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Introduction

Generalized Fermat Equation:
a? +bv1=c", p,q,r primes.

A solution (a,b,c) € Z3 is called non-trivial if abc # 0 and primitive if gcd(a, b, c) = 1.
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Introduction

Generalized Fermat Equation:
a? +bv1=c", p,q,r primes.

A solution (a,b,c) € Z3 is called non-trivial if abc # 0 and primitive if gcd(a, b, c) = 1.

Conjecture(Fermat-Catalan)

Over all choices of prime exponents p, ¢, r satisfying 1/p+ 1/q + 1/r < 1 the above
equation has only finitely many (10) integer solutions (a, b, ¢) which are non-trivial and
primitive. (Here solutions like 23 4 19 = 32 are counted only once.)
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Introduction

Generalized Fermat Equation:
a’? +bv!=c", p,q,r primes > 2.

We call (p, q,r) the signature of the equation.
Some families of signatures that have been 'solved':

e (p,p,p),p > 3 Wiles, Taylor—Wiles 1995;

e (p,p,2),p>4and (p,p,3),p > 3 Darmon—Merel, Poonen 1998;

e (11,11,p)*,p > 2, Billerey, Chen, Dieulefait, Freitas 2022 (BCDF22);

e (13,13,p)*,(19,19,p)*,(23,23,p)*, (37,37,p)*, (43,43, p)*, p large enough M. 2022.



The Modular Method-Sketch

Assume aP 4 b? = P with (a, b, ¢) non-trivial and p > 7.

Select a Frey curve | E(a,b) : y? = 2(x — aP)(z + VP), Ap = 2*(abe)®’, Ng =2 [] ¢
qlabe
. Wiles: All rational semistable elliptic curves are modular

Modularity L .

= pE, = pgy, VI for some newform f of weight 2 and level Ng
Irreducibility Mazur's Theorem on Isogenies: pg ,, is irreducible for p > 7

Ribet: pgp, = pgp for some newform g of weight 2 and level
Level Lowering Ny =Ng/Il qnvg 4=2

plordg (Ag)

Eliminate There are no newforms at level 2




New Directions - Darmon Program

@ Limited number of instances of generalized Fermat equations possessing Frey elliptic
curves /Q associated with them - known to Darmon from 1997



New Directions - Darmon Program

@ Limited number of instances of generalized Fermat equations possessing Frey elliptic
curves /Q associated with them - known to Darmon from 1997

(p,q,r) | Frey curve for a? + b9 = ¢ A
(2,3,p) [ 4% = 2+ 3br + 2a —2633¢
(3,3,p) | v* = 2+ 3(a — b)2? + 3(a® — ab+ b))z —2133:2%
(4,p,4) | y* = 2° + daca? — (a® — &)’x 2“((}2 — )
(5,5,p) | y* = a* = 5(a® + b*)a” + 5ty 2453 (a + b)2c
y? = a4 (a +ab-|—b2)’r
(7.7,9) | — (2a* — 3a®b + 6a2b — 3ab® + 2b")x 2172 (£ )2
— (a® — 4a°b + 6a*b* — Ta’b® + 6a%b* — 4ab® + 1°)
(p,p,2) | 2P =2+ 2(:'1'2 + aPx 2%(a’b)P
(p,p,3) | ¥? + cwy = 2° — Aa? — 2cbPz + bP(a? + 2bP) 3*(a®b)P
p ) |7 = 2la — @)z + ) T (abe )



Signature (r,7,p) via Darmon’s program

Assume a” + b" = ¢P with (a, b, ¢) primitive, non-trivial, r is a fixed prime, and p is a
varying prime.
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Signature (r,7,p) via Darmon’s program

Assume a” + b" = ¢P with (a, b, ¢) primitive, non-trivial, r is a fixed prime, and p is a
varying prime.

Step 1: Kraus constructs a Frey hyperelliptic curve C,.(a,b)/Q, of genus "5

2
o Let K :=Q(¢ + ¢ 1Y), Jp = Jac(Cr(a, b))/ K

@ Today: Compute the conductor of C;.(a,b)/K = Artin conductor of p, ;.

o

BCDF22 ~ VI of good reduction, p;, ; = @py, 1, where
(|

ﬁ]ﬁ[ : GK — GLQ(]F[)

Steps 2,3,4 apply to p, |-
BCDF22 ~» (11,11, p) has no solution with 2|a + b or 11|a + b.



