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Abstract

In his paper [1], Heath-Brown developed a new form of the Hardy-Littlewood Circle Method,

and then showed how it could be used to estimate representation numbers of quadratic forms.

However, it is not clear from the paper how the error terms obtained depend on the quadratic

forms under consideration. After reviewing Heath-Brown’s method, we prove estimates along

the same lines and make explicit the dependence of the error terms on the quadratic forms,

making the result more suitable for certain applications.
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Notation

Given a point/vector x ∈ Rn, we denote by x1, . . . , xn its coordinates.

For us, a smooth function is an infinitely differentiable function. Given such a function w,

defined in Rn and with compact support, we define, for each non-negative integer N ,

|w|N =
∑

i1+···+in≤N
max
x∈Rn

∣∣∣∣∣∂i1+···+inw(x)

∂xi11 · · · ∂x
in
n

∣∣∣∣∣ .
We use Qp and Zp to denote the p-adic numbers and the p-adic integers, respectively.
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1 Introduction

The Hardy-Littlewood Circle Method was introduced in the early 20th century, and has since

proved to be a tool of fundamental importance in a range of problems in number theory. Perhaps

its most famous application is to Waring’s problem, which asks whether, for each positive integer

k, there is a positive integer s such that every positive integer N can be written as a sum of at

most s positive k-th powers. The answer turns out to be affirmative, generalizing, for instance,

Lagrange’s classical theorem that every positive integer is a sum of four squares. It was in fact

in the context of Waring’s problem that Hardy and Littlewood originally developed the method.

We sketch the main idea behind the method using Waring’s problem as an example, as seems

appropriate. For an integer n, define

δn =

{
1, if n = 0

0, if n 6= 0.

The Hardy-Littlewood Circle Method is based on the following observation.

Proposition 1.0.1. For any integer n we have

δn =

∫ 1

0
e(nα)dα. (1.1)

One may now attempt to count representations of a positive integer N as a sum of s non-

negative k-th powers as follows. Note that for every such representation, say N = xk1 + · · ·+xks ,

each xi lies in the interval [0, N
1
k ]. One therefore has

#{(x1, . . . , xs) ∈ (Z≥0)s : xk1 + · · ·+ xks = N}

=
∑

0≤xi≤N
1
k

δN−xk1−···−xks

=
∑

0≤xi≤N
1
k

∫ 1

0
e((N − xk1 − · · · − xks)α)dα

=

∫ 1

0

∑
0≤xi≤N

1
k

e((N − xk1 − · · · − xks)α)dα

=

∫ 1

0
e(Nα)

 ∑
0≤x≤N

1
k

e(−xkα)


s

dα.

Several ingeneous ideas make the estimation of this integral possible. The behaviour of the

integrand around some value of the parameter α is essentially determined by how close α is to

a rational number with small denominator:

1



2 Representation Numbers of Quadratic Forms

• If α is “close” (in a sense we do not make precise here) to a rational number a
q where the de-

nominator q is much smaller thanN
1
k , then we expect the exponential sum

∑
0≤x≤N

1
k
e(−xkα)

to be approximately equal to
∑

0≤x≤N
1
k
e(−axk/q). However the summand is now peri-

odic modulo q, and hence this sum consists essentially of ∼ N
1
k

q copies of the sum∑
0≤x<q e(−axk/q). We conclude that

∑
0≤x≤N

1
k

e(−xkα) ∼ N
1
k

q

∑
0≤x<q

e

(
−ax

k

q

)
.

Sums like the one on the right hand side are well understood.

• Otherwise, if α is “highly irrational”, we expect the values of −xkα (mod 1) to be ran-

domly distributed along R/Z, and hence we expect a lot of cancelation to occur in the

sum
∑

0≤x≤N
1
k
e(−xkα), so it should be small (the quasi-periodicity prevented this from

happening in the first case).

We call the regions of the first type the major arcs, and those of the second type the minor arcs.

At least when s is large compared to k, the bulk of the integral comes from the contribution

of the major arcs. The estimation of the error term coming from the minor arcs is usually the

most delicate part of the argument. Nevertheless (when s is large compared to k) it is possible,

using these ideas, to estimate the above integral to a good degree of accuracy, and to conclude

that, for s large enough, the number #{(x1, . . . , xs) ∈ (Z≥0)s : xk1 + · · · + xks = N} is always

strictly positive.

Let us say some words about the estimate that the circle method gives for this number, since

it displays a phenomenon which will show up again in our work. The main term (for s large

enough in terms of k) turns out to be

Σk,s(N)N s/k−1, where Σk,s(N) = β∞
∏

p prime

βp(N). (1.2)

Here β∞ is the surface area of the set {(x1, . . . , xs) : xk1 + · · ·+ xks = 1}, and

βp(N) = lim
ν→∞

p−ν(s−1)#{(x1, . . . , xs) ∈ (Z/pνZ)s : xk1 + · · ·+ xks ≡ N (mod pν)}.

So the number of ways N can be written as a sum of s positive k-th powers has order of

magnitude N s/k−1, with fluctuations depending on the availability of solutions to xk1 +· · ·+xks =

N over R and over the rings Zp of p-adic integers.

Several variants of the Hardy-Littlewood method have been developed over time. These are

based on different formulas for δn of varied analytic flavour, such as (1.1). Of particular interest

to us is the method Heath-Brown develops in [1]. This is based on the fact (which has essentially

appeared in [2]) that there exist an infinitely differentiable function h defined on R>0 × R and

a collection of constants (cQ) indexed by the reals greater than 1 such that, for any Q > 1, cQ
is close to 1 and we have

δn = cQQ
−2
∞∑
q=1

∑∗

a (mod q)

e

(
an

q

)
h

(
q

Q
,
n

Q2

)
. (1.3)

We will see how to construct such a function h in §2.1.



1 Introduction 3

This identity can be used to count solutions (x1, . . . , xn) ∈ Zn of equations of the form

F (x1, . . . , xn) = 0, where m is an integer and F is a homogeneous polynomial with integer

coefficients. In this thesis we shall focus on the case F = F (0) −m, where F (0) is a quadratic

form with integer coefficients and m is an nonzero integer; except for Chapter 2, we assume this

to be the case from now on. We also define G(x) to be F (0)(x)− 1.

There is however an important difference between the counting procedure adopted by Heath-

Brown and the one we sketched before. Heath-Brown’s method works best when one attempts

to count solutions weighted by a smooth weight function. The reason is that, in order to pass

from (1.3) to a formula for the number of solutions to F (x) = 0, one would like to use the

Poisson summation formula, so some smoothness condition is required of our summands. So

even if one’s ultimate goal is to compute the unweighted number of solutions, one should first

study the weighted version of the problem and then choose a weight that approximates the

characteristic function of the subset of Rn where one is looking for solutions.

Thus let w be a compactly supported smooth function defined on Rn, and let

N (0)(F,w) =
∑
x∈Zn
F (x)=0

w

(
x√
m

)

be the number of solutions to F (x) = 0 weighted by the smooth weight whose value at x

is w(m−1/2x). The use of w(m−1/2x) instead of the perhaps more natural w(x) corresponds

essentially to normalizing the equation F (0)(x) = m by rewriting it as F (0)(x/
√
m) = 1; so we

will usually pick smooth weights w supported around the set {x ∈ Rn : F (0)(x) = 1}, which

does not depend on m. We rewrite the right hand side above as
∑

x∈Zn w(x)δF (x) and, using

(1.3) and Poisson Summation (the details will be shown in §2.3), we arrive at

N(F,w) = cQQ
−2
∑
c∈Zn

∞∑
q=1

q−nSq(c)Iq(c)

where

Sq(c) =
∑∗

a (mod q)

∑
b (mod q)

e

(
aF (b) + c · b

q

)
and

Iq(c) =

∫
Rn
w

(
x√
m

)
h

(
q

Q
,
F (x)

Q2

)
e

(
−c · x
q

)
dx.

In the course of the argument we will choose Q =
√
m. Now a lot of the subsequent work

consists of studying and estimating the exponential sums Sq(c) and the exponential integrals

Iq(c) with care. Using this approach, Heath-Brown arrives in [1] at the following result.

Theorem 1.0.2. Let n ≥ 4 be an integer, let F (0) be a positive-definite quadratic form in n

variables and let m be a positive integer. Then we have

#{x ∈ Zn : F (0)(x) = m} = σ∞(F (0))
∏

p prime

σp(F
(0),m)m

n
2
−1 +OF (0),ε

(
m

n−1
4

+ε
)

,

where σ∞(F (0)) is the singular integral, defined by

σ∞(F (0)) = lim
ε→0

1

2ε

∫
|G(x)|≤ε

1dx



4 Representation Numbers of Quadratic Forms

and σp(F
(0),m) is the p-adic density of solutions to F (0)(x) = m, given by

σp(F
(0),m) = lim

ν→∞
p−ν(n−1)#{x ∈ (Z/pνZ)n : F (0)(x) ≡ m (mod pν)}.

Moreover, if n ≥ 5 and the equation F (0)(x) = m has a solution in the ring of p-adic integers

Zp for every prime p, then we have

1�F (0)

∏
p prime

σp(F
(0),m)�F (0) 1.

One should note the similarity between the output of Theorem 1.0.2 and (1.2). They are both

quantitative versions of a local-global principle. Such situations are familiar in quadratic form

theory due to the celebrated Hasse-Minkowski theorem which states that a quadratic form has

a non-trivial zero over Q if and only if it has a non-trivial zero over R and over every Qp. For

another example of a quantitative version of a local-global principle arising in Analytic Number

Theory, we refer to Section 11.2 of [3], on Siegel’s mass formula.

For n ≥ 5, Theorem 1.0.2 implies that the order of magnitude of #{x ∈ Zn : F (0)(x) = m},
as m ranges over the positive integers for which F (0)(x) = m is solvable in Z, is mn/2−1. We

remark here that this is false for n = 4. In that case, we can take, for example,

F (0)(x) = x2
1 + x2

2 + x2
3 + x2

4

and then, by a celebrated result of Jacobi,

#{x ∈ Z4 : F (0)(x) = m} = 8
∑

4-d|m

d.

This decays drastically when m has few odd divisors, and in particular the above identity shows

that 2k can be written as a sum of four squares in exactly 24 ways, for k ≥ 1 (though this can

also of course be shown elementarily).

The error term appearing in the statement of Theorem 1.0.2 is quite satisfactory. It has

however the disadvantage that its dependence on the underlying form F (0) is not specified. The

purpose of this work is to give another version of Theorem 1.0.2 where the error term is given

uniformly in F (0). For simplicity, we will restrict to the case where F (0) is a diagonal form,

given by

F (0)(x) = λ1x
2
1 + · · ·+ λnx

2
n

for some positive integers λ1, . . . , λn. More specifically, we will prove the following:

Theorem 1.0.3. Let n ≥ 4 be an integer, let F (0) be a positive-definite quadratic form in n

variables and let m be a positive integer. Then we have

#{x ∈ Zn : F (0)(x) = m} = σ∞(F (0))
∏

p prime

σp(F
(0),m)m

m
2
−1+Oε

(
∆

n+3
2 |λ|1+100n2/εm

n−1
4

+ε
)

,

where ∆ = 2λ1 · · ·λn, and the singular integral σ∞(F (0)) and the p-adic densities σp(F
(0),m)

are defined as in the statement of Theorem 1.0.2.

In Chapter 2 we develop in detail Heath-Brown’s variant of the circle method and use it

to obtain an expression for the number of solutions of a polynomial equation in terms of some

exponential sums and exponential integrals (here the work done in [1] is mostly left unchanged).

In Chapter 3 we study these exponential sums and exponential integrals in detail in the context

of quadratic forms.



2 The Method

In this chapter we explain in detail the ideas behind (1.3), and show how it can be used to

count weighted solutions to polynomial equations in Zn.

§2.1 The delta symbol

In order to construct a function h such that (1.3) holds, we shall need a function ω ∈ C∞(R)

taking only non-negative real values and such that ω(x) > 0 if and only if x ∈ (1/2, 1), with∫ ∞
−∞

ω(x)dx = 1.

That such a function exists is standard. It can, however, be explicitly constructed as follows:

defining

w0(x) =

{
exp

(
−1

1−x2

)
if |x| < 1

0 if |x| ≥ 1

and setting c0 =
∫∞
−∞w0(x)dx, we may take

ω(x) =
4

c0
w0(4x− 3).

We emphasize nevertheless that everything that follows works for any choice of ω with the

stated properties.

Define now h : R>0 × R→ R by

h(x, y) =

∞∑
j=1

1

xj

(
ω(xj)− ω

(
|y|
xj

))
.

The main claim here is that (1.3) holds with this choice of the function h. We will prove in

Lemma 2.2.2 that h is smooth.

Lemma 2.1.1. For each real number Q > 1 there exists a constant cQ, satisfying cQ = 1 +

ON (Q−N ) for every N > 0, such that the equality

δn = cQQ
−2
∞∑
q=1

∑∗

a (mod q)

e

(
an

q

)
h

(
q

Q
,
n

Q2

)

holds for every integer n.

Proof. Define cQ by

cQ = Q

( ∞∑
l=1

ω

(
l

Q

))−1

.

5



6 Representation Numbers of Quadratic Forms

The denominator is nonzero because ω is non-negative everywhere, and moreover the summand

ω((dQe − 1)/Q) is strictly positive since 1/2 < (dQe − 1)/Q < 1 for every Q > 1.

We begin by proving that cQ = 1 + ON (Q−N ) for every N > 0 (we may, of course, assume

N is an integer greater than 1, which we do now). For this we apply the Poisson summation

formula to the function ωQ(x) = ω(x/Q). This yields∑
l∈Z

ωQ(l) =
∑
k∈Z

ω̂Q(k)

which, using the fact that ω is supported on the positive real axis and unraveling the definition

of the Fourier transform, yields

∞∑
l=1

ω

(
l

Q

)
=
∑
k∈Z

∫ ∞
−∞

ω

(
x

Q

)
e(−kx)dx. (2.1)

The summand corresponding to k = 0 is∫ ∞
−∞

ω

(
x

Q

)
dx = Q

∫ ∞
−∞

ω(x) = 1.

For k 6= 0, we integrate by parts N times, showing that∫ ∞
−∞

ω

(
x

Q

)
e(−kx)dx =

1

(kQ)N

∫ ∞
−∞

ω(N)

(
x

Q

)
e(−kx)dx

and hence ∣∣∣∣∫ ∞
−∞

ω

(
x

Q

)
e(−kx)dx

∣∣∣∣ ≤ 1

|k|NQN

∫ ∞
−∞

∣∣∣∣ω(N)

(
x

Q

)
e(−kx)

∣∣∣∣ dx
=

1

|k|NQN

∫ ∞
−∞

∣∣∣∣ω(N)

(
x

Q

)∣∣∣∣ dx
=

Q

|k|NQN

∫ ∞
−∞
|ω(N)(x)|dx = ON

(
Q

|k|NQN

)
.

It follows from (2.1) that

∞∑
l=1

ω

(
l

Q

)
= Q+

∑
k 6=0

ON

(
Q

|k|NQN

)
= Q+ON

Q1−N
∑
k 6=0

1

|k|N

 = Q+ON (Q1−N )

in view of the fact that
∑

k 6=0 1/|k|N converges. Now by the definition of cQ we have

cQ = Q(Q+ON (Q1−N ))−1 = 1 +ON (Q−N )

as desired.

We prove now the desired formula for δn. We consider the sum∑
l|n

(
ω

(
l

Q

)
− ω

(
|n|/l
Q

))
where l ranges over the positive divisors of the integer n.

• If n 6= 0, then the values taken by |n|/l as l ranges over the positive divisors of n are again

the positive divisors of n. Therefore the above sum equals 0.
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• If n = 0, the above sum equals

∞∑
l=1

ω

(
l

Q

)
= c−1

Q Q

by the definition of cQ.

We obtain

δn = cQQ
−1
∑
l|n

(
ω

(
l

Q

)
− ω

(
|n|/l
Q

))
.

In order to obtain a sum where l ranges over all positive integers, we use the fact that

1

l

∑
b (mod l)

e

(
bn

l

)
=

{
1 if l | n
0 otherwise

and hence

δn = cQQ
−1
∞∑
l=1

1

l

∑
b (mod l)

e

(
bn

l

)(
ω

(
l

Q

)
− ω

(
|n|/l
Q

))
.

We now observe that for every positive integer l and for every b (mod l) there exist unique

integers j and q and a unique a (mod q), with (a, q) = 1, such that l = qj and b = aj (this

amounts to writing the fraction b/l in lowest terms as a/q). Since in this setting we have

e(bn/l) = e(an/q), we obtain

δn = cQQ
−1
∞∑
q=1

∑∗

a (mod q)

e

(
an

q

) ∞∑
j=1

1

qj

(
ω

(
qj

Q

)
− ω

(
|n|/qj
Q

))

= cQQ
−2
∞∑
q=1

∑∗

a (mod q)

e

(
an

q

) ∞∑
j=1

Q

qj

(
ω

(
qj

Q

)
− ω

(
|n|/qj
Q

))
.

But by definition of h it is clear that

∞∑
j=1

Q

qj

(
ω

(
qj

Q

)
− ω

(
|n|/qj
Q

))
= h

(
q

Q
,
n

Q2

)
,

establishing the Lemma.

§2.2 Properties of the function h

In this section we establish key properties of the function h, and in particular we show that it

is smooth. There are two main further results in this section: Lemma 2.2.8, which establishes a

crucial estimate for the derivatives of h, and Lemma 2.2.12, which shows that, for small values

of x and for a resanonable function f , the integral
∫
R f(y)h(x, y)dy is close to f(0). We begin

with a simple observation regarding the support of h.

Lemma 2.2.1. Whenever h(x, y) 6= 0 we have x < 1 or |y| ≥ x
2 .

Proof. Suppose that x ≥ 1 and |y| < x
2 . Then xj ≥ 1 for every j ≥ 1, and hence ω(xj) = 0.

Similarly, |y|/xj ≤ 1
2 for every j ≥ 1, hence ω(|y|/xj) = 0. It follows from the definition of h

that h(x, y) = 0.



8 Representation Numbers of Quadratic Forms

Our next proposition shows the promised smoothness of h.

Lemma 2.2.2. The function h is smooth, and moreover its derivatives can be computed by

termwise differentiation.

Proof. The key observation is that, despite the fact that f is defined by an infinite sum, this

sum is locally finite. Hence, locally, h is given by a finite sum of smooth functions, and therefore

it is smooth as well.

We formalize this as follows. Take any (x0, y0) ∈ R>0 × R and consider the open set

U =
{

(x, y) ∈ R>0 × R : |x− x0| <
x0

2
and |y − y0| < 1

}
.

Then U is an open neighborhood of (x0, y0). Moreover,

• If (x, y) ∈ U , then x ≥ x0
2 , hence for j ≥ 2

x0
we have xj ≥ 1 and ω(xj) = 0.

• If (x, y) ∈ U , then |y| ≤ |y0|+ 1, and using again the fact that x ≥ x0
2 we get

|y|
x
≤ 2(|y0|+ 1)

x0
.

Therefore if j ≥ 4(|y0|+ 1)/x0 we have |y|/xj ≤ 1
2 , and ω(|y|/xj) = 0.

It follows from the definition of h that

h(x, y) =
∑

j<4(|y0|+1)/x0

1

xj

(
ω(xj)− ω

(
|y|
xj

))
for (x, y) ∈ U . Since the above sum is a finite sum of smooth functions (note that ω(|y|/xj) is

smooth since ω vanishes on a neighborhood of 0), it follows that h is smooth in a neighborhood of

(x0, y0), and its derivatives can be computed by termwise differentiation there. Since smoothness

is a local property and this holds for every (x0, y0) ∈ R>0 × R, it follows that h is smooth and

its derivatives can be computed by termwise differentiation.

For some of our next results we need a preliminary observation. From the classical fact that∑
0<j≤x

1

j
= log(x) + γ +O

(
1

x

)
it follows that ∑

a<j≤2a

1

j
=

∑
0<j≤2a

1

j
−
∑

0<j≤a

1

j
= log(2) +O

(
1

x

)
= O(1). (2.2)

Proposition 2.2.3. We have h(x, y)� x−1.

Proof. We write

h(x, y) = x−1

∑
j≥1

1

j
ω(xj)−

∑
j≥1

1

j
ω

(
|y|
xj

)
and observe that ω(xj) is nonzero only when 1/2 < xj < 1, i.e., when 1/2x < j < 1/x; similarly

ω(|y|/xj) is nonzero only when 1/2 < |y|/xj < 1, i.e., when |y|/x < j < 2|y|/x. Since ω � 1,

we obtain

h(x, y)� x−1

 ∑
1/2x<j<1/x

1

j
+

∑
|y|/x<j<2|y|/x

1

j

� x−1

by (2.2).
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Proposition 2.2.4. Set

h1(x, y) =
∞∑
j=1

1

xj
ω(xj).

