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Abstract

We will consider Cantor sets in the unit interval [0, 1] which occur as the limit sets
of C? cookie cutter (or iterated function schemes satisfying the strong separation condi-
tion). We will be particularly interested in the meromorphic domains of the associated
complex functions. The first is the spectral zeta function (defined in terms of the lengths
of the complimentary intervals) introduced by Lapidus. The second is the fixed point
zeta function (defined, as the name suggests, in terms of fixed points of maps). Finally,
we introduce a third complex function, the Poincaré series. Each of these tend to have
meromorphic extensions to different half-planes, but when two overlap the associated
poles are usually common to both. This suggests the definition of additional “complex
dimensions” (i.e., poles of the spectral zeta function) for more general cookie cutters in
terms of poles of these other complex functions.
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1 Introduction

There has been considerable interest in recent years in finding analogues of concepts
and results for Riemannian manifolds in the context of fractal geometry. A particularly
simple setting is the following.

1.1 TIterated function schemes and their attractors

We want to consider a construction of particular Cantor sets X C [0, 1]. Let T} : [0,1] —
[0,1] (for i =1,--- ,k with k > 2) be C? contractions with

7;(10,1)) NT;([0,1]) # 0 for i # j

i.e., an iterated function scheme satisfying the strong separation condition.
We recall Hutchinson’s classical result (cf [3]) that there is a unique closed non-empty
set X C [0,1] such that X = Uk_ T;(X).

Definition 1.1 The set X in this case is called a cookie cutter.

When X C [0,1] is the Cantor set for an iterated function scheme then its Box
dimension D exists and is equal to its Hausdorff dimension.

In the special case that the contractions are affine this reduces to the self-similar
Cantor set cases already comprehensively studied in [7] and [8].

Example 1.2 (Self-affine Cantor sets) Consider affine contractions T; : [0,1] —
[0,1] defined by

Ti(x) =ar; +b; where 0 < |rj| <1 (j=1,...,k)
with the strong separation condition. The resulting Cantor set X is called self-affine.

There are many other classical examples which are not self-affine but are covered by
the setting of the more general iterated function schemes. One of the best known is the
following.

Example 1.3 (Continued fraction digits E, ,,,) We can let T1(z) =1/(n+2x) and
To(x) = 1/(m + x) where m > n > 1 are natural numbers. The resulting set is denoted
X = B, and consists of those numbers whose infinite continued fraction expansions
contains only the digits n and m. !

1.2 A tale of two zeta functions (and a Poincaré series)

Consider a Cantor set X C R in the real line. Let £ = {{;};>1 be the lengths of the
countable family of maximal bounded intervals (a;,b;) (j > 1) in the compliment R\ X,
ie., ¢; = bj —a;j. By convention we can choose a scaling such that 0 = inf(X) and
1 = sup(K) and the labelling of the lengths of the intervals such that

€1>£2>€3>>£n> ......

Following ([8], p. 17), we can combine these length data into a complex function (. (s)
of a single variable s € R.

!There has been interest in computing the Hausdorff dimension of E,, ., and, in particular, E1 2 [6]



Figure 1: Intervals removed ordered by lengths £1 > fo > l3 > ---

1.2.1 The spectral zeta function

We begin with the first zeta function we want to consider.

Definition 1.4 We formally define the spectral zeta function (. (s) to be the function
of a single complex variable formally given by the Dirichlet series

Cels) = Zﬁj for s € C.
j=1

It is easy to see that the function (. (s) converges to an analytic function for Re(s) > 1.
Moreover, the abscissa of convergence of (. (s)

d=1inf{oc > 0: (s(0) < 400}

is the (upper) box dimension of X (denoted dimp (X)) (see [8], Theorem 1.10, p.17).
The novelty of the next result is the generality of the contractions allowed in the
associated iterated function scheme.

Theorem 1.5 Let X be the attractor associated to a C? cookie cutter. There exists
0 < a < 6 such that (,(s) has a meromorphic extension to the larger half-plane {s €
C : Re(s) > a}.

The motivation for this result comes from the locally constant setting.

Example 1.6 (Semi-similar Cantor sets (Lapidus)) In the particular case that the
{T;} were affine contractions then (¢ (s) would have a meromorphic extension to C.

Thus the price we pay for the greater generality of the setting in Theorem 1.5 is
the reduction in the domain (compared to the extension to C for affine contractions in
Example 1.6).

1.2.2 A fixed point zeta function

A second useful zeta function associated to the limit set of an iterated function scheme
(with contractions T} : [0,1] — [0,1] for 1 < j < k) is defined using the weights

w(ih T 7in) = ‘(El ©---0 nn)/(xilq”' ,in)

for iy,--- ,in € {1,--- ,k} where
Tiyoo iy = (T, 0+ 0Ty ) @iy oon i)
is an associated fixed point for a composition of contractions.
Definition 1.7 We can formally define a (Ruelle-type) fixed point zeta function by
Ryy(s) = ex il > wlin, e in)®
w p 2 L= 15 yIn

For Cantor sets X arising from general C? iterated function schemes that we have
the following result, which is essentially due to Morita [10](see also McMonagle [9]).

The novelty of the next result is the generality of the contractions in the associated
iterated function scheme and the surprising size of the extension. .



Proposition 1.8 (after Morita) For C? iterated function schemes the zeta function
Rw(s) has an analytic extension to the larger half-plane

{s € C : Re(s) > 0}.
Furthermore, the poles for (. (s) coincide with the poles for Ry (s) provided Re(s) > a.

Thus for C? attractors the fixed point zeta function Ryy(s) has the advantage over
Cc(s) of having a uniform meromorphic extension to the right half plane. With greater
regularity it is known we can obtain a larger extension

Proposition 1.9 (after Tangerman) For C™ iterated function schemes Ry (s) has
a non-zero meromorphic extension to the entire complex plane C. 2

In the case of C* functions this is well known [17]. In the special case of self-similar
Cantor sets not only is it known that Ryy(s) has a meromorphic extension to C, but
there is simple closed form.

Example 1.10 (Self-affine Cantor sets) As is well known, we can write Ry (s) =
1/ det(I — P?®) where P is a finite matriz and P*® has the entries raised to the power
seC.

Remark 1.11 (Selberg type zeta functions) There is a variant on the Ruelle type
zeta functions might also have been considered. We can formally define

s - =1 Wity yin)®
wis) =exp | =301 3T
n=1"" i1, in oo

and then note that this is intimately related to the Ruelle type zeta functions by Ry (s) =
Swi(s+1)/Sw(s). In particular, the zeros of the Selberg zeta function formally occur
in the same place as the poles of Ryw(s) on Re(s) > § — 1, whenever s lies in the
meromorphic extension of both functions. The definition of Sy(s) occurs naturally as
a determinant of a transfer operator in the special case that the cookie cutter is real
analytic.

1.2.3 Poincaré series

Finally, we can introduce a third complex function associated to an iterated function
scheme (with contractions T : [0,1] — [0,1] for 1 < j < k).

