
Transfer operators and estimating characteristic values
(or Computing numbers illustrated by a couple of examples)

Mark Pollicott

Mathematics Institute, University of Warwick

5 August, 2026

M. Pollicott (Warwick) Transfer operators and estimating characteristic values 5 August, 2026 1 / 18



Overview

Since I appreciate topicality, I would like to describe a simple application of “transfer
operators” to two problems

dating from 1812 and 1904, respectively.
These relate to

1 Continued Fractions and the Gauss problem.

2 The Minkowski Question Mark Function ?
(N.B. Here ? denotes the function - not a question)

These two problems have in common ...that both were problems mentioned in the (online)
lectures in the Simons’ semester in Poland in May 2026 ... and are related to transfer
operators.
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The Gauss problem

I. The Gauss Problem
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Continued Fractions

It is a classical fact that every irrational x ∈ (0, 1) has a unique continued fraction expansion

x =
1

a1 +
1

a2 +
1

a3 + · · ·

=: [a1, a2, a3, . . .], an ∈ N.

A convenient way to generate the series (an) is to use the orbit of
x under the Gauss map:

T (x) =
1

x
−

[
1

x

]
In particular, an = k if T ◦ · · · ◦ T︸ ︷︷ ︸

Tn

(x) ∈
(

1
k+1 ,

1
k

)
, n ≥ 0.

x

T (x)

11
2

1
3

1
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The Gauss problem

In a famous letter sent on 30 January, 1812, from Gauss to Laplace, it was claimed (in modern
terminology) that for any fixed 0 < t < 1 (and Lebesgue measure ℓ):

ℓ
(
{x ∈ [0, 1] : Tn(x) ≤ t}

)
→ 1

log 2

∫ t

0

du

1 + u
, as n → +∞.

Gauss asked Laplace about the speed of convergence. A century later progress was made...
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Gauss-Laplace correspondence

Kuzmin–Lévy-Wirsing Theorem (1928 -1974)

∃0 < q < 1, C > 0 such that |λ
(
{x : Tn(x) ≤ t}

)
− 1

log 2

∫ t

0

du

1 + u
| = Cqn + o(qn)

Gauss Problem

What is the value of the Kuzmin–Lévy-Wirsing constant q?
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The Transfer Operator (Deus ex machina)

The transfer operator for the Gauss map is the linear operator L : B → B defined by

(Lf)(x) =
∞∑
n=1

1

(x+ n)2
f

(
1

x+ n

)
,

where B is a suitable Banach space of analytic functions.

Then

L is a compact (trace-class) operator with isolated eigenvalues {λn}∞n=1 with
λ1 = 1 > |λ2| > |λ3| ≥ · · · ↘ 0, and

q = |λ2| where λ2 is the second eigenvalue.

Reformulated Gauss Problem

What is the value of the second eigenvalue λ2 (and thus q)?
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Validated Numerics for q = |λ2|: Result and idea of the approach

We can replace L by the conjugate operator

Mf(x) = (x+ 1)L
(

f(x)

(x+ 1)

)

=

∞∑
n=1

1

(x+ n)(x+ n+ 1)
f

(
1

x+ n

)
(which preserves constant functions).

Lemma (Relating the operator M to q)

Then for (strictly increasing) polynomials p−, p+ : [0, 1] → R+ we have bounds

inf
0≤x≤1

(Mp−)
′(x)

p−(x)
≤ q = |λ2| ≤ sup

0≤x≤1

(Mp+)
′(x)

p+(x)

Example. Choosing appropriate polynomials p± of degree 50 gives a (validated) estimate

q = |λ2| = 0.30366300289873265859744812190155623311087735225365 . . .

accurate to 50 decimal places.
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Ingredients in the proof (for enthusiasts)

The inequalites

inf
0≤x≤1

(Mp−)
′(x)

p−(x)
≤ q = |λ2| ≤ sup

0≤x≤1

(Mp+)
′(x)

p+(x)
(∗)

are an easy exercise (similar to Collatz–Wielandt min-max bounds for the top eigenvalue
for positive matrices).

The derivative gets rid of λ1 for M (which has constants as eigenfunctions) leaving λ2.

Computers don’t like infinite sums that appear in Mp±. Luckily, we can relate it to the
Hurwicz zeta function ζ(x, s) =

∑∞
n=0

1
(x+n)s .

