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Abstract

In his paper [I], Heath-Brown developed a new form of the Hardy-Littlewood Circle Method,
and then showed how it could be used to estimate representation numbers of quadratic forms.
However, it is not clear from the paper how the error terms obtained depend on the quadratic
forms under consideration. After reviewing Heath-Brown’s method, we prove estimates along
the same lines and make explicit the dependence of the error terms on the quadratic forms,

making the result more suitable for certain applications.






Notation

Given a point/vector z € R™, we denote by z1,...,z, its coordinates.
For us, a smooth function is an infinitely differentiable function. Given such a function w,

defined in R™ and with compact support, we define, for each non-negative integer IV,

g Fingy(z)

% %
8:1;11 M 8xn"

lw|y = E max .
. , S
i1t tin <N

We use Q, and Z,, to denote the p-adic numbers and the p-adic integers, respectively.
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Introduction

The Hardy-Littlewood Circle Method was introduced in the early 20th century, and has since
proved to be a tool of fundamental importance in a range of problems in number theory. Perhaps
its most famous application is to Waring’s problem, which asks whether, for each positive integer
k, there is a positive integer s such that every positive integer N can be written as a sum of at
most s positive k-th powers. The answer turns out to be affirmative, generalizing, for instance,
Lagrange’s classical theorem that every positive integer is a sum of four squares. It was in fact
in the context of Waring’s problem that Hardy and Littlewood originally developed the method.

We sketch the main idea behind the method using Waring’s problem as an example, as seems
appropriate. For an integer n, define

5 — 1,ifn=0
"0, if n #0.

The Hardy-Littlewood Circle Method is based on the following observation.

Proposition 1.0.1. For any integer n we have

1
5n:/0 e(na)da. (1.1)

One may now attempt to count representations of a positive integer N as a sum of s non-
negative k-th powers as follows. Note that for every such representation, say N = m’f oo fak

each z; lies in the interval [0, N %] One therefore has

#{(21,...,25) € (Zx0)* :a¥ + - 428 = N}

= E : 6N7w’f7---f:r’;

1
0<z;<NF%
1
= Z / e(N —azf —- . —2Fa)da
ngiSN% 0
1
:/ Z e(N =k — . —2Fa)da
® o<oent
1
:/ e(Na) Z e(—zFa) | do.
0

1
0<z<NF

Several ingeneous ideas make the estimation of this integral possible. The behaviour of the
integrand around some value of the parameter « is essentially determined by how close « is to

a rational number with small denominator:



2 Representation Numbers of Quadratic Forms

o If o is “close” (in a sense we do not make precise here) to a rational number 2 Where the de-

k

nominator ¢ is much smaller than N E, then we expect the exponential sum Z 1 e(—z a)

OSmSNE

1 e(—ax*/q). However the summand is now peri-

to be approximately equal to ZO< <NF
_x— ’

1
odic modulo ¢, and hence this sum consists essentially of ~ % copies of the sum

20§x<q e(—az*/q). We conclude that

> e<_xka>~N; T <_§’“)

0<a<NE
Sums like the one on the right hand side are well understood.

e Otherwise, if o is “highly irrational”, we expect the values of —zFa (mod 1) to be ran-
domly distributed along R/Z, and hence we expect a lot of cancelation to occur in the

sum 1
ZO< <Nk

happening in the first case).

e(—xzFa), so it should be small (the quasi-periodicity prevented this from

We call the regions of the first type the major arcs, and those of the second type the minor arcs.
At least when s is large compared to k, the bulk of the integral comes from the contribution
of the major arcs. The estimation of the error term coming from the minor arcs is usually the
most delicate part of the argument. Nevertheless (when s is large compared to k) it is possible,
using these ideas, to estimate the above integral to a good degree of accuracy, and to conclude
that, for s large enough, the number #{(z1,...,zs) € (Z>0)* : 2% + - + 2¥ = N} is always
strictly positive.

Let us say some words about the estimate that the circle method gives for this number, since
it displays a phenomenon which will show up again in our work. The main term (for s large
enough in terms of k) turns out to be

S (N)N¥E1 0 where 3 o(N) = oo H By(N). (1.2)
p prime
Here B is the surface area of the set {(z1,...,7s) : #¥ +--- + 2% = 1}, and

Bp(N) = lim p —v(s— 1)#{(961,...,338) € (Z/p"Z)? : x]f —l-'--—l-:zl; =N (mod p")}.

V—00

So the number of ways IN can be written as a sum of s positive k-th powers has order of
magnitude N*/5~1 with fluctuations depending on the availability of solutions to i ok =
N over R and over the rings Z, of p-adic integers.

Several variants of the Hardy-Littlewood method have been developed over time. These are
based on different formulas for ¢,, of varied analytic flavour, such as . Of particular interest
to us is the method Heath-Brown develops in [I]. This is based on the fact (which has essentially
appeared in [2]) that there exist an infinitely differentiable function h defined on R-g x R and
a collection of constants (cg) indexed by the reals greater than 1 such that, for any Q > 1, ¢
is close to 1 and we have

S (2055

g=1 a (mod q)

We will see how to construct such a function A in
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This identity can be used to count solutions (xi,...,x,) € Z" of equations of the form
F(xi1,...,2,) = 0, where m is an integer and F' is a homogeneous polynomial with integer
coefficients. In this thesis we shall focus on the case F = F(© —m, where F(©) is a quadratic
form with integer coefficients and m is an nonzero integer; except for Chapter [2) we assume this
to be the case from now on. We also define G(z) to be F(O(z) — 1.

There is however an important difference between the counting procedure adopted by Heath-
Brown and the one we sketched before. Heath-Brown’s method works best when one attempts
to count solutions weighted by a smooth weight function. The reason is that, in order to pass
from to a formula for the number of solutions to F(xz) = 0, one would like to use the
Poisson summation formula, so some smoothness condition is required of our summands. So
even if one’s ultimate goal is to compute the unweighted number of solutions, one should first
study the weighted version of the problem and then choose a weight that approximates the
characteristic function of the subset of R™ where one is looking for solutions.

Thus let w be a compactly supported smooth function defined on R”, and let

- T ()

xEeL™

F(x)=0
be the number of solutions to F(x) = 0 weighted by the smooth weight whose value at x
is w(m~2z). The use of w(m~/2z) instead of the perhaps more natural w(z) corresponds
essentially to normalizing the equation F(O)(z) = m by rewriting it as F(O)(z/\/m) = 1; so we
will usually pick smooth weights w supported around the set {x € R™ : F(O)(z) = 1}, which
does not depend on m. We rewrite the right hand side above as ) ;. w(x)d F(z) and, using
and Poisson Summation (the details will be shown in , we arrive at

N(F,w) = cqQ™? Z Zq_"Sq(c)Iq(c)

ceZ g=1
where
Z Z < b) +c- b>
a (mod g)b (mod )
and

oo (G () ()

In the course of the argument we will choose Q = /m. Now a lot of the subsequent work
consists of studying and estimating the exponential sums S;(c) and the exponential integrals
I,(c) with care. Using this approach, Heath-Brown arrives in [I] at the following result.

Theorem 1.0.2. Let n > 4 be an integer, let FO) be a positive-definite quadratic form in n

variables and let m be a positive integer. Then we have

#{weZ": F(O)($) =m} = UOO(F(O)) H Up(F(O),m)m%_l + OF(O),E (mnT_H—E) )

p prime

where oo (F©)) is the singular integral, defined by

Ooo(FO) = lim 1 / ldzx
|G(a)|<e

e—0 2¢
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and ap(F(O),m) is the p-adic density of solutions to F()(x) = m, given by

op(FO m) = lim p" " YVs{z e (Z/p’Z)" : FO(z) =m (mod p*)}.

vV—r00

Moreover, if n > 5 and the equation F(©) () = m has a solution in the ring of p-adic integers

Zy, for every prime p, then we have

1 < H Up(F(O),m) <po 1.
p prime
One should note the similarity between the output of Theorem and . They are both
quantitative versions of a local-global principle. Such situations are familiar in quadratic form
theory due to the celebrated Hasse-Minkowski theorem which states that a quadratic form has
a non-trivial zero over Q if and only if it has a non-trivial zero over R and over every Q,. For
another example of a quantitative version of a local-global principle arising in Analytic Number
Theory, we refer to Section 11.2 of [3], on Siegel’s mass formula.
For n > 5, Theorem implies that the order of magnitude of #{z € Z" : FO)(z) = m},
as m ranges over the positive integers for which F()(z) = m is solvable in Z, is m™?~1. We
remark here that this is false for n = 4. In that case, we can take, for example,

FO(z) =22 + 2% + 23 + 23
and then, by a celebrated result of Jacobi,
#{z ez FO@)=m} =8 d

4d|m
This decays drastically when m has few odd divisors, and in particular the above identity shows
that 2¥ can be written as a sum of four squares in exactly 24 ways, for k£ > 1 (though this can
also of course be shown elementarily).

The error term appearing in the statement of Theorem [1.0.2] is quite satisfactory. It has
however the disadvantage that its dependence on the underlying form F(© is not specified. The
purpose of this work is to give another version of Theorem where the error term is given
uniformly in F(©). For simplicity, we will restrict to the case where F(©) is a diagonal form,
given by

FO(z) = \a? + - 4 A\a?

for some positive integers Aq, ..., A,. More specifically, we will prove the following;:

Theorem 1.0.3. Let n > 4 be an integer, let FO) be a positive-definite quadratic form in n
variables and let m be a positive integer. Then we have

#{x c Zn N F(O)([E> = m} = UOO(F(O)) H Up(F(O)ym)m%_l—FOE (A¥’)\’1+100n2/€mn11+8> )

p prime

0)

where A = 2X\1 - \,, and the singular integral ooo(F(©)) and the p-adic densities O'p(F( ,m)

are defined as in the statement of Theorem [1.0.3,

In Chapter [2] we develop in detail Heath-Brown’s variant of the circle method and use it
to obtain an expression for the number of solutions of a polynomial equation in terms of some
exponential sums and exponential integrals (here the work done in [I] is mostly left unchanged).
In Chapter [3] we study these exponential sums and exponential integrals in detail in the context
of quadratic forms.



2 The Method

In this chapter we explain in detail the ideas behind (1.3)), and show how it can be used to
count weighted solutions to polynomial equations in Z™".

§2.1 The delta symbol

In order to construct a function h such that (1.3]) holds, we shall need a function w € C*°(R)
taking only non-negative real values and such that w(z) > 0 if and only if x € (1/2,1), with

/_:w(x)dx =1

That such a function exists is standard. It can, however, be explicitly constructed as follows:

=1 if 1
wo(fv):{ exp (=32 if o] <

0if || > 1

defining

and setting ¢o = [*_wo(z)dz, we may take

w(x) = iwo(él:c —3).
co

We emphasize nevertheless that everything that follows works for any choice of w with the
stated properties.
Define now h : Ryg x R — R by

=1
e =32 2 (wtad)
1

=

lyl

zj
The main claim here is that (1.3) holds with this choice of the function h. We will prove in
Lemma 2.2.2 that h is smooth.

Lemma 2.1.1. For each real number () > 1 there exists a constant cg, satisfying cg = 1 +
ON(Q™N) for every N > 0, such that the equality

2 q n
n=e02y 5 ()0 (G 5)
¢=1 a (mod q)
holds for every integer n.

Proof. Define cq by

o-a(S4(5))



6 Representation Numbers of Quadratic Forms

The denominator is nonzero because w is non-negative everywhere, and moreover the summand

w(([Q] —1)/Q) is strictly positive since 1/2 < ([Q] —1)/Q < 1 for every @ > 1.

We begin by proving that cg = 1+ On(Q ™) for every N > 0 (we may, of course, assume
N is an integer greater than 1, which we do now). For this we apply the Poisson summation
formula to the function wg(x) = w(x/Q). This yields

> wo) =Y @gk)
lEZ kEZ

which, using the fact that w is supported on the positive real axis and unraveling the definition
of the Fourier transform, yields

S (3) -5 ()

keZ "~ —

The summand corresponding to k£ = 0 is

[oe(a)emaf e

For k # 0, we integrate by parts IV times, showing that

/_Zw <g> e(—kz)dz = (ké)N /: L) (g) o(ka)da

(5o

and hence

dx

- k\NIQN /_oo '”(N) <g> e(~kz)
IS S A s <l’)
k[N QN /_oo "“’ Q

_ Q[T _ Q-
kINQN/ o ("““>‘d"“’0N(\k|NQN>'

—00

dz

It follows from that
> l
() =@+ X 0w (g ) =@+ ov (@Y iy | =@ on@ )
=1 k£0 k40

in view of the fact that >, .41/ k| converges. Now by the definition of ¢ we have

co=QQ+O0nQ™™) ' =1+05Q")

as desired.
We prove now the desired formula for d,,. We consider the sum

) —<(0))
wl=)—w|—
(v (o)~
n
where [ ranges over the positive divisors of the integer n.

e If n # 0, then the values taken by |n|/l as [ ranges over the positive divisors of n are again
the positive divisors of n. Therefore the above sum equals 0.
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e If n =0, the above sum equals

OB

=1

by the definition of cg.

2 (5)+(59)

In order to obtain a sum where [ ranges over all positive integers, we use the fact that

1 bn Lifl|n
i Z ¢ (l) B { 0 otherwise

b (mod 1)
()

a2 8 e(7) (+(0)
=1 b(mod )

We now observe that for every positive integer [ and for every b(mod [) there exist unique

We obtain

and hence

integers j and ¢ and a unique a (mod ¢q), with (a,q) = 1, such that [ = ¢j and b = aj (this
amounts to writing the fraction b/l in lowest terms as a/q). Since in this setting we have
e(bn/l) = e(an/q), we obtain

S 5 ()5

g¢=1 a (mod q) Jj=1
E EADECE) ()
CQQ;Zd<)quwQWQ
a (mod q) Jj=1

But by definition of h it is clear that

> (+(8)-

establishing the Lemma. O

§2.2 Properties of the function A

In this section we establish key properties of the function h, and in particular we show that it
is smooth. There are two main further results in this section: Lemma [2 which establishes a
crucial estimate for the derivatives of i, and Lemma which shows that, for small values
of # and for a resanonable function f, the integral [, f(y)h(z,y)dy is close to f(0). We begin
with a simple observation regarding the support of h.

Lemma 2.2.1. Whenever h(z,y) # 0 we have x < 1 or |y| > 3.

Proof. Suppose that r >1and |y| < 5. Then xj > 1 for every j > 1, and hence w(zj) = 0.
Similarly, |y|/zj < § for every j > 1, hence w(|y|/zj) = 0. It follows from the definition of &
that h(z,y) = 0. O
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Our next proposition shows the promised smoothness of h.

Lemma 2.2.2. The function h is smooth, and moreover its derivatives can be computed by
termwise differentiation.

Proof. The key observation is that, despite the fact that f is defined by an infinite sum, this
sum is locally finite. Hence, locally, h is given by a finite sum of smooth functions, and therefore
it is smooth as well.

We formalize this as follows. Take any (x,yo) € Rso X R and consider the open set

U:{(x,y)€R>oxR:\x—m0]<%and \y—y0\<1}.

