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Weak Isodrasticity

Strong isodrasticity



Beyond omnigenity

I Good conservation of L =
∫
γ p‖b

[ is not guaranteed when
bounce period T is large, so omnigenity might not guarantee
small 〈ψ̇〉 near marginal cases.

I Also, change of ZGCM class can produce a large change in
region visited, or transition into a class whose trajectories are
not bounded (like ripple bouncers).

I Equilibria with anisotropic pressure (but no flow) might not

have a flux function. Closest is ibdp⊥ + |B|ibd(
p‖−p⊥
|B| ) = 0.

I But for confinement, don’t need all GC motion to stay close
to flux surfaces. Indeed, don’t need flux surfaces: for B ∈ C 3,
approximate integrability of B suffices to confine circulating
GCs, and approximate conservation of L suffices for bouncing
GCs away from marginal cases.

I Idea: Drop requirement for a flux function, prevent transitions
between classes of GC motion, and make some KAM tori in
each relevant class.



Isodrastic fields
I Magnetic fields for which transitions in FGCM between differ-

ent types of ZGCM are prevented. Assume B ∈ C r , r ≥ 2.

I Can formulate without assuming a flux function.

I Say B is weak isodrastic if marginal cases are never reached
from non-marginal ones by L-reduced FGCM (Cary &
Shasharina call it omnigenity for marginally trapped particles).

I L-reduced dynamics in scaled variables h = E/µ, j = L/
√
mµ:

reduced phase space Fj at given j ∈ R+ is the space of poss-
ible segments γ for ZGCM with

∫
γ

√
2(h − |B|) = j for some

h ∈ R with |B| = h at the ends of γ and |B| < h in between.
The reduced Hamiltonian Hj is the value of h. The symplectic
form is β in any transverse section to the segments (it gives
the same value in any transverse section). Gives reduced
vector field X in scaled time τ = µ

e t by iXβ = −dHj .

I Reduced dynamics not valid near marginal cases, but continue
nonetheless; later, treat transitions exactly (strong isodrastici-
ty), discover reduced dynamics gives correct 1st order answer.



continued

I In general, Fj consists of several C r surfaces, limited by curves
of non-degenerate marginal cases (local maximum at an end
or interior point of γ), which in turn possibly meet in doubly
marginal points (non-quadratic critical point or heteroclinic)./POMJOFBSJUZ �� 	����
 ���� + 8 #VSCZ FU BM

'JHVSF �� &YBNQMFT PG BQQSPBDI UP NBSHJOBM DBTFT GPS CPVODJOH TFHNFOUT 	|#| BHBJOTU
BSD MFOHUI T BMPOH àFME MJOFT
�

*O DPOUSBTU JU HPFT XSPOH GPS SJQQMF�USBQQFE QBSUJDMFT JO UPLBNBLT� 5IFZ BSF B DMBTT PG
CPVODJOH USBKFDUPSJFT JO B QPMPJEBMMZ DPOàOFE SFHJPO 	OPU BSPVOE UIF FRVBUPSJBM QMBOF
 GPS
XIJDI UIF |#| DPOUPVST JO Σ+ BSF BQQSPYJNBUFMZ WFSUJDBM TP GPS POF TJHO PG F/N UIF HVJEJOH
DFOUSFT MFBWF UIF EFTJSFE TPMJE UPSVT� "OZ QBSUJDMFT UIBU NBLF UIF USBOTJUJPO JOUP UIJT DMBTT BSF
MPTU� 4FF àHVSF � PG <(5> GPS BO FYBNQMF BOE <1+> GPS NPSF�

0OF DBO BMTP USFBU UIF MJOFBS BQQSPYJNBUJPO UP TIPSU CPVODFT XJUI K> �� *U HJWFT K =
π(I− INJO)/

√
|#| ′ ′ XIFSF

√
|#| ′ ′ JT FWBMVBUFE POΣ+ 	BOE JT UIF CPVODF GSFRVFODZ JO B TDBMFE

UJNF
� 4P UP UIJT PSEFS JO K

)K(.) = |#(.)| +
√

|#(.)|′′ K
π

,

XIFSF . ∈ Σ+�
"MUIPVHI PVS GPDVT JO UIJT QBQFS JT PO USBOTJUJPOT CFUXFFO DMBTTFT UIF BCPWF CFIBWJPVS PG

TIPSU CPVODFST JT PG JOEFQFOEFOU JOUFSFTU� :FU JU XJMM CF TFFO JO TFDUJPO ��� UP CF PG SFMFWBODF
UP USBOTJUJPOT GPS QFSUVSCBUJPOT PG B UPLBNBL àFME�

���� 8FBL JTPESBTUJDJUZ

5IF BEJBCBUJD JOWBSJBOU K JT XFMM DPOTFSWFE JG UIF TFHNFOU DIBOHFT SFMBUJWFMZ MJUUMF EVSJOH POF
CPVODF QFSJPE� 5IF DPOEJUJPO DBO CF XSJUUFO BT �

!�

√
|#| ∂K

∂I # �/ρ XIFSF # JT B MFOHUITDBMF
GPS WBSJBUJPO PG # BOE ρ JT UIF HZSPSBEJVT 	�
� 5IJT GBJMT XIFO UIF QFSJPE CFDPNFT MBSHF JO
QBSUJDVMBS BT B TFHNFOU BQQSPBDIFT B NBSHJOBM DBTF� 'JHVSF � TIPXT UIF UISFF QSJODJQBM XBZT
NBSHJOBM DBTFT DBO CF BQQSPBDIFE�

