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Abstra
t

The goal of these notes is to introdu
e the ne
essary preliminary notions and results to

get a basi
 introdu
tion to topologi
al Ho
hs
hild homology THH, on E1-ring spe
tra,

and dis
uss their 
y
lotomi
 stru
ture maps. We further give a more expli
it des
ription

of these maps when we 
onsider THH on E∞-ring spe
tra.
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Introdu
tion

We will introdu
e the ∞-
ategori
al 
onstru
tion of topologi
al Ho
hs
hild homology as

a 
y
lotomi
 spe
trum on E1-ring spe
tra. We will follow [NS18℄ "On topologi
al 
y
li


homology", mainly part I.3, III.1 − 3 and IV.2.
For A ∈ AlgE1

(Sp) the diagram

A⊗A⊗A A⊗A A.

C3 C2


an formally be des
ribed as a spe
i�
 
y
li
 spe
tra, i.e. a fun
tor Λ → Sp. Taking

the 
olimit of a 
ertain fun
tor 
onstru
ted from this 
y
li
 spe
tra gives us an obje
t

THH(A) in Sp

BT
whi
h is 
alled the topologi
al Ho
hs
hild homology. This is de�ned

formally in de�nition 2.10. In se
tion 2.2 "THH and 
y
lotomi
 spe
tra" we des
ribe the


y
lotomi
 stru
ture maps of this T-spe
tra. To do this we need to 
onstru
t a map of


y
li
 spe
tra

A⊗A⊗A A⊗A A

(A⊗3p)tCp (A⊗2p)tCp (A⊗p)tCp ,

C3 C2

C3 C2

where the geometri
 realization of the lower 
y
li
 spe
trum will be shown to be exa
tly

THH(A)tCp
. To be able to des
ribe this map, we need to take a step ba
k and dis
uss

the Tate-
onstru
tion (−)tG : SpBG → Sp, with G some �nite group.

We show in theorem 1.1 that (−)tCp
admits an unique lax symmetri
 monoidal

stru
ture whi
h also makes the natural transformation (−)hG → (−)hG lax symmet-

ri
 monoidal. This arguments relies heavily on some �ner stru
tural analysis of Verdier

quotients of stable ∞-
ategories. This is an important result when we wish to des
ribe

the 
y
lotomi
 stru
ture maps on THH. One of the main appli
ations is that it dire
tly

gives us a lax symmetri
 monoidal stru
ture on the exa
t fun
tor

Tp : Sp → Sp

X 7→ (X⊗p)tCp ,

whi
h is given in proposition 1.8. We use this fun
tor to de�ne the natural transformation

∆p : idSp → Tp

X 7→ (X⊗p)tCp ,

ii
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whi
h, under the equivalen
e

Map

Fun

ex(Sp,Sp)(idSp, F ) → ≃Map

Sp

(S, F (S)) = Ω∞F (S)

proven in proposition 1.9, 
orresponds to the map S → Tp(S) = S
tCp

, whi
h is the


omposite S → S
hCp → S

tCp
, with trivial Cp-a
tion. This is 
alled the Tate Diagonal,

and the before mentioned result is used to prove in lemma 1.12 that this is the unique

lax symmetri
 monoidal transformation id
Sp

→ Tp. Another interesting property of

the Tate diagonal, whi
h we show in theorem 1.15, is that for a spe
tra X whi
h is

bounded below, it exhibits (X⊗p)tCp
as the p-
ompletion. The main purpose of the Tate

diagonal for us, is that we extend it to the map of 
y
li
 spe
tra, whi
h is ne
essary to


onstru
t the 
y
lotomi
 stru
ture maps on THH(A). In the 
ase where A is an E∞-ring

spe
trum we have an easier des
ription of the 
y
lotomis stru
ture on THH(A). We show

in theorem 2.12 that THH(A) 
an be equipped with 
y
lotomi
 stru
ture E∞-maps. We

end these notes by showing that for A ∈ AlgE∞
the Frobenius map ϕp is the unique

T-equivariant E∞-map whi
h makes the diagram

A THH(A)

(A⊗p)tCp
THH(A)tCp

∆p ϕp

of E∞-rings, 
ommute.

iii



1 THE TATE CONSTRUCTION

1 The Tate 
onstru
tion

Let G be a �nite group, a
ting on an abelian group M . The algebrai
 norm-map NmG

lets us spli
e together 
ohomology and homology to obtain Tate 
ohomology Ĥ i(G,M)
whi
h is de�ned as

Ĥ i(G,M) =























H i(G,M) 1 ≤ i


oker(NmG) i = 0

ker(NmG) i = −1

H−i−1(G,M) i ≤ −2.

The Tate 
onstru
tion is the 
o�ber of the ∞-
ategori
al analogue of the norm-map. See

[NS18, I.1-I.2℄ for the des
ription and a dis
ussion of this 
onstru
tion. For X ∈ Sp

BG

we have the following spe
tral sequen
e

Ei,j
2 = Ĥ i(G,π−j(X)) ⇒ π−i−j(X

tG),

with di�erentials dr : Ei,j
r → Ei+r,j−r+1

r , whi
h relates the Tate 
onstru
tion to Tate


ohomology.

1.1 Multipli
ativity of the Tate 
onstru
tion

The main goal of this se
tion is to show that for a �nite group G, the Tate 
onstru
tion

(−)tG : SpBG → Sp

admits a unique lax symmetri
 monoidal stru
ture whi
h makes the natural transfor-

mation (−)hG → (−)tG lax symmetri
 monoidal. More pre
isely we wish to prove the

following theorem:

Theorem 1.1. The spa
e 
onsisting of all pairs of lax symmetri
 monoidal stru
ture on

the fun
tor (−)tG : SpBG → Sp together with a lax symmetri
 monoidal re�nment of the

natural transformation (−)hG → (−)tG is 
ontra
tible.

We start by re
alling some de�nitions.

De�nition 1.2.

i) A stable sub
ategory of a stable ∞-
ategory C, is a full sub
ategory D ⊆ C su
h

that D is stable and the in
lusion D ⊆ C is exa
t.

ii) We say that C is stably symmetri
 monoidal if the tensor produ
t is exa
t in ea
h

variable seperately.

iii) Assume that C is a stably symmetri
 monoidal stable ∞-
ategory. A stable sub-


ategory D ⊆ C is a ⊗-ideal if for all X ∈ C and Y ∈ D, one has that X ⊗ Y ∈ D.

1
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To prove the main theorem we will need to use some �ner stru
tural analysis of

the Verdier quotient C/D by �rst showing that it is equivalent to a spe
i�
 Dwyer-Kan

lo
alization C[W−1]. In general when we say something is a lo
alization we mean in the

sense of [Lur09, 5.2.7.2℄, i.e. a fun
tor whi
h admits a fully faithful right adjoint. We

will expli
itly write Dwyer-Kan lo
alization to emphasise when we are talking about this

lo
alization instead.

Theorem 1.3. Let C be a small, stable ∞-
ategory and D ⊆ C a stable sub
ategory. Let

W be the 
olle
tion of all arrows in C whose 
one lies in D.

i) The Dwyer-Kan lo
alization C[W−1] is a stable ∞-
ategory and the 
anoni
al map

C → C[W−1] is an exa
t fun
tor.

If E is another stable ∞-
ategory, then 
omposition with the exa
t fun
tor C →
C[W−1] indu
es an equivalen
e between Fun

ex(C[W−1], E) and the full sub
ategory

Fun

ex(C, E)′ ⊆ Fun

ex(C, E) 
onsisting of those fun
tors whi
h send all obje
ts of D
to 0.

ii) Let X,Y ∈ C and write X,Y for their images in C[W−1] under C → C[W−1]. The
mapping spa
e in C[W−1] is given by

MapC[W−1](X,Y ) ≃ 
olimZ∈D/Y
MapC(X, 
o�b(Z → Y ))

where the 
olimit is �ltered. In parti
ular, the Yoneda fun
tor

C[W−1]
ι
−→ Fun(Cop,S )

Y 7→ (X 7→ MapC[W−1](X,Y )),

fa
tors over the Ind-
ategory Ind(C). This fun
tor C[W−1] → Ind(C) is an exa
t

fun
tor of stable ∞-
ategories whi
h sends the image Y ∈ C[W−1] of Y ∈ C to the

formal 
olimit

Y 7→ 
olimZ∈D/Y

o�b(Z → Y ) ∈ Ind(C).

iii) Assume that E is a presentable stable ∞-
ategory. Then the full in
lusion Fun

ex(C[W−1], E) ⊆
Fun

ex(C, E) is right adjoint to a lo
alization. This lo
alization fun
tor is given by

Fun

ex(C, E) → Fun

ex(C[W−1], E) ⊂ Fun

ex(C, E)

(F : C → E) 7→ (C[W−1] → Ind(C)
Ind(F )
−−−−→ Ind(E) → E)

where the �rst map is the one obtained in 1.3.ii and the last map 
omes by taking

the 
olimit in E.