Kraus' Frey hyperelliptic curves

Given primitive, non-trivial (a,b,c) € Z? such that a” + b" = P define

2
w+2>+b”—ar
ab

fr(a,b)

Cr(a,b) : y? = (ab)"" Y2z, <

where h,(z) := HE (z — (¢ + ¢7)) the defining polynomial of K := Q(¢, + ¢71).

e C,(a,b) is a hyperelliptic curve of genus %



Kraus' Frey hyperelliptic curves

Given primitive, non-trivial (a,b,c) € Z? such that a” + b" = P define

2
Cr(a,b) : y? = (ab)"= 12z, (x_b + 2) +b0"—a"
a
fr@,b)
r—1 . )
where hy(z) := [[;2, (x — (¢ + ¢ 7)) the defining polynomial of K := Q(¢, + ¢, ).

o Cy(a,b) is a hyperelliptic curve of genus “51.

o 7 =5:C5(a,b) : y? = 25 + 5abz® + 5abx + b — @’
o r=17:C7(a,b) : y?> =z + Tabx® + 14a??z3 + 7a®b3z + b" — a”




Frey Curve and Conductor

The discriminant of the curve is

T

A(Cy(a,b)) = (—1)"z 22—V preplr=1),




Frey Curve and Conductor

The discriminant of the curve is

r—1

A(Cr(a,b)) = (1)

22(7"71)7”7‘01)(7‘71) )

Theorem (M3DC )
The conductor of Cy.(a,b)/K (equivalently the Artin conductor of p;, ;) at odd primes is

N = 262]33:_1 H q(r—l)/2.
ale
In particular, J, is semistable at all primes not dividing 2r.

(%) joint work with Martin Azon, Mar Curcé-Iranzo, Maleeha Khawaja, Celine Maistret



Cluster Pictures

Definition
Let p be an odd prime, K a p-adic field and C'/K a hyperelliptic curve of genus g given by

y? = f(z) = c(z — ar)(z — az) -+ (z — an).

Let R = {a1,- - ,ay} denote the set of roots of f . Let p be the unique prime of Ok
We define the cluster picture X, associated to C' with respect to p as

¥, :={s € P(R)|=D,qNR for some z € K,d € Q}
where D, 4 := {z € K|vy(z — 2) > d}.

@ In short, X, are the subsets of R which are cut out by bounded p-adic discs in K.
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Cluster Pictures
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Cluster Pictures

Recall C,.(a,b)/K : y*> = f-(a,b).
e The roots of f.(a,b) are given by a; := ('a — (. 'b, where i = 0,...,7 — 1.



Cluster Pictures

Recall C,.(a,b)/K : y*> = f-(a,b).
e The roots of f.(a,b) are given by a; := ('a — (. 'b, where i = 0,...,7 — 1.
@ The cluster pictures of C,(a,b) at odd bad primes q of K are given as follows:

L (@6, -~ @, 9, ifq#p,andq]c Heren:=py,(c) € Z.
2. @@ee - ee9, ifq=p,andp,fc
3. (9,609, - @9, °)1’ if q=p, and p,. | ¢. Here m = Tglvr(aJr b) — %

where p,. is the unique prime above r in K.



Conductor from the Cluster Picture

Semistable case: q # p,, qlc

Theorem (Dokchitser—Dokchitser-Maistret—-Morgan, 2017)

Suppose C'/K is semistable at a prime q. Then the exponent of the conductor at q is the
number of "twins".



Conductor from the Cluster Picture

Semistable case: q # p,, qlc

Theorem (Dokchitser—Dokchitser-Maistret—-Morgan, 2017)

Suppose C'/K is semistable at a prime q. Then the exponent of the conductor at q is the
number of "twins".

~» exponent of q in the conductor is %



Conductors from the Cluster Pictures

Using a more general Theorem from DDMM17 ~» the Artin conductor associated to p, ;

N = zezp:—l H CI(T_I)/Q-

gle



Thank you!



Signature (r,7,p): Step 1

Theorem (Billerey—Chen—Dieulefait—Freitas, 2022)

Let p be a rational prime. There is a compatible system of K -rational Galois
representations associated with J,

pip s G = GLa(Ky)

indexed by the prime ideals p|p in Ok.



Signature (r,7,p): Step 1

Theorem (Billerey—Chen—Dieulefait—Freitas, 2022)

Let p be a rational prime. There is a compatible system of K -rational Galois
representations associated with J,

pip s G = GLa(Ky)
indexed by the prime ideals p|p in Ok.

@ They show that J, is of GLy(K)-type, i.e. there is an embedding
K < Endk(J,) ®2 Q, [K : Q] = 552 =dim(J;) = g.

e Moreover, pj, , = @pys, p, Where p;_ , is the dimension 2g = (r — 1) representation
plp
corresponding to the action of G on the J,[p]

@ The proof uses Darmon's construction of Frey representations of signature (p, p,r).



Signature (r,7,p): Steps 2,3

Theorem (Modularity, BCDF22)

The abelian variety J, /K is modular (for any prime r > 3), i.e. there exists a Hilbert
newform § of parallel weight 2 and conductor N such that the representation

Pi.p: Gx — GLy(Fy) satisfies p; _, =~ p;o for all primes p (where p|p in K and B|p in
K;).



Signature (r,7,p): Steps 2,3

Theorem (Modularity, BCDF22)

The abelian variety J, /K is modular (for any prime r > 3), i.e. there exists a Hilbert
newform § of parallel weight 2 and conductor N such that the representation

Pi.p: Gx — GLy(Fy) satisfies p; _, =~ p;o for all primes p (where p|p in K and B|p in
K;).

Theorem (Irreducibility, BCDF22)

Assume that r # 1(mod 4) and that r { a+b. Then, for all primes p # 2 and all p|p in K,
the representation p;_, is absolutely irreducible
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