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Z (N) = #{x , y ∈ Zn \ {0} : x · y = 0, ‖x‖ · ‖y‖ ≤ N}

Lemma

Z (N) =
∑

x∈Zn\{0},‖x‖≤
√
N

#{y : y · x = 0, ‖x‖ ≤ ‖y‖ ≤ N/‖x‖}

+
∑

x ′∈Zn\{0},‖x ′‖≤
√
N

#{y ′ : y ′ · x = 0, ‖x ′‖ < ‖y ′‖ ≤ N/‖x ′‖}

Proof.
If ‖x‖ ≤ ‖y‖ deduce ‖x‖ ≤

√
N, this is the first term.

If ‖x‖ > ‖y‖ let x ′ = y , y ′ = x . Then deduce ‖x ′‖ ≤
√
N, this is the second term.







Z (N) =
∑

x∈Zn\{0},‖x‖≤
√
N

#{y : y · x = 0, ‖x‖ ≤ ‖y‖ ≤ N/‖x‖}

+ #{y : y · x = 0, ‖x‖ < ‖y‖ ≤ N/‖x‖}

Lemma
Let gcd(z) = 1. Either let Bn(R) = {y ∈ Rn : ‖y‖ ≤ R} or {y ∈ Rn : ‖y‖ < R}.
In either case #L(z)⊥ ∩ B(R) = Vol(Bn−1(R))

‖z‖ + O(1 + R
λ1(L(z)⊥)

)n−2.

Proof.

I det(L(z)⊥) = ‖z‖, rank L(z)⊥ = n − 1,
∏n−1

i=1 λi (L(z)⊥) �n det(L(z)⊥),

I #L(z)⊥ ∩ B(R) = Vol(Bn−1(R))
det L(z)⊥

(1 + On(λn−1(L)
R )) if R > λn−1(L(z)⊥),

I #L(z)⊥ ∩ B(R) �n
∏n−1

i=1 (1 + R
λi (#L(z)⊥)

).

I If λn−1(L(z)⊥) ≤ R then



















Z (N) =
∑

x∈Zn\{0},‖x‖≤
√
N

#{y : y · x = 0, ‖x‖ ≤ ‖y‖ ≤ N/‖x‖}

+ #{y : y · x = 0, ‖x‖ < ‖y‖ ≤ N/‖x‖},

#L(z)⊥ ∩ B(R) = Vol(Bn−1(R))
‖z‖ + On(1 + R

λ1(L(z)⊥)
)n−2, put g = gcd(x), z = x/g , get

Z (N) = 2
∑
g∈N

∑
z∈Zn

‖z‖≤
√
N/g

gcd(z)=1

(
Vol(Bn−1(

√
N/g‖z‖))− Vol(Bn−1(g‖z‖))

‖z‖
+ On(N/g‖z‖)n−2

)
.

Moreover∑
g∈N

∑
z∈Zn

‖z‖≤
√
N/g

(N/g‖z‖)n−2 �n

∑
g∈N

(N/g)n−2(
√
N/g)2 �n Nn−1

∑
g∈N

g−n � Nn−1.







Z (N) = 2
∑
g∈N

∑
z∈Zn

‖z‖≤
√
N/g

gcd(z)=1

(
Vol(Bn−1(

√
N/g‖z‖))− Vol(Bn−1(g‖z‖))

‖z‖
+ On(N/g‖z‖)n−2

)
,

∑
g∈N

∑
z∈Zn

‖z‖≤
√
N/g

(N/g‖z‖)n−2 �n Nn−1,

so

Z (N) = On(Nn−1) + 2
∑
g∈N

∑
z∈Zn

‖z‖≤
√
N/g

gcd(z)=1

Vol(Bn−1(
√
N/g‖z‖))− Vol(Bn−1(g‖z‖))

‖z‖
.





Z (N) = On(Nn−1) + 2
∑
g∈N

∑
z∈Zn

‖z‖≤
√
N/g

gcd(z)=1

Vol(Bn−1(
√
N/g‖z‖))− Vol(Bn−1(g‖z‖))

‖z‖
.

Now we use the fact that for n ≥ 3,

#{z ∈ Zn : gcd(z) = 1, ‖z‖ ≤ R} =
Vol(Bn(R))

ζ(n)
+ O(Rn−1).

To prove this one uses
∑

d∈N,d |z µ(d) =

{
1 gcd(z) = 1

0 gcd(z) > 1
,
∑

d∈N µ(d)d−n = 1
ζ(n) .







