
Continuous Eigenfunctions of the Transfer Operator
for the Dyson Potential

Anders Johansson Anders Öberg Mark Pollicott

“Tudo vale a pena se a alma não é pequena” - Fernando Pessoa

USP, August, 2026

1 / 25



Two gentlemen from Sweden

2 / 25



Overview

1 Introduction

2 Transfer Operators and the Main Question

3 Classical results

4 Main Results

5 Strategy of Proof

3 / 25



Introduction

A physical viewpoint

Lattice gasses

4 / 25



Introduction

It begins with ... The Ising Model
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2D lattice gas configuration

Imagine that there is a regular (infinite array) and we
want to populate each of the sites by one of two (say)
types of "particle". We could associate values +1 or −1.

Proposed by Wilhelm Lenz (1920); solved in 1D
by his student Ernst Ising (1925).

In particular, Ising showed: no phase transition in
1D for nearest-neighbour interactions.
Freeman Dyson considered a 1D example which
does not have nearest-neighbour interactions
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Introduction

The simpler case: nearest neighbour interactions (for 1D gases)

For the nearest-neighbour 1D lattice gas and for each (periodic) configuration
x = (x1, x2, · · · , xN) ∈ {−1, +1}N

we might associate an energy H(x) := β
∑N

i=1 xixi+1
where xixi+1 is a “nearest neighbour interaction” and β denotes the “inverse
temperature”.
We associate a partition function ZN(β) =

∑
x exp (H(x)) then

ZN(β) = trace(LN
β ) where Lβ =

(
eβ e−β

e−β eβ

)
is a “transfer matrix”.

We can associate the limit (“free energy”) P(β) = limN→+∞
1
N log ZN(β).

By the Perron-Frobenius Theorem Lβ has a unique largest eigenvalue λβ > 0 and
eigenvector h > 0 (i.e., Lβh = λh) and thus P(β) = log λβ which is analytic in β (i.e., no
“phase transition”).
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Introduction

Freeman Dyson and a Long-Range Model (1969)
Key question: What happens with long-range interactions in 1D?

Freeman Dyson (1923–2020)
Photo: Wikimedia Commons, CC BY-SA 2.0

Freeman Dyson (IAS Princeton) proved that
a phase transition does exist for the 1D Ising
model with long-range interactions, in
Existence of a phase-transition in a
one-dimensional Ising ferromagnet,
Comm. Math. Phys. 12 (1969), 91–107.
The interaction between xi and xi+k takes the
form:

J(k) = βk−α, 1 < α < 2,

and exhibits a phase transition at low
temperature (i.e., large β > 0).
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Introduction

Pointless comment

I only met Dyson three times:

In Edinburgh, Scotland, where he gave a departmental seminar about tracking nuclear
submarines circa 1986; and
In Princeton, New Jersey, USA when I spent the year 1987-88 there;
In Nottingham, England in 1993 where he spoke at a meeting celebrating the 200th
anniversary of the birth of George Green: Mathematician and Windmill owner.
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Transfer Operators and the Main Question

A dynamical viewpoint

Dynamical systems/Ergodic theory
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Transfer Operators and the Main Question

A phase transition to: Ergodic theory

What has this got to do with Ergodic Theory (=Dynamical systems with measures)?

The main ingredients in the theory might be

A (phase) space X ;
A transformation T : X → X (i.e., x 7→ T (x) corresponding to a
“discrete time evolution”);
A probability measure µ on X which allows us consider “typical
points” x ∈ X (with respect to µ) and their orbits
x , T (x), T 2(x), . . . , T n(x), . . ..

Aim : To prove results on the long term behaviour of orbits.

In particular, statistical properties (Ergodic Theorems, Mixing, Central Limit Theorems, etc.).

The first problem is to find nice probability measures which actually have these properties.
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Transfer Operators and the Main Question

From Transfer Matrices to Transfer Operators
To accommodate the long range interaction potentials (in dynamical systems) we want to
replace the transfer matrix by a linear operator (on spaces of functions).

Let
State space: X = {−1, +1}N (infinite one sided sequences of +1 or −1).
Shift map T : X → X given by T (x1, x2, . . .) = (x2, x3, . . .).
Potential ϕ : X → R, e.g., for generalizations of the Dyson case:

ϕ(x1, x2, x3, . . .) = x1

∞∑
k=2

J(k)xk , (e.g ., J(k) = βk−α)

Transfer operator: Given a function f : X → R we define a new function (Lϕf ) : X → R by

(Lϕf )(x) =
∑

y : Ty=x
eϕ(y)f (y).

(It helps to assume
∑∞

k=1 J(k) < +∞ so that the definition makes sense).
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Transfer Operators and the Main Question

Properties of the transfer Operator

Given potential ϕ : X → R, in an ideal world we would like:
Lϕ has a maximal eigenvalue λ;

There is an associated eigenfunction h (Lϕh = λh):
There is an associated eigenmeasure ν (L∗

ϕν = λν):
This is the natural generalization of the transfer matrix case.

Matrix L Operator Lϕ

(right) eigenvector v eigenfunction f
maximal eigenvalue λ maximal eigenvalue λ
(left) eigenvector w eigenmeasure ν

We can define a measure µ on X by µ = hν for the purposes of ergodic theory.

Suitably motivated, we come to: When is h a continuous function?
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Classical results

Some classical results

What was known decades ago
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Classical results

An old result on continuous eigenfunctions

There are a few classical results (which sometimes apply to the Dyson setting).

