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1. HILBERT BASES THEOREM AND NOETHERIAN RING
1.1. Rings and subrings. We collect some definitions/notations from previous modules.
Definition 1.1. A Ring R = (R, +,-) is a set R equipped with two operations (addition and
multiplication) satisfying the following axioms:

(a) (R, +) is an abelian group;

(b) (R,-) is associative and distributive with respect to addition;
ALL ring in this module will be commutative, i.e.,

(a) Vx,y € R, xy = yuz;

(b) dlgs.t.Vx € R, 1gx = x.

In this module, a ring is commutative with (multiplicative) identity, unless stated otherwise.

By the first axiom, the ring R has an ‘additional identity’ Or. By the second axiom, we have
Or -z =0forany x € R.
Example 1.2. Examples of rings:

(a) Zeroring: R = (0) the only ring such that Og = 15.
(b) Z: ring of integers; QQ: rational numbers; R: real numbers; C: complex numbers.
(c) Polynomial Rings: Let R be a ring, we define the polynomial ring over R as

R[z] :={ag + a1z + --- + ap2"|n € N,a; € R}.

The set R[x] has natural addition and multiplication operations.

Definition 1.3. A subring S (of R) is a subset of R when
(a) (S,+r, r) is aring (closed under operation);
(b) 1¢=1r € S.
Exercise 1.4. @ZcQcRcC
(b) R C R[x];
(c) {Ogr} is a subset of the ring R. Though {Or} is a zero ring itself, it is NOT a subring of R
when R is non-zero.

1.2. Ideals and quotient rings.

Definition 1.5. A ring morphism ¢ : R — S is a map (from the set R to the set .S) such that:
(a) Compatible with addition: ¢(r1 + r2) = ¢(r1) + ¢(r2);
(b) Compatible with multiplication: ¢(r172) = ¢(r1)p(r2);
(©) ¢(Idgr) = Idg.
Definition 1.6. Let R be aring. An ideal / < R is a subset of R such that
(a) (I,+) is a subgroup of (R, +),i.e.,Vo,y € I, wehave z —y € I;
(b) Vre Randx € I, we have rx € I.
Proper ideal:  # R.
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Proposition and Definition 1.7. Let I be an ideal in R, we define
R/I:={ajla € R}/ ~,wherea+ 1 ~d +1 < a—d €.
We define two operations for elements in R/ as follows:
(1) (+r): (a+I)4+r (b+1I):=(a+b)+1,
(2) (r):(@a+1I)R(b+1I):= (ab) + 1.
Then (R/1,+R,-R) is a ring.
Example 1.8. Let R be aring, then {0} and R are always ideals in R.
Observation: 1p € I = Vx € R, I > 1rx = x. Hence I = R.

Definition 1.9. An element ¢ is a unit if 3b € R s.t. ab = 1j.

The inverse of a unit r is unique, we denoted as r 1.

Definition 1.10. A ring R is a field if

e it is not a zero ring;
e cvery non-zero element is a unit.

Lemma 1.11. A field F has exactly two ideals, namely, (0) and F'.
Example 1.12. Fields: Q, R, C, Q(+/2) = {a + bv/2|a,b € Q}.
1.3. PID.

Definition 1.13. An element a is called a zero-divisor if 90 # b € R s.t. ab = 0.
A ring R is called a domain if it has no non-zero divisor.

Example 1.14. A field is a domain. A finite domain is a field.
The ring of integers Z is a domain.
Let R be a domain, then R[z] is a domain.

Proposition and Definition 1.15. Let A be a subset of R, we define the subset

(A) = Z r¢f|rs € R, where only finitely many v is non-zero
feA

Then (A) is the minimum ideal that contains the subset A, in other words, if I is an ideal in R
such that I O A, then I O (A).

An ideal is principally generated if 3f € R such that I = (f).
An ideal is finitely generated if 3f1, fo, ..., f;, € Rsuchthat I = (fi, fo,..., fm)-

Example 1.16. Ideals in a field F: (0) and (1) = F.

Definition 1.17. A ring R is a principal ideal domain (PID) if
e R is a domain;
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e every ideal in R is principally generated.

Example 1.18. (a) A field is a PID.
(b) The ring of integers Z is a PID.
(c) Let F be a field, then F'[x] is a PID.

We give a proof for the case of F'[z] with a ‘trick” which will appear later.

Proof. Let I be an ideal in F[z]. If I = (0), then it is automatically principally generated by 0.
Let f(x) be a non-zero element in I with the minimum degree. We write f(x) term-wisely as

flx)=apz" + ...,

for some a,, € F and deg f(z) = n.
Suppose I # (f(x)), then we may let g(z) be an element in [ \ (f(z)) with the minimum
degree. We write

g(x) =bpa™ + ...,
for some b, € F and deg g(x) = m.

Note that g(x) € I, by the minimum assumption on deg f(z), we have m > n.
Let

g(z) = g(x) — a5 bpa™ " f(2).
Here a,, ! exists as F is a field. The element a,, b, 2™ "™ is in F|x].
Note that f(z) € I and g(z) € I\ (f(z)), we have

g(x) € I'\ {f(z)
Note that the leading terms in g(z) and a,, 1b,, 2™ " f
deg g(z) < degg(x).

This contradicts to the minimum assumption on deg g(x) among all elements in I \ (f(z)).
Therefore, we must have I = (f(z)). O

).
(

x) cancel out, so we have

1.4. Generators for ideals in F'[z, y].

Example 1.19. Let F be a field, consider the ring F'[x, y] and the ideal
I:=(x,y) = {f(x,9)|f(0,0) = 0}.

We claim that I can NOT be generated by one element.

Proof. Suppose I = (f(z,y)), thenwe have z = f(x,y)h(x,y) andy = f(x,y)g(z,y). Note that
x = f(z,y)h(x,y) implies that f(x,y) has no variable y. Therefore, f(x,y) must be a constant
function, 0 # f(x,y) = fo € F. Butthen I = F[x,y], which is a contradiction. O

Example 1.20. Let F' be a field, consider the ring F'[x, y| and the ideal
I:=(2? xy,y*) = { Z aijr'y’ |a;; € F}.
i+j>2

We claim that I can NOT be generated by two elements.
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Proof. Suppose I = (f, g) for some
f(@,y) = fa02® + fuzy + foou’ + f3(2,y),
9(@,y) = g20® + gury + gozy” + g3(x, y),
where f;;, gi; € F, the polynoimials f3(z,y) and g3(x,y) only have terms with degree > 3.

Since 22, zy,y? € I = (f, g), we must have

1'2 :al(x7y)f(xay) +b1(x7y)g(xay)v

vy = ax(z,y)f(z,y) + ba(z,y)g(x,y),
y* = as(z,y)f(2,y) + bs(z,y)9(z,y),
for some a;(z,y), bi(x,y) € Flz,y].
Compare the degree 2 terms on both hand sides of the equations, we have
2? = a1(0,0)(f202® + fuizy + foay?) + b1(0,0)(9202” + g2y + go2y?),
zy = az(0,0)(f202? + frizy + fooy?) + b2(0,0) (9202 + g1y + go2y?),
y* = a3(0,0)(f202? + fuizy + fo2y?) + b3(0,0)(g200* + g1y + go2y?),

Note that the coefficients for 22, zy and y? must be the same on both hand sides, hence

100 a1(0,0) 01(0,0) e
0 1 0] ={a0,0) b(0,0) (20 n 02)
0 0 1 a3(0,0) b3(0,0) g20 911 go2

as a product of matrices with coefficients in F'. Note that the matrices on the right hand side are
3 x 2 and 2 x 3, both of which has rank at most 2. Their product has rank at most 2. We get the
contradiction as the the 3 x 3 identity matrix has rank 3. (]

There is no bound for the number of generators for an arbitrary ideal in F'[z, y].

Example 1.21. Let F be a field, the ideal I = (™, 2" 1y, ..., y") in F[z,y] can NOT be gener-
ated by n elements.

Theorem 1.22 (Hilbert Bases Theorem ‘Toy Case’). Let F be a field and I be an ideal in F'[z,y],
then 1 is finitely generated.

Convention: We think F'[x,y] as the polynomial ring (F[z])[y] with variable y and coefficient
in F[z]. For every element f € (F[x])[y], we can write

f(z,y) = ful)y™ + fn—l(x)yn_l + -+ fo(z)
for some f;(x) € F|x] in a unique way, where f,,(z) # 0. We denote the y-degree of f(z,y) as
Deg, f(z,y) = n.

Proof. 1If I = (0), then we are done.
Otherwise, let F'; (z,y) be a non-zero element in / with the minimum degree Deg,. We write

Fi(z,y) = filx)y™ + ...,
where Deg, F' (x,y) = n1 and fi(z) € Fx] is the leading coefficient.
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If I = (Fy(z,y)), then we are done.
Otherwise, let F5(x, y) be a non-zero element in [ \ (¥} (z,y)) with the minimum degree Deg,.
We write

By(x,y) = fa(x)y™ +...,

where Deg, F»(x,y) = ng and fo(z) € Fx] is the leading coefficient.

By the minimum assumption on Deg, F; (, y) among all non-zero elements in /, we have ny >
ni.

Suppose f2(z) € (fi(x)) in F[z], then we can write fo = r1(z) f1(z) for some 1 (z) € F[z].

Let

Fy(z,y) := Fa(z,y) — ri()y" " Fi(z,y),

, then by the same argument as that in Example 1.18, we have Degyﬁ’g (7,y) < Deg, F»(x,y) and

Fy(x,y) € I'\ (Fi(z,y)). This contradicts the minimum assumption on Deg, F»(, y) among all
elements in I \ (F(z,y)). Therefore fao(x) & (f1(x)) in F[z], in other words,

(fi(z)) S (fr(x), f2(2))

If I = (F\(z,y), Fa(z,y)), then we are done.

Otherwise, let F5(z,y) be a non-zero element in I \ (Fi(z,y), Fa(z,y)) with the minimum
degree Deg,. We write

Fg(a}, y) = fg(x)y”3 + ...,

where Deg, F3(x,y) = ng and f3(z) € F[z] is the leading coefficient.

By the minimum assumption on Deg, F>(x,y) among all elements in I \ (Fi(x,y)), we have
ng = na.

Suppose f3(x) € (fi(x), fa(z)) in F[x], then we can write fo = ri(x)fi(x) + ro(x) fo(x) for
some r;(z) € Flzx].

Let

Fy(z,y) = Fy(z,y) — ri(2)y™ ™ Fi(z,y) — ra(2)y™ " Fa(z, y),

then by the same argument as that in Example 1.18, we have Degyﬁg(x, y) < Deg, F3(z,y) and
Fs(z,y) € T\ (Fi(z,y), Fa2(x,y)). This contradicts the minimum assumption on Deg, F3(, y)
among all elements in I \ (Fy(z,y), Fa(z,y)).