We see that 1.3.i gives us that C[W−1] = C/D is the Verdier quotient, so after proving

this part of the theorem we will mainly use the notation C/D. So 1.3.iii gives us that

2
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any exa
t fun
tor F : C → E has a universal approximation whi
h fa
tors over C/D, i.e.
we have a diagram of the form

C
F

//

��

E

C/D //
Ind(C) //

Ind(E)

OO

where we have a natural transformation from the lower 
omposition to F .
Before we prove this theorem, we wish to 
onsider mapping spa
es in C[W−1]. Let C

be a small ∞-
ategory and W a 
olle
tion of arrows in C. Sin
e the universal property
of the lo
alization C[W−1] 
omes with a fun
tor

C → C[W−1]

whi
h maps W to equivalen
es, we 
an 
onsider Fun(C[W−1],D) as the full sub
ategory
Fun

′(C,D) ⊂ Fun(C,D) 
onsisting of those fun
tors sending W to equivalen
es. Assume

that D has all small limits and 
onsider the diagram

F ✤ // F

Fun(C[W−1],D)

≃

//
Fun(C,D)

Fun

′(C,D).
�

'

44✐✐✐✐✐✐✐✐

We see that the in
lusion Fun(C[W−1],D) ⊆ Fun(C,D) preserves all limits. If we further

assume that D is presentable, then if follows by [Lur09, 5.5.3.6℄ that both Fun(C[W−1],D)
and Fun(C,D) are again presentable. This lets us apply the adjoint fun
tor theorem

[Lur09, 5.5.2.9℄ to the in
lusion fun
tor, whi
h gives us a left adjoint L : Fun(C,D) →
Fun(C[W−1],D). We wish to 
onsider this left adjoint in the 
ase D = S , where S

denotes the in�nity 
ategory of spa
es, whi
h we know is presentable by [Lur09, 5.5.1.8℄.

In the lemma below, let C and W be as above and let L denote the just 
onstru
ted left

adjoint.

Lemma 1.4.

i) For every obje
t X ∈ C with image X ∈ C[W−1] under C → C[W−1], the fun
tor

MapC[W−1](X,−) is given by L(MapC(X,−)).

ii) The following diagram of ∞-
ategories 
ommutes, where the horizontal maps are

Yoneda embeddings:

Cop //

��

Fun(C,S )

L
��

C[W−1]op //
Fun(C[W−1],S ).

3
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Proof. Let X ∈ C and F ∈ Fun(C[W−1],S ). Then we have

Map

Fun(C[W−1],S )(L(MapC(X,−), F ) ≃ Map

Fun(C,S )(MapC(X,−), F |C)

≃ F (X),

where the �rst equivalen
e follows from the adjun
tion and the se
ond is due to Yoneda

in C. This proves statement i).

To prove ii) let f : X → Y be in W su
h that X
≃
−→ Y . Then it follows by the

Yoneda lemma that

L(MapC(Y,−)) → L(MapC(X,−))

is an equivalen
e in Fun(C[W−1],S ). Sin
e we 
an view Fun(C[W−1],S ) as the full

sub
ategory of Fun(C,S ) 
onsisting of those fun
tors whi
h send W to equivalen
es, we

get that the 
omposite

Cop → Fun(C,S )
L
−→ Fun(C[W−1],S )

fa
tors uniquely over C[W−1]op. Hen
e we get the desired 
ommutative square. To see

that the horizontal maps are Yoneda embeddings, we �rst note that due to the universal

property of C[W−1]op it is su�
ient to show it when restri
ted to Cop
. Hen
e it is

su�
ient to show that the upper horizontal map is the Yoneda embedding. Re
all that

the Yoneda embedding in Fun(C[W−1],S ) is given by sending X to MapC(−,X), so the
desired follows from the �rst equation in this proof.

We are now ready to prove theorem 1.3, whi
h will be 
ut into two proofs. We will

still let L denote the left adjoint to the in
lusion as above.

Proof of theorem 1.3.ii. First we wish to give a better des
ription of the left adjoint L,
by forming another fun
tor and show it has to be this lo
alization. Let F ∈ Fun(C,S )
and de�ne the fun
tor

L′(F ) : C → S

X 7→ 
olimY ∈D/X
F (
o�b(Y → X)).

Sin
e D in parti
ular is stable we know that D has all �nite 
olimits. By [Lur09,

1.2.13.8(1)℄ we have that D/X has all small 
olimits, so in parti
ular it is �ltered.

Now, if we have f : Y → X in C we get in a 
anoni
al way a morphism F (X) →

olimY ∈D/X

(F (
o�b(f))). This gives us a natural transformation F → L′(F ) whi
h is

fun
torial in F .
Now, assume that F sends arrows in W to equivalen
es, i.e. F ∈ Fun(C[W−1],S ).

Let f : Y → X be in D/X and 
onsider the su

essive pushout diagram:

Y
f

//

��

X //

g

��

// 0

��

0 //

o�b(f) //


o�b(g).

4
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Sin
e D is stable and the outer diagram is a pushout as well, it follows that 
o�b(g) =
ΣY ∈ D, so g ∈ W, hen
e sent to an equivalen
e by F . So in this 
ase the natural

transformation F → L′(F ) is an equivalen
e, so in general L′(F ) sends arrows in W to

equivalen
es. So we get that L′

onsidered as an endofun
tor on Fun(C,S ) has essential

image given by Fun(C[W−1],S ). This means that [Lur09, 5.2.7.4(3)℄ is saties�ed, so it

follows that L′
is left adjoint to

L′(Fun(C,S )) ≃ Fun(C[W−1],S ) ⊆ Fun(C,S ),

so L′ ≃ L. This lets us apply lemma 1.4, whi
h gives us

MapC[W−1](X,Y ) ≃ L(MapC(X,Y )) ≃ 
olimZ∈D/X
MapC(X, 
o�b(Z → Y ))

whi
h proves theorem 1.3.ii.

Proof of theorem 1.3.i and iii. First we will show that C → C[W−1] is exa
t. Let K → C,
i 7→ x(i) be a �nite diagram. Then we have

MapC[W−1]((
olimx(i)), Y ) ≃ 
olimZ∈D/Y
(
olim x(i), 
o�b(Z → Y ))

≃ 
olimZ∈D/Y
(limi∈KMapC(x(i), 
o�b(Z → Y )))

≃ limi∈K(
olimZ∈D/Y
MapC(x(i), 
o�b(Z → Y )))

≃ limi∈K(MapC[W−1](x(i), Y ))

≃ MapC[W−1](
olimi∈Kx(i), Y ),

where we have used that �ltered 
olimits 
ommutes with �nite limits in S and theo-

rem 1.3(ii). The Yoneda lemma then implies that


olim x(i) ≃ 
olim x(i),

hen
e C → C[W−1] 
ommutes with �nite 
olimits. By 
onsidering the opposite 
ategories

we get that it also 
ommutes with �nite limits, hen
e we 
on
lude that it is exa
t.

We 
an now use this to prove that C[W−1] is a stable ∞-
ategory. We know by

assumption that C is stable, so using that C → C[W−1] is exa
t, we 
an show that

C[W−1] is pointed, preadditive and additive. This is done by 
onsidering the stru
ture

up in C and then mapping it down to C[W−1].
Sin
e C admits all pushouts and these are preserved by C → C[W−1], we get that

C[W−1] admits all pushouts aswell, so it follows by [Lur09, 4.4.2.4℄ that it has all �nite


olimits. Dually we get that C[W−1] has all �nite limits. That means that both the loop

spa
e fun
tor Ω and the suspension fun
tor Σ are de�ned on C[W−1]. Sin
e C → C[W−1]

ommutes with all �nite limits and 
olimits, we get that both Σ and Ω on C[W−1]

ommutes with the loop spa
e and suspension fun
tors on C. To see that Σ and Ω are

equivalen
es in C[W−1], we note that this is the 
ase in C, and that it is su�
ient to

prove it when restri
ted to C.
Now, the last part of theorem 1.3.i follows by the universal property of C → C[W−1].
The statement in theorem 1.3.iii follows by 
he
king that it saties�es [Lur09, 5.2.7.4(3)℄.

5
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Using this theorem we will from now on use the notation C/D instead of C[W−1],
and when we mention the fun
tor C → C/D we refer to the 
anoni
al fun
tor from the

Dwyer-Kan lo
alization.

Theorem 1.5. Let C be a small, stably symmetri
 monoidal stable ∞-
ategory and D ⊆ C
a ⊗-ideal.

i) There is a unique way to simultaneously endow C/D and C → C/D with a symmetri


monoidal stru
ture. If E is another symmetri
 monoidal stable ∞-
ategory, then


omposition with C → C/D indu
es an equivalen
e between Fun

ex

Lax

(C/D, E) and the

full sub
ategory of Fun

ex

Lax

(C, E) of those fun
tors whi
h sends all obje
ts of D to 0.

ii) Assume that E is a presentably symmetri
 monoidal stable ∞-
ategory. Then the

full in
lusion Fun

ex

Lax

(C/D, E) ⊆ Fun

ex

Lax

(C, E) admits a left adjoint, whi
h hen
e is

a lo
alization. The 
orresponding lo
alization fun
tor

Fun

ex

Lax

(C, E) → Fun

ex

Lax

(C/D, E) ⊆ Fun

ex

Lax

(C, E)

is given by

(F : C → E) 7→ (C/D → Ind(C)
Ind(F )
−−−−→ Ind(E) → E),

where the fun
tor C/D → Ind(C) 
omes from theorem 1.3(ii) and the fun
tor

Ind(E) → E is taking the 
olimit in E. Both of these two fun
tors are 
anoni-


ally lax symmetri
 monoidal fun
tors.

Proof.

i) We wish to apply [NS18, A.5℄. Using that C/D ≃ C[W−1] we need to prove that

for any f ∈ W the tensor produ
t f ⊗X for any X ∈ C is again in W. This is true

sin
e we have assumed that C is stably symmetri
 monoidal, so


one(f ⊗X) ≃ 
one(f)⊗X.

Sin
e D is a ⊗-ideal this is an obje
t of D, so f ⊗X ∈ W. So Proposition A.5 gives
us a symmetri
 monoidal stru
ture on C/D and a symmetri
 monoidal re�nment

on C → C/D. Using the universal property of C → C/D and the equivalen
e given

by A.5(v) we further get the uniqueness of the re�nment. We also get that this

re�nment saties�es that for every symmetri
 monoidal ∞-
ategory E , the fun
tor

Fun

Lax

(C/D, E) → Fun

Lax

(C, E)

is fully faithful with essential image those fun
tors whi
h send W to equivalen
es

in E . If E is stable, we see by theorem 1.3(i) that this fun
tor indu
es equivalen
es

between the respe
tive full sub
ategories of exa
t fun
tors, sin
e we 
an 
he
k

exa
tness after forgetting the lax symmetri
 monoidal stru
tures.