Candidates for p−, p+ : [0, 1] → R come using Lagrange-Chebychev interpolation (in basic
numerical analysis). But then (*) guarantees these bounds are completely rigorous.
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Previous results: A gallery for the rate of convergence

1 In 1928 Kuzmin showed an error term of O(q
√
n) for some q < 1.

2 In 1929 Levy showed an error term of O(qn) with q < 0.67157 . . ..

3 In 1961 Szüsz claimed to show q < 0.48 (actually the argument only gives q < 0.4).

4 In 1974 Wirsing showed q = 0.303663002898732658 . . ..

5 In 1978 Babenko gave a fuller asymptotic expansion (using the other eigenvalues of L).
There are more estimates on q (due to Flajolet-Vallée, Briggs, Nisoli, Mayer-Roepstorff) but I
wanted a validated value and a simple approach ... and ran out of space for pictures.
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The Minkowski Question Mark Function

II. The Minkowski Question Mark Function
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The Minkowski Question Mark Function

The Minkowski question mark function ? : [0, 1] → [0, 1] is defined for x = [a1, a2, a3, . . .] by

?(x) = 2

∞∑
k=1

(−1)k+1 2−(a1+a2+···+ak).

Key properties:

Increasing and continuous.

Derivative ?′(x) = 0 for a.e.(ℓ) x.

Problem

What is the size of the zero measure set {x : ?′(x) ̸= 0} (e.g., the Hausdorff dimension).
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Recall the definition of Hausdorff dimension of a set X ⊂ Rd.

dimH(J) = inf {s ≥ 0 : for all ϵ > 0 there exists cover {Ui} of X with
∑

i diam(Ui)
s ≤ ϵ}

J

U1

U2
U3

U4

U5

U6

U7

diam(U6) ≤ ϵ

Except we are only considering d = 1 here.

Hausdorff dimension is particularly useful
(compared with, say, Minkowski box counting
dimension) because

1 It is more subtle (i.e., it reflects better
finer details); and

2 It always exists.
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A dynamical viewpoint

By a result of Kinney (1962) and Kesseboemer-Stratmann (2008):

dimH({x : ?′(x) ̸= 0}) = log 2

2
∫ 1
0 log(1 + x)dµ(x)

where µ is the measure of maximal entropy (i.e., “Bernoulli measure”) for the Farey map
F : [0, 1] → [0, 1] defined by

F (x) =

{
x

1−x if 0 ≤ x ≤ 1
2

1−x
x if 1

2 ≤ x ≤ 1

0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

0.8

1.0
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Enter a second transfer operator

For each t ∈ R we define Lt : C([0, 1]) → C([0, 1]) by

Ltw(x) =
1

2(1 + x)2t

(
w

(
x

1 + x

)
+ w

(
1

1 + x

))
where w ∈ C([0, 1]).

Lemma (Relating transfer operators to the dimension)

Let ϵ > 0. Let p−, p+ : [0, 1] → R+ be polynomials and denote

r+ = inf
0≤x≤1

{
Lϵp+(x)

p+(x)

}
and r− = sup

0≤x≤1

{
L−ϵp−(x)

p−(x)

}
then

ϵ log 2

| log r−|
≤ dimH({x : ?′(x) = ∞}) ≤ ϵ log 2

| log r+|
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Making smart choices (of ϵ > 0 and polynomials)

Example (By hand)

With ϵ = 10−3 and polynomials of degree 5 gives a validated estimate to 2 decimal places

0.874169 . . . ≤ dimH({x : ?′(x) ̸= 0}) ≤ 0.875016 . . .

Example (By Computer)

With ϵ = 10−120 and polynomials of degree 300 gives a validated estimate to 52 decimal places

0.87471630510821114221515290421915975775792728975153223751895331660433 . . .

≤ dimH({x : ?′(x) ̸= 0}) ≤
0.87471630510821114221515290421915975775792728975153189597657442616397 . . .

M. Pollicott (Warwick) Transfer operators and estimating characteristic values 5 August, 2026 16 / 18



Making smart choices (of ϵ > 0 and polynomials)

Example (By hand)

With ϵ = 10−3 and polynomials of degree 5 gives a validated estimate to 2 decimal places

0.874169 . . . ≤ dimH({x : ?′(x) ̸= 0}) ≤ 0.875016 . . .

Example (By Computer)

With ϵ = 10−120 and polynomials of degree 300 gives a validated estimate to 52 decimal places

0.87471630510821114221515290421915975775792728975153223751895331660433 . . .

≤ dimH({x : ?′(x) ̸= 0}) ≤
0.87471630510821114221515290421915975775792728975153189597657442616397 . . .

