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SATURDAY NIGHT
AND SUNDAY MORNING

This is a well known book (and
a better known film) written by
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We begin with my favourite “hyperbolic” system.
e Let Abe a k x k matrix with entries 0 or 1 (k > 2).

e Assume that the matrix is irreducible
(i.e., V1 <i,j < k,3n > 1such that A"(i,j) > 0).

e We denote the (one-sided) shift space by
Ya= {x: (Xn)peo € H{1,2,...,k} s A(Xn, Xne1) =1ifne Z+}
n=0
which is a compact set with respect to the metric
0 ifi=j
1 ifi#j

d(x,x) = i &(Xn: Xn) where e(i, ) = {

o0

where x = (Xn)5o and X’ = (x3)72,.
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First setting: shift spaces of finite type

We begin with my favourite “hyperbolic” system.
e Let Abe a k x k matrix with entries 0 or 1 (k > 2).

e Assume that the matrix is irreducible
(i.e., V1 <i,j < k,3n > 1such that A"(i,j) > 0).

e We denote the (one-sided) shift space by
ZA:{X—(Xn 06H{1 2,. k}:A(x,,,xn+1):1ifneZ+}

which is a compact set with respect to the metric
0 ifi=j
1 ifi#j

d(x,x) = i &(Xn, Xn) where e(i, ) = {

where x = (xp)32y and x’ = (x})52,.
1

Thus if x and x' agree in (exactly) first N places then d(x, X') < zg.
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The dynamics: The shift map

Definition
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The dynamics: The shift map

Definition
We define the subshift of finite type o : 4 — L a by (0X)n = Xpi1,

ie. if x=(xp,X1,X0,...,Xn,...) then ox = (xq, X2, X3, ..., Xp1,...)

e Since Aisirreducible the shift o : ¥4 — Y 4 is transitive
(i.e., there exists x* € X4 with a dense orbit U;ioakg* C X ).

e Of course, a periodic point ¢"x = x takes the simple form
X = (Xba)ﬁ y X2, ...y Xn—1, X0, X1, X2, ..., Xn—1, X0, X1, "') € E:Au

i.e., the sequence repeats.
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The LivSic theorem for subshifts of finite type
This brings us to ...

Theorem (LivSic's Theorem (1971))
Let F : ¥4 — R be a Hélder continuous function.
Assume that for every periodic point c"x = x one has

n—1
Y F(c*x)=0  (“F vanishes around orbit’).
k=0

Then there exists a Hélder continuous function u : ¥4 — R such that

F=uoo—u ( “F is a coboundary”).

Question. How does the proof go?

| will give a sketch of the proof in a couple of slides (= time to get a
quick cup of coffee).
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@ Choose a transitive point x* € ¥4
e * ° . whose forward orbit is dense.

° e @ Define u(-) on the orbit by
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Proof of LivSic's theorem for subshifts
@ Choose a transitive point x* € ¥4

o * o . whose forward orbit is dense.

° e @ Define u(-) on the orbit by

’ o u(o"x") = Xp5 Flokx),
o”(g*): . e © Thenforn>1,

e e Flo"x") = u(o(0"x")) — u(o"x").

: (i.e., cocycle on the orbit)

. @ To extend continuously to X4 we
o2(x*)e neelgj oM Px* ~ o"x* implies

o(x*)p u(e™Px*) = u(o"x").
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Proof of LivSic's theorem for subshifts

@ Choose a transitive point x* € ¥4
whose forward orbit is dense.

°° % @ Define u(-) on the orbit by

oo u(a"x*) = 2028 Fo*x*).
"(x*)e% o o 0% © Thenforn>1,

° e © F(O’ni*) — U(O’(O’ni*)) _ U(Unl*).

mEp(x* : .
:U (x*) (i.e., cocycle on the orbit)
. @ To extend continuously to X4 we
-+ X~ * i H
o2 (x*)e nee,gra” Px* ~ an”g implies
o(x* u(o™Px*) ~ u(a"x*).
x*e © We introduce a periodic point

oPz =z~ o™Px* = olx*.
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Proof of LivSic's theorem for subshifts

@ Choose a transitive point x* € ¥4
whose forward orbit is dense.

°° % @ Define u(-) on the orbit by

oo u(a"x*) = 2028 Fo*x*).
"(x*)e% o o 0% © Thenforn>1,

° e © F(O’ni*) — U(O’(O’ni*)) _ U(Unl*).

oM P(x* . .
: (x*) (i.e., cocycle on the orbit)
. @ To extend continuously to X4 we
NPy oy oM ye* ;
o2(x*)e neeﬂrg ' X Un{ implies
o(x* u(o™Px*) ~ u(a"x*).
x*e © We introduce a periodic point
AR JPZZ;%O'n+pK*%0'nK*~
Finally
u(o"Px) — u(o"x") = YRt f(okx) & YR g f(ok2) = 0.

