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Introduction ' '

WARWICK
Generalized Fermat Equation:

a? +bv1=c", p,q,r primes.

A solution (a, b, c) € Z3 is called non-trivial if abc # 0 and primitive if ged(a, b, c) = 1.
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Generalized Fermat Equation:
a? +bv1=c", p,q,r primes.

A solution (a, b, c) € Z3 is called non-trivial if abc # 0 and primitive if ged(a, b, c) = 1.

Conjecture(Fermat-Catalan)

Over all choices of prime exponents p, ¢, r satisfying 1/p+ 1/q + 1/r < 1 the above
equation has only finitely many integer solutions (a, b, ¢) which are non-trivial and
primitive. (Here solutions like 23 4 19 = 32 are counted only once.)
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Introduction ' '
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Generalized Fermat Equation:
a’ +b1=c", p,q,r primes > 2.

We call (p, q,r) the signature of the equation.
Some families of signatures that have been 'solved’:

e (p,p,p),p > 3 Wiles, Taylor-Wiles 1995;
e (p,p,2),p>4and (p,p,3),p > 3 Darmon—Merel, Poonen 1998;
e (11,11,p)*,p > 2, Billerey, Chen, Dieulefait, Freitas 2022 (BCDF22);
e (13,13,p)*,(19,19,p)*, (23,23,p)*, (37,37,p)*, (43,43, p)*, p large enough M. 2022.
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Asymptotic Fermat Last Theorem ' '
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Let K be a totally real number field. We say the asymptotic Fermat Last Theorem
holds for
af? + bP = cP

if there is some bound By such that for all p > By, the equation has no non-trivial (i.e.
abc # 0), primitive (i.e. aOk + bOk + cOk = Ok) solutions (a,b,c) € O3..
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Asymptotic Fermat Last Theorem ' '

WARWICK

Let K be a totally real number field. We say the asymptotic Fermat Last Theorem
holds for
al +b° =P

if there is some bound By such that for all p > B, the equation has no non-trivial (i.e.
abc # 0), primitive (i.e. aOk + bOk + cOk = Ok) solutions (a,b,c) € O3.

Theorem (Freitas-Siksek, 2014)

Let d > 2 be squarefree such that d =3 mod 8. Then the effective asymptotic Fermat's
Last Theorem holds over K = Q(+/d).

Idea: Diophantine equations ~ S-unit equations (finetely many computable solutions)
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Modular Method over totally real fields "
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Let K as above, denote by 3 its unique (totally ramified) prime above 2.
Assume aP + b = ¢ with (a,b,c) € (Ox)3 non-trivial, primitive.
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Let K as above, denote by 3 its unique (totally ramified) prime above 2.
Assume aP + b = ¢ with (a,b,c) € (Ox)3 non-trivial, primitive.
o Frey curve:
E(a,b,¢)/K : y* = x(x — aP)(x + bP)

with N = B I_I q.

qlabe,
a2
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Let K as above, denote by 3 its unique (totally ramified) prime above 2.
Assume aP + b = ¢ with (a,b,c) € (Ox)3 non-trivial, primitive.
o Frey curve:
E(a,b,¢)/K : y* = x(x — aP)(x + bP)

with Np = " II g

qlabe,
a2

e Modularity (Freitas-Siksek):
elliptic curves / totally real fields E/K ~» Hilbert modular forms of level Ny

8/28
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Let K as above, denote by 3 its unique (totally ramified) prime above 2.
Assume aP + b = ¢ with (a,b,c) € (Ox)3 non-trivial, primitive.

o Frey curve:
E(a,b,¢)/K : y* = x(x — aP)(x + bP)

with Np = " II g

qlabe,
a2

e Modularity (Freitas-Siksek):
elliptic curves / totally real fields E/K ~» Hilbert modular forms of level Ny

e Irreducibility, Level Lowering (Freitas-Siksek): for p large enough
E/K ~» Hilbert modular form § of level

N, =", 0<r <r<14
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Elimination Step ' '
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@ Eichler-Shimura curve: for p large enough

E/K ~ f~ E'JK
where E'/K elliptic curve with full 2-torsion* and N = N, = B"";
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E/K ~ f~ E'JK
where E'/K elliptic curve with full 2-torsion* and N = N, = P
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@ Eichler-Shimura curve: for p large enough
E/K ~ f~ E'JK
where E'/K elliptic curve with full 2-torsion* and N = N, = B"";

e Image of inertia comparison: E’ has potentially multiplicative reduction at 3;
@ S-unit equations: all such elliptic curves E’ are parametrized by S-unit equations

A4 p=1,
where S := {P}, A, p € OF such that

max(|op (V). o (4)]) > 8:
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@ Eichler-Shimura curve: for p large enough
E/K ~ f~ E'JK
where E'/K elliptic curve with full 2-torsion* and N = N, = B"";

e Image of inertia comparison: E’ has potentially multiplicative reduction at 3;
@ S-unit equations: all such elliptic curves E’ are parametrized by S-unit equations