M. Pollicott (Warwick) Transfer operators and estimating characteristic values 5 August, 2026 16 / 18



Elements of the proof for enthusiasts

log ρ(−ϵ)

−ϵ

0
t

log ρ(t) Let ρ(t) > 0 be spectral radius of Lt.

1 R ∋ t 7→ log ρ(t) is smooth, monotone
decreasing and concave; and

2
d log ρ(t)

dt |t=0 = −λ(µ);

We might call log ρ(t) as “pressure function”
and λ(µ) being a Lyapunov exponent

Thus for ϵ > 0 we have

log |ρ(ϵ)|
ϵ

≤ λ(µ) ≤ log ρ(−ϵ)

ϵ
.

Finally, we can estimate ρ(±ϵ) using the min-max method, much as we did before.
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Previous results: A gallery for the dimension

dimH({x : ?′(x) ̸= 0}) = 0.87471630510821114221515290421915975775792728975153 . . .

1 In 1992 Lagarias gave an estimate accurate to 3 decimal places.

2 In 1995 Tichy and Uitz estimated ≈ 0.875

3 In 1998 Bibiloni, Paradıs and Viader and gave an estimate accurate to 5 decimal places

4 In 2016 Alkauskas gave an estimate to 35 decimal places

5 In 2017 Mantica gave an estimate validated to 13 decimal places.

Go to End
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A bonus

III. “Complex continued fraction set”
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Bonus: Complex Continued fraction set

Consider Tmn : D → D on D = B(12 ,
1
2) given by Tnm(z) := 1

z+m+in for (m,n) ∈ N× Z.

The limit set J ⊂ D is defined by iteration

J :=

{
lim

n→+∞
Tm1n1 ◦ · · · ◦ Tmknk

(D) where (mi, ni) ∈ N× Z
}
.

Dimension Problem

What is the size (Hausdorff dimension) dimH(J) of the set J?

M. Pollicott (Warwick) Transfer operators and estimating characteristic values 5 August, 2026 2 / 5



Bonus: Complex Continued fraction set

Consider Tmn : D → D on D = B(12 ,
1
2) given by Tnm(z) := 1

z+m+in for (m,n) ∈ N× Z.

The limit set J ⊂ D is defined by iteration

J :=

{
lim

n→+∞
Tm1n1 ◦ · · · ◦ Tmknk

(D) where (mi, ni) ∈ N× Z
}
.

Dimension Problem

What is the size (Hausdorff dimension) dimH(J) of the set J?

M. Pollicott (Warwick) Transfer operators and estimating characteristic values 5 August, 2026 2 / 5



Bonus: Complex Continued fraction set

Consider Tmn : D → D on D = B(12 ,
1
2) given by Tnm(z) := 1

z+m+in for (m,n) ∈ N× Z.

The limit set J ⊂ D is defined by iteration

J :=

{
lim

n→+∞
Tm1n1 ◦ · · · ◦ Tmknk

(D) where (mi, ni) ∈ N× Z
}
.

Dimension Problem

What is the size (Hausdorff dimension) dimH(J) of the set J?

M. Pollicott (Warwick) Transfer operators and estimating characteristic values 5 August, 2026 2 / 5



Estimates on the Complex Continued fraction set

There has been interest in numerical estimates on dimH(J).

V. Chousionis, D. Leykekhman, M. Urbański and E. Wendt (2024) showed that

1.8488 . . . ≤ dimH(J) ≤ 1.8572 . . .

(i.e., accurate to 10−2). However, we claim that this approach gives

1.855519932766765 < dimH(J) < 1.855519932767202

(i.e., accurate to 11 decimal places ) using methods similar to those described before. Go to End
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Elements of the proof for enthusiasts

Consider a suitable domain B ⊂ C;

and the transfer operators Lt : C(B) → C(B)
(t > 1) defined by

Ltf(z) =

∞∑
m=1

1

|z + (m+ in)|2t
f

(
1

z + (m+ in)

)
for f ∈ C(B).

Let a < b. For (positive) polynomials pa, pb : B → R+ such that

sup
(x,y)∈B

(Lapa)(x, y)

pa(x, y)
< 1 < inf

(x,y)∈B

(Lbpb)(x, y)

pb(x, y)
=⇒ a ≤ dimH(X) ≤ b. (∗)

Candidates for pa, pb : B → R come from Lagrange-Chebychev interpolation.

Infinite sums in Ltp(x) require Poisson summation formula, modified Bessel functions of
the 2nd type, Euler-Maclaurin expansions & every trick known to man.

Finally (*) guarantees bounds are completely rigorous.
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The end

Thank you for your time

Merci de m’avoir consacré du temps
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