Then U is an open neighborhood of (xg,yp). Moreover,

o If (z,y) € U, then x > %2, hence for j > —0 we have xj > 1 and w(zj) = 0.

o If (x,y) € U, then |y| < |yo| + 1, and using again the fact that z > 22 we get
Iyl < 2(|yol + 1)'

T Zo
Therefore if j > 4(|yo| + 1)/zo we have |y|/zj < 3, and w(|y|/zj) = 0.
It follows from the definition of h that
1 : Yl
h = . — LA}
(z.y) = > P <w(:vj) W<xj>)
J<4(lyol+1)/x0

for (z,y) € U. Since the above sum is a finite sum of smooth functions (note that w(|y|/xj) is
smooth since w vanishes on a neighborhood of 0), it follows that h is smooth in a neighborhood of
(20, y0), and its derivatives can be computed by termwise differentiation there. Since smoothness
is a local property and this holds for every (zg,yo) € R>o x R, it follows that A is smooth and
its derivatives can be computed by termwise differentiation. O

For some of our next results we need a preliminary observation. From the classical fact that
1 1

>~ =log(x) +7+0 ()

0<j<z v

it follows that

2.

a<j<2a

it T imero(l)-on. ey

I
i
0<j<2a 0<j<a

Proposition 2.2.3. We have h(x,y) < z71
Proof. We write

_ 1 . 1 ly|
paay) =2 | 3 Suted) - X 2 (M
i1 SR
and observe that w(xj) is nonzero only when 1/2 < zj < 1, i.e., when 1/2z < j < 1/x; similarly

w(ly|/xj) is nonzero only when 1/2 < |y|/xj < 1, i.e., when |y|/z < j < 2|y|/x. Since w < 1,
we obtain

h(z,y) < 2t Z 1 + E 1 <zt

1/2c¢<j<1/x J lyl/z<j<2lyl/= J
by @2). -
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Proposition 2.2.4. Set
oo
=
J=1 zJ

Then we have am,
l(xa y) <<m :L,—m—l
ox™

Proof. We begin by observing that, for any integer ¢t > 0, the function
z — ztw®(z)

is continuous and compactly supported, hence bounded. It follows that ztw(® () < 1. Now we

compute
dw(xj) () (i it 1 _ —t

It follows, using Leibniz’ formula, that
om m om k 71 8k '
aT(m w(zj)) Z(:) ( >8xm B )8x’f (w(zj))

“m o ,
<<m2:c o (w(@i))
k=0

m
<m § :x7m+k71xfk <m xfmfl.
k=0

We now have

D ehy) =Y s (1 ()

= j 0x™
where the summands are only nonzero when 1/2 < xj < 1, i.e, when 1/2z < j < 1/x. Using

the previous estimate we obtain

om 1 —m—1 —m—1
1/22<j<1/x J

by . O

Proposition 2.2.5. We have

Ot h(z,y)

Gapr o

for every non-negative integers m and n.

Proof. Setting
1 (lyl
h e _— —_—
e:3) Z i (96])
j>1

so that h = hy — hg, we prove that both 9" 1"hy(z,y)/0z™0y™ and 0" "hy(x,y)/0z™Oy" are
bounded by the expression above.
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For the former, we note that hi(x,y) does not depend on y. Hence 8™ "hy(z,y)/0x™dy"

can only be nonzero if n = 0. In this case we have

8m+nh1 (‘7;7 y)

Ox™mOy" Cm 2

by Proposition which is precisely the desired bound.

We proceed to bounding 0™ hy(x,y)/0x™Oy". Since hsy is even with respect to the second
variable and vanishes when the |y| < z/2, we may assume without loss of generality that y > 0.
We claim that there exist constants ¢, n+ (0 <t < m) such that

8m+n —1 Yy —-m—1,—n - Y e (n+t) Yy
Dam " <x “(m))” ’ ;Cmt(x) RTA

The proof is a straightforward induction on m: if m = 0, it is clear that

2 (3) -t (2) - (214 ()
dyn ) x) zj Tj

as desired. For the induction step, we easily compute

gmtitn -1 Y 9 S, 0 X y \"" (n+t) (Y
s+ (37)) = (e ()0 (5)) -

m y n-+t y y n+t+1 y
g M2y (—m—1—n—t)cmny <> Wt <> — Cmnt <> (1) <
— ] ] ) Tj

which has the desired form.
Using (y/x7)" w0 (y/25) <in 1, it follows from the Claim that

am+n 1 Y 1
— —m— —n
ijayn (:c w (951)) L mn T y .

m-+n m-+n
" Mhy(z,y) Z} 9 el (2
oz oy" j Ox™oy™ xj

Jj21

We now have

but the summand can only be nonzero for 1/2 < y/xj < 1, i.e., for y/x < j < 2y/x. We
conclude that

1
: —m—-1. —n <<m7n —m— —n
y/1<]<2y/! j

in light of (2.2]). O

In order to prove our next estimate we shall introduce an integral representation for h(z,y).
The idea is to use Euler-Maclaurin summation to approximate the sums hj(z,y) and ha(zx,y)
by the corresponding integrals. These integrals turn out to be equal, hence they cancel and we
are only left with the error terms given by the Euler-Maclaurin summation formula.

We recall the statement of the Euler-Maclaurin summation formula:

)
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Fact 2.2.6 (Euler-Maclaurin summation). Let a < b be real numbers and f € C*>([a,b]) a
smooth function. For any N > 2 we have

> 0= [ s+ (a1 - ) 5@ - (b-10 - ) 50

a<k<b

Here P, (x) = B,({z}), where the polynomials B,, are the Bernoulli polynomials defined by the

formal equality
tet® Bi(x) 4

= t.
et —1 k!
k>0

Proposition 2.2.7. For any K, N > 2, we have the identity

hz,y) = — (_JaNxN_l /1;2 Py (E) w™N) (w)du

(—1)K$K_1/2 uly[\ @ (w!)
TR ly|% )y P x ) duff u? au,

where w(u) = w(u)/u.

Proof. We note that

h(zy)= Y wizj)

, )
1/22<j<1/x

since w(zj) can only be nonzero when 1/2 < zj < 1. Hence the Euler-Maclaurin summation
formula of Fact [2.2.6] yields

Ve (at) (—1)N [l N [w(wt)
= — P —_—

since all derivatives of w(xt)/xt vanish at ¢ = 1/2z and ¢ = 1/z. Making the variable change
t = u/x on both integrals, we obtain

1 _1\N 1 u
hi(z,y) = i/1/2 w(u)du — (]\1[?561\[_1 /1/2 Py (;) w™ (w)du. (2.3)

Similarly we have

- z]
lyl/z<j<2ly|/=

and hence the Euler-Maclaurin summation formula yields

LA |yl ) (—1)E 2l o 1 [yl
ho(z,y) = /Il/a: Tdt— K!/Vz PK(t)aTK ((xt) Ly (:ct)) dt.

Y Y
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We now perform the variable changes ¢ = |y|/zu on the first summand and ¢ = u|y|/x on the

second summand, obtaining

= o [ () 25 (S5

Subtracting (2.4) from (2.3) yields the proposition. O

We are now in a position to state and prove our main estimate for the derivatives of h. This
will be crucial for the estimation of the exponential integrals we will encounter later.

Lemma 2.2.8. We have

m-+n N
w <Nmn 7 m [ 2N 4 mind 1, <x>
dxmy" lyl

for every non-negative integers m, n and N. Moreover, if n # 0, the same holds without the
summand N on the right hand side.

Proof. We split the proof into three cases. The first two cases are easily covered by previous
work. The third case is where the integral representation of Proposition [2.2.7] comes in.

Case 1: x > |y|.
If # > 1 then the result is obvious if |y| < 2/2, since in that case all derivatives of h vanish

at (x,y) by Proposition If |y| > x/2 we have by Proposition [2.2.5]

O h(z, y)
oz y"

T\~ " 1
5) <<m7nxmln.

Lm,n Ty < g~ (
This implies the proposition in this case.

If x < 1 then the previous argument works as well provided that |y| > x/2; the only difference
is that now we have to address the case |y| < x/2 as well. If this happens, then h(z,y) = hi(z,y)
since ha(z,y) vanishes. Since hi(x,y) only depends on z, the derivative we want to estimate
vanishes if n # 0. Therefore it suffices to consider the case n = 0. Proposition yields

I"h(x,y)
ox™

<<m x—m—l

and we are again done.

Case 2: n=0and z > 1.
Then by Proposition [2.2.5| we have
0"h(x, o e
aimy)<<mx m=1 & p—m-1+N
implying the proposition again.

Case 3: ¢ < |y|, and z < 1 if n = 0.
To simplify notation, assume without loss of generality that y > 0. We first claim that there
exist constants ¢y j, for every k,l > 0 and [ < j < k + [, such that the identity

PPy (uy/z) e wyNT ) (Y
oy~ v e (5) A () (25)
]:
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holds. We use induction on k. For k = 0, we immediately see that

' Pay(uy/z) _ (E>ZP]E? (ﬁ) _ oy (ﬂ)lpﬁ) (%)

oy T x T T

which has the desired form. Assuming now the statement holds for a given k, we compute

oh+1+1 o [ .
sy = ge | o e () P (%)

j=l

1 e uy\I ) (U uy I+ i) (uy

—k—1, — : J J
o 38 (s (2 (2 (2 ™ ().
z Y - <( J)Ck,l,j T M - Ck.l,j T M T
which again has the desired form.
We note that, specializing y = 1 and [ = 0 in (2.5), we obtain the identity
Ok Py (u/x) ke i uN\J (5 [u
e = e (3) A () (26)
j=0

with ¢ j = cg0,5. We now compute the derivatives of h using Proposition [2.2.7 setting K =
N = M there. The first summand in Proposition [2.2.7| only contributes when n = 0, in which
casdl its m-th derivative contributes

m 8m_kxM_1 1 8kPM(u/fL’) w(M)

<m u)du
=0 8wm_k 1/2 8.’L'k ( )
m 1 k .
M—1-m+k —k U\NI i) (U (M)
<Km ) T / x cej (=) Py (=) | w (u)du
kzzo 12 jzz;) J (x) (x)
m m 1 .
= Zfolme ch / ujP]g[) (%) w™) (u)du
=0 k=j 1/2

m
a3 M M .
j=0

Since by assumption x < 1 if n = 0, we have 1 < 7™ and hence we obtain a bound

Ontm(zM~172m) for the contribution of the first summand of Proposition Choosing
M = N + m we obtain a bound Oy, (z¥~1=™) for the contribution of the first summand of
Proposition if n =0, and a bound 0 otherwise.

We turn now to the second summand, whose contribution we estimate similarly. The deriv-

'Observe that by Leibniz’ rule we have 0™ fg/0z™ < Y pv (0™ * f/0x™ %) - (0% g/0").
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m

. +n .
ative am — of the second summand is
ox™ oy

m. n 8mfk+nfl M-1,—M 2 akJrlP dM -1
KM ZZ T Y / M (uy /) <w(u )> du
1

2

P Qxm—kgyn—1 Oxk oyt duM u
m n o [ k+l . M -1
M—1-m, —M— uyN’ 50) (wY d w(u™)
<KMmn sz "y ”/1 ch’l’j (?) Py (?) duM u? du
k=0 1=0 J=l
m+n —M+j J m 2 . M -1
_ —m—-1,—n (Y J ) ipl) (YY d w(u )
=3y (0 S e | [ () g (M)
=0 1=0 k=j—1
m—+n .
—M+j —M+m+n
<L M,m,n Z gy (Q) < M,mn Ty <g> )
Jj=0 . ’

where we used the assumption y/x > 1 in the last inequality. Since y~™™ < z~" by the same
assumption, setting M = N + m + n we obtain a bound Op (2717 (2 /y)Y) for the
contribution of the second summand of Proposition [2.2.7]

Now we put together the two bounds:

e If n # 0, only the second summand contributes, and the bound Op (= 1=™""(2/y)V)

is precisely the desired one.
e If n = 0, the first summand contributes Op (2 "17™) and the second summand con-
tributes Oy (2717 (2/y)"), hence the total contribution is

(2 (2))

which is again the desired bound.
O]

Our next main result on the function A is that, for small x, the function y — h(x,y) behaves
like a delta function, in the sense that

/ fW)h(z,y)dy
R

is close to f(0) for any well-behaved f (this will made precise in the statement of Lemmal[2.2.12)).

The strategy of the proof will be to prove this first for f(y) = y", where n is a non-negative
integer (this is the content of Proposition and Proposition , and then to extend to
all resonable functions f by writing f(y) as a Taylor series centered at 0. We prove an auxiliary
proposition first.

Proposition 2.2.9. Let n : R — R be a smooth function supported in the interval [1/2,1].
Then we have

oo n(u) Y/j B 1 oo N
Y/o udu—;/o n(u)du = 2/0 w(u)du 4+ Ony(Y ™)

for every N > 0.
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Proof. In what follows, let M = N + 1. We will treat the sum appearing in the statement using
Euler-Maclaurin summation: the first term on the left hand side will be the approximating
integral, while the right hand side consists of error terms. For every real number ¢t > 0, define

Y/t
o) = [ nfuyau.

It is clear that ¢(t) vanishes for ¢ > 2Y, since for such ¢ we have Y/t < 1/2 and hence n vanishes
on the interval [0,Y/t]. We now claim that, for any k& > 1, we have an identity

LYI (Y
¢(k)(t) = ch,kﬁn(]) <t) (2.7)

for some constants ¢ (1 < j < k). We prove this by induction on k. For k = 1, it follows from
the Fundamental Theorem of Calculus that

o=z (7 )

Assume now ([2.7)) holds for some k. We then have

F Y
chkt]-i-kn +

Jj=1

Yi (Y yitl (Y
_ SR ) B (i SRS ¢ b DI [l
< (t+B)ejn e’ < ; ) ik LG+ o) ! < n >) ’

¢(k+l

Il
- sl

1

<.
Il

which has the form indicated in ([2.7)).
We may now deduce that, when Y < ¢ < 2Y (which is precisely when ¢(*) () may be nonzero),
we have

yJ Y
oM(t) < Zcﬂk J+k77( & < ) <py YO (2.8)
7=1

We are now ready to use Euler-Maclaurin summation to relate the sum }.-; ¢(j) to the
corresponding integral. The Euler-Maclaurin summation formula (fact [2.2.6]) yields

0= [ o+ (=10 - 3) ola) -

if we choose any a < Y and b > 2Y, so that all derivatives ¢*)(a), ) (b) with k > 1 vanish
and moreover ¢(b) = 0. Note moreover that in this setup we have

Myt (2.9)

a<]<b

and hence, if we let a — 07 in (2.9), we get

Y
/ o(t dt—//2 (w)d = ) /2 Par(t)oM) (t)dt. (2.10)
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We now observe that

2y Y Y/t
/ o(t)dt = o(t)dt = / / w)dudt
0
1 Y/u 1 S
:/ n(u)/ ldtdu:/ nu)ydu:Y/ —
1/2 0 1/2 0

Moreover, in light of (2-8), we see that the last integral in (2.10) is Opr,, (Y1) = On,, (Y V).
Substituting these in (2.10]), we obtain

/ /0 " w(u)du+ Oy (V).

This is equivalent to the desired assertion. O

J>1

The next Proposition is an easy consequence.

Proposition 2.2.10. We have

/); hz,y)dy =1+ On(XzN 1)+ On ((f) N)

for any N > 0.

Proof. We treat separately the integrals f X hi(zx y)dy and f X ho(z,y)dy. For the former, we
recall identity ([2.3)) used in the proof of Proposition which yields

hi(z,y) = 1 /OOO Mdu—i— On(zV71).

x u

Integrating from —X to X we obtain

X
/ I (s, y)dy—ZX/ () gy 4+ On(X2ND). (2.11)

-X
On the other hand, directly from the definition of hy, we haveE|

/_hgxydy—QZm/ ( ) (2.12)

ji>1

and subtracting (2.12)) from (2.11]) yields
X 00
2X w(u) N-1
h dy = — -2 d
[ty =2 [T a3 L (L) ay s o,

7>1

or, setting Y = X/x and making the variable change y = xju,

/X h(x,y)dy—2Y/Ooo “EL 22/% wdu + Oy (XzV ).

-X 7j>1

Interchanging sum and integral is not a problem, since all summands vanish for j > 2X/zx.
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However, by Proposition [2.2.9| with n = w, we have

o [t [ oo = Low ((2))
Jj=>1

since we chose w so that [p w(x)de = 1. Hence we obtain

/j( h(z,y)dy = 1+ O ((f) _N> + O (XaN Y,

which is precisely the desired statement. O

Proposition 2.2.11. Let n > 0 be an integer, and assume that x < min{l, X'}. Then we have

" X\
/ Y "h(z,y)dy <nn X" | Xa¥ 1+ < . >
—-X

for any N > 0.

