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Definition
A Brownian web is a collection of random processes

{X:,.(u) € O([t; +00)) |u e R, t € Ry}
such that for any (ug,t1),..., (un,tn) € R x Ry the processes
th,.(ul),...,XtN’.(UN)

are coalescing Brownian motions w.r.t. the joint filtration.
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Definition

The Brownian web X with drift a is a family of D(R, R)—valued random
elements {X; ((-) | s <t} such that

forany s <t <r P{X,, =X;,0Xs:} =1; Xss =1Id a.s,;
forany t; <ty <...<t, X, t,,...,X¢, 1+, are independent;
for any s,t € R,h > 0 Law (Xs;) = Law (Xstn,t+1) ;

as h — 0+, Xy, — Id in probability in D(R, R);

forany z € R, s > 0

©e 666

t
Xst(z) =2 +/ a(Xsp(x))dr +wy s(t), t>s,

where w, , is a Brownian motion started at 0;
® for any z,y € R,s >0

(Wy,s, Wy.s) () = / I[Xs.(z) =Xsr(y)]dr, t>s.
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Brownian web (Arratia flows) (with drift)

Arratia flow: {Xo s(z) | s > 0,z € R}
Particles move independently before they meet and merge afterwards.

a limit of random walks: Arratia;

reflecting Wiener processes: Soucaliuc, T6th, Werner;
a limit of homeomorphic stochastic flows: Dorogovtsev;
adding drift: Dorogovtsev;

a flow of kernels: Le Jan, Raimond,;

© 06 ©6 06 o0 o

a random element in a specific space of compact sets of the space of

trajectories: Fontes, Isopi, Newman, Ravishankar...;

o physical coalescing and annihilating systems of particles: Masser,
ben-Avraham, Tribe, Zaboronski ... ;

o a universal limit object: Roy, Saha, Sarkar, Birkner, Gantert, Steiber,
Norris, Turner...;

o related models: Konarovskyi, von Renesse
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o The Arratia flow X* = {X{(u)|lu € R,t € [0; 7]} with drift
a € Lo(R) NLip(R)
o A random locally finite measure

#E(A) = [ X.(R) N Al, A € BR),

o Different approaches

o (physical) diffusion particles with instant interaction
o theory of random matrices
o as a stochastic dynamic system (cocycle)
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X ={X{(v) [0 € [0; 1]};

Definition (correlation functions: F.J.Dyson 1962)

The k-point density p} is a function on R* such that for any bounded
f:RF SR

BIXE2R) Y floneo) = [ st 0w

V1,V €EXY,
v1,...,0; all distinct
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An alternative definition

pt = lim 6% H Ni([zx; 2x + 9))

k=1,n

— 1 —k . I ey
—61_1)%1+5 P (Ni([zk; 4+ 6)) > 0,k =1,n),

where N;(A) is the number of particles in the set A
The original proof utilizes the idea from (Munasinghe, Rajesh, Tribe Ta

O. Zaboronski 2006) and the Girsanov theorem for the Arratia flow. A
different constructive proof can be given.
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In: R. Tribe and O. V. Zaboronski, “Pfaffian formulae for one dimensional
coalescing and annihilating systems”, Electron. J. Probab., vol. 16, no. 76,
pp- 2080-2103, 2011

Theorem

The point process for X at time t is the Pfaffian point process M with kernel
t=12K (t=1/2u,t=1/2v), that is, for all A, ..., A, € B(R), 4; N A;j=0,i+# 7,
and numbers ky, ..., kyn, € NU{0}: > k; =k we have

BT M(4y) .- (My(Ay) +1— k) = / P, ax)dan . do,
=i All><...><A’fnm

where the k-point density pF(z1,...,zy) is the Pfaffian of the 2k x 2k matriz
built of k2 blocks, ecch block being given in the terms of Gaussian density and
its first 2 derivatives.
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The Karlin-McGregor determinant:

gt M (y, @) = det [|ge(y; — x) )5,

In: R. Munasinghe, R. Rajesh, R. Tribe, and O. Zaboronski, “Multi-scaling of
the n-point density function for coalescing Brownian motions”, Comm. Math.
Phys., vol. 268, no. 3, pp. 717-725, 2006