Therefore f3(z) & (fi(x), fo(x)) in F[z], in other words,

(fi(z), fa(z)) S (f1(z), fa(z), f3(T)).

Suppose the ideal I is not finitely generated, then we can continue this procedure to an ascending
chain of ideals:

(F1) C(F1, Fy) C(F, Fo, F3) C ... (F1,Fy,...,Fy) C ...

such that F}, (x, y) is with minimum Deg, among all elements in I \ (Fi,..., Fy,_1).
Write F,,(z,y) = fm(z)y™™ + ...
By the ‘Cancellation Technic’, we get an ascending chain of ideals:
(fi(z)) S (filx), f2(2)) G (f1(2), o), f3(2)) S - (f1(@), fal@), oo fn(2)) & -
in Fx].
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Note that F'[z] is a PID by Example 1.18, we have

for some h,, () € F|x].
Note that (h,,—1(z)) C (hyn(x)), we have hp,—1(x) = hp(2)gm(x) for non-unit polynomial

=

gm(z). In particular, deg g,, () > 1.
Therefore, we have the chain
deghy; > deghg > --- > degh, > ...
This is a contradiction as deg h; € Zxq for every non-zero polynomial h;. Hence I is finitely
generated with at most 1 + deg fi(x) generators. O

Example 1.23. Let I = {f(z,y)|f(0,0) = f(0,1) = f(1,0) = 0}. Find a set of generators for /
according to the procedure as that in the proof.

Note that [ is indeed an ideal: Vf, g € I and h € F[x,y], we have

(f :tg)(a’ b) = f(avb) :I:g(a,b) =0;
(fh)(a;b) = f(a,b)g(a,b) =0
for any (a,b) = (0,0), (0,1) or (1,0). Therefore, f + g, fh € 1.

To find generators for I, we first search element with Deg, = 0. In particular, if f(z) = 0 for
2 = 0 and 1, then we have z(xz — 1)|f(x). We may choose F(z,y) = x(x — 1) with Deg, = 0
and leading coefficient fi(z) = z(x — 1).

In the last paragraph, we have also shown that any element in I \ (x(z — 1)) has Deg, > 1. To
search F5, we may write it as fo(z)y + r(z). By the proof of Theorem 1.22, we may assume that
deg fa(z) < 1and fo(x)|fi(x). This helps us to find Fo(x,y) = zy ‘quickly’.

By the proof of Theorem 1.22, there is at most one extra generator, and its leading coefficient
has degree strictly smaller than 1. It is easy to figure out that y + r(z) ¢ I for any r(x) € F|[x],
therefore, the third generator has Deg, > 2!

We may choose F3(z,y) = y? — y, with Deg, F3 = 2 and leading coefficient 1. By the proof of
Theorem 1.22, the ideal I = (z(x — 1), zy, y(y — 1)).

1.5. Noetherian Ring.
Definition 1.24. A ring R is called Noetherian if every ideal [ in R can be finitely generated.

Definition 1.25. Let R be a ring. We say that (the set of ideals of) R has the ascending chain
condition (a.c.c.) if every chain of ideals

LCLC---CI,C...
eventually stops, in other words, there exists k such that I, = I = Ix40 = . ...
In other words, R has a.c.c. if it has no strictly ascending chain of ideals:
LCLCIz3---CL,C....

Proposition 1.26. A ring R is Noetherian if and only if R has a.c.c..
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Proof. ‘<=": Let I be an ideal in R, suppose [ is not finitely generated.
There exists f € I.
As I is not finitely generated, I # (f1). There exists fo € I\ (f1), in other words, (f1) C

(i, o). }
As I is not finitely generated, I # (f1, f2). There exists f3 € I\ (f1, f2), in other words,

<f1> g <f17f2> g <f17f27f3>‘

We may carry on this procedure and get a strictly asceding chain of ideals:

() C (i fo) S S (fryee s fn) G o

This contradicts to the a.c.c. on R.

‘=—": Let
LCLC---CI,C...
be an ascending chain of ideals in R.
Take J = U:l‘flfm, we claim that J is an ideal:

e Vx,y € J, wehave x,y € I}, for some k large enough, therefore v £y € I; C J.
o Vr € R,wehave xr € I}, C J.

By the Noetherian assumption on R, the ideal J is finitely generated, namely,

J = <f1,---,ft>
forsome fi,..., f; € R. Notethat f; € I,,,, for some m; € Z>1, we may take k := max{m1,...,m:},
then f1,..., f; € Ik.
Therefore,
J={(ft,.. ., f) Sl C g1 C---C J.
Hence, I, = I;+1 = ..., in other words, R has a.c.c.. ]

1.6. Hilbert Bases Theorem.
Theorem 1.27 (Hilbert Bases Theorem). Let R be a Noetherian ring, then R[x] is Noetherian.

Proof. Let I be an ideal in R[x], suppose [ is NOT finitely generated, we have an ascending chain
of ideals in R[x]:

(Fi(2)) ¢ (Fi(2), Fo(x)) G - G (F1(2), o Fin(2)) & -
where F,(z) is with the minimum degree among all elements in [ \ (Fi(x),..., Fh_1(x)). We
write

Fon() = frna™ + ...,
where DegF),, = n,,, and f,,, € R is the leading coefficient of F,,(z). By the minimum assumption
on degree of F;’s, we have

ny<ng <<y <Ll

Suppose f, € (f1,..., fm—1), then we have
Jm=rifit+ -+ rm-1fm-
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for some r1,...,7n—1 € R. We may consider
Fp(z) := F(z) — ra™ ™MF(x) — - — Py 2™ 1 F ().
By a formal check, we have
e deg F, () < deg Fy(2);
o Fp(z) eI\ (Fi(x),...,Fpn_i(x)).
This contradicts the minimum assumption on deg F;,,(z) among all elements in I\ (F (z), ..., Fin—1(z)).

Therefore, f,, & (f1,-.., fm—1). We have a strictly ascending chain of ideals

(fc{fifa) e S fm) &
This contradicts to the fact that R has a.c.c.(by Proposition 1.26). ([l

Proposition 1.28. Let R be a Noetherian ring and I be an ideal in R. Then R/I is Noetherian.
Proof. Let J be an ideal in R/I. We may consider the ideal (check!)
J:={reRlr+IcJ}

Since R is Noetherian, the ideal i = (f1,..., fm) forsome fi,..., fr, € R.
Forany r + I € J, since r € J, we have r = ) _ r; f; for some r; € R. Therefore,

rl =3 (ri+ D(fi+1),

. The ideal J is finitely generated. O
Example 1.29. Let R be field or PID, then R[z1,...,x,|/I is Noetherian for any ideal I in
Rlzy,...,xy).

If R is Noetherian, then the formal power series ring
R[[z]] == ao + 17 + agx® +...apx" +...|a; € R
is Noetherian.
Example 1.30. The following rings are not Noetherian:
(a) Polynomial ring with infinitely many variables F'[z1,...,Zp,...].

(b) Flz,zy,zy?, ..., 2y",...].
(c) R = {real-valued continuous function from R — R}.



10 CHUNYI LI

2. IDEALS AND PRIMARY DECOMPOSITION
2.1. Prime ideals. There are two equivalent definitions for a prime number in the ring of integers:

Definition 2.1. Let R be a domain, an element p is called irreducible, if
e it is not a unit nor zero;
e if p = xy, then z or y is a unit.

Definition 2.2. Let R be a ring, an element p is called prime, if

e it iS not a unit nor zero;
e if p|zy, then p|x or p|y.

These two definitions are the same when the ring is a so-called UFD.

Definition 2.3. A domain R is called a unique factorization domain (UFD), if for every non-zero,
non-unit element € R, r can be written as a product of irreducible elements, uniquely up to order
and units.

In other words, if 7 = p1p2...,ps = q1...¢q for some p;, g; irreducible, then ¢ = s and there
exists a bijective map o : {1,...,s} «— {1,...,t} such that p; = g, (;)u; for some units u;.

Example 2.4. Here are some examples of UFD:

e The ring of integers 7Z is a UFD.
e APIDisaUFD.
e Let R be a UFD, then R[z] is also a UFD.

Lemma 2.5. A prime element in a domain is irreducible. An irreducible element in a UFD is
prime.

Proof. Let p be a prime element in a domain. Suppose p = zy, then p|x or p|y.

WLOG, p|lr = x =pa = p =pay — p(1l —ay) = 0. Since there is no non-zero
divisor in a domain, we have ay = 1. Therefore, y is a unit.

Let p be an irreducible element in a UFD. Suppose p|zy, then rp = xy for some r € R. We
may consider the prime decomposition for 7, z and y:

r=4q...-,4gm;T =pP1..-Pt;Yy =81...95].
Since rp = xy, the collection qy, ..., gn,p is the same as py,...,p , S1--.,S; up to orders and
units. Hence, p|z or p|y. O

In general, the condition in the first definition is strictly ‘weaker’ than that in the second defini-
tion.

Example 2.6. Consider the number 3 in the ring Z[v/—5] := {a + b\/—5|a,b € Z}, then 3 is
irreducible but NOT prime.

Instead of thinking about prime decomposition for elements in a ring, a more meaningful task is
to considering decomposition for ideals.
Definition 2.7. Anideal P C R is called prime, if
e P#+R;
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o ifxy € P,thenx € Pory € P.
We denote the set of all prime ideals of R by SpecR, and call it the spectrum of R.

Example 2.8. SpecZ = {(0), (p)|p is a prime number}.
Let F be a field, then SpecF = {(0)}.

Proposition 2.9. An ideal P is prime <= R/ P is a domain.
Proof.

An ideal P is prime
<= forany a,b ¢ P,ab ¢ P
<= forany a,b ¢ P, (a+ P)(b+ P)# P
< foranya+ P,b+ P #0+PinR/P,(a+ P)(b+P)#0+PinR/P
<= R/P is a domain.
d

Example 2.10. The ideal (3) is NOT prime in the ring Z[v/—5].
The ideal (3, 1+ +/—5) contains all elements of the form 3a + b+ by/—5 in Z[v/—5]. Therefore,
Z[\/—-5]/(3,1++/—5) ~{0,1,2} ~ Z/3Z. By Proposition 2.9, (3,1 + 1/—5) is prime.

Definition 2.11. Let I and J be two ideals in R, we define their product as:
1] :=(zxylzel,yelJ)

Exercise 2.12. Check: (3) = (3,1 + v/—5)(3,1 — v/=5).

