
ORBITAL COUNTING IN CONJUGACY CLASSES1

ALEXANDER BAUMGARTNER AND MARK POLLICOTT2

Abstract. In this article we consider a restricted orbital counting prob-
lem for the action of certain discrete groups on suitable spaces. In par-
ticular, we present asymptotics for counting those points in an orbit
restricted to a single conjugacy class. A classical example would be
cocompact actions of a discrete group acting isometrically on a simply
connected manifold with pinched negative curvature. More generally,
we obtain results for convex cocompact actions on CAT (−1) spaces.

1. Introduction3

In this note we will consider the asymptotics of restricted orbital counting4

for orbits of groups acting on suitable spaces. To illustrate this, consider5

the original case where X is a complete simply connected Riemannian man-6

ifold with pinched sectional curvature, and let Γ be a discrete group acting7

isometrically on X. A classical problem, which is the hyperbolic analogue8

of the Gauss circle problem, is the study of asymptotics of the function9

(1) #{g ∈ Γ : d(x0, g · x0) ≤ T}
for some fixed x0 ∈ X as T → ∞. Under certain conditions on the quotient10

space M := X/Γ, we have the following.11

Proposition 1.1 (after Huber and Margulis). There exists C = C(x0) > 012

such that13

(2) #{g ∈ Γ : d(x0, g · x0) ≤ T} ∼ CeδT

as T → +∞.14

Huber’s [Hub59] proof holds when M is an orientable compact manifold15

of constant negative sectional curvature and Margulis’ [Mar69] proof holds16

when M is a compact manifold without boundary with negative sectional17

curvature, but it has since been greatly generalised by various authors. Fur-18

thermore, in many settings one can obtain error terms. See, for example,19

[Can25; Col85; DP98; Hub59; Lal89; LP82; Pat75; Pat88; PS94; PS98b;20

Sul79] for related results.21

The main theorem in this article is a restricted counting problem where22

instead of counting the images under Γ, we consider images under elements23

in a fixed conjugacy class Cl(g) := {h−1gh : h ∈ Γ} with g ∈ Γ and obtain24

the following.25
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Theorem 1.1. Let Γ be a nonelementary word-hyperbolic group acting prop-26

erly discontinuously, isometrically and convex cocompactly on a proper27

CAT(−1) space X. Assume the geodesic flow on X/Γ is mixing. Let28

g ∈ Γ such that Cl(g) is not finite and let x0 ∈ X. Then there exists29

C = C(x0, g) > 0 such that30

(3) #{g′ ∈ Cl(g) : d(x0, g
′ · x0) ≤ T} ∼ CeδT/2

as T → +∞, where δ is the critical exponent of Γ for its action on X.31

Note that the exponential growth rate in this restricted case (Theorem32

1.1) is half that in the unrestricted case (Proposition 1.1). We refer to the33

Appendix for the definition of a CAT(−1)-space, noting that examples in-34

clude simply connected Riemannian manifolds of sectional curvature ≤ −135

and metric trees. Theorem 1.1 is already known in certain settings where Γ is36

a group acting isometrically on a space X which is either a complete simply37

connected Riemannian manifold of pinched negative sectional curvature, or38

a tree. Huber [Hub56] first established the theorem in the case where X/Γ is39

a compact manifold of constant negative curvature and later obtained error40

terms in the same setting [Hub98]. An analogous result for (q + 1)-regular41

trees with q odd was obtained in [Dou11] using spectral methods for the42

discrete Laplacian. Huber also interpreted the counting result in geometric43

terms as counting geodesic arcs perpendicular to certain quasiconvex subsets44

of X. Parkkonen and Paulin further developed this interpretation in [PP15],45

and used results from their previous work [PP14] in counting perpendicular46

arcs to obtain exact asymptotics in the case where Γ is geometrically finite47

and X is the hyperbolic plane, as well as bounds and weaker estimates in48

the higher-dimensional, variable negative curvature case. These methods49

were further extended by Broise-Alamichel-Parkkonen-Paulin [BPP19] who50

obtain asymptotics in the case where X is a metric or simplicial tree, and51

Honaryar [Hon22], who obtains asymptotics where X/Γ is a compact man-52

ifold with a pinching condition on the curvature. These methods rely on53

counting results developed in [OS13; PP14] for counting perpendicular arcs54

in X/Γ between projections of closed convex subsets of X.55

In this manuscript, we adopt a different approach using thermodynamic56

formalism. Such methods were previously employed by Kenison and Sharp57

[KS17; KS19] who proved asymptotics in the case where Γ is a free group58

acting on a metric tree with non-arithmetic length spectrum, as well as a59

central limit theorem for free groups acting on CAT(−1)-spaces. It was also60

employed by the second author [Pol], who sketched Theorem 1.1, restricted61

to the case where Γ is a free group. In that case the restriction was due62

to the fact that it was previously unclear whether a coding scheme existed63

that allowed us to enumerate all the elements Cl(g) for a general hyperbolic64

group.65
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The main innovation in the present paper is to employ a coding due66

to Redfern [Red93], see also [HH99], which uniquely enumerates the right-67

cosets Z(g)h of the centraliser68

Z(g) := {h ∈ Γ : hg = gh}

with a representative of minimal word length. Since Z(g)a = Z(g)b for69

a, b ∈ Γ if and only if a−1ga = b−1gb, we have that ba−1 ∈ Z(g) and there-70

fore that each right coset corresponds to a unique element of Cl(g). We71

thus also obtain an enumeration of Cl(g). One advantage of using a cod-72

ing which works at the group-theoretic level is that it allows us to treat the73

counting problem for convex cocompact actions on CAT(−1)-spaces without74

requiring an improvement in the geometric estimates in [Hon21]. In partic-75

ular, Theorem 1.1 is new when X/Γ is an infinite-volume convex cocompact76

Riemannian manifold of either variable negative curvature or of dimension77

greater than 3. The theorem also recovers the asymptotics in [Hon22; KS17;78

KS19; PP15] and Theorem 13.1 (1) in [BPP19].79

Remark 1.1. For the case of discrete groups acting convex cocompactly80

on CAT(−1)-spaces, Roblin [Rob03] showed that obtaining an asymptotic of81

the form (2) is equivalent to having non-arithmetic length spectrum. Here,82

the length spectrum is defined for each conjugacy class Cl(g) of a hyperbolic83

element g by84

length(Cl(g)) := inf
x∈X

d(x, g · x).

In the case where Γ has no elliptic elements, this corresponds to the length of85

the closed geodesic associated to Cl(g). Non-arithmeticity of the length spec-86

trum here means that the subgroup generated by the lengths of all hyperbolic87

conjugacy classes is dense in R.88

2. Preliminaries and Notation89

In this section, we define some notation and recall some facts about hy-90

perbolic groups.91

We shall later consider directed graphs G whose paths starting at some92

distinguished vertex ∗ generate representations of group elements of shortest93

length. It is therefore important that we distinguish between the paths in G,94

the representations of group elements, and the group elements themselves.95

2.1. Shortest Representations. Let Γ be a finitely generated group and96

let Γ0 ⊂ Γ be a finite set of generators. Assume furthermore that Γ0 is97

symmetric, i.e. a ∈ Γ0 implies that a−1 ∈ Γ0. Assume that the cardinality98

|Γ0| of Γ0 is equal to n. We define S := {1, 2, . . . , n} and fix some bijection99

S → Γ0 : a 7→ a. We define the set of words100

S∗ :=
⋃
k∈N

Sk,
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where Sk is the set-theoretic k-th Cartesian product. There is a natural101

map from the set of words in S∗ to Γ given as follows. For a word w =102

w1w2 · · ·wk ∈ S∗ with wi ∈ S for all i ∈ {1, 2, . . . , k}, we define103

(4) w = w1w2 · · ·wk.

There is also a natural interpretation of S∗ as the set of paths in the Cayley104

Graph (Γ,Γ0) starting at the identity element e ∈ Γ. Indeed, we may105

identify the word w = w1w2 . . . wk ∈ S∗ with the path in (Γ,Γ0) successively106

connecting the sequence of vertices107

(e, w1, w1w2 , . . . , w1 · · ·wk−1wk).

We define the length |w| of a word w ∈ S∗ to be the unique value of k for108

which w ∈ Sk, and we define for a group element g ∈ Γ the word-length109

|g|Γ0
:= min{|w| : w ∈ S∗ and w = g}.