Then we have
∂mh1(x, y)

∂xm
�m x−m−1.

Proof. We begin by observing that, for any integer t ≥ 0, the function

x 7→ xtω(t)(x)

is continuous and compactly supported, hence bounded. It follows that xtω(t)(x)� 1. Now we

compute
∂tω(xj)

∂xt
= jtω(t)(xj) = jtOt

(
1

(xj)t

)
= Ot(x

−t).

It follows, using Leibniz’ formula, that

∂m

∂xm
(x−1ω(xj)) =

m∑
k=0

(
m

k

)
∂m−k

∂xm−k
(x−1)

∂k

∂xk
(ω(xj))

�m

m∑
k=0

x−m+k−1 ∂
k

∂xk
(ω(xj))

�m

m∑
k=0

x−m+k−1x−k �m x−m−1.

We now have
∂m

∂xm
h1(x, y) =

∑
j≥1

1

j

∂m

∂xm
(x−1ω(xj))

where the summands are only nonzero when 1/2 < xj < 1, i.e, when 1/2x < j < 1/x. Using

the previous estimate we obtain

∂m

∂xm
h1(x, y)�m

∑
1/2x<j<1/x

1

j
x−m−1 �m x−m−1

by (2.2).

Proposition 2.2.5. We have

∂m+nh(x, y)

∂xm∂yn
�m,n x

−m−1|y|−n

for every non-negative integers m and n.

Proof. Setting

h2(x, y) =
∑
j≥1

1

xj
ω

(
|y|
xj

)
so that h = h1 − h2, we prove that both ∂m+nh1(x, y)/∂xm∂yn and ∂m+nh2(x, y)/∂xm∂yn are

bounded by the expression above.
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For the former, we note that h1(x, y) does not depend on y. Hence ∂m+nh1(x, y)/∂xm∂yn

can only be nonzero if n = 0. In this case we have

∂m+nh1(x, y)

∂xm∂yn
�m x−m−1

by Proposition 2.2.4, which is precisely the desired bound.

We proceed to bounding ∂m+nh2(x, y)/∂xm∂yn. Since h2 is even with respect to the second

variable and vanishes when the |y| < x/2, we may assume without loss of generality that y > 0.

We claim that there exist constants cm,n,t (0 ≤ t ≤ m) such that

∂m+n

∂xm∂yn

(
x−1ω

(
y

xj

))
= x−m−1y−n

m∑
t=0

cm,n,t

(
y

xj

)n+t

ω(n+t)

(
y

xj

)
.

The proof is a straightforward induction on m: if m = 0, it is clear that

∂n

∂yn

(
x−1ω

(
y

xj

))
= x−1(xj)−nω(n)

(
y

xj

)
= x−1y−n

(
y

xj

)n
ω(n)

(
y

xj

)
as desired. For the induction step, we easily compute

∂m+1+n

∂xm+1∂yn

(
x−1ω

(
y

xj

))
=

∂

∂x

(
x−m−1y−n

m∑
t=0

cm,n,t

(
y

xj

)n+t

ω(n+t)

(
y

xj

))
=

x−m−2y−n
m∑
t=0

(
(−m− 1− n− t)cm,n,t

(
y

xj

)n+t

ω(n+t)

(
y

xj

)
− cm,n,t

(
y

xj

)n+t+1

ω(n+t+1)

(
y

xj

))
,

which has the desired form.

Using (y/xj)n+tω(n+t)(y/xj)�t,n 1, it follows from the Claim that

∂m+n

∂xm∂yn

(
x−1ω

(
y

xj

))
�m,n x

−m−1y−n.

We now have
∂m+nh2(x, y)

∂xm∂yn
=
∑
j≥1

1

j

∂m+n

∂xm∂yn

(
x−1ω

(
y

xj

))
but the summand can only be nonzero for 1/2 < y/xj < 1, i.e., for y/x < j < 2y/x. We

conclude that

∂m+nh2(x, y)

∂xm∂yn
�m,n

∑
y/x<j<2y/x

1

j
x−m−1y−n �m,n x

−m−1y−n

in light of (2.2).

In order to prove our next estimate we shall introduce an integral representation for h(x, y).

The idea is to use Euler-Maclaurin summation to approximate the sums h1(x, y) and h2(x, y)

by the corresponding integrals. These integrals turn out to be equal, hence they cancel and we

are only left with the error terms given by the Euler-Maclaurin summation formula.

We recall the statement of the Euler-Maclaurin summation formula:
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Fact 2.2.6 (Euler-Maclaurin summation). Let a < b be real numbers and f ∈ C∞([a, b]) a

smooth function. For any N ≥ 2 we have

∑
a<k≤b

f(k) =

∫ b

a
f(x)dx+

(
a− bac − 1

2

)
f(a)−

(
b− bbc − 1

2

)
f(b)

+
N∑
j=2

(−1)j

j!

(
Pj(b)f

(j−1)(b)− Pj(a)f (j−1)(a)
)

− (−1)N

N !

∫ b

a
PN (x)f (N)(x)dx.

Here Pn(x) = Bn({x}), where the polynomials Bn are the Bernoulli polynomials defined by the

formal equality
tetx

et − 1
=
∑
k≥0

Bk(x)

k!
tk.

Proposition 2.2.7. For any K,N ≥ 2, we have the identity

h(x, y) =− (−1)N

N !
xN−1

∫ 1

1/2
PN

(u
x

)
w(N)(u)du

+
(−1)K

K!

xK−1

|y|K

∫ 2

1
PK

(
u|y|
x

)
dK

duK

(
w(u−1)

u2

)
du,

where w(u) = ω(u)/u.

Proof. We note that

h1(x, y) =
∑

1/2x<j≤1/x

ω(xj)

xj

since ω(xj) can only be nonzero when 1/2 < xj < 1. Hence the Euler-Maclaurin summation

formula of Fact 2.2.6 yields

h1(x, y) =

∫ 1/x

1/2x

ω(xt)

xt
dt− (−1)N

N !

∫ 1/x

1/2x
PN (t)

∂N

∂tN

(
ω(xt)

xt

)
dt,

since all derivatives of ω(xt)/xt vanish at t = 1/2x and t = 1/x. Making the variable change

t = u/x on both integrals, we obtain

h1(x, y) =
1

x

∫ 1

1/2
w(u)du− (−1)N

N !
xN−1

∫ 1

1/2
PN

(u
x

)
w(N)(u)du. (2.3)

Similarly we have

h2(x, y) =
∑

|y|/x<j≤2|y|/x

ω(|y|/xj)
xj

and hence the Euler-Maclaurin summation formula yields

h2(x, y) =

∫ 2|y|/x

|y|/x

ω(|y|/xt)
xt

dt− (−1)K

K!

∫ 2|y|/x

|y|/x
PK(t)

∂K

∂tK

(
(xt)−1ω

(
|y|
xt

))
dt.
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We now perform the variable changes t = |y|/xu on the first summand and t = u|y|/x on the

second summand, obtaining

h2(x, y) =
1

x

∫ 1

1/2
w(u)du− (−1)K

K!

xK−1

|y|K

∫ 2

1
PK

(
u|y|
x

)
dK

duK

(
w(u−1)

u2

)
du. (2.4)

Subtracting (2.4) from (2.3) yields the proposition.

We are now in a position to state and prove our main estimate for the derivatives of h. This

will be crucial for the estimation of the exponential integrals we will encounter later.

Lemma 2.2.8. We have

∂m+nh(x, y)

∂xm∂yn
�N,m,n x

−1−m−n

(
xN + min

{
1,

(
x

|y|

)N})

for every non-negative integers m, n and N . Moreover, if n 6= 0, the same holds without the

summand xN on the right hand side.

Proof. We split the proof into three cases. The first two cases are easily covered by previous

work. The third case is where the integral representation of Proposition 2.2.7 comes in.

Case 1: x > |y|.
If x ≥ 1 then the result is obvious if |y| ≤ x/2, since in that case all derivatives of h vanish

at (x, y) by Proposition 2.2.1. If |y| > x/2 we have by Proposition 2.2.5

∂m+nh(x, y)

∂xm∂yn
�m,n x

−m−1|y|−n ≤ x−m−1
(x

2

)−n
�m,n x

−m−1−n.

This implies the proposition in this case.

If x < 1 then the previous argument works as well provided that |y| > x/2; the only difference

is that now we have to address the case |y| ≤ x/2 as well. If this happens, then h(x, y) = h1(x, y)

since h2(x, y) vanishes. Since h1(x, y) only depends on x, the derivative we want to estimate

vanishes if n 6= 0. Therefore it suffices to consider the case n = 0. Proposition 2.2.5 yields

∂mh(x, y)

∂xm
�m x−m−1

and we are again done.

Case 2: n = 0 and x ≥ 1.

Then by Proposition 2.2.5 we have

∂mh(x, y)

∂xm
�m x−m−1 ≤ x−m−1+N

implying the proposition again.

Case 3: x ≤ |y|, and x < 1 if n = 0.

To simplify notation, assume without loss of generality that y > 0. We first claim that there

exist constants ck,l,j , for every k, l ≥ 0 and l ≤ j ≤ k + l, such that the identity

∂k+lPM (uy/x)

∂xk∂yl
= x−ky−l

k+l∑
j=l

ck,l,j

(uy
x

)j
P

(j)
M

(uy
x

)
(2.5)
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holds. We use induction on k. For k = 0, we immediately see that

∂lPM (uy/x)

∂yl
=
(u
x

)l
P

(l)
M

(uy
x

)
= y−l

(uy
x

)l
P

(l)
M

(uy
x

)
which has the desired form. Assuming now the statement holds for a given k, we compute

∂k+1+l

∂xk+1∂yl
=

∂

∂x

x−ky−l k+l∑
j=l

ck,l,j

(uy
x

)j
P

(j)
M

(uy
x

)
= x−k−1y−l

k+l∑
j=l

(
(−k − j)ck,l,j

(uy
x

)j
P

(j)
M

(uy
x

)
− ck,l,j

(uy
x

)j+1
P

(j+1)
M

(uy
x

))
,

which again has the desired form.

We note that, specializing y = 1 and l = 0 in (2.5), we obtain the identity

∂kPM (u/x)

∂xk
= x−k

k∑
j=0

ck,j

(u
x

)j
P

(j)
M

(u
x

)
(2.6)

with ck,j = ck,0,j . We now compute the derivatives of h using Proposition 2.2.7, setting K =

N = M there. The first summand in Proposition 2.2.7 only contributes when n = 0, in which

case1 its m-th derivative contributes

�m

m∑
k=0

∂m−kxM−1

∂xm−k

∫ 1

1/2

∂kPM (u/x)

∂xk
w(M)(u)du

�m

m∑
k=0

xM−1−m+k

∫ 1

1/2

x−k k∑
j=0

ck,j

(u
x

)j
P

(j)
M

(u
x

)w(M)(u)du

=

m∑
j=0

xM−1−m+j

 m∑
k=j

ck,j

∫ 1

1/2
ujP

(j)
M

(u
x

)
w(M)(u)du

�M,m

m∑
j=0

xM−1−m+j �M,m xM−1−m(1 + x−m).

Since by assumption x < 1 if n = 0, we have 1 � x−m and hence we obtain a bound

OM,m(xM−1−2m) for the contribution of the first summand of Proposition 2.2.7. Choosing

M = N + m we obtain a bound ON,m(xN−1−m) for the contribution of the first summand of

Proposition 2.2.7 if n = 0, and a bound 0 otherwise.

We turn now to the second summand, whose contribution we estimate similarly. The deriv-

1Observe that by Leibniz’ rule we have ∂mfg/∂xm �
∑m
k=0(∂

m−kf/∂xm−k) · (∂kg/∂xk).
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ative ∂m+n

∂xm∂yn of the second summand is

�M,m,n

m∑
k=0

n∑
l=0

∂m−k+n−lxM−1y−M

∂xm−k∂yn−l

∫ 2

1

∂k+lPM (uy/x)

∂xk∂yl
dM

duM

(
w(u−1)

u2

)
du

�M,m,n

m∑
k=0

n∑
l=0

xM−1−my−M−n
∫ 2

1

k+l∑
j=l

ck,l,j

(uy
x

)j
P

(j)
M

(uy
x

) dM

duM

(
w(u−1)

u2

)
du

=

m+n∑
j=0

x−m−1y−n
(y
x

)−M+j

 j∑
l=0

m∑
k=j−l

ck,l,j

∫ 2

1
ujP

(j)
M

(uy
x

) dM

duM

(
w(u−1)

u2

)
du

�M,m,n

m+n∑
j=0

x−m−1y−n
(y
x

)−M+j
�M,m,n x

−m−1y−n
(y
x

)−M+m+n
,

where we used the assumption y/x ≥ 1 in the last inequality. Since y−n ≤ x−n by the same

assumption, setting M = N + m + n we obtain a bound ON,m,n(x−1−m−n(x/y)N ) for the

contribution of the second summand of Proposition 2.2.7.

Now we put together the two bounds:

• If n 6= 0, only the second summand contributes, and the bound ON,m,n(x−1−m−n(x/y)N )

is precisely the desired one.

• If n = 0, the first summand contributes ON,m(xN−1−m) and the second summand con-

tributes ON,m(x−1−m(x/y)N ), hence the total contribution is

x−1−m

(
xN +

(
x

y

)N)

which is again the desired bound.

Our next main result on the function h is that, for small x, the function y 7→ h(x, y) behaves

like a delta function, in the sense that ∫
R
f(y)h(x, y)dy

is close to f(0) for any well-behaved f (this will made precise in the statement of Lemma 2.2.12).

The strategy of the proof will be to prove this first for f(y) = yn, where n is a non-negative

integer (this is the content of Proposition 2.2.10 and Proposition 2.2.11), and then to extend to

all resonable functions f by writing f(y) as a Taylor series centered at 0. We prove an auxiliary

proposition first.

Proposition 2.2.9. Let η : R → R be a smooth function supported in the interval [1/2, 1].

Then we have

Y

∫ ∞
0

η(u)

u
du−

∑
j≥1

∫ Y/j

0
η(u)du =

1

2

∫ ∞
0

w(u)du+ON,η(Y
−N )

for every N > 0.
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Proof. In what follows, let M = N + 1. We will treat the sum appearing in the statement using

Euler-Maclaurin summation: the first term on the left hand side will be the approximating

integral, while the right hand side consists of error terms. For every real number t > 0, define

φ(t) =

∫ Y/t

0
η(u)du.

It is clear that φ(t) vanishes for t ≥ 2Y , since for such t we have Y/t < 1/2 and hence η vanishes

on the interval [0, Y/t]. We now claim that, for any k ≥ 1, we have an identity

φ(k)(t) =
k∑
j=1

cj,k
Y j

tj+k
η(j)

(
Y

t

)
(2.7)

for some constants cj,k (1 ≤ j ≤ k). We prove this by induction on k. For k = 1, it follows from

the Fundamental Theorem of Calculus that

φ′(t) = −Y
t2
η

(
Y

t

)
.

Assume now (2.7) holds for some k. We then have

φ(k+1)(t) =
d

dt

 k∑
j=1

cj,k
Y j

tj+k
η(j)

(
Y

t

)
=

k∑
j=1

(
−(t+ k)cj,k

Y j

tj+k+1
η(j)

(
Y

t

)
− cj,k

Y j+1

t(j+1)+(k+1)
η(j+1)

(
Y

t

))
,

which has the form indicated in (2.7).

We may now deduce that, when Y ≤ t ≤ 2Y (which is precisely when φ(k)(t) may be nonzero),

we have

φ(k)(t)�
k∑
j=1

cj,k
Y j

Y j+k
η(j)

(
Y

t

)
�k,η Y

−k. (2.8)

We are now ready to use Euler-Maclaurin summation to relate the sum
∑

j≥1 φ(j) to the

corresponding integral. The Euler-Maclaurin summation formula (fact 2.2.6) yields

∑
a<j≤b

φ(j) =

∫ b

a
φ(t)dt+

(
a− bac − 1

2

)
φ(a)− (−1)M

M !

∫ b

a
PM (t)φ(M)(t)dt (2.9)

if we choose any a < Y and b > 2Y , so that all derivatives φ(k)(a), φ(k)(b) with k ≥ 1 vanish

and moreover φ(b) = 0. Note moreover that in this setup we have

φ(a) =

∫ 1

1/2
η(u)du

and hence, if we let a→ 0+ in (2.9), we get

∑
j≥1

φ(j) =

∫ ∞
0

φ(t)dt− 1

2

∫ 1

1/2
η(u)du− (−1)M

M !

∫ 2Y

Y
PM (t)φ(M)(t)dt. (2.10)
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We now observe that∫ ∞
0

φ(t)dt =

∫ 2Y

0
φ(t)dt =

∫ 2Y

0

∫ Y/t

1/2
η(u)du dt

=

∫ 1

1/2
η(u)

∫ Y/u

0
1dt du =

∫ 1

1/2

η(u)Y

u
du = Y

∫ ∞
0

η(u)

u
du.

Moreover, in light of (2.8), we see that the last integral in (2.10) is OM,η(Y
1−M ) = ON,η(Y

−N ).

Substituting these in (2.10), we obtain

∑
j≥1

φ(j) = Y

∫ ∞
0

η(u)

u
du− 1

2

∫ ∞
0

w(u)du+ON,η(Y
−n).

This is equivalent to the desired assertion.

The next Proposition is an easy consequence.

Proposition 2.2.10. We have∫ X

−X
h(x, y)dy = 1 +ON (XxN−1) +ON

((
X

x

)−N)

for any N > 0.

Proof. We treat separately the integrals
∫ X
−X h1(x, y)dy and

∫ X
−X h2(x, y)dy. For the former, we

recall identity (2.3) used in the proof of Proposition 2.2.7, which yields

h1(x, y) =
1

x

∫ ∞
0

ω(u)

u
du+ON (xN−1).

Integrating from −X to X we obtain∫ X

−X
h1(x, y)dy =

2X

x

∫ ∞
0

ω(u)

u
du+ON (XxN−1). (2.11)

On the other hand, directly from the definition of h2, we have2

∫ X

−X
h2(x, y)dy = 2

∑
j≥1

1

xj

∫ X

0
ω

(
y

xj

)
dy (2.12)

and subtracting (2.12) from (2.11) yields∫ X

−X
h(x, y)dy =

2X

x

∫ ∞
0

ω(u)

u
du− 2

∑
j≥1

1

xj

∫ X

0
ω

(
y

xj

)
dy +ON (XxN−1),

or, setting Y = X/x and making the variable change y = xju,∫ X

−X
h(x, y)dy = 2Y

∫ ∞
0

ω(u)

u
du− 2

∑
j≥1

∫ Y/j

0
ω(u)du+ON (XxN−1).

2Interchanging sum and integral is not a problem, since all summands vanish for j > 2X/x.
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However, by Proposition 2.2.9 with η = ω, we have

Y

∫ ∞
0

ω(u)

u
du−

∑
j≥1

∫ Y/j

0
ω(u)du =

1

2

∫ ∞
0

ω(u)du+ON (Y −N ) =
1

2
+ON

((
X

x

)−N)

since we chose ω so that
∫
R ω(x)dx = 1. Hence we obtain∫ X

−X
h(x, y)dy = 1 +ON

((
X

x

)−N)
+ON (XxN−1),

which is precisely the desired statement.

Proposition 2.2.11. Let n > 0 be an integer, and assume that x� min{1, X}. Then we have∫ X

−X
ynh(x, y)dy �N,n X

n

(
XxN−1 +

(
X

x

)−N)

for any N > 0.

Proof. If n is odd then, since the integrand is odd with respect to y, the integral vanishes, and

hence the result is obvious. Therefore we may assume from now on that n is even. In that we

case we have ∫ X

−X
ynh(x, y)dy = 2

∫ X

0
ynh(x, y)dy

so it suffices to prove the desired estimate for the latter integral.

The assumption that x � 1 and x/X � 1 implies that, if the result holds for some choice

of N , then it also holds for any smaller choice. Hence it suffices to prove the proposition

for N ≥ n, which we assume henceforth. (This is actually the only place where we use the

assumption x� min{1, X}.)
We now call on Proposition 2.2.7, where we set K = n, yielding for y > 0

h(x, y) =− (−1)N

N !
xN−1

∫ 1

1/2
PN

(u
x

)
w(N)(u)du

+
(−1)n

n!

xn−1

yn

∫ 2

1
Pn

(uy
x

) dn

dun

(
w(u−1)

u2

)
du,

whence ∫ X

0
ynh(x, y)dy =

(−1)N

(n+ 1)N !
Xn+1xN−1

∫ 1

1/2
PN

(u
x

)
w(N)(u)du

+
(−1)n

n!
xn−1

∫ X

0

∫ 2

1
Pn

(uy
x

) dn

dun

(
w(u−1)

u2

)
du dy.

