let M and N be homotopy
equivalent smooth manifolds. Then for all k > 0 we have

Hp(M) = Hip(N).

Proof. Let F : M — N be a homotopy equivalence and let G : N — M be its homotopy inverse.
Then by the Whitney Approximation Theorem (Theorem 2.4.1) we have that there exist smooth
maps F : M — N and G : N — M homotopic to F and G respectively. Then since F and G are
homotopy inverses and homotopies respect compositions, we have F oG ~ idy = FoG ~idy and
GoF ~idy = GoF ~idy. Moreover, since F' and G are smooth, their compositions are also
smooth. So we may apply Lemma 5.2.3 and use the functoriality of H sz(—) to get that

G oF* = (FoG)" = (idy)" =idye (v
and F* o G* = (G o F)* = (idy)* = idgs o) -

So F* and G* are inverses of each other and hence are isomorphisms. So for each k > 0,

HJp(M) = Hjjp(N).

5.2.3 Relative de Rham Cohomology and Exactness

Before we can prove the exactness axiom, we first must define the notion de Rham cohomology of a
pair of smooth manifolds. Recall from Definition 2.3.5 that a pair of smooth manifolds (M, S) is a
smooth manifold M and an embedded submanifold S C M. We would like to produce a sensible notion
of “forms on M modulo forms on S” however since Q¥ (S) is not a subspace of Q¥ (M), QF(M)/QF(S)
makes no sense. Instead, we can take the approach of considering closed forms on M whose restriction
to S is exact so that in cohomology, the contribution of S is trivial [Jos95]. Since the pullback of the
inclusion map is just the restriction, we can generalise this to arbitrary smooth maps F': N — M
and consider closed forms on M whose pullback to IV is exact. This will produce a notion of de Rham
cohomology for smooth maps and then the cohomology of the pair will be the cohomology of the
inclusion map! [BT82].
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Definition 5.2.6. [BT82] Let F': N — M be a smooth map between smooth manifolds and let k£ > 0.
We define QF(F) to be the real vector space

O(F) = Q5 (M) & OF (),
with the convention Q°(F) = Q°(M). We then define the map d : QF(F) — Q¥(F) by
d(w, ) := (dw, F*w — d#).

We call a pair (w, ) € QF(F) closed if d(w,0) = 0 and exact if there exists (1, p) € Q¥~1(F) such that
(w,8) = d(n, p)-

Proposition 5.2.7. Let F': N — M be a smooth map. Then (Q°*(F),d) is a cochain complex.

Proof. This is adapted from the proof in [Jos95] where F' is the inclusion map. First, the linearity of
d follows from the linearity of the exterior derivative and of the pullback F*. To show that dod =0,
let (w,0) € QF(F), then using the naturality of d (Proposition 4.2.6), we have

d(d(w,0)) = d(dw, F*w — d6) = (d(dw), F* (dw) — d(F*w) + d(d6)) = (0,0).
O

Definition 5.2.8. [BT82] Let F': N — M be a smooth map. For k > 0, we define the kth de Rham
cohomology of F to be the kth cohomology group of Q°*(F). That is Hio(F) := H*(Q*(F)). We
denote the cohomology class of (w,6) € QF(F) by [w, 0] € HY:(F).

Remark 5.2.9. If (w,0) € QF(F) is closed, then d(w,f) = (dw, F*w — df) = 0. So dw = 0 and
F*w =df. So w is closed on M and its pullback by F' is exact on N, which is what we wanted!

There are two obvious maps to consider: a : Q=1 (N) — Q¥(F) and g : QF(F) — QF(M) given by
a(f) = (0,0) and f(w,d) = w. Both a and B are clearly real linear maps.

Proposition 5.2.10. [Jos95] For a and (B defined as above, we have
d(a(8)) = —a(d8) and d(B(w,6)) = B(d(w,6).