Definition 1.12 If we fix a value xo € [0,1] then we can formally define a Poincaré
series

nio(s)zz Z |(Ti10"'oTi )/(x0)|87

n=14y,-,t

for s e C.

This converges to an analytic function for Re(s) > d. Moreover, there is a mero-
morphic extension given by the following result.

Theorem 1.13 The Poincaré series 1y,(s) has a meromorphic extension to Re(s) > 0.
Moreover, for Re(s) > 0 the poles for 0., (s) correspond to the poles for Ry /(s), and for
Re(s) > a the poles agree with the poles for (r(s).

Whereas the Poincaré series n,,(s) itself depends specific on the choice of z( the
poles are common to all choices. The result follows from the common use of the transfer
operator to extend the complex functions and the interpretation of the poles as where
the operator has 1 as an eigenvalue.

Thus for C? attractors the Poincaré series 7,,(s) also has the advantage over (. (s)
of having a uniform meromorphic extension to the right half plane Re(s) > 0.

With greater regularity it is well known we can obtain a larger extension.

2The result of Tangerman essentially appeared in his (unpublished?) PhD thesis. But it follows from
subsequent work of Ruelle [17]



Proposition 1.14 For C* iterated function schemes 1y,(s) has a non-zero meromor-
phic extension to the entire complex plane C.

In the special case of self affine Cantor sets it is easy to see there is a meromorphic
extension to C.

Example 1.15 (Self affine Cantor sets) For self affine Cantor sets one can see that
the meromorphic 1, (s) has a meromorphic extension to C with an explicit closed form.

1.3 Complex dimensions

Following Lapidus, the poles of (. (s) give rise to an interesting definition of (more)
notions of dimensions for X ([8], Definition 1.12, p.19). More precisely, there is the
following defintion

Definition 1.16 The complex dimensions are the countable set of poles of (r(s) in the
meromorphic extension and are denoted by D C C.

This naturally generalizes the box dimension & being a pole for (. (s). 3 The original
setting for the definition of complex dimensions was for self-similar Cantor sets.

Example 1.17 (Complex dimensions for self-affine Cantor sets) In the case of
self-affine attractors X in the real line, the zeta functions (,(s) are seen to have a
meromorphic extension to C [8]. The corresponding zeta function (s (s) has an explicit
form (cf. Theorem 2.4 on p. 38 of [8]) and the complex dimensions correspond to the
set of solutions:

k
D=<(seC: er-:l
j=1
(see Corollary 2.5 on p. 39 of [8]). Many examples are illustrated in ([8], pp. 43-5/

and pp.66-71).

In light of the complex zeros originally being defined as zeros for (. (s) for self-similar
Cantor sets, then a natural generalization of the complex dimensions to more general
limit sets X can be interpreted as the poles of any of the zeta functions or Poincaré

series.
| Ce(s) | Rw(s) | maol(s)
Self similar seC seC seC
C? Re(s) > a | Re(s) >0 | Re(s) >0
c> Re(s) > a seC seC

Table 1: The meromorphic domains of complex functions for iterated function schemes with
various regularities

Summary. In the general setting of limit sets X for iterated function schemes of
C? contractions the fixed point zeta function R.(s) and Poincaré series 7,,(s) have
appropriate domains of meromorphic extension and so provide information on their
poles, or complex dimensions (see Table 1).

For C*° contractions we have no additional information on the meromorphic domain
of the spectral zeta function (z(s). However, there are stronger results for R.(s) and

n(s)-

Theorem 1.18 If the contractions are C* then Rr(s) and nz(s) have a meromorphic
extension to C.

Thus although the complex dimensions were defined via the the zeta function (,(s)
these, and potentially far more values besides, can be seen via the new functions R (s)

and 7, (s).

3In [8] there is an interesting characterization of the fractal nature (“fractality”) in terms of the poles in
the meromorphic extension.



2 Examples

We want to illustrate the results with some natural examples. We begin with a simplified
case of the original setting of self-affine Cantor sets considered by Lapidus.

2.1 Self-affine Cantor sets
Let 0 < ry,73 < 1 with 7y + r9 < 1. We can then define 77,75 : [0,1] — [0,1] by
Ty (z) = riz and To(z) = rox + (1 — 13)

then they satisfy the strong separation condition.
As is well known, the Ruelle zeta function in this case takes a simple form
Lemma 2.1 We can write the Ruelle zeta function in the closed form
Rw(s) = _ for s € C.
1—7r{—r;

For easy of notation, we can write o = |logri|, 8 = |logra| > 0 and then we want
to understand why in some cases the complex zeros s, which occur as the solutions
s = o + it to the equation

Py =e e P =1 (1)

are sufficiently regular so as to appear to lie on curves. This should be related to the
diophantine properties of the ratio §/a > 0, as illustrated in the following examples.
In particular, in these examples we chose a and S for which the plots of zeros are
particularly distinctive.

Example 2.2 Consider 3 = 1 and a = m (or equivalently r1 = e~! and ro = ™ 7)
then
g 7

E_ L s
o 22+

where § = 0.000128068 - - - (which is small compared with 1/22 = 0.04545454545 . ..)

1000 ;*.
800 — '
600 :‘. .
400 ;

200" ¢, R e

0.05 0.10 0.15 0.20

Figure 2: The complex dimensions for Example 2.1 with 0 < Re(s) < 0.18 and 0 < I'm(s)
1000

Example 2.3 Consider 3 = log((v/53 — 7)/2) and a = log((v/85 —9)/2) * then

B 08897288842, .. = S 4
o 9

where § = 0.000839995 - - - (which is small compared with 1/9 = 0.1111111111-- - ).

In an appendix we give a heuristic argument explaining the patterns observed in
these two self-affine examples.

4The curious choice of values is explained in the next subsection

N
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Figure 3: The complex dimensions for Example B.2 with 0 < Re(s) < 0.18 and 0 < Im

1000

2.2 Continued fraction Cantor sets £, ,,
We can consider Cantor sets E,, ,, which are limit sets of contractions T),, T}, : [0,1] —
[0, 1], where n,m € N with n # m, defined by

1 1
T (x) = P and T, (z) = poarapent

Each of these contractions will have distinct fixed points T),(z,,) = z, and T, (21,) = T4,
where 0 < z,, < 1, for example, has the continued fraction expansion consisting only of
the digit n, i.e.,

1
Ty = [n,n,yn,...] =

We can denote the absolute value of the derivatives of these maps at their respective
fixed points by
r1 =Ty (am)| and o = |}, (20|

Unfortunately, there is no closed form for the Ruelle zeta function and so some approx-
imation is required.

2.2.1 Another zeta function more appropriate for computation

In particular, for approximating the poles of the Ruelle zeta function it is more con-
venient to briefly a third type of zeta function whose zeros help to locate the complex
dimensions for E,, ,.