The first summand is clearly ON (Xn+1xN−1). It suffices therefore to prove that the second

summand is ON,n(xN/XN−n), which is equivalent to∫ X

0

∫ 2

1
Pn

(uy
x

)
ψ(u)du dy �N,n

xN−n+1

XN−n (2.13)
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where we set

ψ(u) =
dn

dun

(
w(u−1)

u2

)
.

In order to do this we first swap the order of integration in (2.13), so that∫ X

0

∫ 2

1
Pn

(uy
x

)
ψ(u)du dy =

∫ 2

1
ψ(u)

∫ X

0
Pn

(uy
x

)
dy du (2.14)

and we perfrom the variable change y = zx/u on the innermost integral, so that∫ X

0
Pn

(uy
x

)
=
x

u

∫ uX/x

0
Pn(z)dz =

x

u
· 1

n+ 1

(
Pn+1

(
uX

x

)
− Pn+1(0)

)
,

by standard properties of the Bernoulli polynomials. Here we recall that n ≥ 2 is even, so that

n + 1 ≥ 3 is odd and hence Pn+1(0) = 0 (again by the theory of Bernoulli polynomials). We

conclude by (2.14) that∫ X

0

∫ 2

1
Pn

(uy
x

)
ψ(u)du dy =

∫ 2

1
ψ(u)

x

u(n+ 1)
Pn+1

(
uX

x

)
du

=
x

n+ 1

∫ 2

1
Pn+1

(
uX

x

)
ψ(u)

u
du.

We finish by repeated integration by parts: performing this N − n times in the last integral

above, the previous equality yields∫ X

0

∫ 2

1
Pn

(uy
x

)
ψ(u)du dy =

xN−n+1

XN−n ·
n!

(N + 1)!

∫ 2

1
PN+1

(
uX

x

)
ψ(u)

u
du

and the straightforward estimate

n!

(N + 1)!

∫ 2

1
PN+1

(
uX

x

)
ψ(u)

u
du�N,n 1

implies now (2.13), and we are done.

We can now state and prove the promised delta-function behaviour of h(x, y), for small x.

Lemma 2.2.12. Let f ∈ C∞(R) be a smooth function with compact support supp(f) ⊆ [−B,B].

For each k ∈ Z≥0, let Bk be a real number such that

|f (k)(y)| ≤ Bk for all y ∈ R.

Then if x� 1 we have∫
R
f(y)h(x, y)dy = f(0) +OM ((B0B +B0 +B1 + · · ·+B2M+1)xM )

for every M > 0.

Proof. Let X = min{1, x
1
2 }. According to Lemma 2.2.8, we have (for every N)

h(x, y)�N x−1

(
xN +

(
x

|y|

)N)
.
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If |y| ≥ X, we have
(
x
|y|

)N
≤
(
x
X

)N
, the latter being equal to x

N
2 if x < 1 and xN otherwise,

in view of our choice of X. It follows therefore that
(
x
|y|

)N
� x

N
2 , since by assumption x� 1.

We obtain

h(x, y)�N x−1(xN + x
N
2 )� x

N
2
−1 for |y| ≥ X.

Choosing N = 2M + 2 we get h(x, y)� xM for |y| ≥ X. It now follows that∫
|y|≥X

f(y)h(x, y)dy �M xM
∫
|y|≥X

f(y)dy �M B0Bx
M . (2.15)

Now, for |y| < X, we use Taylor’s Theorem to write

f(y) =
2M∑
k=0

f (k)(0)

k!
yk +

f (2M+1)(c)

(2M + 1)!
y2M+1

for some c with |c| < X. Setting r(y) = f (2M+1)(c)
(2M+1)! y

2M+1, we have r(y) � B2M+1X
2M+1. Now

we have

∫
|y|<X

f(y)h(x, y)dy =

∫
|y|<X

(
2M∑
k=0

f (k)(0)

k!
yk + r(y)

)
h(x, y)dy

=

2M∑
k=0

f (k)(0)

k!

∫
|y|<X

ykh(x, y)dy +

∫
|y|<X

r(y)h(x, y)dy.

Using the fact that h(x, y) � x−1, by Proposition 2.2.3, it follows immediately that the latter

term is OM (B2M+1x
−1X2M+2) = OM (B2M+1x

M ), since X ≤ x
1
2 . For the terms k = 1, . . . , 2M ,

we use Proposition 2.2.11. The condition x� min{1, X} follows from x� 1. We then have

∫
|y|<X

ykh(x, y)dy �N Xk

(
XxN−1 +

(
X

x

)−N)
�N XxN−1 +

(
X

x

)−N
for any N , where we used X ≤ 1.

If x < 1, then X = x
1
2 and the above yields

∫
|y|<X y

kh(x, y)dy �N x
N
2 . If x ≥ 1 then

X = 1 and the above yields
∫
|y|<X y

kh(x, y)dy � xN−1. Choosing N = 2M or N = M + 1 as

appropriate we get
∫
|y|<X y

kh(x, y)dy � xM . Finally we deal with the term k = 0 analogously,

this time using Proposition 2.2.10, yielding∫
|y|<X

h(x, y)dy = 1 +OM (xM ).

Putting all these estimates together, and using |f (k)(0)| ≤ Bk, we obtain∫
|y|<X

f(y)h(x, y)dy = f(0) +OM ((B0 +B1 + · · ·+B2M+1)xM ) (2.16)

Putting (2.15) and (2.16) together gives the desired assertion.
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§2.3 Counting solutions to polynomial equations

In this section we show how Lemma 2.1.1 can be used to count solutions to equations of the

form F (x) = 0, where F is a polynomial in n variables with integer coefficients. As mentioned

in the Introduction, we will do a weighted count, which is preferable for technical reasons even

if one’s goal is to compute the number of solutions in the usual sense. In this section we shall

work in a quite general setup. In the next chapter we will restrict to the case of quadratic forms.

For now let w ∈ C∞(Rn) be a smooth compactly supported function, and let P be a positive

real number. Define

N(F,w, P ) =
∑
x∈Zn
F (x)=0

w
( x
P

)
=
∑
x∈Zn

w
( x
P

)
δF (x)

as the number of solutions to F (x) = 0, weighted by the smooth weight whose value at x is

w(P−1x). The main result here is the following.

Lemma 2.3.1. For any Q > 1, we have

N(F,w, P ) = cQQ
−2
∑
c∈Zn

∞∑
q=1

q−nSq(c)Iq(c)

where

Sq(c) =
∑∗

a (mod q)

∑
b (mod q)

e

(
aF (b) + c · b

q

)
and

Iq(c) =

∫
Rn
w
( x
P

)
h

(
q

Q
,
F (x)

Q2

)
e

(
−c · x
q

)
dx.

(In the Definition of Sq(c), the notation
∑

b (mod q)

means that each component of the n-tuple b

ranges over a set of class representatives (mod q). Moreover, · denotes the usual dot product in

Rn.)

Proof. We use Lemma 2.1.1 in the definition of N(F,w, P ), yielding

N(F,w, P ) =
∑
x∈Zn

w
( x
P

)
cQQ

−2
∞∑
q=1

∑∗

a (mod q)

e

(
aF (x)

q

)
h

(
q

Q
,
F (x)

Q2

)

= cQQ
−2
∞∑
q=1

∑∗

a (mod q)

∑
x∈Zn

e

(
aF (x)

q

)
w
( x
P

)
h

(
q

Q
,
F (x)

Q2

)
. (2.17)

Let us study the innermost sum. We split the possible choices of x into the qn residue classes

(mod q) of vectors in Zn. Taking into account that F (x) ≡ F (b) (mod q) when x ≡ b (mod q),

we see that the innermost sum equals∑
b (mod q)

e

(
aF (b)

q

) ∑
x∈Zn

x≡b (mod q)

w
( x
P

)
h

(
q

Q
,
F (x)

Q2

)

=
∑

b (mod q)

e

(
aF (b)

q

) ∑
y∈Zn

w

(
b+ qy

P

)
h

(
q

Q
,
F (b+ qy)

Q2

)
. (2.18)
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The innermost sum in (2.18) can be written as
∑

y∈Zn fq,b(y) where

fq,b(y) = w

(
b+ qy

P

)
h

(
q

Q
,
F (b+ qy)

Q2

)
.

It follows therefore from the n-dimensional Poisson summation formula that the innermost sum

in (2.18) is equal to ∑
c∈Zn

f̂q,b(c)

=
∑
c∈Zn

∫
Rn
w

(
b+ qy

P

)
h

(
q

Q
,
F (b+ qy)

Q2

)
e(−c · y)dy

=q−n
∑
c∈Zn

e

(
c · b
q

)∫
Rn
w
( x
P

)
h

(
q

Q
,
F (x)

Q2

)
e

(
−c · x

q

)
dx

=q−n
∑
c∈Zn

e

(
c · b
q

)
Iq(c)

where the second equality follows from the change of variables x = (y−b)/q, and the third from

the definition of Iq(c). We conclude from (2.18) that the innermost sum in (2.17) is given by

q−n
∑

b (mod q)

∑
c∈Zn

e

(
aF (b) + c · b

q

)
Iq(c)

and hence, by (2.17), we obtain

N(F,w, P ) = cQQ
−2
∞∑
q=1

q−n
∑∗

a (mod q)

∑
b (mod q)

∑
c∈Zn

e

(
aF (b) + c · b

q

)
Iq(c)

= cQQ
−2
∑
c∈Zn

∞∑
q=1

q−n
∑∗

a (mod q)

∑
b (mod q)

e

(
aF (b) + c · b

q

)
Iq(c)

= cQQ
−2
∑
c∈Zn

∞∑
q=1

q−nSq(c)Iq(c),

as desired.





3 The Case of Quadratic Forms

We shall now use Lemma 2.3.1 to count solutions in Zn to F (x) = 0, where F (x) = F (0)(x)−m,

F (0) is a positive definite quadratic form with integer coefficients and m > 1 is an integer. For

simplicity we will restrict to the case of diagonal quadratic forms, so that

F (0)(x) = λ1x
2
1 + · · ·+ λnx

2
n

for some positive integers λ1, . . . , λn, where n ≥ 4. Set λ = (λ1, . . . , λn), so that

|λ| = max
1≤i≤n

λi.

Moreover, define

∆ = 2λ1 · · ·λn

(the reason for the factor 2 will become clear in §3.4). Let furthermore G(x) = F (0)(x)− 1. In

our application of Lemma 2.3.1 we shall take P = Q =
√
m. The weight with which solutions

to F (x) = 0 will be counted will thus be of the form x 7→ w(x/
√
m), and when x is a solution

to F (x) = 0 we have G(x/
√
m) = 0. Therefore the weights w we are interested in should be

supported around the set {x ∈ Rn : G(x) = 0}. Using Lemma 2.3.1 we will deduce the following

result, where we abbreviate N(F,w,
√
m) by N(F,w).

Theorem 3.0.1. Let w be a compactly supported weight. Let n/4 > ε > 0, and let K > 100n2/ε

be an integer. We then have

N(F,w) = σ∞(F (0), w)
∏

p prime

σp(F
(0),m)m

n
2
−1

+Oε

(
∆

n+3
2 |λ|

K
2 |w|Km

n−1
4

+ε
)

.

The expression for N(F,w) that Lemma 2.3.1 will output involves the so-called singular

integral, defined by

σ∞(F (0), w) = lim
ε→0

1

2ε

∫
|G(x)|≤ε

w(x)dx. (3.1)

If G(x) is close to 0, then λ1x
2
1 + · · · + λnx

2
n is close to 1, and therefore one of λix

2
i must be

away from 0. For technical reasons, the calculations that lead to the appearance of the singular

integral in our final results are most easily performed when the index i for which this holds is

fixed. We therefore decompose our weight w into a sum of weights with smaller supports with

this property, and then prove our results for these small weights, from which the main results

follow by additivity. This is the purpose of the next section.

23
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§3.1 Decomposing the weight

Define the set

S =

{
x ∈ Rn : |x2

1 + · · ·+ x2
n − 1| < 1

3n

}
and for each j ∈ {1, . . . , n}, define

Sj,+ = S ∩

x ∈ Rn : xj >

√
n− 1

3

n

 and Sj,− = S ∩

x ∈ Rn : xj < −

√
n− 1

3

n

 .

We now observe that

S =
n⋃
j=1

(Sj,+ ∪ Sj,−)

simply because if x ∈ S then x2
1 + · · · + x2

n > 1 − 1/3n, and hence for some j we have |xj |2 >
(1− 1/3n)/n, which implies |xj | >

√
n− 1/3/n. Let further

T =

{
x ∈ Rn : |x2

1 + · · ·+ x2
n − 1| > 1

4n

}
.

Then T ∪ S1,+ ∪ S1,− ∪ · · · ∪ Sn,+ ∪ Sn,− is a finite open cover of Rn; we fix once and for all a

smooth partition of unity ϕT , ϕ1,+, ϕ1,− . . . , ϕn,+, ϕn,− subordinate to this open cover. Now we

can write

w = wT + w1,+ + w1,− + · · ·+ wn,+ + wn,−

where wT (x) = w(x)ϕT
(√
λ1x1, . . . ,

√
λnxn

)
, and similarly wj,± = w(x)ϕj,±

(√
λ1x1, . . . ,

√
λnxn

)
.

In light of this decomposition we see that

N(F,w) =

n∑
j=1

N(F,wj,+) +

n∑
j=1

N(F,wj,−) +N(F,wT )

and

σ∞(F (0), w) =

n∑
j=1

σ∞(G,wj,+) +

n∑
j=1

σ∞(F (0), wj,−) + σ∞(F (0), wT ),

since clearly N(F,w) and σ∞(F (0), w) are linear in the weight w. We also have N(F,wT ) = 0

and σ∞(F (0), wT ) = 0. For the first equality, observe that

N(F,wT ) =
∑
x∈Zn

wT

(
x√
m

)
δF (x)

and when wT (x/
√
m) is nonzero we have∣∣∣∣λ1x

2
1 + · · ·+ λnx

2
n −m

m

∣∣∣∣ > 1

4n

which implies that F (x) (i.e. λ1x
2
1 + · · ·+ λnx

2
n−m) is nonzero. For the second equality, recall

that

σ∞(F (0), wT ) = lim
ε→0

1

2ε

∫
|G(x)|≤ε

wT (x)

and the integrand vanishes identically for ε < 1/4n.
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Therefore we obtain

N(F,w) =
n∑
j=1

N(F,wj,+) +
n∑
j=1

N(F,wj,−) (3.2)

and

σ∞(F (0), w) =

n∑
j=1

σ∞(F (0), wj,+) +

n∑
j=1

σ∞(F (0), wj,−), (3.3)

hence in order to obtain a result of the form

N(F,w) = σ∞(F (0), w)
∏

p prime

(F (0),m)σpm
n
2
−1 + (error term)

it suffices to prove similar results after substitution of w by one of the wj,+, and then to add up

the obtained expressions. By symmetry it suffices to treat the weight w1,+. However this weight

has special properties that make its treatment easier. Specifically, it is G-admissible according

to the Definition below.

Definition 3.1.1. A smooth weight w with compact support is called G-admissible if there are

positive real numbers R and ρ such that the following properties hold for all x ∈ supp(w):

(i) |G(x)| ≤ 1/2;

(ii)
√
λ1x1 ≥

√
n− 1/3/n;

(iii) For any point x∗ with |x∗1 − x1| ≤ R, x∗2 = x2, . . . x
∗
n = xn, we have

∂G

∂x1
(x∗) ≥ ρ;

(iv) There exists exactly one x∗ as in (iii) with G(x∗) = 0.

(Note that whether a weight is G-admissible or not can be infered from the support of the

weight alone.)

As we suggested, this important property holds for the weight w1,+. This is the content of

the next Proposition.

Proposition 3.1.2. The weight w1,+ is G-admissible.

Proof. The support of w1,+ is contained in the set

{x ∈ Rn : (
√
λ1x1, . . . ,

√
λnxn) ∈ S1,+},

For x in the set above we have

|G(x)| = |(
√
λ1x1)2 + · · ·+ (

√
λnxn)2 − 1| < 1

3n
≤ 1

2

so the first condition is clearly satisfied. Condition (ii) is immediate from the Definition of S1,+.

It suffices now to prove that (iii) and (iv) hold for every x in the set above, for some choice of

R and ρ. Since the properties to be proven do not change under the linear transformation

(x1, . . . , xn) 7→
(
x1√
λ1
. . . ,

xn√
λn

)
,
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it suffices to prove this in the case λ1 = · · · = λn = 1 (in which case the above set is simply

S1,+). We prove that the parameters

R =

√
3n− 1

3n2
−
√

2n− 1

3n2
and ρ = 2

√
2n− 1

3n2

satisfy the requirements.

For (iii), we observe that, since for every x ∈ S1,+ we have by definition x1 >
√

(3n− 1)/3n2,

for every x∗1 with |x∗1 − x1| ≤ R we have

x∗1 ≥
√

3n− 1

3n2
−R =

√
3n− 1

3n2
−

(√
3n− 1

3n2
−
√

2n− 1

3n2

)
=
ρ

2
.

Since
∂G

∂x1
(x∗) = 2x∗1,

we are done with (iii).

For the existence part of (iv), we observe that for every x ∈ S1,+ we have

x2
1 + · · ·+ x2

n < 1 +
1

3n
and x1 >

√
3n− 1

3n2

and hence

x2
2 + · · ·+ x2

n < 1 +
1

3n
− 3n− 1

3n2
= 1 +

(
1

3n2
− 2

3n

)
< 1. (3.4)

Therefore we may define x∗ by

x∗1 =
√

1− x2
2 − · · · − x2

n, x
∗
2 = x2, . . . , x

∗
n = xn.

We will check that x∗ satisfies property (iv). For this, we must check that∣∣∣∣x1 −
√

1− x2
2 − · · · − x2

n

∣∣∣∣ ≤ R. (3.5)

• If x2
1 + · · ·+x2

n < 1, we note that the inequalities x1 >
√

3n−1
3n2 and x2

1 + · · ·+x2
n > 1−1/3n

imply

√
1− x2

2 − · · · − x2
n−x1 ≤

√
1− x2

2 − · · · − x2
n−max

{√
3n− 1

3n2
,

√
1− 1

3n
− x2

2 − · · · − x2
n

}

and writing S for x2
2 + · · ·+ x2

n, this bound can be rewritten as

√
1− S −max

{√
3n− 1

3n2
,

√
1− 1

3n
− S

}
.

Now we see two cases. If S ≤ (3n2 − 4n+ 1)/3n2, the max above is the second term, and

hence the above is

√
1− S −

√
1− 1

3n
− S =

1

3n
(√

1− S +
√

1− 1
3n − S

)
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which is clearly increasing as a function of S, so its maximum is attained at S = (3n2 −
4n+ 1)/3n2, where it equals √

4n− 1

3n2
−
√

3n− 1

3n2
.

If, on the other hand, S > (3n2 − 4n+ 1)/3n2, then the bound is

√
1− S −

√
3n− 1

3n2

which is decreasing as a function of S, so it is at most√
1− 3n2 − 4n+ 1

3n2
−
√

3n− 1

3n2
=

√
4n− 1

3n2
−
√

3n− 1

3n2
.

We conclude that if x2
1 + · · ·+ x2

n < 1, then∣∣∣∣x1 −
√

1− x2
2 − · · · − x2

n

∣∣∣∣ ≤
√

4n− 1

3n2
−
√

3n− 1

3n2
≤
√

3n− 1

3n2
−
√

2n− 1

2n2
= R

where the second inequality follows from the fact that the square root is concave, so we

have (3.5).

• If x2
1 + · · ·+ x2

n ≥ 1, then since x2
1 + · · ·+ x2

n ≤ 1 + 1/3n we have∣∣∣∣x1 −
√

1− x2
2 − · · · − x2

n

∣∣∣∣ ≤
√

1 +
1

3n
− x2

2 − · · · − x2
n −

√
1− x2

2 − · · · − x2
n

which, writing again S for x2
2 + · · ·+ x2

n, is√
1 +

1

3n
− S −

√
1− S =

1

3n
(√

1 + 1
3n − S +

√
1− S

)
and this is increasing as a function of S; since by (3.4) we have S < 1 + 1

3n −
3n−1
3n2 , it

follows that √
1 +

1

3n
− S −

√
1− S ≤

√
3n− 1

3n2
−
√

2n− 1

3n2
= R

and we are done.