Proof. Firstly, for § € Q¥=1(N), we have d(a(6)) = d(0,8) = (0, —df) = —(0,df) = —a(df). Next, for
(w,0) € QF(F), we have B(d(w,0)) = B(dw, F*w — df) = dw = d(B(w, 0)). O

This implies that /3 is a cochain map so induces a linear map 8* : H¥,(F) — H%5,(M) by Lemma
1.3.9 but « is not quite a cochain map. However, the proof of Lemma 1.3.9 still holds if instead we
assume that do f = — fod (once we include this extra factor of -1). That is, « still induces a well-defined
real linear map in cohomology a* : H(]j}gl(N) — HX.(F) given by o*[0] := [a(0)] [Jos95]. By Corollary
5.1.6, the smooth map F : N — M also induces a map in cohomology F* : H¥,(M) — H5,(N).
Together, these maps give us a long exact sequence in cohomology!

Lemma 5.2.11. [BT82] Let F': N — M be a smooth map between smooth manifolds. Then there is
a long ezact sequence

- Hjfp(F) == Hjjp(M) = Hjjp(N) =" H}} (F) — - (5.2)
Proof. The following proof is adapted from the proof of Lemma 5.3.1 in [Jos95] which only shows
the result for when F is an inclusion map. First for exactness at H%5,(F) let [w,0] € HY,(F) then
[w,0] € ker(f*) <= [*[w,0] =0 <= [w] = 0. On the other hand, [w,0] € im(a*) < [0,p] =
a*f] = [w,d] <= [w,0]—0,p] =[0,0] <= (w,0—p)=4d(n,v). Sodn =w and [w] = 0. So we have
that [w, 0] € im(a*) = [w] = 0. Conversely, if [w] = 0, then there exists € Q¥~1(M) with dn = w.
We want to show that [w,f] € im(a*). Since (w, ) represents a cohomology class, it is closed. So
(dw, F*w—df) = d(w,f) = 0. So F*w—df = 0. Then using the fact that F* commutes with the exterior
derivative and w = dn we have that F*(dn)—0 = d(F*n—0) = 0. So § — F*n and hence (0,6 — F*n) are
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closed. Then (w,8)—(0,0—F"*n) = (w, F*n) = (dn, F*n) = d(n,0). So [w,0] = [0,0—F*n] = a*[0—F*n)
and so [w,0] € im(«a*), as required. Hence |w, 0] € im(a*) <= [w] =0 <= [w,0] € ker(5*). Thus
im(a*) = ker(8*).

For exactness at Hi, (M), let [w] € H5,(M). Then [w] € ker(F*) < [F*w] =0 <
In € QF1(N) : F*w = dn. Then since w is closed, we have d(w,n) = (dw, F*n — dn) = (0,0), so
(w,n) is closed and thus represents a cohomology class. Moreover, 8*[w,n] = [w]. So [w] € im(B8*).
Conversely, if [w] € im(8*) there exists [w,n] € HX,(F) such that 8*[w,n] = [w]. Then d(w,n) = (0,0)
and so F*w — dn = 0. Hence F*[w] = 0 and [w] € ker(F*). Thus im(8*) = ker(F™).

Lastly, for exactness at HY,(N), let [§] € HY.(N). Then [0] € ker(a*) <= [0,0] = 0 <
I(n,v) € Q(F) :d(n,v) =(0,0) <= dp=0and F'n—dv=0 <= dp=0and F*'n—0 =dv <
F*[n) = [F*n] =[0] < [0] € im(F™). Hence im(F*) = ker(a*). O

Definition 5.2.12. [BT82] Let M be a smooth manifold and let S C M be an embedded submanifold
with inclusion ig : S — M. We define the kth relative de Rham cohomology to be the kth de Rham
cohomology group of the inclusion. That is, H5,(M,S) := HE,(is). We also define Q°(M,S) :=
Q°(is).

To show that Lemma 5.2.11 indeed gives us the exactness axiom, we need to show that a* is a
natural transformation and that § is induced by the inclusion j : M = (M, &) < (M, S). To do this
we first need a notion of smooth maps of pairs and their induced maps in cohomology. The former is
adapted from the definition of maps of pairs given in [ES52].