6
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ii) First we wish to show that the fun
tor

Fun

ex

Lax

(C, E) → Fun

ex

Lax

(C/D, E) → Fun

ex

Lax

(C, E)

is well-de�ned, by proving that all fun
tors in the 
omposition

C/D → Ind(C)
Ind(F )
−−−−→ Ind(E) → E

are naturally lax symmetri
 monoidal. The main tool for this is [Lur17, 7.3.2.7℄,

whi
h gives us that sin
e Ind(C/D) → Ind(C) is right adjoint to the symmetri


monoidal proje
tion Ind(C) → Ind(C/D) by [NS18, I.3.5℄, we have that it is lax

symmetri
 monoidal. [Lur17, 7.3.2.7℄ further gives us that both

C/D → Ind(C), Ind(E) → E

are lax symmetri
 monoidal, so sin
e 
omposition of lax symmetri
 monoidal fun
-

tors are again lax symmetri
 monoidal, it follows that the fun
tor is well-de�ned.

To show that this is a lo
alization we wish to prove that it saties�es 
ondition

(3) of [Lur09, 5.2.7.4℄. But it su�
es to 
he
k this 
ondition without the lax

symmetri
 monoidal stru
ture, sin
e lax symmetri
 monoidal transformation is an

equivalen
e if and only if the underlying natural transformation is an equivalen
e.

By theorem 1.3(iii) and [Lur09, 5.2.7.4℄ we know that it holds in that 
ase, hen
e

it is the lo
alization as desired.

This means that given any lax symmetri
 monoidal fun
tor F : C → E , the universal
approximation over C/D admits a unique lax symmetri
 monoidal stru
ture, su
h that

the relevant natural transformation is lax symmetri
 monoidal.

Now, we wish to apply the above theory about the Verdier quotient to the setup of

theorem 1.1, so to C = Sp

BG
.

De�nition 1.6. Let Sp

BG
Ind

⊆ Sp

BG
be the stable sub
ategory generated by spe
tra of

the form ⊕g∈GX with permutation G-a
tion, where X ∈ Sp. Spe
tra of the form ⊕g∈GX
are 
alled indu
ed spe
tra.

So Sp

BG
Ind

is the smallest sub
ategory of Sp

BG
whi
h 
ontains all indu
ed spe
tra and

is stable, hen
e 
ontains all indu
ed spe
tra and 
ones of maps between these. We will

need the following properties:

Lemma 1.7. Let X ∈ Sp

BG
.

i) If X ∈ Sp

BG
Ind

, then XtG ≃ 0.

ii) For all Y ∈ Sp

BG
Ind

, the tensor produ
t X⊗Y ∈ Sp

BG
Ind

, so Sp

BG
Ind

⊆ Sp

BG
is a ⊗-ideal.

7
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iii) The natural maps


olimY ∈(SpBG
Ind

)/X
Y → X


olimY ∈(SpBG
Ind

)/X
(
o�b(Y → X))hG → 
olimY ∈(SpBG

Ind

)/X
(
o�b(Y → X))tG ≃ XtG

are both equivalen
es.

The proof will be omitted here, but 
an be found in [NS18, I.3.8℄. We are now ready

to prove the main theorem of this se
tion, but ignoring the possible set-theoreti
 issues

that might arise from the fa
t that Sp

BG
is not a small ∞-
ategory. The rest of this

proof 
an be found in [NS18, I.3.1.℄

Proof of theorem 1.1. Using that Sp

BG
Ind

is a ⊗-ideal of SpBG
by lemma 1.7(ii) we may

take C = Sp

BG
, D = Sp

BG
Ind

in theorem 1.5. Using that XtG ≃ 0 for X ∈ Sp

BG
Ind

by

lemma 1.7(i) we get that (−)tG fa
tors over another fun
tor, whi
h we will still denote

(−)tG : SpBG/SpBG
Ind

→ Sp, i.e.

Sp

BG

(−)tG

%%❑
❑
❑
❑
❑
❑
❑
❑
❑
❑
❑

��

Sp

BG/SpBG
Ind

(−)tG
//
Sp.

Given a lax symmetri
 monoidal stru
ture on (−)tG with a lax symmetri
 monoidal

transformation

(−)hG ⇒ (−)tG

we get by theorem 1.5(i) that this gives rise to an exa
t lax symmetri
 monoidal fun
tor

H : SpBG/SpBG
Ind

→ Sp,

su
h that the natural transformation from (−)hG : SpBG → Sp to the 
omposition

Sp

BG → Sp

BG/SpBG
Ind

H
−→ Sp

is a lax symmetri
 monoidal transformation.

On the other hand, take

F := (−)hG : C = Sp

BG → Sp = E

in theorem 1.5(ii), then we get that there is a universal lax symmetri
 monoidal fun
tor

H ′ : SpBG/SpBG
Ind

→ Sp with a natural lax symmetri
 monoidal transformation from

(−)hG to the 
omposition

Sp

BG → Sp

BG/SpBG
Ind

H′

−→ Sp.

8



1.2 The Tate Diagonal 1 THE TATE CONSTRUCTION

We wish to show that H and H ′
agree. Sin
e the lo
alization fun
tors of 1.5(ii) and

1.3(iii) are 
ompatible, it is su�
ient to 
he
k it without the multipli
ative stru
ture.

Using the universal property of H ′
we get that there is a unique natural transformation

H ′ → (−)tG, whi
h we want to show is an equivalen
e. By theorem 1.3(iii) we have the

following des
ription of the lo
alization fun
tor:

Fun

ex(SpBG,Sp) →Fun

ex(SpBG/SpBG
Ind

,Sp) ⊆ Fun

ex(SpBG,Sp)

(F : SpBG → Sp) 7→(SpBG/SpBG
Ind

i
−→ Ind(SpBG)

Ind(F )
−−−−→ Ind(Sp) → Sp),

where we know by theorem 1.3(ii) that i is given by

Sp

BG/SpBG
Ind

→Ind(SpBG)

Y 7→
olimZ∈(SpBG
Ind

)/Y
(
o�b(Z → Y )).

By lemma 1.7(iii) we get the desired equivalen
e.

1.2 The Tate Diagonal

Throughout this se
tion, let p be a prime and for X ∈ Sp let X⊗p
denote the p-fold

self tensor produ
t. In general there is no natural diagonal map in Sp in the sense, that

for X ∈ Sp there is not ne
essarily a symmetri
 map X → X ⊗ X. In this se
tion we

wish to introdu
e a substitute for this map, in the stable 
ase. This map is 
alled the

Tate diagonal and it 
an be shown to admit a unique lax symmetri
 monoidal stru
ture.

An interesting property of the Tate diagonal is further that it has a deep 
onne
tion to

p-
ompletion, whi
h we will show in the end of this se
tion.

Proposition 1.8. The fun
tor

Tp : Sp → Sp

X 7→ (X⊗p)tCp ,

is exa
t, where X⊗p
has Cp-a
tion given by 
y
li
 permutation of the fa
tors.

Proof. First we show the weaker statement that Tp preserves sums. Using that (−)tCp
is

exa
t we have

Tp(X0 ⊕X1) ≃
(

⊕(i1,...,ip)∈{0,1}pXi1 ⊗ · · · ⊗Xip

)tCp

≃ (X⊗p
0 )tCp ⊕ (X⊗p

1 )tCp ⊕





⊕

(i1,...,ip)∈{0,1}p\{(0,...,0),(1,...,1)}

Xi1 ⊗ · · · ⊗Xip





tCp

≃ Tp(X0)⊕ Tp(X1)⊕
⊕

[i1,...,ip]





⊕

(i1,...,ip)∈[1i,...,ip]

Xi1 ⊗ · · · ⊗Xip





tCp

,

9



1.2 The Tate Diagonal 1 THE TATE CONSTRUCTION

where in the last sum [i1, ..., ip] runs through a set of representatives of orbits of the 
y
li

Cp a
tion on the set S := {0, 1}p\{(0, ..., 0), (1, ..., 1)}. Sin
e p is prime, these orbits are

all isomorphi
 to Cp, so ea
h

⊕

(i1,...,ip)∈[i1,...,ip]

Xi1 ⊗ · · · ⊗Xip

is a Cp-spe
trum indu
ed from {1} ⊆ Cp. From lemma 1.7(i) we know that the Tate


onstru
tion vanishes on indu
ed spe
tra, so proje
tion to the �rst two summands gives

us an equivalen
e

Tp(X0 ⊕X1) ≃ Tp(X0)⊕ Tp(X1).

Next we wish to show that Tp 
ommutes with extensions. Consider a �ber sequen
e

X0 → X̃ → X1

in Sp. This gives us a �bration sequen
e

X⊗p
0 →

⊕

(i1,...,ip)∈I1

Xi1 ⊗ · · · ⊗Xip → · · · → X̃⊗p → X⊗p
1 ,

where In = {[i1, ..., ip] ∈ S/Cp|
∑p

k=1 ik = n} for 1 ≤ n ≤ p−1. Using that (−)tCp
is exa
t

and vanishes on indu
ed spe
tra we get that it kills all imediate steps ⊕(i1,...,ip)∈InXi1 ⊗
· · · ⊗Xip , so we get a �ber sequen
e

(X⊗p
0 )tCp → (X̃⊗p)tCp → (X⊗p

1 )tCp ,

hen
e Tp 
ommutes with extensions, whi
h is su�
ient.

