COUNTING IN HOMOLOGY: THIRTY YEARS AFTER

RICHARD SHARP

This note is intended as a gloss on my paper Closed orbits in homology classes for
Anosov flows [11], published in 1993 (though written 1991-92). I originally wrote it
to help one of my PhD students read the 1993 paper: when I wrote [11], T thought
it was well written but now, 30 years later, it seems impenetrable'. Since this is
not intended for publication, the style of writing is somewhat informal.

Warwick, 16 March 2023 (with some later corrections)

1. Anosov FLows

Let ¢' : M — M be a transitive Anosov flow generated by a vector field X.
Assume M has first Betti number b > 1, so H;(M,Z) is isomorphic to Z’ @ A,
where A is a finite abelian group (referred to as torsion). The group A is handled
by bolting on the analysis from [6] or Chapter 12 of [7] to the analysis described
below, so, for simplicity, we will assume that A is trivial.

Let Py denote the set of prime periodic ¢-orbits. For v € Py, write I(v) for its
period and [y] € Hy(M, Z) for its homology class. Write Py(T) = {7y € Py : l(7) <
T} and, for « € Hi(M,Z),

mo(T, ) = #{y € Po(T) : W] = a}.

Lemma 1.1 (Parry anfd Pollicott [6]). Let ¢' : M — M be a transitive Anosov
flow. Then {[y] : v € Py} generates H\(M,Z) as a group.

Proof. Let H be the subgroup of Hy(M,Z) generated by {[y] : v € P(¢)}. Suppose
H # H{(M,Z). Then we can find a proper finite index subgroup H' of Hy(M,Z)
which contains H. Let G = H{(M,Z)/H’. By the Chebotarev theorem [6], the
Frobenius elements (conjugacy classes are single elements since G is abelian) of
periodic orbits are equidistributed in G. But the G-Frobenius element of v is the
image of [y] in G = H1(M,Z)/H’, which is trivial since [y] € H. Contradiction. O

Remark 1.2. This can also be used in the situation of a 3-manifold with deleted
knots since Theorem 1.1 of [5] gives equidistribition of Frobenius classes for finite
groups. See [1].

We will make the following stronger assumption.

Assumption A1. ¢' is homologically full: the map [] : Py — Hi(M,Z) is a surjec-
tion.

Remark 1.3. If ¢ is homologically full then it is automatically topologically weak-
mixing (equivalent to topological mixing). This follows from a theorem of Plante
that a transitive Anosov flow only fails to be weak mixing if it is a constant time

Though hopefully not as bad as the poetry of Robert Browning: “Mr. Browning himself,
‘in the philosophic afternoon of life,” frankly confessed its difficulties, and referred to it with a
grim smile as ‘the entirely unintelligible Sordello.” And to an anxious admirer who asked him to
explain its meaning he replied, ‘When I wrote it, only God and I knew; now God alone knows!’
? The Church Quarterly Review, September 1890, following Browning’s death in 1889. There is
interesting information about the “God” quotation, which has been attributed to several people,
on the invaluable online resource Quote Investigator
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2 RICHARD SHARP

suspension of an Anosov diffeomorphism [8]. Such a suspension flow has no null-
homologous periodic orbits. One way of characterising ¢ being topologically weak-
mixing in that {l{(y) : v € Py} generates R as a topological group. (Since Hy (M, Z)
is discrete, we could also formulate the conclusion of Lemma 1.1 as “{[7] : v € Py}
generates Hy(M,Z) as a topological group”.)

We also need to notion of winding cycles (a.k.a. asymptotic cycles). See [9] (a
great paper!) for the original definition. Let m be a ¢-invariant probability measure.
We define the winding cycle ®,,, € Hy(M,R) as follows. Since H;(M,R) is the dual
of HY(M,R), it suffices to say how ®,,, pairs with cohomology classes. This pairing
is given by

(], @) = / w(X,) dim,

where w is a closed 1-form and [w] is its cohomology class. If m is ergodic, we
have the following equivalent definition. For z € M and T > 0, let cp(z) be
the closed curve obtained by taking the orbit segment {¢'(z) : 0 < ¢ < T} and
joining the endpoints by a short curve (of length < diam(M)). Then the limit
limr_ oo T Yer(z)] € Hi(M,R) exists and is constant for m-a.e. x € M, and ®,,
is defined to be this common value.