Definition 5.2.13. Let (M, S) and (N,T) be pairs of smooth manifolds. A smooth map of pairs
F:(M,S)— (N,T) is a smooth map F': M — N such that F'(S) CT.
Lemma 5.2.14. Let F': (M,S) — (N,T) be a smooth map of pairs. Then for all k > 0 there is a well-
defined real linear map F* : HXo(N,T) — HE,(M, S) induced by the map F*(w,0) := (F*w, F|50).
Moreover, the assignment H5p(—) : (M, S) — HX, (M, S), F s F* is a contravariant functor.
Proof. This result is my own. We show that on the level of cochain complexes, F* : Q*(N,T) —
Q°(M, S) is a cochain map and then the result follows by Lemma 1.3.9. First note that the linearity
of F* follows from the linearity of the pullback of smooth maps. Next, since F'(S) C T, we have that
Foig = iroF|g, so using functoriality of the pullback, we get i§ o F* = F|§ oi}. Then using the
naturality of the exterior derivative, we have that

d(F*(w,0)) = d(F'w, F|s0) = (d(F*w),is(Fw) — d(F|s0))

= (F*(dw), F|5(i7w) — F|5(df)) = F*(dw, i7w — df) = F*(d(w,0)).

Functoriality then follows from the fact that the assignment of a smooth map to its pullback is
functorial and from Corollary 1.3.10 in a similar way to Corollary 5.1.6. 0

Proposition 5.2.15 (Naturality of o*). Let F': (M,S) — (N,T) be a smooth map of pairs and let
ayr and an be the maps apr : QF(S) — QFFY(M, S) and ay : QF(T) — QFL(N, T) be defined as o is
above. Then F* oajy = o, 0 F|g. That is the following diagram commutes

HE(T) = HEFY(N, T)

| E

Hijp(S) —= Hjj (M. )
Proof. This result is my own. Let [0] € HY,(T). Then o}, (F|5[0]) = [0, F|50] = F*[0,0] = F*(ay/[0]).
O

Lemma 5.2.16 (Exactness Axiom). Let (M,S) be a pair of smooth manifolds with inclusion map
is : S = M and let j : M — (M,S) be the inclusion. Then there is a natural transformation
o HY,(S) — HEL(M, S) for each k >0 and a long exact sequence

%

"HH(I;R(M7 S) L>H5R<M) 4S>H§R(S) $H5§1<M7 S)——-- (5.3)
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Proof. First, the inclusion j : M = (M, @) < (M, S) is simply given by the identity since idy; (@) =
@ C S. Defining Q¥(@) := 0 for all k > 0, we see that QF(M) = QF(M) @ 0 = QF(M, @) for all
k > 0. Then the pullback j* : QF(M, S) — QF(M, @) is given by j*(w,0) = (id}; w,0) = (w,0) since
the only map Q¥~1(S) — QF1(2) is trivial, so the second component must be 0. Then identifying
QF (M) = QF(M, @) as above, we see that § is the composition

OF(M, ) = QF (M, &) =~ QF(M).

Then combining this with Lemma 5.2.11 applied to the inclusion map and Proposition 5.2.15 we
retrieve (5.3). O

5.2.4 Excision

Theorem 5.2.17 (Excision Axiom). [Jos95] Let U C S C M be smooth manifolds with S an open
submamfold of M and U C S. Then the inclusion i : (M\U, S\U) < (M, S) induces an isomorphism
t HE (M, S) — HE(M\U, S\U) for all k > 0.

Proof. We would like to construct an inverse to i*: v : H5,(M\U, S\U) — HX.(M,S). To do this,
we derive a way of extending closed and exact forms in Q¥(M\U, S\U) to closed and exact forms in
QF(M, S) respectively. First, note that M\S is closed and U ¢ § = M\S c X\U. Moreover,
X\U is open, so by Lemma 2.1.24 there exists a smooth bump function ¢ : M — R for M\S that is
supported on X\U. First, given o € Q¥~1(S\U) define the (k — 1)-form

5 . ) e@op, pEYAU,
- 0, peU,

which is smooth by the Gluing Lemma (Proposition 2.1.13 (b)). That is, & € Q¥ 1(S). Now let
(n,0) € QF(M\U, S\U) be closed. Then du = 0 and p|g\;y = do. We then define

o {up, p € M\S,
Hp =19 .
do,, peSs.

On 0S N I(M\S) we have that ¢ = 6 and p = do so fi is well-defined and again is smooth by the
Gluing Lemma. So i € Q*(M) and hence (fi,5) € QF(M, S) with d(ji,5) = 0.
Similarly, if (u, o) = d(v, p) we define

Y\U M\S
ﬁp — So(p)plh p € \ ) and I;p — Vp7 . p € \ ’
0, peU; o(p)op +dpp, pES.