Proposition 1.9. Consider the full sub
ategory Fun

ex(Sp,Sp) ⊆ Fun(Sp,Sp) of ex-

a
t fun
tors, and let id
Sp

∈ Fun

ex(Sp,Sp) denote the identity fun
tor. For any F ∈
Fun

ex(Sp,Sp), evaluation on the sphere spe
trum S ∈ Sp indu
es an equivalen
e

Map

Fun

ex(Sp,Sp)(idSp, F ) → Map

Sp

(S, F (S)) = Ω∞F (S).

Proof. Using that Fun

Lex(Sp,Sp) ≃ Fun

ex(Sp,Sp) we get an equivalen
e

Fun

ex(Sp,Sp)
≃
−→Fun

Lex(Sp,S )

(F : Sp → Sp) 7→(Sp
F
−→ Sp

Ω∞

−−→ S )

by [Lur17, 1.4.2.23℄. So we get that

Map

Fun

ex(Sp,Sp)(idSp, F ) ≃ Map

Fun

Lex(Sp,S )(Ω
∞ ◦ id

Sp

,Ω∞ ◦ F )

≃ Map

Fun

Lex(Sp,S )(Ω
∞,Ω∞ ◦ F )

≃ Map

Fun(Sp,S )(Ω
∞,Ω∞ ◦ F ),

where we have used that Fun

Lex(Sp,S ) is a full sub
ategory of Fun(Sp,S ). Using the

Yoneda map and the fa
t that Ω∞
is 
orepresented by S, i.e. Ω∞ ≃ Map(S,−), we get

that this is equivalent to Ω∞F (S) as desired.

10
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Corollary 1.10. The spa
e of natural transformations from id
Sp

to Tp, 
onsidered as

endofun
tors on Sp, is equivalent to Ω∞Tp(S) = Hom

Sp

(S, Tp(S)).

Proof. By proposition 1.8 we know that Tp : Sp → Sp is exa
t, so it follows by proposi-

tion 1.9.

De�nition 1.11. We de�ne the Tate diagonal as the natural transformation

∆p : idSp → Tp

X 7→ (X⊗p)tCp ,

whi
h under the equivalen
e of proposition 1.9 
orresponds to the map

S → Tp(S) = S
tCp

whi
h is the 
omposition S → S
hCp → S

tCp
, where Cp a
ts trivially on S.

Note that using theorem 1.1 we 
an endow Tp with a 
anoni
al lax symmetri


monoidal stru
ture.

Lemma 1.12. There is a unique lax symmetri
 monoidal transformation ∆p : idSp → Tp.

The underlying transformation of fun
tors is given by the Tate diagonal.

Proof. By [Nik16, 6.9(1)℄ we know that id
Sp

: Sp → Sp is initial among exa
t lax sym-

metri
 endofun
tors on Sp, hen
e we get that there exists an unique lax symmetri


monoidal transformation id
Sp

→ Tp. Using the proof [NR12, 6.9℄, we see that the under-

lying transformation of this unique lax symmetri
 monoidal transformation 
orresponds

to S → Tp(S), whi
h also 
orresponds to ∆p.

A very interesting property of the Tate diagonal is that it exhibits (X⊗p)tCp
as the p-


ompletion of X, so before we move on we wish to give a brief introdu
tion to p-
omplete

spe
tra. For details see [Lur10℄ or [Bau07℄. Fix some spe
trum E.

De�nition 1.13. We say that X ∈ Sp is E-a
y
li
 if X ⊗ E ≃ 0. We further say that

X is E-lo
al if for every E-a
y
li
 spe
tra Y every map Y → X is nullhomotopi
.

Let SpE−a
y


denote the full sub
ategory of Sp 
onsisting of E-a
y
li
 spe
tra. Then
it 
an be shown that the in
lusion SpE−a
y


⊆ Sp admits a right adjoint GEX. So we

have a 
ounit εX : GEX → X, whi
h gives us a 
o�ber sequen
e

GEX
εX−−→ X

ηX−−→ 
o�b(εX) =: LEX.

For every A ∈ SpE−a
y


we get that

map

Sp

(A,GEX) → map

Sp

(A,X)

is a homotopy equivalen
e, so map

Sp

(A,LEX) ≃ 0. So LEX is E-lo
al. This 
o�ber

sequen
e is esentially unique, in the sense that there is a unique ηX : X → LE(X) su
h

11
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that LE(X) is E-lo
al and the �ber �b(ηX) = GEX is E-a
y
li
. To see this, assume

that we have two su
h 
o�ber sequen
es

GEX → X
ηX−−→ LEX, G → X

η′X−−→ L.

We 
an then form the following diagram

�b(f) 0 �b(g)

GEX X LEX

G X L

f

ηX

g

η′X

by taking the �ber of the two lower �ber sequen
es, whi
h gives us the upper �ber

sequen
e. We get that �b(f) is also E-a
y
li
, so sin
e �b(g) ≃ Σ�b(f) we get that

�b(g) is also E-a
y
li
. Hen
e �b(g) → LEX is 0, from where we get that �b(g) ≃ 0, so
LEX ≃ L.

The fun
tor LE is 
alled the Bous�eld lo
alization with respe
t to E. By [Lur10,

9℄ we get that LE preserves homotopy 
olimits, so in parti
ular we get that Bous�eld

lo
alization is exa
t.

De�nition 1.14. A morphism f : X → Y in Sp is said to be an E-equivalen
e if

E⊗ f : E⊗X → E⊗Y is an equivalen
e in Sp. Given both E and X in Sp we de�ne an

E-lo
alization of X to be a pair (LEX,X → LEX) whi
h 
onsist of an E-lo
al spe
trum
LEX and an E-equivalen
e X → LEX.

It 
an be shown that the map ηX : X → LE(X) from the 
o�ber above is the

universal map to the E-a
y
li
 spe
trum LEX whi
h is an E-equivalen
e. Hen
e ηX is

an E-lo
alization. Let p be a prime, then the Bous�eld lo
alization with respe
t to the

Moore spe
trum M(Z(p)) is 
alled the p-lo
alization X(p) := LM(Z(p))X. It 
an be shown

that this is in fa
t something 
alled a smashing lo
alization, whi
h means that we have

LM(Z(p))X ≃ X ⊗ LM(Z(p))S ≃ X ⊗M(Z(p)).

If we instead 
onsider the Moore spe
trum M(Zp) and we assume that X is 
onne
-

tive, then the M(Zp)-lo
alization is given by

X∧
p := LM(Zp)X = lim{· · · → X ⊗M(Z2

p) → X ⊗M(Zp)},

and is 
alled the p-
ompletion fun
tor.

Now, 
onsider S and note that an element p ∈ π0(S) 
orresponds to a map p : S →

S. Then we have that S(p) = LM(Z(p))S ≃ 
o�b(S
p
−→ S). The same 
an be done for

the Eilenberg-Ma
lane spe
trum HM for M p-torsion free. In that 
ase we get that

(HM)(p) ≃ 
o�b(HM
p
−→ HM) ≃ H(M/p).

12
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Theorem 1.15. Assume X ∈ Sp is bounded below. Then the map

∆p : X → (X⊗p)tCp

exhibits (X⊗p)tCp
as the p-
ompletion.

We note that in the 
ase X = S this is the Segal 
onje
ture for the group Cp. To

prove this theorem, we will need the following result from [NR12℄, whi
h we will not

prove:

Theorem 1.16. ∆p : HZp → Tp(HZp) is an equivalen
e.

Proof of theorem 1.15. First we note that Σ : Sp → Sp is an equivalen
e sin
e Sp is

stable, so by �nitely many appli
ations of Σ we may shift X su
h that we 
an assume

that X is 
onne
tive, i.e. homotopy groups in negative degrees vanish. We 
laim that

X ≃ limnτ≤nX, (X⊗p)tCp ≃ limn

(

((τ≤nX)⊗p)tCp
)

.

That X ≃ limnτ≤nX is 
lear sin
e πi(τ≤nX) ∼= πi(X) for all i ≤ n. To prove the se
ond

equivalen
e we have to show that both

(X⊗p)hCp → limn((τ≤nX)⊗p)hCp

(X⊗p)hCp → limn((τ≤nX)⊗p)hCp

are equivalen
es, be
ause we then will obtain an equivalen
e of 
o�bers indu
ed by the

norm map

(X⊗p)hCp

Nm
//

≃

��

(X⊗p)hCp

≃
��

// (X⊗p)tCp

≃

��

limn((τ≤nX)⊗p)hCp

Nm
//
limn((τ≤nX)⊗p)hCp //

limn((τ≤nX)⊗p)tCp .

To prove this, we �rst want to prove X⊗p ≃ limn((τ≤nX)⊗p). We have cn : X → τ≤nX
whi
h is n-
onne
ted, so 
o�b(cn) is n-
onne
ted. We will show that the 
omposition

X ⊗X
cn⊗idX−−−−−→ τ≤nX ⊗X

idτ≤nX⊗cn
−−−−−−−→ τ≤nX ⊗ τ≤nX

is again n-
onne
ted. Sin
e
τ>nX → X → τ≤nX

is a distinguished triangle, and smashing preserves 
olimits, we have that

τ≤nX ⊗ τ>nX → τ≤nX ⊗X
idX⊗cn
−−−−−→ τ≤nX ⊗ τ≤nX

is a distinguished triangle as well. We have that 
o�b(idX ⊗ cn) = Σ(τ≤nX ⊗ τ>nX).
Using the Tor spe
tral sequen
e we get

E2
p,q =

⊔

s+t=q

Torp(πs(τ≤nX), πt(τ>nX)) ⇒ πp+q(τ≤nX ⊗ τ>nX).