Lemma 1.4. The following statements are equivalent.
(1) @' is homologically full.
(2) 0 lies in the interior of the convex hull of {[7] : v € Py}.
(3) 0 lies in the interior of the convex hull of {[]/1(7y) : v € Py}.
(4) 0 lies in the interior of {®n, : m € Mgy}, where My is the set of ¢-invariant
probability measures on M.

Remark 1.5. In [2], (4) is made the definition of homologically full.

Partial proof. We will prove some of the implications at this point. Clearly, (1)
implies (2) and (3), and (2) and (3) are equivalent. The set {®,, : m € My} is
compact and convex and it contains {[y]/I(y) : v € Py} as a dense subset (since
periodic orbit measures are weak™ dense in My). Therefore, the convex hull of
{/U(7) : v € Py} is equal to {®,, : m € My}. Thus, (3) and (4) are equivalent.
We will defer consideration of the fact that any of (2)-(4) imply (1) until later. (In
fact, the logic will be that (1) implies (4), (4) implies Theorem 1.6 below, and the

theorem trivially implies (1).) O
Theorem 1.6 (Sharp [11]). If ¢ is homologically full then, for all o € Z°, we have
ey €T
(T, ) ~ Ce™ & T2 as T — oo,
where

h* = sup{hg(m) : m € My and ®,, =0}
(and satisfies 0 < h* < h, where h is the topological entropy of ¢), € € HY(M,R)
minimizes the (well-defined) function 8 : H'(M,R) — R : [w] = P(w(Xy)), and C
is a positive constant (independent of ).

Remark 1.7. I tend to (informally) call £ the magic cohomology class. In [2], it is
called “Sharp’s minimizer”.

For the purposes of exposition, we will start by thinking about the proof of the
following special case. Let mg be the measure of maximal entropy for ¢. (Note
that, by Lemma 1.4, ®,,, = 0 implies homologically full.)

Theorem 1.8 (Katsuda and Sunada [3]). If ®,,, = 0 then, for all « € Zb, we have

6hT

7T(T, Oé) ~ CW,

as T — o0,
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where C is a positive constant (independent of «).

2. SUSPENSION FLOws

We'll now use symbolic dynamics to work at the symbolic level. We have the
following objects:

e a mixing subshift of finite type o : ¥ — %;

e a strictly positive Holder continuous function r : ¥ — R giving a mixing
suspension flow of : £" — X7;

e a Holder continuous function F : 37 — R? such that, for every ot-periodic

orbit ~,
[v] = / Fez’.
vy

Notational conventions. We'll use upper case letters for functions on X" and lower
case letters for functions on 3. Also, we’ll use m (with subscripts) for measures of
¥ and p (with subscripts) for measures on X.

We can define f: ¥ — R® by

r(z) r(x)
f@):/o F(af.(x,O))dt:/O P, t) dt.

By adding a coboundary, we may assume that f: 3 — Zb. If 0"z = & corresponds
to the ¢-periodic orbit v then

(@) =[] and r"(z) =1(7).

The assumption that ¢ is homologically fully can be translated into one of the
following equivalent statements:

e 0 lies in the interior of {[ Fdm : m € M, _},where M, is the set of o,-
invariant probability measures on »".

e 0 lies in the interior of { [ fdp : p € M}, where M, is the set of o-invariant
probability measures on X..

The stronger assumption that ®,,, = 0 can be translated as

/deO:O,

where (abusing notation) mg is the measure of maximal entropy for o,. This is

equivalent to
[ rdun =0

where p_p, is the equilibrium state for —hr.

Spoiler 2.1. In fact, ¢ homologically full and ®,,, = 0 contain more information
than the respective statements above.

3. L-FUNCTIONS

To prove Theorem 1.8, we introduce the dynamical L-functions (generalizing
dynamical zeta functions)

Lis.t)y =[] (1 _ e*Sl<v>+2m<t,m>)*17

yEP



4 RICHARD SHARP

where s € C, t € R’/Z" and P is the set of prime periodic orbits for the suspension
flow, defined wherever the product converges. (Here (-,-) is the standard inner
product on R®.) We also have the following formulae:

=1 , | L en
Lis,)=exp > 3 Ee—sml(w)wmmu,hw =exp Y = Y emert@emict @),

~yeP m=1 n=1 otr=x
Lemma 3.1 ([7]). L(s,t) converges for Re(s) > h and all t € R®/Z".

Remark 3.2. There is also the issue that the symbolic dynamics does not induce
a bijection between P and Py. This can be dealt with using the Bowen-Manning
trick, although this becomes more involved in the general homologically full case.
(However, on 3-manifolds the discrepancy only involves a finite number of periodic
orbits.)