Definition 2.4 We formally define a Selberg type zeta function

T“ °- OTin)/(% i)
SW( = exp Z Z ll . OTi, ) (x“ - )

since its zeros in § — 1 < Re(s) < ¢ agree with the poles of Ryy(s) in the same region.
This converges for Re(s) > 0. The definition is inspired by the classical Selberg zeta
function for closed geodesics on a Riemann surface [18], [5]. Formally

Sw(S + 1)
Sw(s)

To understand the advantages of this zeta function we can introduce a (dummy)
variable z € C and define

Ry (s) =

Tzo OTin)/(fﬂz‘,--win)|S
Syw(2,5) = exp Z DD e R

1, in

(s)

N



and carry out the formal expansion
(o)
Swiz,s) =1+ Zak(s)zk.
k=1

The following is well known (and dates back to the original work of Ruelle [17] and
Fried [4], and earlier work of Grothendieck).

Lemma 2.5 There exists 0 < p < 21 such that for s in a bounded region one can choose
C > 0 and such that |a,(s)] < Cp™ .

In particular,

Sw(s) = Sw(l,s) =1+ai(s)+ > _ a(s)
k=2

converges to analytic function for all s € C. This corresponds to the case of a self-similar
Cantor set.

2.2.2 Plotting complex dimensions using Sy (s).

The expansion in Lemma 2.5 provides a route to approximating plots of the zeros of
Sw(s). In particular, by truncating the series we obtain a finite Dirichlet series whose
zeros can be more easily estimated and empirically are seen to lie close to those of the
original function Syy(s). For example, taking just the first terms 1 + a;(s) of Syy(s)
takes the simple form °

aQs a2$
1 =1 L 2 .
+an(s) Ty T ira

It is interesting to compare the zeros of Sy (s) and 1 + a1 (s).

Example 2.6 (E, ,, with n =7 and m =9) As a first approzimation we might try
to compare the complex dimensions for the Cantor set E7 g (i.e., the limit set associated
to Ty, Ty : [0,1] — [0,1] ) & with the zeros of the simpler function 1+ ay(s).

1000f, . - .. oo ey
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800 . + ° - . T
[ L '..." . -‘:'.
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600 - * ° Tt e o et

: Lo :=:

400~ et e '}

) : .' Ce e, - '. el °t .:'.o::

. S te Lt . .' e, .-.,L.'

[ : ! L ‘. S e gt L ‘..‘\. -’.‘. 'i
0.05 0.10 0.15

Figure 4: The poles of 1 4 a;(s) for 0 < Re(s) < 1.8 and 0 < Im(s) < 1000

5The positive signs in the denominator come from T}, and T}, being orientation reversing
5The derivatives at the two fixed points are 1 = (v/53—7)/2 and r2 = (v/53 —7)/2, explaining the choice
of values for the self-affine example in the precious subsection
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Figure 5: The complex dimensions for E7g for 0 < Re(s) < 1.8 and 0 < I'm(s) < 1000

We can bound the difference

oo

[Sw(s) = (L +aw(s))] = Y lan(s)]

n=2

Furthermore, we can bound the infinite series using Lemma 2.5, for example, or the
more elaborate bounds in [6]. Empirically, this naive approach works surprisingly well
providing I'm(s) is not too large.

However, a basic approach to compare the zeros of Sy(s) and 1+ a;(s) is to use
Rouché’s theorem as follows.

Proposition 2.7 If s, is a zero for 1 4+ ai(s) and for some ¢ > 0 we have
[Sw(s) = (1+au(s))] < [1+ar(s)|

whenever s € I' € {s € C : |s — s,| = €} then there exists a zero s), for Sw(s) with
lsn, — si,| < e.

3 The proofs of Theorems 1.5, 1.9 and 1.13

In the first subsection we introduce one of the principle tools in the proofs of Theorems
1.9 and 1.13.

3.1 Transfer operators and their spectra

We need to study the family of associated transfer operators. These are a class of
bounded linear operators on functions (on the attractor) which has proved very useful
in dynamical systems. To work at the level of generality of C? iterated function schemes
we will follow the approach of Morita [10].

Definition 3.1 Consider the Banach space of Lipschitz functions
CEP((0,1]) = {f : [0, 1] = R : | f]lzip < +o0}
with norm || f|| = [|fl|Lip + | flloc where

1 llzip = sup LEZION g2 = sup (@)
zHy |z — yl z

We are particularly interested in the following family of linear operators.
Definition 3.2 Given s € C, we can define the family of transfer operators L :
clir([o,1]) — CLP([0,1]) for Re(s) > 0 by

k

Lof(@) =Y |T/ (@) f(Tiz).

i=1



The spectral radius p(Ls) of L is given by the standard spectral radius theorem:

p(Ls) = Jim |lLY["

where ||L2|| = sup{||Lsf]| : ||f|| < 1} is the operator norm.
Definition 3.3 The essential spectral radius is defined to be of the form

pe(Ls) = ngr_irrloo inf{||L" + K||Y/™ : K= compact operator on C?(]0,1])}.

In particular, for any € > 0 the intersection of the spectrum of the operator £, with
the region |z| > p.(Ls) + € has only finitely many eigenvalues of finite multiplicity.

We require the following result of Morita (the interesting proof of which we recall
and summarize in an appendix).

Proposition 3.4 (Morita) If Re(s) > 0 then the essential spectral radius p.(Ls) of
L, : CLir([0,1]) — CLP([0,1]) is strictly smaller than 1.

Remark 3.5 In fact, in Morita’s result Proposition 3.4 the key technical hypothesis is
that C > 0 and 0 < k < 1 such that

Z diam(I) < Ck",

I€T,

where T, := {T;, - --- - T3 [0,1]} are nth level intervals and then the actual conclusion
is that for any p > 1 sufficiently small that px < 1 then

pe(Ls) < pr < 1.

The proofs of Theorems 1.9 and 1.13 now follow relatively easily from this result on
the transfer operator.

3.2 The proof of Theorem 1.9

This follows almost immediately from the work of Morita [10] and McMonagle ([9],
§3.1.5). The zeta function Z can be related to the spectrum of the transfer operator.
From the proof it is known that s is a pole for Z.(s) whenever £, has 1 as an eigenvalue.

3.3 The proof of Theorem 1.13

This result is also a straightforward result given Morita’s result (Proposition 3.4) on
the spectrum of the operator L;.
The Poincaré series 1. (s) can be written in terms of L, (for Re(s) > 4, say) as the

convergent series
o]

n(s) =Y _(Li1)(x0) = Lo(1 = L) 1(x0)
n=1
where 1(z) denotes the constant function 1. It follows from Proposition 3.4 that for
Re(s) > 0 the essential spectral radius of L, is (strictly) smaller than 1 and thus we
can write

k
L= P+ Usn
=1

|1/n

where P; ; are eigenprojections and lim,, 4 o0 ||Us » | < 1 uniformly in s on bounded

domains. We can then write that
k
n(s) = (Pis(I = Pi) ™) Uao) + (Uns(T = Un) ™) Lzo).
i=1

The last term is analytic for Re(s) > 0. The first term contributes a meromorphic
function on the same domain Re(s) > 0 where the poles for n(s) on Re(s) > 0 come
from where 1 is an eigenvalue associated to P; ;.