Proof. If n is odd then, since the integrand is odd with respect to y, the integral vanishes, and
hence the result is obvious. Therefore we may assume from now on that n is even. In that we

case we have

X X
/ y"h(z,y)dy = 2/ y"h(z,y)dy
X 0

so it suffices to prove the desired estimate for the latter integral.

The assumption that z < 1 and /X < 1 implies that, if the result holds for some choice
of N, then it also holds for any smaller choice. Hence it suffices to prove the proposition
for N > n, which we assume henceforth. (This is actually the only place where we use the
assumption z < min{1, X}.)

We now call on Proposition where we set K = n, yielding for y > 0

h(z,y) =— (_]\173N:UN_1 /1/12 Py (%) w™ (u)du

(_1)n =1 /2 uy Jdm w(ufl)
Pn ) i n )
+ n! oy J; ( T ) du™ u? du

whence
X (—1)N U
n Xn+1 — e
/0 Yz y)dy =y e / (:c) u)du

F CV e / / (2 dd(wg‘”)dudy

The first summand is clearly Oy (X" 2N=1). Tt suffices therefore to prove that the second

summand is O, (2" /XN ="), which is equivalent to

X r2 uy ZEN n+1
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where we set

blw) = (“’(“_1)) .

dum u?

In order to do this we first swap the order of integration in (2.13]), so that

/OX /12 P (%) v(w)dudy = /12¢(u) /OX Py (%) dydu (2.14)

and we perfrom the variable change y = zz/u on the innermost integral, so that

X uX/x
wy_ _r 1 uX\
/0 Pn(a:)_u/o Pn(z)dz—u n—I—l(PnH(m) PnH(O))’

by standard properties of the Bernoulli polynomials. Here we recall that n > 2 is even, so that

n+ 1> 3 is odd and hence P, 1(0) = 0 (again by the theory of Bernoulli polynomials). We
conclude by ([2.14]) that

[ () stnman= [t ()
- nf— 1 /12 Fatt <uj(> djgf)d“'

We finish by repeated integration by parts: performing this N — n times in the last integral

above, the previous equality yields

X 2 uy B g N-—n+1 n! 2 uX '\ Y(u)

and the straightforward estimate

n! 2 uX '\ ¥(u)

implies now ([2.13)), and we are done. O
We can now state and prove the promised delta-function behaviour of h(z,y), for small z.

Lemma 2.2.12. Let f € C*°(R) be a smooth function with compact support supp(f) C [—B, B.
For each k € Z>q, let By be a real number such that

1B ()| < By, for all y € R.
Then if © < 1 we have
/ F@)h(xz,y)dy = f(0) + On((BoB + Bo+ Bi + -+ - + Bapr1)z™)
R

for every M > 0.

Proof. Let X = min{1, x%} According to Lemma we have (for every N)

h(z,y) <y ! (:cN + (ﬁy‘)N> .
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N
If |y| > X, we have <|x?‘) < (%)N, the latter being equal to 2> ifz < 1and 2V otherwise,

in view of our choice of X. It follows therefore that (‘ |) < x%, since by assumption z < 1.
We obtain

N
2

hz,y) <y 2 '@V +22) <22 for y| > X.

Choosing N = 2M + 2 we get h(x,y) < 2™ for |y| > X. It now follows that
[ty <as™ [ )y <as BB, (215)
ly|=X ly|>X

Now, for |y| < X, we use Taylor’s Theorem to write

& f(k)(o) k f(2M+1)(C) 2M+1

f(y) Y ,
2 @M 1 1)
for some ¢ with |¢| < X. Setting r(y) = %ym@“l, we have r(y) < Baprp1 XM+ Now

we have

(k)
/ (Z ! <y>> Bz, y)dy

2M
fM(0)
kZ:O k!

/ F@)h(a, y)dy
ly|l<X

/ Yz, y)dy + / r(y)hz, y)dy.
ly|<X

ly|<X

Using the fact that h(x,y) < 271, by Proposition it follows immediately that the latter
term is O (Baari12 ' X2MH2) = Opp(Bopry12™), since X < 3. For the terms k = 1,...,2M,
we use Proposition [2.2.11] The condition z < min{1, X'} follows from = < 1. We then have

X -N X —-N
/ y'hiz,y)dy <y X* [ X+ () <n XVl <>
ly[<X x x

for any N, where we used X < 1.

If x < 1, then X = 22 and the above yields f|y‘<X yPh(z, y)dy <y 2%, If z > 1 then
X =1 and the above yields f|y‘<X y*h(x,y)dy < N1, Choosing N =2M or N = M + 1 as
appropriate we get f|y| <X y*h(zx,y)dy < =M. Finally we deal with the term k& = 0 analogously,
this time using Proposition yielding

[ by =1+ Oy
ly|<X
Putting all these estimates together, and using | f*)(0)| < By, we obtain
[ SRy = F0)+ Ou((By+ By -+ B} (216)
y|l<X

Putting (2.15)) and (2.16) together gives the desired assertion. O
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§2.3 Counting solutions to polynomial equations

In this section we show how Lemma [2.1.1] can be used to count solutions to equations of the
form F(z) =0, where F' is a polynomial in n variables with integer coefficients. As mentioned
in the Introduction, we will do a weighted count, which is preferable for technical reasons even
if one’s goal is to compute the number of solutions in the usual sense. In this section we shall
work in a quite general setup. In the next chapter we will restrict to the case of quadratic forms.

For now let w € C°°(R™) be a smooth compactly supported function, and let P be a positive
real number. Define

N(Fw,P)= 3 w (%) =Y w (%) Sp(a)

TeL™ TEL™
F(z)=0

as the number of solutions to F(z) = 0, weighted by the smooth weight whose value at x is
w(P~'z). The main result here is the following.

Lemma 2.3.1. For any @ > 1, we have

N(Fw, P) =cqQ ™Y > a7"Sy(c)q(c)

ceZ™ q=1
where
a (mod ¢)b (mod q)
and

! nw<;>h<é%f>)e(“;‘x)dw-

(In the Definition of Sq(c), the notation Y.  means that each component of the n-tuple b
b (mod q)
ranges over a set of class representatives (mod q). Moreover, - denotes the usual dot product in

R".)

Proof. We use Lemma in the definition of N(F,w, P), yielding
B 9 aF(z q F(x)
e S £ (3

TEL™ g=1 a (mod q)
eGree) e

2
@Y Y e
g=1 a (mod q) x€Z™
Let us study the innermost sum. We split the possible choices of x into the ¢” residue classes
(mod q) of vectors in Z". Taking into account that F'(x) = F(b) (mod ¢) when z =b (mod q),
b (mod q) TEL™

we see that the innermost sum equals
EAVREIRAC)
o(3)0 (&%)
z=b (mod q)

S X
R R e Te) e
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The innermost sum in (2.18) can be written as }, <z fg,5(y) where

fop(y) =w (lHJ—qu> h (g, F@@tqy)) '

It follows therefore from the n-dimensional Poisson summation formula that the innermost sum

in (2.18)) is equal to
Z fq,b(c)

cEL™

where the second equality follows from the change of variables x = (y —b)/q, and the third from
the definition of I,(c). We conclude from ({2.18) that the innermost sum in (2.17) is given by

+c-b
()
b(mod q) ceZ™
and hence, by (2.17]), we obtain

N(F,w,P) =cqQ~ 2Zq_” Y Y <+Cb> Iy(c)

a (mod ¢)b (mod q) c€EZ™

0 Y Y Y LG

c€Zn g=1 a (mod ¢)b(mod gq) 1
= Q™2 Z Zq_”Sq(c)I (c)
ceZ™ q=1

as desired. O






3 The Case of Quadratic Forms

We shall now use Lemma to count solutions in Z" to F(x) = 0, where F(z) = FO(z) —m,
F(©) ig a positive definite quadratic form with integer coefficients and m > 1 is an integer. For
simplicity we will restrict to the case of diagonal quadratic forms, so that

FO@) = Ma? + -+ a2
for some positive integers A1, ..., \,, where n > 4. Set A = (A\1,...,\,), so that

’)\’ = Imax )\7,
1<i<n

Moreover, define

A=2\- N\

(the reason for the factor 2 will become clear in §3.4). Let furthermore G(z) = F(O(z) — 1. In
our application of Lemma we shall take P = Q = \/m. The weight with which solutions
to F(z) = 0 will be counted will thus be of the form = + w(x/y/m), and when z is a solution
to F(z) = 0 we have G(z//m) = 0. Therefore the weights w we are interested in should be
supported around the set {z € R™ : G(z) = 0}. Using Lemma [2.3.1] we will deduce the following
result, where we abbreviate N(F,w,/m) by N(F,w).

Theorem 3.0.1. Let w be a compactly supported weight. Letn/4 > ¢ > 0, and let K > 100n? /e

be an integer. We then have

N(Fw) = 0o(FOw) [ op(FD,mymz"

p prime

+ 0. (A¥|A|%|w|f(m"%+f) .

The expression for N(F,w) that Lemma will output involves the so-called singular

integral, defined by

1
oo (FO, ) = lim / w(z)da. (3.1)
e—0 2e |G(

If G() is close to 0, then A\j2? + --- + A\,22 is close to 1, and therefore one of \;z? must be
away from 0. For technical reasons, the calculations that lead to the appearance of the singular
integral in our final results are most easily performed when the index ¢ for which this holds is
fixed. We therefore decompose our weight w into a sum of weights with smaller supports with

this property, and then prove our results for these small weights, from which the main results
follow by additivity. This is the purpose of the next section.

23
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Representation Numbers of Quadratic Forms
§3.1 Decomposing the weight

Define the set

and for each j € {1

1

S:{xeR":m%—k a1 < — }
3n

.,n}, define

5,

1
n—=z=
+—S .ITERnI$j>

3 n-—
and S;_ =SN{zxeR" 1 2; < —

n 9

We now observe that

Wl

U Sj+US;-)

simply because if x € S then z7 +

+ 22 > 1 —1/3n, and hence for some j we have |z;|?
(1 —1/3n)/n, which implies |z;| > y/n —1/3/n. Let further

1
T {xeR”;\x§+---+xi—1>4 }
Then T'U S1 4+ U St —

U Sp+ US, — is a finite open cover of R"; we fix once and for all a
smooth partition of unity ¢, v1 4, p1,—
can write

, ©n.+, Pn,— subordinate to this open cover. Now we
w = wr +wy,+ + Wy, —
=w(z)pr (VAiz1,.

. ,\/)\na:n) and similarly w; + = w(z)p; + (\/ 1,
In light of this decomposition we see that

s Wp 4+ Wh —
where wr(z)

., \/)\nacn).
=Y N(F,wji)+ > N(F,w;_)+ N(F,wr)
j=1 j=1
and

w) = ZUOO(G, wj 1) + ZO’OO(
j=1 J=1

0w ) + oo (FO wr),

since clearly N (F,w) and oo (F®,w) are linear in the weight w. We also have N (F,wr) = 0
and 0o (F© wy) = 0. For the first equality, observe that

X
N(Fwr) = Y wr <> Op(z)
TEL™ \/m

and when wr(x/4/m) is nonzero we have

‘Alx%+~'-+)\nx%—m‘ 1

> R
m 4dn
which implies that F(x) (i.e. \jz?+ -+ \,22 —m) is nonzero. For the second equality, recall
that

Uoo(F(O)a wT)

1
= lim — / wr(z)
2022 JiG(a) <
and the integrand vanishes identically for e < 1/4n
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Therefore we obtain

N(F,w) :ZN(F;wj,Jr)_'—ZN(Fan:*) (3.2)
j=1 j=1
and . .
Too(FO w) =3 " 00 (FO w; 1)+ 00 (FO w; ), (3.3)
=1 j=1

hence in order to obtain a result of the form

N(F,w) = 00 (FO w) H (F© m)o,ms~1 4 (error term)

p prime

it suffices to prove similar results after substitution of w by one of the w; 1, and then to add up
the obtained expressions. By symmetry it suffices to treat the weight wy . However this weight
has special properties that make its treatment easier. Specifically, it is G-admissible according
to the Definition below.

Definition 3.1.1. A smooth weight w with compact support is called G-admissible if there are
positive real numbers R and p such that the following properties hold for all x € supp(w):

(i) 1G(2)] < 1/2;
(i) VArzr > /n— 1/3/n;

(iii) For any point z* with |27 — x1| < R, 25 = z9, ...z}, = x,, we have
oG,
= (x*) > p:
oz, ) 2P

(iv) There exists exactly one z* as in (iii) with G(z*) = 0.

(Note that whether a weight is G-admissible or not can be infered from the support of the
weight alone.)

As we suggested, this important property holds for the weight wq 1. This is the content of
the next Proposition.

Proposition 3.1.2. The weight wy + is G-admissible.

Proof. The support of wy 4 is contained in the set

{iL‘ ceR": (\/)Tll‘l, ey \/Tnl'n) S SL+},

For z in the set above we have

1 1

G@)| = 1(VAz)? 4+ (VAnza)* — 1] < - < 5
so the first condition is clearly satisfied. Condition (ii) is immediate from the Definition of S 4.
It suffices now to prove that (iii) and (iv) hold for every z in the set above, for some choice of

R and p. Since the properties to be proven do not change under the linear transformation

(xlxn)H(f;le%>
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it suffices to prove this in the case A\; = --- = A\, = 1 (in which case the above set is simply
S1,+). We prove that the parameters

3n—1 2n —1 2n—1
\/ 3n2 \/ 3n2 anc. e 3n2

satisfy the requirements.

For (iii), we observe that, since for every x € S; 4 we have by definition z1 > /(3n — 1)/3n?2,
for every x] with |27 — 21| < R we have

/3n—1 /3n—1 \/3n—1 \/Qn—l p
P> )=
- 3n2 3n? 2

%G
81:1

Since
x¥) = 27,

we are done with (iii).
For the existence part of (iv), we observe that for every x € S; 4+ we have

1 3n—1
2 2
x1+---+xn<1+% and z; > 32
and hence
1 3n-1 1 2
2
<l+———F—=1 — - — | <1 34
Tkt T3, 3n? +<3n2 3n> (34)
Therefore we may define z* by
aci:\/l—w%—---—x%, Ty =Xo, ..., X = Tn.

We will check that x* satisfies property (iv). For this, we must check that

xl—\/l—asg—---—x%

o If x% +---+22 < 1, we note that the inequalities z1 >
imply

3n—1 1
\/1_Ig_...—x%—:c1§Vl—x%—...—x%—ma}({ a2 ,\/1—%—x§—...—x%}

and writing S for 23 + - - 4+ 22, this bound can be rewritten as

<R. (3.5)

ptand 234 +22 > 1-1/3n

Now we see two cases. If S < (3n? — 4n + 1)/3n?, the max above is the second term, and

hence the above is

ﬁ_ﬁ ﬁ: —
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which is clearly increasing as a function of S, so its maximum is attained at S = (3n? —
4n +1)/3n?, where it equals
\/ in —1 \/ 3n—1
3n2 3n?

If, on the other hand, S > (3n% — 4n + 1)/3n2, then the bound is

3n—1
3n2

VI—S-—

which is decreasing as a function of S, so it is at most
\/ 3n2 —4n + 1 \/Sn—l \/4n—1 \/3n—1
1— - = —y ==,
3n? 3n? 3n? 3n?
We conclude that if 23 + -+ + 22 < 1, then

4dn — 1 3n—1 3n—1 2n —1
— /1= 2_..._2<\/ _\/ <\/ _\/ =R
e \/ 72 Tn| = 3n? 3n2 - 3n? 2n?

where the second inequality follows from the fact that the square root is concave, so we

have ({3.5).

o If 22 + -+ 22 > 1, then since 2% + - -- + 22 < 1+ 1/3n we have

1
g\/1—|-3n—x%—---—x%—\/1—335—---—33%
which, writing again S for 3 + - + 22, is

1 1
\/14—3——5—\/1— =
n 3n (/1445 - 5+vI=5)

and this is increasing as a function of S; since by (3.4) we have S < 1 + 3%1 — 3;:21, it
follows that
1 3n—1 2n —1
\VJ1+——-S—-vV1-8 - =R
+ 3n _\/ 3n? \/ 3n?