13
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For q ≤ n either s < 0 or t ≤ n, so either πs(τ≤nX) or πt(τ>n) is 0. So Σ(τ≤nX⊗τ>nX) is
n-
onne
ted, so idX⊗cn is n-
onne
ted. With the same argument we get that cn⊗idτ≤nX

is n-
onne
ted, so this is also true for the 
omposite. Repeated use of this result gives

us that the 
omparison map

X⊗p → (τ≤nX)⊗p

is n-
onne
ted. This gives us isomorphisms

πi(X
⊗p)

∼
−→ πi((τ≤nX)⊗p)

for all i ≤ n, whi
h gives isomorphisms

πi(X
⊗p)

∼
−→ πi(limn((τ≤nX)⊗p)

for all i, hen
e X⊗p ≃ limn((τ≤nX)⊗p). Sin
e homotopy �xed points 
ommutes with

limits we get the equivalen
e

(X⊗p)hCp ≃ limn((τ≤nX)⊗p)hCp .

To get the equivalen
e when 
onsidering homotopy orbits instead of homotopy �xed

points, we �rst note that we have shown that X⊗p ≃ limn((τ≤nX)⊗p). Sin
e lim(−),
when 
onsidered as a fun
tor, 
ommutes with �nite limits, we get that it 
ommutes with

�nite 
olimits on Sp, sin
e Sp is stable. So in parti
ular we get the equivalen
e

(X⊗p)hCp ≃ limn((τ≤nX)⊗p)hCp .

By the above proved 
laim, we 
an now assume that X is bounded. We want to redu
e

to the 
ase where X = HM is an Eilenberg-Ma
lane spe
trum. We have already redu
ed

to the 
ase that X is bounded and 
onne
tive, i.e. the 
ase where X is 
on
entrated in

the range 0 to n for some n ∈ Z≥0. For n = 0 it is 
lear that we may assume that X
is equivalent to an Eilenberg-Ma
lane spe
trum. We wish to pro
eed by indu
tion on n,
so assume we have proved the statement for n − 1. We know we have a map from the

n-trun
ation cn−1 : X → τ≤n−1X whi
h gives us a �ber sequen
e

�b(cn−1) → X
cn−1
−−−→ τ≤n−1X.

A model for this �ber is ΣnHπnX, whi
h is an Eilenberg-Ma
lane spe
trum. The 
laim

then follows by exa
tness of Tp by proposition 1.8, and exa
tness of Bous�eld lo
alization,

whi
h in parti
ular gives us that p-
ompletion is exa
t. So assume X = HM for some

abelian group M . We want to further redu
e to the 
ase where M is �nitely generated

and p-torsion free. Write M = 
olimiMi, where Mi are �nitely generated subgroups of

M . We have that

(
olimiMi)
tCp = 
o�b((
olimiMi)hCp

Nm
−−→ (
olimiMi)

hCp))

≃ 
o�b(
olimi((Mi)hCp) → 
olimi(M
hCp

i ))

≃ 
olimi(M
tCp

i ),

14
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where we have used that (−)hCp is left adjoint and Hp(Cp,M) preserves �ltered 
olimits.

This gives us that Tp preserves �ltered 
olimits, so we may redu
e to the 
ase where M
is �nitely generated. So we have a short exa
t sequen
e

0 ker(θ) Z
⊗n M 0θ

where we note that ker(θ) in parti
ular is p-torsion free. Again using that Tp is exa
t

by proposition 1.8 together with the fa
t that H(−) takes short exa
t sequen
es to �ber
sequen
es, we get �ber sequen
es

Tp(H(ker(θ))) Tp(H(Z⊗n)) Tp(H(M))

H(ker(θ)) H(Z⊗n) HM.

θ

Tp

θ

Tp

Sin
e equivalen
es on the left and 
enter maps will indu
e an equivalen
e to the right, we

may assume that X = HM where M is a �nitely generated p-torsion free abelian group.

Now, using [NS18, I.2.9℄ we have that (X⊗p)tCp
is p-
omplete, so it is su�
ient to

show that ∆p is a p-adi
 equivalen
e, i.e. an equivalen
e after smashing with S(p). Using

exa
tness we have

HM ⊗ S(p) ≃ HM ⊗ 
o�b(S
p
−→ S)

≃ 
o�b(HM ⊗ S
id⊗p
−−−→ HM ⊗ S)

≃ 
o�b(HM
p
−→ HM)

≃ H(M/p).

Note that p : HM → HM 
ould be 0 if M was not p-torsion free, so it is ne
essary to

redu
e to this 
ase. On the other side, again by exa
tness, we get

(HM⊗p)tCp ⊗ S(p) ≃ ((HM ⊗ S(p))
⊗p)tCp

≃ (H(M/p)⊗p)tCp ,

so it is su�
ient to prove that ∆p is an equivalen
e for X = H(M/p).
We have that M/p is a �nite dire
t sum of 
opies of Zp, so using the exa
tness of Tp

from proposition 1.8 and the equivalen
e from theorem 1.16 we are done.

15



2 TOPOLOGICAL HOCHSCHILD HOMOLOGY

2 Topologi
al Ho
hs
hild homology

A very useful tool in algebrai
 K-theory is topologi
al Ho
hs
hild homology whi
h is an

additive invariant. We wish to 
onsider the general abstra
t 
onstru
tion as presented

in [NS18, Chp.3℄ on higher algebrai
 analogues of algebras in symmetri
 monoidal ∞-


ategories. Before we will be able to do this, we will have to introdu
e 
y
li
 obje
ts

and some properties related to these, sin
e Toplogi
al Ho
hshild homology is a spe
i�



olimit of a fun
tor, whi
h is 
onstru
ted by a spe
i�
 
y
li
 obje
t indu
ed from some

algebra obje
t.

2.1 Cy
li
 obje
ts and a
tive parts

In this se
tion we wish to introdu
e some of the preliminaries whi
h are ne
essary for the

next se
tion where we will 
onstru
t topologi
al Ho
hs
hild homology. Therefore many

of the proofs will be omitted, but referen
es are given. We will mainly follow [NS18, App.

B℄. First we need to introdu
e several 
ategories. Let Fin∗ denote the 
ategory of �nite

pointed sets and for all n ≥ 0 write 〈n〉 ∈ Fin∗ for the �nite set {0, 1, · · · , n} pointed at 0.
Then we de�ne the asso
iative operad Ass

⊗
as follows: The obje
ts are �nite pointed sets,

whi
h we denote by 〈n〉
Ass

when 
onsidered as obje
t in Ass

⊗
. Hom

Ass

⊗(〈n〉
Ass

, 〈m〉
Ass

)
is the set of all maps f ∈ Fin∗(〈n〉, 〈m〉) together with a linear ordering on f−1(i) ⊆ 〈n〉
for all i ∈ {1, 2, · · · ,m} ⊆ 〈m〉. To understand the 
omposition let f : S → T be a

map of �nite sets, with a linear ordering on t1 < t2 < · · · < tm and on ea
h of the

preimages f−1(t1), f
−1(t2), · · · , f

−1(tm). Then there is a natural linear ordering on S,
by �rst having the ordering of f−1(t1), then the ordering of f−1(t2) and so on. Note that

there is a natural fun
tor

F : Ass⊗ → Fin∗

whi
h forgets the linear ordering.

Let ∆ denote the 
ategory of totally ordered non-empty �nite sets, and for n ≥ 0 let

[n] = {0, 1, · · · , n} ∈ ∆. Then we have a natural fun
tor

∆op → Fin∗

S 7→ Cut(S),

where Cut(S) denotes the set of disjoint de
ompositions S = S1 ⊔ S2 whi
h saties�es

that for all s1 ∈ S1, s2 ∈ S2 we have s1 < s2 and we identify ∅ ⊔ S ≃ S ⊔ ∅. We point

Cut(S) at ∅⊔S. In parti
ular we get that [n] 7→ 〈n〉. We wish to 
onstru
t a 
ompatible

fun
tor Cut : ∆op → Ass

⊗
over Fin∗. On obje
ts we simply de�ne it as Cut([n]) = 〈n〉.

For α ∈ ∆([n], [m]) we de�ne Cut(α) by

Cut(α)(i) =

{

j If there exists j su
h that α(j − 1) < i < α(j)

∗ otherwise

where we endow ea
h Cut(α)−1({j}) with the linear ordering indu
ed by its in
lusion

into 〈n〉◦ = {1, 2, · · · , n} ∈ ∆op
. So we have a 
ommutative triangle

16
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S ∆op
Ass

⊗

Fin∗

Cut(S).

Cut

F

De�nition 2.1. Let PoSet denote the 
ategory of partially ordered sets and non-de
reasing

maps, and let ZPoSet be the 
ategory of obje
ts in PoSet equipped with a Z-a
tion. Then

we de�ne the Para
y
li
 
ategory Λ∞ as the full sub
ategory of ZPoSet, 
onsisting of all

obje
ts isomorphi
 to (1/n)Z for n ≥ 1.

In this de�nition we 
onsider (1/n)Z as an obje
t of ZPoSet by using its natural or-

dering and the Z-a
tion indu
ed by addition. We write [n]Λ∞ for (1/n)Z when 
onsidered

as an obje
t of Λ∞. In general, when we have a G-a
tion on ea
h HomC(A,B) of an ∞-


ategory C, whi
h is 
ompatible with the 
omposition, we say that C is equipped with a

BG-a
tion. We equip Λ∞ with a BZ-a
tion by sending morphisms f : (1/n)Z → (1/m)Z
to σ(f) = f +1, where σ is a generator of Z. For p ≥ 1 we 
an also divide the morphism

spa
e by the a
tion of σp
, whi
h lets us de�ne the 
ategory

Λp := Λ∞/B(pZ),

whi
h has the same obje
ts of Λ∞, but di�erent morphism spa
es. That means the obje
ts

of Λp still has the form (1/n)Z, up to isomorphism, but we denote the 
orresponding

obje
t by [n]Λp when 
onsidered in Λp. We have a remaining BCp = BZ/B(pZ)-a
tion
on the 
ategory Λp, so we get

Λ1 = Λp/B(pZ)

for all p ≥ 1. For abbreviation we write Λ := Λ1. This 
ategory should be thought of as


onsisting of 
y
li
 graphs

1 .