����

/POMJOFBSJUZ �� 	����
 ���� + 8 #VSCZ FU BM

'JHVSF ��� 4PNF XBZT UP EPVCMF USBOTJUJPO�

'JHVSF ��� "O FYBNQMF PG B DPSOFS JO UIF SFEVDFE TQBDF 'K�

/PUF UIBU UIF UJNFT TQFOU CZ B QFSJPEJD PSCJU OFBS UIF TBEEMFT PG B IFUFSPDMJOJD DZDMF PG
B )BNJMUPOJBO TZTUFN BSF BTZNQUPUJDBMMZ QSPQPSUJPOBM UP UIF -ZBQVOPW UJNFT PG UIF TBEEMFT
	J�F� UIF JOWFSTFT PG UIFJS QPTJUJWF -ZBQVOPW FYQPOFOUT
� 4P VTJOH 	��
 BMPOH UIF DVSWF GPS
FRVBM IFJHIU E)K JT BTZNQUPUJD UP UIF DPOWFY DPNCJOBUJPO PG EI BU UIF UXP FOET XFJHIUFE CZ
UIFJS -ZBQVOPW UJNFT�

/PUF BMTP UIBU EJ HPFT UP JOàOJUZ BU HFOFSJD DPSOFST CFDBVTF UIF UJNF TQFOU OFBS UIF TFDPOE
TBEEMF HSPXT MPHBSJUINJDBMMZ BT JU JT BQQSPBDIFE BMPOH B MFWFM DVSWF PG J  BOE UIF EFSJWBUJWF
PG J JT SFMBUFE UP UIJT UJNF�

"QQFOEJY )� %JQPMF GJFME

"T B TJNQMF JMMVTUSBUJPO PG Σ BOE UIF SFEVDFE )BNJMUPOJBO )K XF DPOTJEFS ($. JO B EJQPMF
àFME

#=
�DPTθ Ŝ− [̂

S�

JO TQIFSJDBM QPMBS DPPSEJOBUFT 	SBEJVT S DPMBUJUVEF θ MPOHJUVEF φ
 JMMVTUSBUFE JO àHVSF ��� 5IF
EJQPMF TUSFOHUI IBT CFFO TDBMFE UP �π� 5IF àFMEMJOFT BSF S= SF TJO� θ φ = DPOTUBOU XIFSF SF

����



continued

I Hj is differentiable at all non-marginal points of Fj : given
vector field on Fj , extend to GC phase space by any smooth
vector field X that takes B-lines to B-lines with
1
2u

2
‖ + |B| = Hj . Then a calculation gives

iXdHj =
1

T

∫
(iX⊥d |B|+ 2(Hj − |B|)Ω(X , b, c)) dt

with T =
∫
dt for ZGCM.

I So iXdHj = 〈iX⊥(d |B|+ 2(Hj − |B|)κ[)〉, with κ curvature
vector of fieldlines.

I In particular, note that as a segment approaches (single)
marginality then dHj → d |B| at the point with iBd |B| = 0,
because the period is dominated by time near that point.



Critical points of |B | along B
I To address marginality, need the set Σ of critical points of |B|

along fieldlines, i.e. the zeroes of |B|′ = ibd |B|.
I Subdivide Σ into Σ+ ∪Σ0 ∪Σ− according to the sign of |B|′′./POMJOFBSJUZ �� 	����
 ���� + 8 #VSCZ FU BM

'JHVSF �� 5IF TFU Σ PG DSJUJDBM QPJOUT PG |#| BMPOH àFMEMJOFT GPS 	B
 B EJQPMF 	C
 B NJSSPS
NBDIJOF BOE 	D
 B UPLBNBL�

5IJT DBO CF SFDPHOJTFE BT UIF UJNF UBLFO GSPN T� UP T� CZ UIF EZOBNJDT ET
EU = ±

√
�(I− |#|) PG

UIF TDBMFE )BNJMUPOJBO )= �
�V

� + |#(T)|� 5IVT UIF QFSJPE PG CPVODJOH JO UIF PSJHJOBM UJNF JT

5= �
√

N
µ

EK
EI � "T B CPVODJOH TFHNFOU BQQSPBDIFT NBSHJOBMJUZ UIF QFSJPE HPFT UP JOàOJUZ� 'PS

FYBNQMF BQQSPBDIJOH B OPO�EFHFOFSBUF MPDBM NBYJNVN BU POF FOE XJUI |#| = I� BOE |#| ′ ′ =

−B UIF QFSJPE EJWFSHFT BTZNQUPUJDBMMZ MJLF 5∼
√

N
µB MPH

�B
|I−I�| �

" LFZ SPMF JT QMBZFE JO UIF SFEVDFE EZOBNJDT CZ UIF TFU Σ PG DSJUJDBM QPJOUT PG |#| BMPOH
àFMEMJOFT J�F�

Σ = {Y ∈ R� : |#(Y)| ′ = �}, 	��


XIFSF BT CFGPSF ′ EFOPUFT EFSJWBUJWF XJUI SFTQFDU UP BSDMFOHUI BMPOH B àFMEMJOF� 4VCEJWJEF Σ
JOUP UIF EJTKPJOU VOJPO

Σ = Σ+ ∪ Σ� ∪ Σ−,

BDDPSEJOH BT |#| ′ ′ > �,= � PS < � SFTQFDUJWFMZ 	OPOEFHFOFSBUF MPDBM NJOJNB EFHFOFSBUF DSJU�
JDBM QPJOUT OPOEFHFOFSBUF MPDBM NBYJNB
� #Z UIF JNQMJDJU GVODUJPO UIFPSFN Σ± BSF $S−�

TVSGBDFT 	XJUI QPTTJCMZ TFWFSBM DPNQPOFOUT
� 'PS S! � Σ� JT HFOFSJDBMMZ B $S−� DVSWF
	XJUI QPTTJCMZ TFWFSBM DPNQPOFOUT
 BOE HFOFSJDBMMZ GPSNT UIF DPNNPO CPVOEBSZ PG Σ± 	TFF
BQQFOEJY &
� 4PNF FYBNQMFT BSF TIPXO JO àHVSF ��

5IF BOBMZTJT QSFTFOUFE JO UIJT "SUJDMF EFNPOTUSBUFT UIBU UIF JEFOUJàDBUJPO PG Σ JO B NBH�
OFUJD àFME JODMVEJOH JUT EFDPNQPTJUJPO JOUP Σ± BOE Σ� JT B LFZ TUFQ UP VOEFSTUBOEJOH UIF
DPOàOFNFOU QSPQFSUJFT PG UIF àFME�

5IFSF BSF WBSJPVT XBZT UP MBCFM B TFHNFOU PG àFMEMJOF� "MM JODMVEF TQFDJGZJOH UIF àFMEMJOF γ
BOE UIF 	DPNNPO
 WBMVF I PG |#| BU JUT FOEQPJOUT� 5P DPNQMFUF UIF MBCFM XF IBWF UP TBZ XIJDI
XFMMT PG |#| JU WJTJUT BMPOH UIF àFMEMJOF� 0OF XBZ UP EP UIJT JT UP TQFDJGZ UIF TFU PG BMM MPDBM
NJOJNB JU WJTJUT PS JOEFFE UIF TFU PG BMM JUT JOUFSTFDUJPOT XJUI Σ� (JWFO γ BOE I UIJT JT NPSF
UIBO JT SFRVJSFE UP TQFDJGZ UIF TFHNFOU CFDBVTF UIF TFHNFOU JT DPOOFDUFE TP POF DPVME JOTUFBE
TFMFDU POF PG UIF MPDBM NJOJNB� 5IF POMZ QSPCMFN XJUI BOZ PG UIFTF TQFDJàDBUJPOT JT UIBU BT
UIF TFHNFOU NPWFT UP OFBSCZ àFMEMJOFT UIF TFU PG MPDBM NJOJNB NBZ DIBOHF TJ[F CFDBVTF POF
NJHIU CF BOOJIJMBUFE CZ B MPDBM NBYJNVN PS B OFX POF DSFBUFE GSPN B IPSJ[POUBM JOáFDUJPO�

����

I Marginality consists of having an endpoint in Σ−0 = Σ− ∪Σ0.

I Bouncing segments have a point of Σ+ ∪ Σ0 in their interior.

I Σ is a C r−1 surface as long as d(|B|′) 6= 0, which is generic
on Σ. In particular, it is guaranteed on Σ± (where
ibd(|B|′) 6= 0), so Σ± are always C r−1 surfaces.

I For r ≥ 3, Σ0 is generically a C r−2 curve forming common
boundary of Σ±: defined by |B|′ = 0, |B|′′ = 0, so fails only if
d |B|′, d |B|′′ parallel, which sums to 4 conditions in 3 variables.



Reformulation
I B is weak isodrastic iff marginal segments remain marginal.

I Define functions H and J ± on Σ− by H = |B||Σ− and

J σ =
∫
γσ

√
2(H− |B|) |ds| for the segment γσ from the

chosen point of Σ− in direction σ ∈ {±} to the first point at
which |B| = H again (if exists).

I Note that for x ∈ Σ−, HJ σ(x)(x) = H(x), and as a segment
endpoint approaches Σ−, dHj → dH.

I For A ⊂ Σ−0 let Aσ be the subset without heteroclinic
connection in direction σ.

I Theorem:
1. If B weak isodrastic & σ ∈ {±} then dH, dJ σ are linearly

dependent at each point of Σ−
σ

;
2. If B weak isodrastic and Σ0σ smooth then H,J σ are constant

on connected components of Σ0σ;
3. If J± constant on components of level sets of H then B weak

isodrastic.

I Informally, B weak isodrastic iff contours of H,J± on Σ−0 coincide.



Proof
1. If dJ σ, dH indpt at x0 ∈ Σ−

σ
, let j0 = J σ(x0). J−1(j0) is locally a

smooth curve and the boundary of Fj0 . dH(x0) 6= 0 and tangent to
∂Fj0 not in ker dH. dHj0 → dH as x0 is approached from IntFj0 . So
ker dHj0 is transverse to the boundary near x0. So trajectories of the
reduced dynamics reach the boundary in finite positive time for one

sign of e. So B is not weak isodrastic.