The uniqueness follows from the (already proved) property (iii), since if there were two choices
of z} with |z — zj| < R and G(z7,...,z,) = 0 then, by the Mean Value Theorem, the first
partial derivative of G would vanish somewhere in between. O

xl—\/l—x%—-‘-—mﬁ

and we are done.

We now see that Theorem follows from the following version for G-admissible weights:

Lemma 3.1.3. Suppose the weight w is G-admissible. Then for any e < § we have

N(Ew) = 00(FO,w) [[ op(FO,m)m?

p prime

n 37 n—
+ O (Agg <‘w’\0/|£| + \MM) m T !w|N+1\)\\]“’V>

where M and N are the smallest integers such that M > 21n%/4e and N > Tn(n + 1)/e,
respectively.
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Proof that Lemma[3.1.3 implies Theorem [3.0.1 Using equalities (3.2)) and (3.3]), we see that it

suffices to prove that

N(F,wjs) = 00o(FO,w;z) [ opF®, m)mz"

p prime

+ 0. (A”T”\Ay%ywmm”%ﬁ) . (3.6)

after which the result follows from adding this for all choices of j € {1,...,n} and + € {—,+}.
We now use Lemma [3.1.3] which implies

N(F,wjz) = 00o(FO,wjz) [ op(F® m)ym2"

p prime

nts [ |w; AP n-1 N
oo (a8 (MR iy ) 7 sl ) @)

where M and N are the smallest integers such that M > 21n?/4e and N > Tn(n + 1)/,
respectively. We now recall that

wj+(2) = w(@)p; (VA1 .V Antn)
and Leibniz’ rule implies that, when iy + --- + i, = s,

8i1 ,..87:nwA:t s
A PN
Oxi' - - Oxy]

(recall that the ¢; + are regarded as fixed). This implies
Jwjatls < A2 ]w]s
and using this in (3.7) with s = M, N we arrive at

N(F,wjt) = 00o(FO, wix) [ op(F®, m)ym2"

p prime

nta [ |wlg|A[P" M n-1, . 2N 11
Lo (m ("35’+|A|2\ww>m 4 ol A )

Now the definition of K obviously implies that |)\\% lw|a < |/\|% |w|k. Moreover, the assump-
tion e < % implies K > 6n, whence |w|o|A[>" < |)\|§|w|K We obtain

N(F,wjz) = 0oo(FO wjs) [[ opFO,mm2~"
p prime
n+3

+ 0 (A% (I F i) m T+ July A5

but the last summand is also dominated by W% |w|k, so it can be safely ignored, and we obtain
Theorem [3.0.1] O

So for the remainder of this Chapter we only need to work with G-admissible weights. Our
weights in this Chapter will then be assumed to be G-admissible from now on, unless otherwise
specified. This assumption will be particularly relevant in Section
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3.2 The integrals I (c)

In this section we will give a series of estimates for the exponential integrals I,(c) that appear
in the statement of Lemma which in our case (P = Q = /m) are given by

o o (G () (7)o

An obvious change of variables yields

oo (G ) ()

B

I,(c)=m NG -

and since F(y/mz) = FO (y/mz) — m = m(FO(z) — 1) = mG(z), we obtain
I,(c) = m? / w(z)h (\/‘% G(:n)) e (chx> da. (3.9)
Define H(r,x) = rh(r,z). If we set

I(ryu) = / w(z)H(r,G(z))e(—u - x)dx
then it is clear from the definitions that
I,(c) =m2r I (r;rte) (3.9)

where

r=—.

vm
Therefore any bound for I(r;u) will translate to a bound for I;(c), under (3.9). If r > 1, then
for x € supp(w) we have h(r, G(x)) = 0, since we are assuming that w is G-admissible and
then for such x |G(z)| < 1/2 < r/2, which implies that h vanishes at (r, G(z)) by Lemma [2.2.1]
Therefore I(r;u) = 0 if r > 1. We may hence assume without loss of generality that » < 1 from
now on.

Before moving on, observe that by Lemma [2.2.8| we have

N
|H(r,z)| <y " + min {1, (,;) } (3.10)

N
<N 7~/ min {1, <|T|> } . (3.11)
x

These inequalities will play a key role in the proofs of our bounds for I(r;u), which we start

and ‘
O H(r,x)
oxI

now. We will prove three bounds, indicating after each one the corresponding bound for I,(c).

Proposition 3.2.1. We have
I(ryu) < %r.

VA
Proof. By (13.10) we have

2 2
2 . r . r
H(r,Gz))<r +m1n{1,G(x)2}<<r+mm{1,G 2}
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and it follows then from the definition of I(r;u), by estimating the exponential trivially and
w(zx) by |w|,, that

Iriw) < fuly [ |H(:Gla)ldo

supp(w)

2
< |l / rdx +/ min {1, } da:) . (3.12)
0 ( supp(w) supp(w) G(x)?

The first integral is rvol(supp(w)). Now, since w is assumed to be G-admissible, supp(w) is
cont?ined in {z:|G(z)| < 3}, which has volume O (ﬁ) Hence the first integral in (3.12)) is
<K T

The second integral can be rewritten as

2
.
1dx + / " e
/G(w)IST Ga)|>r G(@)?

where the integrals are taken over subsets of supp(w). We now observe that, for any M > 0,

the volume of the subset of supp(w) where |G(z)| > M is O (%) To see this, recall that

we are assuming xj > \/%—1 on supp(w) (it follows from w being G-admissible), so that g—ﬁ =
2A\121 > /A1 there. From this we see that, if z and 2’ are both points in supp(w) such that
r; = xj for 2 <4 < n with |G(2)|, |G(2')] < M, then, by the Mean Value Theorem,

> |z — 2V

oG
G(@) = G(@)] = |1 —a1| - |5~ (&2, 20)
T

for some & between x; and 2/, and since |G(z) — G(2')| < M it follows that |z — 2| < %,
i.e., any line parallel to the zj-axis intersects the subset of supp(w) where |G(z)| < M in a

region of length <« \%—1 Furthermore, any line parallel to the z;-axis for 2 < ¢ < n intersects
the same set in a region of length <« \/%7’ simply because )\Zw? < 1 in supp(w). Altogether,
this implies

M 1 1 M

e Ve S VA

vol ({z € suppw : |G(z)| < M}) <

as claimed.

1ldz is < ~—. We now write

This means that the summand ﬁG(x)‘ <r A

/ 7,2 J o0 / 7”2 J
———dr = E ———dx
|G(z)|>r G(.le)2 k=0 ¥ 28T 1r>|G(z)|>2kr G(.’L’)2

< ———dzx
kz_o /2k+1r>c(x)|>2kr (2kr)2
o0

1
ﬁdl?

—0 /2k+1TZG(ZL‘)|>2kT

o0

1
< —dzx
kzzo /|G<x><2k+1r 22k

<<§: 1 2kl < r
Pt 22k /A VA
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Thus the second integral in (3.12)) is < ﬁ. Putting everything together in (3.12]), we get

r r
I(r;u) < |wl, AT A
which is equivalent to the desired assertion. ]

Under (3.9), we obtain the following;:
Lemma 3.2.2 (First estimate for I,(c)). We have

lwlo  n

I,(c) < ﬁmL

For our next estimate we need some preparatory work. We fix once and for all a smooth
function v € C*°(R) supported in [—1,1], which is positive in | — 1, 1[ and satisfies v(z) = 1
when |z| < 1/2 (functions with this behaviour are sometimes called bump functions in the
literature). We then have

I(ryu) = /n w(z)v(G(z))H (r,G(x))e(—u - x)dx (3.13)

since when w(z) # 0 we have |G(x)| < 1/2 and hence v(G(z)) = 1. Now by the Inversion
Theorem for the Fourier Transform applied to the function y +— v(y)H (r,y), which is smooth
and compactly supported, we have

v(y)H(r,y) = / " pelty)dt (3.14)

—00

where

p(t) = /00 v(v)H(r,v)e(—tv)dv. (3.15)
Equalities and together imply
I(r;u) = /Oo p(t)/ w(z)e(tG(x) —u - x)dx dt.

—00
We now bound p(t). In order to do this, we observe that, by Leibniz’ rule,

dN N dk
dv—N(V(v)H(r, v)) KN Z WH(T’, v)
k=0

since v is fixed, and hence all its derivatives are O(1). However, by using (3.10)) (for £ = 0) and
(3.11) (for k # 0), we see that the above is

N 2 2
<N rz—i—Zr’_kmin{l, <|r‘> }<<N r2+r—Nmin{1, (ﬁ) }
v v
k=0

where we used the assumption that r < 1, so that each r—* is bounded above by V. We
obtain a bound

ar 2N 1 ()
dUN(V(v)H(r,v)) Ly ri+r mln{1,<‘v|> }
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but we claim that the first summand r2 can be removed. If [v| > 1 then the above derivative is
0, since v(v) is supported in [—1, 1] by construction, so we are done. If |v| <1 then

2
r
=~ min {1, (H) } >r Nmin{1,7?} =7 N . r? > 2
v
since r < 1. This shows that we have

aN N AN
W(V(U)H(T, v)) <77 min {1’ <|U|> } '

In order to get a bound for p(t) from here, we integrate by parts (3.15) IV times, yielding

[e's) N
p(t) = t}v/ (Z—N(V(U)H(r,v))e(—tv)dv

whence

1 N . r\ 2
p(t) <N / " min< 1, <) dv
N J [v]
1 r\ 2 "
= W (/ PN <|U|) dv +/ TNdv>
[v|>r —r

1
- gpl-N
v
<N r(r|t|)*N.

To sum up, we have proved the following;:

Proposition 3.2.3. For each r < 1 and u € R"™ there exists a smooth function p € C*(R),
satisfying
p(t) <y r(rt) ™ (3.16)

for every N > 0, such that
I(r;u) = /00 p(t)/ w(z)e(tG(x) —u - x)dz dt. (3.17)

The previous Proposition will be pivotal to the next bound we establish for I(r;u). The
technical heart of this bound will be the following.

Proposition 3.2.4. Assume that [t| < 1&% for some i € {1,...,n}, where u = (u1,...,up).
(In particular, such an i exists if |t| < 16%/\\) Then we have
ol A
wyy A
w(z)e(tG(z) — u - z)de < gy —MIE |y | 7M.
| wla)ettGie) ~u-a) vl

Proof. Define f(x) = tG(x)—u-z. Throughout the proof, z is always assumed to be in supp(w).
First recall that, since |G(z)| < 3, we have \;z? < 3, and hence |A;z;| < 4v/A;. We note that
of _ 2t\;x; — u;, and hence

ox;
7

B | 2 il = 2t Aai] = Jui] =2 Jue AV i = Jud (3.18)

16v/\; 2
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Also note that

o0’ f i 1
—S | =2ItN <2 i = =/ il 3.19
522 | = 20 < 23 A = GV A (319)
Now define recursively a sequence of functions 79,71, ... by 79 = w and
0 (nn(z)
) = 5o (5

where g = |le| (%). From (3.18)) and (3.19) we see that g(x) > 1 and g—i < Vi. The
relevance of this definition comes from the following equality: if I is the integral we are trying

to estimate, then .
I= ((;ﬁli))N!uﬁN /R v (@)e(f (@) de. (3.20)

In order to establish this, we use induction on N. For N = 0 the equality is clear. Now assume

the equality holds for a given N. We note that

| v@etsnds = [ IS e(sandn = g [ I B g

n 2m’§f Ox; - 2milui| Jpe g(@) Oz

Ty

By integration by parts with respect to x;, we rewrite the last integral as

_ /R n aa @(é))) e(F(x))dx = — / (@)l (@)de

and hence 1

= W o nv+1(z)e(f(x))dz.

[ @t @)is

Using the induction hypothesis (3.20)), it follows that I = ((2;11))7%1: lui| N [on v (2)e(f(2))da,
establishing the induction step.

We shall now estimate ny(x). In order to do this, we claim that

Z Ck,l oFw [ Og !

N = I+N Ak .

v 9 dx; \ Oz
k,1>0

for some coeflicients cj; whose value will not be relevant. This again goes by induction. For

N =0 it follows from 79 = w. Now assume the previous equality holds for some N. Recall that

% is a constant function, which is clear from the definition of g. We then have

)

9 g OFw (g \'
77N+1—% Z gl+N+1 Bxf 3731

k+I=N
k,1>0
T ) 5 (2) T e ()
- Gy, \ Gl+N+1 E\ 9. I+N+1 9. k+1 \ 9.
bN Or; \ g Oz7 \ Oz; wion 9 ox; Ox;
k,1>0 k,1>0
_ Z (=l = N —1)cg, OFw ( g )Hl N Z ek OFlw ( Jg >l
- ] k A 1 k+1 \ 9,..
e gUAD+(N+1) oxk \ 0x; ey +(N+1) 0%-* Ox;

k>0 k>0
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which is of the desired form.
Since 89 < Vi and g(z) > 1, it follows from our claim that

)< Y Aza : <<MA yw\M

k-+Hl=M
k>0

and, using (3.20)), it follows, by estimating the exponential trivially, that
M M 1 M M
I < vol(supp(w)) |w]y, A2 |ui| ™™ < vol ({x HG(x)] < 2}) [w|py A2 |wil ™
and since the first factor is O (ﬁ), the proposition follows. 0
Corollary 3.2.5. For any N > 0 we have

N
w A2
’ |N+1| | r—N‘u’fN.

VA

Proof. Let M = N + 1. Set T' = 16‘““/\'. We then have

I(ryu) <y

I(r;u):/T p(t)/nw(x)e(tG(x)—u-x)dwdt+/

-T [t|>T

p(t) /n w(z)e(tG(x) — u - x)dx dt.

To estimate the first summand, I;, we use the previous lemma: we have

/n w(z)e(tG(zr) —u - z)dr < |M|M\/‘£2|U\_M,

u|
Al

and using the bound (3.16|) we have p(t) < r. The (outer) range of integration in I; is O ( >

and this gives

L < rlultM,

VA
In order to estimate the second summand, I, we estimate the exponential trivially: we then
have

/n w(x)e(tG(z) — u - z)der < |wl|, vol(supp(w))

).

and we argued before, in the proof of the previous proposition, that the second factor is O (

el

SO we get

VA
and the bound (3.16) gives p(t) < r!=M[t|= whence

pe (1) lo gy
[t|>T

/ (0l < P [ Mar = O (TN = 0 (1N
[t|>T [t|>T

).

Using this in our bound for I, and using that |w|, < |wl|,,, it follows that

IR rlfM\u|1*M

VA
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and combining the estimates for I; and I we get

M—1 M—1 M—1
[y N2 T’u|1—M_’_|w‘M|>“ 2 [wlyy A2 7,17M’u|17M

VA VA VA

where the second inequality comes from the fact that r < 1 for all relevant values of r. This

I(T;u) < T17M|u’17M <

proves the corollary. O
As before, a bound for I,;(c) follows immediately from (3.9)):

Lemma 3.2.6 (Second estimate for I,(c)). We have

N
w )\ 2 n+1
I,(c) <N Mm%q’ﬂc\’]\[.

VA

The estimates for I(r;u) given before do not suffice for our purposes. In order to get better
estimates, we must split the integral [p, w(z)e(tG(x)—u-x)dx into integrals over smaller regions
so that an idea such as the one behind Proposition [3.2.4] can be applied to some of them.