2

3

[3]Λ21

[2]Λ

It 
an be shown that Λ∞ is self-dual, and that the self duality Λ∞ ≃ Λop
∞ is BZ-

equivariant. That means Λp is self-dual for all p. In parti
ular Λ ≃ Λop
whi
h will be

used often without 
omments.

When we have a symmetri
 monoidal ∞-
ategory we 
an form a new ∞-
ategory

C⊗
a
t

:= C⊗ ×N(Fin∗) N(Fin).

We have that the �ber of C⊗
a
t

over a �nite set I ∈ Fin is CI
. Using this, we see that

this re�nes to a symmetri
 monoidal ∞-
ategory (C⊗
a
t

)⊗ using disjoint unions sending

17
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(Xi)i∈I ∈ CI
and (Xj)j∈J ∈ CJ

to (Xk)k∈I⊔J ∈ CI⊔J
. C⊗

a
t

is 
alled the a
tive part of C,
sin
e it equivalently 
an be de�ned as the sub
ategory of C⊗

spanned by all obje
ts and

a
tive morphisms. We get a natural lax symmetri
 monoidal fun
tor

C → C⊗
a
t

whose underlying fun
tor is the in
lusion of C into the �ber of C⊗
a
t

over the 1-element set.

In parti
ular we are interested in Ass

⊗
a
t

and Sp

⊗
a
t

. Using this 
ategory we 
an formulate

the following result, whi
h is proved in [NS18, B.1℄

Proposition 2.2. The fun
tor

V : Λ →Fin

[n]Λ∞ 7→

{

0,
1

n
,
2

n
, · · · ,

(n− 1)

n

}

re�nes to a fun
tor Λ → Ass

⊗
a
t

, whi
h we still denote V .

We will mainly 
onsider this fun
tor from the opposite 
ategory, and in that 
ase we

will write

V ◦ : Λop ≃ Λ
V
−→ Ass

⊗
a
t

.

De�nition 2.3. Let C be some ∞-
ategory, then a 
y
li
 obje
t (resp. para
y
li
 obje
t)

in C is a C valued presheaf on Λ (resp. Λ∞), i.e. a fun
tor Λop → C (resp. Λop
∞ → C).

Cy
li
 obje
ts (resp. para
y
li
 obje
ts) in Sp are 
alled 
y
li
 spe
tra (resp. para
y
li


spe
tra).

So both V and V ◦
are 
y
li
 obje
ts in Ass

⊗
a
t

. Re
all that an obje
t of Fun(∆op, C)
is 
alled a simpli
ial obje
t in C. Then we have the following result by [NS18, B.5℄:

Proposition 2.4. For any ∞-
ategory C admitting geometri
 realization of simpli
ial

obje
ts, there is a natural fun
tor

Fun(N(Λop), C) → CBT

from 
y
li
 obje
ts in C to the T-equivariant obje
ts in C. The underlying obje
ts is given
by

(F : N(∆op) → C) 7→ 
olimN(∆op)j
∗F,

where j : ∆op → Λop
sends [n] to [n+ 1]Λ.

It is worth noting that j fa
tors over a fun
tor j∞ : ∆op → Λop
∞. When we talk about

the geometri
 realization of a 
y
li
 obje
t, we refer to the image of the obje
t under the

above fun
tor.

The last thing we wish to 
onsider in this se
tion is a fun
tor sdp : Λp → Λ whi
h

indu
es a homotopy equivalen
e of geometri
 realization. This is done by �rst de�ning

an endofun
tor Λ∞ → Λ∞ by

18
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[n]Λ∞ 7→ [pn]Λ∞
(

f : (1/n)Z → (1/m)Z)
)

7→
(

(1/p)f(p · (−)) : (1/pn)Z → (1/pm)Z
)

.

In general, for any T ∈ Λ∞ we let sdp(T ) = (1/p)T denote the same underlying set as T ,
but with a
tion of n ∈ Z given by multipli
ation by pn. By 
omposing with the quotient

by BZ we get the desired fun
tor

sdp : Λp → Λ,

whi
h sends [n]Λp to [pn]Λ. This map is 
alled the simpli
ial subdivision.

An important property of the simpli
ial subdivision is that for every 
y
li
 obje
t X
we get a subdivided Λp-obje
t sd

∗
pX whi
h has the same geometri
 realization. For the


ase whi
h we will need, this is made spe
i�
 in the following proposition from [NS18,

B.19℄:

Proposition 2.5. Let X be a para
y
li
 spe
trum, then there is a natural T-equivariant

equivalen
e |X| ∼= |sd∗pX|.

There is also a ni
e 
ompatibility between simpli
ial subdivision and the fun
tor V :
Λ → Ass

⊗
act whi
h will play a 
ru
ial role in the next se
tion. To see this, we �rst let FreeCp

denote the 
ategory of �nite sets with a free Cp-a
tion and note that we have a natural

fun
tor from FreeCp to Fin de�ned by S 7→ S = S/Cp. That means we 
an 
onsider

the pull-ba
k FreeCp ×Fin

Ass

⊗
act. Then we de�ne a fun
tor Vp : Λp → FreeCp ×Fin

Ass

⊗
act

whi
h sends [n]Λp to (V (sdp([n]Λp)), V ([n]Λ)). Here we note that V (sdp([n]Λp)) has a Cp-

a
tion whi
h is indu
ed from the Cp-a
tion on [n]Λp . This gives us a natural 
ommutative

diagram

Λop ≃
// Λ

V
//
Ass

⊗
act

Λop
p

≃
//

sdp

��

q

OO

Λp

sdp

��

Vp
//

q

OO

FreeCp ×Fin

Ass

⊗
act

��

OO

Λop ≃
// Λ

V
//
Ass

⊗
act,

where q is the quotient. It is worth 
ommenting on the two verti
al arrows to the right,

sin
e these do not denote the same map. The upper arrow denotes the proje
tion to the

se
ond fa
tor. The lower arrow is given by proje
tion to the �rst fa
tor FreeCp , whi
h is

given a total ordering on the preimages indu
ed by the se
ond fa
tor.

Another fun
tor whi
h will be ne
essary for us 
omes from some more general 
onsid-

erations about symmetri
 monoidal fun
tors from the a
tive parts of symmetri
 monoidal

∞-
ategories, whi
h we will dis
uss a bit now.
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Proposition 2.6. Let C and D be symmetri
 monoidal∞-
ategories and let Fun⊗(C
⊗
a
t

,D) ⊆
Fun(C⊗

a
t

,D) denote the full sub
ategory of symmetri
 monoidal fun
tors. Then restri
tion

along the in
lusion C ⊆ C⊗
a
t

gives an equivalen
e of 
ategories

Fun⊗(C
⊗
a
t

,D) ≃ Fun

lax

(C,D).

Proof. Using that the in
lusion is the �ber of {1} this follows dire
tly from [Lur17,

2.2.4.9℄, where we note that AlgC(D) = Fun

lax

(C,D) and that Env(C) 
an be identi�ed

with C⊗
a
t

(see [Lur17, 2.2.4.3℄).

This in parti
ular gives us that idC ∈ Fun

lax

(C, C) 
orresponds to some fun
tor ⊗ :
C⊗
a
t

→ C. Sin
e an obje
t X ∈ C⊗
a
t


an be thought of as a list X1, ...,Xn of obje
ts

in C, we 
an des
ribe ⊗ as sending X1, ...,Xn to X1 ⊗ · · · ⊗ Xn. This fun
tor 
an also

be 
hara
terized as the left adjoint to the in
lusion C ⊆ C⊗
a
t

, whi
h will follow from the

following proposition.

Proposition 2.7. For a symmetri
 monoidal ∞-
ategory C, the full, lax symmetri


monoidal in
lusion C ⊆ C⊗
a
t

admits a symmetri
 monoidal left adjoint L.

Proof. Let X ∈ C⊗
a
t

⊆ C⊗
, then X lies over some 〈n〉 ∈ Fin∗. We have a unique

a
tive morphism 〈n〉 → 〈1〉, and using the symmetri
 monoidal stru
ture of C⊗
we get a


oCartesian lift f : X → X in C⊗
. We see that f is a morphism in C⊗

a
t

and X ∈ C ⊂ C⊗
a
t

.

Sin
e every morphism from X to some other obje
t of C has to 
over the a
tive morphism

〈n〉 → 〈1〉 it follows from the property of 
oCartesian lifts that f is initial among su
h

morphisms. This means that for every X ∈ C⊗
there is some X ∈ C whi
h is the

re�e
tion of X into C ⊆ C⊗
a
t

. So by [Lur09, 5.2.7.8 & 5.2.7.9℄ this in
lusion admits a left

adjoint L : C⊗
a
t

→ C, whi
h we 
an 
onsider as sending a list X1, ...,Xn of obje
ts in C
to X1 ⊗ · · · ⊗Xn.

To show that L is a symmetri
 monoidal lo
alization we wish to prove the assumption

of [Lur17, 2.2.1.9℄. In our setting this means we have to prove that for any f ∈ C⊗(X,Y )
satisfying that L(f) is an equivalen
e, and for every Z ∈ C⊗

, the morphism L(f ⊗ Z) is
again an equivalen
e. Here ⊗ denotes the tensor produ
t in C⊗

a
t

. We know that we 
an


onsider X,Y and Z as list of obje
ts in C;

X = X1, · · · ,Xn, Y = Y1, · · · , Ym, Z = Z1, · · · , Zr.