Theorem

Since

gt ( Yy, T
cn [ [ 9e(@ns yns1-n) < PRU=TEIS T t 72y Hgt Tk, Yk),

k
where
hn(u) = H(u] — ug),
k<j
we have
n 1
pi(z) < W

v
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&= (&,...,&,) is a continuous process process with coalescence and no

triple collisions
x=n—[{§(T)|j=1n}
Hitting times: 7y < 79 < ... < Ty,
A coalescence scheme S(&) = (j1,---,J5) (S(€) =0 if 3¢ = 0)
£€("=1) ig obtained by removing the j;-th coordinate and so on
jr=min{i [ 3 # i §(n) = &(m)},
jo=minfi |35 #i 6" (m) =" (m)),.
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X{(u) = {X{ (ug) | k= 1,n},
A, ={ueR"|u <...<up}

Definition
The (n, k)—point density corresponding to u € A, and k € {1,...,n}, is a
function p""" (u;-) on R¥ such that for any bounded f: R" — R

BUIX |20 Y fnew) = [ ) )y
v1,..., U €X' (u), =
V1,...,Vk all distinct

Definition
The (n, k)—point density corresponding to u € A, a coalescence scheme s
with sc = j and k < n — j, is a function p{""*"(u;-) on R such that for any

non-negative f: RF — R

BUSKC() =s) 3 fluew) = [ " )i
v1,..., Vs €EX [ (u), R
V1,...,Vk all distinct
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Lemma

@ For any s with =k, u € A, and j <n — k the density p}""™>7 (u;-)

exists.
@ ForanyneNue A, ike{l,...,n} the density p"™"* (u;-) exists, and
a.e.
n—k
ke "
prm () =) Py (us ),
=0 sesn,l

where S, is a set of all coalescence schemes for n particles with
collisions.
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o A set U= {uy | k € N} is dense in [0;1]; u(™ = (uy,...,u,),n € N
o Define collision times

o Define

1 =T,
k—1

T = inf {T;s | H (Xs(ur) — Xo(uj)) = 0}, k>2
j=1

I, = Z/o a( Xt (ug))d X (ug),

Jn u(” Z a*(Xy(ug))dt, neN
k=170
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Theorem (Dorogovtsev 2007)

There exist
[ =Ly lim I, (u(“)> :
n— oo

J = L Tan 4, (u(“))
n— o0

Theorem ( Dorogovtsev 2007)

@ Let n € N. For all uw € R" the distribution of X%(u,-) is absolutely
continuous w.r.t the distribution of X (u,-) in C([0; T],R™) with density

3 () = exp {In(u) - ;Jn(u)} .

@ The distribution of X* as a random element in D([0;1], C([0;T1])) is
absolutely continuous w.r.t the distribution of X with density

g%:exp{f—;J}.
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o w is a standard BM in R™, § = inf{r | w(r) ¢ A,}
o The Cauchy problem

~
b
I
\.N
l>\

has a solution
F(z,7) =E, . o(w(9))1(8 > t)

0 0N, ={(u1,...,un) |u1 < ... <uj=ujp1 <...<u,}, j=1n-1
o m is a surface measure on U;:ll IA,,

° % is an outward normal derivartive

o py™(u;-) is the density of the BM with drift (a,...,a) killed on A,
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Theorem (Dorogovtsev, V., 2020)

Forallne N,z € A,,t € [0;T],k € {1,...,n}, any coalescence scheme s with
w=n—Fk,and any j € {1,...,k}

Py = (ke [ dty
0

<t <...<tp_<t

/ m(dzy) / m(dzg)...... / m(dzp—r)
8n, iy YN Ajt1,5,,

a a,mn a,n—1
(T, 21) X =——p R 1 %1,%2) X X
v, @) v, 2h ( ’ )
9 a,k+1 Rk+2
X b —tr b1 1 *m—k—15Zn—Fk ) X
v,