10



3.4 The proof of Theorem 1.5

The proof of this result relies on symbolic dynamics. In particular, we need to replace
Proposition 3.4 by the corresponding result on the transfer operator for Holder functions
on subshifts of finite type.

We begin with some useful notation.

Definition 3.6 We want to consider the sequence space Yo = {1,---  k}o and the shift
map o : X — % defined by 0(2,)°2 ) = (Xn41)32 . Given a finite word i = (i1,...,in) €
{1,--- ,k}", for somen > 1, we can associate the maps T; = T;, 0---oT;, :[0,1] — [0,1].

The following basic lemma is easily seen to hold (and the basic idea is illustrated in
Figure 4).

Lemma 3.7 The locally mazimal intervals 7 (aj,b;), for j = 1, correspond to points
a; =Ty and b; = Tz, with x = T1(0) and y = T5(1), for suitable i € {1,--- ,k}™.

O\ /1
TI\“‘\\ P T
r =T (Q) =~y =Tp(1)
Ti /// //Ti
T (x) Ti(y)

Figure 6: An illustration of the proof of Lemma 3.7

It will prove more convenient to work with infinite sequences rather than finite
sequences.

Definition 3.8 We can extend the sequence space {1,---  k}No to
Yp= {(xn)flozo €{0,1, -k} : Az, 2p41) =1 forn € NO}
with transition matric

1 0
A=1[1 1
1 1

—_ = O

and again we define 0 : X4 — T4 by 0(4)22 0 = (Tnt1)50-

Given a finite word @ = (i1, - ,i,) we can denote 10 = (i1, ,1n,0,0,--+) € X 4.
In particular, given i0 = (i1, ,in,0,0,...) we have 0i0 = (ig, i3 ,i,,0,0,...). We
can define a metric d on ¥ 4 by
|(Ty, 0+ 0Tyy) (0)] ifz,=y,forl<n<Nandzy #yn

d((wn)flo:o, (yn)?f:o) = {0 if ($ ) = (y )

Finally, we can denote the set of all finite words by £* = US2 {1, -+, k}" and we write
i = n.
A key technical lemma is now the following.

Lemma 3.9 There exists a Holder continuous function f: X4 — R such that

L= {exp (—if(a%())) ri€ E*}.
k=0

"We assume for simplicity that the maps T} are orientation preserving. The other cases are similar

11



Proof. For aword i € X* we can clearly write {(a;,b;) : j > 1} = {(Ti(2), T;(y)) : i € &*}.
In particular, to obtain all of the values ¢; (j > 1) is equivalent to obtaining all the
values (T;(z) — T;(y)) (i € £). Given i € ¥* U {0} we can define

(T (2) =T (v)) .
£(i0) = {log ((de)—T@(y))) if |3 > 2
log ((Ty(x) — Ty(y))) iflil =1

and in addition set f(0) = 0. Then if |i| = n we can write

n—1

> f(0%i0) = log(Ty(x) — Ty(y)).

k=0 B
We need to show that above function extends as a H'older continuous function to % A-
By the Mean Value Theorem we can associate to i € 3, a value { =§; € [T5i(x), Toi(y)]

such that f(i0) = log|T} (£)|. If i,j agree in the first m places then we expect that
& — 51\ < CO™ where 6 = max; supge<; [77(€)| < 1. Thus

|£(i0) — £(j0)| = [log |T7, (&)] — log | T, (&;)]]
T (=)
T (x)

< sup
0<z<1

(& = &) < D™,

We thus deduce that the function f (restricted to the dense set of sequences in X 4) is
a-Holder continuous (with exponent o = log /1og2). This completes the proof.

In particular, from the definition of {,(s) we have the following.

Corollary 3.10 We can write

Ce(s) = Z Z exp (—s i f(a’%'())) (3.1)
k=0

n=1lil=n
for Re(s) > ¢, say.

We can introduce the symbolic transfer operators associated to o : X4 — X 4.
Fix a > 0 and let C*(X4) denote the Banach space of a-Holder continuous functions
g: XA —' ¥4 with the norm

l9(z) —9(y)|
g|| = sup |g(x)|+ Sup —F—F"7—
Il zezA| @) cyess  d(T,y)”

Definition 3.11 Given s € C we can define L;: C*(X4) — C*(X4) by

Lig(z) = Z e Wy(y),  forge C*(T4) and x € X,4.

ocy=x
We require the more classical version on the spectrum of symbolic transfer operators:

Lemma 3.12 Let s = o+it and denote by e"'(%) spectral radius L. Then the essential
spectral radius of Ls: C*(X4) — C*(X ) is at most 6%eF(7),

Let h > 0 be such that e”® = 1. Tt follows from Lemma 3.12 that there exists
¢ > 0 such that #%e”(®) < 1 for Re(s) > h —e. In particular, for Re(s) > h — € the
essential spectral radius of L, is (strictly) smaller than 1 and thus we can write

k
LY =Y P! +Usn

i=1

where P; ; are eigenprojections associated to isolated eigenvalues and lim,, , o ||Us ||/ <
1 uniformly in s on bounded domains.

This would be a classical result if A were aperiodic. However, the spectrum for
Ls: C*(Xy) = C*(X4) is equal to that of the restriction Ls : C¥(X3) — C¥(X5)
where ¥y = {0, 1}%0 is a full shift on two symbols cf. [14]. To understand this, we begin
with the following well known result.
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Lemma 3.13 There exists C > 0 such that

1L fII < Cllflloe = Cllflloc + (6%)*[I £
for f € C*(X4) andn > 1.

We can consider the restriction f = f|¥3 then the restriction has the the same
pressure as the original function providing P(f) > f(0) = 0. To establish the essential
spectral radius it suffices to consider the locally constant projections F,, : C*(X,4) —
C*(X 4) such that

E.(f) =Y f@)xy

li|=n.

where we make the choice z; € [i]. Then by applying Lemma 3.13 we can deduce that
IL"En(f) < CO°.

Lemma 3.14 The eigenvalues of L, : C*(X4) — C*(X4) in |z| > %) are equal
to those for Lg: C*(Xa) — C¥(X,).

If \ is an eigenvalue for £, : C*(X4) — C*(X4). with |[A| > 6%”(®) then we can
let h € C%(X4) be an associated function. We can consider the restriction h := h|%
to Xy. If this restriction is non-zero then we have the eigenvalue equation Lsh = Ah
and A\ is an eigenvalue for £;. On the other hand, if A = 0 on X5 then since Yo C X 4
is dense this implies that h = 0, giving a contradiction.

We can rewrite (,(s) in terms of L, for Re(s) > h as the convergent series

Cels) =) LI1(0) = Ly(1 = L,)7'1(0)

where 1(z) denotes the constant function 1. We can then write that

k
Ce(s) =Y (Pis = Pio) ™) Uzo) + (Un,o(I = Uns) 1) 1(0).

i=1

The last term is analytic for Re(s) > h —e. The first term contributes a meromorphic
function on the same domain Re(s) > 0 where the poles for 7(s) on Re(s) > h— € come
from where 1 is an eigenvalue associated to P; ;.