We should also recall the orthogonality relation

/ e2milty) _ lify=0
Rb/Zb Olfy€Zb\{0}

As in the proof of the Prime Orbit Theorem in [7], we might be tempted to
proceed by studying the logarithmic derivative L'/L = (log L)' (where the prime is
0/0s), noting that

o L(s, 1) i .
2Tl ot = — l sml(v).
fo T =2 X 100

m=1 ~yeP:
miyl=a

Assuming we can drop the terms with m > 2, we might hope to know enough about
the LHS (as a function of s) be able to apply some Tauberian theorem to get an

asymptotic for
> i)

YEP:
[Y]=c

and thence for 7(T', ). This nearly works except that it is technically more conve-
nient to consider the functions
v+1

0
n(s,t) = pysy log L(s, t),

where v = [b/2]. (Other choices are possible but this choice of v gives the simplest
singularities, boiling down to the two cases b even and b odd.)
To carry out this programme, we need to look at L(s,t) in a bit more detail. We
want
e L(s,t) is non-zero and analytic in ({s : Re(s) > h} x R®/Z")\ (h,0);
e L(s,t) has a form we can analyse for (s,t) close to (h,0).
Let us state the first point as a lemma and then try to prove it.

Lemma 3.3. L(s,t) is non-zero and analytic in a neighbourhood of (h+it,t) unless
(r,t) = (0,0) € R x R¥/ZV.

From [7], L(s,t) is non-zero and analytic in a neighbourhood of (h +i7,t) except
when —7r 4 27 (t, f) is cohomologous to a function ¢ € C (X, 27Z):

—71r+2n{t, f) =Y +u—uoo. (%)
By Livsic’s theorem, the latter statement is equivalent to
—7r"(x) + 2w (t, f" (x)) = " (x) (%)

whenever ¢"x = x. This implies
e*iTr"(x)JrQﬂ'i(t,f"(z)) -1 (_i.)
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whenever ¢”x = x. Or, in terms of ¢,

exp (~7ilr) + 2 / G(Xs)) =1 ¥rEPs )

where w(Xy) : M — R pulls back to (¢, F') by the symbolic coding. We want to show
that one of these implies (7,¢) = (0,0). It is here that the conditions [ F dmg =0
or [ fdu_p, = 0 are not by themselves sufficient. For example, integrating () with

respect to p_p, gives
—r [ vl = [ v,

If we knew the RHS were zero then we could conclude that (since » > 0) 7 = 0
and substitute back into (1) to get e?™&:f" (@) = 1 whenever 0"z = x. Since (by
Lemma 1.1) {f"(z) : o™z = x} generates Z°, we have ¢>™¥) = 1 for all y € Z°
and so t = 0 € R®/Z°. But we know nothing about Jdp_p,. Let us see how
homological fullness helps us.

Proof of Lemma 3.3. This is the argument from [11]. A function U : M — C is
called continuously differentiable in the flow direction if

exists everywhere and is continuous. By a multiplicative version of Livsic’s theorem
for flows, (f) implies that there is a function U : M — {z € C : |z| = 1} which is
continuously differentiable in the flow direction such that
10U
—T+w(Xy) = ——.
(Xo) 2m U

Integrating by mg we get

1 U’ 1 U
_T+<[W}7¢)mo> :/%F dmgy = <[2MU} 7‘1’mo>’

where the last expression in square brackets in the Bruschlinsky cohomology class
represented by U. (See [9] for an explanation of Bruschlinsky cohomology.) Since
®,,, = 0, we see that 7 = 0 and then argue as above to get t = 0 € R/Z°. O

If we were working in a purely symbolic setting — following the set-up from the
start of the section: o, weak-mixing and {f"(x) : o™z = x} generates Z” — then
we need to make the following assumptions.

Assumption B1. 0 lies in the interior of {[ fdu: p € My} (or an equivalent
formulation as discussed above).

Assumption B2. {((v),[7]) : v € P} (or {(r"(x), f*(x)) : o"x = x, n > 1})
generates R x Z as a topological group.

In line with, for the moment, restricting to the special case ®,,, = 0, we can
strengthen B1 to the following.

Assumption BI*. [ fdu_p, = 0.