L ak k41
x Z /k _dv Pt—t, (Rjn kzn_k7v> vERF
Rk—J

L:{ll,..‘,lj}C ’UL:y
{1,k

where R : 0Ap, j — Ay—1 removes the j + 1—th coordinate, and
zl = (z;), i€ L,z = (z;),i ¢ L
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Construction of finite systems in Arratia flows

o W= (wi,...,wy) is a standard BM in R", W(0) = u.
o Wis obtained from W by merging coordinates after a collision
o {0} are the corresponding meeting times
o Define B
n 0
W =exp {3 [ atwn(o)dw(t)-
k=170
1 [,
- 52/0 @ (wy(t))dt }.
k=1
Lemma
In C([0; T],R™)
(Xo..(u1), - .-, Xo.(un)) < W
and

2 (u) L 2 (W, u).
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o Brownian bridges n = (n1,...,7,) :

wilt) = Zn(T) + me(t), £ € [0:T) k= Tm

o For any k define

i (t) = dB(t) — ;’“Et)tdt, te[0;7),
mk(0) = ne(T) =0,

o For any y € R™ define

70 =)+ (1 ) ut o 1€ 06T
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o {0;;(u)} are meeting time for the process W

o {7;(u,y)} are meeting times for the process n™¥
0 0;(u) = 1ij(u,w(T)), j=1,i—1,i=2,n

o Non-random numbers {)\;;(s) | i =1,2,j =1,n}:

O (1) = T, () Ao () (1, W(T))
on {S(W) = s} for a coalescence scheme s
Define on {S(W) = s}
ap(t,u,y,8) = Wt < 7oy (s)ran(s) (W Y)) - a (0, (1)),

n .7
e%,n (ua Y, S) = exp { Z / af (t7 Y, S)dnk (t)+
k=170

n T
- 1
+kz_1/0 ak(t,u7y78)(ykTUk —iak(’f»%yﬁ))ds}.
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Lemma
We have:

o for any s,y and starting point u

E, (IL(S(W) = 5)E¢,,(W)/W(T) = y) =
=E ]I(S(nu,y) = S)Q(IL",n(uv Y, S);

o for any y,s,u and p >0

E (e%,n(u7 Y, 3))p S 01602”3/”;

o for any s the mapping y — E (S (nu,y) = s)eF,,(u,y, s) is continuous.

v
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o Every coalescence scheme generates a partition of {1,...,n} of blocks of
merged particles. Set I(s) to be the set of smallest elements in all blocks.
o For a set K of indexes in {1,...,n}
o 2K = (ZZ),’L eK
o 27K =(n),i¢gK
° gi”) is n—dimensional Gaussian density for A (z,tId)

Theorem (Dorogovtsev, V. 2020)
Consider n € N, u € A, and a coalescence scheme s with c = k. Then for all
je{l,....,k} andy € Ay

pg,n,s,j(u;y) _ Z g,fj) (uI(s),L . Zf(s),L) y
L={l1,....l;}C{1,....k}

X /ka' dzf(s%—Lgt(k*j)(uI(s),—L _ ZI(s),—L)/]R y dZ—I(s)ginfk) (U_I(S) o ()

z€R"™,
ZI(S)’LZ

(E H(S(Uu’z) = s)e%’,n (uv 2, 5))

Y
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BX(y)=[y;y+e), yeRecRy,
Ni(A) = {XP(2) | Xi(z) € A,z e R}, A€ B(R),
Ni(B; A) = [{ X} (2) | X{(z) € A,z € B}, A,BeB(R)

Lemma
For any u,y, s and some k < »(s)
@msk(yg) = lim E I [Nt(u BX (y;)) > 0] [s(X*(u)) = s].

e—0+
j=1,n

p

Corollary

In particular,

P (usy) = lim <P (Vi Belan) > 0,k =T7).
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Finite point approximations

J
um,jza7 ]:0,m,m€N,

Um = (um,07 e 7um,m)7

Um = {Um,j |]: O,m}

Theorem (V. 2024)
For anyn and x € A,

lim m? (py" () — p™" (um; z)) = Cy, > 0,
m—r oo
where

Co= lim lm e Y P(S(X‘“(:rg)) = 0;

m—o00 e—0+4

k=1,n
(X7 %(xr), X7 *(xp +€)) N Uy, = 0;

Vi b (X7 %(21), X (@i +€)) N Un £0),

e = (w1, 01 + 6,2, T2 + €, ..., Ty, Ty + €) st 1o




The proof relies on the following observations:

@ using dual flows to estimate the probability of two particles getting close
yet not merging