A word w ∈ S∗ such that |w| = |w|Γ0
is called geodesic, as it corresponds110

to a geodesic path starting from e in (Γ,Γ0) equipped with the word-length111

metric.112

2.2. The Redfern Coding. This section briefly introduces the Redfern113

coding for right cosets of a quasiconvex subgroupH ⊂ Γ. The caseH = {e}114

is often called the Cannon coding. The existence of a coding scheme for115

groups acting cocompactly on Hd is due to Cannon [Can84]. That this gen-116

eralises to word-hyperbolic groups was remarked upon by Gromov [Gro87].117

A detailed proof for word-hyperbolic groups is given in e.g. Ghys and de la118

Harpe in [GH90].119

Definition 2.1. Let S = {1, 2, . . . , n} for some n ∈ N and let G be a finite120

directed graph with121

• a vertex set V ,122

• an edge set E ⊂ V × V ,123

• a distinguished vertex ∗ such that no edge in E ends at ∗ and124

• an edge labelling map λ : E → S : u 7→ λ(u).125

Let L(G) be the set of paths v = (∗, v1, v2, . . . , vl), l ∈ N in G starting at the126

vertex ∗, i.e. the set of finite sequences v starting at v0 = ∗ and satisfying127

(vi−1, vi) ∈ E

for all i ∈ {1, . . . , l}. We extend λ to a path-labelling map by defining128

λ : L(G) → S∗ by setting129

λ (v) := λ((∗, v1))λ((v1, v2)) · · ·λ((vl−1, vl)).

For later consistency, we use the convention that the “path” (∗) consisting130

of only the starting vertex is in L(G) and that λ((∗)) = ∅, with ∅ = e.131

Assuming S is in some bijection with a set of generators Γ0 of Γ, as in132

Subsection 2.1, we see that the map λ assigns paths in G starting at ∗ to133

words in S∗ and hence to representations of elements of Γ.134
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The existence of a Cannon coding for hyperbolic groups essentially states135

that we can find a (G, ∗, λ) as in Definition 2.1 such that each element of Γ is136

represented uniquely with a geodesic word. We consider a related concept,137

where L(G) maps onto unique geodesic representatives of right cosets of138

quasiconvex subgroups.139

Definition 2.2. We say the group Γ is H-strongly Markov for some140

subgroup H ⊂ Γ if for any symmetric set of generators Γ0, there exists141

(G, ∗, λ) as in Definition 2.1 such that the associated path-labelling map λ142

satisfies the following:143

• the image λ(L(G)) consists only of geodesic words, and144

• the induced map145

πH : L(G) → H\Γ : v 7→ Hλ(v)

is bijective.146

We shall henceforth always assume that given (G, ∗, λ) as in the above147

definition, we may find a path from ∗ to any vertex in V , as such a graph can148

always be obtained by removing these inaccessible vertices without changing149

L(G).150

Definition 2.3. We call (G, ∗, λ) as in Definition 2.2 with the above as-151

sumption a Redfern coding.152

Remark 2.1. When H = {e}, Definition 2.2 corresponds to the definition153

of “fortement Markov” in [GH90]. We have presented this definition in a154

slightly different manner to the way it was presented in [GH90], in which155

the authors directly consider the map π{e} : L(G) → Γ instead of factoring156

it through the set of words S∗, but our formulation is equivalent.157

Let us now recall that if G is a Gromov hyperbolic space, we say a subset158

H ⊂ G is C-quasiconvex if for any geodesic γ : [0, b] → G with both end-159

points in H we have that dG(γ(t),H) ≤ C for all t ∈ [0, b], where dG is the160

metric on G.161

Definition 2.4. If Γ is a hyperbolic group, we say a subgroup H of Γ is162

quasiconvex if there exists some C such that H is C-quasiconvex with163

respect to the word-length metric on the Cayley graph (Γ,Γ0).164

This definition is independent of the choice of generators. With this165

definition in mind, we have the following.166

Theorem 2.1 (Redfern). If Γ is a word-hyperbolic group and H ⊂ Γ is a167

quasiconvex subgroup, then Γ is H-strongly Markov.168

We remark that we do not employ Redfern’s original formulation [Red93]169

here. We expand on this in somewhat more detail in the appendix.170
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3. labelling Representatives of Cosets171

The proof of Theorem 1.1 is in essence analogous to the second author’s172

unpublished proof when Γ is a free group in [Pol], which involves counting173

orbit points g′ ·x0 subject to an additional restriction on the shortest length174

representation of g′. We shall do the same, except we use a Redfern coding175

that allows us to enumerate unique representatives of right cosets of the176

centraliser Z(g) := {h ∈ Γ : hg = gh}. This restriction allows us to avoid177

overcounting in the final proof, as we observed earlier that two group ele-178

ments a, b ∈ Γ satisfy a−1ga = b−1gb if and only if Z(g)a = Z(g)b. However,179

since the methods in this section work for any quasiconvex subgroup H ⊂ Γ180

of infinite index, we work in the more general setting.181

3.1. Subshifts of Finite Type. We first briefly show how, given a Redfern182

coding (G, ∗, λ), we may embed L(G) in a subshift of finite type. Following183

the construction in [PS98a], we add the vertex 0 to enlarge the vertex set V184

to Ṽ := {0} ∪ V . We enlarge E to Ẽ by adding a directed edge from every185

vertex in {0}∪V to 0. Let G̃ be the associated enlarged directed graph. We186

associate to G̃ a transition matrix A ∈ Ṽ × Ṽ by letting A(v1, v2) = 1 if and187

only if there is a directed edge in Ẽ from v1 to v2. We then define the shift188

space189

Σ := {v = (vi)
∞
i=0 : vi ∈ Ṽ , A(vi, vi+1) = 1 for all i ∈ N},

equipped with the left shift map σ : Σ → Σ : (v0, v1, . . .) 7→ (v1, v2, . . .). We190

define a metric on Σ by defining the distance between v = (vi)
+∞
i=0 ∈ Σ and191

v′ = (v′i)
+∞
i=0 ∈ Σ by192

(5) dΣ(v, v
′) = 2−N , where N = inf{k ∈ N : vk ̸= v′k},

with the convention that dΣ(v, v) = 0. It follows immediately that L(G) is193

in bijection with all sequences of the form (∗, v1, . . . , vk, 0, 0, . . .). It will turn194

out useful to give an interpretation to sequences that do not start at ∗.195

Definition 3.1. Let P(G) be the set of all finite sequences of the form196

(v0, . . . , vk) with vi ∈ V for i ∈ {0, 1, . . . , k} and A(vi−1, vi) = 1

for i ∈ {1, . . . , k}.197

If we define the terminating sequences Σterm to be the set (vk)k ∈ Σ198

with vk = 0 for k sufficiently large, we see that the map Σterm → P(G)199

obtained by dropping the zeros from the sequence is a bijection, and we200

may extend the map λ : L(G) → S∗ to a map P(G) → S∗ which we also201

denote by “λ” by setting for v = (v0, . . . , vl):202

λ (v) := λ((v0, v1))λ((v1, v2)) · · ·λ((vl−1, vl)).

Lemma 3.1. Let (G, ∗, λ) be a Redfern coding and Σ its associated subshift203

of finite type. The image under the map204

Σterm → S∗ : v 7→ λ (v)
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consists only of geodesic words.205

Proof. Assume by contradiction that there exists some terminating sequence206

(v0, v1, . . . , vk, 0, 0, . . .) ∈ Σterm such that λ(v0, v1) · · ·λ(vk−1, vk) is not a207

geodesic word, i.e. assume that there is some w ∈ S∗ such that |w| < k208

and w = λ(v0, v1) · · ·λ(vk−1, vk). Denote v = (v0, . . . , vk) and let v′ =209 (
v′0, . . . , v

′
k′
)
∈ L(G) with v′0 = ∗ and v′k′ = v0. If we denote by v′v the210

concatenated path (v′0, . . . , v
′
k′ , v1, . . . , vk), then it is immediate that v′v ∈211

L(G) and hence that λ(v′v) = λ(v′)λ(v) is a geodesic word. However, we212

see that λ(v′)w is strictly shorter as a sequence than λ(v′v), which is a213

contradiction. □214

In general, the combinatorial structure of the transition matrix A might215

be somewhat complicated. Indeed, this is an issue even for the Cannon216

coding. It will therefore be useful to consider its irreducible components217

separately. Recall that a square matrix B ∈ {0, 1}k×k is irreducible if for218

each pair of natural numbers 1 ≤ i, j ≤ k we have that Bm(i, j) > 0 for219

some m ∈ N, and that it is aperiodic if there is some m ∈ N such that each220

entry in Bm is strictly positive. Following e.g. Section 1.2 in [Sen06], we221

can assign an order to the vertex set V ∪ {0} so A is of the form222

(6) A =


B11 0 · · · 0
B21 B22 · · · 0
...