The uniqueness follows from the (already proved) property (iii), since if there were two choices

of x∗1 with |x1 − x∗1| ≤ R and G(x∗1, . . . , xn) = 0 then, by the Mean Value Theorem, the first

partial derivative of G would vanish somewhere in between.

We now see that Theorem 3.0.1 follows from the following version for G-admissible weights:

Lemma 3.1.3. Suppose the weight w is G-admissible. Then for any ε < n
4 we have

N(F,w) = σ∞(F (0), w)
∏

p prime

σp(F
(0),m)m

n
2
−1

+Oε

(
∆

n+3
2

(
|w|0|λ|3n√

∆
+ |w|M

)
m

n−1
4

+ε + |w|N+1|λ|
N
2

)
where M and N are the smallest integers such that M > 21n2/4ε and N > 7n(n + 1)/ε,

respectively.
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Proof that Lemma 3.1.3 implies Theorem 3.0.1. Using equalities (3.2) and (3.3), we see that it

suffices to prove that

N(F,wj,±) = σ∞(F (0), wj,±)
∏

p prime

σp(F
(0),m)m

n
2
−1

+Oε

(
∆

n+3
2 |λ|

K
2 |w|Km

n−1
4

+ε
)

. (3.6)

after which the result follows from adding this for all choices of j ∈ {1, . . . , n} and ± ∈ {−,+}.
We now use Lemma 3.1.3, which implies

N(F,wj,±) = σ∞(F (0), wj,±)
∏

p prime

σp(F
(0),m)m

n
2
−1

+Oε

(
∆

n+3
2

(
|wj,±|0|λ|3n√

∆
+ |wj,±|M

)
m

n−1
4

+ε + |wj,±|N+1|λ|
N
2

)
(3.7)

where M and N are the smallest integers such that M > 21n2/4ε and N > 7n(n + 1)/ε,

respectively. We now recall that

wj,±(x) = w(x)ϕj,±(
√
λ1x1, . . . ,

√
λnxn)

and Leibniz’ rule implies that, when i1 + · · ·+ in = s,

∂i1 · · · ∂inwj,±
∂xi11 · · · ∂x

in
n

� |λ|
s
2 |w|s

(recall that the ϕj,± are regarded as fixed). This implies

|wj,±|s � |λ|
s
2 |w|s

and using this in (3.7) with s = M,N we arrive at

N(F,wj,±) = σ∞(F (0), wj,±)
∏

p prime

σp(F
(0),m)m

n
2
−1

+Oε

(
∆

n+3
2

(
|w|0|λ|3n√

∆
+ |λ|

M
2 |w|M

)
m

n−1
4

+ε + |w|N+1|λ|
2N+1

2

)
Now the definition of K obviously implies that |λ|

M
2 |w|M < |λ|

K
2 |w|K . Moreover, the assump-

tion ε < n
4 implies K > 6n, whence |w|0|λ|3n < |λ|

K
2 |w|K . We obtain

N(F,wj,±) = σ∞(F (0), wj,±)
∏

p prime

σp(F
(0),m)m

n
2
−1

+Oε

(
∆

n+3
2

(
|λ|

K
2 |w|K

)
m

n−1
4

+ε + |w|N+1|λ|
2N+1

2

)
but the last summand is also dominated by |λ|

K
2 |w|K , so it can be safely ignored, and we obtain

Theorem 3.0.1.

So for the remainder of this Chapter we only need to work with G-admissible weights. Our

weights in this Chapter will then be assumed to be G-admissible from now on, unless otherwise

specified. This assumption will be particularly relevant in Section §3.3.



3 The Case of Quadratic Forms 29

§3.2 The integrals Iq(c)

In this section we will give a series of estimates for the exponential integrals Iq(c) that appear

in the statement of Lemma 2.3.1, which in our case (P = Q =
√
m) are given by

Iq(c) =

∫
Rn
w

(
x√
m

)
h

(
q√
m
,
F (x)

m

)
e

(
−c · x
q

)
dx.

An obvious change of variables yields

Iq(c) = m
n
2

∫
Rn
w(x)h

(
q√
m
,
F (
√
mx)

m

)
e

(
−
√
mc · x
q

)
dx

and since F (
√
mx) = F (0)(

√
mx)−m = m(F (0)(x)− 1) = mG(x), we obtain

Iq(c) = m
n
2

∫
Rn
w(x)h

(
q√
m
,G(x)

)
e

(
−
√
mc · x
q

)
dx. (3.8)

Define H(r, x) = rh(r, x). If we set

I(r;u) =

∫
Rn
w(x)H(r,G(x))e(−u · x)dx

then it is clear from the definitions that

Iq(c) = m
n
2 r−1I(r; r−1c) (3.9)

where

r =
q√
m

.

Therefore any bound for I(r;u) will translate to a bound for Iq(c), under (3.9). If r > 1, then

for x ∈ supp(w) we have h(r,G(x)) = 0, since we are assuming that w is G-admissible and

then for such x |G(x)| ≤ 1/2 < r/2, which implies that h vanishes at (r,G(x)) by Lemma 2.2.1.

Therefore I(r;u) = 0 if r > 1. We may hence assume without loss of generality that r ≤ 1 from

now on.

Before moving on, observe that by Lemma 2.2.8 we have

|H(r, x)| �N rN + min

{
1,

(
r

|x|

)N}
(3.10)

and ∣∣∣∣∂jH(r, x)

∂xj

∣∣∣∣�j,N r−j min

{
1,

(
r

|x|

)N}
. (3.11)

These inequalities will play a key role in the proofs of our bounds for I(r;u), which we start

now. We will prove three bounds, indicating after each one the corresponding bound for Iq(c).

Proposition 3.2.1. We have

I(r;u)�
|w|0√

∆
r.

Proof. By (3.10) we have

H(r,G(x))� r2 + min

{
1,

r2

G(x)2

}
� r + min

{
1,

r2

G(x)2

}
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and it follows then from the definition of I(r;u), by estimating the exponential trivially and

w(x) by |w|0, that

I(r;u)� |w|0
∫

supp(w)
|H(r,G(x))|dx

� |w|0

(∫
supp(w)

rdx+

∫
supp(w)

min

{
1,

r2

G(x)2

}
dx

)
. (3.12)

The first integral is rvol(supp(w)). Now, since w is assumed to be G-admissible, supp(w) is

contained in
{
x : |G(x)| < 1

2

}
, which has volume O

(
1√
∆

)
. Hence the first integral in (3.12) is

� r√
∆

.

The second integral can be rewritten as∫
|G(x)|≤r

1dx+

∫
|G(x)|>r

r2

G(x)2
dx

where the integrals are taken over subsets of supp(w). We now observe that, for any M > 0,

the volume of the subset of supp(w) where |G(x)| ≥ M is O
(
M√
∆

)
. To see this, recall that

we are assuming x1 � 1√
λ1

on supp(w) (it follows from w being G-admissible), so that ∂G
∂x1

=

2λ1x1 �
√
λ1 there. From this we see that, if x and x′ are both points in supp(w) such that

xi = x′i for 2 ≤ i ≤ n with |G(x)|, |G(x′)| ≤M , then, by the Mean Value Theorem,

|G(x)−G(x′)| = |x1 − x′1| ·
∣∣∣∣ ∂G∂x1

(ξ1, x2, . . . , xn)

∣∣∣∣� |x1 − x′1|
√
λ1

for some ξ1 between x1 and x′1, and since |G(x)−G(x′)| �M it follows that |x1 − x′1| � M√
λ1

,

i.e., any line parallel to the x1-axis intersects the subset of supp(w) where |G(x)| ≤ M in a

region of length � M√
λ1

. Furthermore, any line parallel to the xi-axis for 2 ≤ i ≤ n intersects

the same set in a region of length � 1√
λi

, simply because λix
2
i � 1 in supp(w). Altogether,

this implies

vol ({x ∈ suppw : |G(x)| ≤M})� M√
λ1
· 1√

λ2
· · · 1√

λn
� M√

∆

as claimed.

This means that the summand
∫
|G(x)|≤r 1dx is � r√

∆
. We now write

∫
|G(x)|>r

r2

G(x)2
dx =

∞∑
k=0

∫
2k+1r≥|G(x)|>2kr

r2

G(x)2
dx

≤
∞∑
k=0

∫
2k+1r≥|G(x)|>2kr

r2

(2kr)2
dx

=
∞∑
k=0

∫
2k+1r≥|G(x)|>2kr

1

22k
dx

≤
∞∑
k=0

∫
|G(x)|≤2k+1r

1

22k
dx

�
∞∑
k=0

1

22k

2k+1r√
∆
� r√

∆
.
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Thus the second integral in (3.12) is � r√
∆

. Putting everything together in (3.12), we get

I(r;u)� |w|0
(

r√
∆

+
r√
∆

)
which is equivalent to the desired assertion.

Under (3.9), we obtain the following:

Lemma 3.2.2 (First estimate for Iq(c)). We have

Iq(c)�
|w|0√

∆
m

n
2 .

For our next estimate we need some preparatory work. We fix once and for all a smooth

function ν ∈ C∞(R) supported in [−1, 1], which is positive in ] − 1, 1[ and satisfies ν(x) = 1

when |x| ≤ 1/2 (functions with this behaviour are sometimes called bump functions in the

literature). We then have

I(r;u) =

∫
Rn
w(x)ν(G(x))H(r,G(x))e(−u · x)dx (3.13)

since when w(x) 6= 0 we have |G(x)| ≤ 1/2 and hence ν(G(x)) = 1. Now by the Inversion

Theorem for the Fourier Transform applied to the function y 7→ ν(y)H(r, y), which is smooth

and compactly supported, we have

ν(y)H(r, y) =

∫ ∞
−∞

p(t)e(ty)dt (3.14)

where

p(t) =

∫ ∞
−∞

ν(v)H(r, v)e(−tv)dv. (3.15)

Equalities (3.13) and (3.14) together imply

I(r;u) =

∫ ∞
−∞

p(t)

∫
Rn
w(x)e(tG(x)− u · x)dx dt.

We now bound p(t). In order to do this, we observe that, by Leibniz’ rule,

dN

dvN
(ν(v)H(r, v))�N

N∑
k=0

dk

dvk
H(r, v)

since ν is fixed, and hence all its derivatives are O(1). However, by using (3.10) (for k = 0) and

(3.11) (for k 6= 0), we see that the above is

�N r2 +
N∑
k=0

r−k min

{
1,

(
r

|v|

)2
}
�N r2 + r−N min

{
1,

(
r

|v|

)2
}

where we used the assumption that r ≤ 1, so that each r−k is bounded above by r−N . We

obtain a bound
dN

dvN
(ν(v)H(r, v))�N r2 + r−N min

{
1,

(
r

|v|

)2
}
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but we claim that the first summand r2 can be removed. If |v| > 1 then the above derivative is

0, since ν(v) is supported in [−1, 1] by construction, so we are done. If |v| ≤ 1 then

r−N min

{
1,

(
r

|v|

)2
}
≥ r−N min

{
1, r2

}
= r−N · r2 ≥ r2

since r ≤ 1. This shows that we have

dN

dvN
(ν(v)H(r, v))� r−N min

{
1,

(
r

|v|

)2
}

.

In order to get a bound for p(t) from here, we integrate by parts (3.15) N times, yielding

p(t) =
1

tN

∫ ∞
−∞

dN

dvN
(ν(v)H(r, v))e(−tv)dv

whence

p(t)�N
1

|t|N

∫ ∞
−∞

r−N min

{
1,

(
r

|v|

)2
}
dv

=
1

|t|N

(∫
|v|>r

r−N
(
r

|v|

)2

dv +

∫ r

−r
r−Ndv

)
=

1

|t|N
· 4r1−N

�N r(r|t|)−N .

To sum up, we have proved the following:

Proposition 3.2.3. For each r ≤ 1 and u ∈ Rn there exists a smooth function p ∈ C∞(R),

satisfying

p(t)�N r(r|t|)−N (3.16)

for every N ≥ 0, such that

I(r;u) =

∫ ∞
−∞

p(t)

∫
Rn
w(x)e(tG(x)− u · x)dx dt. (3.17)

The previous Proposition will be pivotal to the next bound we establish for I(r;u). The

technical heart of this bound will be the following.

Proposition 3.2.4. Assume that |t| ≤ |ui|
16
√
λi

for some i ∈ {1, . . . , n}, where u = (u1, . . . , un).

(In particular, such an i exists if |t| ≤ |u|
16
√
|λ|

.) Then we have

∫
Rn
w(x)e(tG(x)− u · x)dx�M

|w|M λ
M
2
i√

∆
|ui|−M .

Proof. Define f(x) = tG(x)−u·x. Throughout the proof, x is always assumed to be in supp(w).

First recall that, since |G(x)| < 1
2 , we have λix

2
i <

3
2 , and hence |λixi| ≤ 4

√
λi. We note that

∂f
∂xi

= 2tλixi − ui, and hence∣∣∣∣ ∂f∂xi
∣∣∣∣ ≥ |ui| − 2|t||λixi| ≥ |ui| − 2

|ui|
16
√
λi
· 4
√
λi =

|ui|
2

. (3.18)
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Also note that ∣∣∣∣∂2f

∂x2
i

∣∣∣∣ = 2|t|λi ≤ 2
|ui|

16
√
λi
λi =

1

8

√
λi|ui|. (3.19)

Now define recursively a sequence of functions η0, η1, . . . by η0 = w and

ηN+1(x) =
∂

∂xi

(
ηN (x)

g(x)

)
where g = 1

|ui|

(
∂f
∂xi

)
. From (3.18) and (3.19) we see that g(x) � 1 and ∂g

∂xi
�
√
λi. The

relevance of this definition comes from the following equality: if I is the integral we are trying

to estimate, then

I =
(−1)N

(2πi)N
|ui|−N

∫
Rn
ηN (x)e(f(x))dx. (3.20)

In order to establish this, we use induction on N . For N = 0 the equality is clear. Now assume

the equality holds for a given N . We note that∫
Rn
ηN (x)e(f(x))dx =

∫
Rn

ηN (x)

2πi ∂f∂xi

∂

∂xi
e(f(x))dx =

1

2πi|ui|

∫
Rn

ηN (x)

g(x)

∂

∂xi
e(f(x))dx.

By integration by parts with respect to xi, we rewrite the last integral as

−
∫
Rn

∂

∂xi

(
ηN (x)

g(x)

)
e(f(x))dx = −

∫
Rn
ηN+1(x)e(f(x))dx

and hence ∫
Rn
ηN (x)e(f(x))dx =

−1

2πi|ui|

∫
Rn
ηN+1(x)e(f(x))dx.

Using the induction hypothesis (3.20), it follows that I = (−1)N+1

(2πi)N+1 |ui|−N−1
∫
Rn ηN+1(x)e(f(x))dx,

establishing the induction step.

We shall now estimate ηN (x). In order to do this, we claim that

ηN =
∑

k+l=N
k,l≥0

ck,l
gl+N

∂kw

∂xki

(
∂g

∂xi

)l

for some coefficients ck,l whose value will not be relevant. This again goes by induction. For

N = 0 it follows from η0 = w. Now assume the previous equality holds for some N . Recall that
∂g
∂xi

is a constant function, which is clear from the definition of g. We then have

ηN+1 =
∂

∂xi

 ∑
k+l=N
k,l≥0

ck,l
gl+N+1

∂kw

∂xki

(
∂g

∂xi

)l
=

∑
k+l=N
k,l≥0

∂

∂xi

(
ck,l

gl+N+1

)
∂kw

∂xki

(
∂g

∂xi

)l
+
∑

k+l=N
k,l≥0

ck,l
gl+N+1

∂k+1w

∂xk+1
i

(
∂g

∂xi

)l

=
∑

k+l=N
k,l≥0

(−l −N − 1)ck,l

g(l+1)+(N+1)

∂kw

∂xki

(
∂g

∂xi

)l+1

+
∑

k+l=N
k,l≥0

ck,l

gl+(N+1)

∂k+1w

∂xk+1
i

(
∂g

∂xi

)l
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which is of the desired form.

Since ∂g
∂xi
�
√
λi and g(x)� 1, it follows from our claim that

ηM (x)�M

∑
k+l=M
k,l≥0

λ
l
2
i

∂kw

∂xki
�M λ

M
2
i |w|M

and, using (3.20), it follows, by estimating the exponential trivially, that

I �M vol(supp(w)) |w|M λ
M
2
i |ui|

−M �M vol

({
x : |G(x)| < 1

2

})
|w|M λ

M
2
i |ui|

−M

and since the first factor is O
(

1√
∆

)
, the proposition follows.

Corollary 3.2.5. For any N ≥ 0 we have

I(r;u)�N

|w|N+1 |λ|
N
2

√
∆

r−N |u|−N .

Proof. Let M = N + 1. Set T = |u|
16
√
|λ|

. We then have

I(r;u) =

∫ T

−T
p(t)

∫
Rn
w(x)e(tG(x)− u · x)dx dt+

∫
|t|>T

p(t)

∫
Rn
w(x)e(tG(x)− u · x)dx dt.

To estimate the first summand, I1, we use the previous lemma: we have∫
Rn
w(x)e(tG(x)− u · x)dx�

|w|M |λ|
M
2

√
∆

|u|−M ,

and using the bound (3.16) we have p(t)� r. The (outer) range of integration in I1 is O

(
|u|√
|λ|

)
,

and this gives

I1 �
|w|M |λ|

M−1
2

√
∆

r|u|1−M .

In order to estimate the second summand, I2, we estimate the exponential trivially: we then

have ∫
Rn
w(x)e(tG(x)− u · x)dx� |w|0 vol(supp(w))

and we argued before, in the proof of the previous proposition, that the second factor is O
(

1√
∆

)
,

so we get

I2 �
∫
|t|>T

|p(t)|
|w|0√

∆
dt

and the bound (3.16) gives p(t)� r1−M |t|−M , whence∫
|t|>T

|p(t)|dt� r1−M
∫
|t|>T

|t|−Mdt = OM (r1−MT 1−M ) = OM

(
|λ|

M−1
2 r1−M |u|1−M

)
.

Using this in our bound for I2, and using that |w|0 ≤ |w|M , it follows that

I2 �
|w|M |λ|

M−1
2

√
∆

r1−M |u|1−M
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and combining the estimates for I1 and I2 we get

I(r;u)�
|w|M |λ|

M−1
2

√
∆

r|u|1−M +
|w|M |λ|

M−1
2

√
∆

r1−M |u|1−M �
|w|M |λ|

M−1
2

√
∆

r1−M |u|1−M

where the second inequality comes from the fact that r ≤ 1 for all relevant values of r. This

proves the corollary.

As before, a bound for Iq(c) follows immediately from (3.9):

Lemma 3.2.6 (Second estimate for Iq(c)). We have

Iq(c)�N
|w|N+1|λ|

N
2

√
∆

m
n+1
2 q−1|c|−N .

The estimates for I(r;u) given before do not suffice for our purposes. In order to get better

estimates, we must split the integral
∫
Rn w(x)e(tG(x)−u·x)dx into integrals over smaller regions

so that an idea such as the one behind Proposition 3.2.4 can be applied to some of them.

This is done as follows. Choose a smooth function defined on R supported on the interval

[−1, 1] (say, the function ν used in (3.13)). Define

c0 =

∫ ∞
−∞

ν(u)du

and, for x ∈ Rn,

ν(n)(x) =
n∏
i=1

ν(xi).

Now we set

w?(z, y) = c−n0 ν(n)(z)w(y + δz)

where δ ≤ 1 is a parameter that will be specified later. The following proposition is behind the

role w? plays in the integral partitioning we mentioned above.

Proposition 3.2.7. We have

w(x) = δ−n
∫
y∈Rn

w?
(
x− y
δ

, y

)
dy.

Proof. The right hand side above equals

δ−n
∫
y∈Rn

c−n0 ν(n)

(
x− y
δ

)
w(x)dy = δ−nc−n0 w(x)

∫
y∈Rn

ν(n)

(
x− y
δ

)
dy

and performing the variable change y = x− δz, we see that the integral above is

δn
∫
z∈Rn

ν(n)(z)dz = δncn0

from which the result follows.

When y is clear from context we shall write w?(z, y) simply as w?(z). Note that w?(z) can

only be nonzero for |z| ≤ 1. We also remark the following easy property of w? for a fixed y,

which will be used freely in what follows.
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Proposition 3.2.8. For a fixed y and any N ≥ 0 we have

|w?|N �N |w|N .

Proof. Clear from applying Leibniz’ rule to the definition of w?(z), taking into account that

δ ≤ 1.