/

ST F(okx*) 3R] F(okx)
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References for the proof

The original proof was published by A. N. LivSic in 1971
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Skew products

Let G be an infinite countable group (e.g., G = ZX)

e Letty: ¥4 — Gbeacontinuous.

o letT, =Y, x Ganddefines: L — % by 5(x, g) = (ox,1%(X)g).
We again say this is transitive if there exists a dense g-orbit.

Example (Trivial Example)

Let ¥ = {1,2,3}2and o : ¥ — X is a full shift (on 3 symbols).
Let G = Z then this is non-compact. Define ¢ : ¥ — Z by

1 if Xo = 1
P(x)=<K0 ifxg=2 where x = (Xn)pZ0-
—1 if Xo = 3

The skew product 7 is easily seen to be transitive.
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The LivSic theorem for skew products

The statement is similar to that for subshifts (except we add “hats”).

Theorem (LivSic's Theorem for skew products)

LetF:$, > Rbea (locally) Holder continuous function. Assume that
for every periodic point "X = X € ¥ 5 one has

n—1
Z F(G'%) =0 (“F vanishes around closed orbit”).
k=0

Then there exists a Holder continuous function Ui : ¥4 — R such that

o~

F=Uos—1U (“F is a coboundary”).

The proof is exactly the same as for the case of the usual LivSic
theorem (as observed by Ruhr and Sarig for example):

(The proof of the Livshits Theorem for subshifts of finite type given in [BowT5,
Theorem 1.28] works verbatim in the countable alphabet case.) O
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e (identity)
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Periodic points on ¥4 and D

We can easily relate periodic points for the skew product & to (some of)
the periodic points for the original shift map o.

A G-periodic point (x,g) € £ = ¥ x G satisfies
7"(x,9) = (¢"x,¥"(x)g) = (x,9)
where ¢"(x) = ¢¥(c"x) - - - P(oX)(X).

In particular, the components give

o'(x,9) = (x,9) <= { e (identity)

Conclusion. g-periodic points (x, g) correspond to o-periodic
points x satisfying the additional condition ¢"(x) = e (identity).

10/25



Back to the trivial example

Example (Trivial Example)

Let X = {1,2,3}?and ¢ : ¥ — X is a full shift (on 3 symbols). Let
G = Z then this is non-compact. Define ¢ : ¥ — Z by

1 if Xo =1
P(xX) =40 ifxo=2  wherex= ()%,
—1 if Xo=3
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Back to the trivial example

Example (Trivial Example)

Let X = {1,2,3}?and ¢ : ¥ — X is a full shift (on 3 symbols). Let
G = Z then this is non-compact. Define ¢ : ¥ — Z by

1 if Xo = 1
P(x) =40 if xo =2 where x = (Xn)72,
—1 if Xo = 3

The skew product ¢ is transitive.

Back on ¥ 4: For a periodic point z = (29, 21, -+ , Zp—1, 20, 21, *)
with 0Pz = z we have that the restriction Y27 F(0'z) = 0 applies
precisely when

i.e., the digits 1 and 3 appear the same number of times.
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A restricted LivSic theorem on X4

Let ¢ : ¥4 — G be continuous function into a countable group.

Theorem (Restricted LivSic's Theorem)
Assume & is transitive. Let F : ¥ 4 — R be a Holder continuous function.
Assume that restricting to those periodic points ¢"x = x for which
Y"(x) = e we have

n—1 ‘
> F(o'x)=0.
k=0
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A restricted LivSic theorem on X4

Let ¢ : ¥4 — G be continuous function into a countable group.

Theorem (Restricted LivSic's Theorem)

Assume & is transitive. Let F : ¥ 4 — R be a Holder continuous function.
Assume that restricting to those periodic points ¢"x = x for which
Y"(x) = e we have

n—1 ‘
> F(o'x)=0.
k=0

Then there exists a Holder continuous function u: X4 — R and a
homomorphism « : G — R such that

F=uUoo—U+aoq.

So with less periodic orbit data we have an extra term a o .
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Proof of the restricted LivSic theorem |

We are given
O F: X, — R, Holder function;
® ¢ : X4 — G continuous function (to restrict to periodic points
o"x = x such that y"(x) = e).
First step (Applying the LivSic theorem for skew products).
e We can define F : & — R by lifting F, i,.e., lt'(g, g) = F(x).

::ZA><G

(It is obvious, but useful later, that If‘(x, g) Is independent of g.)

13/25



Proof of the restricted LivSic theorem |

We are given
O F: X, — R, Holder function;

® ¢ : X4 — G continuous function (to restrict to periodic points
o"x = x such that y"(x) = e).