...
. . .

...
Bk1 Bk2 · · · Bkk


for some k ∈ N and so B11, . . . , Bkk are irreducible square matrices. De-223

note the subsets of Ṽ on which the matrices Bll are respectively defined by224

Vl. Define the associated shift spaces to be the subset of sequences in Σ225

consisting only of vertices in Vl.226

Definition 3.2. We define the component graph of G̃ to be the directed227

graph with vertex set {V1, . . . , Vk} and a directed edge from Vi to Vj if and228

only if Bij is not the zero matrix, i.e. there exists an edge in Ẽ from a vertex229

in Vi to a vertex in Vj. We define a partial order on the components Vi by230

setting Vi ≺ Vj if there exists a path from Vi to Vj in the components graph.231

3.2. Hölder Continuity of the Potential. We define a Hölder continuous232

potential related to the coset counting problem. The existence of one is well-233

established for the Cannon coding, which carries over in our case. We shall234

expand on this in some detail to emphasize the fact that Hölder continuity235

follows from convex cocompactness of the action of Γ and Lemma 3.1, but we236

stress that the proof is essentially contained in Proposition 3 in [PS01] in the237

variable curvature case. Let us recall some standard concepts in hyperbolic238

geometry. We refer to e.g. [CDP90; GH90; Gro87] for more information.239

Let (Y, dY ) be a metric space. Then for x, y, z ∈ Y , we define the Gromov240
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product241

(7) (y, z)x =
1

2
(dY (x, y) + dY (x, z)− dY (y, z)) ,

which behaves “nicely” under quasi-isometries.242

Definition 3.3. We say a map f : (Y, dY ) → (Y ′, dY ′) is a (λ, c)-quasi-243

isometry if for all y, z ∈ Y ,244

λ−1dY (y, z)− c ≤ dY ′(f(y), f(z)) ≤ λdY (y, z) + c

and we say f is a quasi-isometry if the above holds for some λ, c > 0.245

If we have a (λ, c)-quasi-isometry, then there exist constants B depending246

on λ, c and the constants of hyperbolicity of Y, Y ′ such that for all x, y, z ∈ Y :247

(8)
1

λ
(y, z)x −B ≤ (f(y), f(z))f(x) ≤ λ(y, z)x +B.

A useful characterisation of convex cocompactness is the following.248

Lemma 3.2. The action of a discrete group Γ on X by isometries is convex249

cocompact if and only if for some (and hence any) finite set of generators250

Γ0, the map Γ → X is a quasi-isometry with respect to the word metric on251

Γ.252

We refer to the Main Theorem in [Swe01] for the equivalence of this char-253

acterisation with other possible definitions. We use the following property254

of CAT(−1)-spaces (Theorem 5.1 in [NŠ16]).255

Lemma 3.3. There exist constants L,R0 > 0 such that for all x, y, z, t ∈ X,256

we have that d(x, y) + d(z, t)− d(x, z)− d(y, t) =: R ≥ R0 implies that257

|d(x, y) + d(z, t)− d(x, t)− d(z, y)| ≤ Le−R.

Proposition 3.1. Consider for a ∈ Γ0 the function258

Ψa : Γ → R : g 7→ d(g · x0, x0)− d(g · x0, a · x0).
There exist constants B > 0, 0 < θ < 1 for which259

|Ψa(g)−Ψa(h)| ≤ Bθ(g,h)e

for all g, h ∈ Γ, where (·, ·)· is the Gromov product on the Cayley graph260

(Γ,Γ0) with respect to the word metric.261

Proof. Let dΓ0 denote the word metric on Γ. Then the map (Γ, dΓ0) → X :262

g 7→ g · x0 is a (λ, c)-quasi-isometry for some λ, c. If we let (·, ·)· and ⟨·, ·⟩·263

denote the Gromov product on (Γ, dΓ0) and X respectively, we see by the264

triangle inequality that d(h · x0, a · x0) + d(x0, a · x0) ≥ d(h · x0, x0), so by265

(8) we have that266

d(g · x0, x0) + d(h · x0, a · x0)− d(g · x0, h · x0)− d(x0, a · x0) ≥
2⟨g · x0, h · x0⟩x0 − 2d(x0, a · x0) ≥ 2(λ−1(g, h)e −B)

for some uniformly bounded constant B > 0. We obtain this proposition267

using Lemma 3.3. □268
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As a direct application, we obtain our potential.269

Proposition 3.2. There exists some 0 < α < 1 and an α-Hölder continuous270

function r : Σ → R such that if v = (∗, v1, v2, . . . , vl, 0, 0, . . .) ∈ Σterm, then271

rl(v) :=
l−1∑
k=0

r(σkv) = d
(
λ (∗, v1, · · · , vl) · x0, x0

)
.

Proof. We define the function r initially on terminating sequences by setting272

r(v0, 0, 0, . . .) = 0 for all v0 ∈ V ∪ {0}, r(v0, v1, 0, . . .) = d(λ(v0, v1) · x0, x0)273

for all (v0, v1) ∈ E, and274

r(v0, v1, . . . , vl, 0, 0, . . .) = d
(
λ(v0, v1) · · ·λ(vl−1, vl) · x0, x0

)
−d
(
λ(v1, v2) · · ·λ(vl−1, vl)x0, x0

)
for all l ≥ 2 and (v0, v1, . . . , vl) ∈ P(G). Note that if we prove α-Hölder conti-275

nuity of r restricted to Σterm, we immediately obtain that it extends to an α-276

Hölder continuous function on Σ. By Proposition 3.1, it suffices to show that277

if v = (v0, v1, v2, . . . , vl, 0, 0, . . .) ∈ Σterm, and v′ = (v′0, v
′
1, v

′
2, . . . , v

′
l′ , 0, 0, . . .)278

∈ Σterm satisfy v0 = v′0, · · · , vp = v′p ̸= 0 for some p ∈ N, then we have that279

the associated Gromov product satisfies280 (
λ(v0, v1) · · ·λ(vl−1, vl), λ(v

′
0, v

′
1) · · ·λ(v′l′−1, v

′
l′)
)
e
≥ p,

which follows immediately from Lemma 3.1 and noting that 2(g, h)e =281

|g|Γ0
+ |h|Γ0

−
∣∣gh−1

∣∣
Γ0

for all g, h ∈ Γ. □282

4. Thermodynamic Formalism for the Redfern Coding283

The goal of this section is to show that the quasiconvexity of some sub-284

group H ensures the transfer operator associated with a counting problem285

for right-cosets in H\Γ is sufficiently regular.286

4.1. Transfer operators and Spectral Decomposition. We explain in287

this subsection how the point spectrum of a transfer operator associated288

to a subshift of finite type decomposes into point spectra associated with289

transfer operators over irreducible subshifts. Let us first recall some terms290

from the spectral theory of operators on Banach spaces. Let B be a Banach291

space and let T : B → B be a bounded linear operator. Denote the identity292

operator by I. We define the spectrum spec(T ) to be the set of all λ for293

which294

(T − λI)

does not have an inverse. We follow Browder [Bro61] in defining the essen-295

tial spectrum ess(T ) to be the set of λ ∈ spec(T ) for which296

• λ is a limit point of spec(T ), or297

• (T − λI)B is not closed in B, or298

•
⋃∞

r=1 ker(T − λI)r is infinite dimensional.299



10 ALEXANDER BAUMGARTNER AND MARK POLLICOTT

We define the spectral radius of T to be ρ(T ) := sup{|λ| : λ ∈ spec(T )}300

and the essential spectral radius of T to be ρe(T ) := sup{|λ| : λ ∈301

ess(T )}.302

In what follows, let (G, ∗, λ) be a Redfern coding associated to Γ and303

some quasiconvex subgroup H of Γ. Let Σ be the associated subshift of304

finite type as defined in Subsection 3.1. Let Cα(Σ) denote the Banach space305

of α-Hölder continuous functions on Σ. This Banach space is equipped with306

the natural norm307

∥f∥Cα := ∥f∥∞ + |f |α,
where ∥ · ∥∞ is the standard supremum norm and308

|f |α = sup

{
|f(v)− f(v′)|
dΣ(v, v′)α

: v, v′ ∈ Σ, v ̸= v′
}
.