This is done as follows. Choose a smooth function defined on R supported on the interval
[—1,1] (say, the function v used in (3.13))). Define

and, for x € R"™,

Now we set
w*(z,y) = canu(”)(z)w(y +4z2)

where § < 1 is a parameter that will be specified later. The following proposition is behind the
role w* plays in the integral partitioning we mentioned above.

Proposition 3.2.7. We have

w(x):é_”/ w* x_y,y dy.
yeRn 5

Proof. The right hand side above equals

o " cany(”) <x _ y> w(z)dy = 5_"00"w(:1:)/ y (w — y) dy
yEeR? o yeRn )

and performing the variable change y = x — dz, we see that the integral above is

5"/ v (2)dz = 6"
zeR™
from which the result follows. O

When y is clear from context we shall write w*(z,y) simply as w*(z). Note that w*(z) can
only be nonzero for |z| < 1. We also remark the following easy property of w* for a fixed y,
which will be used freely in what follows.
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Proposition 3.2.8. For a fired y and any N > 0 we have
lw*|n <N Jw|N.

Proof. Clear from applying Leibniz’ rule to the definition of w*(z), taking into account that
0 < 1. O

We now rewrite (3.17)) as

=0 "o [ [ e (®

or, making the variable change x = y 4+ dz and changing the order of integration, as

I(r;u) = /n /_OO p(t) /]R" w*(2)e(tG(y + dz) —u- (y + dz))dz dt dy.

This immediately implies

rl< [

For some pairs (y,t) it will turn out that the innermost integral above is very small, and can
be estimated by a procedure similiar to the one used in the proof of Proposition These
pairs (y,t) are the ones that will be called “good”. The formal definition is as follows, where
we set f(z) =tG(y +0z) —u- (y + dz) (note that f depends on y).

y,y> e(tG(x) —u - x)dx dy dt,

w*(2)e(tG(y + 6z) —u- (y+ 62))dz| dt dy. (3.21)

Definition 3.2.9. Let R be a positive real number. We say that a pair (y,t) is R-good (or
simply good if R is clear from context) if, with f as above, one has

IV£(0)] = Rmax{]]02,1}.
If (y,t) is not R-good, we say (y,t) is R-bad.
The interest of this definition comes from the following proposition.

Proposition 3.2.10. Suppose (y,t) is R-good, where R > 3|\|. We then have
/ w*(2)e(f(2))dz <y |w*|y R~ Nvol ({z : 2] < 1,y + 82z € supp(w)}) .

Proof. Assume (y,t) is R-good. We first observe that 8%-(2) = té%G(y + 6z) — du;, and hence

of Of oy — 152 52 2 0
5 (2) — g (0) = 105Gy +82) — 105 -Gly) = 167 5~ G(2).

Since BzZG( z) = 2\;z;, it follows that whenever |z| <1 (in particular, whenever w*(z) # 0) we

az,( z) — ( )| < 2|A|[t]6%. We conclude

gi( )‘ a;:( )‘ gi( )= §£< >’ > ’gi(O)‘—zyAHw.

have

Now since (y,t) is good we may choose i € {1,...,n} such that ‘%(0)‘ > RJt|6%, and since
0

52(0)
%(Z)‘ > ‘%(0)‘ whenever w*(z) # 0. In particular,

e

R > 3|\|, we have 2|)||t]6? < %

, and it follows from the previously inequality that

> Rmax{|t|6?,1} whenever w*(z) # 0.
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We also observe that gi{ (2) = 2\;t6%, whence

0% f

ﬁ <<Rmax{\t\52,1}.

(2)

of
Define now R* = Rmax{|t|§?, 1}, and set g = <E})§i> . The previous estimates show that

dg

g>1 and D < 1 in supp(w*). (3.22)
Zi
Now we proceed as in Proposition [3.2.4] Define recursively a sequence of functions 7o, 11,72, . . -
by
0 N
2\ 9
Let I be the integral we wish to estimate. With this definition we have, for every N > 0,
1= S [ e (3.23
(2mi)N n

as can be seen by induction: for N = 0 it is the definition of I, and if this holds for some IV,
then

[ v@etende = [ GV pends = i [ DD (s

n 2m§% Dz (2)

We now integrate by parts with respect to z;, and rewrite the last integral as

) / n ;’ @(())) Nz =~ [ el (:))ds

and hence
| v @etsenas = 5 [ (@)

_1)N+1

Using the induction hypothesis, it follows that I = ((27”)7]\,“(R*)*N*1 Jon Iv41(2)e(f(2))dz,
finishing the induction.
We now finish by estimating the exponential trivially in (3.23]). In order to do this we need
to estimate 7y; for this we claim that
l
cry OFw* [ dg
w3 O (2
pon 9 97 \0z
k>0

for some constants c ;. The proof is completely analogous to the one of the corresponding claim
used in the proof of Proposition but we reproduce it here for the sake of completeness.
For N = 0 there is nothing to prove. Assuming this holds for some N, we have

. g OFwr [ 9g
IN+1 = 57 Z g 92k oz,

(3

k+I=N
k>0
- 2 5 () 5 () ¢ X ot (52)
- 92 \ g+N+1 | 9.k \ 5, AN+ o k+1 \ 5.
W 0z \ g 0z7 \ 0z wion Y 0%; 0z;
k>0 k,1>0
. Z (—l — N — ].)CkJ 8kw* (89 >l+1 T Z Ck,l ak'Hw* (8.9 >l
- I+1)+(N+1 E\ 5. I+(N+1 k1 \ 5.
b g( +1)+(N+1) azz 0% iy g +(N+1) 8zi+ 0z

k>0 k>0
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which has the desired form.

Since w* is supported on {z : |z| < 1}, so is each 7y, and in particular the support of each
nn has volume O(1). Furthermore, it follows from our last claim, together with (3.22), that

NN <N Z ‘

0<k<N

< |W*|N

ok
'l
implying, together with (3.23) (and noting that only z’s with y + dz € supp(w) contribute to I,
since clearly supp(ny) C supp(w)), that

I <y Jw*|y (RY)Nvol ({z : 2| < 1,y + 6z € supp(w)})
which, in view of R* > R, implies the statement of the proposition. ]

From the previous Proposition and (3.21]) we derive that, if R > 3|A|, then

I(r;u) <<// Ip(t)] |U’*|NR_N/ s 1dzdtdy
(y,t) R-good y+6z€s§pp(w)

+// |p(t)|/ 2l<1 |w*(z)|dz dt dy.
(y,t) R-bad -

y+dz€supp(w)

The first summand can be bounded by

/|p ]/n/ <1 1dzdydt lw|y RN

y+dz€supp(w

where we relaxed the condition that (y,t) is R-good and used Proposition We now observe
that

/n/ =<1 1dz dy

y+dzEsupp(w)
=5" /|x_ <5 1dx dy (by making the variable change z = y + 02)
R? z€supp(w)
=6 / / ldy dx (by swapping the order of integration)
supp(w) J |z—y|<d
=" vol {y : |z —y| <6})dx
supp(w)

and since the volume above is obviously O(6"), it follows that

1
/n / <1 14z dy < vol(supp(w)) < -
y—+dz€supp(w)

On the other hand, by using (3.16|) with V =0 for |¢{| < 1/r and with N = 2 for |t| > 1/r, it is

clear that .
v 1
/\p ydt</ rdt + = / t72dt = 4,
-1 [t]>1



3 The Case of Quadratic Forms 39

implying that the first summand of our bound for I(r;u) is

jw|y RN
VA

<

We deduce

Proposition 3.2.11. Suppose R > 3|\|. Then

LY
I(r;u) <y —————+ p(t (N dodtd,
e VA (y;t) R—bad| ) |z]<1 [w*(2)] Y

y+dzEsupp(w)

In order to estimate the second summand it will be convenient to fix a choice for §. We let,

from now on,
1

i

The following proposition shows some properties of R-bad pairs under this new assumption.

Proposition 3.2.12. Assume |u| > R®, and R > 32n|\|. If (y,t) is an R-bad pair that
contributes to the right hand side of Proposition |3.2.11 (i.e. if y + dz € supp(w) for some z
with |z| < 1), then

tVG(y) — u| < Rlulz. (3.24)
Moreover, we have |t| < |u| and |t| > ——|u].

VIAI

Proof. We begin with the first assertion. By definition, (y,t) is R-bad if |V £(0)| < Rmax{[t|6?, 1},
where f(z) =tG(y+ 0z) —u- (y + 0z). We then have

V£(0) = 5(tVG(y) - u)

and hence the condition that (y,t) is bad translates (using 0 = ﬁ) into
u

tVG(y) — u| < Rlu|? max {'t‘ 1} . (3.25)

Jul”

We will then be done if we can show that, under this assumption, |t| < |u|. In particular, if
|t| < 2v/2n|u| we are done. Otherwise, the assumption implies, by looking at the first coordinate,

Rt
2M\tyr — ug| < | 1‘
ul2
and hence )
R[t|/|u]? + [u] R |ul
ly1| < 7 < I swnE
]| 21 |u|z 1]

R 1 1
< <
1 = 1 =
2nful2 T 2MR2 T 4V2A)

Since by assumption |u| > R3, we have as we are assuming R > 8n.

|u]

: 1
On the other hand, since we may assume |t| > 2v/2n|u|, we have 2l < T Altogether,

this implies

1] < (3.26)

1
2v2n)\
Note further that, since (y,t) is assumed to contribute to the right hand side of Proposition

3.2.11} y is at most J apart from some point x in supp(w). Recall that we assume |z1| > ﬁ
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for x € supp(w). Hence |yi| > \/2117 -0 = \/W L and, since |u| > R® > (8n|)\|)?

(8nA1)? > (2v/2nA1)2, "

1 1 1
> — — .
| - \/271)\1 2\/271)\1 2\/211)\1
Inequalities ([3.26) and (3.27) contradict each other, so we are done with the first assertion.

Along the way we also proved the second assertion |t| < |u| (we got a contradiction unless
[t| < 2v/2n|ul). Finally, we observe that (3.25) implies that, for any i € {1,...,n}, we have

1 (3.27)

12Xty — u;| < 2\/2nR\u\%.

Choose 7 so that |u;| = |u|. Dividing the above inequality by |u|, we have
t 2v/2 1
‘2)\1'3/1 < 2V2nRJu|"2 < o2
ul ™ Jul | Rz 2

where we used |u| > R3 and R > 32n. On the other hand, we have

t .
‘2)\1'.% — =
|ul

' t
2Xilyil— L 1-— 2Az'|y¢|u
ul |

Jul Jul

and combining the last two inequalities, we get

|t] s !
|u| )\zyz

We observed before that, since (y,t) is assumed to contribute to the right hand side of Propos—
ition y is at most § apart from some point x in supp(w). This point = has |z;| < \F’
and hence 1

lyi| < +iK

1
VA Vi

since § = —— and |u| > || by assumption. It follows that
Vil

It _ 1 1

and we are done. O

Now we have everything we need in order to estimate the right hand side of Proposition
3.2.11] at least under the stronger assumptions of the previous proposition. We observe that
the second summand is bounded by

< |wl, rvol(B)

where B is the set of bad pairs (y,t) such that y is at most ¢ apart from a point in supp(w) (we
used that |p(t)] < r, by (3.16))). The inequality

12Xty — wi| < 2V 2nR]u\%

holds for every such pair and every i € {1,...,n}. For each fixed ¢, this prescribes an interval

VAl

1
Rlu|2 A R|u|™2
ul VIRl

Ailt] Ai

of length O <R|"|| ) for y;. Since [t| > [ul by the previous Proposition, we have
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and hence, for (y,t) € B, each y; ranges over an interval of length O 7M§W . Moreover,

the previous proposition also implies that ¢ ranges over an interval of length O(|u|). We conclude
that

VI R|u| SEVER
1 n
vol(B) < [ul- H Rl
and hence we conclude that (provided that |u| > R? and R > 32n|)|)

wiy BN | Jwlg [A[2
VA A

We are now ready to state and prove our last estimate for I(r;u).

I(r;u) <N R™r|u)' 3. (3.28)

n

Proposition 3.2.13. Suppose |u| > 1, let € € (O, 5) and let N be a positive integer such that
N > % Then we have

3n -1
wlp AZ 0 wly ) -
I(r; :
(T’,’U/) <<€ ( A + \/K (7" |UD T"U| 2

Proof. Throughout the proof, set C = (32n|)\|) . We split the proof into two cases.

Case 1: |u| < Crm.
Then we have

which is equivalent to

By Proposition we have

1
so we are done in this case, since O < \/\\Z(n 9 — ‘)\’ (1—e/n)~

2e

Case 2: |u| > Cr~ .

Let R = 32n|\|(r"|u|)3 . We check that, with this choice of R, the conditions under which
holds are satisfied. It is clear that R > 32n|\|, since r < 1 and |u| > 1. Furthermore, the
condition |u| > R? is equivalent to |u| > (32n|A])(r~1|u|)?/™, which in turn is equivalent to

lu| > (32n|A|) s r s = O s,

But this follows from the assumption of Case 2, since » < 1 and 25 > £ (the latter simplifies
toe < §).
We now apply (3.28). In order to do this, we check that R~ and R™ behave as desired:

° Our condition on N ensures that sN > ﬂ —1—¢ and % > 1 — . We therefore have

o <r'=¢ and |u|” S < \u|‘€Jr1 Multlplylng the two yields
() 3 < () el 2

and since the choice of R ensures that R~V < (r*1|u])_%, it follows that the first
summand in (3.28) is < %(T‘llu\)sﬂu\l*f
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e We have R < |\|["(r~!u|)5 < |A"(r'|u|)¢. Therefore the second summand in (B.28) is

3n/2 n
< Pl =ty o) 5

Putting the two estimates together, we obtain

3n
[wlp [Al2 4 o, Jwly -7
I(r: € 2 € 2
(ru) e == (" ful)"rlul "% + A (rful) rlul™ 2,
which is sufficient for the proposition. O

As usual, from ([3.9) we obtain the following bound:

Lemma 3.2.14 (Third estimate for I,(c)). Suppose ¢ < /mc|, and e € (0,%). Let N be an
integer such that N > % Then we have

n(1_ -1 1—n
jwly [A] 70—/ Wiy ), (m’0‘>5 < %]) 2
1 < f + —= 2 .
q(c0) <. < m 2 p

§3.3 The Singular Integral

In this section we specialize the treatment of the integrals I,(c) to the case ¢ = 0, which is where
the singular integral, defined for example in , comes from. This is where the assumption
that our weights are G-admissible will reveal its full potential: it will play a key role in the
following central technical assertion.

Proposition 3.3.1. With O'OO(F(O),U}) defined as in (3.1)), we have

*
UOO(F(O),w) _/ (;chix)dy
Rn—1 (Txl(x*))
where y runs over the projections onto the last n coordinates of vectors in supp(w), and x* is
defined as in Definition |3.1.1|(iv) for some x that projects to y.

Proof. We prove that

w(z™)
216/|G($)|§€w($)dfb = /Rnl (ngl(x*))dy"‘ OG,w(g)

from which the result follows immediately. Note that the implied constants in the error term
above are allowed to depend on GG and w. This does not cause problems, since the rate of
convergence of the left hand side as ¢ — 0 will not be of interest to us.

First observe that, for any z, the condition |G(z)| < e implies |G(z) — G(z*)| < €; by the
Mean Value Theorem we have
oG

Gla) — G = |5

Ot

for some ¢ in the segment connecting x and z* and since the partial derivative above is > p,
by the admissibility condition, it follows that |z — 2*| <G €. We then have (for example
by the Mean Value Theorem, since the derivatives of w are bounded from above) w(x) =
w(z*) + Ogw(e). We conclude that

1 1
— wxdac:/ w(z®) + Og.w / ldz | . 3.29
2 JiG()|<= ) 2 | ot )+ 06 (G(w>|<a > (329

xesupp(w)
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We note that, for fixed xa, ..., x,, the values of 1 for which |G(z)| < e range over an interval
of length Og (¢). Indeed, if 21 and | are two such choices, then setting ' = (2, x2,...,z,)
we have
oG , ,
2e > |G(z) — G(a')| = 7( )| - |z — 23| = ploy — 2

for some £ in the segment connecting z and z’, whence |z1 — x| <@, €. It follows that the last
summand in (3.29)) is Og . (€), since the other coordinates range over intervals of length O,,(1).