/POMJOFBSJUZ �� 	����
 ���� + 8 #VSCZ FU BM

'JHVSF �� *MMVTUSBUJPO PG QBSU 	B
 PG UIF QSPPG PG UIFPSFN ��

8F GPSNVMBUF QSFDJTF TUBUFNFOUT PG UXP OFDFTTBSZ BOE POF TVGàDJFOU DPOEJUJPO GPS XFBL
JTPESBTUJDJUZ JO UIFPSFN � 	UIF DPOEJUJPO PG UIF QSFWJPVT QBSBHSBQI JT MPPTF CFDBVTF JU BTTVNFT
UIF DPOUPVST BSF TNPPUI DVSWFT BOE UIFSFCZ OFHMFDUT TPNF FYDFQUJPOBM DBTFT
� 'JSTU OPUF UIBU
UIF GVODUJPO I JT TNPPUI PO Σ− CFDBVTF # JT BTTVNFE UP CF TNPPUI BOE Σ− XBT QSPWFE UP CF
TNPPUI� 'PS HJWFO EJSFDUJPO BMPOH UIF àFME UIF TFQBSBUSJY BSFB J JT BMTP B TNPPUI GVODUJPO PO
Σ− FYDFQU BU QPJOUT XJUI B IFUFSPDMJOJD DPOOFDUJPO XIFSF UIF EFSJWBUJWF HFOFSJDBMMZ CFDPNFT
JOàOJUF BOE J KVNQT PS DFBTFT UP CF EFàOFE 	JG UIFSF JT OP MPOHFS BOZ CPVODF QPJOU JO UIBU
EJSFDUJPO
� 8F EFàOF Σ− ′ UP CF UIJT TVCTFU PG Σ−� "T BMSFBEZ SFNBSLFE )K JT EJGGFSFOUJBCMF
GPS OPO�NBSHJOBM TFHNFOUT BOE E)K → EI BT B IPNPDMJOJD DBTF JT BQQSPBDIFE 	��
�

5IFPSFN �� 	B
 *G NBHOFUJD àFME # JT XFBLMZ JTPESBTUJD UIFO GPS CPUI EJSFDUJPOT BMPOH UIF àFME
EI BOE EJ BSF MJOFBSMZ EFQFOEFOU BU FWFSZ QPJOU PG Σ− ′�

	C
 *G # JT XFBLMZ JTPESBTUJD BOE Σ� JT B TNPPUI DVSWF XJUIPVU IFUFSPDMJOJD DBTFT UIFO I BOE
J BSF DPOTUBOU PO DPOOFDUFE DPNQPOFOUT PG Σ��

	D
 *G GPS CPUI EJSFDUJPOT J JT DPOTUBOU PO DPNQPOFOUT PG MFWFM TFUT PG I UIFO # JT XFBLMZ
JTPESBTUJD�

1SPPG� 	B
 *G GPS TPNF EJSFDUJPO BMPOH UIF àFME EJ BOE EI BSF MJOFBSMZ JOEFQFOEFOU BU TPNF
Y� ∈ Σ− ′ MFU K� = J (Y�)� *O QBSUJDVMBS EJ #= � UIFSF TP UIF MFWFM TFU J −�( K�) JT MPDBMMZ B
TNPPUI DVSWF� 4FF àHVSF �� -PDBMMZ JU JT UIF CPVOEBSZ PG 'K� BOE UIF NPUJPO JT QFSJPEJD JO
UIF JOUFSJPS PG 'K� � #Z JOEFQFOEFODF PG EI BOE EJ BU Y� EI #= � UIFSF BOE UIF UBOHFOU UP
UIF CPVOEBSZ JT OPU JO LFSEI� E)K� → EI BT Y� JT BQQSPBDIFE GSPN UIF JOUFSJPS� 4P LFSE)K�
JT BU B OPO�[FSP BOHMF UP UIF CPVOEBSZ OFBS Y�� 5IF SFEVDFE EZOBNJDT JT UIF )BNJMUPOJBO
EZOBNJDT PG )K� XJUI SFTQFDU UP UIF áVY GPSN β� 4P USBKFDUPSJFT PG UIF SFEVDFE EZOBNJDT
SFBDI UIF CPVOEBSZ JO àOJUF UJNF GPS POF TJHO PG TDBMFE UJNF J�F� JO àOJUF QPTJUJWF UJNF GPS
POF TJHO PG DIBSHF� 5IVT # JT OPU XFBLMZ JTPESBTUJD�

	C
 *G Σ� JT B TNPPUI DVSWF BOE I JT OPU DPOTUBOU BMPOH B DPNQPOFOU PG Σ� UIFO UIFSF FYJTUT B
QPJOU Y� ∈ Σ� XIFSF UIF EFSJWBUJWF PG I BMPOH Σ� JT OPO�[FSP� 5IVT UIF UBOHFOU UP Σ� UIFSF
JT OPU JO LFSEI� -FU K� = J (Y�)� #Z BTTVNQUJPO UIF TFHNFOU GSPN Y� JT OPU IFUFSPDMJOJD�
5IFO E)K� → EI BT Y� JT BQQSPBDIFE GSPN Σ−� 5IVT LFSE)K� JT BU B OPO�[FSP BOHMF UP Σ�

OFBS Y�� 4P USBKFDUPSJFT PG UIF SFEVDFE EZOBNJDT GPS UIJT WBMVF K� SFBDI Σ� JO àOJUF UJNF GPS
POF TJHO PG TDBMFE UJNF τ  J�F� JO àOJUF QPTJUJWF UJNF GPS POF TJHO PG DIBSHF� 5IVT # JT OPU
XFBLMZ JTPESBTUJD� 8F EFEVDF UIBU XFBL JTPESBTUJDJUZ JNQMJFT I JT DPOTUBOU BMPOH TNPPUI
DPNQPOFOUT PG Σ�� 4JODF XFBL JTPESBTUJDJUZ BMTP JNQMJFT EI∧ EJ = � VQ UP UIF CPVOEBSZ
JO SFEVDFE TQBDF CZ 	B
 I= DPOTU� BMPOH UIF CPVOEBSZ JNQMJFT BMTP UIBU J = DPOTU� BMPOH
UIF CPVOEBSZ�

����

2. Σ0σ smooth curve and H not constant along it implies ∃ x0 ∈ Σ0σ

where dHv 6= 0 for a tangent v to Σ0. So v 6= ker dH. Let
j0 = J σ(x0). Then dHj0 → dH as x0 is approached from Σ−. Thus
ker dHj0 is transverse to Σ0 near x0. So trajectories of the reduced
dynamics reach Σ0 in finite positive time for one sign of e. So B is
not weak isodrastic. Thus weak isodrastic implies H constant along
smooth components of Σ0σ. Since we proved in 1. that it also
implies dH ∧ dJ σ = 0 up to the boundary of Fj0 then J σ is also
constant along the boundary.



continued

3. Suppose J σ constant on level sets of H. Let γ be a trajectory of
reduced dynamics for segments on side σ of Σ− s.t. γ(0) is not
marginal. If γ(t) is marginal for some positive time, there is a first
such t0, because the set of non-marginal cases is open. The initial
value problem for x0 = γ(t0) has unique solution because the
reduced dynamics is a factor of the full GC dynamics. x0 is not an
equilibrium point else it was not possible to reach it in finite time
from γ(0). So for j = J σ(x0), dHj(x0) 6= 0. Thus dH(x0) 6= 0, so
the level set of H containing x0 is locally a smooth curve Γ. By
hypothesis, J σ is constant along it, so Hj is constant along it. So Γ
is locally invariant. But that implies that t0 was not the first time
that γ(t) is marginal.
The case that a segment is split by an interior local maximum of |B|
can be treated the same way, replacing J σ by J + + J−.



Transition flux

I Quantify failure of weak isodrasticity by dH ∧ dJ σ. Can
write it as Mσβ and quantify by the function Mσ on Σ−./POMJOFBSJUZ �� 	����
 ���� + 8 #VSCZ FU BM

'JHVSF �� 5IF FGGFDUT PG CSFBLJOH BYJTZNNFUSZ JO B NJSSPS NBDIJOF� 5IF àFME JT PSJ�
FOUFE WFSUJDBMMZ XJUI UIF TUSPOHFS 	SFE
 DPJM BU UIF CPUUPN IBWJOH UXJDF UIF DVS�
SFOU� "YJTZNNFUSZ JT CSPLFO CZ SPUBUJOH UIF TUSPOHFS DPJM CZ π/�� BCPVU UIF WFDUPS
(−TJOπ/��,DPTπ/��,�) BU UIF DFOUSF PG UIF DPJM BOE UIFO DFOUSJOH JU BU (�,�,−�) XIJMF
UIF XFBLFS 	CMVF
 DPJM JT BU (�,�,�)� 	B
 5IF QBSUT PG Σ BCPWF UIF TRVBSF |Y|, |Z| ! �� UIF
QJFDFT TVSSPVOEFE CZ UIF UXP DPJMT BSF JO Σ− UIF QJFDF JO UIF NJEEMF JT JO Σ+� 	C
 MFWFM
TFUT PG I BOE J PO UIF VQQFS QBSU PG Σ− 	TPMJE CMBDL GPS I EBTIFE SFE GPS J 
� 	D
 UIF
GVODUJPO M PO UIF VQQFS QBSU PG Σ− 	XJUI UIF [FSP TFU JO DZBO
�

CZ +(S,)K(S)) = K� 5IF EPNBJO PO Σ+ JT B EJTD GPS K! K∗ BOE BO BOOVMVT GPS K> K∗ XIFSF K∗ JT
UIF WBMVF GPS UIF TFHNFOU CPVODJOH BMPOH UIF BYJT CFUXFFO UIF TBEEMF QPJOUT PG |#| BU UIF DFOUSFT
PG UIF DPJMT� 6OEFS UIF BTTVNQUJPO UIBU + JODSFBTFT XJUI S UIF EFSJWBUJWF E)K/ES= − ∂+/∂S

∂+/∂I < �
FYDFQU � GPS S= �� *UT MFWFM TFUT BSF BYJTZNNFUSJD� 4P UIF CPVODJOH TFHNFOUT QSFDFTT SPVOE UIF
BYJT�

*G BYJTZNNFUSZ JT CSPLFO CZ B TNPPUI QFSUVSCBUJPO CVU OPU UPP TUSPOHMZ UIFO UIF TVSGBDFTΣ±

EFGPSN TNPPUIMZ BOE UIF GVODUJPO )K PO Σ+ EFGPSNT TNPPUIMZ� *U SFNBJOT B .PSTF GVODUJPO
	J�F� BMM JUT DSJUJDBM QPJOUT BSF OPO�EFHFOFSBUF
 TP 	VOEFS UIF BTTVNQUJPO UIBU ∂+