4 Location of poles

Having established in the previous section that each of the complex functions has some
extension to a larger half-plane, we now turn to the second question we want to address:

Question. Where are the poles in the meromorphic extensions?

1 | .ll |
'ITH‘ ',’r***:(s—i-it
. )

° !

) 0 .

; IEEY)
: ° ‘\ (|t|) :

\

Figure 7: (a) The poles do not accumulate on Re(s) = § (and are bounded away by a dis-
tance € > 0); and (b) The poles accumulate on Re(s) = § (outside of a curve parameterized
by S(|t|) + it (t € R))
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For many (but, as we shall soon see, not all) examples there will be a sequence of
poles in the extension whose real parts accumulate on Re(s) = . These can be viewed
as poles of (,(s), Rw(s) or ns(s) when they are close enough to Re(s) = 4. In this
case, we can consider how quickly the poles accumulate in different cases. As we have
seen, the answer will be the same for any of the complex functions we have described.

4.1 Case I: When poles may accumulate on Re(s) = ¢

We follow Lapidus in the following notation. We begin with a quantification of how
poles might accumulate on the line Re(s) = 4.

Definition 4.1 Given a (monotone decreasing) function S : RT — [§ — €,6] we can
consider the region
Ws={s=0c+it: S(t|) <o <}

In particular, for different attractors K we can ask about such functions S for which
Ws does not contain poles. 8
Before stating a result, we recall a definition from number theory.

Definition 4.2 A real number © is called a badly approximable number if there exists
C >0 and 8 > 0 such that

‘9 - p‘ >C/q**?
q
for allp € Z and q € Z — {0}.

For example, any (non-rational) algebraic number is badly approximable. More
generally, the set of all badly approximable numbers has Hausdorff Dimension 1.

Theorem 4.3 Let X be a Cantor set associated to C'T cookie cutter maps Ty, T :
[0,1] — [0,1]. Assume that there are iy, - in,J1, " ,Jjm € {1,2} with fized points

z=Ti 00T (2) andy=Tj o--- 0Ty (y)

such that

_ log|(Ti, 0--- 0 T;,)'(2)]

- log|(Tj, 040 T5,) ()
is a badly approximable number. Then there exists E > 0 and n > 0, & > 0 such that
for S(u) = max{d — £,§ — E/u"} the only pole in Ws is D.

Lapidus et al considered the specific class of self-similar Cantor sets.

Example 4.4 There are examples of (typical self-similar sets) X where s = 6 will be
the only pole on Re(s) = 0§, but there will be poles s, € D with Re(s,) — . In fact the
only alternative to this would be that the poles are periodic in the imaginary direction.

As a partcular special case, this recovers some results of Lapidus et al. °

Example 4.5 (Self-similar Cantor sets) Assume that we fir 0 < a,1 — 5 < 1 then
we can associate the Cantor set by removing from successive intervals I the subinterval
J C I of length (1 — o — B)|I| leaving intervals o|I| and B|I|.

We can consider the case that o/3 = ‘/52*1 , say, which is badly approximable. Then
the above Theorem applies since we can take

Ty (x) = ax and Ta(x) = (1 — B) + Sz
and then z =0 and y = 1 are the respective fived points. Thus |T7(0)|/|T5(1)| = «/S.

The proof of Theorem 4.3 is based on norm bounds on the transfer operator. In
particular, we have the following bound due to Dolgopyat [2].

8In the notation of Lapidus S stands for screen (preumably in the american sense) and W for window
9These are described in the book of Lapidus, in Chapters 2 and 3.
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Lemma 4.6 Under the diophantine hypotheses there exist constants to > 1, 7 > 0,
C1 >0 and C > 0 such that whenever |Im(s)| = to and m > 1 then

[Im(

m—1
H‘CmN” C|Im( )| 2NmP(Re(s)) 1— 1
s)|”

where N = [Clog |Im(s)|] and ePFe(*)) denotes the spectral radius Lpe(s).-

For definiteness, we can consider the original spectral zeta function ((s), which we

can write as -
s) = Z L£,1(0)
n=1

for those s for which the series converges. We can then write

o0

Ce(s)l < D 1£51(0 ZIIL”II
n=1
co N-—1
<D YL
m=1 j=0

S A Lol 4+ 12D Yo e

m=1

In particular, we have convergence to an analytic function provided

1
2N P(Re(s)) < 1.
‘ < |1m<s>7>

Since P(d) = 0 and P(Re(s)) < C|Re(s) — ¢| for Re(s) sufficiently close to §. In
particular, for 7 < 7 the theorem holds.

4.2 Case II: Where poles do not accumulate on Re(s) =6

There are examples where the poles do not accumulate on Re(s) = . For convenience,
we present a fairly simple and familiar, but concrete, example. '°

We can consider iterated function schemes T4, -« - , T} : [0, 1] — [0, 1] where the maps
are Mobius.

Example 4.7 (E2) We can consider the case of

1
Ey=q——7— ra,az,a3, - €{1,2}

a
T

the Cantor set consisting of real numbers in the unit intervals whose infinite continued
fraction expansion uses only the digits 1 or 2.

More generally, there is the following result.

Theorem 4.8 Let X be a Cantor set associated to Mobius map contractions Ty, --- Tk :
I — I. Then there exists € > 0 such that for S(u) = § — e the only pole in Wg is d.

The proof of Theorem 4.8 is based on a result of Naud [11], which in turn was based
on an approach of Dolgopyat, which was used to show that there are no resonances
in the strip § — e < Re(s) < §. But the technical result actually proved is that the
associated transfer operator Ls has spectral radius strictly smaller than 1 uniformly in
the strip ([11], Theorem 2.6).

To illustrate the key ingredients, we can concentrate on the case Fs the general
case being similar. We first need that there exists (£,)2%,, (7,)22; € {1,2} and
ug, vo € [0, 1] such that the function ¢¢, : [0,1] x [0,1] — R defined by

L O [517"’7£n+u][n17"';nn+u]
Pen(u,v) == 2log (}:{l (€1, n+] [, ,nn+v]>

10T fact, one anticipates that providing the Cantor set isn’t self-affine, or smoothly conjugate to such,
then this will be the case cf. Avila-Gouezel-Yoccoz [1]
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Figure 8: The poles of the zeta function Z,(s) for F,

has the property that
e

D (uo,v0) # 0
(see [11], Definition 2.1) In the present example(s), such explicit choices are easy to
make.
A second ingredient is that, because of the analyticity, there is also a general argu-
ment (see [11] Lemmas 4.3 and the short argument thereafter) which shows that the

function
g:[1/3,1/21[[11/2.1] - R

defined by
log(1+ x) for x € [1/2,1

log(2 + ) for x € [1/3,1/2]

is not cohomologous to a locally constant function (which can easily be seen not to hold
by considering periodic orbits).