2.2. Maximal ideals.

Definition 2.13. Anideal I C R is called maximal, if

(@ I #R;
(b) there is no properideal Js.t I C J C R.

We denote the set of all maximal ideals of R by max-SpecR.
Example 2.14. A field F' has a unique maximum ideal (0).

Proposition 2.15. Let I be an ideal of R,
then I is maximal <= R/I is a field.

Lemma 2.16. Let I be an ideal in R. Denote the natural quotient ring homomorphism by  : R —
R/I. There is a one-to-one correspondence:

¢ : {ideal in R/T} +— {ideal of R containing T} : )"

Here for every ideal J in R/I the map ) is defined as 1(J) := 7= 1(J). For every ideal J of R
containing I, the map )~ is defined as =1 (J) := w(J).
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Proof of Proposition 2.15. The ideal I is maximal.
<= The set {ideal of R containing I} has exactly two elements, namely, I and R.
<= Thering R/I has exactly two ideals.
<= Thering R/I is a field. 0

Corollary 2.17. A maximal ideal is prime.
Proof. I <R is maximal = R/Iisafield = R/I is adomain = [ is prime. O

The existence of a maximal ideal is equivalent to the Zorn’s Lemma.
Axiom:(Zorn’s Lemma) Let S be a non-emplty, partially ordered set with the property that
“Any chain Uy < Uy < --- < U, < ... has at least one maximal element in S.”
Then S has at least one maximal element.

Proposition 2.18. Let I < R be a proper ideal of R, then there exists a maximal ideal m containing
1.

Proof. Let S be the set
{proper ideals of R which contains I}.

with inclusion as partially order. As I € S, S is not empty.
For any chain of elements in S:

LCLC---CL,C....
Let [ = UI;, then I is an ideal containing I. Since 1 ¢ I; for any j, 1 ¢ Taswell. Iisa proper

ideal of R, therefore an element in S.
By Zorn’s lemma, S has a maximal element, which is a maximal ideal containing /. g

Remark 2.19. The Zorn’s Lemma is equivalent to several other logical statements, including:

Axiom of Choice and Well-Ordering Principal. It also has some highly anti-intuitive implications,

such as Banach-Tarski Paradox. A reference for more details is the blog: https://plato.stanford.edu/entries/axiom-
choice/

Example 2.20. maxSpec(Z) = {(p)|p is a prime number}.
By Example 2.10, (3,1 + 1/—5) is a maximal ideal in Z[y/—5].
Most important example: let F' be a field and a1, ..., a, € F, then
(X1 —a1,...,xn — ap)

is a maximal ideal in F'[z1,...,zy].

Theorem (First Ring Isomorphism Theorem). Let ¢ : R — S be a ring homomorphism, then
ker ¢ is an ideal in R. Moreover, the homomorphism ¢ induces a ring isomorphism:

¢ : R/ ker ¢ = im ¢.

Proof. For any element z,y € ker ¢ and r € R, we have ¢(z +y) = ¢(z) £ ¢(y) = 0 and
¢(zr) = ¢(x)p(r) = 0. Hence ker ¢ is an ideal.
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We define the map ¢ as ¢(r+ker ¢) := ¢(r). The map ¢ is well-defined: for any pair r+ker ¢ ~
' + ker ¢, we have ¢(r) = ¢(r) — ¢(r —1')) = ¢(r'). It is straitforward to check ¢ is a ring
homomorphism.

The map ¢ is injective: o(r)=0 = r+ker¢ ~ 0+ ker ¢.

The map b is surjective onto im ¢ by definition. ([l

To show that (1 — a1, ...,x, — a,) is a maximal ideal in F'[z1,...,x,], we may consider the
following map:

Gar,an P Flxr, .. xn) = F @ f(z,...,2n) = flar,...,an).
The map ¢q, ,... 4, 1 a ring homomorphism with kernel generated by 1 — a1, ..., x, — a,. By
Proposition 2.15 and RIT, the ideal (x; — a1, ..., =z, — ay) is maximal.

2.3. Primary ideal. Naively, we would like to express every ideal I in R as:
I=P*.. P

for some prime ideals P; in R and powers e, € Z>q.
Consider the example I = (22, y) in the ring F[z,y]. Suppose I admits such a decomposition,
then for every prime factor F;, we have

I1CPh.

Since #? € P; and P is prime, € P;. Therefore, (x,y C P;. We must have P; = (z, y).
However, it is not hard to check that

(x,y) 2 (2%y) 2 (@, 2y, v°) = (x,9)*.

It is therefore impossible to have a naive prime decomposition theorem for every ideal in the
ring. We should include more ideals as ‘prime’ factors.

Definition 2.21. Let R be aring. An ideal () of R is called primary if:

*QFR;
e fge@ = feQorg™eQforsomem € Z>.

Definition 2.22. Let I be an ideal in a ring R, the radical of [ is
VI :={f € R|f™ e I for some m € N}.

Note that the radical of an ideal is an ideal.
ForVf,g € v/I and z € R, suppose f™, g" € I for some m,n > 0. Then

(f =g eL(zf)" el
Lemma 2.23. If Q is primary, then \/Q is a prime ideal.

Proof. Suppose fg € /Q, then (fg)™ € Q for some m > 0. Then f™ or g™ € /Q. So f™" or
g™ € Q. Hence, forg € Q. d
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Example 2.24. The ideal ) = (27) is a primary in Z.
If 27|nm, then 27|n or 3|m == 27|m3.
The ideal (3) is NOT primary in Z[/—5].
The ideal (2) is primary in Z[y/—5]!
The deal I = (xy, y?) in F[z,y] has radical v/T = (y). But it is NOT primary.

Lemma 2.25. Let R be a Noetherian ring and I be a proper ideal. Suppose I is NOT primary,
then

I=J1NJy
for some J1,Jo # 1.

Proof. By Lemma 2.16 and Proposition 1.28, we may assume that 7 = (0)!

Let f and g be two elements such that fg = 0, f = 0 and ¢" # 0 for any m.

Consider the chain of ideals:

Jy, = {r € Rlrg* = 0}.

Note that J;, C Jj; is an ascending chain of ideals. Since R is Noetherian, 3k such that J, = Jj,
for all k& > k.

Claim: (0) = (f) N (gko).

Let r be an element in both ideals, then

r=fri =g r
for some r1, 72 € R. Timing g on the equality, we have

gr=gfr; =0=gkotlp,

Therefore, 79 € Jyy+1 = Ji,. We have r = gkorg =0. ]

Definition 2.26. Let I be a proper ideal in a ring R. A primary decomposition of [ is an expres-
sion
I=@Qin---NQr
with each (Q; primary.
The decomposition is called irredundant if I # N;.;Q; for any j, and is called minimal if »
is as small as possible.

Theorem 2.27. Let I < R be a proper ideal in a Noetherian ring. Then I admits a primary decom-
position.

Proof. Suppose there is an ideal I that does NOT admits a primary decomposition, then [ is not
primary itself and by Lemma 2.25,
I=J1NJy

for some I C Ji, Jo. At least one of these two factors does NOT admits a primary decomposition,
since otherwise I admits a primary decomposition. WLOG, we may assume .J; does not admits a
primary decomposition and denote it by I5.

Repeat this procedure for I and so on, we get a strictly ascending chain of proper ideals that
does NOT admits a primary decomposition. This contradicts the Noetherian assumption on R. []
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Remark 2.28. The Noetherian assumption is essential here. Consider the example of ring R =
{real-valued continuous functions on R}. Then the ideal (sin z) does NOT have a primary decom-
position.

A prime ideal P is NOT decomposible: suppose P = I N J for some I # P, J # P, then we
may choose z € I\ J andy € J \ I. The product xy will violates the primality of P.

Example 2.29. Let [ = (zy,x — yz) be an ideal in C[x, y, z|. Find the primary decomposition of
1.

Solution. Note that zy € I, we claim that x ¢ I and ™ ¢ I for any m > 1.
If x € I, then
xr = J:yFl(a?,y, Z) + ($ - yZ)FQ(SC, Y, Z)
for some Fy, Fy € C[x,y, z]. We may substitute z = yz, then we have
yz =y’2F 40,
which is impossible. Therefore, z & I.
If f(y) € 1, then
f(y) = xyFl(:L‘a Y, Z) + (‘T - yz)F2($7y’ Z)
for some Fy, Fy € C[x,y, z]. We may substitute z = z = 0, then we have
(3) f(y) =0,
which is impossible. Therefore, f(y) & I for any 0 # f(y) € C[z, v, 2].
Following the argument in Lemma 2.25, we let
Im = {F(z,y,2)|y" F(x,y,z) € I}.
It is easy to see that I C J; and = € Ji, therefore, J; D (I, x) = (x,yz).
Note that Jo = {F|yF' € J1}, we have z € J,. Hence Jy D (J1,2) D (x, z). We claim:
Im = (z, 2).
Let F(z,y, z) be an element in .J,,, for some m > 2. Then we may write
F = xGl(xa Y, Z) + ZGQ(.’IJ, Y, Z) + f(y)

for some G1,Gy € Clz,y,z2] and f(y) € C[y]. Since J,, D (x,z), we have f(y) € Jp. In
particular, we have

y"f(y) € L.
By (3), f(y) = 0.

By the argument as that in Lemma 2.25, we have

I = (zy,x —yz2) N ey, e —yz,y°) = (2,y2) N (", z - y2).
The first factor has an ‘obvious’ primary decomposition as (x, y) N (z, z).
We claim that the second factor (32, x — yz) is primary.

Lemma 2.30. Let ¢ : R — S be a ring homomorphism and () be a primary ideal in S. Then
¢~ 1(Q) is primary in R.
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Proof. Easy exercise. ([l

Consider the ring homomorphism
¢ : Clz,y,2] = Cly, 2]
T yz
y—=y
Zvr z
Then ¢~ 1({3?)) = (y?, & — yz). Note that C[y, 2] is a UFD, the ideal (y?) is primary. By Lemma

2.30, (y?, x — yz) is primary.
Note that (y?, x — yz) C (z,y), the ideal I have a primary decomposition:

I={(z,2)N %z —yz).
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3. MODULES AND INTEGRAL EXTENSIONS
3.1. Modules.

Definition 3.1. Let R be a ring, an R-module )/ is an abelian group (M, +) with a multiplication
map
Rx M — M : (r,m)— rm,

such that Vm,n € M and r,7’ € R

(@ r(m*+n)=rm=+rn

®) (r+r"Ym=rm-+1r'm

©) (rr"Ym =r(r'm)

(d) 1pm=m
Example 3.2. For a field k, the definition of a module is the same as a vector space over the field.
In particular, if M is of finite dimension, then M ~ k%"

An ideal [ is an R-module by definition.