These are again smooth via the Gluing Lemma and (i,5) = d(7,p). Thus (p,0) — (fi,6) is a map
which sends closed forms to closed forms and exact forms to exact forms. Moreover, this extension is
also linear since the exterior derivative is linear. So we have a cochain map and hence by Lemma 1.3.9
it induces a well-defined map in cohomology which we denote by v : Hy,(M\U, S\U) — H¥.(M, S).
Then since i* o 7 leaves forms on M\ S invariant, we have that i* oy = id HE L (M\U,S\U)- On the other

hand, given [w, 0] € HY, (M, S), define

= 0, p € M\S,
Pl =e(p),, peES.
Then
_ M
4(@,0) — 0, on M\S,
(df — d(¢0),0 — ), on S.

= (w,0) — (Wi Ols\vr)-

Thus [w, 0] = [w|ynvs é\S\U] = yoi*[w, d]. Soyoi* = idg (ar,g)- Thus i* is indeed an isomorphism. [
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5.3 The Mayer-Vietoris Exact Sequence

Another important feature of cohomology theories is the Mayer-Vietoris exact sequence which allows
us to calculate the cohomology of a space in terms of the cohomology of two smaller spaces whose
union is the whole space. We now show that there is a Mayer-Vietoris exact sequence for de Rham
cohomology.

Theorem 5.3.1 (Mayer-Vietoris). [Lee12] Let M be a smooth manifold with an open cover {U,V'}
and let the following maps be inclusions: © : UNV — U, j:UNV =<V, k:U— M, andl:V — M.
Define the maps (k* & 1*)w := (kK*w, *w) and (i* — j*)(w,n) := *w — j*n. Then for all k > 0, there is
a linear map § : Hix(UNV) — Hg;l(M) such that the following sequence is exact
k@l i*—j* 5

= Hip(M) = H{(U) & Hijp(V) —> Hip(UN V) == Hii (M) —>--- (5.4)
Proof. We proceed by showing that the following sequence is an exact sequence of cochain complexes.
Then we retrieve (5.4) as a consequence of the Snake Lemma (Lemma 1.3.15). That is we show that

FO ok () @ (V) S b (U N V) —— 0

00— QF(M)
is exact for all k > 0. For exactness at Q¥(M), we need to show that k*@I* is injective. Let w € QF(M)
with (k* @ I*)w = 0, then (k*w, *w) = (w|y,w|y) = (0,0). So the restrictions of w to U and to V are
both 0 and since U and V cover M, w is 0 on all of M. So k* @ I* is indeed injective.

For exactness at QF(U) @ QF(V), first observe that for w € QF(M) we have that

(i* =) o (k" @ I")w = (i* — j*)(w|v,wlv) = wlunv — wluav = 0.

So im(k* @ I*) C ker(i* — 7*). On the other hand, suppose that (n,n') € ker(i* — j*). Then we
have (i* — 7)(n,1") = nlvnv — 7'lunv = 0. So n|unv = 1'|lunv. Hence by the Gluing Lemma
(Proposition 2.1.13 (b)), we have a global k-form o € Q¥(M) such that o|y = n and o]y = 1. Then
(n,n') = (clu,olv) = (K* ®1*)o. So (n,7') € im(k* & [*). Hence ker(i* — j*) C im(k* & *) and thus
im(k* @ 1*) = ker(i* — j%).

Lastly, for exactness at QF(U N V) we need to show that i* — j* is surjective. That is, given
w € QFUNV), we need to find (n,1') € QF(U)®QF(V) such that w = i*n— j*n’ = nluvav —1|uvav. To
find n and 1’ we shall make use of the existence of partitions of unity. Let {4, 1} be the smooth partition
of unity subordinate to the cover {U, V'}, which exists by Theorem 2.1.23, and define n € Q¥(U) and
n € QF(V) as follows:

Yw onUNV, , —pw onUNYV,
n = and 1’ :=
0 on U\ supp(v) 0 on U\ supp(¢p)

Then on the sets (U N V)\supp(¢)) and (U N V)\ supp(p) where the definitions of  and 7' overlap
respectively, both definitions give 0. So n and 7 are well-defined and are indeed smooth by the Gluing
Lemma (Proposition 2.1.13 (b)). Then since partitions of unity sum to 1, we have that

nvav —7'lvav = Yw — (—pw) = (Y + ) w = w,

as required. O

5.4 Further Calculations and Examples

We conclude this report with a few results and examples of calculating the de Rham cohomology
groups of certain spaces. What follows is adapted from [Leel2] unless stated otherwise.