We obtain )

2 |G(z)|<e wiz)de = 5 2¢ /G(z )| <e w(z”) + Ogw(e)- (3.30)

xesupp(w)

We now observe that, by Taylor’s Theorem, we have

Gla) = (01— 2 52 (0) + Ol

since the second partial derivatives of G are bounded in supp(w). Fix now y = (x9,...,zy)
(recall that z* only depends on y). Then the condition |G(x1,y)| < € is equivalent to x; lying
on some set [, of measure

2e Oc.w(€?) 2e 9
+ ; = + ng(s ) (3.31)
() T @) | 3 (a)

where in the last equality we used again that the partial derivative which occurs in the denom-
inator is > p. We now prove that we have, for each fixed y

L x w(zr)
25/|G(:v)|§s w(a)dzy = 26 () + O w(e), (3.32)
x€supp(w) Oxy

after which the result will follow from (3.30]). For this we see two cases.

Case 1: (z1,y) € supp(w) for every x € I,,.
Then the condition that x; ranges over a set of measure given by (3.31) implies

1 . 2e 9
2 /G(w j<e ")day = QEw(‘T ) (gg(m*) + Oc,w(e ))

ze€supp(w)
which implies (3.32)).

Case 2: There is some z} € I, for which (z,y) ¢ supp(w).

We have argued before that the condition |G(x)| < € prescribes an interval of length Og 4, ()
for 1, and hence 1 = 2} + Og (¢). Since the first partial derivative of w is bounded from
above, it follows from a straightforward application of the Mean Value Theorem that w(z1,y) =
w(zh,y)+O0gw(e). But w(z),y) = 0 since by assumption (2}, y) lies outside supp(w). It follows
that w(z1,y) = Ogw(e). This readily implies (again using that the values of x; for which
|G(z1,y)| < € range over an interval of length Og ,(¢)) that

w(z*)
25/|G ji<e W(@T)dz1 and 9G (1)
z€supp(w) [z

are both Og (), and then (3.32)) trivially holds. O
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We are now ready to prove the main result of this section.

Lemma 3.3.2. We have

|wl N
I,(0) =m> (UOO(G,’U)) +On (\j%“ <\/qﬁ> )) :

Proof. We use ({3.8]), which reduces the statement of the Lemma to

/n w(z)h(r,G(x))dz = 000 (FO,w) + On <|w‘2\/%+1rN> , (3.33)

where r = g/v/m. We have already seen that h(r, G(x)) vanishes identically on supp(w) if r > 1,
hence we may assume r < 1. Now substitute y = G(x) on the left hand side of (3.33)). The

determinant of the variable change (x1,x9,...,2z,) — (y,z2,...,x,) is Ox1/0y. Differentiating
the relation G(z1,...,x,) =y with respect to y, we arrive at

oG Oxy

Or1 Oy

whence this determinant is also equal to (9G/0x1)~!. This variable change implies that the left
hand side of (3.33)) equals

/;UG( ))dydxz ~dx Z/Rf(y)h(hy)dy

ox1 (CE

where
I(y) = / (;Ug(ix)dz
371(95)

in the last integral, dz stands for dxsy - --dz, and 9, ..., x, run over all (n — 1)-tuples of real
numbers such that (2, z2,...,z,) is in supp(w) for some z/; x; is defined via the equation
G(z1,...,2n) = y (note that this equation in x; does not have more than one solution in
suppw, since there is at most one positive solution and z; > 0 in supp(w)). Proposition
gives 1(0) = 000 (F(©), w). We will apply Lemma to f(y) = I(y), by finding appropriate
values of B and By, ..., Bont1.-

We have o Y
Jj J
[P w(x) @

C(Tyjl(y) ) Oy 2

As we said before, if (29, ...,y ) is in the range of integration then (2, z2, ..., x,) is in supp(w)

for some z*. This implies |G (2, z2,...,2,)] < %, and thus

A (2))2 + Xozs 4 -+ M2 <

N W

whence z; < \/» for j = 2,...,n. It follows that the volume of the range of integration is

< \/ﬁ It now suffices to bound each 8‘9;] 21;(3;)

by differentiating the equation \jx3+- - -+ \,22 —1 = y with respect to y, we get 2\171 8%371 =1.

Therefore gy] 2“/{5“?1 = % (w(:z:)ag“) Then Leibniz’ formula yields

uniformly in y. We begin by observing that,

] k+1
&y] 2)\1x1 Z y ay] k-i—l '

(3.34)
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The factor on the right is readily computable; by induction we see that 85;1 = Xzi?s_l for
some constant cs. In fact, this is clear for s = 1, and for the induction step observe that
Ftley, 0 1 In 1 _ 1
dy*  Oye izl Oy —(2s — D)esAjzd  —(25 — D)e ATt
where we used again %’; = 2)\1z1, and hence we may take csy; = —(2s — 1)cs. We then have

0%x1

oy < Xil‘%kl =0 Ix;%)s- But by assumption we have Alx% > 1 (this is part of the admissibility

condition), whence

8SJI1

<L x7. 3.35
oy 1 (3.35)
k
We now turn to estimates for %&x). Observe that, as a function of y, w(x) is the composite of
k
w(-,x2,...,2Ty) and x1, whence 9 gz,(j”) can be computed by iterated applications of the Chain

Rule. Straightforward induction shows that

OFw(x) B Z Owy  Oray
ko L T P
%y iretip=k oy Oy
i1 yeenyir >1
where i1,...,1, are positive integers, and each Cj, _ ; is some linear combination of terms of
the form g%’(a}l, ..., xy) for some ¢ < k. From this description it is clear that C;, ;. < |wl|g,
1
and hence N , ,
" w(x) oz 0"xq
By <lwh Y dyin Oy
11++'Lr:k
115eetr 21
Using (3.35)), we get
OFw(z)
Byt < |wlk Z x].
i1+ tir=k
i1yeenyir >1
Since z; < \/%—1 < 1, each 27 is < 1, and it follows that
OFw(x)
< |wlg. 3.36
o < fuls (3.36)

We have now everything we need in order to estimate (3.34)). Using (3.35]) and (3.36]),

O w@) < [wl;
— < W(pr) K [ w|jr < —=.
This shows that we may take B; < ﬁmbﬁ < % for j =1,2,...,2N + 1. In order to

find a suitable value for B, we note that if I(y) # 0 then the equation G(z) = y has at least

one solution in suppw. This implies |y| < L

5, since |G| < % on suppw. We can therefore take

B = % Now we see that

2N+1
[w|;

BOB+BO+B1+"'+BQN+]_<< Z ﬁ

|w‘2N+1

VA

J=0

<

and the result follows from Lemma 2.2.12] O
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3.4 The sums S5 (c)

In this section we turn to the study of the exponential sums S;(c), defined by
a (mod q)b (mod q)

Note that, as opposed to the integrals I,(c), the sums S;(c) do not depend on the weight w.
We begin with the following easy statement.

Proposition 3.4.1. If u and v are coprime integers, then we have
Suv(c) = Sy (ve)Sy(uc)
where v and u stand for the multiplicative inverses of v and u modulo u and v, respectively.

Proof. We note the general equality

< | <l

1
+—=—(mod1).
uv

SIS

With this in mind, we write

S0 = XY et

a (mod uv)b (mod uv)

_ Z Z ( u+c b)+u(aF(b2}+c-b)>

a (mod uv)b (mod uv)

Now the Chinese Remainder Theorem gives us an isomorphism of rings Z/uZ X Z /JvZ — Z]uvZ,
which maps (b1, b2) to uuby + vvby. Writing b = wuby + vvb; in the sum above, we obtain

Z Z ( v(aF (by) + ¢ - vvby) +u(aF(b2)+c~uub2)>

u (%
a (mod wv)b1 (mod )

ba (mod v)

Z Z (vaF (b1) +ve- by +uaF(b2)—|—uc-b2>
. )

a (mod uv)b; (mod )
b2 (mod v)

Now for any pair of units a1 € (Z/uZ)* and ag € (Z/vZ)* there exists a unique a € (Z/uvZ)*
such that va = a; (mod u) and wa = ag (mod v). Therefore the above yields

Suv(C) _ Z Z (alF b1 +ve- by agF(bz) “+uc - bz)

v
a1 (mod u)by (modw)

az (mod v) bz (mod v)

Y Y <a1Fb1q+vc b1> DS (ang2q+uc bg)

ai (mod u)b; (mod w) az (mod v)bs (mod v)

= Su(ve)Sy(uc)
as desired. ]

This proposition will essentially allow us to reduce the task of bounding S,(c) to the case in

which ¢ is a prime power. We give now our first, most naive bound.
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Lemma 3.4.2. We have
Sy(c) < Azgst!

Proof. We first observe that, for any z1,..., 2, € C, we have
|21+l < (a4 ) S Bz o+ Lal),

where the first inequality is the triangle inequality, and the second one follows from the Cauchy-
Schwarz inequality. This yields

2

Suol <ol 7| T (F(b””)

a (mod q) |b(mod q) 4

)Y T < —F(bg))—kc-(bl—bg))'

a (mod q)b1 (mod q) 4
b2 (mod q)

We now set by = b+ h and by = b. It is clear that
F(b+h)—F®)=FO(h)+b-VF(h)
and hence

5. DY Y ( (h)+b- VF(h))—i—c-h)

a (mod q)b (mod q) q
h (mod q)

DS <aF< +c-h> Zé(aVF(h)-b)

a (mod g)h (mod q) b (mod q) q

If some entry of VF'(h) is not divisible by ¢, then the innermost sum equals 0; otherwise, it
equals ¢". We obtain

WFO(h) + ¢
5.0) Ay Y <F q+ h>
)

a (mod q)h (mod g
q|VE(h)

< ¢(q)*q"#{h (modq) : ¢ | VF(h)}.

We now count vectors h € (Z/qZ)"™ such that ¢ divides VF(h). We have VF(h) = (2A\1h1, ..., 2 k).
The condition that ¢ | 2\;h; is equivalent to

q
h.
@y |

and hence the number of h; € Z/qZ satisfying this is (¢,2);). We obtain

#{h(modq) : q | VE(R)} = (¢,27) -+ (,2n) < (201) -+ (2An) < A

implying
S4(c)]” < 9(9)%q" A < A"

which establishes the result.
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Our next result exploits the diagonal structure of F' in order to obtain a better bound for
Sq(c) when ¢ is a prime. In order to state and prove this result we need to present a definition
and recall some well-known bounds.

Definition 3.4.3. Define the quadratic form H by

2 2
c c
H(c)= L ...
(c) VR
Note that when p is a prime with pt A1,..., A, and ¢ € Z™ it makes sense to evaluate H(c)

modulo p.
Fact 3.4.4 (Gauss Sums). Let p be a prime and v be an integer such that p {y. We then have
> (5)-(6)
el—)=1|=-]m
z (mod p) p p

where 72

p = (—1)%19, so that in particular |7,| = \/p.

Fact 3.4.5 (Kloosterman Sums). Let p be a prime. For two integers a and [, define the

K(a,Bip)= Y e (M) ,

a (mod p) p

Kloosterman Sum

where as usual @ stands for the multiplicative inverse of @ modulo p. Then if p { i, 8 we have

K (a, B:p)| < 2v/p.

Fact 3.4.6 (Salié Sums). Let p be a prime. For two integers « and 3, define the Salié Sum
Rasn = X ()25,
p p
a (mod p)

Then we have

K™ (o, B p)| < 24/p-

We are now ready to embark on our next result.

Lemma 3.4.7. Let p be a prime such that pt A. We then have
Sple) < p"%

except when n is even and p divides m and H(c). Moreover, we have the following explicit
formulas for S,(c) when p divides m or H(c):

o Ifn is even, then

- (W) p2 if p divides one of m, H(c) but not both

7

p

Sp(c) = n
<(1)7/\1)‘n> (p—1)p2 if p divides m and H(c)

o Ifn is odd, then

n—1 n
M) P if p divides H(c)

P
Sple) = (1) T A dnH(e) | ntl
( pl n 7 >p2 if p divides m
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Proof. We have, by definition,

p—1 2 2
a(Aby + -+ by, —m) +c1br 4+ - -+ cpby
SP(C):Z Z €< ( 1 ) )

a=1 b (mod p) p
p—1 2 2
Ab b Anb nbn
:Ze<_m> 3 e(au+11> ) e<a+> (3.37)
—1 p b p p
a 1 (mod p) by, (mod p)

We can evaluate each of the inner sums by using Fact We have

<a)\ix2 + cm) <a)\ix2 + cijr + 4aAiC?> <4a)\ic?>
S (D) oy :
p p p

z (mod p) z (mod p)
_., <—4a)\ic12> Z . <a)\m2 +cix + 4a)\ic?>
p z (mod p) p
_. (—4a/\ic%> Z . (a)\i(x + 2a)\ici)2>
p z (mod p) p
— .2 2 ) _ .2
. ( 4a)\zcl> Z . (a)\lx > _ <a)\l> . ( dalic; > -
p p p p
z (mod p)

Using ([3.37)) we conclude that

= <A1pA”> K, <—m, —iH(c);p) (3.38)

where K, = K if nis even and K,, = K* if n is oddﬂ Using Fact or Fact according to
whether n is even or odd, respectively, as well as the fact that |7,| = /p, it follows immediately
n+1

that, if p does not divide m nor H(c), then Sp(c) < p~2 .
Now, if n is even and p divides exactly one of m and H(c), then

o) - 5 4(3) -

z (mod p)
and since 77 = (—1)1%1]97 we have 7} = (Tg)% = (—1)1’771'%]9%, and it follows from (3.38) that
Al A p=ln n -1 2)\"‘)\71 n
Splc) = (1 p ) (-1 3pE(-1) = - <( k pl )p2

as desired. If m divides both m and H(c), then the Kloosterman sum becomes

S li=p-1

z (mod p)

There is a slight abuse of notation here. The expression K, (fm, f%H(c);p) must be interpreted as
Kn(—m,b;p) where b is some integer such that b= —1H(c) (mod p).
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and the rest of the computation goes unchanged, so we get
1% AL A n
Sple) = <( =2 ) (0~ 1k

which is also what we wanted.
If n is odd, and p divides H(c) but does not divide m, the Salié Sum K,, becomes

> 6 57) - 2 0 G) ()

a (mod p) a (modp)

simply because > e(—am/p) = 0. Note that 1+ (%) is precisely the number of solutions in
(mod p)

7./pZ to the equation 22 = a. Hence

K, <_m’ _iH(C);p) _ a(mzogip)#{x (modp) : 22 = a (mod p)}e <_;m>

() (2)

z (mod p)

by Fact This, together with (3.38)), implies the desired formula for Sy(c), in light of the
equality

n+1

bl (722 = (c1)fE N = <1> T
p

The case when p divides H(c) but does not divide m is similar: in this case the Salié Sum K,

=, () (2)- (49)-

a (mod p)

becomes

by a completely analogous computation, in which the roles of m and iH (c) are reversed. Again
this implies the desired formula for S,(c). Finally, if p divides both m and H/(c), the Salié Sum
equals 0, so Sp(c) = 0, which is consistent with our result. O

We now move towards estimation of the partial sums

Z SQ(C)a

q<X

which will be needed later. By Lemma [3.4.2] we immediately see that

S0 <Az Y gE < AT Y XET = AzXET
q<X q<X <X

It turns out, however, that we can do better, by taking advantage of the multiplicative property
given by Proposition and the finer estimate for S,(c) when p is a prime given by Lemma
3.4.7. The general strategy will be to decompose each integer g as a product of a square-free
part and a square—ful]ﬂ part. We then estimate the exponential sum arising from the square-free
part using Lemma [3.4.7 and the one arising from the square-full part using Lemma[3.4.2] Since
this second bound is worse, we would like some upper bounds regarding the distribution of
square-full numbers, which we develop now.