Since the function r in Proposition 3.2 is α-Hölder continuous, the follow-309

ing is well-defined.310

Definition 4.1. We define for s ∈ C the transfer operator311

Ls : C
α(Σ) → Cα(Σ) : f 7→ Ls(f),

where312

Ls(f)(x) =
∑
σy=x

y ̸=(0,0,...)

e−sr(y)f(y).

Remark 4.1. The condition y ̸= (0, 0, . . .) changes the value of Ls(f)(x)313

only at x = (0, 0, . . .). The only effect on the spectrum is to exclude the314

eigenvalue 1 associated with the characteristic function on the singleton315

{(0, 0, . . .)} (cf. [PS98a]).316

Let us assume that we have already assigned an order to the vertex set317

V ∪ {0} so that the transition matrix A is of the form (6). We define318

an auxiliary shift space Σ̂ ⊂ Σ consisting of all sequences (v1, v2, . . .) ∈319

(V ∪ {0})N such that Â(vi, vi+1) = 1, where Â is the transition matrix320 
B11 0 · · · 0
0 B22 · · · 0
...

...
. . .

...
0 0 · · · Bkk


and define L̂s : C

α(Σ̂) → Cα(Σ̂) by321

L̂s(f)(x) =
∑
σy=x

y∈Σ̂

e−sr(y)f(y).

The spectra of Ls and L̂s are related by the following lemma322
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Lemma 4.1 (Lemma 2 in [PS98a]). Let s = a + it. The operators Ls and323

L̂s are both quasi-compact, with their essential spectral radii satisfying324

ρe(Ls) ≤ 2−αρ(La) = 2−αρ(L̂a) ≥ ρe(L̂s).

Furthermore the isolated eigenvalues of both operators coincide in algebraic325

multiplicity.326

Remark 4.2. The proof of Lemma 2 in [PS98a] does not imply that the327

geometric multiplicities coincide.328

The advantage of considering a transfer operator on Cα(Σ̂) is that we329

obtain a natural decomposition Cα(Σ̂) = Cα(Σ1)× · · · ×Cα(Σk), where we330

recall that Σl is the shift space associated to the irreducible component Bll331

for all l. If we define L̂s,l to be the operator L̂s restricted to Cα(Σl), then332

we obtain that333

(9) spec
(
L̂s

)
=

k⋃
l=1

spec
(
L̂s,l

)
.

Irreducibility of Σl implies the following.334

Proposition 4.1 (Ruelle-Perron-Frobenius theorem). Let a ∈ R. For each335

l ∈ {1, . . . , k}, the transfer operator L̂a,l has a simple, maximal positive336

eigenvalue λ
(l)
max(a). Furthermore, there exists an Nl ∈ N such that the only337

eigenvalues on the circle {eiϕλ(l)
max(a) : ϕ ∈ R} are simple eigenvalues with338

value ei2πp/Nlλ
(l)
max(a) for p ∈ {0, 1, . . . , Nl−1}, with the rest of the spectrum339

contained in a disk of smaller radius.340

The proof is essentially contained in Chapters 1 and 2 of [PP90]. While341

it is formulated for transfer operators over aperiodic shifts, we note that342

the proof of the existence of a simple, maximal positive eigenvalue requires343

only transitivity, and the other eigenfunctions with an eigenvalue of maximal344

modulus may be explicitly calculated after appropriately partitioning Σl.345

We remark that Nl is the greatest common divisor of the lengths of the346

closed loops in the subgraph of G̃ spanned by the index set Vl.347

The quantity Pl(−ar) := log λ
(l)
max(a) is called the pressure of the func-348

tion −ar restricted to Σl. The following follows from well-known results for349

subshifts of finite type, see Chapters 3 and 4 in [PP90].350

Lemma 4.2. The functions R ∋ t 7→ Pl(−tr) are monotonically decreasing351

and real analytic, and extend to a holomorphic function on a complex neigh-352

bourhood of R in C. Furthermore there exists a real number al ∈ R such353

that354

• Pl(−alr) = 0355

• d
dtPl(−tr)

∣∣
t=al

< 0.356



12 ALEXANDER BAUMGARTNER AND MARK POLLICOTT

We end this subsection with a well-known lemma that will allow us to357

analyse the behaviour of the operators L̂s,l on vertical lines. Denote for any358

observable f : Σ → C its Birkhoff sum by f l(x) :=
∑l−1

j=0 f(σ
j(x)).359

Lemma 4.3. For all s = a + it ∈ C, we have that ρ(L̂s,l) ≤ ρ(L̂ℜ(s),l).360

Furthermore, there exists some t ∈ R−{0} for which ePl(−ar) ∈ spec(L̂a+it,l)361

if and only if the restriction rl
∣∣
Σl

of r to Σl satisfies362 {
rl
∣∣∣
Σl

(x) : l ∈ N and σl(x) = x

}
⊂ bZ,

where b = 2π
|t|Nl

and t is chosen to be of minimal magnitude.363

Proof. This follows from the well-known fact that ePl(−ar) ∈ spec(L̂a+it,l)364

if and only if there is some Hölder continuous function1 u : Σ → R, a365

continuous function Ψ : Σ → Z such that tr = u◦σ−u+ 2π
Nl
Ψ, which follows366

easily from the theorem in the aperiodic case (Theorem 4.5 in [PP90]). □367

Definition 4.2. Define a := maxl∈{1,...,k} al as in Lemma 4.2. We say Σl368

is a maximal component if Pl(−ar) = 0.369

4.2. Poincaré series. We now consider a counting problem for orbit points370

restricted to those generated by group elements corresponding to words in371

L(G) under the condition that we fix the first l entries of x ∈ L(G). For a372

path x = (x0, x1, x2, . . . , xp) ∈ P(G) and l,m ∈ {0, 1, . . . , k} with l ≤ m, we373

define xml := (xl, xl+1, . . . , xm). Furthermore, we denote the length of x by374

|x| = p+ 1 and the displacement by375

(10) Lx := d
(
λ(x) · x0, x0

)
.

Consider for u ∈ L(G) and m ≥ |u| the set376

Jm(u) :=
{
x ∈ L(G) : |x| = m,x

|u|−1
0 = u

}
.

We have the following proposition for counting orbits restricted to the set377

Jm(u).378

Proposition 4.2. Assume the geodesic flow on X/Γ is mixing. Assume we379

have a Redfern coding (G, ∗, λ) associated to a quasiconvex subgroup H such380

that ∂H ̸= ∂Γ. Let u ∈ L(G). There exists a constant Cu ≥ 0 such that381

Nu(T ) := #
{
x ∈ L(G) : x|u|−1

0 = u, Lx ≤ T
}

satisfies382

lim
T→∞

e−δTNu(T ) = Cu

as T → ∞, where δ is the exponential growth rate in Roblin’s orbital counting383

theorem, i.e. Proposition 1.1 in the CAT(−1)-setting.384

1Possibly with a different Hölder exponent
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The proof of this proposition requires several steps. We first show no two385

maximal components are connected in the component graph we defined in386

Definition 3.2, which will ensure semi-simplicity of the eigenvalue 1 of the387

operator La. This will follow from an initial coarse counting estimate pro-388

vided in Lemma 4.6 below. Let us make explicit the connection between the389

transfer operator and the counting problem. Consider the Laplace transform390

of the distributional derivative of Nu, i.e.391

(11) ηu(s) :=

∫ +∞

0
e−sTdNu(T ) =

+∞∑
m=|u|

∑
b∈Jm(u)

e−sLb .