We first consider contractible manifolds (see Definition A.2.9 for the definition of a contractible
space).
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Lemma 5.4.1. Let M be a contractible smooth manifold. Then

R, £=0

Hip(M) =< ’

an() {0 k> 0.
Proof. If M is contractible, then it is homotopy equivalent to the one point space. Thus the result

follows from combining the dimension axiom (Lemma 5.2.1) and homotopy invariance (Theorem 5.2.5).
]

Corollary 5.4.2 (The Poincaré Lemma). If U is a star-shaped open subset of R™ or H", then
HY,(U) =0 for all k > 0.

Proof. Star-shaped sets are contractible, so the result follows from Lemma 5.4.1. O

Remark 5.4.3. In particular, both R™ and H" are star-shaped and hence contractible. So Lemma
5.4.1 gives us the de Rham cohomology of R™ and H".

Corollary 5.4.4. Let M be a smooth manifold. Then each point p € M has an open neighbourhood
on which every closed form is exact.

Proof. Recall from the proof of Proposition 3.3.13 that every point is contained in a chart (U, ¢) where
U is homeomorphic to an open ball in R™ or and open half-ball in H". In either case, p(U) is star-
shaped, so by the Poincaré Lemma (Corollary 5.4.2) we have H5,(¢(U)) = 0 for all k > 0. Then since
¢ : U — (U) is a diffeomorphism, we have that H%5,(U) = 0 for all k¥ > 0 by diffeomorphism invariance
of de Rham cohomology (Corollary 5.1.7). Then as in Remark 5.1.3 we have that H,(U) = 0 implies
that every closed k-form on U is exact for all £ > 0. 0

We now present another consequence of homotopy invariance.

Proposition 5.4.5. Let 7 : E — M be a smooth vector bundle. Then HY,(M) = HE,(E) for all
k> 0.

Proof. This is my own example. Recall that Corollary 2.5.16 gave is that M and F are homotopy
equivalent. So the result follows from homotopy invariance of de Rham cohomology (Theorem 5.2.5).

O]

Recall Proposition 5.1.8 (e) said that simply connected smooth manifolds had trivial first de Rham
cohomology group. This hints at a potential relation between H;R and the fundamental group which
we expand upon in this next result.

Theorem 5.4.6. Let M be a connected smooth manifold without boundary. Then for each p € M
there is a well-defined injective linear map ® : Hipn(M) — Hom(my (M, p),R) given by

o] s 7] / v,

where 7 is a piecewise smooth curve that is path homotopic to .

Proof. Firstly, given any path homotopy class [y] € w1 (M, p), the Whitney Approximation Theorem
(Theorem 2.4.1) implies that there is a piecewise smooth curve 4 which is path homotopic to 7, i.e.
[v] = [7]. So every path homotopy class is represented by a piecewise smooth curve so the definition of
® makes sense and we proceed assuming the representative is as such. Moreover, by Theorem 4.4.10
the integral of a 1-form only depends on the path homotopy class of the piecewise smooth curve, so
®[w][y1] = ®[w][y2] when [y1] = [y2]. Now given two closed forms, w,@ € QY(M) such that [w] = [©]
we have that there exists a smooth map f € C°°(M) such that w — @ = df. So by linearity and the
Fundamental Theorem of Line Integrals (Theorem 4.4.6), we have

Pw][y] — @[w][] =/w—/fD:/def(’Y(p))—f(v(p)) =0.
Y Y Y
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Thus @ is well-defined.
Next we show that ®[w] € Hom(71 (M, p),R). That is, we show that ®[w] is a group homomorphism
for each [w] € H}5(M). Let [v1], [72] € m1(M, q). Then by Proposition 4.4.4 (c) we have that

/ w:/ w—l—/ w.
Y1%Y2 7 V2

So @[w][y1 * y2] = Plw][y1] + P[w][y2], as required.

Next, the linearity of ® is a direct consequence of the linearity of line integrals.