We now rewrite (3.17) as

I(r;u) = δ−n
∫ ∞
−∞

p(t)

∫
Rn

∫
Rn
w?
(
x− y
δ

, y

)
e(tG(x)− u · x)dx dy dt,

or, making the variable change x = y + δz and changing the order of integration, as

I(r;u) =

∫
Rn

∫ ∞
−∞

p(t)

∫
Rn
w?(z)e(tG(y + δz)− u · (y + δz))dz dt dy.

This immediately implies

|I(r;u)| ≤
∫
Rn

∫ ∞
−∞
|p(t)|

∣∣∣∣∫
Rn
w?(z)e(tG(y + δz)− u · (y + δz))dz

∣∣∣∣ dt dy. (3.21)

For some pairs (y, t) it will turn out that the innermost integral above is very small, and can

be estimated by a procedure similiar to the one used in the proof of Proposition 3.2.4. These

pairs (y, t) are the ones that will be called “good”. The formal definition is as follows, where

we set f(z) = tG(y + δz)− u · (y + δz) (note that f depends on y).

Definition 3.2.9. Let R be a positive real number. We say that a pair (y, t) is R-good (or

simply good if R is clear from context) if, with f as above, one has

|∇f(0)| ≥ Rmax{|t|δ2, 1}.

If (y, t) is not R-good, we say (y, t) is R-bad.

The interest of this definition comes from the following proposition.

Proposition 3.2.10. Suppose (y, t) is R-good, where R ≥ 3|λ|. We then have∫
Rn
w?(z)e(f(z))dz �N |w?|N R

−Nvol ({z : |z| ≤ 1, y + δz ∈ supp(w)}) .

Proof. Assume (y, t) is R-good. We first observe that ∂f
∂zi

(z) = tδ ∂
∂zi
G(y+ δz)− δui, and hence

∂f

∂zi
(z)− ∂f

∂zi
(0) = tδ

∂

∂zi
G(y + δz)− tδ ∂

∂zi
G(y) = tδ2 ∂

∂zi
G(z).

Since ∂
∂zi
G(z) = 2λizi, it follows that whenever |z| ≤ 1 (in particular, whenever w?(z) 6= 0) we

have
∣∣∣ ∂f∂zi (z)− ∂f

∂zi
(0)
∣∣∣ ≤ 2|λ||t|δ2. We conclude∣∣∣∣ ∂f∂zi (z)
∣∣∣∣ ≥ ∣∣∣∣ ∂f∂zi (0)

∣∣∣∣− ∣∣∣∣ ∂f∂zi (0)− ∂f

∂zi
(z)

∣∣∣∣ ≥ ∣∣∣∣ ∂f∂zi (0)

∣∣∣∣− 2|λ||t|δ2.

Now since (y, t) is good we may choose i ∈ {1, . . . , n} such that
∣∣∣ ∂f∂zi (0)

∣∣∣ ≥ R|t|δ2, and since

R ≥ 3|λ|, we have 2|λ||t|δ2 ≤ 2
3

∣∣∣ ∂f∂zi (0)
∣∣∣, and it follows from the previously inequality that∣∣∣ ∂f∂zi (z)∣∣∣� ∣∣∣ ∂f∂zi (0)

∣∣∣ whenever w?(z) 6= 0. In particular,∣∣∣∣ ∂f∂zi (z)
∣∣∣∣� Rmax{|t|δ2, 1} whenever w?(z) 6= 0.



3 The Case of Quadratic Forms 37

We also observe that ∂2f
∂z2i

(z) = 2λitδ
2, whence∣∣∣∣∂2f

∂z2
i

(z)

∣∣∣∣� Rmax{|t|δ2, 1}.

Define now R? = Rmax{|t|δ2, 1}, and set g =

(
∂f
∂zi

)
R? . The previous estimates show that

g � 1 and
∂g

∂zi
� 1 in supp(w?). (3.22)

Now we proceed as in Proposition 3.2.4. Define recursively a sequence of functions η0, η1, η2, . . .

by

η0 = w? and ηN+1 =
∂

∂zi

(
ηN
g

)
.

Let I be the integral we wish to estimate. With this definition we have, for every N ≥ 0,

I =
(−1)N

(2πi)N
(R?)−N

∫
Rn
ηN (z)e(f(z))dz (3.23)

as can be seen by induction: for N = 0 it is the definition of I, and if this holds for some N ,

then ∫
Rn
ηN (z)e(f(z))dx =

∫
Rn

ηN (x)

2πi ∂f∂zi

∂

∂zi
e(f(z))dz =

1

2πiR?

∫
Rn

ηN (z)

g(z)

∂

∂zi
e(f(z))dz.

We now integrate by parts with respect to zi, and rewrite the last integral as

−
∫
Rn

∂

∂zi

(
ηN (z)

g(z)

)
e(f(z))dz = −

∫
Rn
ηN+1(z)e(f(z))dz

and hence ∫
Rn
ηN (z)e(f(z))dz =

−1

2πiR?

∫
Rn
ηN+1(z)e(f(z))dz.

Using the induction hypothesis, it follows that I = (−1)N+1

(2πi)N+1 (R∗)−N−1
∫
Rn ηN+1(z)e(f(z))dz,

finishing the induction.

We now finish by estimating the exponential trivially in (3.23). In order to do this we need

to estimate ηN ; for this we claim that

ηN =
∑

k+l=N
k,l≥0

ck,l
gl+N

∂kw?

∂zki

(
∂g

∂zi

)l
for some constants ck,l. The proof is completely analogous to the one of the corresponding claim

used in the proof of Proposition 3.2.4, but we reproduce it here for the sake of completeness.

For N = 0 there is nothing to prove. Assuming this holds for some N , we have

ηN+1 =
∂

∂zi

 ∑
k+l=N
k,l≥0

ck,l
gl+N+1

∂kw?

∂zki

(
∂g

∂zi

)l
=

∑
k+l=N
k,l≥0

∂

∂zi

(
ck,l

gl+N+1

)
∂kw?

∂zki

(
∂g

∂zi

)l
+
∑

k+l=N
k,l≥0

ck,l
gl+N+1

∂k+1w?

∂zk+1
i

(
∂g

∂zi

)l

=
∑

k+l=N
k,l≥0

(−l −N − 1)ck,l

g(l+1)+(N+1)

∂kw?

∂zki

(
∂g

∂zi

)l+1

+
∑

k+l=N
k,l≥0

ck,l

gl+(N+1)

∂k+1w?

∂zk+1
i

(
∂g

∂zi

)l
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which has the desired form.

Since w? is supported on {z : |z| ≤ 1}, so is each ηN , and in particular the support of each

ηN has volume O(1). Furthermore, it follows from our last claim, together with (3.22), that

ηN �N

∑
0≤k≤N

∣∣∣∣∂kw?∂xki

∣∣∣∣ ≤ |w?|N
implying, together with (3.23) (and noting that only z’s with y+ δz ∈ supp(w) contribute to I,

since clearly supp(ηN ) ⊆ supp(w)), that

I �N |w?|N (R?)−Nvol ({z : |z| ≤ 1, y + δz ∈ supp(w)})

which, in view of R? ≥ R, implies the statement of the proposition.

From the previous Proposition and (3.21) we derive that, if R ≥ 3|λ|, then

I(r;u)�
∫∫

(y,t) R-good
|p(t)| |w?|N R

−N
∫

|z|≤1
y+δz∈supp(w)

1dz dt dy

+

∫∫
(y,t) R-bad

|p(t)|
∫

|z|≤1
y+δz∈supp(w)

|w?(z)|dz dt dy.

The first summand can be bounded by∫
R
|p(t)|

∫
Rn

∫
|z|≤1

y+δz∈supp(w)

1dz dy dt

 |w|N R−N
where we relaxed the condition that (y, t) is R-good and used Proposition 3.2.8. We now observe

that∫
Rn

∫
|z|≤1

y+δz∈supp(w)

1dz dy

= δ−n
∫
Rn

∫
|x−y|≤δ
x∈supp(w)

1dx dy (by making the variable change x = y + δz)

= δ−n
∫

supp(w)

∫
|x−y|≤δ

1dy dx (by swapping the order of integration)

= δ−n
∫

supp(w)
vol ({y : |x− y| ≤ δ}) dx

and since the volume above is obviously O(δn), it follows that∫
Rn

∫
|z|≤1

y+δz∈supp(w)

1dz dy � vol(supp(w))� 1√
∆

.

On the other hand, by using (3.16) with N = 0 for |t| ≤ 1/r and with N = 2 for |t| > 1/r, it is

clear that ∫
R
|p(t)|dt ≤

∫ 1
r

− 1
r

rdt+
1

r

∫
|t|> 1

r

t−2dt = 4,
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implying that the first summand of our bound for I(r;u) is

�
|w|N R−N√

∆
.

We deduce

Proposition 3.2.11. Suppose R ≥ 3|λ|. Then

I(r;u)�N
|w|N R−N√

∆
+

∫∫
(y,t) R-bad

|p(t)|
∫

|z|≤1
y+δz∈supp(w)

|w?(z)|dzdtdy.

In order to estimate the second summand it will be convenient to fix a choice for δ. We let,

from now on,

δ =
1√
|u|

.

The following proposition shows some properties of R-bad pairs under this new assumption.

Proposition 3.2.12. Assume |u| ≥ R3, and R ≥ 32n|λ|. If (y, t) is an R-bad pair that

contributes to the right hand side of Proposition 3.2.11 (i.e. if y + δz ∈ supp(w) for some z

with |z| ≤ 1), then

|t∇G(y)− u| � R|u|
1
2 . (3.24)

Moreover, we have |t| � |u| and |t| � 1√
|λ|
|u|.

Proof. We begin with the first assertion. By definition, (y, t) isR-bad if |∇f(0)| < Rmax{|t|δ2, 1},
where f(z) = tG(y + δz)− u · (y + δz). We then have

∇f(0) = δ(t∇G(y)− u)

and hence the condition that (y, t) is bad translates (using δ = 1√
|u|

) into

|t∇G(y)− u| ≤ R|u|
1
2 max

{
|t|
|u|
, 1

}
. (3.25)

We will then be done if we can show that, under this assumption, |t| � |u|. In particular, if

|t| ≤ 2
√

2n|u| we are done. Otherwise, the assumption implies, by looking at the first coordinate,

|2λ1ty1 − u1| ≤
R|t|
|u|

1
2

and hence

|y1| ≤
R|t|/|u|

1
2 + |u1|

2λ1|t|
≤ R

2λ1|u|
1
2

+
|u|

2λ1|t|
.

Since by assumption |u| ≥ R3, we have R

2λ1|u|
1
2
≤ 1

2λ1R
1
2
≤ 1

4
√

2nλ1
, as we are assuming R ≥ 8n.

On the other hand, since we may assume |t| > 2
√

2n|u|, we have |u|
2λ1|t| <

1
4
√

2nλ1
. Altogether,

this implies

|y1| <
1

2
√

2nλ1

. (3.26)

Note further that, since (y, t) is assumed to contribute to the right hand side of Proposition

3.2.11, y is at most δ apart from some point x in supp(w). Recall that we assume |x1| ≥ 1√
2nλ1
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for x ∈ supp(w). Hence |y1| ≥ 1√
2nλ1

− δ = 1√
2nλ1

− 1

|u|
1
2

, and, since |u| ≥ R3 ≥ (8n|λ|)3 ≥

(8nλ1)3 ≥ (2
√

2nλ1)2,

|y1| ≥
1√

2nλ1
− 1

2
√

2nλ1
=

1

2
√

2nλ1
. (3.27)

Inequalities (3.26) and (3.27) contradict each other, so we are done with the first assertion.

Along the way we also proved the second assertion |t| � |u| (we got a contradiction unless

|t| ≤ 2
√

2n|u|). Finally, we observe that (3.25) implies that, for any i ∈ {1, . . . , n}, we have

|2λityi − ui| ≤ 2
√

2nR|u|
1
2 .

Choose i so that |ui| = |u|. Dividing the above inequality by |u|, we have∣∣∣∣2λi t|u|yi − ui
|u|

∣∣∣∣� 2
√

2nR|u|−
1
2 ≤ 2

√
2n

R
1
2

≤ 1

2
,

where we used |u| ≥ R3 and R ≥ 32n. On the other hand, we have∣∣∣∣2λi t|u|yi − ui
|u|

∣∣∣∣ ≥ ∣∣∣∣ ui|u|
∣∣∣∣− 2λi|yi|

|t|
|u|

= 1− 2λi|yi|
|t|
|u|

and combining the last two inequalities, we get

|t|
|u|
� 1

λiyi
.

We observed before that, since (y, t) is assumed to contribute to the right hand side of Propos-

ition 3.2.11, y is at most δ apart from some point x in supp(w). This point x has |xi| � 1√
λi

,

and hence

|yi| �
1√
λi

+ δ � 1√
λi

since δ = 1√
|u|

and |u| � |λ| by assumption. It follows that

|t|
|u|
� 1√

λi
≥ 1√

|λ|

and we are done.

Now we have everything we need in order to estimate the right hand side of Proposition

3.2.11, at least under the stronger assumptions of the previous proposition. We observe that

the second summand is bounded by

� |w|0 rvol(B)

where B is the set of bad pairs (y, t) such that y is at most δ apart from a point in supp(w) (we

used that |p(t)| � r, by (3.16)). The inequality

|2λityi − ui| ≤ 2
√

2nR|u|
1
2

holds for every such pair and every i ∈ {1, . . . , n}. For each fixed t, this prescribes an interval

of length O

(
R|u|

1
2

λi|t|

)
for yi. Since |t| � |u|√

|λ|
by the previous Proposition, we have

R|u|
1
2

λi|t|
�
√
|λ|R|u|−

1
2

λi
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and hence, for (y, t) ∈ B, each yi ranges over an interval of length O

(√
|λ|R|u|−

1
2

λi

)
. Moreover,

the previous proposition also implies that t ranges over an interval of length O(|u|). We conclude

that

vol(B)� |u| ·
n∏
i=1

√
|λ|R|u|−

1
2

λi
� |λ|

n
2

∆
Rn|u|1−

n
2

and hence we conclude that (provided that |u| ≥ R3 and R ≥ 32n|λ|)

I(r;u)�N
|w|N R−N√

∆
+
|w|0 |λ|

n
2

∆
Rnr|u|1−

n
2 . (3.28)

We are now ready to state and prove our last estimate for I(r;u).

Proposition 3.2.13. Suppose |u| ≥ 1, let ε ∈
(
0, n2

)
and let N be a positive integer such that

N ≥ 3n2

2ε . Then we have

I(r;u)�ε

(
|w|0 |λ|

3n
2

(1−ε/n)−1

∆
+
|w|N√

∆

)
(r−1|u|)εr|u|1−

n
2 .

Proof. Throughout the proof, set C = (32n|λ|)
3n
n−ε . We split the proof into two cases.

Case 1: |u| ≤ Cr−
2ε
n .

Then we have

|u|
n
2
−1−ε ≤ |u|

n
2 ≤ C

n
2 r−ε

which is equivalent to

r ≤ C
n
2 (r−1|u|)εr|u|1−

n
2 .

By Proposition 3.2.1 we have

I(r;u)�
|w|0√

∆
r ≤
|w|0C

n
2

√
∆

(r−1|u|)εr|u|1−
n
2 ,

so we are done in this case, since C
n
2 � |λ|

3n2

2(n−ε) = |λ|
3n
2

(1−ε/n)−1

.

Case 2: |u| > Cr−
2ε
n .

Let R = 32n|λ|(r−1|u|)
ε
3n . We check that, with this choice of R, the conditions under which

(3.28) holds are satisfied. It is clear that R ≥ 32n|λ|, since r ≤ 1 and |u| ≥ 1. Furthermore, the

condition |u| ≥ R3 is equivalent to |u| ≥ (32n|λ|)3(r−1|u|)ε/n, which in turn is equivalent to

|u| ≥ (32n|λ|)
3n
n−ε r−

ε
n−ε = Cr−

ε
n−ε .

But this follows from the assumption of Case 2, since r ≤ 1 and 2ε
n ≥

ε
n−ε (the latter simplifies

to ε ≤ n
2 ).

We now apply (3.28). In order to do this, we check that R−N and Rn behave as desired:

• Our condition on N ensures that εN
3n > n

2 − 1 − ε and εN
3n > 1 − ε. We therefore have

r
εN
3n ≤ r1−ε and |u|−

εN
3n ≤ |u|ε+1−n

2 . Multiplying the two yields

(r−1|u|)
−εN
3n ≤ (r−1|u|)εr|u|1−

n
2

and since the choice of R ensures that R−N < (r−1|u|)−
εN
3n , it follows that the first

summand in (3.28) is � |w|N√
∆

(r−1|u|)εr|u|1−
n
2 .
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• We have Rn � |λ|n(r−1|u|)
ε
3 ≤ |λ|n(r−1|u|)ε. Therefore the second summand in (3.28) is

� |w|0|λ|3n/2
∆ (r−1|u|)εr|u|1−

n
2 .

Putting the two estimates together, we obtain

I(r;u)�ε
|w|0 |λ|

3n
2

∆
(r−1|u|)εr|u|1−

n
2 +
|w|N√

∆
(r−1|u|)εr|u|1−

n
2 ,

which is sufficient for the proposition.

As usual, from (3.9) we obtain the following bound:

Lemma 3.2.14 (Third estimate for Iq(c)). Suppose q ≤
√
m|c|, and ε ∈

(
0, n2

)
. Let N be an

integer such that N ≥ 3n2

2ε . Then we have

Iq(c)�ε

(
|w|0 |λ|

3n
2

(1−ε/n)−1

∆
+
|w|N√

∆

)
m

n
2

(
m|c|
q2

)ε(√m|c|
q

)1−n
2

.

§3.3 The Singular Integral

In this section we specialize the treatment of the integrals Iq(c) to the case c = 0, which is where

the singular integral, defined for example in (3.1), comes from. This is where the assumption

that our weights are G-admissible will reveal its full potential: it will play a key role in the

following central technical assertion.

Proposition 3.3.1. With σ∞(F (0), w) defined as in (3.1), we have

σ∞(F (0), w) =

∫
Rn−1

w(x∗)(
∂G
∂x1

(x∗)
)dy

where y runs over the projections onto the last n coordinates of vectors in supp(w), and x∗ is

defined as in Definition 3.1.1(iv) for some x that projects to y.

Proof. We prove that

1

2ε

∫
|G(x)|≤ε

w(x)dx =

∫
Rn−1

w(x∗)(
∂G
∂x1

(x∗)
)dy +OG,w(ε)

from which the result follows immediately. Note that the implied constants in the error term

above are allowed to depend on G and w. This does not cause problems, since the rate of

convergence of the left hand side as ε→ 0 will not be of interest to us.

First observe that, for any x, the condition |G(x)| ≤ ε implies |G(x) − G(x∗)| ≤ ε; by the

Mean Value Theorem we have

|G(x)−G(x∗)| =
∣∣∣∣ ∂G∂x1

(ξ)

∣∣∣∣ · |x− x∗|
for some ξ in the segment connecting x and x∗ and since the partial derivative above is ≥ ρ,

by the admissibility condition, it follows that |x − x∗| �G,w ε. We then have (for example

by the Mean Value Theorem, since the derivatives of w are bounded from above) w(x) =

w(x∗) +OG,w(ε). We conclude that

1

2ε

∫
|G(x)|≤ε

w(x)dx =
1

2ε

∫
|G(x)|≤ε
x∈supp(w)

w(x∗) +OG,w

(∫
|G(x)|≤ε

1dx

)
. (3.29)
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We note that, for fixed x2, . . . , xn, the values of x1 for which |G(x)| ≤ ε range over an interval

of length OG,w(ε). Indeed, if x1 and x′1 are two such choices, then setting x′ = (x′1, x2, . . . , xn)

we have

2ε ≥ |G(x)−G(x′)| =
∣∣∣∣ ∂G∂x1

(ξ)

∣∣∣∣ · |x1 − x′1| ≥ ρ|x1 − x′1|

for some ξ in the segment connecting x and x′, whence |x1−x′1| ≤G,w ε. It follows that the last

summand in (3.29) is OG,w(ε), since the other coordinates range over intervals of length Ow(1).

We obtain
1

2ε

∫
|G(x)|≤ε

w(x)dx =
1

2ε

∫
|G(x)|≤ε
x∈supp(w)

w(x∗) +OG,w(ε). (3.30)

We now observe that, by Taylor’s Theorem, we have

G(x) = (x1 − x∗1)
∂G

∂x1
(x∗) +OG,w(ε2)

since the second partial derivatives of G are bounded in supp(w). Fix now y = (x2, . . . , xn)

(recall that x∗ only depends on y). Then the condition |G(x1, y)| ≤ ε is equivalent to x1 lying

on some set Iy of measure

2ε
∂G
∂x1

(x∗)
+
OG,w(ε2)
∂G
∂x1

(x∗)
=

2ε
∂G
∂x1

(x∗)
+OG,w(ε2) (3.31)

where in the last equality we used again that the partial derivative which occurs in the denom-

inator is ≥ ρ. We now prove that we have, for each fixed y

1

2ε

∫
|G(x)|≤ε
x∈supp(w)

w(x∗)dx1 =
w(x∗)
∂G
∂x1

(x∗)
+OG,w(ε), (3.32)

after which the result will follow from (3.30). For this we see two cases.