Proof of Lemma 3.8 subject to Assumptions B1* and B2. Think of

X(U U) _ 67i7u+2ﬂ'i(t,v>
)

as a character on R x ZP. (1) says that the character is trivial on a generating set
and so it is trivial everywhere. Thus (7,t) = (0,0) € R x R?/Z°. O

After all that, we should start a new section ...
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4. THE SINGULARITY

Recall that we need to understand L(s,t) for (s,t) close to (h,0). From [7], for
(s,t) in a neighbourhood U of (h,0) we have

Al(S,t)

L(s7t) = 1 — eP(=sr+2mi(t,f))’

with A;(s,t) non-zero and analytic. Using the implicit function theorem, we can
define an analytic function s : U — C by P(—s(t)r + 2wi(t, f)) = 0. (We can think
of s(t) as P(2mi(t, F)), an extension of the pressure function for o, to complex
functions.) We get

A2 (57 t)

Lis,t) = s—s(t)’

with As(s,t) non-zero and analytic.
The function s(t) has the following properties.

Lemma 4.1 ([3],[10]).

[10
(1) Re(s(t)) is and even function and Im(s(t)) is an odd function;
(2) VRe(s(0)) =
(3) VIm(s(0)) = 27rdem0 =0
(4) V2Re(s(0)) is negatwe definite;
(5) V?Im(s(0)) =

(0
©
s(

Note that we have used Assumption B1* to get VIm(s(0)) = 0. The only difficult
point is that V2Re(s(0)) is negative definite. The justification for this will appear
in the proof of Lemma 6.3 below.

Recall the function

v+1
n(s,t) = pysy log L(s,t)

— Z Z mu(_l(7))u+1efsml(w)+27ri(t,m['y])

YyEP m=1
where v = [b/2]. In view if the analysis above, we have

(—1)v iy

n(s,t) = W + As(s,t),

with As(s,t) analytic.
Now, for a € Z°, we introduce a function

N (s) = /Rb/Zb e 2B (s, 1) dt.

By Lemma 3.3, 7,(s) is analytic in a neighbourhood of {s € C : Re(s) > h}\ {h}.
We need to know what happens close to h. Again by Lemma 3.3, we have

Na(s) = / e 2m i) (s 1) dt 4+ Ag(s),
u

with A4(s) analytic. Now the key idea is that, since Re(s(t)) has a non-degenerate
critical point at 0, we can apply the Morse lemma to change co-ordinates on U, to
give new co-ordinates 6 with Re(s(t(#))) = h—||0||>. The long calculation is carried
out in [3]; the following lemma is a bowdlerized version.

Lemma 4.2.

(1) If b is even then n,(s) has a singularity of the form 1/(s — h) near s = h.
(2) If b is odd then ny(s) has a singularity of the form 1/v/s — h near s = h.
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Given the more precise version of this lemma proved in [3], we can apply appro-
priate Tauberian theorems to conclude that

Z i l(’y)1+b/2 ~ CehT.

From there, it is straightforward to deduce Theorem 1.8.

5. THE HoMOLOGICALLY FuULL CASE: HEURISTICS

Now suppose that ¢ : M — M is homologically full. Let’s try the same approach
as before and consider the L-function

L(s,t) = H (1 _ e—sl(w)+27ri(t7[7]>)71 — exp Z Z ie—sml(’Y)-‘y—Zﬂim(t,['y])
m

yEP yEP m=1

= exp Z Z —sr™(z)+2mi(t, [ (z ))

o’”z x

Lemma 5.1. L(s,t) is non-zero and analytic on {s € C : Re(s) > h} x R®/Z°.
Furthermore, L(s,t) is non-zero and analytic in a neighbourhood of (h+i7,t) unless
(7,t) = (0,0) € R x R?/Z°.

The first statement is standard from [7]. The second statement is proved in the
same way as Lemma 3.3, except ®,,, = 0 is replaced by ®,,, = 0, where mg is the
equilibrium state for some Holder continuous function G : M — R (the existence of
such a measure m¢ being guaranteed by ¢ being homologically full).

The problem lies in the singularity near (h,0). From Lemma 4.1, we have that

VIm(s(0)) = 271'/de0.

We are no longer assuming [ Fdmg = 0 and if it is non-zero then s(¢) does not
have critical point at 0. This leads the calculations leading to Lemma 4.2 to break
down. So we need another idea.