So if

L(f) : X1 ⊗ · · · ⊗Xn 7→ Y1 ⊗ · · · ⊗ Ym

is an equivalen
e, it is 
lear that the same is true for

L(f ⊗ Z) : X1 ⊗ · · ·Xn ⊗ Z1 ⊗ · · · ⊗ Zr 7→ Y1 ⊗ · · · ⊗ Ym ⊗ Z1 ⊗ · · · ⊗ Zr,

whi
h lets us 
on
lude that L is a symmetri
 monoidal left adjoint to the in
lusion.
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2.2 THH and 
y
lotomi
 spe
tra

We are �nally ready to introdu
e the main topi
s of these notes. First we will de�ne

the algebra obje
ts whi
h will indu
e a spe
i�
 
y
li
 spe
trum, using our results from

last se
tion. Taking the geometri
 realization of this 
y
li
 spe
trum then gives us the

topologi
al Ho
hs
hild homology of the algebra obje
t. We will �nish o� by 
onsidering

the 
y
lotomi
 stru
ture maps on these spe
tra.

De�nition 2.8. The ∞-
ategory AlgE1
(C) of asso
iative algebras, or E1-algebras, in a

symmetri
 monoidal ∞-
ategory C⊗
is given by the ∞-
ategory of operad maps

A⊗ : N(Ass⊗) → C⊗.

Equivalently, it is the ∞-
ategory of fun
tors N(Ass⊗) → C⊗
over N(Fin∗) that 
arries

inert maps to inert maps.

When we 
onsider the asso
iative algebras in Sp we will often 
all them E1-ring

spe
trum. That it 
arries inert to inert basi
ally gives for n ≥ 1 that

〈n〉
Ass

(A, · · · , A)

〈n〉
Ass

Ass

⊗
Sp

Fin∗

〈n〉

where A ∈ Sp is the image of 〈1〉
Ass

.

There is an equivalent way to des
ribe asso
iative algebras, whi
h uses the 
ondition

that A : N(∆op) → C sends inert morphisms to p-
oCartesian morphisms in C⊗
. This is


alled the Segal 
ondition. This 
ondition 
an equivalently be des
ribed in the following,

more 
on
rete, way: Consider the diagram

N(∆op)
Cut

//

p
**❱❱

❱❱
❱❱

❱❱
❱❱

❱❱
❱❱

❱❱
❱❱

❱❱
❱

N(Ass⊗)
A⊗

// C⊗

q

��

N(Fin∗).

We will also use the notation A⊗
for the 
omposition of the verti
al arrows. Let

A = A⊗([1]) ∈ C⊗
〈1〉

= C and 
onsider A⊗([n]) ∈ C⊗
〈n〉

≃ Cn
, whi
h we may identify with a

sequen
e A1, ..., An ∈ C. We have n maps

ρi : [1] → [n]

{0, 1} 7→ {i− 1, 1},
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for i = 1, ..., n. Considering this as morphisms in ∆op
and using p, we get maps

ρi : 〈n〉 → 〈1〉

i 7→ 1

j 6= i 7→ 0

in Fin∗. Using that q is a 
oCartesian �bration, this indu
es the fun
tor

ρi! : C
n ≃ C⊗

〈n〉 → C⊗
〈1〉 ≃ C

(A1, ..., An) 7→ Ai.

In parti
ular we get that the maps A⊗([n]) → A⊗([1]) = A indu
es a map

A1 = ρi!A
⊗([n]) → A.

If this map is always an equivalen
e, then A⊗
saties�es the Segal 
ondition. Using this


ondition, we have the following equivalent de�nition of E1-ring spe
tra:

Proposition 2.9. Restri
ting along the natural fun
tor Cut : ∆op → Ass

⊗
de�nes an

equivalen
e between AlgE1
(Sp) and the ∞-
ategory of fun
tors A⊗ : N(∆op) → Sp

⊗
whi
h

saties�es the Segal 
ondition and makes the diagram

N(∆op)
A⊗

//

%%▲
▲
▲
▲
▲
▲
▲
▲
▲
▲

Sp

⊗

��

N(Fin∗)


ommute.

The proof of this result 
an be found in [NS18, III.2℄. Now, let A⊗ ∈ AlgE1
(Sp).

Using the symmetri
 monoidal fun
tor

⊗ : Sp⊗
a
t

→Sp

(X1, · · · ,Xn) 7→X1 ⊗ · · · ⊗Xn,

from the dis
ussion after proposition 2.6, together with the earlier des
ribed fun
tor V ◦
,

we get a 
y
li
 spe
trum by the 
omposition

N(Λop)
V ◦

−−→ N(Ass⊗
a
t

)
A⊗

−−→ Sp

⊗
a
t

⊗
−→ Sp.

This 
y
li
 spe
trum formally des
ribes the diagram

A⊗A⊗A A⊗A A.

C3 C2
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De�nition 2.10. Let A ∈ AlgE1
(Sp). Then we de�ne the topologi
al Ho
hs
hild homol-

ogy THH(A) ∈ Sp

BT
of A as the geometri
 realization of the 
y
li
 spe
trum

N(Λop) N(Ass⊗
a
t

) Sp

⊗
a
t

Sp.V ◦ A⊗ ⊗

It 
an be shown that for A ∈ AlgE1
(Sp), THH(A) 
an be given the stru
ture of a


y
lotomi
 spe
trum, i.e. T/Cp
∼= T-equivariant maps ϕp : THH(A) → THH(A)tCp

for

all primes p. We will sket
h the idea of how to 
onstru
t these maps, but for a throughout

explanation of this, see [NS18, III.3-4℄.

The idea is to extend the Tate diagonal to a map of 
y
li
 spe
tra

A⊗A⊗A A⊗A A

(A⊗3p)tCp (A⊗2p)tCp (A⊗p)tCp .

C3

∆p

C2

∆p ∆p

C3 C2

First we need to formally 
onsider the lower 
y
li
 spe
trum. We have the following


omposition

G : N(Λop
p ) ≃ N(Λp)

Vp
−→ N(FreeCp)×N(Fin) N(Ass⊗

a
t

)

A⊗

−−→ N(FreeCp)×N(Fin) Sp
⊗
a
t

H
−→ (Sp⊗

a
t

)BCp

⊗
−→ Sp

BCp

(−)tCp

−−−−→ Sp,

where H is the symmetri
 monoidal fun
tor

H : N(FreeCp)×N(Fin) Sp
⊗
a
t

→ (Sp
a
t

)BCp

(S, (Xs̄)s̄∈S̄) 7→ (S, (Xs̄)s∈S)

given by [NS18, III.3.6℄. So this 
omposition is BCp-equivariant, hen
e it fa
tors over

a fun
tor

N(Λop) ≃ N(Λop
p )/BCp → Sp,

whi
h we will also denote G. This 
y
li
 spe
trum is exa
tly
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(A⊗3p)tCp (A⊗2p)tCp (A⊗p)tCp .

C3 C2

On page 395 of [NS18℄ it is shown that the geometri
 realization of a 
y
li
 obje
t and

(−)tCp

ommutes, so the geometri
 realization of the above 
y
li
 spe
trum maps T-

equivariant to THH(A)tCp
. So it is su�
ient to 
onstru
t a natural transformation of

BCp-equivariant fun
tors from

F ′ : N(Λop)
V ◦

−−→ N(Ass⊗
a
t

)
A⊗

−−→ Sp

⊗
a
t

⊗
−→ Sp

to G. We 
laim that the geometri
 realization of the 
omposition

F : N(Λop
p ) ≃ N(Λp)

Vp
−→ N(FreeCp)×N(Fin) N(Ass⊗

a
t

)

A⊗

−−→ N(FreeCp)×N(Fin) Sp
⊗
a
t

π2−→ Sp

⊗
a
t

⊗
−→ Sp,

where π2 denotes the proje
tion to the se
ond fa
tor, is equivalent to the geometri


realization of F ′
. To show this write qp : Λp → Λ = Λp/B(pZ) for the proje
tion, and


onsider the diagram

N(Λp) N(FreeCp)×N(Fin) N(Ass⊗
a
t

) N(FreeCp)×N(Fin) Sp
⊗
a
t

Sp

⊗
a
t

Sp.

N(Λ) N(Ass⊗
a
t

) Sp

⊗
a
t

Vp

qp

A⊗

π2

π2

π2

⊗

V A⊗

⊗

The middle square and the right triangle 
learly 
ommutes, and the left square 
ommutes

by the 
onstru
tion of Vp. This gives us that F = F ′ ◦ qp. We know by proposition 2.4

that the geometri
 realization of a 
y
li
 obje
t only depends on the geometri
 realization

of the para
y
li
 obje
t obtained by 
omposing with the quotient. So sin
e F ′
and F ′ ◦qp

have the same underlying para
y
li
 obje
ts, we get that their geometri
 realizations are

equivalent. So this gives us that |F ′| ≃ |F ′ ◦ qp| ≃ |F |. So it is su�
ient to 
onstru
t a

natural transformation from F to G.
From [NS18, III.3.8℄ we have an essentially unique BCp-equivariant lax symmetri


monoidal natural transformation from

I : N(FreeCp)×N(Fin) Sp
⊗
a
t

Sp

a
t

Sp

(S, (Xs̄)s̄∈S̄=S/Cp
)

⊗

s̄∈S̄ Xs̄

π2 ⊗

to
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T̃p : N(FreeCp)×N(Fin) Sp
⊗
a
t

(Sp⊗
a
t

)BCp
Sp

BCp
Sp

(S, (Xs̄)s̄∈S̄)
(
⊗

s∈S Xs̄

)tCp .

H ⊗ (−)tCp

Composing this natural transformation I → T̃p with the fun
tor

N(Λop
p )

Vp
−→ N(FreeCp)×N(Fin) N(Ass⊗

a
t

)
A⊗

−−→ N(FreeCp)×N(Fin) Sp
⊗
a
t

,

we get a natural transformation F → G, whi
h gives the 
y
lotomi
 stru
ture on THH.