@ relations between point densities and PDEs

@ estimates for point densities with drift
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Preliminary transformations

Bf(y)=[yiy+e), yeReeRy,
Ni(A) = { X[ (z) | X (x) € A,z € R},

Ni(B; A) = {X{(z) | X{'(z) € A,z € B},
We need to study

A € B(R),
A, B € B(R)

Jim sup e / OE™ () — PO (3 )y
e—0+ B (x1)x...BE (z,)
=timsup= " | T No(BZ () = T NelWn: B (2)]
e—0+ f——
k=1,n

k=1n
= limsupe™" | P (N (B (2;)) > 0,5 = T,n) = P (No(Uns B () > 0,5 = T,n).
e—0+

Indeed, it is well known that the error between two last lines can be estimated
in the terms

> / X X X P (y)dy,
k=T,n B (z1)X... X B (z1) X B (T1) X ...

so basic estimates suffice.
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We need to estimate

P (Ny(Bf(z;)) > 0,j =1,n) — P (Ny(Up; BX (z;)) > 0,5 =1,n)

There exists a dual Brownian web {X,,(u) |u € R, s <t} :

o lives in the reversed time
o coalescing Brownian motions, independent before the meeting
o the trajectories of X% and X do not intersect a.s.
o X=X"1 actually:
o Riabov 2020
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Dual flows for coalescing flows (2)
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We have: Bf () is non-empty but X +(u,,) misses B (z)
P(Xo,s N BF () # @) — P(Xo,(um N B () # @) =
< P()Z'o,t(x—i—s) £ Xou(a), 3j€{1,...,n—1}:
(Xo,t(fv);)?o,t(ﬂf)) C (Um,j;um,j+1)) <

< / dyy dyz p;?? % ((z, 2+ ); (y1,2)),

0<y2—11 <m;.ix(un,j+1 —Un,j)
where (trivially)

1 _Ja—p? (b _
0,2,2,2, .1\ _ w——a
Dt 2 (a, b) = %e 2t (]_ —e (b2—b1) (a2 1))
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Passing to the dual flow gives

lim Tim == > P (S(X(2)) = 0;

m—+00 =0+ e
(X¢ “(zn), Xy (v +€) N U = 05

Vi k (X7 (00), X[ (@i + €)1 U #0),
Te = (21,21 + 6,229,820+ &, ..., T, T + &)

where we want to get rid of all collisions and do not allow multiple hits
between points of the initial discretization, that is, to estimate properly
expressions of the form

P (A; Xy U wj), Xy (w5 +e), Xy “(wj41), Xy (241 +€) € (um,k§um,k+1))a
P (A; Xy Uwj), Xy (x5 +€) € (U ks U,k +1) 5
X7 @140)s X7 (@141 +€) € (s} Uty 41) )
where k1 # ko and
A={w| Xi(zp +e) > Xy(zy), bk =1,n}
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Let =,, be the set of all non-trivial coalescence scheme such that only collisions

of the form (2j;25 + 1) are possible.

Then
P (s ) # 0;
Xy (1), Xy “(@1 + €) € (Wimkys U ky 1),
X, “(w2), X (w2 4+ €) € (U ko Um,ko+1)3

Um ,kq+1 Um,kg+1
<> / p™ 3 (z2,y) dyrdys.
u

SEE, m,kq Um, ko
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9t M (y, @) = det [|ge(y; — o) 5.

In (Munasinghe, Rajesh, Tribe ta O. Zaboronski 2006):

pt(x t

In (Katori ra Tanemura 2007):

1 s (P S,\(w)S,\(y)
M s = — 2t hn hn
) (2mt)n/2 ‘ (hal) Al(A)<n [Tzt v (A +n = F)!