First step (Applying the LivSic theorem for skew products).
e WecandefineF: £, —R by lifting F, i,.e., lt'(g, g) = F(x).
~—~
::ZA><G

(It is obvious, but useful later, that If‘(x, g) Is independent of g.)
Therefore, there exists U : fA — R such that

F=Uoo—u1.

13/25



Proof of the restricted LivSic theorem |

We are given
O F: X, — R, Holder function;

® ¢ : X4 — G continuous function (to restrict to periodic points
o"x = x such that y"(x) = e).

First step (Applying the LivSic theorem for skew products).
e WecandefineF: £, —R by lifting F, i,.e., lt'(g, g) = F(x).
~—~
::ZA><G

(It is obvious, but useful later, that If‘(x, g) Is independent of g.)
Therefore, there exists U : fA — R such that
F=Uooc—1.

Somehow we need to “push down” T from S, to T4...
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Second step (u is independent of G-action).
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Proof of the LivSic theorem |l

Second step (U is independent of G-action).
(x,g2g) LetX* € X, be the transitive point for & (used for u).
Given (x, g1), (X, g2) € X4 choose n,m > 1 such that

(x,919) X" ~ (x,g1) and 6™MX* = (x, go)

By construction

(Xa gZ) nl = =
I F@"5") = (5™ %) - BE"%')
N———
(x.91) 0 <R
) ~ U(x,g2) — U(x,91)
o x*

invariant under G
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Proof of the LivSic theorem |l

Second step (u is independent of G-action).
Let X* € ¥4 be the transitive point for & (used for w).

X, 13
(X 629) Given (x, g1), (X, g2) € X4 choose n,m > 1 such that
: (X 919) "% ~ (x, 1) and 5™ R ~ (X, gb)
e _
| By construction
I F(a_\n—l-kx*) U(An—i-mx ) U(me )
k=0
(X, 91) =F(omH %)
R zﬁ(x,gg)—fl(x,gﬁ
° X*

invariant under G

i,e, for g e G, |u(x, go) — U(x,91) = U(x, g=g) — U(x, 919).
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Proof of the LivSic theorem Il

Third step (Pushing down U introduces o : G — R).
By LivSic theorem for skew products U € ¥ 4 x G satisfies

F(x.g) = (U5)(x.g) — U(x,g) ¥(x.g) € a=Tax G.
N——

/

=F(x) Independent of g
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Proof of the LivSic theorem Il

Third step (Pushing down U introduces o : G — R).
By LivSic theorem for skew products U € ¥ 4 x G satisfies
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Proof of the LivSic theorem IV

We have almost finished. We have established
F=uoo—-u+aoy

where a(g) = U(x, g) — U(x, e).
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We have almost finished. We have established
F=uoo—-u+aoy
where a(g) = U(x, g) — U(x, ). It only remains to show:

Step 4 (o : G — Z is a homomorphism)
Given gy,g» € Gthenforany x € ¥4

a(g192) = U(x, g192) — U(x, €)
( u(x,9192)u(x, g2) + (U(x, g2) — U(x, e))
a(91) + a(g2).

This completes the proof.
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Continuous LivSsic type theorems

“Don’t worry—our EV will win in the long run.”

Continuous LivSic type theorems
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Anosov flows
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18/25



Anosov flows

We can formulate analogues of the results for subshifts and skew
products in the context of Anosov flows. We call a C* flow
¢t - M — M on a compact manifold Anosov if ....

There exists a continuous splitting of the unit
tangent bundle TM = E° ¢ EY @ ES. and there
exist C, A > 0 with

@ E° a one dimensional bundle tangent to
the flow direction.

@® For v € ES we have
| Dot ||, || Dp—t|gu|| < Ce for t > 0.

©® The flow is transitive (i.e., there is a dense
orbit).

18/25



Anosov flows

We can formulate analogues of the results for subshifts and skew
products in the context of Anosov flows. We call a C* flow
¢t - M — M on a compact manifold Anosov if ....

There exists a continuous splitting of the unit
tangent bundle TM = E° ¢ EY @ ES. and there
exist C, A > 0 with

@ E° a one dimensional bundle tangent to
the flow direction.

® For v € ES we have

| Dot ||, || Dp—t|gu|| < Ce for t > 0.

©® The flow is transitive (i.e., there is a dense
orbit).

18/25



The LivSic theorem for Anosov flows
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A theorem for Anosov flows was also proved by LivSic.