Case 1: (x1, y) ∈ supp(w) for every x ∈ Iy.
Then the condition that x1 ranges over a set of measure given by (3.31) implies

1

2ε

∫
|G(x)|≤ε
x∈supp(w)

w(x∗)dx1 =
1

2ε
w(x∗)

(
2ε

∂G
∂x1

(x∗)
+OG,w(ε2)

)

which implies (3.32).

Case 2: There is some x′1 ∈ Iy for which (x′1, y) /∈ supp(w).

We have argued before that the condition |G(x)| ≤ ε prescribes an interval of length OG,w(ε)

for x1, and hence x1 = x′1 + OG,w(ε). Since the first partial derivative of w is bounded from

above, it follows from a straightforward application of the Mean Value Theorem that w(x1, y) =

w(x′1, y)+OG,w(ε). But w(x′1, y) = 0 since by assumption (x′1, y) lies outside supp(w). It follows

that w(x1, y) = OG,w(ε). This readily implies (again using that the values of x1 for which

|G(x1, y)| ≤ ε range over an interval of length OG,w(ε)) that

1

2ε

∫
|G(x)|≤ε
x∈supp(w)

w(x∗)dx1 and
w(x∗)
∂G
∂x1

(x∗)

are both OG,w(ε), and then (3.32) trivially holds.



44 Representation Numbers of Quadratic Forms

We are now ready to prove the main result of this section.

Lemma 3.3.2. We have

Iq(0) = m
n
2

(
σ∞(G,w) +ON

(
|w|2N+1√

∆

(
q√
m

)N))
.

Proof. We use (3.8), which reduces the statement of the Lemma to∫
Rn
w(x)h(r,G(x))dx = σ∞(F (0), w) +ON

(
|w|2N+1√

∆
rN
)

, (3.33)

where r = q/
√
m. We have already seen that h(r,G(x)) vanishes identically on supp(w) if r ≥ 1,

hence we may assume r < 1. Now substitute y = G(x) on the left hand side of (3.33). The

determinant of the variable change (x1, x2, . . . , xn) 7→ (y, x2, . . . , xn) is ∂x1/∂y. Differentiating

the relation G(x1, . . . , xn) = y with respect to y, we arrive at

∂G

∂x1
· ∂x1

∂y
= 1

whence this determinant is also equal to (∂G/∂x1)−1. This variable change implies that the left

hand side of (3.33) equals ∫
w(x)
∂G
∂x1

(x)
dy dx2 · · · dxn =

∫
R
I(y)h(r, y)dy

where

I(y) =

∫
w(x)
∂G
∂x1

(x)
dz;

in the last integral, dz stands for dx2 · · · dxn and x2, . . . , xn run over all (n − 1)-tuples of real

numbers such that (x′1, x2, . . . , xn) is in supp(w) for some x′1; x1 is defined via the equation

G(x1, . . . , xn) = y (note that this equation in x1 does not have more than one solution in

suppw, since there is at most one positive solution and x1 > 0 in supp(w)). Proposition 3.3.1

gives I(0) = σ∞(F (0), w). We will apply Lemma 2.2.12 to f(y) = I(y), by finding appropriate

values of B and B0, . . . , B2N+1.

We have
∂j

∂yj
I(y) =

∫
∂j

∂yj
w(x)

2λ1x1
dz.

As we said before, if (x2, . . . , xn) is in the range of integration then (x′1, x2, . . . , xn) is in supp(w)

for some x?. This implies |G(x′1, x2, . . . , xn)| ≤ 1
2 , and thus

λ1(x′1)2 + λ2x
2
2 + · · ·+ λnx

2
n ≤

3

2

whence xj � 1√
λj

for j = 2, . . . , n. It follows that the volume of the range of integration is

� 1√
λ2···λn

. It now suffices to bound each ∂j

∂yj
w(x)
2λ1x1

uniformly in y. We begin by observing that,

by differentiating the equation λ1x
2
1+· · ·+λnx2

n−1 = y with respect to y, we get 2λ1x1
∂
∂yx1 = 1.

Therefore ∂j

∂yj
w(x)
2λ1x1

= ∂j

∂yj

(
w(x)∂x1∂y

)
. Then Leibniz’ formula yields

∂j

∂yj
w(x)

2λ1x1
�

j∑
k=0

∂kw(x)

∂yk
∂j−k+1x1

∂yj−k+1
. (3.34)
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The factor on the right is readily computable; by induction we see that ∂sx1
∂ys = 1

csλs1x
2s−1
1

for

some constant cs. In fact, this is clear for s = 1, and for the induction step observe that

∂s+1x1

∂ys
=

∂

∂y

1

csλs1x
2s−1
1

=
∂x1

∂y

1

−(2s− 1)csλs1x
2s
1

=
1

−(2s− 1)csλ
s+1
1 x2s+1

1

where we used again ∂x1
∂y = 2λ1x1, and hence we may take cs+1 = −(2s − 1)cs. We then have

∂sx1
∂ys �

1
λs1x

2s−1
1

= x1
(λ1x21)s

. But by assumption we have λ1x
2
1 � 1 (this is part of the admissibility

condition), whence
∂sx1

∂ys
� x1. (3.35)

We now turn to estimates for ∂kw(x)
∂yk

. Observe that, as a function of y, w(x) is the composite of

w(·, x2, . . . , xn) and x1, whence ∂kw(x)
∂yk

can be computed by iterated applications of the Chain

Rule. Straightforward induction shows that

∂kw(x)

∂yk
=

∑
i1+···+ir=k
i1,...,ir≥1

Ci1,...,ik
∂i1x1

∂yi1
· · · ∂

irx1

∂yir

where i1, . . . , ir are positive integers, and each Ci1,...,ik is some linear combination of terms of

the form ∂iw
∂xi1

(x1, . . . , xn) for some i ≤ k. From this description it is clear that Ci1,...,ir � |w|k,
and hence

∂kw(x)

∂yk
� |w|k

∑
i1+···+ir=k
i1,...,ir≥1

∂i1x1

∂yi1
· · · ∂

irx1

∂yir
.

Using (3.35), we get
∂kw(x)

∂yk
� |w|k

∑
i1+···+ir=k
i1,...,ir≥1

xr1.

Since x1 � 1√
λ1
� 1, each xr1 is � 1, and it follows that

∂kw(x)

∂yk
� |w|k. (3.36)

We have now everything we need in order to estimate (3.34). Using (3.35) and (3.36),

∂j

∂yj
w(x)

2λ1x1
�

j∑
k=0

|w|kx1 � |w|jx1 �
|w|j√
λ1

.

This shows that we may take Bj � 1√
λ2···λn

|w|j 1√
λ1
� |w|j√

∆
for j = 1, 2, . . . , 2N + 1. In order to

find a suitable value for B, we note that if I(y) 6= 0 then the equation G(x) = y has at least

one solution in suppw. This implies |y| ≤ 1
2 , since |G| ≤ 1

2 on suppw. We can therefore take

B = 1
2 . Now we see that

B0B +B0 +B1 + · · ·+B2N+1 �
2N+1∑
j=0

|w|j√
∆

� |w|2N+1√
∆

and the result follows from Lemma 2.2.12.
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§3.4 The sums Sq(c)

In this section we turn to the study of the exponential sums Sq(c), defined by

Sq(c) =
∑∗

a (mod q)

∑
b (mod q)

e

(
aF (b) + c · b

q

)
.

Note that, as opposed to the integrals Iq(c), the sums Sq(c) do not depend on the weight w.

We begin with the following easy statement.

Proposition 3.4.1. If u and v are coprime integers, then we have

Suv(c) = Su(vc)Sv(uc)

where v and u stand for the multiplicative inverses of v and u modulo u and v, respectively.

Proof. We note the general equality

u

v
+
v

u
≡ 1

uv
(mod 1).

With this in mind, we write

Suv(c) =
∑∗

a (moduv)

∑
b (moduv)

e

(
aF (b) + c · b

uv

)

=
∑∗

a (moduv)

∑
b (moduv)

e

(
v(aF (b) + c · b)

u
+
u(aF (b) + c · b)

v

)

Now the Chinese Remainder Theorem gives us an isomorphism of rings Z/uZ×Z/vZ→ Z/uvZ,

which maps (b1, b2) to uub2 + vvb1. Writing b = uub2 + vvb1 in the sum above, we obtain

Suv(c) =
∑∗

a (moduv)

∑
b1 (modu)
b2 (mod v)

e

(
v(aF (b1) + c · vvb1)

u
+
u(aF (b2) + c · uub2)

v

)

=
∑∗

a (moduv)

∑
b1 (modu)
b2 (mod v)

e

(
vaF (b1) + vc · b1

u
+
uaF (b2) + uc · b2

v

)
.

Now for any pair of units a1 ∈ (Z/uZ)∗ and a2 ∈ (Z/vZ)∗ there exists a unique a ∈ (Z/uvZ)∗

such that va ≡ a1 (mod u) and ua ≡ a2 (mod v). Therefore the above yields

Suv(c) =
∑∗

a1 (modu)
a2 (mod v)

∑
b1 (modu)
b2 (mod v)

e

(
a1F (b1) + vc · b1

u
+
a2F (b2) + uc · b2

v

)

=
∑∗

a1 (modu)

∑
b1 (modu)

e

(
a1F (b1) + vc · b1

q

) ∑∗

a2 (mod v)

∑
b2 (mod v)

e

(
a2F (b2) + uc · b2

q

)
= Su(vc)Sv(uc)

as desired.

This proposition will essentially allow us to reduce the task of bounding Sq(c) to the case in

which q is a prime power. We give now our first, most naive bound.
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Lemma 3.4.2. We have

Sq(c)� ∆
1
2 q

n
2

+1.

Proof. We first observe that, for any z1, . . . , zk ∈ C, we have

|z1 + · · ·+ zk|2 ≤ (|z1|+ · · ·+ |zk|)2 ≤ k(|z1|2 + · · ·+ |zk|2),

where the first inequality is the triangle inequality, and the second one follows from the Cauchy-

Schwarz inequality. This yields

|Sq(c)|2 ≤ ϕ(q)
∑∗

a (mod q)

∣∣∣∣∣∣
∑

b (mod q)

e

(
aF (b) + c · b

q

)∣∣∣∣∣∣
2

= ϕ(q)
∑∗

a (mod q)

∑
b1 (mod q)
b2 (mod q)

e

(
a(F (b1)− F (b2)) + c · (b1 − b2)

q

)
.

We now set b1 = b+ h and b2 = b. It is clear that

F (b+ h)− F (b) = F (0)(h) + b · ∇F (h)

and hence

|Sq(c)|2 ≤ ϕ(q)
∑∗

a (mod q)

∑
b (mod q)
h (mod q)

e

(
a(F (0)(h) + b · ∇F (h)) + c · h

q

)

= ϕ(q)
∑∗

a (mod q)

∑
h (mod q)

e

(
aF (0)(h) + c · h

q

) ∑
b (mod q)

e

(
a∇F (h) · b

q

)
.

If some entry of ∇F (h) is not divisible by q, then the innermost sum equals 0; otherwise, it

equals qn. We obtain

|Sq(c)|2 ≤ ϕ(q)qn
∑∗

a (mod q)

∑
h (mod q)
q|∇F (h)

e

(
aF (0)(h) + c · h

q

)

≤ ϕ(q)2qn#{h (mod q) : q | ∇F (h)}.

We now count vectors h ∈ (Z/qZ)n such that q divides∇F (h). We have∇F (h) = (2λ1h1, . . . , 2λnhn).

The condition that q | 2λjhj is equivalent to

q

(q, 2λj)
| hj

and hence the number of hj ∈ Z/qZ satisfying this is (q, 2λj). We obtain

#{h (mod q) : q | ∇F (h)} = (q, 2λ1) · · · (q, 2λn) ≤ (2λ1) · · · (2λn)� ∆

implying

|Sq(c)|2 � ϕ(q)2qn∆� ∆qn+2

which establishes the result.
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Our next result exploits the diagonal structure of F in order to obtain a better bound for

Sq(c) when q is a prime. In order to state and prove this result we need to present a definition

and recall some well-known bounds.

Definition 3.4.3. Define the quadratic form H by

H(c) =
c2

1

λ1
+ · · ·+ c2

n

λn
.

Note that when p is a prime with p - λ1, . . . , λn and c ∈ Zn it makes sense to evaluate H(c)

modulo p.

Fact 3.4.4 (Gauss Sums). Let p be a prime and γ be an integer such that p - γ. We then have∑
x (mod p)

e

(
γx2

p

)
=

(
γ

p

)
τp

where τ2
p = (−1)

p−1
2 p, so that in particular |τp| =

√
p.

Fact 3.4.5 (Kloosterman Sums). Let p be a prime. For two integers α and β, define the

Kloosterman Sum

K(α, β; p) =
∑∗

a (mod p)

e

(
αa+ βa

p

)
,

where as usual a stands for the multiplicative inverse of a modulo p. Then if p - α, β we have

|K(α, β; p)| < 2
√
p.

Fact 3.4.6 (Salié Sums). Let p be a prime. For two integers α and β, define the Salié Sum

K?(α, β; p) =
∑∗

a (mod p)

(
a

p

)
e

(
αa+ βa

p

)
.

Then we have

|K?(α, β; p)| < 2
√
p.

We are now ready to embark on our next result.

Lemma 3.4.7. Let p be a prime such that p - ∆. We then have

Sp(c)� p
n+1
2

except when n is even and p divides m and H(c). Moreover, we have the following explicit

formulas for Sp(c) when p divides m or H(c):

• If n is even, then

Sp(c) =


−
(

(−1)
n
2 λ1···λn
p

)
p
n
2 if p divides one of m,H(c) but not both(

(−1)
n
2 λ1···λn
p

)
(p− 1)p

n
2 if p divides m and H(c)

;

• If n is odd, then

Sp(c) =


(

(−1)
n−1
2 λ1···λnm
p

)
p
n+1
2 if p divides H(c)(

(−1)
n−1
2 λ1···λnH(c)

p

)
p
n+1
2 if p divides m

.
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Proof. We have, by definition,

Sp(c) =

p−1∑
a=1

∑
b (mod p)

e

(
a(λ1b

2
1 + · · ·+ λnb

2
n −m) + c1b1 + · · ·+ cnbn

p

)

=

p−1∑
a=1

e

(
−am

p

) ∑
b1 (mod p)

e

(
aλ1b

2
1 + c1b1
p

)
· · ·

∑
bn (mod p)

e

(
aλnb

2
n + cnbn
p

)
. (3.37)

We can evaluate each of the inner sums by using Fact 3.4.4. We have∑
x (mod p)

e

(
aλix

2 + cix

p

)
=

∑
x (mod p)

e

(
aλix

2 + cix+ 4aλic
2
i

p

)
e

(
−4aλic

2
i

p

)

= e

(
−4aλic

2
i

p

) ∑
x (mod p)

e

(
aλix

2 + cix+ 4aλic
2
i

p

)

= e

(
−4aλic

2
i

p

) ∑
x (mod p)

e

(
aλi(x+ 2aλici)

2

p

)

= e

(
−4aλic

2
i

p

) ∑
x (mod p)

e

(
aλix

2

p

)
=

(
aλi
p

)
e

(
−4aλic

2
i

p

)
τp.

Using (3.37) we conclude that

Sp(c) =

p−1∑
a=1

e

(
−am
p

)(
anλ1 · · ·λn

p

)
τnp e

(
−4a(λ1c

2
1 + · · ·+ λnc

2
n)

p

)

=

(
λ1 · · ·λn

p

)
τnp

p−1∑
a=1

(
a

p

)n
e

(
−am− a

∑n
i=1 4λic

2
i

p

)
=

(
λ1 · · ·λn

p

)
τnpKn

(
−m,−1

4
H(c); p

)
(3.38)

where Kn = K if n is even and Kn = K? if n is odd1. Using Fact 3.4.5 or Fact 3.4.6 according to

whether n is even or odd, respectively, as well as the fact that |τp| =
√
p, it follows immediately

that, if p does not divide m nor H(c), then Sp(c)� p
n+1
2 .

Now, if n is even and p divides exactly one of m and H(c), then

Kn

(
−m,−1

4
H(c); p

)
=

∑∗

x (mod p)

e

(
x

p

)
= −1

and since τ2
p = (−1)

p−1
2 p, we have τnp = (τ2

p )
n
2 = (−1)

p−1
2
·n
2 p

n
2 , and it follows from (3.38) that

Sp(c) =

(
λ1 · · ·λn

p

)
(−1)

p−1
2
·n
2 p

n
2 (−1) = −

(
(−1)

n
2 λ1 · · ·λn
p

)
p
n
2

as desired. If m divides both m and H(c), then the Kloosterman sum becomes∑∗

x (mod p)

1 = p− 1

1There is a slight abuse of notation here. The expression Kn

(
−m,− 1

4
H(c); p

)
must be interpreted as

Kn(−m, b; p) where b is some integer such that b ≡ − 1
4
H(c) (mod p).
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and the rest of the computation goes unchanged, so we get

Sp(c) =

(
(−1)

n
2 λ1 · · ·λn
p

)
(p− 1)p

n
2

which is also what we wanted.

If n is odd, and p divides H(c) but does not divide m, the Salié Sum Kn becomes∑
a (mod p)

(
a

p

)
e

(
−am
p

)
=

∑
a (mod p)

(
1 +

(
a

p

))
e

(
−am
p

)

simply because
∑

(mod p)

e(−am/p) = 0. Note that 1 +
(
a
p

)
is precisely the number of solutions in

Z/pZ to the equation x2 = a. Hence

Kn

(
−m,−1

4
H(c); p

)
=

∑
a (mod p)

#{x (mod p) : x2 ≡ a (mod p)}e
(
−am
p

)

=
∑

x (mod p)

e

(
−mx2

p

)
=

(
−m
p

)
τp

by Fact 3.4.4. This, together with (3.38), implies the desired formula for Sp(c), in light of the

equality

τn+1
p = (τ2

p )
n+1
2 = (−1)

p−1
2
·n+1

2 p
n+1
2 =

(
−1

p

)n+1
2

p
n+1
2 .

The case when p divides H(c) but does not divide m is similar: in this case the Salié Sum Kn

becomes ∑
a (mod p)

(
a

p

)
e

(
−a4H(c)

p

)
=

(
−H(c)

p

)
τp

by a completely analogous computation, in which the roles of m and 1
4H(c) are reversed. Again

this implies the desired formula for Sp(c). Finally, if p divides both m and H(c), the Salié Sum

equals 0, so Sp(c) = 0, which is consistent with our result.

We now move towards estimation of the partial sums∑
q≤X

Sq(c),

which will be needed later. By Lemma 3.4.2 we immediately see that∑
q≤X

Sq(c)� ∆
1
2

∑
q≤X

q
n
2

+1 ≤ ∆
1
2

∑
q≤X

X
n
2

+1 = ∆
1
2X

n
2

+2.

It turns out, however, that we can do better, by taking advantage of the multiplicative property

given by Proposition 3.4.1 and the finer estimate for Sp(c) when p is a prime given by Lemma

3.4.7. The general strategy will be to decompose each integer q as a product of a square-free

part and a square-full2 part. We then estimate the exponential sum arising from the square-free

part using Lemma 3.4.7 and the one arising from the square-full part using Lemma 3.4.2. Since

this second bound is worse, we would like some upper bounds regarding the distribution of

square-full numbers, which we develop now.

2A positive integer v is called square-full if for every prime p dividing v, p2 also divides v.



3 The Case of Quadratic Forms 51

Proposition 3.4.8. The number of square-full integers x satisfying 1 ≤ x ≤ N is O(
√
N).

Proof. We first note that every square-full number can be written as u3v2, where u and v are

positive integers. Indeed, if x is square-full, write

x =
r∏
i=1

p2αi
i

s∏
j=1

q
2βj+1
i

where the pi’s and qj ’s are distinct primes. The square-full property ensures that βj ≥ 1 for

each j, and therefore we can take

u =
s∏
j=1

qi and v =
r∏
i=1

pαii

s∏
j=1

q
βj−1
j .

Now this implies

#{1 ≤ x ≤ N : x square-full} ≤ #{(u, v) ∈ Z+ × Z+ : u3v2 ≤ N}

=

∞∑
u=1

#{v ∈ Z+ : u3v2 ≤ N}

≤
∞∑
u=1

√
N

u3
=

( ∞∑
u=1

1

u
3
2

)
√
N .

