
 

Connected sum of manifolds
Let M N be compact connected n manifolds
M 1 N MIU U NIV OU 2V T
where U V D are closed n discs.Can assume smoothmfds

so theyhave finitelygenerated
homology groups

Ci ⼆ 周M N

ND M 1N is compactconnected n manifold
Qo Orientability
Recall Mis orientable Hu M 7ㄥ 2

nonorientable Hu M Z 0 Hn M 742 2

QI Compute H.CM N in terms of H.CM andHoCN

CassumingbothM N orientable
Good pair M N S ms M N S MVN

LOU av 2D s

Relative homology LES Hi MUN

Fli S Hi IM N1 Him Hi N Hi s
T M N HiLM Hic for 0 i n 2

When i n i n
2

Hu S 0 Hu M N Hu M N S
8
Hn_ s 1

Hu i M N Hun M N S O

If both M N orientable then Hu M N S E Hu M H N n 2

Take fundamental class M Hu M So M IU JE Hu M N S

d M U aU IS is the fundamentalclass of S
ò is surjective

Clearly d z
2

z is not injective Hu M N 0



M N is orientable Hu M N 2

Summary Z i o n

Hi M N HiCMJ Hi N Ki n 1

0 otherwise

QI Do QI again if Mis orientable and Nis non orientable
Same sequence
Hu S 0 Hu M N

HulMiiN.sn 78 Hunin 1

Hu i M N Hun M N S O

Sameargument dis surjective dis isomorphism
Hu M N 0 M N is not orientable

Summary i 0

Hi M N
HEIM

HiCN Ki n 1

0 otherwise

QI What if both M N are non orientable Harder

Claim M non orientable Hm M 742 ti.CM
torsionsubgrp freesubgrp

Universal coefficient theorem for homology off syllabus
HnCM R Hn M R TorPCHu M R

Tori Hn M R r ER12r 03 Hatcher Then 3.26

Torsion subgroup of Hu CM 742

Hu S 0 Hu M N Hu M N S EH n_nis 1

Hu i M N Hun M N S O

HMM N 0 M 1N not orientable
Hn 1 X zk Hui X for X M.N M

NO2 742 Tn_ M N 742
2
Tnr M Tn.CN O



Hina M N Z Hn 1 M TurnCN

Summary I i o

Hi M N HILMI HiCN I i n 2

i n 1

zoIniCM_jfEETINotherwise.CO
Hn ilMl Hui N with one of the two 2 summandreplacedby Z

From now on assume both M and N are orientable

Q2 Compute H.CM N intermsofH'CM H'CN

Cohomologicalrelative LES UCT forcohomology
Z i on

Hi M N HIM HIN Ki n 1

0 otherwise

Cupproduct HRM N He M N 0Hktl M N

αk βk v xe βe fxkuxe βkuβe ktl an

αkVαetβkuβe k l n

Applications

Q3 Compute H Ʃg where Ʃg Tif is the orientable

surface of genus g

HiƩg 2 f2
⾔2g

i 0，2

i 1

0 otherwise

If H T Z Zxi Zβi with

αivαi βi Uβi 0 αi uβi 1 EH2CTi Z

then H Ʃg H Ʃg M Ʃg is given by
Xivαj βiuβj 0 αivβj Òij EH Ʃg ⼆



Q4 Show that S2 5and CP2 CT2are not homeomorphic
Here M w̅ is the orientednnn connected sum where the orientation

of N is reversed

Both S xS2 and ICP GP2havecohomologygroups

Hi f
Zá i 0 4

z i 2

otherwise

But theyhave differentcupproduct at H2 H2 H4 Cthis is
called the intersection form on the 4 manifolds
For s x s by Kiinneth's frmula
XiEH2 S i α vα α2v22 0 α v22 ⼆ α2vα 7

Intersection form 9

For CIP CTP2 by Q2

β EH ICP了 β2EH4CPT

β Uβ1 1 β2Uβ2 1 β Uβ2 β2Uβ 0

Intersection Gm d i
It is clear that these two matrices are not congruent over Z
So H S xS2 X H'Icp2 CT as gradedrings

Algebraic geometryremarks
S2xs2 is P'x p
CIP CT is Blxlp P blownup at a point

6They are not isomorphic as varieties because the exceptionaldivisor

of Blx P has self intersection 1 this isβ2 in H CP EP2
but no curve in P'xP has self intersection 1

Fun fact Blx yP2 Bl x P'x P