5 Weyl-type Theorems for £, ,,

A Weyl type theorem is one which gives estimates on the growth of the number of poles
in a vertical strip. These appear in the context of poles for the Ruelle zeta function in
the setting of Schottky surfaces [12]. ! Moreover, the name derives from a study of
the poles of the zeta function (actually zeros of the Selberg zeta function) for compact
Riemann surfaces which are intimately relates to the eigenvalues of the Laplacian on
the compact surface, and for which Weyl famously proved an asymptotic formulae in
1916.

In the present setting we will consider the Cantor set E, ,, for n,m € N (n # m)
12 and consider the growth of the number 7(T') of poles (for either Ryy(s) or n.) in a
strip § < o < Re(s) < 4, say, with [Im(s)] < T, as T — +00. We would similarly like
to adapt an approach of Naud for another problem to the present setting.

Proposition 5.1 For E,, ,, we can bound n(T) = O(T**?).
In point of fact a stronger result holds.

Proposition 5.2 For E, ,, we can bound n(T) = O(T'7)) where 7 : [§/2,5] —
[0,0], with 7(6/2) =6 and (o) < § for §/2 < o < 4.

We now sketch the argument (following [12]). Let h > 0. The transfer operator is
defined on a disjoint union of neighbourhoods from B(E,, ,,,h) with N(h), say, con-
nected components of size at most O(h). The corresponding disks in C are used to
define a Hardy space. We can assume that the associated transfer operator L; is trace
class.

Lemma 5.3 There exists C > 0, ng and R > 0 such that for oy < Re(s) < ¢ and
n > ng we have that |Im(s)| > R we have

log | det(I — £7)| < C|Im(s)|%emF(@0)

Since the operator is trace class we have a bound
log|det(I — £1)] < Y |1£s(e)]
1=0

where (eff) keN,0<I<N(h) 18 a basis for the Hilbert space consisting of orthonormal analytic
functions on each of the N (h) disks. Moreover, we can bound N(h) < h=°.

HThere are apparently improvements on this dues to Soares
12More general results should hold
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By the Cauchy-Schwartz inequality we can bound

oo [N(h) :
log |det(I — £2)] < Ch2 > 1S L2 (el 12y
k=0 =1

Moreover, there is a bound
(h)
S L2y < Ch70phen o),
1=1

Combining these inequalities gives the required bound.

To convert the bound in Lemma 5.3 into a bound on 7(7T") we follow Naud in using
a bound essentially due to Littlewood.

Lemma 5.4 For oy < 0 there exists vg > 0, Ty > 0 such that for o9 < 0 < § there
exists C,C" > 0 such that for T > Ty and n(T') = [v1ogT| with 0 < v < vy then

T
N(T) < Cy / log | det(I — £27) Y|dt + C'T.
T/2

Comparing the bounds in Lemma 5.3 and Lemma 5.4 completes the proof of the
proposition.

A The estimates of Morita

The content of this appendix is essentially expository. We recall the following definition.

Definition A.1 Given s € C, we can define the family of linear transfer operators
L, :CLr([0,1]) — CLP([0,1]) for Re(s) > 0) by

k
Lof(2) =Y |Ti(@)]°f(Tw).
i=1
Given N > 1, we can consider the N-power of the operator £s which takes the form
LYh(@) = Y |T{(x)*h(Tix)
li]=n

where i = (iy,--+ ,in) € {1,--- ,k}"¥ and we write |i| = N. Moreover, for later conve-

nience we rewrite this as
LYh(x) =Y Lih(x)
|li|=

where £; s : CL?([0,1]) — CLP(]0,1]) is defined by
L;sh(z) = |Tj(z)]"(Tyz).

A.1 Families of subintervals

Let I; = T;([0,1]) denote the images of the unit interval. The next lemma is a simple
consequence of the attractor having dimension less than 1.

Lemma A.2 There exists 0 < k < 1 such that '3
Z diam(I;) = O (k")
|i|=n
Our aim is to bound the essential spectral radius of L4 using the essential spectral

radius formula. To this end, we want to obtain bounds on functions that arise from
summing the terms

L3 ((f = flz)xr) -
The next subsection gives a supremum bound on such functions. The subsequent sub-
section gives a Lipschitz bound. The estimates then follow the lines of those in [10].

13We can take k = ("1 < 1 where P : R — R is the usual pressure function
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A.2 Supremum bounds

We can choose for each |i| = n the fixed point x; = T;(z;). We need the following basic
bounds. Let p > 1.

1. We can choose € > 0 sufficient small that for Re(s) > —e we have that |77 (-)|*||cc =
O(p™). )

2. Since |T;(x) — z;| < diam(f;) we can bound |f(T;(x)) — f(x:)| < || fl|pipdiam(I;)
and then write

13 ((f = f@))xr,) oo = O (p"diam(L)|| Il zip)

Summing over all strings ¢ with |i| = n gives:

Lemma A.3 Forn>1,

Iiz—:n 123 ((f = fl@))xr,) o = O ( (Z diamnd! ) HfHsz) .
=0 ((pr)"|| £l Lip) -

A.3 Lipschitz bounds

Let n > 1. If i = (i1, ,in) € {1,--- ,k}" then we can write 07§ = (ij11, - ,iy) for
each 0 < j < n—1. We first start with the following bound for distinct 0 < z,y < 1:

1T/ @) = |T)

n—1 n—1
JHOMJ J (Tosia) (1T 1 (Tsi) = | T |<my>)jHO% STl

(“ 1Z|Tg] T, >|) = 0 (p" M — )

using the chain rule.
For 0 < z,y < 1 we can use the triangle inequality to bound

)a) () = £ (U = 1)) )
(Tiw) = f(2) = T @)|* (f(Tw) — ()|
(T

7) = f(@0) = [T/)[*(f(Ti2) = f(z)
L) (T @) = F(@2) = [T W) (/(Ty) = F(z)
(Tiw) = flao)| + | T )| | (Ti2) = £(T)]

< | T (@) =T (y)I*

We can use to (A.2) to bound the first term
I Ti(@)* = 1T3(y) ] | f (Tiz) = f(zo) = O (" |z = ylll fllip) -
We can also bound
1T W) (L) = F(T)| = O (| llzinlz — w1
Combining these bounds we have that

SOILE((F = f@)xa,) oy = O (HfLipP" > diam(fi))

|il=n
= O (|l fllLip(sp)"™) -

li|=n
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A.4 Quasi-compactness and essential spectral radius

We now want to to convert the bounds above in the previous two subsections into
estimates on the essential spectral radius pess(Ls). For n > 1, we can define K, :
cre([0,1]) — CHP([0,1]) by

Kof(e)= Y 1T} (@)]" ) xr, (@).
lil=

This image is finite dimensional and thus the operator K, is compact. We can write

(LY = K f = Y L((f = flad)xr,)

|i|=n
Thus we can use (A.1) and (A.2) to bound
(LS = Kn)fIl = (L5 = Kn) flloo + (LY — Kn) fllLip
= > IL ((f = Fa)xa) i + D 1€2 ((F = fla)xr,)

li]=n lil=n
= O ([ fllLip(kp)"™) + O ([ flloo (5p)™)
=O([[fl(kp)")-

By the Nussbaum essential spectral radius theorem [13].