Lastly, we show that ® is injective. Suppose |w] € ker(®), then ®[w] : m1(M,p) — R is the zero
homomorphism. So for all piecewise smooth closed curves, =, based at p, we have fvw = 0. The
aim is to show that [w] = 0, that is, we want to show w is exact. To do this, we will show that it
is conservative. Then by Theorem 4.4.9 we will have that w is exact and hence ker(®) = 0 and @
is injective. It remains, then, to show that w is conservative. Let ¢ be any piecewise smooth closed
curve based at ¢ € M. Then since M is connected, we can choose a piecewise smooth curve « from
p to g. Then letting @ be the piecewise smooth curve from ¢ to p achieved by going along « in the
opposite direction, we get that a % o *x @ is a piecewise smooth closed curve based at p. Then using
Propositions 4.4.4 (c) and 4.4.7, we get that

0:/ w:/w+/w—/w:/w.

Then since 0 and ¢ € M were arbitrary, the integral of w over any piecewise smooth curve in M is
always 0. Thus w is indeed conservative, as required. O

Corollary 5.4.7. Let M be a connected smooth manifold without boundary with finite fundamental
group. Then Hj,(M) = 0.

Proof. There are no non-trivial group homomorphisms from a finite group to the additive group of
reals so Hom(m1(M,p),R) = 0 for all p € M. So by Theorem 5.4.6 there is an injective linear map
®: Hjp(M) — 0, hence H}p(M) = 0. O

Example 5.4.8. Since for n > 2 the fundamental group of RP" for any point p € RP" is 71 (RP", p) =
Z/2 [Hat02], Corollary 5.4.7 implies that H,(RP") = 0 for n > 2.

We now use Mayer-Vietoris to compute the de Rham cohomology of S™ for n > 1. Recall that S°
is the union of two points, so its cohomology is given by Corollary 5.1.9.

Theorem 5.4.9 (de Rham Cohomology of S™). Forn > 1 the de Rham cohomology groups of S™ are
given by
o~ | R, k=0,n,
Hijp(S™) = { (5.5)

0, otherwise.

Proof. The cases for k > n and k = 0 are given by Proposition 5.1.8 (a) and (b) respectively so it
remains to consider the case 1 < k < n. We proceed by an induction on n. This proof is largely
adapted from Theorem 17.21 in [Leel2], however we instead adapt the n = 1 case from Example 2.9
in [BTS2].

For n = 1, we cover S! by the sets U := S1\{(0,1)} and V := S'\{(0, —1)}. Then both U and V are
homeomorphic to I and are hence contractible so by Lemma 5.4.1 we have that H(U) = H,(V) 2 R
and for k > 0 HE,(U) = HE,(V) = 0. We also have that U NV is homotopy equivalent to S° so
HE(UNV) = HY(S) for all k > 0. Then by the Mayer-Vietoris Theorem (Theorem 5.3.1) we have

the following exact sequence:
0 ——= Hyp(S") L HYu(U) & HYp(V) —> HY(UNV) - Hjp(8Y) —0.
So substituting in our known groups, we get the exact sequence

0 R R?

Hl (SY) ——0.
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Then by exactness, k* @ [* is injective, im(k* @ [*) = ker(¢* — j*), im(:* — j*) = ker(d), and 0 is
surjective. Then using the Rank-Nullity Theorem and exactness, we get dim(im(k* & [*)) = dim(R) —
dim(ker(k* @ I*)) = 1, so dim(ker(i* — 5*)) = dim(im(k* & [*)) = 1. Then dim(im(:* — j*)) =
dim(R?) — dim(ker(i* — j*)) = 2 — 1 = 1, so dim(ker(§)) = dim(im(i* — 5*)) = 1. Then since §
is surjective, im(8) = HIp(S'), so dim(H}(S1)) = dim(R?) — dim(ker(§)) = 2 — 1 = 1. Thus
Hl (SY) =R

Now suppose that for some n > 2 that (5.5) is true for S?~!. First, since S™ is simply connected
for n > 2, Proposition 5.1.8 (e) gives us that H},(S™) = 0. Next, we cover S™ in an analogous
way to the cover of S! above: let U := S™\{(0,...,0,1)} and V := S™\{(0,...,0,—1)}. Then both
U and V are homeomorphic to R"™ via stereographic projection and hence are contractible so by
homotopy invariance, their cohomology groups are given by Lemma 5.4.1. We also have that UNV is
homeomorphic to R™\{0} so is homotopy equivalent to S"~!, so by homotopy invariance H C’l“R(UﬂV) ~
HE,(S™71) for k > 0. Then the Mayer-Vietoris exact sequence is