Theorem (LivSic's Theorem for Anosov flows)

Let F: M — R be a Holder continuous function. Assume that for every
periodic point T of period \(r) one has

A(T)
/ F(éix:)dt =0 for x, € T (“F vanishes around 7”).
0

Then there exists a Holder continuous function U : M — R
(differentiable in the flow direction) such that

%U(gbtx) = F(x) forany x e M

The proof is similar to that for the discrete version (for subshifts of
finite type, Anosov diffeomorphisms, etc.)
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Restricted LivSic type theorem for Anosov flows

Let ¢; : M — M be a C* transitive Anosov flow
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Let ¢; : M — M be a C* transitive Anosov flow

e Assume that M is regular cover for M. /\ Q?

* Gt : M — Mis the lifted flow.

o m:M— Mbe the natural projection
(such that 7 o ¢; = ¢ o 7).

A closed orbit 7 for ¢; : M — M has least period
A(7) > 0 (i.e., for x € 7 we have ¢,,)(x) = x and T
we take the smallest such value). Q Q
The restriction. We consider only closed ¢-orbits m which lift to
closed ¢-orbits 7 of the same least period (i.e., A\(7) = A\(7)).
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Restricting closed orbits via covers

The analogue of the restricted LivSic theorem for subshifts of finite
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The analogue of the restricted LivSic theorem for subshifts of finite
type is the following.

Theorem (LivSic type Theorem (P. & Sharp))

Assume that the Hélder function F : M — R vanishes around closed
¢-orbits T that lift to closed ¢-orbits of the same period. Then there
exists a Holder continuous function U : M — R (differentiable in the
flow direction) and a closed one form w such that

F(x) = %U(gbtx) +  w(X)(x) foranyx e M

Special extra term

where X is the vector field for ¢;.
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Example: Geodesic flows in negative curvature

Let V be a (compact) surface with a Riemannian metric p of negative
curvature and a three dimensional unit tangent bundle SV.
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Given v € SV we associate the unit speed geodesic vy, : R — V such
that 4,(0) = v. We define the flow ¢; : SV — SV by ¢¢(v) = ().
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Applications

This can be combined with rigidity results which depend on
information on weights on closed orbits to conclude the same
results with information on fewer closed orbits (determined by a
cover). For example,

e Otal's theorem for negatively curved surfaces (marked length
spectrum of closed geodesics determines the surface up to
isometry)

e Guillarmou and Lefeuvre's theorem for negatively curved

manifolds (locally the marked length spectrum determines the
manifold up to isometry)

e Butt, Erchenko, Humbert, Lefeuvre and Wilkinson's theorem
for negatively curved manifolds (locally the marked Poincaré
determinant spectrum determines the manifold up to
homothety)
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Some questions

@ The original LivSic theorem was extended to matrix valued
functions F : ¥4 — GL(d,R) by Kalinin (2011). Does the
restricted Livsic theorem generalize to this setting?

® |s there a version of the measurable Livsic theorem for infinite
covers? i.e., 3 continuous versions of measurable cocycles.

© Is there some “restricted” result related to the “positive LivSic
theorem” (or “revelation theorem”) (i.e., where 27;01 F(o'x) >0
whenever ¢"x = x).

@ For quasi-hyperbolic toral automorphisms there is a LivSic
theorem (due to Veech). Is there a restricted version of this
theorem?

© For partially hyperbolic systems there are versions of the LivSic
theorem for partially hyperbolic diffeomorphisms where
us-paths replace closed orbits. Is there a restricted version of
these theorems?
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For LivSic's theorem (and the restricted LivSic theorem) are
interesting because:

@ It has a simple statement.
@ It has an elementary proof (nice for student lectures).
© It has interesting applications (e.g., rigidity theorems).

@ ltillustrates a simple “local-global principle”
(i.e., local information (on periodic orbits) gives global
information (on a function)).
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original subshift of finite type (by considering fewer periodic
orbits).

® The Continuous case

® We recalled the classical LivSic theorem for closed orbits for
Anosov flows.

* We formulated a LivSic theorem for covers of Anosov flows.

* We interpreted this as a “restricted” LivSic theorem for the
Anosov flows (by considering fewer closed orbits).

* We discussed the application to geodesic flows.
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If F: M — Ris C*> then the coboundary function U can be chosen
C* (by applying results of de la Llave, Marco and Moriyan (1986),

Journé (1986)). More precisely, we just replace “Holder” by “C*>" in
the theorem:

Assume that F : M — R is a C* function that vanishes around closed
¢-orbits T that lift to closed ¢-orbits of the same period. Then there
exists a C* function U : M — R (differentiable in the flow direction)
and a closed one form w such that

F(x) = %U(qstx) +w(X)(x) foranyxe M

where X is the vector field for ¢;.
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version - blah, blah, blah.

® One could try to work with Anosov or Axiom A
diffeomorphisms or pseudo-Anosov homeomorphisms, etc.
However, perhaps it is harder to find natural examples of
functions ¢?

© It will be more natural to find analogues of these results for
Anosov flows (later).
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Holder continuity and quantifying approximations
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