Definition 3.3. A subset N C M of an R-module is an R-submodule if (N, +) is an abelian
subgroup of M and Vr € R,n € N, one hasrn € N.

The quotient module )M/ /N is constructed as equivalence classes of elements m € M modulo
N. In other words, the coset

M/N ={m+ Nlme M}/ ~,
where m; + N ~mg + N <= mq — mo € N, has a well-defined R-module structure:
Rx M/N — M/N : f(m+ N):= fm+ N.
Example 3.4. Let I be an ideal of R, then both I and R/I are R-modules.
Definition 3.5. A map ¢ : M — N is an R-module homomorphism if Vf, g € R,m,n € M:
o(fm +gn) = fo(m) + gp(n).
Proposition 3.6. Let ¢ : M — N be an R-module homomorphism, then

(a) ker ¢ and im ¢ are both R-modules;
(b) M/ ker ¢ ~ im ¢.

Definition 3.7. Let M and N be two R-module. Their direct sum M & N is defined as
M @& N :={(m,n)lm € M,n € N}
Rx(M&N)—-MoN
r(m,n) — (rm,rn).
Notation: M®" = M & --- @& M for r times.

Definition 3.8. Let M/ be an R-module, and let A = {m,, } be a subset of M. The set A generates
a submodule (A),/ in M:

{m e M|m = Z rqmg for some r, € R, only finitely many r, # 0}.
me€A
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In other words, the module (A) ,/ is the minimum R-submodule in M containing A.
We say that A generates M as an R-module if (A)y; = M. The module M is called finitely
generated if there is a finite generating set for M.

Definition 3.9. Let M be an R-module, a subset A C M is called a basis if

(a) A generates M as an R-module;
(b) A is linear independent, i.e., Ve, ..., e, € A,

rer+...me, =0 < rn=---=r,=0.

An R-module is called free if it has a basis. The cardinality of a basis (independent of the
choice of basis) is called the rank of the module.

Example 3.10. Let M be a free R-module of rank n, then
M = R%"

as an [R-module.
In particular, if I = (f) is a principally generated ideal in a domain R, then {f} is a basis for I
as an R-module, and
IR

as an R-module.

When R is a field, then every R-module/vector space has a basis.

When R is not a field, let I be a non-zero, non-proper ideal of R, then R/I is an R-module
generated by 1 4 1. But it is NOT free.

Theorem 3.11. Let R be a PID, M be a finitely generated R-module, then
M~R"®R/P"® @& R/P
for some maximal ideals P; and positive integers n;, n.

Example 3.12. The ideal (x,y) in F[x,y] is NOT a free F'[z, y]-module.
Let M = Z[1] := {4%|m,n € Z} be a Z-module, then M is NOT finitely generated. M does
NOT have a basis.

3.2. Cayley-Hamilton Theorem. Cayley-Hamilton for vector spaces over a field:
Let A be an x n matrix with coefficients in k, its characteristic polynomial is:

pa(x) = det(x1d,, —A).
Then ps(A) = 0.

Example 3.13. Let A = <é Z) then pa(z) = (x —1)(z —4) —2 x 3 =22 — 5z — 2.

(3 6D 6)
NN
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Definition 3.14. Let M be a n X n matrix

mi1 Mmi2 ... Min

Mp1 Mp2 ... Mnpp
with coefficients in R, then the determinant of M is
n
det M = 3 (1)) [ mungs € R
oESh =1
The characteristic polynomial p4(x) is
z" — trace(A)z" P 4 4 (=1)" det A.

Theorem 3.15. Let R be a ring, A be a n X n matrix with coefficients in R, its characteristic
polynomial is:

pa(z) = det(x1d,, —A).
Thenpa(A) = 0.
Remark 3.16. Recall how did one prove the following statement in linear algebra:

Let B be a n x n matrix with coefficient in k, suppose dv # 0, s.t. Bv = 0. Then det B = 0.

Proof. Let C be the adjoint of B: C' = [C};] such that
Cz‘j = (—I)H_j det sz

Here By is the (n — 1) x (n — 1) matrix by taking off the ith-column and jth-row from B. We
have BC = CB = det BI,.
Hence 0 = C'Bv = det Bv for a non-zero v, and therefore det B = 0. OJ

Proof. Note that R[A] is a commutative ring. Consider the n x n matrix B with coefficient in
R[A]:

A— GHIn —aglfn e —amIn
B— —algfn A — G/QQIn e —angfn
—ainlny, —aond, ... A—apnly,

The statement is to show det B = 0. Consider the adjoint of B: C' = [Cj;] such that
Cl'j = (*1)“_]‘ det Bﬂ

Here Bj; is the (n — 1) x (n — 1) matrix by taking off ith-column and jth-row from B. We
have BC = CB = det BI,,. Lete; = (0,...,1,...,0)T with 1 at the i-th position. Then for
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Va <i<n,
Aei = a1;€e1 + -+ QApi€n
= (A —aji)e; —aje1 — - — apie, =0
— Bje; + Bjjer +---+ Bipep, =0
n
— ZBijej =0
=1

Let v = (ej,ez,...,e,)T, then Bv = 0. Therefore CBv = 0 and (CB)v = 0 (Here the
product of B on v is not the product of matrix with vector, but composing the action of A on e;).
We may conclude that for V1 < i < n: det Be; = 0. Therefore, det B = 0. ]

Theorem 3.17. Let M be a finitely generated R-module with n generators, ¢ : M — M be an
endomorphism. Suppose ¢(M) C IM for some ideal of R, then ¢ satisfies a relation:

¢" +ard" T+ 4 a, =0,
for some a,, € I'™ for1 <m < n.
Proof. Let (e1,...,e,) be a set of generators, then
o(ej) =rijer +rajes + -+ rpje,

for some r;; € I.
Let A be the n x n matrix (r;;), and pa(z) = 2" + a12" ! + - -+ + ay, then the coefficient
aj € I,
By Theorem 3.15,
A"+ g A"t a, =0,

Hence true for ¢. O

Here few more explanations for the last sentence in the proof:
For any element m € M, m can be written as

m = bie; +--- + bpey,.

Note that these b;’s are not unique, but this is the only difference between a finitely generated
module and a free module. Let

C1 bl
Co —A b2
Cn by,
c1 bl
(&) bQ
then ¢(m) = cie; + -+ + chep = [el e ... en] = [el e ... en] A
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(¢" +a1n-1+ -+ an)m

= [61 e ... en] (A" + a1 AV o 4 a,Id)
bn

3.3. Integral and Finite Extensions. An algebraic number is a complex number which is a root
of a non-zero polynomial in Z[z]. The set of all algebraic numbers is denoted as Q in this notes.

‘Well-known facts’: Q is a field. For an algebraic number o € Q, there exists a minimal
polynomial f(z) € Z[z] of  such that:

if g(a) = 0 and g(z) € Z[x], then g(z) = f(x)h(x) for some h(z) € Z|x].

As for an integer 7, its minimal polynomial is just z — n. As for a rational number 7", where
ged(m,n) = 1, its minimal polynomial is nz — m. For a rational number ¢, it is not hard to figure
out that ¢ is an integer if and only if it is a root of monic polynomial in Z[z], i.e., its minimal

polynomial is monic.
The concept of being an integral element can be generalized to all algebraic numbers.

Definition 3.18. A number o € Q is called an algebraic integer, if f(«) = 0 for some monic
polynomial f(z) € Z[z].

Example 3.19. All integers are algebraic integers. Given positive integers m and n, the number
{/m is an algebraic integer.

Without a general theory for integral elements, it is usually very hard to tell whether a given
number is an algebraic integer or not, say, v/2 + v/3. In this section, we apply the Cayley-Hamilton
theorem to set up some basic theories of integral and finite algebra. This will allow us to describe
several properties of algebraic integers that are not trivial at a first glance.

Definition 3.20. Let R be aring. A ring S is called an R-algebra if there is a ring homomorphism
¢:R—S.
Note that this makes .S into an R-module.

In practice, we may always assume that R is a subring of .S.

Definition 3.21. Let R be a ring and S be an R-algebra. An element s € S is integral over R if
there is a monic polynomial

fy)=y" +ay" "'+ +an € RlY]
such that f(s) = 0.

If all elements of S are integral over R, then S is said to be integral over R.

Example 3.22. (a) Let R = C and S = C|[z], then an element in S is integral over R if and
only if it is a constant function.
(b) Let R = Z and S = C, a number if integral over Z if and only if it is an algebraic integer.
(c) Let R = C[z? and S = C|x], then x is integral over R.
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Definition 3.23. Let S be an R algebra, we say that S is a finite R-algebra(or finite over R) if it is
finitely generated as an R-module.

Example 3.24. (a) C[z]is NOT finite over C.
(b) Clz] is finite over C[x?].

Proposition 3.25. Let S be a finite R algebra, then S is integral over R.

Proof. For any element s € S, we may consider
¢s: S — S :m— sm.

Apply Cayley-Hamilton Theorem 3.17 for R, S, ¢s and I = R. Then there exists aj,...,a, € R
such that
$5 +ar1dl T+t an = 0.
In particular, the homomorphism on the left hand side maps 1 to 0. That is
s"+as" P+ .. a, =0.
Hence s is integral over R. Since this holds for any s € S, S is integral over R. g
Example 3.26. (a) t° + 3 + 1 satisfy the equation z* + f1(t4)2® + fo(tY)2? + f3(tY)z +
fr(t*) = 0 for some f;(t) € C[t].
(b) 1+ /2 + /4 is an algebraic integer.

Definition 3.27. Let S be aring and R C S be a subring. Let s1, ..., s;, be elements of .5, then

we write R[s1, 2. .., sp] for the smallest subring of .S containing R and s1, 82 . .., Sp.
We say that S is finitely generated over R if 3 s1,. .., S, such that R[sy, s2,...,Sm] = S.
In particular, every element of R[s1, S2. .., Sy, can be written as a polynomial in s1, S2. .., Sy

with coefficients in R.

Rlst, .. sm] ={f(s1,.- s sm|f(z1,...,2m) € Rlx1,...,2m]}.
By the definition,
R[s1,...,8m—1][Sm] = R[S1, -, Sm—1, Sm]-

Proposition 3.28. Let S be an R-algebra with R C S. Let s € S. The followings statements are
equivelant.

(a) The element s is integral over R.

(b) Then the subring R|[s] is finite over R.