Pess(Ls) < limsup |[(LE — Kn)f||1/" <kp <l
n—-4o0o

B A heuristic description of patterns

We want to present a heuristic description for the location of complex dimensions for
self-affine Cantor sets (at least those close to Re(s) = 9).

Assume that a = |logr|, 8 = |logra| > 0 then we want to understand why in some
cases the complex zeros s, which occur as the solutions s = o + it to the equation

iy =e e =1 (B.1)

appear to lie on curves. This is expected to be related to the approximability of the
ratio /a > 0. Let us denote § = g and write s = o + it then by rescaling (C.1) (by
s — s/a) the equation becomes

e (0Hi) 4 o= (eFit)f — (B.2)
To begin we would like to look for solutions such that (¢, 6t) (mod 1) is close to (0,0)
which should be a neighbourhood in which to look for solutions to (B.2).

A more general equation. Fix a small value ¢ > 0. '* More generally, we can
consider solutions (¢1,t2) € (—¢,€) X (—¢,€) to the more general equation

e e el = 1, (B.3)

This is shown geometrically in Figure 9.
Clearly, equation (B.3) is both 27-periodic in both ¢; and t. We can use the sine
and cosine rules '° applied to the figure to write:
sin(t1) = e sin(t,)

B.4
14e72 —e729% = 2¢77 cos(ty). (B4)

The function o(t1,t2). We can use the first equality in (B.4) to write o : (—¢,€) X
(—¢,€) = RT explicitly in the form

: =
ea(t1,t2) — (Sll’l(ﬁ])) . (35)

Sin(tg)

Y This is just for safety. Probably e > 0 can be quite large
5For a triangle with sides of lengths a, b, ¢ > 0 and angles «, 3, v then sin(a)/a = sin(8) /b and b*>+c*—a
2bc cos(a).

2
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Figure 9: A geometric representation of equation (B.2) in the complex plane

For (0,0) € C (corresponding to the solution o = ¢ and t = 0 to (B.2)) we can consider
the value § = ¢(0,0) at that point, i.e., the real value § > 0 such that e 4 ¢7% = 1.
A plot of o(+,+) for Example B.2 below appears in Figure 10 (a).

Using (B.5) to eliminate o in the equations (B.4) leaves an implicit equation relating
t1 and to and describing a one dimensional curve: C C (—¢,€) X (—¢,€), i.e.,

_2 —26 —1
sin(ty)\ ™° sin(ty)\ ™° sin(ty)\ ™°
C=1<(t1,t2) : 1 - -2 t1)=0,.
{( i)l (sin(t2)> (SiIl(tg) sin(tz) cos(t1)
The (blue) curve C for Example B.2 below appears in Figure 10 (b).

To look for true solutions to (B.2) we now need to (re)-impose the condition that
ty = Ot;. We can consider the line segment on the torus T? = [0,1) x [0,1) given by

Lr={(t,0t) (modl):0<t<T}

for T' > 0, i.e., the projection onto the torus of the line segment in Rﬁ_ passing through
(0,0) and of slope 6. The (red) line in Example B.2 (c) corresponds to the choice T' = 60

We can summarize this discussion as follows: The solutions to (B.2) occur for imag-
inary values t such that (t,0t) € Ly NC (mod 1). The corresponding real value is then
o =o(t,0t) i.e., we want to consider solutions s,, = o, + it, to (B.2) where:

o for large T the values 0 < ¢, < T with (¢,,60t,) € Lny NC (mod 1) are clustered
close to (0,0); and

e there are associated values o, = o (t,, 0t,,).

A precise knowledge of C could be used to reconstruct the locations of the solutions
to (B.2). However, it also gives an heuristic explanation of the patterns of the complex
zeros where §/a can be well approximated by rationals. This is illustrated by the
following examples.

Example B.1 Consider again 8 =1 and o = w. A “diophantine property” for 8/«
suggests the reason for the apparent bunching of parts of the red line in Figure 10 (c).
In particular, this bunching of lines in Lp means that the intersections L1 N C with
the (transverse) one dimensional curve C should be close (and also have a monotone
ordering on the curve). Since the restriction o : C — R of the smooth function o(-,-)
is again a smooth function whereby the values o, = o(t,,0t,) should be appropriately
close (and suitably ordered), i.e., the real parts o, of complex zeros will change slowly
as their imaginary parts increase.

Example B.2 Consider again f = log((v/53 — 7)/2) and o = log((v/85 — 9)/2) A
“diophantine property” for B/« suggests the reason for the apparent bunching of parts
of the red line in Figure 11 (c). In particular, this bunching of lines in L means that
the intersections L7 NC with the (transverse) one dimensional curve C should be close
(and also have a monotone ordering on the curve). Since the restriction o : C — R of
the smooth function o(-,-) is again a smooth function known the values o, = o (tn, 0ty,)
should be appropriately close (and suitably ordered), i.e., the real parts o, of complex
zeros will change slowly as their imaginary parts increase.
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Figure 10: For example B.2 (a) the (orange) plot of o(,-)
red line L7 for T = 90 wrapping around the torus; (d

blue curves give values (t,, 0t,)

Figure 11: For example B.2 (a) the (orange) plot of o(,-)
red line Lp for T' = 40 wrapping around the torus; (d

blue curves give values (¢, 0t,)

C Appendix: Speculation on other applications

The properties on ((s) can be related to various other properties. In this appendix we
collect together various miscellaneous applications.
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C.1 Counting functions for length spectra

We want to consider the following counting function for lengths of strings.

Definition C.1 We can denote by Ng(z) = #{l; > 1/x} forxz > 0 the counting
function for lengths greater than 1/x.

In particular, in our setting it is easy to that there exists C' > 0 such that N, (z) =
Cz + o(z) as * — +00 as a consequence of § being the only pole of (. (s) on Re(s) =6
and that this is a simple pole (with residue C)

In many cases one can get effective error terms on the asymptotic estimates for
Ng(z). This is based on the fact that the geometric zeta function (. (s) can be expressed
in terms of function N, (z) by the natural identity

Ce(s) = /000 x~%dNg(x).

A very classical approach based on analytic number theory leads to effective asymp-
totic estimates. For example, under the hypotheses of Theorem 4.3 one can deduce that
there exists 0 < n < 1 such that

Ne(z) =Cx 4+ O(a") as T — +oo.

(The argument would follow the lines of in [15]).
Similarly, when the limit set is E,, ,,, (n # m) one can deduce that there exists € > 0
such that
Ne(z) =Cx 4+ O(e™ ") as T — +o0.

(The argument would follow the lines of in [16]).

C.2 Analogues of the Berry conjecture

We can associate to each interval of length ¢, say, a sequence of frequencies k/¢ (k =
1,2,3,--+) which one would associate to an oscillating string. ® We can denote thet
otality of such frequencies by F = {k/l; : k,j > 1}.

