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Abstract

For a commutative ring spectrum E, we recall the description of the associative ring spec-
trum Pow(E) of stable power operations due to Lurie and Glasman-Lawson, which natu-
rally acts on the underlying spectrum of any commutative E-algebra in a way compatible
with stable operations [Lur07, Lec.24], [GL20]. The homotopy of this ring describes the
stable power operations on the generalized cohomology theory E∗(−) associated to E.
It further �ts into a string of associative ring spectra E → Pow(E) → End(E), which
describes the restriction of stable power operations to stable operations.

We show that π∗Pow(HFp) is isomorphic to a natural completion of the big Steenrod al-
gebra, which shows that it captures the structure of the Steenrod operations and all sums
hereof, hence it describes all the stable power operations on ordinary mod-p cohomology.

We further consider the case of Morava E-theory E(Fpn ,Γ), where Γ is the Honda formal
group law of height n. This will be done by constructing an associative ring spectrum
P̂ow(E), which is the K(n)-local version of Pow(E), where K(n) denotes the Morava

K-theory at height n. We end this thesis by sketching the calculation of π∗P̂ow(E) at
height 1 by using results of Rezk [Rez09].
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1 INTRODUCTION

1 Introduction

The Steenrod operations P i : Hn(X,Fp)→ Hn+2i(p−1)(X,Fp), acting on ordinary mod-p
cohomology, are the fundemental example of stable power operations. They are usually
constructed as power operations, but it can be shown that they are stable operations
as well, and it is from this point of view they are most often considered. The sums
and composition of such operations can be formed into a non-commutative Fp-algebra
Bp called the big Steenrod algebra, which describes the stable power operations on
H∗(−,Fp). We know that Hn(X;Fp) ∼= π−n(HFp)X , where (HFp)X denotes the function
spectrum, which has a natural structure of a commutative HFp-algebra. Therefore it
makes sense to try and understand the stable power operations from a spectral point of
view.

To do so, we describe an associative ring spectrum Pow(HFp) of stable power oper-
ations on H∗(−,Fp). This ring acts on the underlying spectrum of any commutative
HFp-algebra, in a way which is compatible with the stable cohomology operations. In
particular we get that it acts on the function spectrum HFXp , which then induces an
action of π∗Pow(HFp) on H∗(X,Fp). Therefore, it makes sense to try and understand
the algebraic structure of the stable power operations on H∗(−,Fp) by understanding
π∗Pow(HFp). We will show that this is the correct approach, by showing that the latter
is isomorphic to a suitable completion of the big Steenrod algebra.

Theorem (2.1.9). The homotopy groups π∗Pow(HFp) of the ring of stable power oper-

ations on commutative HFp-algebras is isomorphic to the completion (Bp)
∧ of the big

Steenrod algebra with respect to the excess �ltration.

We wish to generalize this theory to any commutative ring spectrum E. For any
such E we have an associated generalized cohomology theory E∗(−), which satis�es
π∗E

X ∼= E−∗(X) for X ∈ S a space. A stable cohomology operation on E∗(−)
is then an operation Ek(−) → Ek+n(−) for all k, which commutes with suspension.
These are in bijective correspondence with the homotopy classes of maps of spectra
E → ΣnE. Since we can consider the function spectrum EX as an End(E)-module,
where End(E) := mapSp(E,E), we get that E∗(−) has stable operations.

To understand stable power operations we proceed as follows. Let F : CAlgE → Sp
denote the forgetful functor, and consider the mapping spectrum

End(F ) := mapFun(CAlgE ,Sp)(F, F )

which has a natural structure of an associative ring spectrum induced by composition.
Note that End(F ) acts on the underlying spectrum F (M), of any commutative E-algebra
M .

Since πnEnd(F ) corresponds to homotopy classes of natural transformations F → ΣnF ,
we get that every element of this ring gives a map M → ΣnM and therefore a map
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1 INTRODUCTION

πkM → πk+nM . This is functorial with respect to the commutative E-algebra M , so
we can consider the elements of π∗End(F ) as giving rise to operations which acts on
the homotopy groups of the underlying spectrum of any commutative E-algebra. These
operations are what we call stable power operations, and therefore we de�ne the ring of
stable power operations as Pow(E) := End(F ).

As mentioned above we have π∗E
X ∼= E−∗(X) for X ∈ S and E ∈ CAlg, so using

that EX ∈ CAlgE we see that E∗(−) has power operations. The way that the function
spectrum E(−) captures both the stable operations and the stable power operations, is
captured in the following diagram, which commutes up to natural isomorphism

S op LModEnd(E)

CAlgE LModE .

E(−)

E(−) (1)

Here the map LModEnd(E) → LModE comes from the fact that if End(E) acts on a
spectrum M , then the map E → End(E) induces an action of E on M .

We will give an explicit description of Pow(E) in terms of endomorphisms of certain
cospectrum objects, following [GL20] and [Lur07, Lec.24]. Using this description we will
prove in the following theorem, that Pow(E) acts on the underlying spectrum of any
commutative E-algebra in a way, which is compatible with the stable operations.

Theorem (2.0.19). For any commutative ring spectrum E, the ring of stable power

operations �ts into a diagram of associative ring spectra

E → Pow(E)→ End(E).

The associative ring spectrum Pow(E) has a natural action on the underlying spectrum

of any commutative E-algebra, in a matter compatible with stable cohomology operations,

in the sense that there is a canonical lift in the diagram

S op LModEnd(E)

LModPow(E)

CAlgE LModE .

E(−)

E(−)

The �rst half of this thesis begins with describing this associative ring spectrum Pow(E),
proving that it is equivalent to an endomorphism ring of a speci�c cospectrum object and
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1 INTRODUCTION

proving the above theorem. We then calculate the fundamental example π∗Pow(HFp) ∼=
(Bp)

∧ as mentioned above. The key elements to this will be the fact that the underlying

spectrum of Pow(E) is limmΣmF̃reeE(ΩmE), where F̃reeE denotes the free non-unital
commutative E-algebra, together with the free functor which equips an Fp-vector space
with a generalized version of the Steenrod operations.

The second half of this thesis is devoted to understanding stable power operations on the
p-adic K-theory K∧p . It can be shown that K∧p is equivalent to the �rst in a family of
cohomology theories called Morava E-theory, where each one is a 2-periodic commutative
ring spectrum E(Fpn ,Γ), for �xed prime p and integer n. Most of the abstract theory we
need to consider before we can give a description of the stable power operations on K∧p ,
can be done for a general height n, so we will begin in this generality, since E(Fpn ,Γ)
is an interesting commutative ring spectrum in it's own right, as it is a central part of
chromatic homotopy theory. For brevity, let us now �x a height and write E := E(Fpn ,Γ).

The spectrum E is K(n)-local, where K(n) is Morava K-theory at height n, and so is
the function spectrum EX for any space X, so it is natural to restrict ourself to this
setting. We recall the construction of the so called algebraic approximation functor
T : ModE∗ → ModE∗, which satis�es (T(π∗M))∧m

∼= π∗LK(n)FreeE(M) for M a �at E-
module and m the maximal ideal of π0E, following [Rez09]. This indicates that when
we wish to try and understand the homotopy of the underlying spectrum of Pow(E),

which is given by limmΣmF̃reeE(ΩmE), it will indeed be necessary to restrict ourself to
K(n)-local commutative E-algebras.

To take K(n)-locality into account, we adjust the construction of Pow(E). Most of the
necessary adjustments are rather straightforward and we will construct an associative
ring spectrum P̂ow(E) of K(n)-local stable power operations, with underlying spec-

trum limmΣmL̃FreeE(ΩmE). Here L̃FreeE is a K(n)-local version of F̃reeE , satisfying

L̃FreeE ' LK(n)F̃reeE .

One would like to have an explicit description of Pow(E), but stable power operations in
Morava E-theory at height n > 1 are understood only partially, and so we restrict to the
height n = 1 case, where E ' K∧p and a lot more is known. Due to McClure [BMMS86,
IX.3] we have an operation

Q : π∗(K/p
r ⊗S X)→ π∗(K/p

r−1 ⊗S X),

for X ∈ CAlg, which we will extend to an operation

Q : π∗LK(1)(K
∧
p ⊗S X)→ π∗LK(1)(K

∧
p ⊗S X).

These operations gives us the following useful isomorphism

T(Ωnπ∗K
∧
p ) ∼=

{
Zp[x,Qx,Q2x, ...][u±1], n even

ΛZp [x,Qx,Q
2x, ...][u±1], n odd,
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1 INTRODUCTION

where |u| = 2, from [BF15, 6.14]. This is a key element when we consider π∗P̂ow(K∧p ).
We will not be able to give a full calculation, but we will prove the following description
of π∗P̂ow(K∧p )

Theorem (3.2.10). The homotopy groups π∗P̂ow(K∧p ) of the ring of stable power opera-
tions on K(1)-local commutative K∧p -algebras, is equivalent to the limit of the following

inverse system

· · · π∗θ2n+1−−−−−→ (Zp{x,Qx,Q2x, ...}[u±1])∧p
π∗θ2n−−−→ Σ(ΛZp{x,Qx,Q2x, ...}[u±1])∧p

π∗θ2n−1−−−−−→ (Zp{x,Qx,Q2x, ...}[u±1])∧p
π∗θ2n−2−−−−−→ · · ·

with |x| = |Qix| = 0 and |u| = 2.

In the end we will give a sketch of how one could proceed to calculate this limit. This
relies on a better understanding of the maps in the system above, but these are very
complicated to determine. Surprisingly the expectation is that they are complicated
enough so that there is nothing left in the limit except the identities, which would give
us that π∗P̂ow(K∧p ) ∼= Zp{x}[u±1] with |u| = 2.

1.1 Notation

In these notes we will work in the setting of ∞-categories as developed by Joyal and
Lurie, the standard reference being [Lur09]. Given a symmetric monoidal ∞-category
C we will in general work with the ∞-category of associative algebra objects and the
∞-category of commutative algebra objects of C, which we denote by Alg(C) and CAlg(C)
respectively. Note that if E is a commutative algebra object in C then it is in particular
an associative algebra object in C.

If E ∈ Alg(C) we get a new ∞-category LModE(C) which we will call the ∞-category
of E-modules. One can show that if E is a commutative algebra object in C, then the
relative tensor product equips LModE(C) with a structure of a symmetric monoidal ∞-
cateogry. Objects in this category will be called commutative E-algebras. When denoting
the direct sum and tensor product in these∞-categories we will use ⊕ and ⊗ respectively.
We will further use subscripts on the tensor product to emphasise which one, e.g. ⊗S,
⊗E . We will further denote the terminal object in these ∞-categories by 0.

We will often consider algebra objects in the symmetric monoidal ∞-category of spectra
Sp, with the sphere spectrum S as the monoidal unit. In this case we will omit the
underlying category from the notation of the above categories, i.e. we will denote these
by Alg, CAlg, LModE , CAlgE . We will call objects in Alg associative ring spectra and
objects in CAlg will be called commutative ring spectra. We will often need to consider
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1 INTRODUCTION

the underlying spectrum or module of objects in these ∞-categories, and we will denote
the most used forgetful functors as follows:

CAlgE

LModE Sp.

F
G

H

Let S denote the ∞-category of spaces and C some ∞-category with X,Y ∈ C. Then
we can construct the mapping space MapC(X,Y ) ∈ S . If we further assume that C is
stable, then this mapping space has a canonical structure of an in�nite loop space and
can be extended to a mapping spectrum mapC(X,Y ) ∈ Sp, such that MapC(X,Y ) '
Ω∞mapC(X,Y ).

When we talk about (co)limits, we will always mean their∞-categorical versions. In the
more classical language of model categories, these would correspond to what is know as
homotopy (co)limits.
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2 THE RING OF STABLE POWER OPERATIONS

2 The Ring of Stable Power operations

The goal of this section is to describe the associative ring spectrum of stable power
operations Pow(E), for any commutative ring spectrum E ∈ CAlg. We further want to
understand how Pow(E) acts on the underlying spectrum of any commutative E-algebra,
and how this is compatible with the stable operations.

From [GH19, 7.4.14] we know that any stable ∞-category C is enriched over spectra,
so we can consider mapC(X,Y ) as a spectrum for any X,Y ∈ C. If we consider the
case X = Y , we can further equip mapC(X,X) with the structure of an associative ring
spectrum by composition. When considered as such we call this the endomorphism ring

of X and denote it by EndC(X). When C is understood we will omit this from the
notation, and simply write End(X).

In a similar way we can de�ne End(F ) for a functor F : C → Sp. We we have from [Lur17,
1.1.3.1] that Fun(C, Sp) is stable for any ∞-category C, since Sp is stable by [Lur17,
1.4.3.6], so we can consider the mapping spectrum mapFun(C,Sp)(F,G). For F = G we
can again turn mapFun(C,Sp)(F, F ) into an associative ring spectrum by composition, and
when we consider mapFun(C,Sp)(F, F ) with this structure, we denote it by End(F ) and
call it the endomorphism ring of the functor F . We are interested in this construction
when applied to the forgetful functor F : CAlgE → Sp, for E ∈ CAlg.

De�nition 2.0.1. Let E be a commutative ring spectrum and F : CAlgE → Sp the
forgetful functor. Then End(F ) is called the ring of stable power operations and we
denote it by Pow(E).