2A positive integer v is called square-full if for every prime p dividing v, p* also divides v.
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Proposition 3.4.8. The number of square-full integers x satisfying 1 < x < N is O(\/N)

3

Proof. We first note that every square-full number can be written as u3v?, where u and v are

positive integers. Indeed, if x is square-full, write

= Hpml H q2/3j+1

where the p;’s and ¢;’s are distinct primes. The square-full property ensures that 3; > 1 for
each j, and therefore we can take

S T S
. i—1
| U 1 01 O
j=1 i=1  j=1
Now this implies

#{1 <z < N :z square-full} < #{(u,v) € Z* x Z" : u?v? < N}

= Z#{v € ZT :ud? < N}
u=1
oo oo
N 1
S aE (Z ) Vi
u=1 u=1 U?
The above sum converges, and we are done. O

Corollary 3.4.9. We have

1
Y. = <log(N).
1<a<N Va
T square-full
Proof. Let k be the smallest integer such that 2¥ > N. For each j with 0 < j < k, there are
O(V/2) square-full numbers z < 2/ by Proposition and in particular there are O(v/27)
square-full numbers  with 2/~ < 2 < 2/, This implies that

> \}55 > ﬁ<<f — =V2=0().

]

20— 1<g<2d 2712
x square-full z square-full
Hence
k k
1 1
T
1<z<N J=0 20-1<p<27
x square-full x square-full
Since obviously k < log(N), we are done. O

We will also need an easy statement concerning sums of ged’s.

Proposition 3.4.10. For any positive integers N and k, we have

Mz

) < N7(k)
]:1

where T(k) stands for the number of divisors of k.
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Proof. Each (j, k) is a divisor of k by definition, hence

N
D_Uk) =D d#H{1 <j <N (k) =d}

j=1 dlk

Now when (j, k) = d we must have d | j, and hence the cardinality above is at most N/d. It
follows that

al N

S Gik) <Y d- = =N Y 1= Nr(k).

=1 dlk dlk

We are now ready to state and prove our estimate for the partial sums of Sy(c).

Lemma 3.4.11. We have

S ISy(0)] <= AT X el
q<X

Proof. Each positive integer ¢ can be written uniquely in the form wv, where v and v are
coprime integers, u is square-free and v is square-full. This implies, by Proposition
Sq(c) = Su(vc)Sy(uc); we estimate each factor separately.

For the latter, we simply remark that by Lemma we have S, (uc) < Azy3 L,

For the former, let d = (u, A), and write u = dpy - - - pg, where p1,...,pg are distinct primes.
Note that d,p1,...,p; are pairwise coprime, and that by construction none of the p;’s divide
A. Now iterated application of Proposition yields

Su(ve) = Sq(re)Sp, (ric) - - Sp, (1xC) (3.39)
for some integers r,71, ..., r; whose value will not be relevant. By Lemma [3.4.2] we have
1 Ly | 1 Ly | n+3
Sa(re) < Azd2™ < AzA2T = Az (3.40)

since d divides A. Now, since each p; does not divide A, we know from Lemma that
ntl
Sp; (rjc) < p; >, except potentially when n is even and p; divides m; if that is the case, then

the first exceptional case of Lemma [3.4.7] yields S, (rjc) < pf“. Therefore, in general, we

have
n+1

Sp;(rjc) < p;* (pj,m)

N

and taking the product over all j's we get

n+1

Spy(r1€) -+ Sp (k) < (p1---pk) 2 (p1-- P, m) <K unTH(u, m)2.

The estimates (3.40|) and (3.41)) imply, by (3.39)), that

n+1

Sy (ve) < ATy (u,m)z.

N

(3.41)

N[

Putting together the estimates for S, (vc) and S,(uc) we get

n+4 n-+1

Sqlc) < A2 g 2 v%(u,m)%
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and summing over all ¢ < X yields

S, (c)] <« AT HTHU% w.m)?
q q )
g<X q<X
< AT XS Z v%(u,m)
uv<X

u square-free
v square-full

<ATX'T Z v2 Z (u,m)% (3.42)
v<X u<X/v
v square-full

N

and hence

v
v<X u<X/v v<X
v square-full v square-full
1
(%

v<X
v square-full

< X log(X)7(m)
by Corollary Now ((3.42) yields

3 1S4(e)] < A" X log(X)r(m).
q<X

With this we are done, in light of the standard estimates log(X) <. X¢ and 7(m) <. m¢. O

§3.5 The Singular Series

In this section we specialize the treatment of the sums Sy(c) to the case ¢ = 0. Our goal is
to investigate the contribution of the summand corresponding to ¢ = 0 to the expression for
N(F,w) given by Lemma this summand is where the main term of the final result will
come from. Taking into account Lemma which gives an asymptotic formula for I,(0) the
main term of which is constant with respect to ¢, it becomes natural to consider the sum

Z q_nSq(0)7
q=1

which we call the singular series.
Our first lemma describes how well the singular series can be approximated by its partial
sums.

Lemma 3.5.1. We have
S aS 0= Y ¢S, 0)+ 0. (A"T*“X3%”+€m6).
g=1 1<g<X

Moreover, the singular series converges absolutely.
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Proof. We show that
> ISy(0) = 0: (AT X T o)

>X

from which both assertions follow immediately.
For this, we define temporarily

1<¢<X

so that, for any positive integers X < Y, we have

Yo oa SO = Y a "(S(e) - S(g—1)

X<q<Y X<q<Y

=—(X+1D)7SX)+ Y. ("= (@+ 1)) S@+Y"S(Y). (3.43)
X<g<Y

By Lemma [3.4.11) and bounding (X + 1)~ by X", we have

(X +1)"S(X) < X" A" X5 Tomf = A" X 2t (3.44)
and similarly
ntd 3—n ntd - 3—n
Y "S(Y)<. A2 Y72 PPmf <A X2 Tt (3.45)

We now observe that, by the Mean Value Theorem, we have ¢~ —(¢+1)™" < ¢~ "~ !. Therefore,

Yo" =(g+1)MS@< D ¢ S(g)

X<qg<Y X<qg<Y

< A" me Z qliTnJrs (by Lemma (3.4.11])
X<g<Y

Y
< An2+4m€/ et
X
< A me (X?’_T’“r& _ Y3_Tn+5)

n+4 3—n

<A X727 tEme, (3.46)

Putting together (3.44)), (3.45)), (3.46) we obtain, by (3.43)),

S a8 0)] < AT X e
X<q¢<Y

and letting Y — oo we obtain the wanted result. O

It is in the study of the singular series that the p-adic densities o, which appear in our
statements, for example in the statement of Theorem [3.0.1} show up. In fact the singular series
turns out to be the product of these p-adic densities. In order to see this, we need the following
proposition.

Proposition 3.5.2. For any non-negative integer k, we have

p Ve € (Z/p'2)" : FO(2) = m (modp”)} = > p ™5, (0).
t=0
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Proof. We induct on v. For v = 0 it is clear that both sides equal 1.
Now assume that v > 0 and the above equality holds for v — 1. Given some n-tuple b €

(Z/p"Z)"™, we have
1 . aF(b) _ )L oifpY | F(b)
P 2 ( P > {0 if p¥ { F(b)

a (mod p¥)

Therefore we have

#{x € (Z/p’Z)" : FO(z) = m (mod p”)} = Z i,, Z e(‘LF(b)>

The double sum above is almost the definition of Sy (0), except that now a is allowed to range
over all residue classes (mod p”), and not only over those that are coprime to p”. With this in
mind, we see that

#{x € (Z/p"Z)" : F(O)(x) =m (modp”)} = % Z Z < )
p a(moldp )b(modp ) p
pla

1 1
— s X Y e

a’ (mod p*—1)b (mod p)

')

where we performed the variable change a = pa’. The last summand only depends on b modulo
p'~! and for each V' € (Z/p”~1Z)" there are exactly p™ choices of b € (Z/p’Z)™ that project to

b'. Therefore, we see that

e € @D PO S mnodp )} = 50+ X 3 e(“/f_(i’))

a’ (modp”—1) ¥V (modpv—1) p

:;jspu(oHpM 3 3 e<“/f:(f)>.

a’ (mod p*—1)b’ (mod p¥—1) p

But since, for &' € (Z/p*~'Z)", we have

1 dEW)\ 1 ifprH| F(Y)
Pt 2 6( Pt >_{0 if pY =t F (V)

a’ (mod p¥)

it follows that
#{x e (Z/p’Z)" : FO)(z) = m (mod p”)}
= pl,,Spv(O) +p" e e (2/p ' z)" - FO(2) = m (mod p” 1)}

and after dividing by p»—1¥

OVl € @/ T) : FO () = m (mod p?)}
=p Sy (0) +p~ " Ve € (Z/p* )" FO(2) = m (mod p )}

, we get

By the induction hypothesis, we see that

p O € 2/ 2)" : FO (@) = m (modp' )} = 3 p S, (0)
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whence
—(nfl)y#{x c (Z/pVZ)n . F(O) (m) =m (modpu)}
v—1 il
— p_ntSpt (0) +p ™ Sp (0) = Zp_mspt (0)
= t=0
as desired. -

Corollary 3.5.3. For each prime p, the limit

op(FO m) = lim p~ " Yvaiz e (2/p'2)" : FO(x) = m (modp”)}

V—00

exists, and is equal to

> "8, (0). (3.47)
t=0

Proof. By Proposition it suffices to argue that the series (3.47)) converges absolutely. But

the partial sums of the series
S 15, (0)
t=1
are bounded above by
S 718,(0)
q=1
which is finite by Lemma [3.5.1 O
We now note that, by Proposition the sums S;(0) are multiplicative in ¢, i.e., one has
Suv(0) = 5,(0)S,(0)

whenever u and v are coprime. This implies that the singular series decomposes into an Euler

product, namely,

> g s =[] (Z p"tspt(0)>
g=1 t=0

p prime

= H op(F©O m) by Proposition [3.5.2]

p prime
We can therefore restate Lemma [3.5.1] as follows:
Lemma 3.5.4. We have
X +4 __3—
> q8,0)= [ opF©,m)+ 0. (ATXT+ETTZE> .
q=1 p prime

Recall that the main term of our claimed estimate for N(F,w) is

Ooo(FO ) H O'p(F(O), m)mz L,

p prime



3 The Case of Quadratic Forms 57

The singular integral oo, (F(®), w) does not depend on m, but the factors o,,(F(®), m) do. There-
fore, in order to be able to extract useful information about the asymptotic behaviour of N (F, w)
when F(© is fixed and m varies, we would like upper and lower bounds for the product

H op(F ©) m)
p prime
i.e., for the singular series.
We begin with upper bounds; this will be the easy part.
Lemma 3.5.5 (Upper bounds for the singular series). We have the following:

(i) If n > 5, then
I o(FO,m) <Ak,
p prime
(ii) If n =4, then
H o, (FO m) <. A'me.

p prime

Proof. For (i), we use Lemma obtaining

[T ov(FOm)=>"q7"5,(0) <> g "(Azgzt) =A2) ¢! 2.
q=1 q=1 g=1

p prime

V|3

Now the assumption that n > 5 implies that 1 — § < —1, hence the sum above converges and
we are done with (i).

For (ii), just apply directly the first statement of Lemma say with X = 1. Since
S1(0) = 1, this implies

H Up(F(O),m) = Zq_”Sq(O) =1+0; (A4m5) < A'me.
q=1

p prime

d

Lower bounds are a more delicate issue, and do not hold in full generality. For an obvious
example, observe that the equation

2@+ -+ a2)=m

has no solution when m is an odd integer, so we should not expect the number of solutions to be
> m%_l, as it would be if the associated singular series was bounded from below uniformly in
m. The obstruction to the existence of solutions in this case is purely 2-adic: the given equation
does not have solutions over the ring Zy of 2-adic integers when m is odd. When this kind of
p-adic obstruction does not occur, we have indeed lower bounds for the singular series. In order
to prove them, we need some preparatory work. We first recall the following well-known results
from local field theory, the first of which can be seen as a form of Hensel’s Lemma.

Fact 3.5.6 (Strong Hensel’s Lemma). Let K be a complete discretely valued field with valuation
v and ring of integers O (e.g. K = Qp, v = vy and O = Z,). Let f € Og|[z] be a polynomial,
and assume there is o € O such that

v(f(@)) > 2v(f(e)).
Then there exists some 3 € Ok such that f(8) =0 and v(8 — ) > v(f'(«)).
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Fact 3.5.7. Let K be alocal field (e.g. Q). Then every quadratic form in at least five variables
with coefficients in K has a non-trivial zero.

Now define, for each prime p,
M, = max{v,(A1),...,vp(An)}.

Proposition 3.5.8. Let p be a prime, and assume that n > 5 and that the equation F© (x) =m
has a solution in Zy. If p # 2, then the congruence

FO®)=m (mod p*Mrt1)

has a solution x € Z, such that v,(x;) < M), for some i € {1,...,n}. If p = 2, then the
congruence
FO(z)=m (mod 24M2+5)

has a solution x € Zg such that va(x;) < My + 1 for somei € {1,...,n}.

Proof. Define

i M, if p#£2
P M,+1 ifp=2"

Take any = € Zj; such that F’ (©) () = m, which exists by assumption. If some x; has v,(z;) < M,

we are done. Otherwise, each z; is divisible by p™»*!, and hence F©) (x) = m is divisible by
2M),+2

prTE,

Consider a solution X € @ \ {0} to the equation FO)(X) = 0, which exists by Fact W
By multiplying X by a suitable power of p we may assume without loss of generality that
X € Zy, \pZS. Again without loss of generality, we may assume that X is not divisible by p.
Define a polynomial by

F) =Mt + XoX2 +- 4+ 2 X2 —m.

Since both \; X%+ - - -+ A\, X2 and m are divisible by p?»*2 we have p*»*2|f(X1). Moreover,
we have f/(X7) = 2A\; X1, and hence, since p does not divide X7,

20,(f/(X1)) = 20p(2\1) < 2M, < 2M +2 < v, (f(X1)).

Now Hensel’s Lemma (Fact [3.5.6) implies that there exists X| € Z, such that f(X]) = 0, which
in turn implies

MXI2 4 X2+ MX2=m ie, FOX!] Xs,..., X,) =m,

and moreover we may take such X with v,(X; — X7) > v,(f'(X1)) > 0, so that p | X3 — X1,
and, since p does not divide X, it follows that p does not divide X{ either. Now X' =
(X, Xo,...,X,) satisfies FO(X") = m (mod p*™»*1) since we actually have F(©)(X’) = m,
and since vy(X{) = 0 this solution satisfies the desired conditions. O

Remark 3.5.9. The condition that F(?)(z) = m has a solution in Zy, was only needed to tackle

the case when m is not divisible by pQM;H. So if p2M1/>+1 | m this condition can be removed

from the previous proposition, and from everything that follows from it.

The previous proposition is the main technical tool needed to devise the following estimate.
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Proposition 3.5.10. Let p be a prime, and assume that n > 5 and the equation F(O)(x) =m
has a solution in Zy. If p # 2, then for every v > 4M, + 1 the congruence

FO>z)=m (mod p*)

has at least p"~DW=4Mp=1) soltions in (Z/p'Z)". Moreover, if p = 2, then for every v >
4Msy + 5 the congruence

FO)=m (mod 2")
has at least p=D@=4M2=5) solutions in (Z/p"Z)".

