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1 Preliminaries

Recall Given f exact m SEE A E E 7 f s t A o

and Ai Ain Aja exact

for it e n

Im Additivity The functor

sees exe
E LdzEdoE

induces a homotopy equivalence

Is SEE E T 1 EE ISCETI X SEEN

This is equivalent to the statement

Let F F F A B be exact functors s it

F F F

is exact Then
IsFEIT I I s F OF I ISAE JI ISBET

Then D seen Gift
A Cao An An i n

induces a etpy eg
Is Setup I see l

Def A commutative diagram
A C

I it
is said to be a homotopy fibre sequence if I



ED
s it

A By W
is a homotopy equivalence
In the case

A A

y y
A B O is said to be

I a homotopy fibre sequence

Then Given a commutative square
9.10 A B

Dt

of hisimplicial setsttefficieity
nice

1 Atm 31 I Btm 3

I Ct some technical
cent

is a HFS

assumptions
then

I AE JI IBE 31

Ice bet
is a Hts

2 Lemmas
F A B exact then we get an exact functor

SFE SAE SBE

Def Given 2 functors e Es D É e we define the pullback
CEECEE
de fate

t Expe se

te IF



Given F A B we define

SCF d B E Need to constructthis

SIESLISBÉ
Here given Kesesset we write

PKEng KEOJIMI KEM IT

with simplicialmaps For G In Im

PKEn EWE PKIn
Fact in to toEm induces a homotopy equivalence

IPKF I IKE

We further havemaps
Em to my LOTTO L

where
amongconstant

KIT PREM Kt

We now define
SCF A B E PSBE

she SBI

Thu F A B induces a homotopy fibre sequence
9 15 ISBELL ISISCF A B ET ET I Is SAE E3
Pt By 9.10 it is suffientffprove this levelwise

ISBE I ISSEEM EJ I IS SALUS ET



Want to construct 3 endofunctors on 5 F A B Em

Note that an object in sting has the form

AESAEn bePSBE X SFEMICA E TICb

so we define

g Seems B seem
b O on b id

L object in PSBED SoAbia bot
define comp Wise

Oi b is
io ja
Ofw

g son

Icai I

A CABCA Ra

BCA Fai
iz

Claim These endofunctors g g id fits into

an exact square

PI o Gilbo id o CA b a CA B CAT id

check component wise

O bot bij B A ij
5 0 bor boy B A oj FCA big exact
i 21 0 by F Aj t bij
O A A

So
g ie g is exact

We can now invoke theadditivity theorem
id e Is gog'D Is SCF A B ET ETI

u



s SIF D B EDIE IBE xsSAEmge
scooter

induces a levelwise homotopy equivalence on geometric

realization
ISBET IsBE

d
s SIF B EDIE Is ISBETASSAEMETI

t
ISISAEDES Is SAEDE

homotopy fibre sequence

consider the situation
a Bbq

W F G exact Then
BED ISSFÉTETI ISSAETE I

I a 1 2 11

ISLET ISSGFETE ISSAEJE
A B S

commutes hence
Cor Given F A B we have a homotopy fiber sequence

ISAEX ISBELL ISS E TIE

3 Cofinality
Def best EÉÉ subcategory isstittal if

i E is closed under extension

ii E is weakly cofinal Ude Dad'ED sit dad'ef
Turn Cofinality Given be D cotinal exact subcategory

we have a homotopy fibre sequence



Kee K D G ko D Kole
It is an exercise to show thisis welldefinedPf We know

IsCETI IsDET ISS GID EJ ET

is a humpty fib seq

no I see IsDET BG htpy fib seq
Aim Show that

IsSte D E JET TBG

We have
NGEn G

BE INGE
We will need the following 2 facts
É Tolste D ET EG and further eachpathcomponent
919

of Isle D E JI is contractible 191manyEthpts
527 SEEM En E SEEN Em

S S E D EJ EJ I e I En is ISIS e D Engle

iii sees d e
A Cao ay ay

induces

IsseeingE I e I see Y

EI 1515 e D EJE I Isle D ET

k.co
kces

T G

NG In

One need to check this eg is compatible w structuremaps
ISIS e D EJE TINGE JI BG
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