The following is by nature of a thought experiment. Recall that we want to get
asymptotics for

Z Z )LH/2
YeP  m=1

mi(y )

mh]

(which is just a hop and a step away from having asymptotics for 7(T, «)). Observe
that if we take w € H'(N,R) (which we can also abuse notation by thinking of as
w € RY) then

Z Z )2 gl minl)
ye

ml('y)<T
m[y]=

is an equally good object to look at, since

Z Z 1+b/26(w,a) — e(w,a)S(T, a).
€

P
mily )<T
my]=
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The “right” L-function to study S, (T, «) is

Lo(s,t): =[] (1 _ efsz<w)+<w,m>+2m<t,m>)
YEP

S 1 —sr™(x w,f"(z i ™(x
= eXpZ - Z e (@) +(w, [ (@) +2mi(t, [ (2))
n=1

or=x

-1

Applying the results of [7] again, this converges to an analytic function (for all
t € RY/Z°) provided

P(=Re(s)r + (w, f)) <
Recalling that P(—P({w, F))r 4+ (w, f)) = 0, this maybe rephrased as
) =

Re(s) > P((w, F)) = P(w(Xy)) = B(w),

as defined in Theorem 1.6, where w is a closed 1-form with [w] = w.

So, is there a value of w for which everything works? As we saw above, the issue
is the nature of the singularity of L,,. Let us look at this more closely. From [7],
for (s,t) in a neighbourhood U, of (5(w),0) we have

Al(S,t)
1— eP(fsr+<w,f>+27ri(t,f>) ’

Ly(s,t) =

with A;(s,t) non-zero and analytic. Using the implicit function theorem, we can
define an analytic function s,, : Uy, — C by P(—s(t)r+ (w, f) +2mi(t, f)) = 0. (We
can think of s, (t) as P({w + 2mit, F')), an extension of the pressure function for o,
to complex functions.) We get

AQ(S,t)

Ly (s,t) = P )’

with As(s,t) non-zero and analytic.
We see that

Vs (0) = 21V 3 (w).

(Note that the derivative of s,, is with respect to ¢ while the derivative of § is with
respect to w + 2wit). So s, has a critical point at 0 if and only if 5 has a critical
point at w. Now [ (which is a pressure function) is convex and we might hope it
to be strictly convex (this needs proof). Let us suppose that it is strictly convex.
Then S has a critical point if and only if it has a finite minimum and, if it exists,
this finite minimum is unique. A reasonable strategy therefore seems to be

e show that ¢ homologically full implies that (3 is strictly convex and has a
finite minimum, which we’ll call &;
e use the L-function L¢ to attack the counting problem.

6. THE FuUNCTION 3
As before, define 8 : H'(M,R) by B(w) = P(w(Xy)), with [w] = w. We can

identify H'(M,R) with R® be choosing a basis [w1], .. ., [w] for Hl(M R), with w =
(w1, ...,wp) € R identified with w = w1 [w1] + -+ + wplws] € H' (M, R). We will
first to choose a free generating set g, ..., a; for the Z-module H; (M, Z)/(torsion)

(which also provides a basis for H;(M,R)) and then choose the [w;] according to
(lwil, j) = 0;5.) With this identification,

B(w) = P((w, F)) = P(w1 Fy + -+ + wpFp).

The following result is just standard differentiation of pressure. We will use it
shortly.
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Lemma 6.1. We have

Vﬁ(w) = (/Fl dm<w,p>,...,/dem<w}F>> = /de<w’p>,

where M, py is the equilibrium state for (w, F).

Let us now see what homological fullness tells us. As a warm-up, it is easy to
show that if ¢ is homologically full then § is bounded below by zero.

Lemma 6.2. If ¢ is homologically full then B is bounded below by zero.

Proof. By (4) in Lemma 1.4, we have that, in particular, ®,, = 0 for some m € M,.
Then

Bw) = sup he(v) + (w, ®,)
veMy

> hy(m) + (w, @) = hy(m) > 0.

]

However, this is weaker than 8 having a finite minimum, which we still have to
prove. As it stands, 8 could have an asymptote. (For example e™* is strictly
convex, bounded below, but has no finite minimum.)

Lemma 6.3. If ¢ is homologically full then (B is strictly convexz.

Proof. For 3 to be strictly convex, it is sufficient that V23 be positive definite ev-
erywhere. The latter holds unless there is a w # 0 such that (w, F') is cohomologous
to a constant, c¢ say. Since ¢ is homologically full, there is an m € M for which
J Fdm =0, we have ¢ = 0. Then (w,[y]) = [ (w,F) = 0 for all v € P(¢). By
Lemma 1.1, this gives (w,a) = 0 for all « € Z* and so w = 0. (The end of the proof
could be slightly shortened by using homological fullness again but the argument I
wrote shows that this is not necessary.) ]

Lemma 6.4. If ¢ is homologically full then B8 has a finite minimum.