Proof. Using the notation of the previous proof, we must show that if v > 4M]; + 1 then the
congruence
FO)=m (mod p¥)
has at least p("~D@=4M=1) solutions in (Z/p*Z)".
By Proposition m the congruence FO(z) = m (mod p*»*1) has at least one solution
in (Z/p*»+t17Z)", and moreover we can find such a solution with vp(z;) < M, for some i.
Without loss of generality assume i = 1. Now for each (n — 1)-tuple in (Z/p*Z)" ! that

projects to the last n — 1 coordinates of x under the canonical projection choose a representative

(Xa,...,X,) € 2271 In this way we get p"~D=4=D distinct tuples (Xo,...,X,) € 20!

with X; = x; (mod p4Mz/7+1) for © = 2,...,n. We claim that for each such tuple we can find

X, € Z, such that X = (Xy,...,X,) satisfies F(O)(X) = m. Projecting these n-tuples onto
(Z/p"Z)"™ we get the desired p~D@=4M=1) solutions.
In order to find X7, consider the polynomial

F) =Mt + X Xe 4+ -+ A X2 —m.

Take any o € Zj, that projects to 1 in Z/p4Mz/7+1Z. The condition that « projects to x; and
X, projects to x; for each ¢ > 2 implies that

P o) e, wup(fla)) > 4M)+ 1.

On the other hand, we must have v,(«) < MIQ by assumption; moreover, the definition of MI’7
implies that v,(2A1) < M. Hence we have

20, (f (@) = 20,(2010) < 4M1’j < vp(f(a)).

By Hensel’s Lemma (Fact [3.5.6) there exists X; € Z, such that f(X;) = 0, which implies
precisely that F(O(X;,..., X,) = m, and we are done. O

Corollary 3.5.11. For every prime p # 2 we have

0, (FO) ) > p(r=D(EM+1),

Moreover, we also have
02(FO), ) > 9~ (= 1)(AMz:+5),
Proof. By Proposition [3.5.10 we have, for each v > 4M,, + 1,
p~ "V {x € (Z/p'2)" : FO)(x) = m (mod p*)}
zpf(nfl)u 'p(nfl)(y74MZ/,71) _ o~ (n=1)(4M,+1)

p .

Taking the limit as v tends to infinity yields the desired lower bound. O



60 Representation Numbers of Quadratic Forms

We are now ready to bound the singular series from below, under appropriate conditions.

Lemma 3.5.12 (Lower bound for the singular series). Suppose that n > 5, and that for each
prime p < (9A)Y =2 the equation FO)(x) = m has a solution in Zy. Then we have

H op(FO m) > e~ CAY? H p— (=1 (AMp+1)
p prime p prime
p<(9A)1/(n=2)

for some absolute constant C. In particular,

I o(F®,m)>a1.

p prime

Remark 3.5.13. Using Remark one may drop the assumption on local solvability of
FO)(z) = m if one has
vp(m) > 2M, + 1

for each prime p < (9A)1/(»=2),

Proof. We write

II o(F9 m) = I oE9m [  oE@?m

p prime p prime p prime
p<(9A)1/(n=2) p>(9A)1/(n=2)

and estimate each factor separately.
For the first factor we apply directly Corollary [3.5.11] yielding

I oEOms [ po0emo, (3.48)
p prime p prime
p<(94)1/("=2) p<(9A)1/(n=2)

For the second factor we use Corollary This yields

o
op(FO,m) =14 p8,(0)
t=1

and hence
D
|op(FO,m) — 1] <3 " p~"|S,(0)]

t=1
e 1

< Zp_nt(AﬂUt(?H)) by Lemma [3.4.2
t=1

1 o 1 1
A3 —(2-1)t _ AL
_A2Zp (2 )_Az e
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—2|z|

We now use the inequality 1 + 2z > ¢ , which is true for all |z| < % by a routine calculus

check. We have

I | S e,

p prime p prime P2
pz(gA)l/wa) pz(gA)l/(n—Q)
1 1
> exp | —2Az2 Z | > oA (3.49)

p prime pz
p>(9A)1/(n=2)

if we take C greater than the sum

> o,

p prime pz — 1
which converges. Now multiplying together (3.48) and (3.49)) yields the desired bound. O

§3.6 Proof of Theorem [3.0.7]

In this section we use the results previously obtained in Chapter [3] in order to prove Lemma
and hence Theorem The following propositions lead up to this lemma.

Proposition 3.6.1. The infinite sum

CONVETGES.

Proof. Since there are only finitely many ¢’s with |¢| = 1, we can discard those when studying
convergence of the sum above. For each k& > 0, we observe that the number of points ¢ € Z"
with 28 < |¢| < 28+ is (281 — (2F)? = O(27F). Therefore,

L _ 1 nk ]
Z ‘C|n+1 = Z (2k)n+1 < (2k)n+1 = 9k’

c€Z™ cEZ™
2k <|c|<2k+1 2k <|c|<2k+1

Hence we have

Z ]c|"+1 Z Z ‘C’n—i-l < Z ok —

c€Z" k>0 cezm k>0
le|>1 2k < || <2k
implying that the original sum converges, as desired. O

Proposition 3.6.2. Let ¢ > 0, and let N > (1 + 2—15) (n+ 1) be an integer. We then have

> Zq*”s 2(0) < w1 A

ceZ™ q=1
|c|>me

Proof. We use Lemma and Lemma yielding

N n n+1
Sq()Ig(c) <n [w|na|A[Zg2m > ||,
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This implies
n+1

_ n+1
Zq "5y a(e) < fwlwr M Em Y S g F < ol A Fm .
q=1

Now the assumption that |¢| > m® implies that m™*+D/2|c|=N < |¢|~*1) since this inequality

can be rewritten as ||V =D > m+D/2 and N — (n 4 1) > %L by assumption. It follows
2 Y p

that

Zq‘"s ¢) < l|y41]A Z e~
and hence
_ 1 N 1
S S S OL@ <n Y lulvalN A <oyt Y T
cezZn q=1 cezn ceZm
le|>m*® le|>m*® le|>m*®
implying the desired result, since the above sum is convergent by Proposition [3.6.1 O

Proposition 3.6.3. Let 0 < e < %, and let M > %—Z be an integer. We then have

- nss (wlo| AP nt3 4 Tne
Z Zq ”S ) <<y A2 < + |wlp | m % 2,
VA

ceZ™ q=1
me>|c|>0

Proof. We use Lemma with € replaced by ne. The size condition on ¢ implies that
(1 —¢)~! < 2. Hence Lemma [3.2.14] gives, for |c| > 1,

by 3n N

A VA

DY n
<y <’w‘0£ ’ + |%> m1+%+”6q§_1

Now we have, for any R > 0,

—n w )\371 w nyly. n_
S s o] < (R L ) e 7 )

R<g<2R R<q<2R
Loy (wlo AP Jwla\ ngay
<u R ( + m3tane 37 [5,(0)
A \/Z q<2R
nta [ wlo| A" !w|M> nylione ol
<p A2 ( + matztine patne (3.50)
A VA

where the last estimate follows from Lemma We now let k& be the smallest integer such
that 2¥ > \/m. Observe that for ¢ > \/m we have I,(c) = 0; this follows from (3.9) and the
Observation made after (3.9)) that I(r;u) = 0 if r > 1. Therefore

DSl = Y aT"ISy(e \<Z Y S0 ()]
q=1

1<q<y/m J=02i-1<q<2i

k

nsa (Jwlo] A[*" ‘w|M> 2p5+2 j—1y1

<p A2 ( + mitz ”EZ(QJ )yztne (3.51)
A VA =



3 The Case of Quadratic Forms
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by (3.50). We now observe that

k k ()
Z 9=1(5+ne) — o(h=1)(5+ne) N 9-i(5+ne) < 9lk—1)(5+ne) 22—]'/2
=0 5=0 =0

and since the above series converges, it follows that

k
22(j—1)(%+7’16) < 2(k—1)<%+n6) < (\/ﬁ)%+ns _ mi+%'
=0

Here we used the Definition of k, which implies 2¢~! < \/m. Now (3.51]) implies

3n
Zq "Sq(e)Iy(c) < A2 (Ion\I + |:‘;’%4> m 3 t+itome, Ly

|3n

n+4 |w\0|)\ |w|M> n+3 , 5ne
<y A2 < m & Tz,
A VA

We now sum this over all ¢’s with 0 < |¢| < m®. The number of such ¢’s is O(m"™

obtain

E § g |w]o| A" \UJM> n+3 | Tne
nS << A + m 4 2
! ( A VA

ceZ™ q=1
me>|c|>0

which is precisely the desired estimate.

Proposition 3.6.4. Let 0 <e < § — 1. We then have
Do S O)g(0) €= AT fulgm T
q>m% €
Proof. We use Lemma which implies, for any R > 0,
wlp =
S s 050 < P20t Y is0)« a3 5,0
R<q<2R A R<q<2R q<2R

We now estimate the sum above using Lemma yielding

- [wlo - nt3 o
Z q "54(0)1,(0) <. POmER™. A" RS
R<q<2R VA

me = A"z ]w[OR 7 e

Using this estimate with R = m2=¢. 2% for k = 0,1,... yields

o
> SO0 < A |w\omz+ez(m2 )
q>m% € k=0
<<A 2 |w‘0m5+e+ *—6 Z2k —"—i—a
k>0

and the size constraint on € implies that &T” + & < —1, hence the sum above is

<) 2k=

k>0

), and we

2+5,
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implying that
3—n
Z g "54(0)1,(0) <« A" |w|0m2+5+( e) (33" +e).
q>m% €

Now we see that

ﬁ—&-s—i— 1—5 3—n+€ —n—H;—i-E—62<n+3—|—E
2 2 2 4 2 4 2

establishing the desired estimate. O

Proposition 3.6.5. Let € > 0, and let K be an integer such that K > 2. Then we have

2e
> "800 = 0(FOw) T] 0p(#,mm

p prime

V|3

q<m2 —F
n+3 n+3 , ne
+ O (A" [wlom™ 55 + wlax 41 log(m) )
Moreover, the factor log(m) can be removed if n > 5.

Proof. Tn what follows, abbreviate oo (F(®), w) and o,,(F®), m) by 0o, and ,, respectively. We

use Lemma which implies for ¢ < ma¢
I _n ’w’2K+1 N
¢(0) =m?2 | 00 + Ok

o)

= m?2 (O‘oo + Ok (wb}mm_g>> using Ke

v
|3

This implies

Z q "S,(0 = m20os Z q "S4(0) 4+ O. k ‘wljgﬂ Z q "1S4(0)|

1
q<m2 € q<m2 € qg<m2~°
and from Lemma |3.4.2| we get

Yo aS0) < AT YT ¢! TE < Az log(m)

1_
g<m?27°¢ g<m?2

n

where the log(m) only needs to be present if n = 4, because otherwise the sum Zq>1 gl 2
converges. We conclude that

> S0, (0) =m2oe Y ¢ "Sg(0) + Oc n(|wlak 41 log(m)). (3.52)
qgm%is qgm% €
It now remains to estimate the first summand above. For this we use Lemma which yields

Z g5, (0 H ap+0< nid (7—5)(3—7”+e)+a>

p prime

~ [0 oyt 0. (A% w7 )

p prime

1
q<m27°
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and hence

m2aoo Z ¢ "S54(0) = 0o H apm% + O, (UOOAHTHmnTH*'%) .
q<m2 e p prime

We have argued before, for example in the proof of Proposition that the volume of the

subset of supp(w) where |G(z)| < T'is O (%) This implies, from the definition of the singular

integral, that oo, < ﬁ]w\o. The previous equality hence implies

M2 0o Z q "54(0) = 0o H opm? + O, <A 2 |w\0mnjlr3 2)

qu%75 p prime
and together with this implies the result. O

We are now ready to complete the proof of Lemma [3.1.3

Proof of Lemma|3.1.3. Use Propositions m 3.6.2| and [3.6.3 - 3| with e replaced by 2e/7n, and Propos-
itions [3.6.4] and |3.6.5| with e replaced by 2¢/n. Adding up the estimates obtained in each of

these Propositions, we arrive at

S S 0S4 (O1y(0) = 0o (FOw) T] op(FO,m)m

ceZ™ q=1 p prime

NP7 n
0. (878 (MOl ) w4 a0+ ke o) )

where N, M and K are respectively the smallest integers exceeding 7n(n +1)/2¢, 21n?/4e and
n?/4e, respectively. Since M > 2K + 1, we have

B

n+3
|wlak+1log(m) <z |wlpm s *°

and hence the last summand can be removed. We are left with

SN S (0(e) = 0o (FO w) [ op(F,m)m?2

ceZ™ q=1 p prime

)\311 .

We now use Lemma with P = @ = y/m; recall that then Cg = 1+ O(m™") by Lemma
This yields

N(F,w)=m ' (1+0(m™) > Zq*ns 4(0)

ceZ™ q=1

:JOO(F(O),w) H U]L,(F(O),m)m%_1

p prime

w|o| APP" n—1 N
(’ | ‘ ‘ +|’LU|M>’I’I’I 1 +a+|w|N+1’)\|2)

(27
1 0. ( H op(FO m)m!'~2
(2

+ O¢

p prime

L e
(’“"“' = fulae ) 5 ol ).

+ O:
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The terms in the last line are obviously bounded by the terms two lines above, so these can be

ignored. Moreover, it follows from Lemma (3.5.5 together with the estimate oo, < @l shown

VA
in the proof of Proposition that

0oc(FOw) T[ op(FO m)m' =% < Azfuly

p prime

and, on the other hand, since ¢ < % by assumption, we have

N>7n2_7>7n
9 ~q.n "7

.n
4
whence

N n 7
lwn1A[2 > Jwlo|A] 2 > Az|w]o.

Hence the summand
UOO(F(O)7w) H UP(F(0)7m)m17%

p prime

can also be ignored, since it is bounded by the summand on the line before. We therefore obtain

N(Fw) = 00(FO,w) [ opE® m)m3~!

p prime

" A 3n .
+0. (878 (MR 4 ) 5l )

as desired. ]

§3.7 Proof of Theorem [1.0.3]

We now prove Theorem [1.0.3] For that we use again the function v defined after Lemma [3.2.2
Define a smooth, compactly supported weight w by

Now we observe that, by definition, we have

o 3 ()

TE L,
F(z)=0
but when F(z) = 0 we have FO) (z) = m, whence F(O) (z/\/m) = 1 and G(z//m) = 0, implying
w(x/y/m) = 1. Therefore,
N(F,w) = #{x e z": FO(z) = m}.

On the other hand, we recall that

1

Ooo F(O),w :lim/ w(x)dx
( ) e—0 2¢ |G (z)|<e ( )

but when e < 1 we have w(z) = v(G(z)) = 1 whenever |G(z)| < e. It follows that

1
oo (FO, w) = lim — / ldz = 000 (FO).
|G()|<e

e—0 2¢
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It follows therefore from Theorem [3.0.1] that

#{x ez FO(z) =m}
= 000 (F) H op(FO mym2~1 + O, (

p prime

'n+3

A% |w|gm T +E) (3.53)

where K is the smallest integer such that K > 100n2/e.
It remains to estimate |w|x. For that, we observe that, by a straightforward induction, there
exist constants cq, ;... an,b. indexed by 2n-tuples of non-negative integers such that

A A ; b;
Gt tin (OGN (9PGN”
B - Car br . p pOITOLT +an+bn)(G(x))
9z ... Ogin 1,01,...,0n,0n O axZ
1 n a1+2b1 =1 i=1 ‘ ¢
an+2bn—ln

for every non-negative integers i1, ..., 4,. For € supp(w), we must have |G(x)| < 1, implying

Ma? 4 Al <2

and hence z; < W Since 2 aw = 2)\;x;, it follows that 8G - < A;. Also observe that d 5= 2.
It follows that K

ail"l‘""'l‘in n ag b 1+ “+in
awl o 81:” a1+2b1 =41 k=1 a1+2b1 11 k=1
an+2bn—ln an+2bn—zn
This implies that
K
lwlk < A7

and using this estimate on (3.53|), we obtain

#{zez”: FO(z) = m}
= 0o(FO) T op(FO mm3 =" + 0, (A" |AFm ™7 +).

p prime

Since obviously K < 1+ 100n?/e, Theorem follows.
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