The above sum converges, and we are done.

Corollary 3.4.9. We have ∑
1≤x≤N

x square-full

1√
x
� log(N).

Proof. Let k be the smallest integer such that 2k ≥ N . For each j with 0 ≤ j ≤ k, there are

O(
√

2j) square-full numbers x ≤ 2j by Proposition 3.4.8, and in particular there are O(
√

2j)

square-full numbers x with 2j−1 < x ≤ 2j . This implies that∑
2j−1<x≤2j

x square-full

1√
x
≤

∑
2j−1<x≤2j

x square-full

1√
2j−1

�
√

2j · 1√
2j−1

=
√

2 = O(1).

Hence ∑
1≤x≤N

x square-full

1√
x
≤

k∑
j=0

∑
2j−1<x≤2j

x square-full

1√
x
�

k∑
j=0

1� k.

Since obviously k � log(N), we are done.

We will also need an easy statement concerning sums of gcd’s.

Proposition 3.4.10. For any positive integers N and k, we have

N∑
j=1

(j, k) ≤ Nτ(k)

where τ(k) stands for the number of divisors of k.
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Proof. Each (j, k) is a divisor of k by definition, hence

N∑
j=1

(j, k) =
∑
d|k

d#{1 ≤ j ≤ N : (j, k) = d}.

Now when (j, k) = d we must have d | j, and hence the cardinality above is at most N/d. It

follows that
N∑
j=1

(j, k) ≤
∑
d|k

d · N
d

= N
∑
d|k

1 = Nτ(k).

We are now ready to state and prove our estimate for the partial sums of Sq(c).

Lemma 3.4.11. We have ∑
q≤X
|Sq(c)| �ε ∆

n+4
2 X

n+3
2

+εmε.

Proof. Each positive integer q can be written uniquely in the form uv, where u and v are

coprime integers, u is square-free and v is square-full. This implies, by Proposition 3.4.1,

Sq(c) = Su(vc)Sv(uc); we estimate each factor separately.

For the latter, we simply remark that by Lemma 3.4.2 we have Sv(uc)� ∆
1
2 v

n
2

+1.

For the former, let d = (u,∆), and write u = dp1 · · · pk, where p1, . . . , pk are distinct primes.

Note that d, p1, . . . , pk are pairwise coprime, and that by construction none of the pj ’s divide

∆. Now iterated application of Proposition 3.4.1 yields

Su(vc) = Sd(rc)Sp1(r1c) · · ·Spk(rkc) (3.39)

for some integers r, r1, . . . , rk whose value will not be relevant. By Lemma 3.4.2, we have

Sd(rc)� ∆
1
2d

n
2

+1 ≤ ∆
1
2 ∆

n
2

+1 = ∆
n+3
2 (3.40)

since d divides ∆. Now, since each pj does not divide ∆, we know from Lemma 3.4.7 that

Spj (rjc) � p
n+1
2

j , except potentially when n is even and pj divides m; if that is the case, then

the first exceptional case of Lemma 3.4.7 yields Spj (rjc) � p
n
2

+1

j . Therefore, in general, we

have

Spj (rjc)� p
n+1
2

j (pj ,m)
1
2

and taking the product over all j’s we get

Sp1(r1c) · · ·Spk(rkc)� (p1 · · · pk)
n+1
2 (p1 · · · pk,m)� u

n+1
2 (u,m)

1
2 . (3.41)

The estimates (3.40) and (3.41) imply, by (3.39), that

Su(vc)� ∆
n+3
2 u

n+1
2 (u,m)

1
2 .

Putting together the estimates for Su(vc) and Sv(uc) we get

Sq(c)� ∆
n+4
2 q

n+1
2 v

1
2 (u,m)

1
2
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and summing over all q ≤ X yields∑
q≤X
|Sq(c)| � ∆

n+4
2

∑
q≤X

q
n+1
2 v

1
2 (u,m)

1
2

≤ ∆
n+4
2 X

n+1
2

∑
uv≤X

u square-free
v square-full

v
1
2 (u,m)

1
2

≤ ∆
n+4
2 X

n+1
2

∑
v≤X

v square-full

v
1
2

∑
u≤X/v

(u,m)
1
2 . (3.42)

By Proposition 3.4.10, we have∑
u≤X/v

(u,m)
1
2 ≤

∑
u≤X/v

(u,m)� X

v
τ(m)

and hence ∑
v≤X

v square-full

v
1
2

∑
u≤X/v

(u,m)
1
2 ≤

∑
v≤X

v square-full

v
1
2 · X

v
τ(m)

= Xτ(m)
∑
v≤X

v square-full

1√
v

� X log(X)τ(m)

by Corollary 3.4.9. Now (3.42) yields∑
q≤X
|Sq(c)| � ∆

n+4
2 X

n+3
2 log(X)τ(m).

With this we are done, in light of the standard estimates log(X)�ε X
ε and τ(m)�ε m

ε.

§3.5 The Singular Series

In this section we specialize the treatment of the sums Sq(c) to the case c = 0. Our goal is

to investigate the contribution of the summand corresponding to c = 0 to the expression for

N(F,w) given by Lemma 2.3.1; this summand is where the main term of the final result will

come from. Taking into account Lemma 3.3.2, which gives an asymptotic formula for Iq(0) the

main term of which is constant with respect to q, it becomes natural to consider the sum

∞∑
q=1

q−nSq(0),

which we call the singular series.

Our first lemma describes how well the singular series can be approximated by its partial

sums.

Lemma 3.5.1. We have

∞∑
q=1

q−nSq(0) =
∑

1≤q≤X
q−nSq(0) +Oε

(
∆

n+4
2 X

3−n
2

+εmε
)

.

Moreover, the singular series converges absolutely.
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Proof. We show that ∑
q>X

q−n|Sq(0)| = Oε

(
∆

n+4
2 X

3−n
2

+εmε
)

from which both assertions follow immediately.

For this, we define temporarily

S(X) =
∑

1≤q≤X
|Sq(0)|

so that, for any positive integers X < Y , we have∑
X<q≤Y

q−n|Sq(0)| =
∑

X<q≤Y
q−n(S(q)− S(q − 1))

= −(X + 1)−nS(X) +
∑

X<q<Y

(
q−n − (q + 1)−n

)
S(q) + Y −nS(Y ). (3.43)

By Lemma 3.4.11 and bounding (X + 1)−n by X−n, we have

(X + 1)−nS(X)�ε X
−n ·∆

n+4
2 X

n+3
2

+εmε = ∆
n+4
2 X

3−n
2

+εmε (3.44)

and similarly

Y −nS(Y )�ε ∆
n+4
2 Y

3−n
2

+εmε ≤ ∆
n+4
2 X

3−n
2

+εmε. (3.45)

We now observe that, by the Mean Value Theorem, we have q−n−(q+1)−n � q−n−1. Therefore,∑
X<q<Y

(q−n − (q + 1)−n)S(q)�
∑

X<q<Y

q−n−1S(q)

�ε ∆
n+4
2 mε

∑
X<q<Y

q
1−n
2

+ε (by Lemma 3.4.11)

< ∆
n+4
2 mε

∫ Y

X
t
1−n
2

+εdt

� ∆
n+4
2 mε

(
X

3−n
2

+ε − Y
3−n
2

+ε
)

≤ ∆
n+4
2 X

3−n
2

+εmε. (3.46)

Putting together (3.44), (3.45), (3.46) we obtain, by (3.43),∑
X<q≤Y

q−n|Sq(0)| �ε ∆
n+4
2 X

3−n
2

+εmε

and letting Y →∞ we obtain the wanted result.

It is in the study of the singular series that the p-adic densities σp which appear in our

statements, for example in the statement of Theorem 3.0.1, show up. In fact the singular series

turns out to be the product of these p-adic densities. In order to see this, we need the following

proposition.

Proposition 3.5.2. For any non-negative integer k, we have

p−ν(n−1)#{x ∈ (Z/pνZ)n : F (0)(x) ≡ m (mod pν)} =

ν∑
t=0

p−ntSpt(0).
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Proof. We induct on ν. For ν = 0 it is clear that both sides equal 1.

Now assume that ν > 0 and the above equality holds for ν − 1. Given some n-tuple b ∈
(Z/pνZ)n, we have

1

pν

∑
a (mod pν)

e

(
aF (b)

pν

)
=

{
1 if pν | F (b)

0 if pν - F (b)
.

Therefore we have

#{x ∈ (Z/pνZ)n : F (0)(x) ≡ m (mod pν)} =
∑

b (mod pν)

1

pν

∑
a (mod pν)

e

(
aF (b)

pν

)

=
1

pν

∑
b (mod pν)

∑
a (mod pν)

e

(
aF (b)

pν

)
.

The double sum above is almost the definition of Spν (0), except that now a is allowed to range

over all residue classes (mod pν), and not only over those that are coprime to pν . With this in

mind, we see that

#{x ∈ (Z/pνZ)n : F (0)(x) ≡ m (mod pν)} =
1

pν
Spν (0) +

1

pν

∑
a (mod pν)

p|a

∑
b (mod pν)

e

(
aF (b)

pν

)

=
1

pν
Spν (0) +

1

pν

∑
a′ (mod pν−1)

∑
b (mod pν)

e

(
a′F (b)

pν−1

)
where we performed the variable change a = pa′. The last summand only depends on b modulo

pν−1, and for each b′ ∈ (Z/pν−1Z)n there are exactly pn choices of b ∈ (Z/pνZ)n that project to

b′. Therefore, we see that

#{x ∈ (Z/pνZ)n : F (0)(x) ≡ m (mod pν)} =
1

pν
Spν (0) +

1

pν

∑
a′ (mod pν−1)

pn
∑

b′ (mod pν−1)

e

(
a′F (b)

pν−1

)

=
1

pν
Spν (0) + pn−ν

∑
a′ (mod pν−1)

∑
b′ (mod pν−1)

e

(
a′F (b)

pν−1

)
.

But since, for b′ ∈ (Z/pν−1Z)n, we have

1

pν−1

∑
a′ (mod pν)

e

(
a′F (b′)

pν−1

)
=

{
1 if pν−1 | F (b′)

0 if pν−1 - F (b′)

it follows that

#{x ∈ (Z/pνZ)n : F (0)(x) ≡ m (mod pν)}

=
1

pν
Spν (0) + pn−1#{x ∈ (Z/pν−1Z)n : F (0)(x) ≡ m (mod pν−1)}

and after dividing by p(n−1)ν , we get

p−(n−1)ν#{x ∈ (Z/pνZ)n : F (0)(x) ≡ m (mod pν)}
= p−nνSpν (0) + p−(n−1)(ν−1)#{x ∈ (Z/pν−1Z)n : F (0)(x) ≡ m (mod pν−1)}.

By the induction hypothesis, we see that

p−(n−1)(ν−1)#{x ∈ (Z/pν−1Z)n : F (0)(x) ≡ m (mod pν−1)} =
ν−1∑
t=0

p−ntSpt(0)
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whence

p−(n−1)ν#{x ∈ (Z/pνZ)n : F (0)(x) ≡ m (mod pν)}

=
ν−1∑
t=0

p−ntSpt(0) + p−nνSpν (0) =
ν∑
t=0

p−ntSpt(0)

as desired.

Corollary 3.5.3. For each prime p, the limit

σp(F
(0),m) = lim

ν→∞
p−(n−1)ν#{x ∈ (Z/pνZ)n : F (0)(x) ≡ m (mod pν)}

exists, and is equal to
∞∑
t=0

p−ntSpt(0). (3.47)

Proof. By Proposition 3.5.2, it suffices to argue that the series (3.47) converges absolutely. But

the partial sums of the series
∞∑
t=1

p−nt|Spt(0)|

are bounded above by
∞∑
q=1

q−n|Sq(0)|

which is finite by Lemma 3.5.1.

We now note that, by Proposition 3.4.1, the sums Sq(0) are multiplicative in q, i.e., one has

Suv(0) = Su(0)Sv(0)

whenever u and v are coprime. This implies that the singular series decomposes into an Euler

product, namely,

∞∑
q=1

q−nSq(0) =
∏

p prime

( ∞∑
t=0

p−ntSpt(0)

)
=

∏
p prime

σp(F
(0),m) by Proposition 3.5.2.

We can therefore restate Lemma 3.5.1 as follows:

Lemma 3.5.4. We have

X∑
q=1

q−nSq(0) =
∏

p prime

σp(F
(0),m) +Oε

(
∆

n+4
2 X

3−n
2

+εmε
)

.

Recall that the main term of our claimed estimate for N(F,w) is

σ∞(F (0), w)
∏

p prime

σp(F
(0),m)m

n
2
−1.
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The singular integral σ∞(F (0), w) does not depend on m, but the factors σp(F
(0),m) do. There-

fore, in order to be able to extract useful information about the asymptotic behaviour of N(F,w)

when F (0) is fixed and m varies, we would like upper and lower bounds for the product∏
p prime

σp(F
(0),m)

i.e., for the singular series.

We begin with upper bounds; this will be the easy part.

Lemma 3.5.5 (Upper bounds for the singular series). We have the following:

(i) If n ≥ 5, then ∏
p prime

σp(F
(0),m)� ∆

1
2 .

(ii) If n = 4, then ∏
p prime

σp(F
(0),m)�ε ∆4mε.

Proof. For (i), we use Lemma 3.4.2, obtaining∏
p prime

σp(F
(0),m) =

∞∑
q=1

q−nSq(0)�
∞∑
q=1

q−n(∆
1
2 q

n
2

+1) = ∆
1
2

∞∑
q=1

q1−n
2 .

Now the assumption that n ≥ 5 implies that 1 − n
2 < −1, hence the sum above converges and

we are done with (i).

For (ii), just apply directly the first statement of Lemma 3.5.1, say with X = 1. Since

S1(0) = 1, this implies∏
p prime

σp(F
(0),m) =

∞∑
q=1

q−nSq(0) = 1 +Oε
(
∆4mε

)
�ε ∆4mε.

Lower bounds are a more delicate issue, and do not hold in full generality. For an obvious

example, observe that the equation

2(x2
1 + · · ·+ x2

n) = m

has no solution when m is an odd integer, so we should not expect the number of solutions to be

� m
n
2
−1, as it would be if the associated singular series was bounded from below uniformly in

m. The obstruction to the existence of solutions in this case is purely 2-adic: the given equation

does not have solutions over the ring Z2 of 2-adic integers when m is odd. When this kind of

p-adic obstruction does not occur, we have indeed lower bounds for the singular series. In order

to prove them, we need some preparatory work. We first recall the following well-known results

from local field theory, the first of which can be seen as a form of Hensel’s Lemma.

Fact 3.5.6 (Strong Hensel’s Lemma). Let K be a complete discretely valued field with valuation

v and ring of integers OK (e.g. K = Qp, v = vp and OK = Zp). Let f ∈ OK [x] be a polynomial,

and assume there is α ∈ OK such that

v(f(α)) > 2v(f ′(α)).

Then there exists some β ∈ OK such that f(β) = 0 and v(β − α) > v(f ′(α)).
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Fact 3.5.7. Let K be a local field (e.g. Qp). Then every quadratic form in at least five variables

with coefficients in K has a non-trivial zero.

Now define, for each prime p,

Mp = max{vp(λ1), . . . , vp(λn)}.

Proposition 3.5.8. Let p be a prime, and assume that n ≥ 5 and that the equation F (0)(x) = m

has a solution in Znp . If p 6= 2, then the congruence

F (0)(x) ≡ m (mod p4Mp+1)

has a solution x ∈ Zp such that vp(xi) ≤ Mp for some i ∈ {1, . . . , n}. If p = 2, then the

congruence

F (0)(x) ≡ m (mod 24M2+5)

has a solution x ∈ Z2 such that v2(xi) ≤M2 + 1 for some i ∈ {1, . . . , n}.

Proof. Define

M ′p =

{
Mp if p 6= 2

Mp + 1 if p = 2
.

Take any x ∈ Znp such that F (0)(x) = m, which exists by assumption. If some xi has vp(xi) ≤M ′p
we are done. Otherwise, each xi is divisible by pM

′
p+1, and hence F (0)(x) = m is divisible by

p2M ′p+2.

Consider a solution X ∈ Qn
p \ {0} to the equation F (0)(X) = 0, which exists by Fact 3.5.7.

By multiplying X by a suitable power of p we may assume without loss of generality that

X ∈ Znp \ pZnp . Again without loss of generality, we may assume that X1 is not divisible by p.

Define a polynomial by

f(t) = λ1t
2 + λ2X

2
2 + · · ·+ λnX

2
n −m.

Since both λ1X
2
1 + · · ·+λnX

2
n and m are divisible by p2Mp+2, we have p2Mp+2|f(X1). Moreover,

we have f ′(X1) = 2λ1X1, and hence, since p does not divide X1,

2vp(f
′(X1)) = 2vp(2λ1) ≤ 2M ′p < 2M ′p + 2 ≤ vp(f(X1)).

Now Hensel’s Lemma (Fact 3.5.6) implies that there exists X ′1 ∈ Zp such that f(X ′1) = 0, which

in turn implies

λ1 X
′
1

2
+ λ2X

2
2 + · · ·+ λnX

2
n = m i.e., F (0)(X ′1, X2, . . . , Xn) = m,

and moreover we may take such X ′1 with vp(X1 −X ′1) > vp(f
′(X1)) ≥ 0, so that p | X1 −X ′1,

and, since p does not divide X1, it follows that p does not divide X ′1 either. Now X ′ =

(X ′1, X2, . . . , Xn) satisfies F (0)(X ′) ≡ m (mod p4M ′p+1) since we actually have F (0)(X ′) = m,

and since vp(X
′
1) = 0 this solution satisfies the desired conditions.

Remark 3.5.9. The condition that F (0)(x) = m has a solution in Znp was only needed to tackle

the case when m is not divisible by p2M ′p+1. So if p2M ′p+1 | m this condition can be removed

from the previous proposition, and from everything that follows from it.

The previous proposition is the main technical tool needed to devise the following estimate.
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Proposition 3.5.10. Let p be a prime, and assume that n ≥ 5 and the equation F (0)(x) = m

has a solution in Znp . If p 6= 2, then for every ν ≥ 4Mp + 1 the congruence

F (0)(x) ≡ m (mod pν)

has at least p(n−1)(ν−4Mp−1) solutions in (Z/pνZ)n. Moreover, if p = 2, then for every ν ≥
4M2 + 5 the congruence

F (0)(x) ≡ m (mod 2ν)

has at least p(n−1)(ν−4M2−5) solutions in (Z/pνZ)n.

Proof. Using the notation of the previous proof, we must show that if ν ≥ 4M ′p + 1 then the

congruence

F (0)(x) ≡ m (mod pν)

has at least p(n−1)(ν−4M ′p−1) solutions in (Z/pνZ)n.

By Proposition 3.5.8 the congruence F (0)(x) ≡ m (mod p4M ′p+1) has at least one solution

in (Z/p4M ′p+1Z)n, and moreover we can find such a solution with vp(xi) ≤ M ′p for some i.

Without loss of generality assume i = 1. Now for each (n − 1)-tuple in (Z/pνZ)n−1 that

projects to the last n−1 coordinates of x under the canonical projection choose a representative

(X2, . . . , Xn) ∈ Zn−1
p . In this way we get p(n−1)(ν−4M ′p−1) distinct tuples (X2, . . . , Xn) ∈ Zn−1

p

with Xi ≡ xi (mod p4M ′p+1) for i = 2, . . . , n. We claim that for each such tuple we can find

X1 ∈ Zp such that X = (X1, . . . , Xn) satisfies F (0)(X) = m. Projecting these n-tuples onto

(Z/pνZ)n we get the desired p(n−1)(ν−4M ′p−1) solutions.

In order to find X1, consider the polynomial

f(t) = λ1t
2 + λ2X

2
2 + · · ·+ λnX

2
n −m.

Take any α ∈ Zp that projects to x1 in Z/p4M ′p+1Z. The condition that α projects to x1 and

Xi projects to xi for each i ≥ 2 implies that

p4M ′p+1 | f(α) i.e., vp(f(α)) ≥ 4M ′p + 1.

On the other hand, we must have vp(α) ≤ M ′p by assumption; moreover, the definition of M ′p
implies that vp(2λ1) ≤M ′p. Hence we have

2vp(f
′(α)) = 2vp(2λ1α) ≤ 4M ′p < vp(f(α)).

By Hensel’s Lemma (Fact 3.5.6) there exists X1 ∈ Zp such that f(X1) = 0, which implies

precisely that F (0)(X1, . . . , Xn) = m, and we are done.