Remark 2.0.2. We wish to justify this de�nition, so let E ∈ CAlg, M ∈ CAlgE and
let F : CAlgE → Sp denote the forgetful functor. An element of π0Pow(E) corresponds
to an equivalence class of natural transformation F ⇒ F , so the underlying spectrum
of M admits an action of every object in Pow(E), given by the evaluation map from
the natural transformation. In particular we note that Pow(E) acts on the underlying
spectrum of E itself. We will later show in Theorem 2.0.19 that this action of Pow(E)
is compatible with the stable cohomology operations.

Using this action, we see that every element of πnPow(E) gives rise to a map F (M) →
ΣnF (M), which then further gives a map πkF (M)→ πk+nF (M). This is functorical with
respect to the commutative E-algebraM , hence we get that we can consider the elements
of π∗Pow(E) as giving rise to operations on the homotopy groups of the underlying
spectrum of any commutative E-algebra. These operations are exactly what we call the
stable power operations. A throughout modern introduction to these operations can be
found in [Law20].

Let E(−) : S op → CAlgE denote the function spectrum. Then EX is a commutative
E-algebra for any space X, so using that π∗E

X ∼= E−∗(X) we get by the above that

1



2 THE RING OF STABLE POWER OPERATIONS

π∗Pow(E) describes the stable power operations on the generalized cohomology theory
E∗(−).

There are two di�erent descriptions of this associative ring spectrum in the literature.
The above de�nition is how Pow(E) is de�ned by Lurie [Lur07, Lec.24], where it is de-
noted by R. Our �rst goal of this section is to show that this de�nition is equivalent
to the de�nition given by Glasman-Lawson in [GL20, 7.3], which we will do in The-

orem 2.0.9. An important tool, which we will need throughout the entire thesis, is
functors represented by so called spectrum objects.

De�nition 2.0.3. Let C be an ∞-category which admits �nite limits, let C∗ denote the
∞-category of pointed objects and Ω : C∗ → C∗ the loop functor. Then we de�ne the
∞-category Sp(C) of spectrum objects of C as the limit ∞-category

Sp(C) := lim(· · · → C∗
Ω−→ C∗

Ω−→ C∗
Ω−→ · · · ).

More speci�cally this means that a sequence {Xn} of objects in a suitable∞-category C,
is a spectrum object of C if Xn ' ΩXn+1 for each n. In the same way we get that {Xn}
is a cospectrum object of C, i.e. is in Sp(Cop), if Xn ∈ C for each n and if they satisfy
Xn ' ΣXn+1.

The de�nition of spectrum objects of a general ∞-category C is a bit more involved, but
in the cases relevant for us it follows from [Lur17, 1.4.2.25] that we can use the above
de�nition. From [Lur17, 4.8.1.23] we get that Sp(S ) ' Sp, which is the main example
which we are interested in. We further get from [Lur17, 1.4.2.17] that Sp(C) is a stable
∞-category for any suitable ∞-category C, which means that it makes sense to consider
EndSp(C)(X) for X ∈ Sp(C).

Remark 2.0.4. We want to make a connection between speci�c functors and spectrum
objects. To do so, we need to understand a variant of the Yoneda embedding involving
the latter. Let C be a locally small ∞-category which admits �nite limits. By [Lur09,
5.1.3.1] we then get that the Yoneda embedding

j : C → Fun(Cop,S )

X 7→ MapC(−, X),

is fully faithful. By further applying [Lur09, 5.1.3.2] we get that j preserves �nite limits
in C, hence it induces the so called spectral Yoneda embedding

Υ : Sp(C)→ Fun(Cop, Sp)

c = {cn} 7→ {MapC(−, cn)} ' mapSp(C)(Σ
∞
+ (−), c),

which is still fully faithful.

2



2 THE RING OF STABLE POWER OPERATIONS

De�nition 2.0.5. Let C be a locally small ∞-category with �nite limits. Then we say
that a functor F : Cop → Sp is represented by a spectrum object c ∈ Sp(C) if it is the
image of c under the spectral Yoneda embedding.

Remark 2.0.6. To be able to talk about a functor F : Cop → Sp being represented,
we need C to be locally small and admit �nite limits, and when we will later need to
consider functors represented by cospectrum objects, this has to hold for Cop as well. If
C is a presentable ∞-category, then it is in particular locally small and admits all small
limits and colimits. Hence both C and Cop admits �nite limits in this case, and is locally
small. Therefore it is su�cient for us to show that either C or Cop is presentable, for the
∞-categories which we are interested in.

By [Lur09, 5.5.1.8] we have that S is presentable, so since [Lur17, 1.4.4.4 (1)] tells us
that Sp(C) is presentable for any presentable ∞-category C, we get that Sp ' Sp(S )
is also presentable. [Lur17, 4.2.3.7 (1)] tells us that LModE(C) is presentable for all
such C and E ∈ Alg(C), so we get that this also holds for LModE . Lastly we get from
[Lur17, 3.2.3.5] that both CAlgE and CAlg are presentable since both LModE and Sp
are presentable ∞-categories with su�ciently nice symmetric monoidal structures.

The spectral Yoneda embedding is in general very well-behaved when we are working in
the setting of presentable ∞-categories.

There exists an ∞-category PrL whose objects are presentable ∞-categories and mor-
phisms are colimit-preserving functors, which we by [Lur17, 4.8.1.15] can equip with a
symmetric monoidal structure. From [Lur17, 4.8.1.16] we get that for C ∈ PrL, the full
subcategory FunR(Cop, Sp) ⊆ Fun(Cop, Sp) consisting of all limit-preserving and accesible
functors, is presentable. Note that in the case where Cop is a presentable∞-category, this
assumption on the functors is equivalent to being a right adjoint by the Adjoint functor
theorem [Lur09, 5.5.2.9], which explains the R in the notation. We then get from [Lur17,
4.8.1.23] that whenever C is a presentable ∞-category there is an equivalence in PrL

Sp(C) ' FunR(Cop, Sp).

This equivalence is exactly the spectral Yoneda embedding, so if C is a presentable ∞-
category, this gives us that any limit-preserving accessible functor F : Cop → Sp is
represented by some spectrum object in C.

Using this understanding of functors represented by spectrum objects, we are ready to
turn our focus to proving that the two di�erent ways of de�ning Pow(E), are equivalent.
Therefore we will now de�ne this associative ring spectrum, as done by Glasman-Lawson
[GL20]. For this we need the following left adjoint.

Proposition 2.0.7 (Prop. 7.1 [GL20]). Let E be a commutative ring spectrum. Then

the forgetful functor G : CAlgE → LModE admits a left adjoint FreeE which is given by

FreeE(M) =
⊕
n≥0

(M⊗En)hΣn ' E ⊕

(⊕
n>0

(M⊗En)hΣn

)
.
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2 THE RING OF STABLE POWER OPERATIONS

De�nition 2.0.8. Let E ∈ CAlg be any commutative ring spectrum and
FreeE : LModE → CAlgE the left adjoint to the forgetful functor as above. Then we
call FreeE(M) the free commutative E-algebra on the E-module M .

We can now consider two examples of cospectrum objects, which will be necessary for
us. The �rst example is {ΩnE} ∈ Sp(LModopE ), which we see holds since LModE is
stable by [Lur17, 7.1.1.5], so ΩnE ' ΣΩn+1E for all n ∈ Z. The second example is
{FreeE(ΩnE)} ∈ Sp(CAlgopE ). To see that this holds, we use that FreeE is a left adjoint
by Proposition 2.0.7, and therefore commutes with colimits, which gives us that

FreeE(ΩnE) ' FreeE(ΣΩn+1E) ' ΣFreeE(Ωn+1E)

as desired.

Glasman-Lawson de�nes Pow(E) as the endomorphism ring

Pow(E) := EndSp(CAlgopE )({FreeE(ΩnE)})

of this cospectrum object, in [GL20].

We will in the following theorem show that this de�nition agrees with Luries de�nition
in [Lur07, Lec.24].

Theorem 2.0.9. Let E be a commutative ring spectrum. Then

Pow(E) ' EndSp(CAlgopE )({FreeE(ΩnE)}).

To prove this, we need to show that

EndSp(CAlgopE )({FreeE(ΩnE)}) ' End(F : CAlgE → Sp),

which requires a better understanding of endomorphism rings of functors represented by
spectrum objects.

Proposition 2.0.10. Let C be any locally small ∞-category and F : Cop → Sp some

functor. Then F has a natural lift to LModEnd(F ). If we further assume that C has �nite

limits and that F is represented by a spectrum object Y ∈ Sp(C), then there is a canonical

identi�cation

End(F ) ' EndSp(C)(Y ).

Proof. First, it is clear that F naturally is a left End(F )-module, since End(F ) has a
natural action on F (X) for each X ∈ Cop, given by the evaluation map associated to
each object in End(F ). So we have the desired lift in the diagram

4



2 THE RING OF STABLE POWER OPERATIONS

LModEnd(F )

Cop Sp,

H

F

where H denotes the forgetful functor. The second part relies on the spectral Yoneda
embedding

Υ : Sp(C)→ Fun(Cop, Sp).

Using that F is assumed to be represented by Y and the fact that Υ is fully faithful, we
get the desired equivalence

EndSp(C)(Y ) = mapsp(C)(Y, Y ) ' mapFun(Cop,Sp)(F, F ) = End(F ).

This means that if we have a functor F : Cop → Sp which is represented by Y ∈ Sp(C),
then it is equivalent to mapSp(C)(Σ

∞
+ (−), Y ) and it has a natural lift Cop → LModEnd(F ) '

LModEndSp(C)(Y ).

Lemma 2.0.11. Let E be a commutative ring spectrum. Then the forgetful functor

H : LModE → Sp is represented by the cospectrum object {ΩnE} ∈ Sp(LModopE ) .

Proof. Recall the following adjunction

Sp(LModopE ) LModopE ,

Ω∞

⊥

Σ∞+

from [Lur17, 1.4.4.4]. Using this we get the following calculation for any M ∈ LModE

mapSp(LMod
op
E )(Σ

∞
+ (M), {ΩnE}) ' mapLMod

op
E

(M,Ω∞({ΩnE}))

' mapLModE
(Ω∞({ΩnE}),M)

' mapLModE
(E,M)

' H(M).

We are now ready to prove Theorem 2.0.9.

5



2 THE RING OF STABLE POWER OPERATIONS

Proof of theorem 2.0.9. By Proposition 2.0.10 we get that it is su�cient to prove
that the cospectrum object {FreeE(ΩnE)} represents F : CAlgE → Sp. Using the
adjunction between FreeE and the forgetful functor G : CAlgE → LModE given in
Proposition 2.0.7, followed by Lemma 2.0.11 which says that the forgetful functor
H : LModE → Sp is represented by {ΩnE} ∈ Sp(LModopE ), we get that for any M ∈
Sp(CAlgopE )

mapSp(CAlgopE )(Σ
∞
+ (M), {FreeE(ΩnE)}) ' mapSp(LMod

op
E )(Σ

∞
+ (G(M)), {ΩnE})

' H ◦G(M)

' F (M).

So we get that

Pow(E) = End(F : CAlgE → Sp) ' EndSp(CAlgopE )({FreeE(ΩnE)}),

hence the two de�nitions are equivalent.

Next, we wish to understand the underlying spectrum of Pow(E). To do so, we need the
following de�nition.

De�nition 2.0.12. Let E ∈ CAlg and M ∈ LModE . Then we de�ne the free non-unital

commutative E-algebra on M as F̃reeE(M) := �b(FreeE(M)→ E).

Remark 2.0.13. First we note that this map exists since E ' ⊕n≥0(0⊗En)hΣn '
FreeE(0), so M → 0 induces a natural transformation FreeE(M) → FreeE(0). Using
Proposition 2.0.7 we get that

F̃reeE(M) = �b(FreeE(M)→ E)

' �b

(
E ⊕

(⊕
n>0

(M⊗En)hΣn

)
→ E

)
'
⊕
n>0

(M⊗En)hΣn .

There is a general notion of non-unital commutative ring spectra, and we wish to prove
that the above de�nition of F̃reeE is in fact left adjoint to the forgetful functor from non-
unital commutative E-algebras to E-modules. First we will give an idea of the general
notion of non-unital algebras. The general abstract de�nition is given in [Lur17, 5.4.4.1],
but we will only go through the idea of this construction in our case. Note that it will
not be necessary to understand the technical details containing∞-operads to understand
the rest of this project.

De�ne Surj to be the subcategory of Fin∗ consisting of all objects of Fin∗ such that
α : 〈m〉 → 〈n〉 belongs to Surj exactly when it is surjective. Further, for O⊗ an ∞-
operad we de�ne O⊗nu := O⊗ ×N(Fin∗) N(Surj). Then, given a �bration of ∞-operads

6



2 THE RING OF STABLE POWER OPERATIONS

C⊗ → D⊗ and a map of ∞-operads O⊗ → D⊗ we de�ne the ∞-category of non-unital

O-algebra objects in C as AlgnuO/D(C) := AlgOnu/D(C).