A4 p=1,
where S := {P}, A, p € OF such that

max(|op (V). o (4)]) > 8:

e Contradiction: such pairs (A, 1) do not exist. o)os
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Signatures (p, p,2) and (p, p,3) - Chapter 3
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Signature (p, p,2)
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Theorem (M. 2021)

Let d > 5 be a rational prime satisfying d =5 mod 8. Write K = Q(\/d). Then, there is
a constant By such that for each rational prime p > By, the equation

al 4+ b = 2

has no coprime, non-trivial solutions (a,b,c) € O3 with 2|b.
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Signature (p, p,2) ' '
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Let K as above and denote by 2 the unique (inert) prime above 2.
Assume aP + bP = c? with (a,b,c) € (Ok)? non-trivial, primitive and 2b.
@ Modularity machinery ~ find solutions to
a+ B =~2 (3.1)

where S = {2}, a, 8 € O%, and v € Og such that |v3(5F)| > 6.
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Assume aP + bP = c? with (a,b,c) € (Ok)? non-trivial, primitive and 2b.
@ Modularity machinery ~ find solutions to
a+ B =~2 (3.1)
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@ Class Field Theory ~» relate (3.1) to an S-unit equation
Ap=1, (3.2)

such that |va(Ap)| > 4.
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Let K as above and denote by 2 the unique (inert) prime above 2.
Assume aP + bP = c? with (a,b,c) € (Ok)? non-trivial, primitive and 2b.
@ Modularity machinery ~ find solutions to
a+ B =~2 (3.1)
where S = {2}, a, 8 € O%, and v € Og such that |v3(5F)| > 6.
@ Class Field Theory ~» relate (3.1) to an S-unit equation
Ap=1, (3.2)

such that |va(Ap)| > 4.

e Contradiction: the only solutions to (3.2) are the so-called irrelevant solutions
(_17 2)7 (1/27 1/2)7 (27 _1)
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Theorem (M. 2021)

Let d a positive, square-free satisfying d = 2 mod 3. Write K = Q(v/d) and suppose
31 hK(e), 31 hi. Then, there is a constant By such that for each prime p > By, the
equation

aP + b =¢?

has no coprime, non-trivial solutions (a,b,c) € O3 with 3 | b.
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S-unit equations and computabiity "
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Let K be a number field and S a finite set of prime ideals. Consider the equation

a+ B =+ a,p e 0y, ve Os.

For i = 2,3, the equation has a finite number of solutions up to scaling.

Idea of the proof: break it down in several S-unit equations over some L/K
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Signature (7,7, p)
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Theorem (M. 2022)

There exists a constant B, depending on r such that the equation
a" +b =
no non-trivial, primitive, integer solutions with 2 | ¢ and p > B, for

re {5,7,11,13,19,23,37,47,53,59,61, 67,71,79,83,101, 103,107, 131, 139, 149}.
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Assume a” + b" = P with (a, b, c) non-trivial, primitive, r is a fixed prime, and p is a
varying prime and 2 | c.
e Frey curve Define E(a,b)/Q(¢- + ¢1) as follows. Consider

a" + " = (a+b)(a+Gb)(a+ o) (a+G720)(a+GM0).
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Signature (7,7, p) ' '
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Assume a” + b" = P with (a, b, c) non-trivial, primitive, r is a fixed prime, and p is a
varying prime and 2 | c.
e Frey curve Define E(a,b)/Q(¢- + ¢1) as follows. Consider

a" + " = (a+b)(a+Gb)(a+ o) (a+G720)(a+GM0).

Let
-1
fila:b) = a* + (CF + ¢ Mab+ 1, 0< k< .

17/28



Signature (7,7, p)
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We find (a, 8,7) such that
fir + Bfry + Vi =0

for some suitable chosen 0 < k1 < ko < k3 < 7"5—1
Write A = afy,, B = B fr,,C = 7 fr, and define

E:y*=ux(x— A)(x + B). (4.1)
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Signature (7,7, p) ' '
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Let K := Q(¢ + ¢ 1), 2 is inert for the specified values of r, and let 93, be the unique
prime above 7.

@ Modularity machinery ~ find solutions to the S-unit equation
Ap=1

where S := {2,93,} such that 2°|\.
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Let K := Q(¢ + ¢ 1), 2 is inert for the specified values of r, and let 93, be the unique
prime above 7.

@ Modularity machinery ~ find solutions to the S-unit equation
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@ Class Field Theory argument ~» construct (Ap, ftn) with va(Apt1) > v2(Ay).
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Signature (7,7, p) ' '
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Let K := Q(¢ + ¢ 1), 2 is inert for the specified values of r, and let 93, be the unique
prime above 7.