Definition
We say that ϕ : X → R has summable variation if

∞∑
n=0

varn ϕ < ∞ where varn ϕ := sup
x ,y :xk=yk , k≤n

|ϕ(x) − ϕ(y)|.

where x = (x1, x2, · · · ) ∈ X and y = (y1, y2, · · · ) ∈ X .

+ − + − + − + − + −

+ − + − + −+−

−

+ −+ −

y =

x =

n

· · ·

· · ·
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Definition
We say that ϕ : X → R has summable variation if

∞∑
n=0

varn ϕ < ∞ where varn ϕ := sup
x ,y :xk=yk , k≤n

|ϕ(x) − ϕ(y)|.
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Classical results

We said that ϕ has summable variation if
∞∑

n=0
varn ϕ < ∞ where varn ϕ := sup

x ,y :xk=yk , k≤n
|ϕ(x) − ϕ(y)|.

where x = (x1, x2, · · · ) ∈ X and y = (y1, y2, · · · ) ∈ X .

Theorem (Folklore, after Ruelle and Sinai)
There exists a positive continuous eigenfunction under the summable variation assumption.

15 / 25



Classical results

Example: Dyson potential

Claim for Dyson potential
For J(k) = βk−α denote the tail

rn :=
∞∑

k=n+1
J(k) and then varn ϕ = 2rn.

Recall that summable variation:
∑

rn < ∞.
Since J(k) = βk−α we have rn ≈ β

α−1n1−α.
Then

∑
rn < ∞ ⇐⇒ α > 2.

Corollary (Classical Corollary)
For α > 2 there is a continuous eigenfunction

α

β

3
2 2

βc
New

regime

Classical

Aim: The claim is that we can reduce
the value of α so that for β > 0 small

enough we still have a continuous
eigenfunction
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Main Results

Progress

Newer results
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Main Results

A first general result
Let 0 ≤ J(k) → 0 as k → +∞ and consider general potentials of the form

ϕ(x) = x0

∞∑
k=1

J(k)xk .

Let ν be the eigenmeasure of L ∗
ϕ with maximal eigenvalue λ (i.e., L ∗

ϕ ν = λν).

Theorem (Johansson–Öberg–Pollicott)
Let r(x) :=

∑∞
n=0 rn|xn| where rn =

∑
k>n J(k) then if∫
X

er(x) dν(x) < ∞

then there exists a strictly positive continuous function h : X → R+ such that Lϕh = λh.

The condition
∫

er dν < ∞ doesn’t look particularly easy to check. However, ...
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Main Results

A second (less) general result

Let 0 ≤ J(k) → 0 as k → +∞ and set

ϕ(x) = x0

∞∑
k=n+1

J(k)xk .

Theorem (Johansson–Öberg–Pollicott)
There exists a critical value βc > 0 such that if

∞∑
n=0

(varn ϕ)2 < ∞ and β < βc

then there exists a strictly positive continuous function h : X → R+ such that Lϕh = λh.
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Main Results

Example (even less general): Dyson potential
For J(k) = βk−α we can write

ϕ(x) = x0

∞∑
k=n+1

βk−αxk .

Corollary
For J(k) = βk−α with α > 3

2 and β < βc , then there exists a strictly positive continuous
function h : X → R+ such that Lϕh = λh.

This extends the classical theory from α > 2 to α > 3
2 (provided β < βc).

Published in Math. Z. 310 (2025).
There is an alternative approach by van Enter–Fernández–Makhmudov–Verbitskiy (using
DLR Gibbs formalism)
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Strategy of Proof

Strategy of the proof
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Strategy of Proof

From a measure on {−1, +1}Z to One-Sided Eigenfunction

Let µ be a suitable measure on {−1, +1}Z.
Let ν = one-sided eigenmeasure (i.e., L ∗

ϕ ν = λν) on {−1, +1}N (which we get painlessly)

µ lives on two-sided Z ν lives on one-sided N

n

x1 x2 xn

For each n > 0 define a function hn : X → R

hn(x) = µ([x ]n)
ν([x ]n) for x = (. . . , x−1, x0, x1, x2, x3, . . .)

where [x ]n = all infinite sequences which agree with x in the places [1, n].
Lemma. If we can choose µ such that hn → h uniformly then h is continuous (and Lϕh = λh)
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Strategy of Proof

To construct µ: use Random Graphs

G

Let G denote a graph with vertex set Z.

The probability P on the space of such (random)
graphs comes from edge weights p(i , j) = 1 − e−J(|i−j|) (for vertices i , j ∈ Z). Then we can
define µ

µ([x ]n) =
∫

2ωn(G)Bn(x , G)dP(G) where:

1 ωn(G) = number of clusters (i.e., maximally connected subgraphs) of G intersecting
[1, n); and

2 Bn(x , G) ∈ {0, 1} enforces that no path in G connects vertices of opposite signs in [1, n).
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Strategy of Proof

Splitting the graphs
Cutting at the origin decomposes the random graph G into three parts:

H

G− G+

1 left graph G− (all edges in Z≤0),
2 right graph G+ (all edges in N),
3 interface graph H (edges crossing the origin).

This helps to control the expression for hn and so show that they converge uniformly.

The second main Theorem follows as corollary of the first main Theorem, i.e., If

ϕ(x) = x0

∞∑
k=n+1

J(k)xk =⇒
∞∑

n=0
(var(ϕ))2 < +∞ and β < βc

(Hypothesis of first theorem) then for r(x) =
∑∞

n=0 rn|xn| when rn =
∑

k>n J(k) then∫
X

er(x)dν(x) < +∞. (Hypothesis of second theorem)
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Strategy of Proof

The end

Obrigado pelo sua tempo
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