We simplify AlgnuO/D(C) to the case D⊗ ' O⊗ ' N(Fin∗). In this case N(Fin∗)nu '
N(Surj) and we write CAlgnu(C) := AlgnuN(Fin∗)/N(Fin∗)

(C) for the ∞-category of non-
unital commutative algebra objects of C. We can see that this is indeed the non-unital
version of CAlg(C), by considering how the structure arises in CAlg(C). The unit struc-
ture comes from the map 〈0〉 7→ 〈1〉 in N(Fin∗), which is not surjective and hence not
present in CAlgnu(C). On the other hand, the multiplicative structure is still present in
CAlgnu(C) since this comes from the map 〈2〉 7→ 〈1〉, which is surjective.

By [Lur17, 5.4.4.8] we get that the forgetful functor CAlg(C)→ CAlgnu(C) admits a left
adjoint, which is given by

Freenu : CAlgnu(C)→ CAlg(C)
M 7→M ⊕ IC ,

where IC denotes the unit in C. We will now turn our focus to the case where C = LModE
for E ∈ CAlg. In this case we write CAlgnuE := CAlgnu(LModE) and FreenuE for the above
mentioned left adjoint, which in this case maps X ∈ CAlgnuE to X ⊕ E.

Proposition 2.0.14. The functor F̃reeE : LModE → CAlgnuE is left adjoint to the for-

getful functor CAlgnuE → LModE.

Proof. From [Lur17, 3.1.3.13] we get that the forgetful functor CAlgnuE → LModE admits
a left adjoint which we denote by Free′E . Consider the following diagram

LModE

CAlgnuE CAlgE ,

FreeE
Free′E

FreenuE

which commutes since adjoints compose. By the above discussion we know that
FreenuE (M) ' M ⊕ E and from Proposition 2.0.7 we know that FreeE(M) '
⊕n≥0(M⊗En)hΣn , hence

Free′E(M) ' ⊕n>0(M⊗En)hΣn

which is exactly F̃reeE by Remark 2.0.13.

Proposition 2.0.15 (p.15 [GL20]). Let E be a commutative ring spectrum. Then the

underlying spectrum of Pow(E) is limnΣnF̃reeE(ΩnE).

7



2 THE RING OF STABLE POWER OPERATIONS

Remark 2.0.16. The limit in the above proposition exists for any M ∈ LModE , and
we wish to clarify how the maps ΣnF̃reeE(ΩnM) → Σn−1F̃reeE(Ωn−1M) are obtained.

We �rst note that for any M ∈ LModE there is a map M ↪→ F̃reeE(M) which is just the

inclusion into the n = 1 term of the direct sum F̃reeE(M) ' ⊕n>0(M⊗En)hΣn . Using

that F̃reeE is reduced, since F̃reeE(0) ' ⊕n>0(0⊗En)hΣn ' 0, we get that the pullback
diagram

ΩM 0

0 M

y

induces the commutative cube

F̃reeE(ΩM) 0

ΩM 0

0 F̃reeE(M).

0 M

Considering the front and back squares of this commutative cube, together with the fact
that Σ(−) is a pushout, we get the following two unique maps

ΩM 0 F̃ree(ΩM) 0

0 ΣΩM 0 ΣF̃reeE(ΩM)

M F̃reeE(M).

p p

∃! ∃!

If we use the spectrum Ωn−1M and repeat the above, we get the following two unique
maps

ΣnΩnM
'−→ Σn−1Ωn−1M,

ΣnF̃reeE(ΩnM)→ Σn−1F̃reeE(Ωn−1M),

8



2 THE RING OF STABLE POWER OPERATIONS

where the �rst map is known to be an equivalence since LModE is stable, and where the
second map is the one which are used in limn(ΣnF̃reeE(ΩnM)).

Later when we need to understand this limit in greater details for speci�c spectra, it
will be useful to note that the commutativity of the cube above, together with the
construction of the two unique maps by pushouts, gives us the commutative diagram

ΣΩM M

ΣF̃reeE(ΩM) F̃reeE(M),

'

which further induces the following string of commutative squares

· · · Σ2Ω2M ΣΩM M

· · · Σ2F̃reeE(Ω2M) ΣF̃reeE(ΩM) F̃reeE(M),

' ' '

where the lower string of horizontal maps is the inverse system in limnΣnF̃reeE(ΩnM).

Before we move on, we want to get a further understanding of the maps in this limit.

Proposition 2.0.17. Let E ∈ CAlg and M ∈ LModE. Then the maps in

limn(ΣnF̃reeE(ΩnM)) takes products in homotopy to zero.

Later when we calculate examples of the homotopy of this limit, we will get that each
ΣnF̃reeE(ΩnE) will be some speci�c algebra, where knowing that these maps annihilates
products lets us simplify the system greatly.

Before we can prove this proposition, we need a better understanding of the multiplicative
structure on non-unital commutative ring spectra.

Lemma 2.0.18. Let R ∈ CAlgnu be a non-unital commutative ring spectrum. Then we

can equip ΩR with a canonical multiplication which is trivial.

Proof. Let R ∈ CAlgnu andX a pointed space. Then we can equip the mapping spectrum
mapSp(X,R) := mapSp(Σ∞X,R) with the following canonical multiplication:

mapSp(X,R)⊗S mapSp(X,R)→ mapSp(X ∧X,R⊗S R)

→ mapSp(X,R),

9



2 THE RING OF STABLE POWER OPERATIONS

where the �rst map is the external tensor product, and the second map is induced by
precomposing with the diagonal map X → X ∧ X and then postcomposing with the
multiplication R⊗S R→ R. Hence we can consider mapSp(X,R) ∈ CAlgnu.

Now, consider the association X 7→ mapSp(X,R), which gives us the functor composed
by the left adjoint Σ∞(−) and the right adjoint mapSp(−, R). This means that it takes
colimits in S∗ to limits in Sp. By [Lur17, 3.2.2.5] we know that limits in non-unital
commutative ring spectra coincides with the limits in spectra, hence we get that this
functor takes colimits in S∗ to limits in CAlgnu. Consider the following pushout diagram
in S∗

S0 pt.

pt. S1.
p

By applying the above mentioned functor to this diagram, and noting that mapSp(−, R)
is a reduced contravariant functor, we get the following pullback diagram in CAlgnu

mapSp(S1, R) 0

0 mapSp(S0, R).

y

This implies that mapSp(S1, R) ' 0×mapSp(S0,R) 0, so since mapSp(S0, R) ' R we get

mapSp(S1, R) ' 0×R 0 ' ΩR.

This means that ΩR is a non-unital commutative ring spectrum with multiplication
induced by the diagonal map S1 → S1 ∧ S1 ' S2, which is null-homotopic. Hence
multiplication on ΩR is trivial no matter the multiplication on R.

Proof of 2.0.17. We �rst note that ΩM is the pullback of the diagram 0 → M ← 0
in spectra, which by applying F̃reeE(−) becomes the following commutative square of
non-unital commutative ring spectra

F̃reeE(ΩM) 0

0 F̃reeE(M),

10



2 THE RING OF STABLE POWER OPERATIONS

where we have used that F̃reeE is reduced. So using the universal property for the
pullback ΩF̃reeE(M), we get a unique map which makes the diagram commutes

F̃reeE(ΩM)

ΩF̃reeE(M) 0

0 F̃reeE(M).

∃!

y

By Lemma 2.0.18 we know that ΩF̃reeE(M) is a non-unital commutative ring spectrum

with trivial multiplication, so the map F̃reeE(ΩM) → ΩF̃reeE(M) takes products in
homotopy to zero. Hence the same is true for the functor which we are interested in, just
with a degree shift.

Now that we got a basic understanding of Pow(E) and its underlying spectrum, we will
turn our focus to our �rst main theorem.

Theorem 2.0.19. For any commutative ring spectrum E, the ring of stable power op-

erations �ts into a diagram of associative ring spectra

E → Pow(E)→ End(E).

The ring Pow(E) has a natural action on the underlying spectrum of any commutative

E-algebra in a matter compatible with stable cohomology operations, in the sense that

there is a canonical lift in the diagram

S op LModEnd(E)

LModPow(E)

CAlgE LModE .

E(−)

E(−)

We note that the diagram in the theorem above, �ts into diagram (1) in the introduction,
which describes how E(−) can be used to describe both the stable operations and the
stable power operations on the underlying spectrum of any commutative E-algebra.

To prove this theorem we need the following result.

11



2 THE RING OF STABLE POWER OPERATIONS

Proposition 2.0.20 (Prop. 5.7 [GL20]). Let C,D be ∞-categories with �nite limits, and

let G : C → D be a functor with a left adjoint H. Further assume that F : Cop → Sp is a

functor represented by a spectrum object Y ∈ Sp(C). Then there is a map of associative

ring spectra EndSp(C)(Y )→ EndSp(D)(GY ) and a commutative diagram

Dop LModEndSp(D)(GY )

Cop LModEndSp(C)(Y ).

mapSp(D)(Σ
∞
+ (−),GY )

Hop

mapSp(C)(Σ
∞
+ (−),Y )

We know that Pow(E) is the endomorphism ring of a functor, so it makes sense to
describe E and End(E) as endomorphism rings of functors as well.

Lemma 2.0.21. Let E be a commutative ring spectrum. Then

End(E) ' End(E(−) : S op → Sp), E ' End(H : LModE → Sp),

where E(−) denotes the function spectrum and H the forgetful functor.

Proof. To show the �rst part we note that E(−) ' mapSp(Σ∞+ (−), E), so using that

Sp ' Sp(S ), we get that the function spectrum E(−) : S op → Sp is represented by E.
So by applying Proposition 2.0.10 we get that End(E) ' End(E(−) : S op → Sp).

To prove the second part, we note that by Lemma 2.0.11 the forgetful functor
H : LModE → Sp is represented by the cospectrum object {ΩnE}n∈Z, which implies
that it is represented by {ΣnE}n∈Z ∈ Sp(LModopE ) since LModE is stable. So using
Proposition 2.0.10 again, we get

End(H) ' EndSp(LMod
op
E )({ΣnE}n∈Z)

= mapSp(LMod
op
E )({ΣnE}n∈Z, {ΣnE}n∈Z)

' H({ΣnE}n∈Z)

' E.

We are now ready to prove Theorem 2.0.19.

Proof of theorem 2.0.19. We wish to apply Proposition 2.0.20 to C := CAlgopE , D := S
and G := MapCAlgE (−, E)op. By [GL20, 7.1 (2)] we get that E(−),op is left adjoint to
MapCAlgE (−, E)op. We further have from the proof of Theorem 2.0.9 that the forgetful

12



2 THE RING OF STABLE POWER OPERATIONS

functor F : CAlgE → Sp is represented by the cospectrum object Y := {FreeE(ΩnE)}.
So by Proposition 2.0.20 we get the following map of associative ring spectra

EndSp(CAlgopE )({FreeE(ΩnE)})→ EndSp(S )(MapCAlgE ({FreeE(ΩnE)}, E)op).

Using Proposition 2.0.10 we �rst get that

EndSp(CAlgopE )({FreeE(ΩnE)}) ' End(F : CAlgE → Sp) = Pow(E).

Let G : CAlgE → LModE denote the forgetful functor and recall the adjunction
G ` FreeE from Proposition 2.0.7. Using that LModE is stable we then get

{MapCAlgE (FreeE(ΩnE), E)op} ' {MapLModE
(ΩnE,G(E))op}

' {MapLModE
(G(E),ΣnG(E))op}

' {Ω∞ΣnF (E)}
' F (E).

This gives us that the above map is equivalent to Pow(E)→ End(E).

By Lemma 2.0.21 we know that E ' End(H : LModE → Sp), with H the forgetful
functor, so using the following commutative diagram of forgetful functors

CAlgE

LModE Sp,

F
G

H

we get a natural map E → Pow(E) by precomposing with G. Hence we got the desired
string of associative ring spectra

E → Pow(E)→ End(E).

Using that we know from the proof of Lemma 2.0.21 that E(−) is represented by
E ∈ Sp(S ), and hence by Proposition 2.0.10 can be considered as the functor
mapSp(Σ∞+ (−), E) : S op → LModEnd(E), we get the following commutative diagram
by Proposition 2.0.20

S op LModEnd(E)

CAlgE LModPow(E).

E(−)

E(−)

map
Sp(CAlg

op
E

)
(Σ∞+ (−),{FreeE(ΩnE)})

13



2 THE RING OF STABLE POWER OPERATIONS

We see that this map CAlgE → LModPow(E) is the desired lift since the following triangle
commutes

CAlgE LModPow(E)

LModE .

map
Sp(CAlg

op
E

)
(Σ∞+ (−),{FreeE(ΩnE)})

G

2.1 Steenrod Operations

Now that we have a basic understanding of the ring of stable power operations Pow(E),
we would like to consider it in the fundamental case, namely on the commutative ring
spectrum HFp for p a prime. This will let us show that the stable power operations
described by π∗Pow(HFp) on ordinary mod-p cohomology H∗(−,Fp), agrees with the
well-known theory of Steenrod operations. Hence the goal of this section is to calculate
π∗Pow(HFp).

To be able to calculate π∗Pow(HFp), we will recall the Steenrod operations
P i : Hn(X,Fp)→ Hn+2i(p−1)(X,Fp) together with their basic properties and then give
them algebraic structure by de�ning the big Steenrod algebra Bp using their sums and
composition. These operations are usually constructed as power operations, but it can
be shown that they are stable cohomology operations as well, hence it makes sense to
expect π∗Pow(HFp) to capture these.

There are two di�erent ways to de�ne the Steenrod operations: Through a construction
or by an axiomatic characterisation. We will de�ne them axiomatically for a �xed odd
prime p. We will not consider the case p = 2, which is similar, if slightly easier.