We obtain by the definition of r in Proposition 3.2 that392 ∑
b∈Jm(u)

e−sLb =
∑

b∈Jm(u)

e−srm(b0),

where b0 = (b1, . . . , bm, 0, 0, . . .). Define the function χ[u] ∈ Cα(Σ) to be393

the characteristic function on the cylinder set [u] := {(x0, x1, . . .) ∈ Σ : u =394

(x0, x1, . . . , x|u|−1)}. We use the definition of the transfer operator to obtain395

that when ℜ(s) is sufficiently large,396

(12) ηu(s) =
+∞∑

m=|u|

Lm
s χ[u](0) =

+∞∑
m=0

Lm
s χ[u](0),

where we use the fact that χ[u](b0) = 0 when |b| < |u|. It is straightforward397

to see that the assignment s 7→ Ls is holomorphic as an operator-valued398

function and that it follows from Lemma 4.1 and the classical analytical399

perturbation theory of operators that the resolvent400

s 7→ (1− Ls)
−1

is holomorphic as a Cα(Σ)-function on the half plane ℜ(s) > a and that401

there is some ε > 0 for which it is meromorphic on ℜ(s) > a − ϵ, see e.g.402

Theorem 1.9 in Chapter VII of [Kat95] along with the supplementary notes403

for the chapter, whence404

(13) ηu = (1− Ls)
−1χ[u](0)

also extends to a meromorphic function on ℜs > a− ϵ.405

In order to obtain an asymptotic for the counting problem, we shall show406

that the only pole of ηu on the line s = a + it is a simple pole at t = 0,407

which will follow from an initial rough estimate for the counting problem.408

We shall show that if ∂H ̸= ∂Γ, the representatives of the cosets have, up409

to a multiplicative constant, the same growth as in the unrestricted case.410

Lemma 4.4. Assume that ∂H ̸= ∂Γ and let δ be the constant in Roblin’s411

orbital counting theorem [Rob03]. For t > 0, let NH(t) be the number of412

paths w ∈ L(G) with Lw ≤ t. Then NH(t) ≥ εetδ for some ε > 0.413
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Proof. We adapt the argument of Proposition 5 in [PP15]. The orbit map414

h 7→ h · x0 induces a bi-Hölder bijection from ∂Γ to the limit set Λ(Γ)415

of Γ on X, see [GH90]. In particular, we have that Λ(H) ̸= Λ(Γ). Note416

that H acts properly discontinuously 2 on X ∪ (Λ(Γ) − Λ(H)), otherwise417

H would have an accumulation point in X ∪ Λ(Γ) not in Λ(H), which is a418

contradiction. Let p ∈ Λ(Γ)\Λ(H). Since Λ(H) is a compact set and the419

topology on X ∪ Λ(Γ) is metrizable, there exists an open neighbourhood U420

of p in X ∪ Λ(Γ) such that its closure U still satisfies U ∩ Λ(H) = ∅. Then421

U , and hence U , intersects only finitely many of its H-translates.422

If V ⊂ Γ denotes the pre-image of U under the orbit map h 7→ h · x0 and423

(·, ·)· denotes the Gromov product with respect to the word metric, then424

there is some M such that (a, h)e ≤ M for all a ∈ V and h ∈ H, otherwise425

a compactness argument shows that the closure V intersects ∂H. If h ∈ H426

such that h−1a has minimal word length, we have by the relations427

(a, h)e =
1

2

(
|a|+ |h| −

∣∣h−1a
∣∣) and |a| −

∣∣h−1a
∣∣ ≥ 0,

the fact that |h| ≤ 2M and quasiconvexity that ⟨a · x0, h · x0⟩x0 ≤ M ′
428

uniformly, where M ′ > 0 is some constant and ⟨·, ·⟩· is the Gromov product429

on X. We thus have by definition of the Gromov product and finiteness430

of |h| that |d(a · x0, x0)− d(a · x0, h · x0)| is uniformly bounded, i.e. for any431

orbit point a ·x0 ∈ U , we have that the difference between the displacement432

d(a · x0, x0) and d(b · x0, x0) is uniformly bounded for any b with Hb = Ha433

of minimal word length.434

By this and the fact that #{h ∈ H : h ·U ∩U ̸= ∅} is finite, it suffices to435

show that the cardinality of {g ∈ Γ : d(g · x0, x0) ≤ R} ∩ U can be bounded436

below by C−1#{g ∈ Γ : d(g · x0, x0) ≤ R}, for C large enough, which is a437

fairly standard argument. For example, use minimality of the action on ∂Γ438

and compactness of Γ∪∂Γ to argue that Γ∪∂Γ = g1V ∪ · · · ∪ gmV for some439

g1, . . . , gm ∈ Γ, whence g1 ·U ∪ · · · ∪ gm ·U contains all the orbit points. □440

We shall use this to argue that the resolvent (1−Ls)
−1 has a simple pole441

at s = δ. Let us first relate δ with the pressure functions associated to the442

maximal components.443

Lemma 4.5. The quantity a := supl al, where al is defined as in Lemma444

4.2, is the exponent of convergence of the Poincaré series445

ηG(s) =

∫ +∞

0
e−sTdNH(T ) =

∑
w∈L(G)

e−sLw ,

i.e. the infimum over all s ∈ (0,∞) for which the above converges.446

2Here we’re defining an action to be properly discontinuous if for any compact set K,
the set {g ∈ H : g ·K ∩K ̸= ∅} is finite
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Proof. By a similar argument as the one we employed for obtaining a formula447

for ηu, we see that448

ηG(s) =

+∞∑
p=0

Lp
s(χ[∗])(0) = (1− Ls)

−1(χ[∗])(0),

where χ[∗] is the indicator function over all sequences in Σ which start at ∗.449

Since the spectral radius of Ls is less than unity when ℜ(s) > a, it suffices to450

prove that limM→∞
∑M

p=1 L
p
a(χ[∗])(0) = ∞. This follows straightforwardly451

from Lemma 4.6 below. □452

We shall later show in Lemma 4.7 that the above estimate forces ηG to453

have a simple pole at s = δ. To also show that this implies no two maximal454

components in the component graph are connected by an edge, we need the455

following result which gives a lower bound for the growth of Lp
s(χ[∗])(0) for456

real s as p → ∞.457

Lemma 4.6. Let m be the largest number such that there exist maximal com-458

ponents Vl1 , . . . , Vlm and a path (v0, v1, v2, . . .) of connected vertices which459

enter into each of these components. Then there exist constants C, ε > 0460

such that for all t ∈ [a− ϵ, a+ ϵ] and p ≥ 1,461

Lp
t (χ[∗])(0) ≥ Cpm−1eps(t),

where462

s(t) = min {Pj(−tr) : Σj is a maximal component} .

Proof. This is essentially contained in [Gou14], Lemma 3.7, where only one463

Hölder continuous potential is considered. But it is straightforward to gener-464

alise the proof to a sufficiently small real-valued perturbation of a real-valued465

roof function. □466

By Lemma 4.4 we have that NH(t) ≥ εeδt as t → ∞. On the other hand,467

it is clear that468

NH(T ) ≤ N{e}(T ) := #{h ∈ Γ : d(h · x0, x0) ≤ T}
for all T , hence we have by Roblin’s orbital counting result (cf. Chapitre469

4 in [Rob03]) that for C sufficiently large, there is some t0 > 0 such that470

C−1etδ ≤ NH(t) ≤ Cetδ for all t ≥ t0. We show that this implies the471

following.472

Lemma 4.7. If m is the number defined in Lemma 4.6, then m = 1.473

Proof. By Lemma 4.6, we have for all t ∈ (a, a+ ε) that474

ηG(t) = (1− Lt)
−1(χ[∗])(0) ≥ CLi1−m(es(t)),

where we define the polylogarithm for s ∈ C and |z| < 1 by the power series475

Lis(z) =
∑∞

p=1 z
p/ps. It follows from standard facts about the (meromorphic476

continuation of the) polylogarithm that Li1−m(z) has a pole of order m at477

z = 1. By Lemma 4.2, the pressure functions Pj(−tr) associated to the478
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maximal components are analytic and have strictly negative derivative at479

t = a. Therefore, there exist constants c1, c2 > 0 such that −c2(t − a) ≤480

s(t) ≤ −c1(t−a) holds for t sufficiently close to a, whence there exists some481

κ > 0 such that482

Li1−m(es(t)) ≥ κ

(t− a)m

for t sufficiently close to a. Using the fact that ηG(s) is meromorphic near483

s = a, we have that ηG(s) has a pole of order at least m at s = a. By484

the discussion before the statement of this lemma, we have that C−1etδ ≤485

NH(t) ≤ Cetδ for C large enough and t ≥ t0 > 0, which also implies a = δ.486

We see by taking the Laplace transform that for ϵ > 0 we have that487

(14)
C−1

ϵ
−K ≤

∫ ∞

0
e−(δ+ϵ)tNH(t)dt ≤ C

ϵ
+K,

where K is some additive constant related to the integrand in the interval488

[0, t0]. By partial integration, we have that489

ηG(δ + ϵ) = (δ + ϵ)

∫ ∞

0
e−(δ+ϵ)tNH(t)dt.

By (14), we obtain for D > 0 sufficiently large and ϵ > 0 sufficiently small,490

that491

D−1

ϵ
≤ ηG(δ + ϵ) ≤ D

ϵ
.