9

where h is a Vandermonde determinant and the sum is over Schur polynomials
(over variables x1,...,2y,).
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Define

VZ: Z a(yk) Oy,

k=1,2n
Doy ={z € R* |21 < ... <2}
8D2n,j:{y€8D|yj :’yj+1}, j:1,2n—1
1
E(ayj+1 - 8yj)
Every o € =, defines some boundary condition f, as a sum of indicators of

some hyperplanes.
Consider for some f = f,

d,, =

1
8th = §AWf - Vana
We(z,0) =1, x € Doy,
Wi(z,t) = f, € 0Dg,, t>0.
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Theorem (V. 2024, 1d: Dorogovtsev, V. 2023)
Assume a € Loo(R). We have

py(z) = lim ™" Z Wit (1,21 +€,...,Zn, Tn +€),1)

T EE

- {auﬁ—?au% > W, (u,1)]

U=(T1,21,---,Tn-Tn)

where each function
Wmfa € C(EQn X (0, OO)) n C(DQ X [0, OO)) N CI’O(DQ X [0, OO))

is a distributional solution in D'(Ds X (0;t)) to the original IBVP, satisfies IC
and BC and admits the representation as a series.

v
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Pt () = SJim 671 P (X (R) O [us u+6) # 0)

Let £ = (&5,,&5,) be the unique weak solution of

d(&)x(t) = a ((§2)x(1)) dt + dwi (1),
E)n(0) =ap, k=12

where wy, w9 are independent standard Wiener processes. Define
02 = inf{s | £ € OD,},

Then
,1 T —1 —
7 (u) = 51_1)1(r)1+5 P (6(u‘fu+5) > t) .
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Since 0,Wy = AWy — VW we have formally

t
W)= [ dygk¥(a,y) / ds [ aygl @) VW .9)
0 2n

D2y,

t
_ / ds / dS(y) D, g5 (x,9) F (4, 5).
0 8D2n

W:ZWn

neN

Iterating:

W (x, 5) :/ dyo g5 (, o),
Do

Wi(zx, s) :(71)”/ drl...drn/ dyo . . . dyn,
An(s) Dyt

gs Tn IL’ y Un Hvy]gm—r] 1 yjayj 1)
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Proposition

For all n > 1 in the sense of Schwartz distributions
1
B = SAWS ~ VWS,
in Ag x (0;00). Consequently,
1
OsW* = EAWG - Vewe

in Ay X (0;00).

Proof.
Wo(z,s) = /0 /A drdy g5 (, ) fu(r,y),
fn(ra y) = _DZWS—I(yar% n=>1,

where Supy,>1 Supre(O;t),yeAz |fn(ra y)l < CT_1/2'
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For h > 0
Weos )= Wites) = [ [ drdy 64 o) = 98 (@) £u(rv0)
0 Do
s+h
+ / / drdy pssn—r(z,y) fn(r,y)
S D2

=H(h,z,s) + Ha(h,x, s).

For every test function v

@
ht dx v(x)Hy(h,x, )
D»
w5 [ [ ety 9.t 50090 0
:—2/Dzd:ch()VW( s), h—0+
(>

R Hy(h,x,8) — fo(2,8) = —VoW_ (,8), h—0+.
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o Recalling: &2 is the solution of
d(&x)k(t) = a((§3)k(t))dt + dwy (1),
05 = inf{s | £ € O0As}

o Then

s+h
h='Hy(h,z,s) = h_l/ dr kg s(h, 7).

S

where

kx,s(h,’l") = Efn (T»fg(3+ h_'f')) ]I[eg >s+h— r],
Vs kw,s(ho, 5) - fn(3,$)7 ho — 0+,

o By the Girsanov theorem
kys(h,r)=E f, (r,ﬁg(s +h—7) 1 [92 >s+h—r|&,
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For all s >0 and © € A,

W (z,s) =P (05 >s).

Let a € C*°(R). Since the operator %A — V¢ is hypoelliptic,

W e 0%((0;00) % Ay).

The exhaustion method and the property
W* e C(Ay x (0;00)) NC(Ag x [0;00))

yield
W (z,s) =P (0% > s)
for a mollified a.
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Back to the main result

Theorem

Let a € Loo(R). Then for all z € Dy and t > 0

p&l () = 8, W(, t) Z@zQW (z,1).

n>0

Theorem

Assume ap € Loo(R),n > 0;8up,,5¢ llan ||z ) < 0o. Let one of the following
conditions hold:

@ a, — ag,n — 00, in Lo (R);
@ ap € L1(R),n >0, and a,, = ap,n — 00, in L1 (R).

Then for all x € Dy and t > 0

i (@) = pio (@), - oo,
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The multidimensional representation of the perturbed semigroup is also
available.
In particular, it requires iterating double layer heat potentials.

42 /42