Proof. For © = 25:1 o € Hy(M,R), we set x* = Z?Zl zilw;] € HY(M,R).
We can then define norms on H;(M,R) and H'(M,R) by ||z| = ||z*| = (z*,z).
(Since ([w;], oj) = 0;;, these are just the Euclidean norms with respect to the bases
ag,...,ap and [wi], ..., [ws], respectively.)

Write C for the convex hull of {[v]/l(v) : v € P(¢)}. If ¢ is homologically full
then 0 € int(C) (statement (3) in Lemma 1.4). Then we can choose € > 0 such that

{z € Hi(M,R) : ||z|| < 2¢} C C.

It follows that ex/|z|| € C for all x # 0, so

ellz™ ]| = ellz]| = € < max(a”, y) ()

(the inequality holding trivially for x = 0). A general element y € C has the form

12
2 iy

YEP ()



10 RICHARD SHARP

with 0 < a, <1 and 2767,(@ ay = 1. Let m, € My be the normalized Lebesgue
measure around . Then, for any »* € H'(M,R),

5t) = sup hu(é) + [ (" F)dv

vEMy

> hy Za’Ym’V +Za7/x F)dm,

YEP(9) YEP ()

= he Z aym. | + Z a7<zl(’$)ﬂ>

YEP(9) YEP(¢)

= h’¢ Z a"/m’Y + <x*ay> 2 <I*7y>a

YEP(9)
S0
B(z") 2 max(e”,y). ®)
Combining (1) and (1) gives
A7) = ellz”].

Now choose r € R in the image of 3. For any w € H*(M,R) with ||w| > /e,
we have S(w) > el|w| > r. It follows that 8 has a unique finite minimum at some
¢ (satisfying ||£]] < r/e€). O

This argument was shamelessly stolen from [4]2. To end the section, we tie a few
other things together.

Lemma 6.5. Let £ be as above. We have
B(&) = hy(me py) = sup{hy(m) : m € My and ®,, =0} >0
and

Vﬁ(f) = /de<€)p> = 0.

Proof. First we note that V3(£) = 0 since £ is a global minimum and the formula
VB(&) = [ Fdmg py is from Lemma 6.1. Now,

5(6) = hotmie.m) + [ (€& F)dmie
= hg(me, r)) + <€>/de (€, F>> = hg(m ry) >0,

where the last term is positive because equilibrium states for Holder continuous

functions have positive entropy. Finally, if m # m py satisfies ®,, = 0 (equiva-
lently, [ F dm = 0), then

B6) > ho(m) + [ {67 don = hglon) + (&, [ Fan) = hoom)

so the characterisation of 5(£) as a supremum also holds. a

2Bad artists copy, great artists steal. Variants of this saying have been attributed to T. S.
Eliot, Picasso and Stravinsky, among others. See Quote Investigator again.
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7. COMPLETING THE PROOF

As Nike’s slogan says, Just Do It. Work with the function L¢(s,t), which con-
verges for Re(s) > h* := §(£). We have:

Lemma 7.1. Lg(s,t) is non-zero and analytic in a neighbourhood of (h* + i, t)
unless (7,t) = (0,0) € R x R?/Z°.

Proof. The proof is the same as the proof of Lemma 3.3 except that ¢, e =018
used instead of ®,,, = 0. O
When it comes to the singularity, we have set things up so that close to (h*,0),
Als,t
LE( s, t) — L)’
s — s¢(t)

where A(s,t) is analytic and s¢ satisfied the following.

Lemma 7.2 ([3],[10]).

]
(1) Re(se(t)) is (md even function and Im(s¢(t)) is an odd function;
2) VRe(s¢(0)
)

( (0)) =
(3) VIm(se(0)) = —27Tdem ey =0
( ¢(0)
( ¢(0)

4) V?Re(s¢(0)) = —V2 B(&) is negative definite;
5) V2Im(s¢(0)) =
Writing
aqul
ne(s,t) = pysy log L¢(s, )
and

Na,e(s) = / 672”i<t’0‘>n§(s,t) dt,
R® 7V

we continue as in section 4 to get:

Lemma 7.3.
(1) Ifbis even then N (s) has a singularity of the form 1/(s—h*) near s = h*.
(2) Ifbis odd then ng ¢(s) has a singularity of the form 1/v/s — h* near s = h*.

From the precise version of this lemma, it is plain sailing to complete the proof
of Theorem 1.6.
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