= HYWU) @ HEN (V) —— HY WU N V) —— HE(S™) —— HER(U) @ HEp(V) —— -

Then since H5,(U) and HE, (V) are both trivial for k > 1 and H,(UNV) = H5,(S™71) for k > 0,
we have that
00— HYH(S" 1) —— HEL(SF) ——0

is an exact sequence for all 2 < k£ < n. Hence by exactness Hfgl(S"_l) > HE(S*) for 2 < k < n.
Thus by the induction hypothesis, (5.5) holds for S™. Hence by induction, (5.5) is true for alln > 1. [

Example 5.4.10. Comparing Theorem 5.4.9 and Remark 5.4.3 we see that R” and S™ have differing
de Rham cohomology groups for n,m > 0. By the contrapositive of the homotopy invariance of de
Rham cohomology, we get that R™ and S™ are not homotopy equivalent for all n,m > 0.

We conclude with some final remarks.

Homotopy invariance of de Rham cohomology suggests that there should be some way to calculate
the de Rham cohomology groups in a purely topological way. Theorem 5.4.9 actually shows that the
de Rham cohomology and the singular cohomology with real coefficients of the spheres are isomorphic!
In fact, this is an example of a more general theorem which we state below. The theory to build up
to the proof as well as the proof itself are far too lengthy to be included here, but the details can be
found in Chapter 18 in [Leel2].

Theorem 5.4.11 (de Rham). Let M be a smooth manifold without boundary. Then for all k >0
Hip(M) = H*(M:R),
where H*(M;R) is the singular cohomology of M with real coefficients.

Remark 5.4.12. Recall from Remark 4.1.7 that in general Q¥(—) was not a useful functor for dis-
tinguishing spaces because QF(M) is in general infinite dimensional and we do not have any tools to
calculate it. Thus far we have provided a plethora of computational tools for de Rham cohomology
but the question of whether these groups are finite dimensional still remains. It turns out that for
compact smooth manifolds, this is always the case. To prove this we require much more theory. In
particular, one can define a cochain complex by restricting to only compactly supported differential
forms (see Chapter 17 in [Leel2]). In the case of compact smooth manifolds, all forms are compactly
supported so we retrieve the usual de Rham cohomology groups but now armed with more powerful
results. One such result is Poincaré duality, which we then use to show that the de Rham cohomology
groups of compact smooth manifolds are finite dimensional (see Problems 18-7 and 18-8 in [Leel2]).
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I. Definitions From Topology

A.1 General Topology

Here we shall recall some basic definitions from general topology. What follows is adapted from
Topology by James Munkres [Mun14].

Definition A.1.1. A topological space is a pair (X, T) consisting of a set X and a collection, T, of
subsets of X such that

1. 9, XeT.
2. If (U;)ier is a collection of elements in T, then | J,.; U; € T.
3. If (U;)I, is a finite collection of elements in 7, then (), U; € T.

We call T a topology on X and elements of T open sets (in X). Often we just write X for the
topological space.

Definition A.1.2. Let X and Y be topological spaces and let f : X — Y be a function between
them. We say f is continuous if for any open set U C Y in Y, its preimage f~'(U) C X is open in
X. It is common to refer to a continuous function simply as a map.

Definition A.1.3. Let X and Y be topological spaces. We say a continuous map f : X — Y
is a homeomorphism if it is bijective and its inverse f~! : Y — X is also continuous. If such a
homeomorphism exists between two spaces X and Y, then we say X is homeomorphic to Y and we
write X =Y.

Definition A.1.4. Let (X,7T) be a topological space and let B be a subcollection of 7. We say B is
a basis for the topology on X if the following are satisfied

1. Vx € X 3B € B such that z € B.
2. If x € By N By with By, By € B, then dB3 € B such that x € B3 C B N Bs.
We call elements of B basis elements and we say that B generates the topology on X.

Definition A.1.5. Let X be a topological space. We say that X is second countable if there exists a
basis for the topology on X that is countable.