(¢) There exists an R-subalgebra R C S such that R is finite over R and R[s] C R

Proof. ‘a = b’: Since the element s is integral over R, there exists a monic polynomial f(z)
such that

f(s)=s"+az" '+ - +an_15+a, =0.
Claim: R[s] as an R-module is generated by s” %, ..., s, 1.
For any element g(s) € R|[s], since f(z) is a monic polynomial,

g9(x) = f(x)h(x) + r(z)
for some deg r(z) < deg f(x). Therefore, g(s) = r(s) whichis 715" 1 + ... 7, 15+ 7.
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‘b = ¢’: Let R = RJs].
‘c = a’: Corollary 3.25. U

3.4. Tower Laws.

Lemma 3.29. Let R C S C S’ be rings, such that S’ is finite over S and S is finite over R. Then
S’ finite over R.

Proof. Let S’ be generated by aq,...,a, as an S-module; S be generated by by, ..., b, as an
R-module.
Then for any m € S”:

m = 81a1 + ...5,0n for some s1...,8, € 5
= (rubi+ -+ rimbn)ar + -+ (roabi + - + rombm)an for some a;; € R
= Z rija;b;.

Therefore, S’ is generated by {a;b;} as an R-module. O

Corollary 3.30. Let R C S be rings, s1,...,Sn € S be integral over R. Then R|[s1, ..., S| is
finite over R.

Proof. Consider the extension of rings:
R g R[Sl] g R[Sl, 82] g e Q R[31,82, Ce ,Sm].

For each extension, as s; is integral over S[si, ..., s;—1], by Proposition 3.28, R[s1, ..., s is
finite over R[sy, ..., s;—1]. By Lemma 3.29, R[s1, S, .. ., Sy, is finite over R. O

Definition 3.31. Let R C S be rings, the integral closure of R in .S is
R = {s € S|s is integral over R}
Corollary 3.32. Let R C S be rings, then R is a subring of S.

Proof. For any s1, s2 € S, the ring R][sq, 51] is integral over R. In particular, s; &= s2 and s152 are
integral over R, therefore they are both in R. O

Proposition 3.33. Let R C S C S’ be rings such that S’ integral over S and S integral over R.
Then S’ is integral over R.

Proof. Vb € S, since b is integral over S, there exist ay, ..., a, € S such that
V' a4 a, =0.

This implies b is integral over R[ay, ..., ay].
By Proposition 3.28, R[a1, ..., ay][b] is finite over Ray,. .., ay].
Since ay, . .., a, are all integral over R, by Corollary 3.30, R[a1, ..., a,] is finite over R.

We may consider the tower
R C Rlai,...,an] C Rlay,...,a,)[b],

by Lemma 3.29, R|ay,...,ay][b] is finite over R, by Corollary 3.25, Rlay, ..., ay][b] is integral
over R, therefore b is integral over R and S’ is integral over R. U
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Example 3.34. The number y/ @ + /6 is an algebraic integer.

The golden ration number @ satisfies the equation z? + x — 1 = 0. The number
satisfies the equation 22 + 2 — 4 = 0. Both numbers are algebraic integers.
AsZ C Z[VT=L V52 U] ¢ [V L G, {f VAT

V17-1
2

is a chain of integral exten-
sions, therefore v/ @ + v/6 is integral over Z, in other words, an algebraic integer.

Corollary 3.35. Let R C S C T be rings such that S is integral over R. Then R=SinT. In
particular, R = (R) in T.

Proof. Consider R C S C S, by Proposition 3.33, S is integral over R, therefore, S O R. O
Definition 3.36. Let S be an R-algebra. We say that R is integrally closed in S if R = Rin S.

Proposition 3.37. Let S be an integral domain. Suppose S is integral over R, then
Ris a field <= S is a field.
Proof. ‘= ":ForY0#z € S,
2"+ a4 4 a, =0
for some a; € R. We may assume that a,, # 0 since otherwise we may cancel x as S is a domain.
Since R is a field,
z(—a, (2" a1 4 lan)) = 1.
Therefore, x is invertible and S is a field.
‘“—=":ForV0 # = € R, z~! € S and is integral over R, we have
a4 4w, =0
for some a; € R. Therefore,
rt=a1+ax+ - +az” t€R.

And R is a field. O
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4. THE NULLSTELLENSATZ

4.1. Ideals and Varieties.
Definition 4.1. Let k be a field. Let I be an ideal in k[z1, . .., x,). The variety of I is the set
V() = {(a1,...,an) € k"|f(a1,...,an) = 0forany f € I}.

Let k be a field. Let I be an ideal in k[z1, ..., x,]. By Hilbert Bases Theorem: Theorem 1.27,
I = {(f1,..., fm) forsome f; € k[z1,...,zy].
Lemma 4.2. Adopt the notation as above, we have V (I) = {(a1, ..., a,) € k™| fi(a1,...,a,) =
0 for all f;’s}.
Proof. The ‘C’ direction is by definition.
As for the D direction: Forevery f € I, f = hif1 + ... hyfm for some h; € k[x1,...,x,)].
If fi(a1,...,a,) = 0forall f;’s, then
flay,...;an) = hi(ar,...,an)fi(ar,...,an) + ... hplas, ... an) fm(as, ..., a,) =0.
Therefore, the point (aq,...,ay,) € V(I). O
Example 4.3. (a) Let [ = (0), then V(1) = k™.
(b) Let I = k[x1,xo,...,2,], then V(I) = ¢.
(c) LetI = (xy,x — yz) in k[z,y, 2], then V(I) = {(z,y,2)|]r =y =0orxz = z = 0}.
This implies that f(y) is not in the ideal I.
(d) Let I = (2? + 2 —2),then V(I) = {-2,1}.
Therefore, 22* — 1 is not in the ideal 1.
Definition 4.4. Let X C k" be a subset, the ideal of X is
I(X):={f € klx1,...,z,)|f(z) =0,Vx € X}.
Lemma 4.5. (a) 1(X) is a radical ideal in k[x1, ..., x,], in other words, I1(X) = \/I(X).
(b) Let I be an ideal in k[z1,. .., x,), then
V(I)=V(VI).
Proof. a): For any elements f,g € I(X), h € k[x1,...,2,) and x € X, we have
(f £9)(x) = f(z) £ g(z) = 0; (fh)(x) = f(z)h(x) = 0.
Therefore, I(X) is an ideal.

It is obvious that I(X) C /I(X).
Let f € k[x1,...,zy] such that f™ € I(X) for some m € N. Then for any z € X,

@) =0 = f(z)=0.
Therefore, \/1(X) = I(X).

b): Let f € /I, then f™ € I for some m € N. For any z € V(I),
(@) =0 = f(x)=0.
Therefore, € V(v/I) and V(I) = V/(\/T). O
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Example 4.6. (a) Let I = (%) in k[x], then V(I) = {0} and I(V (1)) = (z).
(b) Let I = (xy,x — yz) in k[z,y, 2], then V(I) = {(x,y,2)|[r =y =0orz = z = 0} and
I(V(I)) = (z,yz).
(©) I(p) = k[z1,...,zpn]; I(K™) = (0).

4.2. Weak Nullstellensatz.

Theorem 4.7. Let k C K be fields with K = k[s1,...,sy| for some sy ...,s, € K. Then the
field K is finite/integral/algebraic over k.

Remark 4.8. An element s is algebraic over a field I if and only if it is integral over F'.
By Corollary 3.25 and 3.30, the statements that ‘K is finite/integral/algebraic over k’ are all
equivalent.

Proof of Theorem 4.7. We prove by induction on the number of generators n.
When n = 1, since k[s;] = K is a field, the generator s; has an inverse

— =apst +---+ao
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for some a; € k. Therefore, the element s; is algebraic/integral over k. By Proposition 3.28, k[s1]
is finite over k.
Assume the statement holds for n—1 generators case, we consider the case when K = k[s1, ..., S,].
CASE I: The generator s, is algebraic/integral over k.
By Proposition 3.28, the ring k[s,] is integral over k. By Proposition 3.37, the ring k[s,] is a
field. Consider the tower of fields extensions:

k C k[sn] C (K[sn])[s1,.-,5n-1] = K.

By induction, K = (k[s,])[s1, ..., Sn—1] is finite over k[s,]. By the argument for the one genera-
tor case, k[sy] is finite over k. By Tower Law Lemma 3.29, K is finite over k.

CASE II: The generator s, is NOT algebraic over k. We will show that this would finally lead
to a contradiction!
Step 1: The smallest subfield in K containing k[s,,] is

F = {f(sn)(g(s2))"'|f(2), g(x) € Flal]}.
Since s, is assumed to be non-algebraic, one may check that F' is isomorphic to the rational func-
tion field with coefficient in k.
Step 2: Note that K = F'[sq, ..., S,—1], by induction, K is integral over F.
Since each s; is integral over F, there exists A;; € F' such that

st Ans T Ay, = 0.

By Step 1, each 4;; = SZ]]((SS:)) for some P;;(z), Qij(x) € klz]. Let Q(z) =[], i<, [T1<j<n, Qij(@).
Then s1, ..., 5,1 are also integral over k[s,,_1, (Q(s,,))~']. By Proposition 3.37, k[s,,_1, (Q(s,,)) ']
must be a field.

Step 3: We show that there exists an element in k[s,,] that does not have an inverse in k[sy,, (Q(sy))

_1]
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When Q(x) is a constant function, then k[s,, (Q(s,)) ] = k[s,] =~ k[z] is NOT a field.
When Q(x) is not a constant function, then inverse of Q(s,,)+ 1 is in k[s,,, (Q(s,)) ], hence of

the form (Qf(gi)))m for some f(z) € k[z] and m € Z>¢. Therefore, (Q(sy))™ = (Q(Sn)+1)f(sn).
Since s, is not algebraic over F', we must have
Q)" = (Q(z) + 1) f(x).

This is NOT possible since ged(Q(z), Q(z) + 1) = 1.
We get the contradiction for Case II. Hence the generator s,, must be algebraic over k. (]

4.3. Maximal Ideals in C[xy,...,z,]. Let k be a field, recall from Example 2.20 that for any
ai,...,an € k, the ideal

mal,...,an = <.’1§'1 —Q1y...,Tpn — a’l’b>
is a maximal ideal in k[z1, . .., x,). When the field F is algebraically closed, we proved that every
maximal ideal in k[z1, ..., ;] is of this form.
Theorem 4.9. Let k be an algebraically closed field, then every maximal ideal m = in k[x1, ..., xy]
is of the form
(x1 — a1,y ..., Ty — ap),

for some ay,...,a, € k.

Remark 4.10. A field F' is algebraically closed, if and only if for every field extension /' C K
and every element s algebraic over F', we have s € F.
For example, the complex number field is algebraic closed

Proof of Theorem. By Proposition 2.15, k[z1, ..., x,|/mis a field. Consider the field extension
kE Cklx1+m,...,z, +m].