∂S > �
 UIF MPX
MFWFM TFUT SFNBJO DMPTFE DVSWFT BSPVOE B DFOUSBM QPJOU BOE UIF CPVODJOH TFHNFOUT QSFDFTT
BSPVOE UIFN CVU MFWFM TFUT GPS IJHIFS WBMVFT PG )K NBZ SFBDI UIF CPVOEBSZ PG EFàOJUJPO�

5P DPOTJEFS USBOTJUJPOT JU JT TJNQMFTU UP CSFBL VQ�EPXO TZNNFUSZ CZ NBLJOH TBZ UIF MPXFS
DPJM QSPEVDF B TUSPOHFS àFME UIBO UIF VQQFS DPJM� 5IFO UIFSF JT B SBOHF PG TFHNFOUT GSPN UIF
VQQFS QBSU PG Σ− UIBU CPVODF CFGPSF UIF MPXFS QBSU PG Σ−� -FU J CF UIF GVODUJPO PO UIF VQQFS
QBSU PG Σ− HJWJOH K GPS UIF TFHNFOU UIBU TUBSUT BU UIF HJWFO QPJOU PO Σ− BOE HPFT JOUP UIF NJSSPS
NBDIJOF� -FU K� CF UIF NJOJNVN PG J PO UIF VQQFS QBSU PG Σ−� *O UIF BYJTZNNFUSJD DBTF UIJT JT
K∗� 'PS K< K� UIF TFHNFOUT QSFDFTT GPSFWFS� #VU GPS K> K� NPUJPO BMPOH B MFWFM TFU PG )K DPVME
UBLF UIF TFHNFOU UP UIF CPVOEBSZ PG JUT EPNBJO PG EFàOJUJPO XIFSF JU CFDPNFT NBSHJOBM� 5IFO
POF IBT UP FYBNJOF I 	= |#|
 BOE J PO UIF VQQFS QJFDF PG Σ−� *O HFOFSBM UIFJS MFWFM TFUT EP
OPU DPJODJEF XIJDI DPSSFTQPOET UP NPUJPO PG TFHNFOUT MFBEJOH UP NBSHJOBM DBTFT�
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Figure: The parts of Σ above [−2, 2]2 for a non-axisymmetric mirror
field of two circular coils with weaker field at top neck, contours of
H,J on upper Σ−, and M there.

I Liouville volume Λ = 1
2ω ∧ ω = eβ ∧ d(p‖b

[) = eB̃‖Ω ∧ dp‖
on GC phase space.

I Theorem: The transition flux-form for GCM corresponding to
segments in direction σ from Σ− becoming marginal is
2σm1/2µ3/2Mσβ.



Proof & Consequences
I Phase-space volume-flux for a 2DoF Hamiltonian system

iXΛ = dH ∧ ω. So given an area A on Σ− and a choice of
direction σ from it, the corresponding transition flux is∫
φ(A) dH ∧ ω, where φ(A) denotes the 3D volume produced by

flowing A× {p‖ = 0} along ZGCM in direction σ and back.
I dH = µdH and integrating ω along each homoclinic of

ZGCM gives 2σd
∫
γ p‖b

[ = 2σdL = 2σ
√
mµ dJ . So∫

φ(A) dH ∧ ω = 2σµ
√
mµ
∫
A dH ∧ dJ , and the reduced

flux-form is 2σm1/2µ3/2Mβ.
I For the rate of splitting of segments into two by Σ−, add the

two transition fluxes.
I Liouville volume in the 3DoF phase space converts to

mB̃‖Ω ∧ dp‖ ∧ dµ ∧ dφ = m
e Λ ∧ dµ ∧ dφ in gyro-coordinates.

I For particle number density ρ in the full 3DoF phase space,
obtain gyro-averaged density 2πm

e ρ̄ wrt Λ ∧ dµ.

I Then number flux transitioning is 4πm3/2

e σ〈ρ̄〉Mβ ∧ µ3/2dµ in
Σ− × {µ}, for bounce-average 〈ρ̄〉 along marginal segment.



Perturbed tokamak example
I In cylindrical polars, BR = − z

R − ε cosφ, Bφ = C
R2 ,

Bz = 1− 1
R + ε z

R cosφ.

/POMJOFBSJUZ �� 	����
 ���� + 8 #VSCZ FU BM

'JHVSF �� 	B
 Σ GPS UIF 	MFGU
 BYJTZNNFUSJD UPLBNBL XJUI ε= � BOE UIF 	SJHIU
 QFSUVSCFE
UPLBNBL XJUI ε= ���� GPS $= ���� 	C
 1BSUJUJPO PG Σ GPS $= ��� ε= ���� JOUP Σ−

	SFE
 Σ+ 	HSFFO
 TFQBSBUFE CZ Σ� BOE MFWFM TFUT PG I= |#| PO Σ�

UIF DVSWF MBCFMMFE CZ . UIF OVNCFS / DIBOHFT GSPN TPNFUIJOH MFTT UIBO . UP TPNFUIJOH BU
MFBTU . CVU UIFZ BSF OPU OFDFTTBSJMZ OFJHICPVST� 5IF GVODUJPO J IBT KVNQ EJTDPOUJOVJUJFT BU
UIFTF DVSWFT� *OUFSQSFUJOH UIJT QJDUVSF CFDPNFT DIBMMFOHJOH UIPVHI UIF TJNQMFTU PQUJPO JT KVTU
UP LFFQ UIF DPNQPOFOU � BOE DPOTJEFS UIF SFTU PG Σ− UP HP UP UIF ADJSDVMBUJOH� DMBTT�

*O BEEJUJPO POF TIPVME SFNFNCFS UIBU EJGGFSFOU GVODUJPOT J ± BSF EFàOFE GPS FBDI EJSFDUJPO
BMPOH UIF àFME TP POF TIPVME QMPU UXP QJDUVSFT PG MFWFM DVSWFT PG J  BOE UIBU UIF DJSDVMBUJOH
DMBTTFT GPS UIF UXP BSF JO PQQPTJUF EJSFDUJPOT�

����

/POMJOFBSJUZ �� 	����
 ���� + 8 #VSCZ FU BM

'JHVSF �� 	B
 Σ GPS UIF 	MFGU
 BYJTZNNFUSJD UPLBNBL XJUI ε= � BOE UIF 	SJHIU
 QFSUVSCFE
UPLBNBL XJUI ε= ���� GPS $= ���� 	C
 1BSUJUJPO PG Σ GPS $= ��� ε= ���� JOUP Σ−

	SFE
 Σ+ 	HSFFO
 TFQBSBUFE CZ Σ� BOE MFWFM TFUT PG I= |#| PO Σ�

UIF DVSWF MBCFMMFE CZ . UIF OVNCFS / DIBOHFT GSPN TPNFUIJOH MFTT UIBO . UP TPNFUIJOH BU
MFBTU . CVU UIFZ BSF OPU OFDFTTBSJMZ OFJHICPVST� 5IF GVODUJPO J IBT KVNQ EJTDPOUJOVJUJFT BU
UIFTF DVSWFT� *OUFSQSFUJOH UIJT QJDUVSF CFDPNFT DIBMMFOHJOH UIPVHI UIF TJNQMFTU PQUJPO JT KVTU
UP LFFQ UIF DPNQPOFOU � BOE DPOTJEFS UIF SFTU PG Σ− UP HP UP UIF ADJSDVMBUJOH� DMBTT�

*O BEEJUJPO POF TIPVME SFNFNCFS UIBU EJGGFSFOU GVODUJPOT J ± BSF EFàOFE GPS FBDI EJSFDUJPO
BMPOH UIF àFME TP POF TIPVME QMPU UXP QJDUVSFT PG MFWFM DVSWFT PG J  BOE UIBU UIF DJSDVMBUJOH
DMBTTFT GPS UIF UXP BSF JO PQQPTJUF EJSFDUJPOT�

����

Figure: Σ, contours of H on Σ and green for Σ+, red for Σ−.

I Remains to compute J ±. Many branches, depending on
number of poloidal turns before bouncing. Separated by
heteroclinic cases.

I Note that contours of H crossing from green to red indicate
short bouncers that become unstable to long bouncing (left or
right or over the top).



Σ for stellarators

I Distinguish three types for Σ in toroidal configurations.

1. ΣT : The main component of Σ is an annulus making no
poloidal turns for one toroidal turn, subdivided into Σ± by a
closed curve of Σ0; there may be additional components
corresponding to ripple.

2. ΣP: The main components are poloidal disks in a toroidal
sequence, alternating between Σ±.

3. ΣH: The main component is a helical annulus making N
poloidal turns for 1 toroidal turn, subdivided into Σ± by a
closed curve of Σ0. Could allow M 6= 1 toroidal turns with
self-intersection along Σ0, but not a generic case.

I Omnigenous fields are a special case of weak isodrastic.



Realisability of weak isodrasticity
I We can make non-axisymmetric isodrastic mirror fields, including

ones that are not omnigenous, e.g.
I Choose B(s, u, v) = c + r2 − a(u, v)s2 + b(u, v)s3, where

r2 = u2 + v2, a, b > 0, on an open neigbourhood of r ≤ r0,

0 ≤ s ≤ b
a , and assume c + r2 > 4a3

27b2 so that B > 0.
I Field B∂s has Σ− = {s = 0}, H(u, v) = c + r2,

J (u, v) =
∫ a/b

0

√
2(as2 − bs3) ds = 4

√
2a5/2

15b2 . So it is isodrastic if

a5/2b−2 is a function of r only.
I The field has a flux function r2, but local minimum of B at sm = 2a

3b

has B(sm)−H = − 4a3

27b2 , so if we choose this not to be a function of
only r then the field is not omnigenous.

I To realise in Euclidean space (x , y , z), want a diffeomorphism

φ : (s, u, v) 7→ (x , y , z) such that |φ∗∂s |2 = 1 and divB = 0 for

B = φ∗(B∂s). Or let β = φ∗(du ∧ dv) (closed), ask for φ∗|β| = B
& |φ∗∂s |2 = 1 and define B by iB(dx ∧ dy ∧ dz) = β. The

conditions for φ are 2 PDEs in first derivatives. If B is analytic then

∃ local solution by Cauchy-Kovalevskaya theorem. Hence a solution

on the required domain if c is large enough.



Illustration
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Figure: B-contours on a flux surface r = constant in polar angle θ and
arclength s, for an isodrastic field that is not omnigenous.



Isodrastic stellarator fields?

I Want to make weak isodrastic stellarator fields that are not
omnigenous. In particular, try to make with all marginal
segments heteroclinic. Then H extends to a flux function. If
can specify |B| as function of arclength s from Σ− then can
make J a function of only H, and Bmin not. But a priori
don’t know the length from one piece of Σ− to the next.