Definition C.2 We can denote by Nr(xz) = #{k/l; > 1/x} for x > 0 the counting
function for lengths greater than 1/x.

Giving the values k/l; an interpretation as the spectrum of the Cantor set. Sir
Michael Berry conjectured analogues of the Weyl Theorem for certain domains with
fractal domains.!”

Definition C.3 We can associate to F the zeta function

()= (k:_)_s~

i
which converges for Re(s) > 1.

Lapidus showed that the zeta functions are related by

Cu(5)/Ce(s) = ((s)

and ¢(s) = > 7, n~ % is the usual Riemann zeta function.
Moreover, we can write

Cr(s) = /000 x *dNz(x).

The asymptotics of Nz(z) are discussed in greater detail in ([8], p.149),

'The frequencies for the Laplacian on an interval of length £ take the form k/¢, for k € Ny
'"The original conjecture had Hausdorff Dimension rather than Box Dimension, although there are exam-
ples (cf. p.370) which show D is more appropriate
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Figure 12: The poles for (,(s)

C.3 Tubular neighbourhoods
We can consider the following “fattening up” of the Cantor set X C [0, 1].

Definition C.4 For each € > 0 we can associate an e-neighbourhood B(X,€) and de-
note its volume by V(e) = Vol (B(X,¢€)).
For 0 <e < % we can then explicitly write

V(=2 > 1+ > 1

lj>2¢ 1j>2¢

(cf. [8], p. 13-14))
Motivated by the classical 1840 theorem of Steiner (for regions in R? and R?), one
can ask about the asymptotics of V(¢) as ¢ — 0. This is related to (. (s) by

VO = Y culd) + o /S <2e>”<(s>8(1df 5

weD

where ¢,, = res (M) (see [8], Theorem 8.1, p. 235])
w S=w 5(175) b M p'

Example C.5 As observed in (8.70)-(8.71) on p.263 of [8] if we have C > 0 and p > 0

such that S(t) = D — C/(1+t)?P then there exists M > 0 such that for all § > 0 we have
18

V(e) = Me'=P(1+0(|loge|®~1/7))
In particular, this will hold under the diophantine hypothesis of Theorem 4.3

C.4 Spectral Triples

Following Lapidus and Connes one can associate a spectral triple to the Cantor set (cf.
[7],p. 157). For each of the intervals (a;,b;) let H; = ¢*({a;j,b;}) = C? be the two
dimensional space (with basis e_ ; = (1,0) and e4 ; = (0,1)). One can then define the
linear operator D; : H; — H; using the basis as

1 /0 1
Dj—ej(l o>

which clearly has eigenvalues £1/¢;. We may then define the finite dimensional Hilbert
space H = &, H; and the (self-adjoint) linear operator D = &;D, : H — H.

Any continuous function f : K — R also gives a second linear operator My : H — H
by multiplication, i.e.,

M;(®)(x) = f(z)®(z), where z € Uj{a;,b;},® € H.

We can then consider the commutator operator [D, My¢] = DMy — M;D : H — H then
we can explicitly write
1

[D, Myles; = 7
;

(f(az) — f(bj)) ex,;

8 There is probably an additional bound on ¢(s) required in W
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Moreover, if we assume that f lies in the space of Lipschitz functions A = CLP(K)
then [D, My] is a bounded linear operator.

Definition C.6 The triple (A, H, D) is called a spectral triple (in the sense of Connes).

The eigenvalues of |D|=1 are {f1,¢1,0s,02,03,03,04,04---} i.e., the lengths of the
intervals (with multiplicity two). It then follows that the Diximier trace takes the form

tr(|D|~P) =2P(1 - D)M(d, K)

where M(d, K) is the Minkowski content of K. (The Minkowski measurability follows
from the asymptotic £; ~ cj /P as j — 400, for some ¢ > 0 which, in turn frollows
from the position of the poles for ((s)).

References

[1] A. Avila, S. Gouézel ,and J.-C. Yoccoz, Exponential mixing for the Teichmiiller flow,
Publ. Math. de 'THES, 104 (2006) 143-211

[2] D. Dolgopyat, Prevalence of rapid mixing in hyperbolic flows, Ergodic Theory and
Dynamical Systems, 18 (1998) 1097-1114

[3] K. Falconer, Fractal Geometry, 3rd Edition, Wiley, London, 2014.

[4] D. Fried, The zeta functions of Ruelle and Selberg I, Ann. Sci. E.N.S. 19 (1986)
491-517

[5] D. Hejhal, The Selberg Trace Formula for PSL(2,R) Lecture Notes in Mathematics
(Volumes 548 and 1001),

[6] O. Jenkinson and M. Pollicott, Rigorous effective bounds on the Hausdorff dimension
of continued fraction Cantor sets: A hundred decimal digits for the dimension of
E,, Advances in Mathematics 325 (2016)

[7] M. Lapidus, In search of the Riemann zeros: Strings, Fractal Membranes and Non-
commutative Spacetimes, AMS, 2008.

[8] M. Lapidus and M. van Frankenhusijsen, Fractal Geometry, Complex dimensions
and zeta functions, SMM, Springer-Verlag, 2006.

[9] A. McMonagle, Meromorphic extensions of dynamical generating functions
and applications to Schottky groups, PhD thesis, Manchester Univer-
sity, 2013. (https://research.manchester.ac.uk/en/studentTheses/meromorphic-
extensions-of-dynamical-generating-functions-and-appl/)

[10] T. Morita, Meromorphic extensions of a class of dynamical zeta functions and their
special values at the origin, Ergodic Theory Dynam. Systems 26 (2006)1127-1158

[11] F. Naud, Annales scientifiques de I’'Ecole Normale Supérieure, Série 4, Tome 38
(2005) 116-153.

[12] F. Naud, Density and location of resonances for convex cocompact hyperbolic
surfaces, Invent. Math. 195 (2014) 723-179.

[13] R. Nussbaum, The radius of the essential spectrum. Duke Math. J. 37(1970) ,473-
478.

[14] M. Pollicott and R. Sharp, Poincaré series and comparison theorems for variable
curvature, American Mathematical Society Translations, 202 (2001) 229-240.

[15] M. Pollicott and R. Sharp, Error terms for closed orbits of hyperbolic flows Ergodic
Theory and Dynamical Systems, 21 (2001) 545-562

[16] M. Pollicott and R. Sharp, Exponential error terms for growth functions on nega-
tively curved surfaces, American Journal of Mathematics, 120 (1998) 1019-1042

[17] D. Ruelle, Zeta-functions for expanding maps and Anosov flows. Invent Math 34
(1976) 231-242

24



[18] A. Selberg, Harmonic Analysis and Discontinuous Groups in Weakly Symmetric
Riemannian Spaces with Applications to Dirichlet Series. Journal of the Indian
Mathematical Society, 20 (1956) 47-87.

[19] F. Tangerman, Ph.D. Thesis, Boston University.

25