We wish to give a more 
on
rete des
ription of this stru
ture, when 
onsidering THH

on an easier 
lass of algebras, the so 
alled E∞-algebras.

De�nition 2.11. Let p : C⊗ → N(Fin∗) be a symmetri
 monoidal ∞-
ategory. An E∞-

algebra obje
t of C is a se
tion of p, i.e. a map

A : N(Fin∗) → C⊗, su
h that p ◦A ≃ idN(Fin∗),

whi
h sends inert maps to p-
oCartesian maps. Let AlgE∞
(C) denote the full sub
ategory

of MapN(Fin∗)(N(Fin∗), C
⊗), spanned by the AlgE∞

-aglebra obje
ts of C. These obje
ts
are sometimes 
alled 
ommutative algebra obje
ts.

An obje
t of AlgE∞
(Sp) is 
alled an E∞-ring spe
trum.

Note that an E∞-ring in parti
ular is an E1-ring, so we may 
onsider THH(A) for
A ∈ AlgE∞

(Sp). We wish to dis
uss the 
y
lotomi
 spe
tra stru
ture on THH(A) in the


ase where A ∈ AlgE∞
(Sp). First we want to show that this stru
ture 
an be given by

E∞-maps, so we wish to prove the following theorem

Theorem 2.12. Assume that A ∈ AlgE∞
(Sp). Then THH(A) 
an be equipped with


y
lotomi
 stru
tur maps ϕp : THH(A) → THH(A)tCp
, where ϕp is an E∞-map for

every prime p.

To prove this we �rst need to 
onsider the 
ategory of 
y
lotomi
 spe
tra and endow

it with the stru
ture of a symmetri
 monoidal ∞-
ategory. Let P denote all primes.

De�nition 2.13. The ∞-
ategory of 
y
lotomi
 spe
tra is de�ned as the pullba
k

Cy
Sp (
∏

p∈P Sp

BT)∆
1

Sp

BT (
∏

p∈P Sp

BT)× (
∏

p∈P Sp

BT).

p

(ev0,ev1)

((id
Sp

BT )p∈P,((−)tCp )p∈P)

Here we have used that (−)tCp : SpBT → Sp

B(T/Cp) ≃ Sp

BT
. So we have that

obje
ts in Cy
Sp are pairs (X,F ) with X ∈ Sp

BT
and F : X → XtCp

. That means

THH(A) ∈ Cy
Sp for A ∈ AlgE1
(Sp). We wish to show that Cy
Sp is a symmetri


monoidal ∞-
ategory. First re
all that Sp

BT
is a symmetri
 monoidal ∞-
ategory and

the same is true for

∏

p∈P Sp

BT
. Then we 
an de�ne the total spa
e of Cy
Sp as the

pullba
k
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Cy
Sp

⊗ ((
∏

p∈P Sp

BT)⊗)∆
1

id

(SpBT)⊗ (
∏

p∈P(Sp
BT)⊗)× (

∏

p∈P(Sp
BT)⊗).

p

(ev0,ev1)

((id
Sp

BT )p∈P,((−)tCp )p∈P)

where we have used that id

Sp

BT is symmetri
 monoidal and (−)tCp
is lax symmetri


monoidal by theorem 1.1. Here ((
∏

p∈P Sp

BT)⊗)∆
1

id

⊆ ((
∏

p∈P Sp

BT)⊗)∆
1
is the full

sub
ategory 
onsisting of those morphisms whi
h are send to identities in N(Fin∗). We

get from the above, that giving a lax symmetri
 monoidal fun
tor E → Cy
Sp, where E is

some symmetri
 monoidal ∞-
ategory, is equivalent to giving a lax symmetri
 monoidal

fun
tor

H : E → Sp

BT,

together with a lax symmetri
 monoidal transformation

id

Sp

BT ◦H ⇒ (−)tCp ◦H,

for every p ∈ P. Using this we are now ready to prove the theorem.

Proof of theorem 2.12. First we wish to show that THH(A) of an E∞-ring spe
trum is

again an E∞-ring spe
trum. This is done by �rst proving that THH gives a lax symmetri


monoidal fun
tor AlgE1
(Sp) → Cy
Sp, whi
h we do by using the above des
ription of

lax symmetri
 monoidal fun
tors from symmetri
 monoidal ∞-
ategories to Cy
Sp.

Re
all that AlgE1
(Sp) is a symmetri
 monoidal ∞-
ategory (see [Lur17, 3.2.4.4℄) and

note that for A ∈ AlgE1
(Sp) there is a natural multipli
ation m : A⊗p → A. We want

to show that THH : AlgE1
(Sp) → Sp

BT
is lax symmetri
 monoidal. Sin
e THH is a


omposition of �rst sending A to a 
y
li
 obje
t and then taking geometri
 realization,

it is su�
ient to show that both of these are lax symmetri
 monoidal. Using that geo-

metri
 realization is a 
olimit by proposition 2.4 we get that this is indeed lax symmetri


monoidal. Sin
e the other part is post-
omposing with the fun
tor ⊗, whi
h is symmetri


monoidal by proposition 2.7, and pre-
omposing with some fun
tor, in this 
ase V ◦
, we

have that this is also lax symmetri
 monoidal, hen
e the desired holds for THH. We

know that m is lax symmetri
 monoidal and by theorem 1.1 and lemma 1.12 we get that

the same is true for both (−)tCp
and ∆p. Hen
e

(m)tCp ◦∆p : THH ⇒ (−)tCp ◦ THH

is naturally lax symmetri
 monoidal. So we get that THH : AlgE1
(Sp) → Cy
Sp is lax

symmetri
 monoidal. This gives us

AlgE∞
(Sp) ≃ AlgE∞

(AlgE1
(Sp))

AlgE∞
(THH)

−−−−−−−−→ AlgE∞
(Cy
Sp),

so if A ∈ AlgE∞
(Sp) then THH(A) ∈ AlgE∞

(Cy
Sp). Using the forgetful fun
tor

Cy
Sp → Sp we get that THH(A) is a T-equivariant E∞-ring spe
trum with T/Cp
∼= T-

equivariant E∞-maps THH(A) → THH(A)tCp
, for ea
h p ∈ P.
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Next we wish to give a more 
on
rete des
ription of these ϕp. By proposition 2.4 we

know that THH(A) is the 
olimit of the 
y
li
 spe
trum in de�nition 2.10, so in
lusion

of the bottom 
ells into THH(A) gives a map

i : A → THH(A).

Theorem 2.14. For A ∈ AlgE∞
(Sp) the map i : A → THH(A) is initial among all maps

from A to an E∞-ring spe
trum equipped with a T-a
tion through E∞-maps.

Proof. So what we want to show is, that if A′
is an E∞-ring spe
trum with T-a
tion and

we have a map f : A → A′
, then there exist an unique T-equivariant map f : THH(A) →

A′
, su
h that the following diagram 
ommutes:

A THH(A)

A′.

i

f
f̄

It is su�
ient to prove that THH(A) ≃ A⊗S1
. To prove this we use the simpli
ial model

for S1
whi
h is given by S• = ∆1/∂∆1

. We know that S• have (n+1) di�erent , perhaps
degenerate, n-verti
es Sn. So in S we have Colim∆opSn ≃ S1

, hen
e

A⊗ S1 ≃ A⊗ Colim∆opSn

≃ Colim∆op(A⊗ Sn)

≃ Colim∆opA⊗(n+1)

≃ THH(A).

Here we have used that by [Lur17, 3.2.4.7℄, A⊗Sn ≃ A⊗(n+1)
is the (n+1)-fold 
oprodu
t

in AlgE∞
(Sp).

Still using that ⊗ is the 
oprodu
t in AlgE∞
(Sp) we get that i : A → THH(A) indu
es

a Cp-equivariant E∞-map

m′ : A⊗p → THH(A).

Using theorem 2.14 we get that there is a unique T-equivariant E∞-map THH(A) →
THH(A)tCp

whi
h makes the following diagram 
ommute:

A THH(A)

(A⊗p)tCp
THH(A)tCp .

i

∆p ϕp

(m′)tCp

Sin
e
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A THH(A)

(THH(A)⊗p)tCp

(A⊗p)tCp
THH(A)tCp

i

∆p

∆p

(m′)tCp

(m′)tCp


ommutes, we get that ϕp = (m′)tCp ◦∆p, whi
h is 
alled the Frobenius map. There is

also the following version of the Frobenious map:

De�nition 2.15. Let A be an E∞-ring spe
trum and p ∈ P. Then the E∞-map de�ned

as the 
omposition

ϕA : A
∆p
−−→ (A⊗p)tCp mtCp

−−−→ AtCp

is 
alled the Tate-valued Frobenius of A. Here m : A⊗p → A is the multipli
ation map,

whi
h is a Cp-equivariant E∞-map when A is equipped with the trivial Cp-a
tion.

Using that i is initial by theorem 2.14 we get that there exists a T-equivariant retra
t

π : THH(A) → A, when A is an E∞-ring spe
trum equipped with trivial T-a
tion.

Corollary 2.16. Let A be an E∞-ring spe
trum, then

A → THH(A)
ϕp
−→ THH(A)

πtCp

−−−→ AtCp

is equivalent to the Tate-valued Frobenious of A.

Proof. We have the following 
ommutative diagram

A THH(A)

(A⊗p)tCp
THH(A)tCp AtCp ,

i

∆p ϕp

(m′)tCp πtCp

so it is su�
ient to prove that

A⊗p m′

−→ THH(A)
π
−→ A

as a Cp-equivariant map is equivalent to the multipli
ation m of A. We have that

A⊗p ∈ AlgE∞
(Sp)BCp

is indu
ed from A, so sin
e m′
was indu
ed from i we get that it

is su�
ient to show that

A
i
−→ THH(A)

π
−→ A

is equivalent to the identity, whi
h we know is true by the de�nition.
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