De�nition 2.1.1. The ith Steenrod operation is a homomorphism

P i : Hn(X;Fp)→ Hn+2i(p−1)(X;Fp),

which satisfy the following axioms for x, y ∈ Hn(X;Fp) and X,Y topological spaces

� Additivity: P i(x+ y) = P i(x) + P i(y)

� Natural: P i(f∗(x)) = f∗(P i(x)) for f : X → Y

� Cartan formula: P i(x ^ y) =
∑

j+l=i(P
j(x) ^ P l(y))

� Squaring: P i(x) = xp if 2i = |x|

14



2 THE RING OF STABLE POWER OPERATIONS

� Instability: P i(x) = 0 if 2i > |x|

� Unitality: P 0 = 1 the identity.

We note that the squaring property explains why P i raises the degree by 2i(p − 1). In
[Ste62, VI.(1)] it is shown that these operations exists uniquely and that they are stable,
i.e. commutes with the boundary map in the long exact sequence of cohomology. It is
further shown that composition of these operations satisfy the Adem relations

P aP b =
∑
j

(−1)a+j

(
(p− 1)(b− j)− 1

a− pj

)
P a+b−jP j if a < pb

P aβP b =
∑
j

(−1)a+j

(
(p− 1)(b− j)

a− pj

)
βP a+b−jP j

+
∑
j

(−1)a+j+1

(
(p− 1)(b− j)− 1

a− pj − 1

)
P a+b−jβP j if a ≤ pb,

where β denotes the Bockstein homomorphism β : Hn(X;Fp)→ Hn+1(X;Fp).

De�nition 2.1.2. The big Steenrod algebra Bp is the quotient of the free non-
commutative Fp-algebra generated by β, P 0, P 1, P 2, ..., by the Adem relations.

We equip Bp with the grading

deg(P i) = 2i(p− 1), deg(β) = 1.

We can consider H∗(X;Fp) as a Bp-module for any space X, but it has more structure
than that, due to the cup product giving it a multiplicative structure, which is compatible
with the action of Bp. This extra structure is captured in the following de�nition.

De�nition 2.1.3. An algebra with Dyer-Lashof operations is a graded-commutative Fp-
algebra A equipped with operations

P iA : An → An+2i(p−1),

βP iA : An → An+2i(p−1)−1,

written as βεP iA for ε = 0 or 1, which satisfy the following properties

� Additivity: βεP iA(x+ y) = βεP iA(x) + βεP iA(y)

� Squaring: P iA(x) = xp if 2i = |x|

� Instability: βεP iA(x) = 0 if 2i+ ε < |x|

15
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� Unitality: P iA(1) = 0 if i > 0

� Cartan formula:

P sA(xy) =
∑
i+j=s

P iA(x)P jA(y)

βP sA(xy) =
∑
i+j=s

βP iA(x)P jA(y) +
∑
i+j=s

P iA(x)βP jA(y).

In addition they are assumed to satisfy the Adem relations. These relations still holds
after formally applying β on the left and eliminating terms involving ββ.

It is clear that Bp makes H∗(X;Fp) into an algebra with Dyer-Lashof operations, where
βεP iH∗(X;Fp) = βεP−i is the composition of the Steenrod operations P−i and the Bock-
stein homomorphism β, which has degree −ε. Note the di�erence in the grading, which
occurs due to the change from homological grading to cohomological grading. We want
a more general way to describe the structure of these operations.

De�nition 2.1.4. Let A be an algebra with Dyer-Lashof operations and consider a
sequence I = (ε1, s1, · · · , εk, sk) with εi = 0 or 1 and si ∈ Z. Then I determines an
operation

P IA = βε1P s1A · · ·β
εkP skA ,

where β0P siA = P siA and β1P siA = βP siA . We say that I has length k, and we call it
admissible if si ≥ psi+1 + εi+1. Then we de�ne the excess of I as

e(I) = 2sk + ε1 +

k−1∑
i=1

(2si − 2psi+1 − εi+1) = 2s1 + ε1 −
k∑
i=2

(2si(p− 1) + εi).

By convention, the empty set determines the identity operation, has length 0, is admis-
sible and has excess e(∅) = −∞. The grading di�erence mentioned above is encoded
in this sequence I, where the si changes sign whether we consider it as a composite of
Dyer-Lashof operations or of Steenrod operations. Just to clarify the signs, consider the
following composition of Steenrod operations βε1P s1 · · ·βεkP sk on H∗(X;Fp). If we wish
to consider this in terms of Dyer-Lashof operations, it corresponds to P IH∗(X;Fp) where

I = (ε1,−s1, · · · , εk,−sk). So a Steenrod operation determined by this I, is admissible
if sj ≤ psj+1εj+1 and has excess given by e(I) = ε1 − 2s1 +

∑k
j=2(2sj(p− 1)− εj).

From the following result we get that it is su�cient for us to consider those compositions
of Steenrod operations P I , which are determined by admissible sequences I.

Theorem 2.1.5 (Prop.5.2 [Man01]). The set {P I |I admissible } is a basis for the un-

derlying Fp-module Bp.
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Using this, we can describe the grading on Bp as follows: Given a sequence I of length
k as above, we have

deg(P I) =
k∑
i=1

εi + 2si(p− 1).

Using the instability we get that P si(x) = 0 for 2si > |x|, so in any P I there is only
�nitely many of the P si(x) which is non-zero. So we get that Bp acts naturally on
H∗(X;Zp) in a way which preserves the grading.

This instability further gives us that any sum
∑

i≥0 P
i(x) is �nite. In Bp we are only

allowed to take �nite sums, but due to the instability we see that we can also make sense
to considering an in�nite sum of Steenrod operations, as an operation. Since π∗Pow(HFp)
describes all the stable power operations on ordinary mod-p cohomology, we get that we
would expect this to also capture these in�nite sums. Therefore we will need the following
de�nition.

De�nition 2.1.6. Let FiBp := {P I |I admissible , e(I) ≥ i}. This gives a decreasing
�ltration F = (FiBp)i∈Z of Bp, which we call the excess �ltration.

We see that the completion (Bp)
∧ := limBp/FiBp of Bp with respect to the excess

�ltration, describes both all the Steenrod operations as well as the �nite and in�nite
sums therefore. Note here that we are considering the limit as an ordinary limit in the
category of graded Fp-algebras. We wish to show that π∗Pow(HFp) is isomorphic to this
completion.

To do so we will need a way to equip graded Fp-vector speces with Dyer-Lashof operations.
Let Q denote the free functor from the category of graded Fp-vector spaces to the category
of graded Fp-algebras equipped with Dyer-Lashof operations, which is left adjoint to the
inclusion. We then have the following concrete description.

Theorem 2.1.7 (Thm. 10.2 [GL20]). Let V be a graded Fp-vector space and {ei} a

basis. Then Q(V ) is a free graded-commutative algebra on admissible monomials of excess

e(I) ≥ |ei|.

Assuming that the monomials are admissible implies that it is those where we cannot
apply the Adem relations. The next theorem then gives us a connection between the
algebraic description above and topology.

Theorem 2.1.8 (Thm.10.2 [GL20]). Let X be a spectrum. Then we have a

canonical isomorphism between the homotopy of the free commutative HFp-algebra
FreeHFp(HFp ⊗S X) and the free algebra Q(H∗(X;Fp)) in the category of Fp-algebras
with Dyer-Lashof operations.

Note that here FreeHFp denotes the functor constructed in Proposition 2.0.7. We are
now ready to calculate π∗Pow(HFp).
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Theorem 2.1.9. The homotopy groups π∗Pow(HFp) of the ring of stable power oper-

ations on commutative HFp-algebras is isomorphic to the completion (Bp)
∧ of the big

Steenrod algebra with respect to the excess �ltration.

Proof. We start by recalling that by Proposition 2.0.15 we know that the under-
lying spectrum of Pow(HFp) is limn(ΣnF̃reeHFp(Ω

nHFp)), hence we are interested in

understanding π∗limn(F̃reeHFp(Ω
nHFp)). Consider the Milnor short exact sequence for

ΣnL̃FreeHFp(Ω
nHFp) which is given by

0 lim1
nπq+1(ΣnF̃reeHFp(Ω

nHFp))

πq(limnΣnF̃reeHFp(Ω
nHFp))

limn(πqΣ
nF̃reeHFp(Ω

nHFp)) 0.

We will later show that the lim1-term vanishes, so we will consider
limnπq(Σ

nF̃reeHFp(Ω
nHFp)). First we note that

π∗Σ
nF̃reeHFp(Ω

nHFp) ∼= π∗−nF̃reeHFp(Ω
nHFp)

∼= Σnπ∗F̃reeHFp(Ω
nHFp).

Using Theorem 2.1.8 with X = ΩnS, we get that

π∗(FreeHFp(Ω
nHFp)) ∼= π∗(FreeHFp(Ω

nS⊗HFp))
∼= Q(H∗(ΩnS;Fp))
∼= Q(ΩnFp),

so using that π∗ commutes with �nite limits, we get

Q̃(ΩnFp) := ker(Q(ΩnFp)→ Fp)
∼= ker(π∗(FreeHFp(Ω

nHFp))→ Fp)
∼= π∗�b(FreeHFp(Ω

nHFp)→ HFp)
∼= π∗F̃reeHFp(Ω

nHFp).

This gives us that limnπ∗(Σ
nF̃reeHFp(Ω

nHFp)) is equivalent to the inverse system

· · · ΣnQ̃(ΩnFp) Σn−1Q̃(Ωn−1Fp) · · · .θn+1 θn θn−1

18
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Using Theorem 2.1.7 we know that Q(ΩnFp) is a free graded-commutative Fp-algebra
on admissible monomials P Ien of excess e(I) ≥ |en|. We then obtain Q̃(ΩnFp) by remov-
ing the unit from this algebra. Note that ΩnFp is a graded vector space in degree −n on
en, i.e. |en| = −n.

Next we wish to get a better understanding of the maps θn. By Remark 2.0.16 we
have the following commutative square

ΣnΩnHFp Σn−1Ωn−1HFp

ΣnF̃reeHFp(Ω
nHFp) Σn−1F̃reeHFp(Ω

n−1).

'

By applying π∗(−) and using the above calculation, we get the following commutative
diagram containing the maps θn

· · · π∗(Σ
2Ω2HFp) π∗(ΣΩHFp) π∗(HFp) ∼= Fp

· · · Σ2Q̃(Ω2Fp) ΣQ̃(ΩFp) Q̃(Fp).

∼= ∼= ∼=

θ3 θ2 θ1

Let 1 denote the generating element of Fp, and note that the isomorphism π∗HFp ∼= Fp
maps some generator e0 ∈ π∗HFp to 1. Further, the isomorphism Q̃(Fp)

∼=−→
π∗(F̃reeHFp(HFp)) from Theorem 2.1.8 maps the formal P Ie0 to P I(e0), and similar
for products. In particular this means that e0 is mapped to e0. So from the commutative
square

π∗HFp Fp

π∗(F̃reeHFp(HFp)) Q̃(Fp)

∼=

∼=

we get that the right vertical arrow needs to map 1 to e0. This gives us that θ1(e1) = e0.
The top horizontal string of isomorphisms π∗(Σ

nΩnHFp) ∼= π∗(Σ
n−1Ωn−1HFp) maps

en to en−1, so since the above string of squares commutes, we get that θn(en) = en−1.
Further using that the Dyer-Lashof operations are stable [Law20, 5.13], we get that
θn(P Ien) ∼= P Iθn(en) ∼= P Ien−1 for P I ∈ ΣnQ̃(ΩnFp). By Proposition 2.0.17 we
know that θn annihilates products, hence the above system is equivalent to the inverse
system
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· · · {P Ien|e(I) ≥ −n} {P Ien−1|e(I) ≥ −(n− 1)} · · · ,

with I running through all admissible sequences. These maps are surjective, hence the
system satis�es the Mittage-Le�er condition, so the lim1-term in the �rst short exact
sequence disappears. This gives us that

πq(limnΣnF̃ree(ΩnHFp)) ∼= limn(πqΣ
nF̃ree(ΩnHFp)),

so the homotopy group of limnΣn(F̃reeΩnHFp) is equivalent to the above inverse system.

Using that the underlying spectrum of Pow(HFp) is exactly limnΣn(F̃reeΩnHFp), we get
that π∗Pow(HFp) is the completion of the group with basis {P Ien | I admissible }, with
respect to the excess �ltration. Using that this is the basis for the big Steenrod algebra
Bp by Theorem 2.1.5 we get that π∗Pow(HFp) ∼= (Bp)

∧ as desired.

3 Morava E-theory

Let K denote the complex K-theory and recall that this is a 2-periodic spectrum which
satisfy K∗ := π∗K ∼= Z[u±1], with |u| = 2. We then de�ne the p-adic K-theory as
K∧p := limrK/p

r, for some �xed prime p. The goal for the rest of this thesis is to prove a
result similar to Theorem 2.1.9 for K∧p instead of HFp. It will not be possible for us to
calculate π∗Pow(K∧p ) in general, but if we restrict ourself to a localized version, we get
a useful notion of commutative K∧p -algebras, for which we can sketch the calculation of
the stable power operations. Therefore we will �rst try and understand this localization
together with its connection to completion.