Definition A.1.6. Let X be a topological space. We say that X is Hausdorff if for all z,y € X there
exist open sets U,V C X suchthat r e U,y e Vand UNV = @.

Definition A.1.7. Let A C X be a subset of a topological space X. We say a collection (U;);er of
subsets of X is a cover of A if A C J;c;. We say a cover of A, (Uj)icr, is an open cover if U; is open
in X for all i € I. A subcover of a cover of A, (U;)icr, is a collection (Uj);cs with J C I that is also a
cover of A. We say A is compact in X if any open cover of A has a finite subcover.

Definition A.1.8. Let X be a topological space. We say X is connected if given two open sets
UV CXsuchthat UUV = X and UNV = @, one of U and V must be empty.

Definition A.1.9. Let X be a topological space and let I := [0,1] be equipped with the subspace
topology as a subspace of R. Let zg,x1 € X. A path from xg to z1 is a continuous map v : I — X
such that v(0) = z¢ and (1) = ;.

Definition A.1.10. Let X be a topological space. We say X is path connected if given any two points
xg,r1 € X there exists a path v : I — X from z( to z1.
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A.2 Homotopy and the Fundamental Group

Here we shall recall some definitions from homotopy theory. Unless indicated otherwise, everything
that follows is adapted from Topology by James Munkres [Mun14].

Definition A.2.1. Let f,g: X — Y be two continuous maps. A homotopy from f to g is a continuous
map H : X x I — Y such that H(z,0) = f(z) and H(x,1) = g(x) for all x € X. If such a homotopy
exists, we say f is homotopic to g and write f ~ g. Let A C X. We say f and g are homotopic relative
to A if the exists a homotopy H : X x I — Y such that f(z) = H(z,t) = g(x) for all (z,t) € A x I.

Definition A.2.2. Let v,0 : I — X be paths from zg € X to z1 € X. A path homotopy from ~ to
o is a homotopy H : I x I — X such that H(0,t) = xg and H(1,t) = x; for all ¢t € I. If such a path
homotopy exists, we say that v is path homotopic to o and write v ~ o.

Lemma A.2.3. The relations "homotopic to” and “path homotopic to” are equivalence relations.
Proof. See Lemma 51.1 in Topology by Munkres [Mun14]. O

Definition A.2.4. [BBT20] Let X and Y be topological spaces and let f : X — Y be a continuous
map. We denote the equivalence class of f to be [f] under the relation ~ and we call it the homotopy
class of f. The set of all homotopy classes of maps from X to Y is denoted [X,Y].

Definition A.2.5. Let 7,0 : I — X be paths from xy to x1 and z; to x2 respectively. We define the
product of these paths to be the path v+ o : I — X given by

8
m
1=}

v(2s),

2]
o(2s—1), ze 31

]

One can show that this product induces a well defined associative product on homotopy classes of
paths: [v] % [o] := [y * o]. See Theorem 51.2 from Topology by Munkres for details [Munl4].

(7% 0)(s) = {

D=

Definition A.2.6. Let X be a topological space and let x9p € X. A loop based at zy is a path
v : I — X such that v(0) = xg = v(1). We denote the set of homotopy classes of loops based at zy by
m1(X, z9). We call (7m1(X, zg), *) the fundamental group of X relative to the base point zg.

One can show that (m1(X,zg), *) is indeed a group. See Theorem 51.2 and page 327 in Topology
by Munkres for details [Mun14].

Theorem A.2.7. Let X be path connected and let xo,x1 € X. Then m (X, xo) = m1(X, 21).
Proof. See Theorem 52.1 and Corollary 52.2 in Topology by Munkres for details [Mun14]. O

Definition A.2.8. Let f: X — Y be a continuous map. We say f is a homotopy equivalence if there
exists another continuous map g : Y — X, which we call a homotopy inverse of f, such that

fog~idy and go f ~idx.
If such a homotopy equivalence exists, we say X and Y are homotopy equivalent and we write X ~ Y.

Definition A.2.9. We say a topological space X is contractible if it is homotopy equivalent to the
one point space.

Theorem A.2.10. Let X and Y be topological spaces and xog € X and yo € Y, Then
X~Y = 7T1(X,.1‘0) = 7T1(Yv, yo).

Proof. See Theorem 58.7 in Topology by Munkres [Mun14]. O
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