Z (N) = On(Nn−1) + 2
∑
g∈N

∑
z∈Zn

‖z‖≤
√
N/g

gcd(z)=1

Vol(Bn−1(
√
N/g‖z‖))− Vol(Bn−1(g‖z‖))

‖z‖
.

Now∑
‖z‖≤

√
N/g

gcd(z)=1

Vol(Bn−1(
√
N/g‖z‖))− Vol(Bn−1(g‖z‖))

‖z‖
=
∑
k≤R2

f (k)#{z : gcd(z) = 1, ‖z‖2 = k},

where

f (k) =
Vol(Bn−1(

√
N/gk1/2))− Vol(Bn−1(gk1/2))

k1/2
=

Vol(Bn−1(1))

k1/2

((
N

g2k

) n−1
2

− gk
n−1
2

)
.

We can use integration by parts to bring in

#{z ∈ Zn : gcd(z) = 1, ‖z‖ ≤ R} =
Vol(Bn(R))

ζ(n)
+ O(Rn−1).











Z (N) = On(Nn−1) + 2
∑
g∈N

∑
z∈Zn

‖z‖≤
√
N/g

gcd(z)=1

Vol(Bn−1(
√
N/g‖z‖))− Vol(Bn−1(g‖z‖))

‖z‖
.

Using what Wikipedia calls Abel summation (a form of integration by parts),∑
k≤R2

f (k)#{z : gcd(z) = 1, ‖z‖2 = k} =

f (R2)#{z : gcd(z) = 1, ‖z‖2 ≤ R2} −
∫ R2

1
f ′(u)#{z : gcd(z) = 1, ‖z‖2 ≤ u} du =

f (R2)
Vol(Bn(R))

ζ(n)
−
∫ R2

1
f ′(u)

Vol(Bn(u1/2))

ζ(n)
du + O

(
|f (R2)|Rn−1 +

∫ R2

1
|f ′(u)|u(n−1)/2 du

)
.

Here we use the fact that for n ≥ 3,

#{z ∈ Zn : gcd(z) = 1, ‖z‖ ≤ R} =
Vol(Bn(R))

ζ(n)
+ O(Rn−1).





Z (N) = On(Nn−1) + 2
∑
g∈N

∑
z∈Zn

‖z‖≤
√
N/g

gcd(z)=1

Vol(Bn−1(
√
N/g‖z‖))− Vol(Bn−1(g‖z‖))

‖z‖
.

Using integration by parts,∑
k≤R2

f (k)#{z : gcd(z) = 1, ‖z‖2 = k} =

f (R2)
Vol(Bn(R))

ζ(n)
−
∫ R2

1
f ′(u)

Vol(Bn(u1/2))

ζ(n)
du + O

(
|f (R2)|Rn−1 +

∫ R2

1
|f ′(u)|u(n−1)/2 du

)

=
Vol(Bn(1))

ζ(n)

∫ R2

1
f (u)

n

2
u

n
2
−1 du + O

(
|f (1)|+ |f (R2)|Rn−1 +

∫ R2

1
|f ′(u)|u(n−1)/2 du

)
.





Z (N) = On(Nn−1) + 2
∑
g∈N

∑
k≤R2

f (k)#{z : gcd(z) = 1, ‖z‖2 = k},

where

f (k) =
Vol(Bn−1(1))

k1/2

((
N

g2k

) n−1
2

− gk
n−1
2

)
.

∑
k≤R2

f (k)#{z : gcd(z) = 1, ‖z‖2 = k} =

Vol(Bn(1))

ζ(n)

∫ R2

1
f (u)

n

2
u

n
2
−1 du + O

(
|f (1)|+ |f (R2)|Rn−1 +

∫ R2

1
|f ′(u)|u(n−1)/2 du

)
.





∑
g∈N
|f (1)|+ |f (R2)|Rn−1 +

∫ R2

1
|f ′(u)|u(n−1)/2 du

where

f (k) =
Vol(Bn−1(1))

k1/2

((
N

g2k

) n−1
2

− gk
n−1
2

)
.





2
∑
g∈N

Vol(Bn(1))

ζ(n)

∫ R2

1
f (u)

n

2
u

n
2
−1 du

where

f (k) =
Vol(Bn−1(1))

k1/2

((
N

g2k

) n−1
2

− gk
n−1
2

)
.


