It is show in [Lur10, Lec.24, prop.12] that K∧p is in fact equivalent to the �rst in a family
of cohomology theories called Morava E-theory. These are parametrized by a choice of
prime p and an integer n, and each one of these is a 2-periodic commutative ring spectrum
E(Fpn ,Γ) called Morava E-theory at height n. To get deeper into the construction of
these would take us too far a�eld, but it is su�cient to say that E(Fpn ,Γ) is obtained from
the universal deformation of a height n formal group law Γ by applying the Landweber
exact theorem.

The abstract theory which we need to develop for K∧p holds for E(Fpn ,Γ) at any height
n, and we will therefore do this part of the set-up in this generality.

We will �x an integer n and a prime p throughout. We will therefore omit these from the
notation and simply write E := E(Fpn ,Γ). We further write E∗ for π∗E, so E∗(X) =
π∗(E ⊗S X) for X ∈ Sp. It can be shown that E∗ ∼= W (Fpn)[[u1, ..., un−1]][u±1], where
W (Fpn) denotes the ring of p-typical Witt vectors on Fpn and where |ui| = 0, |u| = 2. It
can be shown that E0

∼= W (Fpn)[[u1, ..., un−1]], which is a complete Noetherian regular
ring with maximal ideal m = (p, u1, ..., un−1), where we write u0 = p to ease notation.

20



3 MORAVA E-THEORY

This implies that E∗ ∼= E0[u±1]. Even though E is 2-periodic we will consider E∗-
modules, including E∗ itself, as Z-graded. For a good introduction to the construction
of this cohomology theory see the lecture notes [Lur10], in particular lectures 16, 21 and
22.

Let K(n) denote the Morava K-theory at height n, which is the unique E-module satis-
fying π∗K(n) ∼= E∗/m and plays the role of a residue �eld for E. Consider the Bous�eld
localization of spectra with respect to Morava K-theory

LK(n) : ModE → ModE .

We say that an E-module M is K(n)-local if the K(n)-localization map M → LK(n)M
is an equivalence.

De�nition 3.0.1. Let X be some spectrum. Then we de�ne the completed E-homology

of X as
E∧∗ (X) := π∗LK(n)(E ⊗S X).

We will later discuss how K(n)-localization is related to the algebraic process of comple-
tion which will explain the name of E∧∗ (−).

De�nition 3.0.2. Let M be any E∗-module and m ⊂ E0 the maximal ideal. Then
we de�ne the completion with respect to m as M∧m := limM/mk, and we say that M is
m-complete if the canonical map M →M∧m is an isomorphism.

Further, let Ls : ModE∗ → ModE∗ denote the sth left derived functor ofM 7→M∧m . Then

the natural map M → M∧m factors canonically as M
ηM−−→ L0M → M∧m , and we call M

L-complete if ηM is an isomorphism.

Note that ModE∗ denotes the abelian category of graded E∗-modules, while ModE de-
notes the symmetric monoidal ∞-category of E-modules.

Remark 3.0.3. In the above we chose to de�ne our completion with respect to the
maximal ideal of E0, but it would seem more natural to de�ne it using an ideal of E∗.
The reason behind our choice is that both options gives the same completion, but our
de�nition is a bit easier to work with in practice. As mentioned in the beginning of this
section we know that E∗ ∼= E0[u±1], |u| = 2, so since E0 is a regular local ring we have
a unique maximal ideal m ⊂ E0. Consider the homogenous graded ideal I := mE∗ ⊂ E∗
and let M∗ ∈ ModE∗ . Then we have

(M∗)
∧
I = limM∗/I

kM∗, (M∗)
∧
m = limM∗/m

kM∗,

so to prove that the completions agree, it is su�cient to show that IM∗ ∼= mM∗. For
x ∈ m and m ∈M∗ we get the following isomorphism

IM∗ ∼= mM∗

(x · uk) ·m 7→ x · (uk ·m)

(x · u0) ·m 7→x ·m.
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Our �rst goal of this section is to construct an endofunctor T on the abelian category
ModE∗ of graded E∗-modules, which will satisfy (T(π∗M))∧m

∼= π∗LK(n)FreeE(M) for M
a so called �at E-module. This functor can be considered as the E-theoretic analogue
of the functor Q, which we used in the calculation of π∗Pow(HFp) in Theorem 2.1.9.
This part follows [Rez09, Section 4].

De�nition 3.0.4. We say that an E-moduleM is �nite free if π∗M is a �nitely generated
free E∗-module. We let Mod�E denote the full subcategory of ModE consisting of the
�nite free modules. Further let hMod�E denote the full subcategory of hModE which are
spanned by the �nite free E-modules.

Note that every �nite free E-module are equivalent to a module of the form ⊕ki=1ΣdiE,
where Σdi denotes the suspension. So in particular we have that E ∈ Mod�E .

Proposition 3.0.5 (Prop. 3.12 [Rez09]). The functor π∗ : hMod�E → Mod�E∗, which takes

any �nite free E-module M to its homotopy groups π∗M , is an equivalence of categories.

It is a strong assumption to assume that a module is �nite free, so we will often only
need the following weaker de�nition.

De�nition 3.0.6. We say that an E-module M is �at, if π∗M is �at when considered
as a graded E∗-module.

Note that if M is a �nite free E-module, then M is a �at E-module as well, since �nite
free E∗-modules in particular are �at. When we wish to work with this notion, we will
need the following higher algebraic version of Lazard's theorem for �at modules over a
ring, here stated with the "ring" being Morava E-theory.

Proposition 3.0.7 (Prop. 3.14 [Rez09]). An object M ∈ ModE is �at if and only if it is

weakly equivalent to the colimit of some functor F : C → Mod�E which preserves all small

limits in C, for some �ltered category C enriched over topological spaces.

This means that a �ltered colimit colimj∈JMj over a collection {Mj}J of �nite free
E-modules, is a �at E-module.

We wish to try and understand the correspondence between the di�erent completions
mentioned above and K(n)-localizations, in particular when considering �at E-modules.
To do so, we will need the following two results.

Proposition 3.0.8 (Prop. 3.6 [Rez09]). The functors Ls : ModE∗ → ModE∗ vanishes

for s > n. If M∗ is a �at E∗-module, then L0(M∗) ∼= (M∗)
∧
m and Ls(M∗) = 0 for s > 0.

Proposition 3.0.9 (Prop 3.7 [Rez09]). There exists a conditionally and strongly con-

vergent spectral sequence of E∗-modules

Es,t2 = LsπtM ⇒ πs+tLK(n)M,

which vanishes for s > n.
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Proposition 3.0.10. For any �at E-module M we have a string of isomorphisms

(π∗M)∧m
∼= L0(π∗M) ∼= π∗(LK(n)M).

Proof. Let M be a �at E-module. Then we know that Ls(π∗M) = 0 for s > 0 by
Proposition 3.0.8, hence the only non-trivial entries on the E2-page of the spectral
sequence from Proposition 3.0.9 are E0,t

2 = L0πtM . This gives us that all the di�er-
entials are trivial, so the spectral sequence degenerates at the E2-page, i.e. E

s,t
2
∼= Es,t∞ .

The convergence part of Proposition 3.0.9 implies that there exists some sequence of
abelian groups

0 ⊆ F s+ts+t ⊆ F
s+t
s+t−1 ⊆ · · · ⊆ F

s+t
0
∼= πs+tLK(n)M,

such that Es,t∞ ∼= F s+tt /F s+tt+1 . First we have that

L0πs+tM ∼= E0,s+t
∞

∼= F s+ts+t /F
s+t
s+t+1

∼= F s+ts+t .

Using that Ek,s+t−k∞ ∼= 0 for all k 6= 0, we get that

F s+ts+t−1/F
s+t
s+t
∼= E1,s+t−1

∞
∼= 0,

which implies that F s+ts+t−1
∼= F s+ts+t . By repeating this argument we get a string of

isomorphisms

L0πs+tM ∼= F s+ts+t
∼= F s+ts+t−1

∼= · · · ∼= F s+t0
∼= πs+tLK(n)M.

Hence L0π∗(M) ∼= π∗LK(n)M for any �at E-module M , so by applying Proposi-

tion 3.0.8 once more we get

(π∗M)∧m
∼= L0(π∗M) ∼= π∗(LK(n)M).

Example 3.0.11. If we consider Morava E-theory at height 1, then we know that
π∗E(Fp,Γ) ∼= Zp[u±1] with |u| = 2 and Zp the p-adic integers, and then the maxi-
mal ideal is m = (p) ⊂ π0E(Fp,Γ). Let M∗ ∈ Mod�π∗E(Fp,Γ) and M ∈ hMod�E(Fp,Γ) such

that π∗(M) ∼= M∗. Then Proposition 3.0.10 gives us that M∗ is L-complete if and
only if it is p-complete, which further holds if and only if M is K(1)-local.

De�nition 3.0.12. Let M be an E-module. Then we de�ne the mth extended power

as Pm(M) := (M⊗Em)hΣm , which gives a functor Pm : ModE → ModE . This de�nition
also passes to an endofunctor on hModE , which we also denote by Pm.

First we will need these functors Pm to de�ne the above mentioned functor T, but later
it will also be important that FreeEM ' ⊕m≥0Pm(M). Before we can use the above
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de�nition to construct the desired functor T, we �rst need to recall the notion of a Left
Kan extension.

Let F : E → D and H : E → C be two functors between ∞-categories. Then a Left

Kan extension of F along H is a functor LanHF : C → D together with a natural
transformation η : F → LanHF ◦H, which is the initial such pair

E D.

C

F

H
η

LanHF

That it is the initial pair means that if (G : C → D, θ : F → G ◦ H) is another
pair as above, then there exists a natural transformation ω : LanHF → G such that
θ = ωH ◦ η. This universality is equivalent to the following: If LanHF is as above, then
the universality gives a bijection

DC(LanHF,G) ' DE(F,GH)

for any G ∈ DC , where D(−) = Fun(−,D).

Now, consider the following diagram

hMod�E ModE∗

hModE

Mod�E∗

ModE∗

π∗LK(n)Pmi

i

π∗
'

π∗

j

Lanπ∗iπ∗LK(n)Pmi

where i and j are the respective inclusions of the full subcategories, and where π∗ :
hMod�E → Mod�E∗ is an equivalence by Proposition 3.0.5. Using that hMod�E is es-
sentially small we get from [Rez09, 4.3] that there exists a left Kan extension of the
composed functor π∗LK(n)Pmi along π∗i ∼= jπ∗ : hMod�E → ModE∗ . Therefore we can
make the following de�nition.

De�nition 3.0.13. With i and j as above, we de�ne the mth algebraic approximation

functor Tm as the left Kan extension of the composed functor π∗LK(n)Pmi along π∗i ∼=
jπ∗, i.e.

Tm := Lanπ∗iπ∗LK(n)Pmi : ModE∗ → ModE∗ .
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We further de�ne the functor T : ModE∗ → ModE∗ as T(M) := ⊕m≥0Tm(M).

Remark 3.0.14. Since π∗ : hMod�E → Mod�E∗ is an equivalence of categories by
Proposition 3.0.5 and j is an inclusion, we get that the composite π∗i ∼= jπ∗ is
fully faithful. This gives us, that the diagram used to describe the left Kan exten-
sion Tm, commutes by [Lur09, 4.3.3.5]. So if M is a �nite free E-module, we get that
Tm(π∗M) ∼= π∗(LK(n)Pm(M)).

This will be useful when we wish to consider Tm(E∗), and in particular it gives us the
following result.

Proposition 3.0.15. There exists an isomorphism T(E∗) ∼= ⊕m≥0E
∧
∗ (BΣm).

Proof. Using Remark 3.0.14 we get the following calculation

T(E∗) =
⊕
m≥0

Tm(E∗)

∼=
⊕
m≥0

π∗LK(n)Pm(E)

=
⊕
m≥0

π∗LK(n)

(
E⊗Em

)
hΣm

∼=
⊕
m≥0

π∗LK(n) (E ⊗S BΣm)

=
⊕
m≥0

E∧∗ (BΣm).

Another property which will come in handy later on, but which we will not prove, is the
following proposition.

Proposition 3.0.16 (Prop. 4.12 [Rez09]). The functors Tm : ModE∗ → ModE∗ com-

mutes with �ltered colimits.

Our next goal is to prove the following property of T, which will later be used as an
analogue of how [GL20, 10.2] was used in the proof of Theorem 2.1.9, and which is one
of our motivations to consider this functor.

Theorem 3.0.17. If M is a �at E-module, then there exist isomorphisms

L0T(π∗M)→ (T(π∗M))∧m and L0T(π∗M)→ π∗LK(n)FreeE(M).

To prove this theorem, we will need the following two lemmas.
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Lemma 3.0.18. If {Mi}i∈I is a collection of �at E-modules, then ⊕i∈IMi is again a

�at E-module.

Proof. We have assumed that each Mi is �at, so π∗Mi is a �at E∗-module. We recall
that this means that for any injective map K → L of E∗-modules, the induced map
K⊗E∗Mi → L⊗E∗Mi is again injective. So assuming that we have such a map K → L,
we wish to show that the map

K ⊗E∗

(⊕
i∈I

π∗Mi

)
→ L⊗E∗

(⊕
i∈I

π∗Mi

)

is again injective. Using that tensor product distributes over direct sum, we get that this
map is isomorphic to ⊕

i∈I
(K ⊗E∗ π∗Mi)→

⊕
i∈I

(L⊗E∗ π∗Mi).