By Theorem 4.7, k[z1 + m,...,x, + m] is algebraic over k. Since k is algebraically closed,
k = k[z1 +m,..., z, + m]. Therefore, for each x; + m, we have

ri+m=a; +m
for some a; € k. Therefore, m O (x1 — a1, ..., %, — a,) which is already a maximal ideal. They
must be the same. ([l

Theorem 4.11. Let k be an algebraically closed field. Let I be an ideal in k|x1, . .., x,] such that
V(I)= ¢, then I = k[x1,...,zy].

Proof. Suppose I is a proper ideal, by Proposition 2.18, I C m for some maximal ideal m. By
Theorem 4.9, V = (m) = (ay,...,a,) for some aq,...,a, € k. By Lemma 4.20, V(I) D V(m)
and is not empty.

We get the contradiction. The ideal is therefore not proper. U

Remark 4.12. Both results fail without the algebraically closed assumption.

Example 4.13. What is the ideal I = (zy, 2* + y°, 22 +3?> + 1) in Rz, y]?
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Consider the ideal J = (xy, z* + 3, 22 + 4% + 1) in C[x, ). Its variety is
V((zy, 2 41°, 2242 +1)) = {zy = 2*4+y® = 0= 2242 +1) = {x =y = 0 = 224+ +1} = ¢.
By Theorem 4.11, J = Clx, y], in particular, 1 € J. In other words,
L=ayf(z,y) + (@' +y°)g(z,y) + (@ +y* + Dh(z,y)
for some f, g, h € C|x, y]. By taking the conjugates on both sides, we have
L=ayf(z,y) + (&' +y°)g(z,y) + (2% + y* + Dh(z,y).

Therefore,
t=ay (L5 0) @+ 40 (450) @+ 420 (M50) o

Here the polynomials (#) (z,y) (g, h respectively) are all with real coefficients. Therefore they
are all in R[z, y]. Hence 1 € I. We have I = Rz, y].

4.4. Nullstellensatz.

Theorem 4.14. Let k be an algebraically closed field, I an ideal in klxi,...,x,). Let f €
klz1,...,xy) such that f(V(I)) = 0. Then f' € I for some t € Z>1.

Proof. By Hilbert bases theorem, the ideal I = (fi,..., f,) for some f; € klxi,...,z,]. We
consider the ideal

J = <f177f77’b7yf_1>

in the ring k[z1, ..., Zn, Y]
The variety of J is

V(J)={(a1,...,an,b) € k:”+l|fi(a1, ...,an) = 0forevery i; f(ay,...,a,)b=1}
={(a1,...,an,b) € K" (ay,...,an) € V(I); f(a,...,a,)b=1}
={(a1,...,an,b) € k" |(ay,...,a,) € V(I);0b =1} = ¢.

By Theorem 4.11, J = k[z1, ..., %y, y]. In particular, 1 € J:
1:h1f1+"'+hmfm+g(yf71)a

for some hi,...,hym, g € k[z1,..., 20, Y]
Substitute y = %, we have
1 1
1= h]_(ﬂf]_, vy Iy ?)f1($17 oo uCCn) R hm($]_, vy Iy ?)fm(x17 v )x’ﬂ)7
which is an equality of elements in k(x1, ..., ), the rational function field of k[x1, ..., z,].

Note that there exists an ¢ large enough such that
l) _ Hi(l‘l, e ,SL‘n)
f !t

hi(xh ey Iy
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for every i and some H;(z1,...,xy,) € k[z1,...,x,]. Therefore,

ffr=Hy(z1,...,¢0) f1(@1,. .. 20) + -+ Hyp(21, .. 20) frn(21, ..., 2) € L.

g
Corollary 4.15. Let k be an algebraically closed field, J be an ideal in k[x1,...,x,]. Then
I(V(J]) =VJ.
Proof.

feVvi < fleJforsomet «— f(V(J) =0 < felI(V(J)).

Example 4.16. Let [ = (223, (22 + 3?)3 — 422y?) in C[x, y|, then [ is primary.
Solution. We first compute the radical of I. The variety of I is

V(1) = {(z,y)|2*y® = (a® + y*)° — 42®y® = 0}.

Note that 2%y3 = 0 implies © = 0 or y = 0. If z = 0, then by the second equation, we have y = 0.
If y = 0, then by the second equation, we have = 0. Therefore, V(1) = {(0,0)}.

The ideal 1({(0,0)}) = {f(x,%)|f(0,0) = 0} = (x,y). By Corollary 4.15, the radical v/I =
I(V(I)) = (z,y), which is a maximal ideal. The I is primary by the following lemma. O

Lemma 4.17. Let I be an ideal in R such that \/T is maximal, then I is primary.

Proof. Since I C +/I which is proper, the ideal I is also proper.

Let fg € I,if g & /I, then since R/+/I is field, the element g + /T is a unit in R/v/I. In
particular, m + gr = 1 for some m € \/.7 andr € R.

Suppose m™ € I, as 1 = (m + gr)"™ = m"™ + sg for some s, we have f = fm" + sfg € I.
Therefore, the ideal I is primary. g

Example 4.18. Let I = (2243, (2 + y?)? — 23 + 329?) in Clx, y], what is the radical of I? Is [
primary?

Solution. The variety of [ is {(0,0)} U {(1,0)}.
The ideal 1({(0,0)} U {(1,0)}) contains y and z(xz — 1). We claim that I(V'(I)) is generated
by these two elements.
Note that for every f(z,y) € Clx
f

Clz,y] and h(z) € Cla]. If f € I(
1)

,y], we have f(z,y) = yg(z,y) + h(x) for some g(z,y) €
I {(0,0)} U {(1,0)}), then h(0) = h(1) = 0. Hence, z(z —

1)|h(x). In particular, f € (z(z — 1), y). Therefore,

VI = 1(V(D)) = (a(z — 1),1).

This is not a prime ideal: x(x — 1) € VI but z, 2 — 1 & /1. Therefore, I is not primary. O
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4.5. Varieties in C".
Proposition 4.19. There is a one-to-one correspondence:
V : {radical ideals in C[xy, ..., x,]} <— {varieties in C"}.

Proof. Let J be aradical ideal in C[x1, . .., x,], by O-satz, I(V(J)) = V/.J = J.
Let X = V/(J) be a variety, by Lemma 4.5 b), X = V(+/J). By O-satz, V(I(X)) =
V(I(V(])=V(H/J)=X. O

Lemma 4.20. Let X and Y be subspaces in k™, A and B be subsets in k[z1, . .., x|, and I, J be
ideals in k[x1, ..., xy). Then
(a) If X CY C k", thenI(X) D I(Y).
IfAC B Ck[xi,...,zy)], then V(A) D V(B).
(b) I XUY)=I(X)NnI(Y),
VInJ)=V{IJ)=V{I)UV(J),
VI+J)=V({I)nV(J).

Proof. a): ForVf € I(Y), f(x) = 0 for any x € Y therefore any = € X. Hence, f € I(X).

b): Bya), [(XUY)C I(X)NI(Y). Forany f € I(X)NI(Y)andany x € X UY, since
is either on X or Y, f(x) is always 0.

Let z € V(I; N I3), suppose = ¢ V(I;) U V(Iy), then 3f; € I; and fo € I such that
fi(x), fa(z) # 0. In particular, (f1 f2)(x) # 0. But fi fo € I; N I, and we get the contradiction.

The rest one is easy. ([l

In particular, the intersection and union of varieties are varieties.
More relations (NOT examinable):

VT is a prime ideal <= V (I) is irreducible;

VT is a maximum ideal <= V(I) is a point;

dim Clzy,...,z,]/I = Dimension of V' (I);

A maximum ideal m containing I +— A point Py, on V(I);
m/ m? = Cotangent space at Py,.

4.6. Irreducible Varieties.

Definition 4.21. An variety X is called irreducible if it is non-empty and is NOT the union of two
proper varieties, i.e.,

if X = X7 U X5 for some varieties X; and X», then either X; or X5 is X.
Proposition 4.22. Let X be a variety in C", then
X is irreducible <= I1(X) is prime.
Proof. * = ": ForVfg e I(X),
X =V{I(X)) CV(fg) =V(/IuV(g)
— X =V({I(X))=(VUIX)nV()UVUIX))NV(g)=VUI+ () UV +(g)
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As X is irreducible, either V(I(X)) NV (f)) or (V(I(X)) NV (g) is X. Therefore, either X is
contained in either V'(f) or V(g). Hence, f or g € I(X).

‘=" Let X = X1 U Xy =V (J1) UV (Jp) for some J; = \/J;. Then I(X) = J; N Ja.

Since I(X) is prime, either J; or Jy = I. O

Example 4.23. Let the whole space be C?:

(a) X = {(0,0)} is irreducible;

(b) X ={(0,0)} U{(1,0)} is not irreducible;

(¢) X ={x =0} U{y = 0} is not irreducible;

d X =C%

(@ X ={(*,¥*)|t € C};
Corollary 4.24. Let X be an irreducible variety in C"*. If X C X1 U --- U X, for some varieties
X1,..., Xy, then X C X, for some 1.

Proof. Notethat X = (X NX;)U (X NXy)U---U(X NX,). By Lemma 4.20, the set X N X
and (X N X2) U--- U (X N X,) are both varieties in C". Since X is irreducible, X = X N X,
or X = (X NXs2)U---U(XNJX,). By induction on the numbers of varieties, X = X N X; for
some 1. O

Proposition 4.25. Let X be a variety in C™, then X has a decomposition
X=X1U---UXp,

with each X; an irreducible variety.

By omitting some terms if necessary, one can arrange the expression such that X;  X; for any
i # j. Then this expression is unique up to renumbering the components.

Each X; is called an irreducible component of X.

Proof. By Theorem 2.27, the ideal I(X) admits a primary decomposition in C[z1, ..., z,]. We
may write

I(X)=Q:iN---NQn

with each ); primary.
By taking V' on both sides, Proposition 4.19, and Lemma 4.20, we have

X=VIX)=V(QiN---NQn)
=V(Q1)U---UV(Qm)

=V(H/Q)U---UV({/Qm)=X1U---UX,,

By Lemma 2.23, each ideal 1/(@); is prime. By Proposition 4.22, each variety X; is irreducible.
As for the uniqueness, let

X=XjuU---uX,=Y1U...Y;

be two irredundant irreducible decompositions, in other words, all X;, Y;’s are irreducible varieties,
X; € Xj,and Y; € Y forany i # j.
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Then for every i, we have X; C Y7 U...Y;. By Corollary 4.24, X; C Y; for some j. Since
Y; € X3 U---UX,,, by Corollary 424, Y; C X, for some k. Hence, X; C Y; C Xj. As
X; & X, forany ¢ # k, we must have 7 = k and X; =Y.