Recalling that s 7→ ηG(s) is meromorphic near s = δ we conclude that it has492

a simple pole at s = δ, which implies that m = 1 and hence that there exists493

no path from one maximal component to another. □494

Lemma 4.7 implies (cf. the proof of Lemma 4.4 in [CF10]) that the495

algebraic multiplicity and the geometric multiplicity of the eigenvalue 1 of496

La are the same. In fact the next result shows that this also holds in a497

neighbourhood of s = a. Consider the projection R(a) : Cα(Σ) → Cα(Σ)498

onto the eigenspace of La of eigenvalue 1. By perturbation theory (see499

[Kat95]) we have that R(a) extends to an analytic function s 7→ R(s) of500

constant rank on some neighbourhood of a such that the spectrum of (1 −501

R(s))Ls remains bounded away from 1.502

Proposition 4.3 (Theorem 3.8 and Proposition 3.10 in [Gou14]). Let M ⊂503

{1, . . . , k} such that if j ∈ M, then Σj is a maximal component. There exists504

a small complex neighbourhood U of a such that for all s ∈ U , there exists505

for each maximal component Vj an eigenfunction h
(j)
s ∈ Cα(Σ) with eigen-506

value ePj(−sr) and a corresponding eigenmeasure µ
(j)
s ∈ (Cα(Σ))∗ varying507

holomorphically with s such that508

R(s) =
∑
j∈M

Rj(s), where Rj(s)f = h(j)s

∫
f dµ(j)

s .
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Furthermore, the eigenfunction h
(j)
a is supported and strictly positive on the509

set of sequences in Σ starting at a vertex v0 with v0 ∈ Vj or v0 ∈ Vl ≻ Vj for510

some l (see Definition 3.2). The eigenmeasure µ
(j)
a is supported on the set of511

all non-terminating sequences in (vp)p ∈ Σ such that vp ∈ Σj for infinitely512

many p.513

Remark 4.3. In fact, Theorem 3.8 and Proposition 3.10 in [Gou14] are514

formulated using functions and measures associated to the cyclic decomposi-515

tion of the maximal components. In particular, these results show that near516

s = a, there exist functions h
(j)
s,p and measures µ

(j)
s,p for p ∈ {0, . . . , Nj − 1}517

such that518

Lsh
(j)
s,p = ePj(−sr)h

(j)
s,p+1 and L∗

sµ
(j)
s,p = ePj(−sr)µ

(j)
s,p−1,

where p + 1 and p − 1 are taken modulo Nj. The decomposition in the519

statement of Proposition 4.3 therefore follows for h
(j)
s =

∑Nj−1
p=0 h

(j)
s,p and520

µ
(j)
s =

(∑Nj−1
p=0 µ

(j)
s,p

)
/Nj.521

By applying the splitting Ls = LsR(s) + Ls(1−R(s)), we see that522

ηu(s) =
∑
j∈M

h
(j)
s (0)µ

(j)
s ([u])

1− ePj(−sr)
+Q(s),

where Q(s) is some holomorphic function in s. Letting s → a and using the523

results on the support of h
(j)
s , µ

(j)
s of Proposition 4.3 we obtain an explicit524

expression for the residue of the pole of ηu near s = a.525

Proposition 4.4. There exists a holomorphic function U ∋ s 7→ Q′(s) such526

that527

ηu(s) =
C ′
u

s− a
+Q′(s),

where528

C ′
u =

∑
j∈M

h
(j)
a (0)µ

(j)
a ([u])

− d
dtPj(−tr)

∣∣
t=a

,

and the contribution of each j ∈ M to the above sum is nonzero if and only529

if there exists a path w ∈ L(G) with w
|u|−1
0 = u, such that w contains a530

vertex belonging to Σj.531

Proof. It is clear from the properties of h
(j)
a that the inequality532

h
(j)
a (0)

− d
dtPj(−tr)

∣∣
t=a

> 0

holds. The fact that µ
(j)
a ([u]) > 0 when there exists a path w with w

|u|−1
0 = u533

follows from the explicit construction of the eigenmeasure in [Gou14]. □534
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Let us recall that ηu is the Laplace transform of the distributional deriv-535

ative of the counting function Nu defined in the statement of Proposition536

4.2 and that ηu is holomorphic on ℜ(s) > a. Recalling also that we showed537

a = δ in the proof of Lemma 4.7, we shall prove Proposition 4.2 by using the538

Wiener-Ikehara Tauberian theorem. In order to apply this, we need to show539

that the map s 7→ ηu(s)− C′
u

s−a has a continuous extension to ℜ(s) ≥ a. Since540

ηu is meromorphic in ℜ(s) > a − ϵ for some ϵ > 0, it suffices to prove that541

ηu has no other poles on the line ℜ(s) = a except at s = a. To show this, we542

use Lemma 4.3 to argue that the roof function restricted to a maximal com-543

ponent being cohomologous to a lattice-valued function implies that “too544

many” closed geodesics have length in bZ for some b. This in turn relies on545

Lemma 4.8, which is a standard counting result for orbits on shift spaces,546

along with the more technical Lemma 4.9, which shows these closed orbits547

indeed correspond to closed geodesics.548

Lemma 4.8. Let (ΣD, σ) be a shift space associated to an irreducible matrix.549

Let f ∈ Cα(ΣD) be real-valued and consider the family of transfer operators550

defined by the expression Is(w)(x) :=
∑

σ(y)=x e
−sf(y)w(y). Let δD ∈ R551

such that ρ(IδD) = 1. Let πD(T ) be the number of distinct periodic orbits552

{σ(y), σ2(y), . . . , σk(y) = y} satisfying fk(y) ≤ T . Then553

(15) πD(T ) ∼ C(T )eδDT /T,

as T → ∞, where C(T ) is b-periodic for some b > 0. Furthermore C(T ) is554

constant if and only if 1 /∈ spec(IδD+it) for all t ̸= 0.555

Proof. This is a well-known result, see e.g. the proof of Theorem 2 in [PP83].556

□557

Recall that an element g ∈ Γ is hyperbolic if it fixes two distinct points558

ξ, η in ∂X. We define the axis ax(g) of g to be the geodesic with endpoints559

ξ and η. On this axis, g acts by translation, and we endow ax(g) with an560

orientation towards the attracting endpoint with respect to this translation.561

We define as in [Rob03] a closed geodesic to be the projection of an axis of562

a hyperbolic element to X/Γ. It follows from this definition that there is a563

one-to-one correspondence between oriented closed geodesics3 and conjugacy564

classes of hyperbolic elements. Furthermore, mixing of the geodesic flow565

implies the following counting result for periodic orbits. Let πX/Γ(t) be the566

number of closed geodesics of lengths less than or equal to t. Then there567

exists some constant C > 0 for which568

(16) πX/Γ(t) ∼ C
eδt

t
,

see Chapitre 5 in [Rob03].569

3we do not require these geodesics to be primitive
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Lemma 4.9. There exists an N ∈ N such that for any conjugacy class C570

of a hyperbolic element in Γ and any n ∈ N, there are at most N distinct571

closed orbits572

(17) {σ(v), σ2(v), . . . , σn(v) = v}
such that if we write v = (v1, . . . , vn, v1, . . .), then573

λ((v1, v2))λ((v2, v3)) · · ·λ((vn, v1)) ∈ C.

Proof. We first show that the axis associated to the group element repre-574

sented by a periodic point in ΣD lies within a bounded distance of x0. Let575

C be as in the statement of the lemma and assume there is a corresponding576

orbit {σ(y), σ2(y), . . . , σn(y) = y} as in the statement of the lemma. Define577

gj = λ(vj mod n, vj+1 mod n). Define the path578

γ : Z → Γ : p 7→


∏p

j=1 gj if p ≥ 1

e if p = 0(∏−p
j=1 gj

)−1
if p ≤ −1.