Since each map K ⊗E∗ π∗Mi → L⊗E∗ π∗Mi is injective, the desired follows.

Lemma 3.0.19. Let L : C → C be a localization of an ∞-category C, and Xn a diagram

in C. Then L(colimn(LXn)) ' L(colimn(Xn)) in C.

Proof. When we consider L as a functor C → LC we know that it is left adjoint to the
inclusion i : LC ↪→ C, and hence preserves colimits. This gives us that

L(colimn(Xn)) ' colimn(LXn),

where the colimit on the left is computed in C and the one on the right is computed in
LC. We further have that

colimn(LXn) ' colimn(L(iLXn)) ' L(colimn(iLXn)),

hence colimn(LXn) computed in LC is equivalent to L(colimn(LXn)) in C. This gives us
that

L(colimn(Xn)) ' L(colim(LXn))

in C.

Proof of Theorem 3.0.17. First we wish to prove that there exists an isomorphism

L0(T(π∗M))
∼=−→ (T(π∗M))∧m. Since we have assumed thatM is a �at E-module, we know

that π∗M is �at as an E∗-module. From Proposition 3.0.16 we know that Tn com-
mutes with �ltered colimits, hence the same is true for T. Applying Proposition 3.0.7

it follows that also T(π∗M) is �at, so by Proposition 3.0.8 we get that

L0(T(π∗M)) ∼= (T(π∗M))∧m.
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To show the second isomorphism we �rst note that since M is assumed to be a �at
E-module, we know from Proposition 3.0.7 that M ' colimj∈JMj for J some �ltered
∞-category and Mj ∈ Mod�E for each j ∈ J . Now, consider the E-module

N =
⊕
i≥0

colimj∈JLK(n)PiMj .

Since each Mj is �nite free, we get from [Rez09, 3.17] that each LK(n)PiMj is �nite free
as well. By Proposition 3.0.7 we then get that colimj∈JLK(n)PiMj is �at for every i,
so by Lemma 3.0.18 we conclude that N is a �at E-module.

Using [Rez09, 3.8] this gives us that the map π∗N → π∗LK(n)N factors through an

isomorphism L0π∗N
∼=−→ π∗LK(n)N .

First we consider π∗N . Using that π∗ commutes with both direct sums and �ltered
colimits we get that

π∗N = π∗

⊕
i≥0

colimj∈J(LK(n)PiMj)


∼=
⊕
i≥0

colimj∈J(π∗(LK(n)PiMj)).

As mentioned above we have that each LK(n)PiMj is �nite free, so using Remark 3.0.14

followed by Proposition 3.0.16 we get that⊕
i≥0

colimj∈J(π∗(LK(n)PiMj)) ∼=
⊕
i≥0

colimj∈J(Ti(π∗Mj))

∼=
⊕
i≥0

Ti(colimj∈J(π∗Mj))

∼=
⊕
i≥0

Tiπ∗(colimj∈J(Mj))

∼= T(π∗M),

hence π∗N ∼= T(π∗M).

Next we consider π∗LK(n)N . Noting that the direct sum is in fact a colimit, we can
apply Lemma 3.0.19, which gives us

π∗LK(n)N = π∗LK(n)

⊕
i≥0

colimj∈JLK(n)PiMj


∼= π∗LK(n)

⊕
i≥0

colimj∈JPiMj


∼= π∗LK(n)FreeE(M).
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So we conclude that the map

T(π∗M) ∼= π∗N → π∗LK(n)N ∼= π∗LK(n)(FreeE(M))

induces the desired isomorphism

L0T(π∗M)→ π∗LK(n)(FreeE(M)).

It is the composed isomorphism which will be interesting for us later, i.e. the isomorphism

(T(π∗M))∧m
∼= π∗LK(n)FreeE(M).

This result indicates that the K(n)-local commutative E-algebras are well-behaved, and
therefore we will now introduce a K(n)-local version of the associative ring spectrum
Pow(E).

3.1 K(n)-local E-modules

In the section above we showed that (T(π∗M))∧m
∼= π∗LK(n)FreeE(M) for any �at E-

module M . This indicates that the K(n)-local commutative E-algebras are nicely be-
haved, and we would like to restrict our attention to this case. We will therefore adjust
the construction of the ring of stable power operations on E, and make an analogue
which only takes this restricted case into account. It turns out that going through the
constructions from section 2 in this setting is relatively straight forward, and we will be
able to de�ne a K(n)-local associative ring spectrum P̂ow(E) of stable power operations
on K(n)-local commutative E-algebras. It is in this local setting that we in the end will

give an outline of the calculation of π∗P̂ow(E(Fp,Γ)).

De�nition 3.1.1. Let M̂odE ⊆ ModE denote the full subcategory consisting of all
K(n)-local E-modules.

Example 3.1.2. We know from [Lur10, Lec.35, Lem.1] that E is K(n)-local, hence E

is naturally in M̂odE . Since ModE is a stable ∞-category we get that both tensor and
limits commutes with �nite sums, so by [Rez09, 3.4 (3)] we get that LK(n) commutes with

the latter. Using that every �nite free E-module is a �nite sum of the form ⊕ki=1ΣdiE,
we get that

Mod�E ⊆ M̂odE ⊆ ModE .

We want to also de�ne a local version of CAlgE , but before we can do so, we need to

show that M̂odE admits a symmetric monoidal structure which is compatible with the
structure on ModE .
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De�nition 3.1.3. Let C⊗ denote a symmetric monoidal ∞-category and L : C → C a
localization of the underlying ∞-category C. Then L is said to be compatible with the

symmetric monoidal structure on C, if for every L-equivalence X → Y in C and every
Z ∈ C, the induced map X ⊗ Z → Y ⊗ Z is again an L-equivalence.

Proposition 3.1.4. The localization LK(n) : ModE → ModE is compatible with the

symmetric monoidal structure on ModE.

Proof. Using [Rez09, 3.4.(1)] we �rst note that LK(n) is equivalent to the localization
functor with respect to the homology theory on E-modules, de�ned by tensoring with
E ⊗S K(n). This means that a morphism f : M → N in ModE , is an LK(n)-equivalence
exactly when

f ⊗S E ⊗S K(n) : M ⊗S E ⊗S K(n)→ N ⊗S E ⊗S K(n)

is an equivalence. Assume that this holds for f , and consider f⊗SW : M⊗SW → N⊗SW
for W some E-module. We know that f ⊗S W ⊗S E ⊗S K(n) ∼= f ⊗S E ⊗S K(n)⊗S W ,
so since f ⊗S E ⊗S K(n) is an equivalence by assumption and W is the identity as a
morphism, we get that f ⊗S W is an LK(n)-equivalence as desired.

Remark 3.1.5. If we consider LK(n) as a localization functor Sp→ Sp, then an argument
analogue to the one given in the proof above, will show that LK(n) is compatible with
the symmetric monoidal structure on Sp as well.

Corollary 3.1.6. For a commutative ring spectrum E, the associative ring spectrum

M̂odE carries an essentially unique symmetric monoidal structure for which the localiza-

tion functor LK(n) is symmetric monoidal.

Proof. This follows from Proposition 3.1.4 together with [Lur17, 2.2.1.9]

We can now de�ne the ∞-category of K(n)-local commutative E-algebras

ĈAlgE := CAlg(M̂odE) ⊆ CAlgE .

We then have a forgetful functor F̂ : ĈAlgE → Sp, and we use this to de�ne the K(n)-
local ring of stable power operations as the endomorphism ring of this functor

P̂ow(E) := End(F̂ : ĈAlgE → Sp).

Proposition 3.1.7. The associative ring spectrum P̂ow(E) is K(n)-local.

Proof. Since every object in ĈAlgE is K(n)-local, the same holds for their underlying

spectra, hence the forgetful functor F̂ : ĈAlgE → Sp is K(n)-local, in the sense that it
takes values in K(n)-local spectra.
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Recall that a spectrum X is K(n)-local if and only if, for every LK(n)-equivalence
α : W → Z in spectra, the map MapSp(Z,X)→ MapSp(W,X) induced by precomposing
with α, is an equivalence of spaces. Assuming that we are given such a map α, we wish
to prove that the map

MapSp(Z,map
Fun(ĈAlgE ,Sp)

(F̂ , F̂ ))→ MapSp(W,map
Fun(ĈAlgE ,Sp)

(F̂ , F̂ ))

is an equivalence. Using the universal property of mapping spectra, we get the following
diagram

MapSp(Z,map
Fun(ĈAlgE ,Sp)

(F̂ , F̂ )) MapSp(W,map
Fun(ĈAlgE ,Sp)

(F̂ , F̂ ))

Map
Fun(ĈAlgE ,Sp)

(Z ⊗S F̂ , F̂ ) Map
Fun(ĈAlgE ,Sp)

(W ⊗S F̂ , F̂ ),

' '

where the lower horizontal arrow is induced by precomposition with α⊗SF̂ . This diagram
commutes, since the vertical equivalences comes from the universal property of mapping
spectra, which is natural.

We claim that α⊗S F̂ is a K(n)-equivalence. First we note that (W ⊗S F̂ )(A) = W ⊗S
F̂ (A), so we get that the map W ⊗S F̂ → Z ⊗S F̂ is given componentwise by

α⊗S F̂ (A) : W ⊗S F̂ (A)→ Z ⊗S F̂ (A).

Using that α : W → Z is a K(n)-equivalence and F̂ (A) is K(n)-local, we get that this is
an equivalence, which further implies that

(α⊗S F̂ (A))⊗S (E ⊗S K(n))

is an equivalence. Using the equivalent description of K(n)-localization, given in [Rez09,
3.4.(1)], we see that α⊗S F̂ is indeed aK(n)-equivalence. Using that F̂ isK(n)-local, and
that we have just showed that the lower horizontal map in the diagram above is induced
by precomposing with a K(n)-equivalence, we get that the map is an equivalence due to
the if and only if statement characterizing K(n)-local spectra mentioned above. Hence
the same holds for the upper horizontal map as desired.

To get a better understanding of P̂ow(E), we need to understand the functor

CAlgE → ĈAlgE induced by LK(n), more precisely we want to show that this induced

functor is left adjoint to the inclusion ĈAlgE ↪→ CAlgE . This requires a �ner analysis
of localization functors on symmetric monoidal ∞-categories. We start by recalling the
following result.
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Proposition 3.1.8 (Prop. 5.2.7.4 [Lur09]). Let C be an ∞-category and L : C → C an

endofunctor with essential image LC ⊆ C. Then the following is equivalent:

1) There exists a functor F : C → D with a fully faithful right adjoint G : D → C and

an equivalence between G ◦ F and L,

2) When L is considered as a functor C → LC, it is left adjoint to the inclusion

LC ↪→ C,

3) There exists a natural transformation η : C ×∆1 → C from idC to L, such that for

every object c ∈ C, the morphisms

L(η(c)), η(Lc) : Lc→ LLc,

in C, are equivalences.

In part two we see that L : C → LC clearly is a localization. If we conversely have a
localization L : C → D, we can identify D with a full subcategory of C, by using the
right adjoint from part one, hence we are in the case of part two again. This means that
this proposition gives us equivalent ways to describe localization functors. Note that
using part three, we get that a localization L is equipped with a natural transformation
η : idC → L.

Proposition 3.1.9. Let C⊗ denote a symmetric monoidal ∞-category and L : C → C
a compatible localization. Then L induces a functor CAlg(C) → CAlg(LC) which is left

adjoint to the inclusion CAlg(LC) ↪→ CAlg(C).

Proof. Let η : idC → L denote the natural transformation which exhibits L as a local-
ization by Proposition 3.1.8. Since L is assumed to be compatible with the symmet-
ric monoidal structure on C, we get from [Lur17, 2.2.1.9 (3)] that it induces a functor
L⊗ : CAlg(C) → CAlg(LC), which we then compose with the inclusion to obtain the
functor

CAlg(C) L⊗−−→ CAlg(LC) ↪→ CAlg(C).

We wish to show that this is a localization, since then it is a left adjoint to the inclusion
of the essential image, which we will argue is exactly CAlg(LC). The above composed
functor can be identi�ed with the functor

L∗ : Fun(N(Fin∗), C⊗)→ Fun(N(Fin∗), C⊗),

given by post composing with L⊗, when restricted to the full subcategory spanned by
the commutative algebra objects of C. First we note that the image of L∗ only contains
functors with essential image contained in LC. Conversely, if F : N(Fin∗) → C⊗ has
essential image contained in LC, then ηF : F → LF is an equivalence at each object,
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hence a natural equivalence. This means that the essential image of L∗ is exactly those
functors with image in LC.

Next we wish to show that L∗ is a localization. To do so, we construct a natural trans-
formation α : idFun(N(Fin∗),C⊗) → L∗ in the category

Fun(Fun(N(Fin∗), C⊗),Fun(N(Fin∗), C⊗)).

A natural transformation in this category is equivalent to a map Fun(N(Fin∗), C⊗) ×
∆1 ×N(Fin∗)→ C⊗. Composing the map ηid : C⊗ ×∆1 → C⊗ with the evaluation map
ev : Fun(N(Fin∗), C⊗)×N(Fin∗)→ C⊗ we get a map

Fun(N(Fin∗), C⊗)×∆1 ×N(Fin∗)
ev−→ C⊗ ×∆1 ηid−−→ C⊗.