Therefore, {X1,..., X} ={Y1,..., Y2} O

Example 4.26. Let f(z, y) and g(z, y) be two polynomials with coefficient in C such that ged(f, g) =
1. Then the equation f(z,y) = g(z,y) = 0 has only finitely many solutions.

Proof. By Lemma 4.2 and Proposition 4.25,

{(a,b) € C*|f(a,b) = g(a,b) = 0}
=V({(f(z,9),9(z,9)))
=XiUXU---UX,,

for some irreducible varieties X1, ..., X,,.

V((f,9) 2 Xi
= f(z) = g(x) = 0 for every point x € X;.
= f,g € 1(X;) (I(X;) is a prime ideal).
Suppose I(X;) = (h) for some h # 0, then ged(f, g) # 1. Therefore, each prime ideal I(X;) is
NOT principally generated.

Lemma 4.27. Let P be a prime ideal in C[x,y|. Suppose P # (h(xz,vy)) for any h(z,vy), then P
is a maximal ideal.

Proof. Let F'i(x,y) be a non-zero element in P with the minimum degree Deg,. As P is a prime
ideal, we may assume F(x,y) is irreducible. We write

Fi(z,y) = filz)y™ + ...,

where Deg, F' (x,y) = n; and fi(x) € F|x] is the leading coefficient.
Let F5(z,y) be with the minimum degree Deg, among all elements in P \ (F(z,y)), which is
non-empty by the condition in the lemma. We write

Fy(x,y) = fo(x)y™ + ...,
where Deg, F»(x,y) = ng and fo(z) € Fx] is the leading coefficient.
Let
Fy(z,y) := fi(2)Fa(z,y) — fa(x)y™ ™ Fi(z,y),
, then
° Degyﬁ’g <DegFbs;
e Fyr e P.

By the minimum assumption on Deg, F»(x,y) among all elements in P \ (Fi(z,y)), we must
have

B e(R) = file)F € (F) = fi(2)Fa(z,y) = H(x,y)Fi(z,y)
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for some H(x,y) € Clz,y]. Since F(x,y) is irreducible and can divide f1(z), it must be z — a
for some a € C. Therefore, P > x — a.

Repeat the same argument for (C[y])[z] by viewing x as the main variable, we have P > y — b
for some b € C. Therefore, P = (x — a,y — b). O

Back to the proof of the example, by the lemma, we have

V({f,9) = {(a1,01)} U.... {(am; bm) }-
U

Example 4.28. Let f1, fo, f3 be different irreducible polynomials in Clz,y, z| such that f; ¢
(fjs fr). Then V((f, f2, f3)) needs NOT to be finite. For example, 2z — 4%, yz — x3 and 22 — 22y.
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5. PRIMARY DECOMPOSITION
5.1. Associated primes.

Definition 5.1. Let M be an R-module, and m € M. The annihilator of m is the set:
ann(m) := {r € Rlrm = 0}.

Definition 5.2. Let M be an R-module. An ideal P < R is called an associated prime of M if P
is a prime ideal and P = ann(m) for some m € M \ {0}.
The assassin ass(\/) is the set of associated primes of an R-module M.

Remark 5.3. The annihilator ann(m) is always an ideal, but it needs not to be prime.
The annihilator ann(r) is the whole ring if and only if » = 0.

Example 5.4. (a) Let R = F be a field and M be a finite dimensional vector space. Then
ann(v) = (0) for every non-zero vector v. In particular, ass(M) is {(0)}.
(b) Let R be an integral domain, and M = I be an ideal as an R-module then ann(r) = (0)
for every non-zero r. In particular, ass(M) is {(0)}.
(¢c) R=Zand M = Z/6Z, then ass(M) is {(2), (3)}.

Let X be a variety in C™ with an irreducible decomposition
X=X1U---UX,,

such that X; Z X for any @ # j.

Let R = C[zy,...,z,] and M = R/I(X) be an R-module. We claim that Ass(R/I) D
{I(X1),...,I(X;n)}. We only need to prove the I(X) case for example.

Since the decomposition is irredundant, by Corollary 4.24,

X2DXoUX3---UX,,.
By Proposition 4.19, there exists
fel(XoUXsg---UXy) \ I(X) # ¢.
We compute the annihilator of f 4 I(X):
ann(f + 1(X)) = {glg(f + (X)) = 0+ I(X)}
= {glgf € (X)} = {glgf(z) = 0,Vx € X}
= {9lgf(z) =0,z € I(X1)}
= {gllgN)™ € I(X1)} = {glgf € I(X1)} = I(X1).
Therefore, I(X1) €Ass(R/1(X)).
Lemma 5.5. Let M be a non-zero module over a Noetherian ring R, then ass(M) # ¢.

Proof. Let S := {ann(m)|m € M \ {0}}. Then S is non-empty since M is non-zero.

Every ideal in S is proper as 1 ¢ ann(m). Since R is Noetherian, S has a maximal element
ann(m).

Claim: ann(m) is a prime ideal.
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Proof for the claim: Let fg €ann(m), then fgm = 0. If f ¢ann(m) which is iff fm # 0, then
we may consider ann(fm) € S. Note that

e ann(fm) Dann(m);

e g cann(fm).
By the maximum assumption on I, we must have ann(m) =ann( fm). Therefore, g €ann(fm) =ann(m).
The ideal ann(m) is by definition prime. O

In particular, ass(M) is non-empty. O
Proposition 5.6. Let (Q be a primary ideal in a Noetherian ring R, then

ass(R/Q) = {V/Q}.

Proof. Letr € R\ Q. If s(r + Q) = 0+ Q for some s € R, then rs € Q. Since r ¢ @ and Q
primary, the element s must be in \/Q. Therefore,

Q C ann(r) € V/Q.
As the radical of a prime ideal is itself, if ann(r) is prime, it can only be v/@Q. Hence, ass(R/Q) C
{V/Q}. By Lemma 5.5, ass(R/Q) = {V/Q}. O

Lemma5.7. Let ¢ : M — N be an injective R-mod homomorphism, then ann(m) = ann($(m)).
In particular,

ass(M) C ass(N).

Proof. a € ann(m) <= am =0 <= ¢(am) =0 < ap(m) =0 <= a €
ann(p(m)). O

Lemma 5.8. Let My, ..., M, be R-modules, then
ass(®i_; M;) = U;_jass(M;).

Proof. Since M; is a submodule of @©F_; M;, ‘O’ holds.
Suppose a prime P = ann((my,...,ms)) is not in any ass(M;).
Then P G ann(m;) and P = N;_,ann(m;). Contradict the fact that P is irreducible. O

Definition 5.9. An ideal Q is called P-primary if () is primary and \/Q) = P.

Lemma 5.10. Let Q1 and Q2 be two primary ideals such that \/Q1 = +/Qo, then Q1 N Q2 is
primary.
Proof. Let fg € Q1 N Q2, then either g € /Q1 = /@2, 0r f € Q1N Qs. O

Corollary 5.11. Let R be a Noetherian ring and I = Q1 N --- N Q, be a minimum primary
decomposition. Then \/Q; # \/Qj when i # j.

Theorem 5.12. Let R be a Noetherian ring and I = Q1NQ2N- - -NQ, be a primary decomposition.

Then
ass(R/I) € {\/Q1,...,/Q.}.

If the decomposition is irredundant, then the above is an equality. In particular, an irredundant

decomposition with \/Q; # +/Q; for i # j is minimal.
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Proof. Consider the module M := @]_; R/Q);, by Proposition 5.6 and Lemma 5.8,

ass(M) = {\/@,7\/@}

Consider the R-mod homomorphism:
¢p:R— M
r (P QT+ Q).

The ideal [ is the kernel. Therefore, ¢ induces an injective morphism from R/I to M. By Lemma

5.7,ass(R/I) C{/Q1,...,vVQr}

If the decomposition is irredundant, then ; ﬂ# j Q;=Jiforany 1 < j <.
The image ¢(J;/I) is not 0 in M. By Lemma 5.5, ass(¢(J;/I)) is non-empty. Note that
the image ¢(J;/I) is contained in the component R/();, by Lemma 5.7 and Proposition 5.6,

ass(Ji/ 1) = {\/Qi}.
By Lemma 5.7 again,

{(VQ1,....\/Qr} = Usass(J;/I) C ass(R/I) € {/Q1,...,/Qr}.

O

Theorem 5.13. Let I be a proper ideal in a Noetherian ring R. Let P be a minimal prime ideal in
Ass(R/I), in other words, P 2 P’ for any other P’ € Ass(R/I). Then for any minimal primary
decomposition of I = Q1 N -+ - N Qum, the factor Q; with \/Q; = P is given as

{r € R|rf € I for some f ¢ P}.
In particular, the factor Q; does not rely on the decomposition.

Proof. <2°: Ifrf € I C Q, for some f ¢ P, then since Q; is primary and f ¢ /Q; = P, we
must have r € Q);.

‘C’: By the condition in the statement, P 2 \/CTJ for any j # 4. As the prime ideal P is radical,
P 2 Qj forany j # 1.

There exists f; € Q; \ P for every j # i.

As P is a prime ideal, f := fi...fi—1fit1...fm ¢ P. Forevery r € Q;, we have rf €
QN NQi—1NQix1N---NQmNEQ; = I. Hence, the ‘C’ part holds. O

Remark 5.14. In some examples that of [ that Ass(R/I) has non-minimal prime ideals, there
could be more than one minimal primary decompositions for I. For example, let I = (xy,%?) in
C[x, y], then I has the following different minimal primary decompositions:

I'=(y)n(@* 2y,y%) = () 0 (2%, 2,9%) = () 0 (@™, 2y, 97).
The non-minimal factor (x, y) in AssC[z, y]/I may appear in infinitely many different forms.

Example 5.15. Find a minimal primary decomposition for I = (20, 22 + 1) in Z|x]
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Note that the number 20 has an obvious factorization as 4 X 5, we may expect I = I, N 15, where
Iy = (4,2% + 1) and I5 = (5,22 + 1). This is indeed that case since
I = {(2* 4+ 1) f(x) + 20az + 200| f(x) € Z[z],a,b € Z};
Iy = {(2® + 1) f(x) + 4azx + 4b|f(z) € Z[z],a,b € Z};
Is = {(2* 4+ 1) f(x) + 5ax + 5b|f(x) € Z[z],a,b € Z}.
Moreover, the injective map Z[z|/I — Z[x]/14 @ Z[x]/I5 must be also surjective since the number
of elements in the modules are both 400. By Lemma 5.8,
Ass(Z[z]/I) = Ass(Z[z]/14) U Ass(Z]x]/I5).
We first show that I is primary:

46]4 — 26\/[4.