@ Modularity machinery ~ find solutions to the S-unit equation
Ap=1

where S := {2,93,} such that 2°|\.
@ Class Field Theory argument ~» construct (Ap, ftn) with va(Apt1) > v2(Ay).
e Contradiction: Infinite descent on finiteness of solutions of S-unit equations.
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20/28



Darmon’s Program "

WARWICK

21/28



Darmon’s Program ' '
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Assume a” + b" = P with (a, b, c) non-trivial, primitive, r is a fixed prime, and p is a
varying prime.

e Frey representation: Kraus constructs a family of hyperelliptic curves C,(a,b)

e Compute the conductor of Cy.(a,b) = conductor of the l-adic representation p, ;.
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Darmon’s Program ' '
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Assume a” + b" = P with (a, b, c) non-trivial, primitive, r is a fixed prime, and p is a
varying prime.

e Frey representation: Kraus constructs a family of hyperelliptic curves C,(a,b)
e Compute the conductor of Cy.(a,b) = conductor of the l-adic representation p, ;.
e BCDF22 show that Jac(C,) ® K ~

,OJh)\ : GK — GLZ(K)\).

where K := Q(¢ + ¢1) and J, := Jac(C,)
e Modularity, Irreducibility, Level Lowering apply to p, x.
e BCDF22 ~» (11,11, p) has no solution with 2|a + b or 11|a + b.

21/28



Kraus' Frey hyperelliptic curves ' '
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Given primitive, non-trivial (a,b,c) € Z? such that a” 4 b" = P define

2
Cr(a,b) : y? = (ab)"—V/2zh, (iBb + 2) +b —ad"
a

fr(a,b)

where h,(z) := HE (z — (¢ + ¢7)) the defining polynomial of K := Q(¢. + ¢71).

e C,(a,b) is a hyperelliptic curve of genus %

29 /98



Kraus' Frey hyperelliptic curves ' '
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Given primitive, non-trivial (a,b,c) € Z? such that a” 4 b" = P define

2
x—+2>+br—a7“
ab

N~

fr(a,b)

Cr(a,b) : y? = (ab)"—V/2zh, (

J/

r—1 . .
where f.(z) := [[;2, (x — (¢! + ¢ 7)) the defining polynomial of K := Q(¢, + ¢, ).

o C,(a,b) is a hyperelliptic curve of genus "1

o r=5:Cs(a,b) : y? = 2° + 5abax® + 5a’b*r + b° — a®
o 7 =7:C(a,b):y? =a" + Tabz® + 14a®*2® + 7a®b®z + b" — a”

29 /99



Frey curve and Conductor ' '
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The discriminant of the curve is

r—

A(Cr(a,b)) = (=1)

L 22(7'71)747"017(1"71) )

22/9298



Frey curve and Conductor ' '
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The discriminant of the curve is

A(Cp(a, b)) = (—1)7 220 Dyrep(r=1),

Theorem (ACKMM24 )
The conductor of Cy.(a,b)/K at odd primes is

_262 1qu1

gle

In particular, J, is semistable at all primes not dividing 2r.

(%) joint work with Martin Azon, Mar Curcé-Iranzo, Maleeha Khawaja, Céline Maistret
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Consider the hyperelliptic curve
Ciy® =a(z —p*) (& —3p*)(z - 1)(e - 1+p")(z -1 -p)
where p > 5 is a prime. lts cluster picture at p is given by

@99, @99,

o

24/28



Cluster Pictures ' '
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Recall Cy.(a,b)/K : y* = f,(a,b).
e The roots of f.(a,b) are given by a; := (la — ('b, where i = 0,...,7 — 1.

25 /298
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Recall Cy.(a,b)/K : y* = f,(a,b).
e The roots of f.(a,b) are given by a; := (la — ('b, where i = 0,...,7 — 1.

@ The cluster pictures of C;(a,b) at odd bad primes q of K are given as follows:

1. (@@.69. - @9,09),ifq#p,and q|c. Here n:= py,(c) € Z.
2. @eee w09, ifq=p, and p,fc.
3. (@.@, - @9,9,ifq=p, and p, | c. Here m = "2, (a +b) — 3.

where p,. is the unique prime above r in K.
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Semistable case: q # p,, q|c

@, - @9 9,

Theorem (Dokchitser—Dokchitser-Maistret—-Morgan, 2017)

Suppose C/K is semistable at a prime q. Then the exponent of the conductor at q is the
number of "twins".

26 /28
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Semistable case: q # p,, q|c

@, - @9 9,

Theorem (Dokchitser—Dokchitser-Maistret—-Morgan, 2017)

Suppose C/K is semistable at a prime q. Then the exponent of the conductor at q is the
number of "twins".

~» exponent of q in the conductor is %

26 /28
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Using a more general Theorem from DDMM17

262 1Hq7’1

gle
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Thank youl
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