This map corresponds to a natural transformation α : idFun(N(Fin∗),C⊗) → L∗, which
exhibits L∗ as a localization by Proposition 3.1.8.

We need to show that L∗ is a localization when restricted to the full subcategory spanned
by the commutative algebra objects of C, but this follows by restricting α to this subcat-
egory.

Corollary 3.1.10. The localization LK(n) : ModE → ModE induces a functor

LK(n) : CAlgE → ĈAlgE which is left adjoint to the inclusion ĈAlgE ↪→ CAlgE.

Proof. By Proposition 3.1.4 we know that LK(n) is compatible with the symmetric
monoidal structure on ModE , so the desired follows by Proposition 3.1.9.

Remark 3.1.11. We further want to construct a K(n)-local version of FreeE . From

[Lur17, 3.1.3.14] we know that the forgetful functor Ĝ : ĈAlgE → M̂odE admits a

left adjoint if M̂odE admits countable colimits, and if for each M ∈ M̂odE the functor
N 7→M ⊗E N preserves countable colimits.

Since ModE is presentable, and localization of presentable ∞-categories are again pre-
sentable by [Lur09, 5.5.4.15 (2)], we get that M̂odE is also presentable, hence it admits
countable colimits. Further we know from Proposition 3.1.4 that LK(n) is compatible
with the symmetric monoidal structure on ModE , hence the functor N 7→ M ⊗E N in
M̂odE preserves countable colimits, since this holds in ModE and localization preserves
colimits. This gives us that the above mentioned left adjoint exists

LFreeE : M̂odE → ĈAlgE .

Using Corollary 3.1.10 together with Proposition 2.0.7 we then have the following
diagram, where the upper and the left arrows are the left adjoints, i and j the respective
inclusions and G, Ĝ the respective forgetful functors
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ĈAlgE M̂odE

CAlgE ModE .

Ĝ

⊥

ia

LFreeE

⊥

jaLK(n)

⊥
G

FreeE

LK(n)

The commutativity of this diagram implies that LFreeE ' LK(n)FreeE , hence Proposi-
tion 2.0.7 gives us

LFreeE(M) ' LK(n)FreeE(M) ' LK(n)

⊕
m≥0

(M⊗Em)hΣm .

Since E is K(n)-local by Example 3.1.2 we see that

E ' LK(n)E ' LK(n)

⊕
m≥0

(0⊗Em)hΣm ,

so using the above description we get that the map M → 0, for M ∈ M̂odE , induces a
natural transformation LFreeE(M) → LFreeE(0) ' E. Hence we can de�ne the K(n)-

local analogue of the functor F̃reeE .

De�nition 3.1.12. Let M ∈ M̂odE . Then we de�ne the free non-unital K(n)-local
commutative E-algebra by

L̃FreeE(M) := �b(LFreeE(M)→ E)

' �b(LK(n)FreeE(M)→ E).

Remark 3.1.13. Using [Rez09, 3.4.(3)] we get that LK(n) commutes with �nite limits,
hence

L̃FreeE ' �b(LK(n)FreeE → LK(n)E)

' LK(n)�b(FreeE → E)

' LK(n)F̃reeE .

By further using the description of F̃reeE from Remark 2.0.13, we get that

L̃FreeE(M) ' LK(n)(⊕m>0(M⊗Em)hΣm) for M ∈ M̂odE .

We wish to get a better understanding of P̂ow(E), in particular we wish to determine the
underlying spectrum and prove a result similar to Theorem 2.0.19, which will describe
how the operations determined by P̂ow(E) are compatible with the stable operations
on K(n)-local commutative E-algebras. The following property of the forgetful functor

F̂ : ĈAlgE → Sp will be necessary for both of these tasks.
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Lemma 3.1.14. The forgetful functor F̂ : ĈAlgE → Sp is represented by the cospectrum

object {LFreeE(ΩmE)} ∈ Sp(ĈAlg
op

E ).

Proof. First we note that ΩmE is a K(n)-local E-module due to Example 3.1.2, so we

get {ΩmE} ∈ Sp(M̂od
op

E ). Next, using the adjunction LFreeE a Ĝ from Remark 3.1.11,

with Ĝ : ĈAlgE → M̂odE the forgetful functor, we get that for any M ∈ CAlgE

map
Sp(ĈAlg

op

E )
(Σ∞+ (M), {LFreeE(ΩmE)}) ' map

Sp(M̂od
op

E )
(Σ∞+ (Ĝ(M)), {ΩmE}).

From Lemma 2.0.11 we know that the cospectrum object {ΩmE} represents the for-
getful functor H : ModE → Sp, so using that {ΩmE} ∈ Sp(M̂od

op

E ) and Sp(M̂od
op

E ) ⊆
Sp(ModopE ) is a full subcategory, we get that

H(−) ' mapSp(Mod
op
E )(Σ

∞
+ (−), {ΩmE}) ' map

Sp(M̂od
op

E )
(Σ∞+ (−), {ΩmE}).

Since the forgetful functor Ĥ : M̂odE → Sp is the restriction of H to M̂odE , we get that
Ĥ is represented by {ΩmE} ∈ Sp(M̂od

op

E ). From this it follows that

map
Sp(M̂od

op

E )
(Σ∞+ (Ĝ(M)), {ΩmE}) ' Ĥ ◦ Ĝ(M) ' F̂ (M)

as desired.

Remark 3.1.15. We can show that there exists a string of associative ring spectra

E → P̂ow(E)→ End(E),

together with a canonical lift in the diagram

S op LModEnd(E)

LMod
P̂ow(E)

ĈAlgE LModE .

E(−)

LK(n)E
(−)

This follows by an argument similar to the one given in the proof of Theorem 2.0.19,
so therefore we will only go through the main points. We know from Lemma 3.1.14

that F : ĈAlgE → Sp is represented by the cospectrum object {LFreeE(ΩmE)}, so by
Proposition 2.0.10 we get that

P̂ow(E) = End(F̂ ) ' End
Sp(ĈAlg

op

E )
({LFreeE(ΩmE)}).

We further have from [GL20, 7.1.(2)] that LK(n)E
(−) is left adjoint to map

ĈAlgE
(−, E),

so by Proposition 2.0.20 we get the existence of the desired string of associative ring
spectra together with the desired lift in the diagram above.
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This gives us a compatibility between the stable operations on the underlying spectrum
of any K(n)-local commutative E-algebra and the actions determined by P̂ow(E). Next

we will calculate the underlying spectrum of P̂ow(E), which will be an essential tool

later, when we give a sketch of the calculation of π∗P̂ow(E(Fp,Γ)) for Morava E-theory
at height 1.

Proposition 3.1.16. The underlying spectrum of P̂ow(E) is limmΣmL̃FreeE(ΩmE).

Proof. We will consider [GL20, 6.1, 6.3] with M = N = E, C = M̂odE , O = N(Fin∗)
and X = 〈1〉. Using Lemma 3.1.14 we know that

F̂ : AlgN(Fin∗)(M̂odE) ' ĈAlgE → Sp

is represented by the cospectrum object {LFreeE(ΩmE)} ∈ Sp(ĈAlg
op

E ), hence F̂ is
equivalent to the functor ΥE in [GL20, 6.1]. By further applying [GL20, 6.3] we then get
that

Pow(E) = End(F̂ ) ' map
M̂odE

(E, limmΣm(L̃FreeE(ΩmE)),

which gives the desired underlying spectrum.

Note that the maps in this limit is constructed as in Remark 2.0.16. We can use this
description of the underlying spectrum of P̂ow(E) to get a better understanding of the

connection between P̂ow(E) and Pow(E).

Proposition 3.1.17. There exists a canonical map ϕ : Pow(E)→ P̂ow(E) of associative
ring spectra.

Proof. Consider the diagram

ĈAlgE CAlgE

Ŝp Sp,

i

F ′

⊥
LK(n)

F

j

⊥
LK(n)

where Ŝp ⊆ Sp is the full subcategory of K(n)-local spectra, F ′ and F the respective

forgetful functors and i, j the inclusions. Write F̂ : ĈAlgE → Sp for the forgetful functor,
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and note that

P̂ow(E) = map
Fun(ĈAlgE ,Sp)

(F̂ , F̂ )

' map
Fun(ĈAlgE ,Sp)

(jF ′, jF ′)

' map
Fun(ĈAlgE ,Sp)

(Fi, F i).

Since composition is functorial we get that precomposing with i de�nes a functor

Fun(CAlgE , Sp)→ Fun(ĈAlgE , Sp),

which gives a map

mapFun(CAlgE ,Sp)(F, F )→ map
Fun(ĈAlgE ,Sp)

(Fi, F i),

of associative ring spectra. Hence we get the desired map

ϕ : Pow(E)→ P̂ow(E).

Remark 3.1.18. By Proposition 3.1.17 we have a canonical map ϕ : Pow(E) →
P̂ow(E), so using that P̂ow(E) is K(n)-local by Proposition 3.1.7, we get a unique
�ller

Pow(E) P̂ow(E).

LK(n)Pow(E)

LK(n)

ϕ

∃!θ

Hence we have a canonical map θ : LK(n)Pow(E)→ P̂ow(E). A natural guess would be
that this is an equivalence, but this is a rather subtle point, as we know explain.

Let U : Alg → Sp denote the forgetful functor. Using Proposition 3.1.16 followed by
Remark 3.1.11 and the fact that localization commutes with �nite colimits, we get that

U(P̂ow(E)) ' limmΣmL̃FreeE(ΩmE)

' limmΣmLK(n)F̃reeE(ΩmE)

' limmLK(n)Σ
mF̃reeE(ΩmE).

Next, if we consider the commutative diagram
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Âlg Alg

Ŝp Sp,

i

U ′

⊥
LK(n)

U

j

⊥
LK(n)

where Âlg denotes the full subcategory of K(n)-local associative ring spectra, U ′ the
forgetful functor and i, j the respective inclusions, we see that U ′(LK(n)Pow(E)) '
LK(n)U(Pow(E)). So using Proposition 2.0.15 we get

U ′(LK(n)Pow(E)) ' LK(n)limmΣmF̃reeE(ΩmE).

This means that up to commuting the localization and the in�nite limit, these two spectra
are very close to being equivalent. If the underlying spectra of P̂ow(E) and LK(n)Pow(E)
were equivalent, we would get that U ′(θ) were an equivalence, hence the same would hold
for θ.

3.2 p-complete K-theory

Since power operations in Morava E-theory at heights n > 1 are understood only par-
tially, we will now turn our focus to height 1 where E ' K∧p and we know a lot more,
which makes this case computationally accessible. So let E denote Morava E-theory at
height 1. First we will introduce an operation Q on E∧∗ (X) following [BF15, Section
6]. These operations gives us a concrete description of T(ΩnE∗), which will be a useful

result when we give a description of the underlying spectrum of π∗P̂ow(E) in the end of
this thesis.

Write Kr := K/pr and note that this implies that K∧p ' limrKr. For X a commutative
ring spectrum we further write K∗(X;Z/pr) := π∗(Kr ⊗S X) for the mod p complex

K-theory.

Using these notations we want an easier description for E∧∗ (X) at this height, which does
not use localization. From [Rez09, 3.4 (3)] we get that LK(1)M ' limr(M ⊗S S

0/pr) for
M ∈ ModE . So since E ⊗S X is an E-module for any spectrum X, it follows that

LK(1)(E ⊗S X) ' limr((E ⊗S X)⊗S S
0/pr) ' limr(E ⊗S X/p

r).
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This means that for any spectrum X we have

E∧∗ (X) = π∗LK(1)(K
∧
p ⊗S X)

∼= π∗(limr(K
∧
p ⊗S X/p

r))

∼= π∗((K
∧
p ⊗S X)∧p )

∼= π∗((K ⊗S X)∧p )

∼= π∗(limr(Kr ⊗S X)).

Using this we get that the Milnor short exact sequence for Kr ⊗S X has the form

0→ lim1
rK∗+1(X;Z/pr)→ E∧∗ (X)

φ−→ limrK∗(X;Z/pr)→ 0,

where the existence of the map φ will be necessary later. From [BMMS86, IX, 3.3]
we have an operation Q : K∗(X;Z/pr) → K∗(X;Z/pr−1) for any X ∈ CAlg, which is
compatible with the natural projection maps π, in the sense that

K∗(X;Z/pr+1) K∗(X;Z/pr)

K∗(X;Z/pr) K∗(X;Z/pr−1)

Q

π π

Q

commutes. This implies that Q induces natural operations on the inverse limit

Q : limrK∗(X;Z/pr)→ limrK∗(X;Z/pr).

We wish to argue that Q induces a natural operation on E∧∗ (X) such that

E∧∗ (X) limrK∗(X;Z/pr)

E∧∗ (X) limrK∗(X;Z/pr)

φ

Q Q

φ

(2)

commutes.