We note that this path is geodesic by Lemma 3.1 and the fact that the set579

of generators is symmetric. We thus have that γ is a geodesic connecting580

two points ξ, η ∈ ∂Γ and passing through e. By quasi-isometry of the map581

F : Γ → X ∋ h 7→ h · x0, we have that the map F ◦ γ is a quasi-geodesic,582

where we recall that a quasi-geodesic is a quasi-isometric map with domain583

Z or R. If we denote g = g1g2 · · · gn, we see that since quasi-geodesics which584

share the same endpoints remain within a uniformly bounded distance of585

each other (see Chapitre 5 in [GH90]), and the axis ax(g) of g has the same586

endpoints as the quasi-geodesic F ◦ γ, we have that ax(g) passes within a587

bounded distance of x0 = F ◦ γ(0).588

We now prove that for a closed geodesic γ in X/Γ with length l(γ), or589

equivalently its associated conjugacy class C, there is a constant C > 0 such590

that the number of periodic points in ΣD corresponding to elements in C as591

above is less than Cl(γ). It suffices to pick g ∈ C and prove that for some592

W > 0,593

#{hgh−1 : h ∈ Γ and d(h · ax(g), x0) ≤ L} ≤ Wl(γ)

uniformly in γ. If β is a geodesic segment of ax(g) of length l(γ), then594

#{hgh−1 : h ∈ Γ and d(h · ax(g), x0) ≤ L} ≤ #{h ∈ Γ : hβ ∩BL(x0) ̸= ∅},
where BL(x0) := {x ∈ X : d(x0, x) ≤ L}. It thus suffices to show that there595

is someD > 0 such that any geodesic segment of length 1 inX has at mostD596

intersections with the set {g ·BL(x0) : g ∈ Γ}. But this follows immediately597

from the fact that the action of Γ on X is properly discontinuous and that598

BL(x0) is compact.599

To finish the proof, it suffices to note that boundedness of the roof function600

implies that there is some ϵ such that a periodic orbit of the form (17)601

associated with C satisfies n > ϵl(γ). We may therefore take N > C/ϵ. □602
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Suppose now that 1 ∈ spec(La+it) for some t ̸= 0. By (9), we have that603

there is some irreducible maximal component Vj such that 1 ∈ spec(L̂a+it,j).604

By Lemma 4.3, we have that605 {
rl
∣∣∣
Σj

(x) : l ∈ N and σl(x) = x

}
⊂ bZ

for some b > 0. It is immediately clear that every closed orbit of σ in606

Σj corresponds to a closed orbit in Σ, hence we obtain by Lemma 4.8 and607

Lemma 4.9 that there is some ϵ > 0 for which the number of geodesics4 with608

lengths in bZ∩ [0, T ] exceeds ϵeδT /T for infinitely many T large enough. In609

particular this means there are infinitely many k ∈ N for which the number610

of geodesics with length kb is greater than or equal to611

ϵ

(
eδkb

kδb
− eδ(k−1)b

(k − 1)δb

)
.

Hence there are infinitely many k such that the number of geodesics of length612

kb is greater than ϵ
2(e

δb − 1)eδkb/δkb, which contradicts (16).613

We have thus shown that 1 /∈ spec(La+it) for all t ̸= 0. Hence ηu has no614

poles on the line s = δ, and Proposition 4.2 now follows straightforwardly.615

Proof of Proposition 4.2. By the previous discussion, we have that ηu is of616

the form617

(18) ηu(s) =
C ′
u

s− a
+Q′(s),

where Q′(s) is holomorphic in some neighbourhood of ℜ(s) ≥ a. Suppose618

there exists at least one path from u passing through a maximal component.619

Then we know by Proposition 4.4 that C ′
u > 0. Recalling the definition of620

ηu as a Laplace transform, (11) the Wiener-Ikehara Tauberian theorem (see621

Theorem 5.1 in [Kor06]) states that622

e−δTNu(T ) ∼ C ′
u

a

as T → +∞. The proposition follows after taking Cu := C′
u
a . □623

5. Proving Theorem 1.1624

The purpose of this section is to introduce two more results which will625

allow us to derive Theorem 1.1 from Proposition 4.2. It is a standard fact626

that the centraliser Z(g) of a group element g ∈ Γ is a quasiconvex subgroup627

of Γ (see [BH99] p. 477), hence we have by Theorem 2.1 that there exists a628

Redfern coding (G, ∗, λ) associated with Z(g). We assume furthermore that629

Cl(g) is not finite, i.e. that Z(g) is of infinite index in Γ, which is equivalent630

to the condition that ∂Z(g) ̸= ∂Γ, see §5.1 in [Cha00]. Proposition 5.1 uses631

Lemma 3.3 to compare the displacement d
(
λ(x)

−1
gλ(x) · x0, x0

)
for some632

4These geodesics may not necessarily be prime, but that is irrelevant to the argument.
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x ∈ L(G) with the displacement Lx. Lemma 5.1 is then a summability result633

allowing us to deduce Theorem 1.1 from the aforementioned proposition.634

We start with the following proposition that compares the displacement635

of representatives of the right cosets of the centraliser with those of cor-636

responding elements in the conjugacy class. For a word u ∈ L(G), define637

J (u) =
⋃∞

k=|u| Jk(u). We have the following proposition.638

Proposition 5.1. There exist constants K > 0 and 0 < ρ < 1 such that639

for any l ∈ N and any word u ∈ L(G) with |u| = l, there exists a uniformly640

bounded real number τ(u) such that for any x ∈ J (u) we have that641

(19)
∣∣∣d(λ(x)−1

gλ(x) · x0, x0
)
− 2Lx − τ(u)

∣∣∣ ≤ Kρl,

with642

τ(u) = d (g · x0, x0)− 2
〈
λ(u) · x0, gλ(u) · x0

〉
g·x0

− 2
〈
g · x0, λ(u) · x0

〉
x0

.

Proof. We define some notational shorthand. Let d̂ : Γ×Γ → [0,∞) denote643

the pullback metric d̂(h, h′) := d(h · x0, h′ · x0), and let [·, ·]· denote the644

Gromov product with respect to the pullback metric, i.e. [a, b]c := ⟨a ·x0, b ·645

x0⟩c·x0 . We note that Lemma 3.3 is equivalent to the existence of some646

L, ε,A > 0 such that for all a, b, c, h ∈ Γ with647

[b, c]h − [a, b]h := R ≥ A,

we have that648

(20) |[a, c]h − [a, b]h| ≤ Le−R,

which we easily derive from Definition 3.3 by expanding the Gromov prod-649

ucts and identifying a · x0, b · x0, c · x0, h · x0 with t, z, x, y respectively. By650

definition of the Gromov product, we note that651

d̂
(
gλ(x), λ(x)

)
=− 2

([
λ(x), gλ(x)

]
g
+
[
g, λ(x)

]
e

)
+ d̂

(
gλ(x), g

)
+ d̂(g, e) + d̂

(
λ(x), e

)
.

(21)

Using the fact that d̂ is quasi-isometric to the word metric, we see using (8)652

and the fact that x is a geodesic word starting with u that653 [
λ(u), λ(x)

]
e
≥ λ−1

(
λ(u), λ(x)

)
e
−B ≥ λ−1(l − 1)−B

for some bounded λ,B > 0. Hence applying (20) for a = g, b = λ(u) and654

c = λ(x) we see that655 ∣∣∣[g, λ(u)]
e
−
[
g, λ(x)

]
e

∣∣∣ ≤ K1e
−ϵλ−1l,

with K1 a constant that can be chosen to be increasing in [g, λ(u)]e. Simi-656

larly, we can show that657 [
gλ(x), gλ(u)

]
g
=
[
λ(x), λ(u)

]
e
≥ λ−1(l − 1)−B
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and hence that658 ∣∣∣∣[λ(x), gλ(u)]g − [λ(x), gλ(x)]g
∣∣∣∣ ≤ K2e

−ϵλ−1l

with K2 increasing in [λ(x), gλ(u)]g. In turn, using the estimate659

[λ(x), λ(u)]g ≥ λ−1(λ(x), λ(u))g −B,

we see that660

[λ(x), λ(u)]g ≥ λ−1(l − 1)−B.