Corollary 3.5.11. For every prime p 6= 2 we have

σp(F
(0),m) ≥ p−(n−1)(4Mp+1).

Moreover, we also have

σ2(F (0),m) ≥ 2−(n−1)(4M2+5).

Proof. By Proposition 3.5.10 we have, for each ν ≥ 4M ′p + 1,

p−(n−1)ν#{x ∈ (Z/pνZ)n : F (0)(x) ≡ m (mod pν)}

≥p−(n−1)ν · p(n−1)(ν−4M ′p−1) = p−(n−1)(4M ′p+1).

Taking the limit as ν tends to infinity yields the desired lower bound.
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We are now ready to bound the singular series from below, under appropriate conditions.

Lemma 3.5.12 (Lower bound for the singular series). Suppose that n ≥ 5, and that for each

prime p < (9∆)1/(n−2) the equation F (0)(x) = m has a solution in Znp . Then we have∏
p prime

σp(F
(0),m)� e−C∆1/2

∏
p prime

p<(9∆)1/(n−2)

p−(n−1)(4Mp+1)

for some absolute constant C. In particular,∏
p prime

σp(F
(0),m)�∆ 1.

Remark 3.5.13. Using Remark 3.5.9, one may drop the assumption on local solvability of

F (0)(x) = m if one has

vp(m) ≥ 2M ′p + 1

for each prime p < (9∆)1/(n−2).

Proof. We write∏
p prime

σp(F
(0),m) =

∏
p prime

p<(9∆)1/(n−2)

σp(F
(0),m)

∏
p prime

p≥(9∆)1/(n−2)

σp(F
(0),m)

and estimate each factor separately.

For the first factor we apply directly Corollary 3.5.11, yielding∏
p prime

p<(9∆)1/(n−2)

σp(F
(0),m)�

∏
p prime

p<(9∆)1/(n−2)

p−(n−1)(4Mp+1). (3.48)

For the second factor we use Corollary 3.5.3. This yields

σp(F
(0),m) = 1 +

∞∑
t=1

p−ntSpt(0)

and hence

|σp(F (0),m)− 1| ≤
∞∑
t=1

p−nt|Spt(0)|

�
∞∑
t=1

p−nt(∆
1
2 pt(

n
2

+1)) by Lemma 3.4.2

= ∆
1
2

∞∑
t=1

p−(n2−1)t = ∆
1
2 · 1

p
n
2
−1 − 1

.

Now observe that, if p > (9∆)1/(n−2), then p
n
2
−1 > 3∆

1
2 , and hence p

n
2
−1 − 1 > 2∆

1
2 , i.e.,

∆
1
2 · 1

p
n
2
−1 − 1

<
1

2
.
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We now use the inequality 1 + x ≥ e−2|x|, which is true for all |x| ≤ 1
2 by a routine calculus

check. We have∏
p prime

p≥(9∆)1/(n−2)

σp(F
(0),m) ≥

∏
p prime

p≥(9∆)1/(n−2)

(
1−∆

1
2 · 1

p
n
2
−1 − 1

)

> exp

−2∆
1
2

∑
p prime

p≥(9∆)1/(n−2)

1

p
n
2
−1 − 1

 > e−C∆1/2
(3.49)

if we take C greater than the sum ∑
p prime

2

p
3
2 − 1

,

which converges. Now multiplying together (3.48) and (3.49) yields the desired bound.

§3.6 Proof of Theorem 3.0.1

In this section we use the results previously obtained in Chapter 3 in order to prove Lemma

3.1.3, and hence Theorem 3.0.1. The following propositions lead up to this lemma.

Proposition 3.6.1. The infinite sum ∑
c∈Zn
c 6=0

1

|c|n+1

converges.

Proof. Since there are only finitely many c’s with |c| = 1, we can discard those when studying

convergence of the sum above. For each k ≥ 0, we observe that the number of points c ∈ Zn

with 2k < |c| ≤ 2k+1 is (2k+1)n − (2k)n = O(2nk). Therefore,

∑
c∈Zn

2k<|c|≤2k+1

1

|c|n+1
≤

∑
c∈Zn

2k<|c|≤2k+1

1

(2k)n+1
� 2nk

(2k)n+1
=

1

2k
.

Hence we have ∑
c∈Zn
|c|>1

1

|c|n+1
=
∑
k≥0

∑
c∈Zn

2k<|c|≤2k+1

1

|c|n+1
�
∑
k≥0

1

2k
= 2

implying that the original sum converges, as desired.

Proposition 3.6.2. Let ε > 0, and let N >
(
1 + 1

2ε

)
(n+ 1) be an integer. We then have

∑
c∈Zn
|c|>mε

∞∑
q=1

q−nSq(c)Iq(c)�N |w|N+1|λ|
N
2 .

Proof. We use Lemma 3.2.6 and Lemma 3.4.2, yielding

Sq(c)Iq(c)�N |w|N+1|λ|
N
2 q

n
2m

n+1
2 |c|−N .
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This implies

∞∑
q=1

q−nSq(c)Iq(c)�N |w|N+1|λ|
N
2 m

n+1
2 |c|−N

∞∑
q=1

q−
n
2 � |w|N+1|λ|

N
2 m

n+1
2 |c|−N .

Now the assumption that |c| > mε implies that m(n+1)/2|c|−N < |c|−(n+1), since this inequality

can be rewritten as |c|N−(n+1) > m(n+1)/2 and N − (n + 1) > n+1
2ε by assumption. It follows

that
∞∑
q=1

q−nSq(c)Iq(c)�N |w|N+1|λ|
N
2 |c|−(n+1)

and hence∑
c∈Zn
|c|>mε

∞∑
q=1

q−nSq(c)Iq(c)�N

∑
c∈Zn
|c|>mε

|w|N+1|λ|
N
2 |c|−(n+1) = |w|N+1|λ|

N
2

∑
c∈Zn
|c|>mε

1

|c|n+1

implying the desired result, since the above sum is convergent by Proposition 3.6.1.

Proposition 3.6.3. Let 0 < ε < 1
4 , and let M > 3n

2ε be an integer. We then have

∑
c∈Zn

mε≥|c|>0

∞∑
q=1

q−nSq(c)Iq(c)�M ∆
n+3
2

(
|w|0|λ|3n√

∆
+ |w|M

)
m

n+3
4

+ 7nε
2 .

Proof. We use Lemma 3.2.14, with ε replaced by nε. The size condition on ε implies that

(1− ε)−1 < 2. Hence Lemma 3.2.14 gives, for |c| ≥ 1,

Iq(c)�M

(
|w|0|λ|3n

∆
+
|w|M√

∆

)
m

1
2

+n
4

+nε|c|1−
n
2

+nεq
n
2
−1−2nε

�M

(
|w|0|λ|3n

∆
+
|w|M√

∆

)
m

n
4

+ 1
2

+nεq
n
2
−1.

Now we have, for any R > 0,∑
R<q≤2R

q−n|Sq(c)Iq(c)| �M

(
|w|0|λ|3n

∆
+
|w|M√

∆

)
m

n
4

+ 1
2

+nε
∑

R<q≤2R

q−
n
2
−1|Sq(c)|

�M R−
n
2
−1

(
|w|0|λ|3n

∆
+
|w|M√

∆

)
m

n
2

+ 1
2

+nε
∑
q≤2R

|Sq(c)|

�M ∆
n+4
2

(
|w|0|λ|3n

∆
+
|w|M√

∆

)
m

n
4

+ 1
2

+2nεR
1
2

+nε (3.50)

where the last estimate follows from Lemma 3.4.11. We now let k be the smallest integer such

that 2k >
√
m. Observe that for q >

√
m we have Iq(c) = 0; this follows from (3.9) and the

Observation made after (3.9) that I(r;u) = 0 if r > 1. Therefore

∞∑
q=1

q−n|Sq(c)Iq(c)| =
∑

1≤q≤
√
m

q−n|Sq(c)Iq(c)| ≤
k∑
j=0

∑
2j−1<q≤2j

q−n|Sq(c)Iq(c)|

�M ∆
n+4
2

(
|w|0|λ|3n

∆
+
|w|M√

∆

)
m

n
4

+ 1
2

+2nε
k∑
j=0

(2j−1)
1
2

+nε (3.51)
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by (3.50). We now observe that

k∑
j=0

2(j−1)( 1
2

+nε) = 2(k−1)( 1
2

+nε)
k∑
j=0

2−j(
1
2

+nε) ≤ 2(k−1)( 1
2

+nε)
∞∑
j=0

2−j/2

and since the above series converges, it follows that

k∑
j=0

2(j−1)( 1
2

+nε) � 2(k−1)( 1
2

+nε) ≤ (
√
m)

1
2

+nε = m
1
4

+nε
2 .

Here we used the Definition of k, which implies 2k−1 ≤
√
m. Now (3.51) implies

∞∑
q=1

q−nSq(c)Iq(c)�M ∆
n+4
2

(
|w|0|λ|3n

∆
+
|w|M√

∆

)
m

n
4

+ 1
2

+2nεm
1
4

+nε
2

�M ∆
n+4
2

(
|w|0|λ|3n

∆
+
|w|M√

∆

)
m

n+3
4

+ 5nε
2 .

We now sum this over all c’s with 0 < |c| ≤ mε. The number of such c’s is O(mnε), and we

obtain ∑
c∈Zn

mε≥|c|>0

∞∑
q=1

q−nSq(c)Iq(c)�M ∆
n+4
2

(
|w|0|λ|3n

∆
+
|w|M√

∆

)
m

n+3
4

+ 7nε
2

which is precisely the desired estimate.

Proposition 3.6.4. Let 0 < ε < n
2 − 1. We then have∑

q>m
1
2−ε

q−nSq(0)Iq(0)�ε ∆
n+3
2 |w|0m

n+3
4

+nε
2 .

Proof. We use Lemma 3.2.2, which implies, for any R > 0,∑
R<q≤2R

q−nSq(0)Iq(0)� |w|0√
∆
m

n
2

∑
R<q≤2R

q−n|Sq(0)| � |w|0√
∆
m

n
2R−n

∑
q≤2R

|Sq(0)|.

We now estimate the sum above using Lemma 3.4.11, yielding∑
R<q≤2R

q−nSq(0)Iq(0)�ε
|w|0√

∆
m

n
2R−n ·∆

n+4
2 R

n+3
2

+εmε = ∆
n+3
2 |w|0R

3−n
2

+εm
n
2

+ε.

Using this estimate with R = m
1
2
−ε · 2k for k = 0, 1, . . . yields

∑
q>m

1
2−ε

q−nSq(0)Iq(0)� ∆
n+3
2 |w|0m

n
2

+ε
∑
k≥0

(
m

1
2
−ε · 2k

) 3−n
2

+ε

� ∆
n+3
2 |w|0m

n
2

+ε+( 1
2
−ε)( 3−n

2
+ε)
∑
k≥0

2k(
3−n
2

+ε)

and the size constraint on ε implies that 3−n
2 + ε < −1, hence the sum above is

�
∑
k≥0

2−k = 2
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implying that ∑
q>m

1
2−ε

q−nSq(0)Iq(0)� ∆
n+3
2 |w|0m

n
2

+ε+( 1
2
−ε)( 3−n

2
+ε).

Now we see that

n

2
+ ε+

(
1

2
− ε
)(

3− n
2

+ ε

)
=
n+ 3

4
+
nε

2
− ε2 <

n+ 3

4
+
nε

2

establishing the desired estimate.

Proposition 3.6.5. Let ε > 0, and let K be an integer such that K ≥ n
2ε . Then we have∑

q≤m
1
2−ε

q−nSq(0)Iq(0) = σ∞(F (0), w)
∏

p prime

σp(F
(0),m)m

n
2

+Oε,K

(
∆

n+3
2 |w|0m

n+3
4

+nε
2 + |w|2K+1 log(m)

)
.

Moreover, the factor log(m) can be removed if n ≥ 5.

Proof. In what follows, abbreviate σ∞(F (0), w) and σp(F
(0),m) by σ∞ and σp, respectively. We

use Lemma 3.3.2, which implies for q ≤ m
1
2
−ε

Iq(0) = m
n
2

(
σ∞ +OK

(
|w|2K+1√

∆

(
q

m
1
2

)N))

= m
n
2

(
σ∞ +OK

(
|w|2K+1√

∆

(
m−ε

)K))
= m

n
2

(
σ∞ +OK

(
|w|2K+1√

∆
m−

n
2

))
using Kε ≥ n

2

= m
n
2 σ∞ +OK

(
|w|2K+1√

∆

)
.

This implies

∑
q≤m

1
2−ε

q−nSq(0)Iq(0) = m
n
2 σ∞

∑
q≤m

1
2−ε

q−nSq(0) +Oε,K

 |w|2K+1√
∆

∑
q≤m

1
2−ε

q−n|Sq(0)|


and from Lemma 3.4.2 we get∑

q≤m
1
2−ε

q−n|Sq(0)| � ∆
1
2

∑
q≤m

1
2−ε

q1−n
2 � ∆

1
2 log(m)

where the log(m) only needs to be present if n = 4, because otherwise the sum
∑

q≥1 q
1−n

2

converges. We conclude that∑
q≤m

1
2−ε

q−nSq(0)Iq(0) = m
n
2 σ∞

∑
q≤m

1
2−ε

q−nSq(0) +Oε,N (|w|2K+1 log(m)). (3.52)

It now remains to estimate the first summand above. For this we use Lemma 3.5.4, which yields∑
q≤m

1
2−ε

q−nSq(0) =
∏

p prime

σp +Oε

(
∆

n+4
2 m( 1

2
−ε)( 3−n

2
+ε)+ε

)
=

∏
p prime

σp +Oε

(
∆

n+4
2 m

−n+3
4

+nε
2

)
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and hence

m
n
2 σ∞

∑
q≤m

1
2−ε

q−nSq(0) = σ∞
∏

p prime

σpm
n
2 +Oε

(
σ∞∆

n+4
2 m

n+3
4

+nε
2

)
.

We have argued before, for example in the proof of Proposition 3.2.1, that the volume of the

subset of supp(w) where |G(x)| ≤ T is O
(

T√
∆

)
. This implies, from the definition of the singular

integral, that σ∞ � 1√
∆
|w|0. The previous equality hence implies

m
n
2 σ∞

∑
q≤m

1
2−ε

q−nSq(0) = σ∞
∏

p prime

σpm
n
2 +Oε

(
∆

n+3
2 |w|0m

n+3
4

+nε
2

)
and together with 3.52 this implies the result.

We are now ready to complete the proof of Lemma 3.1.3.

Proof of Lemma 3.1.3. Use Propositions 3.6.2 and 3.6.3 with ε replaced by 2ε/7n, and Propos-

itions 3.6.4 and 3.6.5 with ε replaced by 2ε/n. Adding up the estimates obtained in each of

these Propositions, we arrive at∑
c∈Zn

∞∑
q=1

q−nSq(c)Iq(c) = σ∞(F (0), w)
∏

p prime

σp(F
(0),m)m

n
2

+Oε

(
∆

n+3
2

(
|w|0|λ|3n√

∆
+ |w|M

)
m

n+3
4

+ε + |w|N+1|λ|
N
2 + |w|2K+1 log(m)

)
,

where N , M and K are respectively the smallest integers exceeding 7n(n+ 1)/2ε, 21n2/4ε and

n2/4ε, respectively. Since M > 2K + 1, we have

|w|2K+1 log(m)�ε |w|Mm
n+3
4

+ε

and hence the last summand can be removed. We are left with∑
c∈Zn

∞∑
q=1

q−nSq(c)Iq(c) = σ∞(F (0), w)
∏

p prime

σp(F
(0),m)m

n
2

+Oε

(
∆

n+3
2

(
|w|0|λ|3n√

∆
+ |w|M

)
m

n+3
4

+ε + |w|N+1|λ|
N
2

)
.

We now use Lemma 2.3.1 with P = Q =
√
m; recall that then CQ = 1 + O(m−n) by Lemma

2.1.1. This yields

N(F,w) = m−1(1 +O(m−n))
∑
c∈Zn

∞∑
q=1

q−nSq(c)Iq(c)

= σ∞(F (0), w)
∏

p prime

σp(F
(0),m)m

n
2
−1

+Oε

(
∆

n+3
2

(
|w|0|λ|3n√

∆
+ |w|M

)
m

n−1
4

+ε + |w|N+1|λ|
N
2

)

+Oε

σ∞(F (0), w)
∏

p prime

σp(F
(0),m)m1−n

2


+Oε

(
∆

n+3
2

(
|w|0|λ|3n√

∆
+ |w|M

)
m
−3n−1

4
+ε + |w|N+1|λ|

N
2 m−n−1

)
.
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The terms in the last line are obviously bounded by the terms two lines above, so these can be

ignored. Moreover, it follows from Lemma 3.5.5, together with the estimate σ∞ � |w|0√
∆

shown

in the proof of Proposition 3.6.5, that

σ∞(F (0), w)
∏

p prime

σp(F
(0),m)m1−n

2 � ∆
7
2 |w|0

and, on the other hand, since ε < n
4 by assumption, we have

N

2
>

7n2

4 · n4
= 7n >

7n

2

whence

|w|N+1|λ|
N
2 ≥ |w|0|λ|

7n
2 � ∆

7
2 |w|0.

Hence the summand

σ∞(F (0), w)
∏

p prime

σp(F
(0),m)m1−n

2

can also be ignored, since it is bounded by the summand on the line before. We therefore obtain

N(F,w) = σ∞(F (0), w)
∏

p prime

σp(F
(0),m)m

n
2
−1

+Oε

(
∆

n+3
2

(
|w|0|λ|3n√

∆
+ |w|M

)
m

n−1
4

+ε + |w|N+1|λ|
N
2

)
as desired.

§3.7 Proof of Theorem 1.0.3

We now prove Theorem 1.0.3. For that we use again the function ν defined after Lemma 3.2.2.

Define a smooth, compactly supported weight w by

w(x) = ν(G(x)).

Now we observe that, by definition, we have

N(F,w) =
∑
x∈Zn
F (x)=0

w

(
x√
m

)
,

but when F (x) = 0 we have F (0)(x) = m, whence F (0)(x/
√
m) = 1 and G(x/

√
m) = 0, implying

w(x/
√
m) = 1. Therefore,

N(F,w) = #{x ∈ Zn : F (0)(x) = m}.

On the other hand, we recall that

σ∞(F (0), w) = lim
ε→0

1

2ε

∫
|G(x)|≤ε

w(x)dx

but when ε ≤ 1
2 we have w(x) = ν(G(x)) = 1 whenever |G(x)| ≤ ε. It follows that

σ∞(F (0), w) = lim
ε→0

1

2ε

∫
|G(x)|≤ε

1dx = σ∞(F (0)).
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It follows therefore from Theorem 3.0.1 that

#{x ∈ Zn : F (0)(x) = m}

= σ∞(F (0))
∏

p prime

σp(F
(0),m)m

n
2
−1 +Oε

(
∆

n+3
2 |λ|

K
2 |w|Km

n−1
4

+ε
)

(3.53)

where K is the smallest integer such that K > 100n2/ε.

It remains to estimate |w|K . For that, we observe that, by a straightforward induction, there

exist constants ca1,b1,...,an,bn indexed by 2n-tuples of non-negative integers such that

∂i1+···+in

∂xi11 · · · ∂x
in
n

w(x) =
∑

a1+2b1=i1
···

an+2bn=in

ca1,b1,...,an,bnν
(a1+b1+···+an+bn)(G(x))

n∏
i=1

(
∂G

∂xi

)ai (∂2G

∂x2
i

)bi

for every non-negative integers i1, . . . , in. For x ∈ supp(w), we must have |G(x)| < 1, implying

λ1x
2
1 + · · ·+ λnx

2
n < 2

and hence xi � 1√
λi

. Since ∂G
∂xi

= 2λixi, it follows that ∂G
∂xi
� λi. Also observe that ∂2G

∂x2i
= 2λi.

It follows that

∂i1+···+in

∂xi11 · · · ∂x
in
n

w(x)�
∑

a1+2b1=i1
···

an+2bn=in

n∏
k=1

λ
ak
2
k λbkk =

∑
a1+2b1=i1
···

an+2bn=in

n∏
k=1

λ
ik
2
k �

n∏
k=1

λ
ik
2
k ≤ |λ|

i1+···+in
2 .

This implies that

|w|K � |λ|
K
2

and using this estimate on (3.53), we obtain

#{x ∈ Zn : F (0)(x) = m}

= σ∞(F (0))
∏

p prime

σp(F
(0),m)m

n
2
−1 +Oε

(
∆

n+3
2 |λ|Km

n−1
4

+ε
)

.

Since obviously K < 1 + 100n2/ε, Theorem 1.0.3 follows.
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