We will now �x some notation for the rest of this section. For j = 0 or 1
we have that E∧j (Sj) ∼= Zp, and we let z denote a generator. Then the map

Sj = P1(Sj)→ FreeS(Sj), which sends Sj to the �rst term in the direct sum, induces
a map E∧j (Sj)→ E∧j (FreeS(Sj)), and we let x denote the image of z under this map.
As mentioned above we have a natural map φ : E∧∗ (X) → limrK∗(X;Z/pr) so by
postcomposing with the canonical map limrK∗(X;Z/pr) → K∗(X;Z/pr), we get a
map E∧∗ (X) → K∗(X;Z/pr) for all r. The image of x ∈ E∧j (FreeS(Sj)) under this

map will again be denoted by x. Note that this implies that Qix is well-de�ned for
x ∈ K∗(FreeS(Sj);Z/pr), so the following description ofK∗(FreeS(Sj);Z/pr) makes sense.
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Proposition 3.2.1 (Prop. 6.5 [BF15]). K∗(FreeS(Sj);Z/pr) is the free strictly commu-

tative Z/2-graded algebra over Z/pr on generators {Qix|i ≥ 0}, i.e

K∗(FreeS(S0);Z/pr) ∼= Z/pr[x,Qx,Q2x, ...]

K∗(FreeS(S1);Z/pr) ∼= ΛZ/pr [x,Qx,Q
2x, ...].

Corollary 3.2.2. There exist isomorphisms

E∧∗ (FreeS(S0)) ∼= L0(Zp[x,Qx,Q2x, ...])

E∧∗ (FreeS(S1)) ∼= L0(ΛZp [x,Qx,Q
2x, ...]).

Proof. We will only prove this for even degree, since the odd case is similar. First we
note that by the discussion above, we know that the Milnor short exact sequence for
Kr ⊗S FreeS(S0) has the form

0→ lim1K∗+1(FreeS(S0);Z/pr)→ E∧∗ (FreeS(S0))→ limrK∗(FreeS(S0);Z/pr)→ 0.

We will show that the lim1-term vanishes, so consider limrK∗(FreeS(S0);Z/pr). Using
Proposition 3.2.1 we know that this is equivalent to the inverse system

· · · θr+1−−−→ Z/pr[x,Qx,Q2x, ...]
θr−→ Z/pr−1[x,Qx,Q2x, ...]

θr−1−−−→ · · ·

where θr denotes the quotient maps, which in particular are surjective. This gives us
that this system satis�es the Mittage-Le�er condition, which implies that the lim1-term
disappears, hence we get

E∧∗ (FreeS(S0)) ∼= limrK∗(FreeS(S0);Z/pr).

We note that we can write Zp[x,Qx,Q2x, ...] ∼= colimn(Zp[x,Qx,Q2x, ..., Qnx]), so by the
standard version of Lazard's theorem we get that Zp[x,Qx,Q2x, ...] is a �at E∗-module.
So by using Proposition 3.0.10 together with Proposition 3.2.1 once again, we get

E∧∗ (FreeS(S0)) ∼= limrK∗(FreeS(S0);Z/pr)
∼= limrZ/pr[x,Qx,Q2x, ...]

∼= (Zp[x,Qx,Q2x, ...])∧p
∼= L0(Zp[x,Qx,Q2x, ...]).

As a part of this proof we showed that E∧∗ (FreeS(Sj)) ∼= limrK∗(FreeS(Sj);Z/pr), which
induces the following operation on E∧∗ (FreeS(Sj))
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E∧∗ (FreeS(Sj)) limrK∗(FreeS(Sj);Z/pr)

E∧∗ (FreeS(Sj)) limrK∗(FreeS(Sj);Z/pr).

Q

∼=

Q

∼=

This operation is natural in the following sense.

Lemma 3.2.3 (Lem. 6.7 [BF15]). Let ϕ : (K ⊗S FreeS(Sj))∧p → (K ⊗S FreeS(Sk))∧p be

a map of commutative K-algebras. Then ϕ is compatible with Q in the sense that the

following diagram commutes:

E∧i (FreeS(Sj)) E∧i (FreeS(Sk))

E∧i (FreeS(Sj)) E∧i (FreeS(Sk)).

πiϕ

Q Q

πiϕ

It can then be shown that this operation extends to acting on the homotopy of any
p-complete commutative K-algebra.

Proposition 3.2.4 (Prop. 6.8 [BF15]). There exists an unique operation Q : π∗A→ π∗A
acting on the homotopy of any p-complete commutative K-algebra A, such that Q is

natural with respect to commutative K-algebra maps, and such that Q agrees with the

operation Q : E∧∗ (FreeS(Sj))→ E∧∗ (FreeS(Sj)) for A = (K ⊗S FreeS(Sj))∧p .

Remark 3.2.5. Recall that E∧∗ (X) ∼= π∗((K⊗SX)∧p ), so by applying Proposition 3.2.4
to A = (K ⊗S X)∧p , we get that Q induces an operation

Q : E∧∗ (X)→ E∧∗ (X)

for any X ∈ CAlg, which is natural with respect to commutative K-algebra maps
(K ⊗S X)∧p → (K ⊗S X

′
)∧p . Using [BF15, 6.10] we get that this is the desired operation

which makes diagram (2) commute. Noting that

LK(1)(E ⊗S X) ' limr(E ⊗S X/p
r) ' (K ⊗S X)∧p

for any spectrum X, we get that Q is also natural with respect to any commutative
E-algebra map of the form LK(1)(E ⊗S X)→ LK(1)(E ⊗S X

′).

These operations lets us describe T(E∗) in the following theorem.

Theorem 3.2.6 (Thm 6.14 [BF15]). T(E∗) and T(ΩE∗) are the Z/2-graded polyno-

mial, respectively exterior, algebras over Zp on generators {Qix|i ≥ 0}, i.e there exists

isomorphisms

T(E∗) ∼= Zp[x,Qx,Q2x, ...][u±1]

T(ΩE∗) ∼= ΛZp [x,Qx,Q
2x, ...][u±1]

with |u| = 2.
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Warning 3.2.7. We will omit the [u±1] in the proofs below, and simply regard
Zp[x,Qx,Q2x, ..] and ΛZp [x,Qx,Q

2x, ...] as a Z/2-graded polynomial ring and a Z/2-
graded exterior algebra, respectively.

We are now ready to give a better description of limnπ∗(Σ
nL̃FreeE(ΩnE)), which

we will use to sketch the calculation of π∗P̂ow(E). Write Z̃p[x,Qx,Q2x, ..] and

Λ̃Zp [x,Qx,Q
2x, ...] for Zp[x,Qx,Q2x, ...] and ΛZp [x,Qx,Q

2x, ...] respectively, with the
unit removed. We will start by proving the following two lemmas.

Lemma 3.2.8. There exists an isomorphism

π∗L̃FreeE(ΩnE) ∼=

{
(Z̃p[x,Qx,Q2x, ...])∧p , n even

(Λ̃Zp [x,Qx,Q
2x, ...])∧p , n odd ,

with |x| = |Qix| = 0.

Proof. Using Remark 3.1.11 together with Theorem 3.0.17 we calculate

π∗L̃FreeE(ΩnE) = π∗�b(LFreeE(ΩnE)→ E)
∼= π∗�b(LK(1)FreeE(ΩnE)→ E)

∼= ker(π∗(LK(1)FreeE(ΩnE))→ E∗)

∼= ker(T(ΩnE∗)
∧
p → E∗).

We know that E∗ is 2-periodic, so Ω2nE∗ ∼= E∗ and Ω2n+1E∗ ∼= ΩE∗, hence we only need
to consider these two cases. Using Theorem 3.2.6 together with the above calculation
we then get the desired.

Lemma 3.2.9. The system limnπ∗(Σ
nL̃FreeE(ΩnE)) is equivalent to

· · · π∗θ2n+1−−−−−→ (Zp{x,Qx,Q2x, ...})∧p
π∗θ2n−−−→ Σ(ΛZp{x,Qx,Q2x, ...})∧p

π∗θ2n−1−−−−−→ (Zp{x,Qx,Q2x, ...})∧p
π∗θ2n−2−−−−−→ · · · ,

where the maps π∗θn are induced from those constructed in Remark 2.0.16, and where

|x| = |Qix| = 0.

Proof. We �st note that

π∗(Σ
nL̃FreeE(ΩnE)) ∼= Σnπ∗(L̃FreeE(ΩnE)),

so by applying Lemma 3.2.8 we get that limnπ∗(Σ
nL̃FreeE(ΩnE)) is equivalent to the

system
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· · · (Z̃p[x,Qx,Q2x, ...])∧p Σ(Λ̃Zp [x,Qx,Q
2x, ...])∧p · · ·π∗θ2n+1 π∗θ2n π∗θ2n−1

Using this description of the inverse system together with Remark 2.0.16 we get the
following string of commutative squares

· · · π∗(Σ
2Ω2E) π∗(ΣΩE) π∗(E)

· · · (Z̃p[x,Qx,Q2x, ...])∧p Σ(Λ̃Zp [x,Qx,Q
2x, ...])∧p (Z̃p[x,Qx,Q2x, ...])∧p ,

∼= ∼= ∼=

π∗θ3 π∗θ2 π∗θ1

where the lower horizontal string is exactly the system which we are interested in. To
get a better understanding of the maps π∗θn we �rst consider the commutative square

π∗(E) Zp

π∗(L̃FreeE(E)) (Z̃p[x,Qx,Q2x, ...])∧p ,

∼=

∼=

where we consider Zp as Z/2-graded. We need to get a better understanding of the lower
isomorphism. It is induced from the isomorphism in Proposition 3.2.1, which is given
by

Z/p[x,Qx,Q2x, ...]
∼=−→ K∗(FreeS(S0);Z/p)

x 7→ x

Qix 7→ Qix,

where Qi on the left hand side is formal and on the right hand side is the operation. This
means that for the generator z of Zp, which by construction is mapped to x, we get the
following square

z π∗(E) Zp

π∗(L̃FreeE(E)) (Z̃p[x,Qx,Q2x, ...])∧p .

x x

∼=

∼=

This gives us that the right vertical map takes z to x, so since the string of squares above
commutes, we get that π∗θn(x) = x. We further get from Proposition 2.0.17 that
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products are annihilated. Hence limnπ∗(Σ
nL̃FreeE(ΩnE)) is equivalent to the desired

system

· · · π∗θ2n+1−−−−−→ (Zp{x,Qx,Q2x, ...})∧p
π∗θ2n−−−→ Σ(ΛZp{x,Qx,Q2x, ...})∧p

π∗θ2n−1−−−−−→ · · · .

Theorem 3.2.10. The homotopy groups π∗P̂ow(E) of the ring of stable power operations
on K(1)-local commutative E-algebras is equivalent to the limit of the system described

in Lemma 3.2.9.

Proof. We know from Proposition 3.1.16 that the underlying spectrum of

P̂ow(E) is limnΣnL̃FreeE(ΩnE), so to understand π∗P̂ow(E) we need to understand

π∗limnΣnL̃FreeE(ΩnE). Consider the Milnor short exact sequence for ΣnL̃FreeE(ΩnE),
which is given by

0→ lim1
nπq+1(ΣnL̃FreeE(ΩnE))

→ πq(limnΣnL̃FreeE(ΩnE))

→ limn(πqΣ
nL̃FreeE(ΩnE))→ 0.

We wish to argue that the lim1-term vanishes. This will be done by considering this for
�rst q even and then for q odd. Assuming that q is even we get from Lemma 3.2.8 that

πq+1(ΣnL̃FreeE(ΩnE)) ∼= Σnπq+1(L̃FreeE(ΩnE)) ∼= 0

for each n, hence lim1
nπq+1(ΣnL̃FreeE(ΩnE)) ∼= 0.

If we assume that q is odd, we again get that

πq(Σ
nL̃FreeE(ΩnE)) ∼= 0,

so every term in limn(πqΣ
nL̃FreeE(ΩnE)) is equivalent to 0. In particular this gives us

that the maps in the system are surjective, hence satis�es the Mittage-Le�er condition,
so the lim1-term disappears for q odd. Hence we get

π∗(limnΣnL̃FreeE(ΩnE)) ∼= limnπ∗(Σ
nL̃FreeE(ΩnE)),

so the desired follows by Lemma 3.2.9.

To be able to continue this calculation and give a more precise description of π∗P̂ow(E),
we would need a better understanding of the maps π∗θn. But these are rather complicated
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to determine and surprisingly it is expected that they are so complicated, that all of these
Qix-terms will disappear in the limit, which means we would end up with

π∗P̂ow(E) ∼= Zp{x}[u±1]

with |u| = 2. This implies that there is only the trivial stable power operations on
commutative K(1)-local E-algebras.

A way to prove this, would be to show that the 2-fold suspension in the system above
maps Qx to p ·Qx, and show that this generalize to higher powers of Q, i.e. to Qix. This
could probably be done by using Lawson's description of power operations [Law20].

It is described in [Law20, 4.12, 4.13] how power operations can be factored by weight,
and how we can consider the power operations, both the stable and the unstable, of
weight k of degree m as an abelian group, which for any commutative ring spectrum E,
is denoted by PowE(m, k). Elements of this group in grading r represents a weight-k
natural transformation πm → πm+r on hCAlgE , which induces a natural transformation
Em → Em+r on hCAlg.

It is then shown in [Law20, 4.19] that each of these PowE(m, k) are equivalent to the
E-homology of a speci�c Thom spectrum. By [Law20, 4.25] we further have a description
of the suspension maps σr : PowE(m, k)→ PowE(m+r, k), as induced by a speci�c map
on these Thom spectra. These maps should agree with the ones in our system, but we
will not consider them in this setting, since Thom spectra is outside the scope of this
thesis.
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