Furthermore dΓ0(g, λ(w)) ≥ |w| − 1 for any w ∈ L(G) by the Z(g)-Markov661

property of the Redfern coding. Consequently by another application of662

(20), we see that [λ(x), gλ(u)]g and hence [λ(x), gλ(x)]g is exponentially663

close to [λ(u), gλ(u)]g. Applying our observations on the Gromov products664

on the right-hand side of (21), we conclude that665 ∣∣∣d̂(gλ(x), λ(x))− 2Lx − τ(u)
∣∣∣ ≤ Ke−ϵλ−1l,

where K is a constant depending only on d̂, [λ(u), gλ(u)]g and [g, λ(u)]e.666

In fact we see by our proof that K can be bounded as long as these two667

Gromov products can be bounded. Bounding [g, λ(u)]e is a straightforward668

exercise using the Z(g)-Markov property (and of course remembering that669

g ∈ Z(g)). To bound the other Gromov product, we assume by contradic-670

tion that there exists a sequence un ∈ L(G) such that [λ(un), gλ(un)]g =671

[g−1λ(un), λ(un)]e → ∞. By a diagonal argument, we may assume that672

un → (v0, v1, . . .) ∈ Σ and hence λ(un) → ξ for some ξ ∈ ∂Γ. But the673

Gromov product tending to ∞ implies that g−1 · ξ = ξ, so ξ is a limit point674

of the group generated by g and hence of Z(g), which by quasiconvexity of675

Z(g) in turn implies that n 7→ λ(v0, v1, . . . , vn) is a geodesic ray which stays676

within a bounded distance of Z(g), contradicting the Z(g)-Markov property677

of the Redfern coding, since678

dΓ0

(
λ(v0, v1, . . . , vn), g

)
≥ min

h∈Z(g)
dΓ0(λ(v0, v1, . . . , vn), h) = n,

where we recall that λ(v0, v1, . . . , vn) has n labelled edges. □679

Lemma 5.1. The following limit exists and is finite:680

lim
l→+∞

∑
|u|=l
u0=∗

Cue
−δ

τ(u)
2 =: C > 0,

where τ is the function appearing in Proposition 5.1, the constant δ is the681

same as in Proposition 4.2 and we use the convention that Cu = 0 when682

J (u) = ∅.683
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Proof. By Proposition 4.4, if Dj :=
h
(j)
a (0)

−a d
dt
Pj(−tr)|

t=a

for j ∈ M, then684

lim
l→+∞

∑
|u|=l
u0=∗

Cue
−δ

τ(u)
2 = lim

l→+∞

∑
j∈M

∑
|u|=l
u0=∗

Djµ
(j)
a ([u])e−δ

τ(u)
2 .

Consider for l ∈ N and j ∈ M the function685

Fj,l(x) :=
∑
|u|=l
u0=∗

Djχ[u](x)e
−δ

τ(u)
2 ,

which we note is constant on cylinders of length l. Using the expression for τ686

in Proposition 5.1, we see that continuity of the Gromov product implies that687

τ can be defined on x = (xl)
∞
n=0 ∈ Σ by setting ζx := limn→∞ λ((x0, . . . , xn))688

when x is not a terminating sequence and substituting λ(u) with ζx in the689

expression for τ(u) in the statement of the proposition. Since Fj,l(x) →690

Dje
−δ

τ(x)
2 pointwise on the cylinder [∗] as l → ∞ and since the functions Fj,l691

are uniformly bounded by boundedness of τ(u), we obtain by the dominated692

convergence theorem that693

lim
l→∞

∫
[∗]

Fj,l(x) dµ
(j)
a (x) = lim

l→∞

∑
|u|=l
u0=∗

Djµ
(j)
a ([u])e−δ

τ(u)
2

=

∫
[∗]

Dje
−δ

τ(x)
2 dµ(j)

a (x).

Hence694

lim
l→+∞

∑
|u|=l
u0=∗

Cue
−δ

τ(u)
2 =

∑
j∈M

∫
[∗]

Dje
−δ

τ(x)
2 dµ(j)

a (x),

which is positive since all maximal components are reachable from the dis-695

tinguished vertex ∗. □696

Proof of Theorem 1.1. For notational simplicity, let697

N(T ) := #{g′ ∈ Cl(g) : d(x0, g
′ · x0) ≤ T}.

Let us fix k > 0 and write ϵl := Kρl. By the discussion in the introduction698

and at the start of Section 3, we have that every element of Cl(g) is equal699

to λ(x)
−1

gλ(x) for a unique x ∈ L(G). By Proposition 5.1 we have that700

Nu

(
T − τ(u) + ϵl

2

)
≥ #

{
x ∈ J(u) : d

(
λ(x)

−1
gλ(x) · x0, x0

)
≤ T

}
.

Hence we see that701

N(T ) ≤
∑
|u|=l
u0=∗

Nu

(
T − τ(u) + ϵl

2

)
.
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Using Proposition 4.2, we have that there exists some M(l, k) ≥ 0 depending702

on l and k such that703

N(T ) ≤

(1 + k)eδϵl/2
∑
|u|=l
u0=∗

Cue
−δ

τ(u)
2

 eδT/2,

for T ≥ M(l, k). By Lemma 5.1 there exists some K(k) ≥ 0 depending on k704

such that705 ∑
|u|=l
u0=∗

Cue
−δ

τ(u)
2 ≤ (1 + k)C and δϵl ≤ k

when l ≥ K(k). In particular for T ≥ M (K(k), k), we have that706

N(T ) ≤
(
(1 + k)2ek/2C

)
eδT/2.

Arguing analogously, we may obtain the lower bound707

N(T ) ≥
(
(1− k)2e−k/2C

)
eδT/2

for sufficiently large values of T and l. We obtain Theorem 1.1 by letting708

k → 0.709

□710

Appendix A. Lexicographical Ordering and Automata711

We can impose a lexicographical ordering ≺ on S∗ by saying two words712

w = a1 · · · ak, w′ = a′1 · · · a′k′ ∈ S∗ of different length satisfy the ordering713

w ≺ w′ if k = |w| < |w′| = k′. If they have the same length, but w ̸= w′,714

then we consider the first value of i ∈ {1, 2, . . . , k′} for which ai ̸= a′i and let715

w ≺ w′ if ai < a′i as natural numbers.716

Using this lexicographical ordering, we obtain the following choice of rep-717

resentations of Γ.718

Definition A.1. Given a group Γ, a symmetric choice of generators Γ0,719

and an ordering S 7→ Γ0, we define ShortLex to be the set of all elements720

w ∈ S∗ for which the conditions721

w ̸= w′ ∈ S∗ and w′ = w

imply that w ≺ w′ with respect to the lexicographical ordering discussed722

previously in this subsection.723

We note that the word “automaton” has several possible equivalent def-724

initions. One possible way of defining it is as a finite directed graph (G)725

with distinguished vertex ∗ and a labelling λ of edges as in Definition 2.1,726

with the addition of a subset Vaccept ⊂ V of the vertex set being designated727

“accept states”. The language L(G) of G is then defined to be the set of728

all images of paths under the path-labelling map λ starting in ∗ and ending729
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at a vertex in Vaccept. We refer to the first chapter of [ECH+92] to see that730

this definition is equivalent to other definitions of automata.731

Definition 2.1 is then equivalent to all the vertices being accept states,732

which is equivalent to saying the language is prefix closed, where we again733

refer to [ECH+92] for the definition. We see that having the H-Markov734

property is then equivalent to the existence of the following:735

• automaton G generating a prefix-closed language L(G) such that736

• λ (L(G)) ⊂ ShortLex, and737

• each word in L(G) corresponds under the natural map to a unique738

right coset in H\Γ.739

That such an automaton exists follows from the construction in [Red93].740

This is also explicitly mentioned in [HH99].741

Appendix B. CAT(-1)-spaces742

One natural way to generalise a convex cocompact action of a group Γ743

acting on a simply connected Riemannian manifold of negative curvature X744

is to replace X with a CAT(−1) space.745

If ∆ is a triangle with vertices x, y, z, we define a comparison triangle746

to be a triangle ∆′ ⊂ H with vertices x, y, z such that dX(x, y) = dH(x, y),747

dX(y, z) = dH(y, z) and dX(z, x) = dH(z, x), where dH is the hyperbolic748

metric on H. We note that comparison triangles are unique up to hyperbolic749

isometry. There is a unique bijective map F : ∆ → ∆′ which sends x, y, z750

to x, y, z respectively and which is an isometry when restricted to any one751

side.752

Definition B.1. A geodesic metric space is a CAT(−1) space if for each753

triangle ∆ and any two points a, b ∈ ∆,754

dX(a, b) ≤ dH(F (a), F (b)),

where F is the map to the comparison triangle as defined above.755

Examples of CAT(−1) spaces include Riemannian manifolds of negative756

sectional curvature ≤ −1 and metric trees. The proof that the metric on757

CAT(−1)-spaces satisfies Lemma 3.3 can be found in [NŠ16], although we758

note that a similar condition from which Hölder continuity of the roof follows759

can be found in [PS01].760
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[Col85] Y. Colin de Verdière. “Théorie spectrale des surfaces de Rie-784

mann d’aire infinie”. In: 132. Colloquium in honor of Laurent785

Schwartz, Vol. 2 (Palaiseau, 1983). 1985, pp. 259–275.786

[CDP90] M. Coornaert, T. Delzant, and A. Papadopoulos. Géométrie787
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