In particular, 22 € v/I4. Since (x + 1)? — 2z € \/I;, we have z + 1 € /T}.

The ideal (2,2 + 1) is maximal since Z[z|/(2, x + 1) ~ Fy, which is a field. Therefore, I, is
primary.

As for Iy = (5,2% + 1), note that 2> + 1 = (z + 2)(z — 2)(mod5), we have the following
isomorphisms as Z[z]-modules:
Z[z)/Is ~ Fs[x] /(2 +1) ~ Fs[z]/(z +2) © Fs[z]/ (x — 2) = Z[2] /{5, = + 2) @ Z[x]/ (5, - 2).
Note that Z[x]/(5, = + 2) ~ Z[z]|/(5,x — 2) ~ F5, which is a field. The ideals (5, z & 2) are all
maximal. Therefore, Ass(Z[z]/15) = {(5,x — 2), (5,x + 2)}.

Combine the discussion on I and I5 together, we have

ASS(Z[J;]/I) = {<5,I - 2)7 <57 z+ 2>> (2756 + 1>}

The unique minimal primary decomposition of Iis I = (5,2 — 2) N (5, z + 2) N (4,22 + 1).
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6. LOCALISATION AND NORMALISATION
6.1. Ring of fractions.

Definition 6.1. Let R be aring. A set U in R is called a multiplicatively closed set (m.c.s) if:

(a) 1 eU,;
) f,geU = fgel.
Example 6.2. (a) Let f € R, thenU = {1, f, f?,...}isan m.c.s.

(b) Let P < R be a prime ideal, then R \ P is an m.c.s.
(c) Let R be an integral domain, then R \ (0) is an m.c.s.

Definition 6.3. Let R be aring and U C R be an m.c.s., the ring of fractions of R with respect to
U is:
U'R:={ |lre RucU}/ ~,
u
where ‘~’ is the equivalence relation defined by:

/
roor
— ~ — <= Jv € U such that v(ru’ — r'u) = 0.
uoou

The arithmetic operations on U ! R are:
1 4 T2 r1U2 + rTou1 1 T2 r172

up - up uiug  Tup ugz  ujup
Lemma 6.4. Adopt the notation as above:
(a) ‘~’is an equivalence relation;
(b) The operations on U 'R are well-defined and (U™' R, +,-) is a ring;
(c) Themap ¢ : R — U 'R: r — 1 is a ring homomorphism.
Proof. We only check the equivalence relation:
e Reflexive: 1(ru — ru) = 0, therefore, - ~ T.
e Symmetric: suppose & ~ Z—l,, then Jv s.t. v(ru’ —r'u) = 0, which means v(r'u—ru’) = 0
and Z—’, ~

o e . / "
e Transitivity, suppose = ~ &7 ~ =7 then Jv,v" s.t. v(ru’ — r'u) = o' (r'u” — r"u’) = 0.

Vi (v(ru — r'u)) + uv (' (P —r"d)) = 0.

. . 1
., vv'u , I~
Since U is m.c 'u' € U, wehave - ~ T

We make notations for some important ring of fractions.

Definition 6.5. Let R be a ring.
e Letf€ Rand Uy := {1, f, f%,..., f™, ... }. We denote Ry := R]
e Let P be a prime ideal. We denote

Rp:=(R\P)"'R

and call it the localisation of R at P.

1= (U)'R.
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e Let R be an integral domain. We denote
Frac(R) := (R\ (0))"'R
and call it the field of fractions of R.

Here are some more concrete examples of ring of fractions:

Example 6.6. (a) Let R = Z, then Frac(Z) = Q.
The localisation of Z at (2) is

a
Z<2> = {g|a,b€ Z,Qj[b} Cc Q.

The ring of fractions Zs is Zy = Z[3] = {5%|a € Z,m € Z>o} C Q.
(b) Let R = Z/67Z, we consider the ring of fractions: (Z/6Z)s. The set {{|a € Z/6Z,b €
{1,2,4}} has 18 elements. By definition of ‘~’, # ~ % if and only ifa = Q or 3. § ~ %
if and only if a — b = Qor 3. ¢ ~ % if and only if @ — 2b = (0 or 3. Therefore,

b
(Z)6Z)2 ~ Z]3Z.
6.2. Localisation and local rings.
Definition 6.7. A ring is called local if it has a unique maximal ideal.

Example 6.8. (a) A field k is a local ring;
(b) k[z]/(x™) is a local ring, but it is not an integral domain;
(c) Z, k[x] are not local rings.

Lemma 6.9. Let I be a proper ideal of R, then
The ideal I is the unique maximal ideal of R <= every element in R\ I is a unit.

Proof. * = ": ForVr € R\ I, if (r) is not the whole ring, by Proposition 2.18, 3 a maximal ideal
J D (r) ¢ I. This invalidates the uniqueness of I. Therefore, (r) = Rand 1 € (r), r is a unit.
‘“—=":ForVJ<Rs.t. J¢I 3z € J\I. zisaunit by assumption, therefore J = R. n

Proposition 6.10. Let P be a prime ideal of R, then PRp := Pp := {7|r € P,u ¢ p} is the
unique maximal ideal in Rp.

Proof. Forany elements &, %, € PRp,and ¢ € Rp: L4+ 1, = WAUT ¢ PR, td 14 ¢ PR,
If 1 ~ 7, then Jv ¢ P such that v(r —u) =0 = vr = vu ¢ P as P is prime. Therefore,
r¢ Pand1 ¢ PRp.
We have shown that PRp is a proper ideal in Rp.
Vi€ Rp\PRp — r¢ P — + € Rp = [ isaunitin Rp. By Lemma 6.9, PRp is

the unique maximal ideal in Rp. O

Example 6.11. (a) The ring Z3) is a local ring with unique maximal ideal generated by %
(b) The ring C[z],y is a local ring consisting of all rational functions on C' with no pole at
the origin. The ring has unique maximal ideal consisting of rational functions vanishing
at the origin.
(c) The ring C[z,y](, 4 is a local ring. It has infinitely many prime ideals: (ax + by).
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6.3. Nakayama Lemma.

Lemma 6.12. Let R be aring, I be an ideal, and M be a finitely generated R-module. If IM = M,
then Ir € R with

r = 1(mod I)
such that rM = Q.

Picture from Google: middle of the mountain in Japan
Cayley+Hamilton — Nakayama ('1111F)

Proof. Consider ¢ : M — M, where ¢ is the identity morphism, then ¢(M) C IM. Apply
Cayley-Hamilton for ¢ and I, then

id+ay +az+---+a, =0

for some a; € I 7, where n is the number of generators of M. Denotea =a; +as+---+a, € 1,
then (id +a)m = 0 for any m, in other words, (1 + a)m = 0. O

Lemma 6.13. Let R be a local ring with maximal ideal w, and M a finitely generated R-module.
If M = mM, then M = 0.

Proof. By Lemma 6.12, 3r ¢ ms.t. rM = 0. By Lemma 6.9, r is a unit. Therefore M =0. O
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Lemma 6.14. Let R be a local ring with maximal ideal w, and M a finitely generated R-module.
Let ay,...,a; be elements in M such that a; + mM, ... a; + mM spans M /mM as a vector
space over R /m.

Then ay, ..., a; generate M.

Proof. Let N be the submodule of M generated by ay, . .., a;. Since a; + mM spans M /mM, for
any element m € M,
m+mM = rl(al erM) + - +rt(at+mM)

for some r; € R. Therefore, m = rya; + - - - 4+ rya; + m for some m € mM. By the definition of
N, m+ N = m + N. Therefore,

M/N = mM/N.
By Lemma 6.13, M /N = 0. O

Example 6.15. Consider the localization of C|x,y] at (x,y), the unique maximal ideal is m =
(z,y).

Claimm = (z + y*,y + 2y + 21y3) = I.
The quotient field C[z, y] (,y)/ M is isomorphic to C. Consider the module M = m, then

M/mM =wm/m* = (z,y)/(z*, xy,y*)

is a C-vector space spanned by = + mM and y + mM as well as spanned by = + y* +mM and
y + zy + ey + mM.
By Lemma 6.14, = + y*, y + 2y + 2%y spans the whole module M.

6.4. Normalisation.

Definition 6.16. Let R C S be rings. We say R is integrally closed in S if every element in S' that
is integral over R is contained in R.

Definition 6.17. Let R be a domain, then we say R is an integrally closed domain or normal if
it is integrally closed in its field of fractions FracR. The integral closure of R in Frac(R) is called
the normalization of R.

Remark 6.18. Let R be an integral domain, then the normalisation of R is a normal ring.

Example 6.19. (a) A field F'is normal: FracF = F.
(b) The ring of integers Z is normal.
Note that Frac(Z) = Q, V¢ € Q, we may write ¢ = gcd(a, b) = 1 for some a,b € Z.
Suppose ¢ is integral over Z, then
a\m a
(4)" 4ot ana Sy =
for some aq,...,a, € Z. We have

A"+ a1 b4+ anh” = 0.

Note that a™ is the only term that cannot be divided by b, therefore, b = 1. And 7 € Z.
(c) By the same argument, a unique factorization domain (UFD) is normal.
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(d) Z[+/5] is not normal.

As @ €Frac(Z[v/5]) = Q(+/5), but it satisfies the equation ¢> — ¢ — 1 = 0 hence
is integral over Z.

The normalisation of Z[v/5] is Z [@} .

(e) R = C[t? %] is NOT normal: its normalization is C[t].

Note that Frac(C[t?,t%]) = Frac(CJ[t]) = C(t). The element t = i—z € Frac(C[t?,t3))
satisfies the equation x2 — ¢? = 0, but is not in C[t?,#%]. By definition C[t?,3] is not
normal.

Moreover, since t € R, we have C[t] C R. On the other hand, R C C[t] = R C

CJt] in C(¢). Since C[t] is normal by c), C[t] = C[t]. Hence, R = C[t].
Lemma 6.20. Let R be a normal ring, S be an m.c.s. not containg 0, then S ~IR is normal.

Proof. Note that FracR C Frac(S™!'R) C Frac(FracR) = FracR, we have FracR = Frac(S™!R).
Let t € FracR be integral over S™! R, then
s"tars" o+ a, =0
for some a; = % € S7'R, whereb; € Randc; € S. Letc := cica...c, € S, then ct is integral
over R. Therefore, t = % € S™'R. By definition, S~!R is normal. O
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