I Using H as flux function, have local coordinate
∫
iBA on flux

surfaces that is preserved by B, so can make a coordinate
system in which B-lines are straight.

I But what to specify in these coordinates and how to realise it
as image of a divergence-free field in Euclidean space?



Strong isodrastic fields
I There is an exact version of isodrasticity for FGCM: Σ− is a

submanifold consisting of saddles for ZGCM, so persists to a
normally hyperbolic submanifold (NHS) for FGCM.

I Say field is (strong) isodrastic if forwards & backwards contr-
acting submanifolds of NHS coincide in relevant directions./POMJOFBSJUZ �� 	����
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Figure: Projection to physical space of a hyperbolic periodic orbit γ
of FGCM with one direction of contracting manifolds W± up to
first bounce, for (a) an axisymmetric field, (b) a non-axisymmetric
one, (c) E/µ close to minimum of |B| on Σ−. Brown is |B| = E/µ.



Normal hyperbolicity theory
I Informally, an invariant submanifold N of a C r (r ≥ 1) vector

field V on manifold M is normally hyperbolic if any forwards
“normal” contraction onto N is at faster rate than any
forwards contraction tangent to N, and same for backwards.

I e.g. ẋ = −y , ẏ = x , u̇ = u, ṡ = −s in R4, N = {u, s = 0}.
I Contracting submanifolds: For σ = ±, let W σ(N) = set of

points in M whose trajectory in direction σ of time converges
to N. They are (injectively immersed) submanifolds of M,
containing N. Furthermore, they are the unions of submani-
folds W±(x) (Arnol’d’s contracting whiskers) of points whose
trajectories converge together with that of a point x ∈ N.

I Persistence theorem: For C r -small change to V , an NHS
persists and is C s for any s ≤ r and < ratios of normal to
tangential contraction rates in forwards and backwards time
(technical conditions if not compact or only locally invariant).

I So an approximately invariant submanifold with suitable
contraction estimates implies a true NHS nearby.



Scaled FGCM

I Recall scaling to make Q̇ = B̃−1
‖ (u‖B̃ + δ b ×∇|B|),

u̇‖ = − B̃
B̃‖
· ∇|B|, with B̃ = B + δ u‖curl b, B̃‖ = B̃ · b,

Hamiltonian with H = 1
2u

2
‖ + |B|, ω = β

δ + d(u‖b
[).

I Then for δ = 0, N = Σ− × {u‖ = 0} is invariant. It consists
entirely of equilibrium points. The linearised normal dynamics
is hyperbolic: ṡ = u‖, u̇‖ = −|B|′′s. So it is an NHS.

I So it persists to an NHS for all small enough δ.

I Dynamics on the NHS is Hamiltonian because ω|N is non-
degenerate. 1 DoF & to leading order H = |B|. So to leading
order dynamics looks like vector field X given by iXβ = δ d |B|
on Σ−, i.e. periodic orbits along the closed level sets of |B||Σ− .

I Can compute it to any desired accuracy as a “symplectic slow
manifold”. RS MacKay, Slow manifolds, in T Dauxois, A
Litvak-Hinenzon, RS MacKay, A Spanoudaki (eds), Energy
localisation and transfer (World Sci, 2004), 149–192.



Contracting whiskers

I For δ = 0, the contracting whiskers are the marginal
trajectories of ZGCM approaching x ∈ Σ− in time-direction σ.

I Those that bounce approach the same point of Σ− in both
directions of time, so their union over x ∈ Σ− forms a
separatrix: a closed invariant submanifold (but not smooth at
N) of codimension one. It separates two classes of ZGCM.

I For δ > 0, the local whiskers move smoothly, but in general
the separatrices are broken.

I Say B is isodrastic if the unions of the whiskers continue to
form separatrices for all δ > 0 (perhaps too much to ask?).



Examples of separatrices without integrability

I de la Llave map: y ′ = y + h(x), x ′ = x + y ′ with h(x) =
g(x) + g−1(x)− 2x for invertible degree-1 circle map g .

/POMJOFBSJUZ �� 	����
 ���� + 8 #VSCZ FU BM

'JHVSF ��� 4PNF PSCJUT PG UIF NBQ 5 GPS L= ��� XJUI UIF Z= Y− H−�(Y) JOWBSJBOU DJSDMF
TIPXO BT UIF SFE BOE UIF Z= Y− H(Y) BT UIF CMVF DVSWF�

'JSTUMZ POF DBO NBLF BSFB�QSFTFSWJOH UXJTU NBQT XJUI UIJT QSPQFSUZ� 5IF JEFB JT UP VTF UIF
DPOTUSVDUJPO CZ EF MB -MBWF JO UIF BQQFOEJY UP <.BU>� (JWFO B 	MJGU PG B
 EFHSFF�POF IPNFP�
NPSQIJTN H PG UIF DJSDMF R/Z EFàOF

I(Y) = H(Y) + H−�(Y) − �Y,

BOE EFàOF NBQ 5 GPS 	Y Z
 PO UIF DZMJOEFS R/Z × R CZ

Z′ = Z+ I(Y), Y′ = Y+ Z′.

*U JT BO BSFB�QSFTFSWJOH UXJTU NBQ BOE UIF DJSDMFT Z= Y− H(Y) BOE Z= Y− H−�(Y) BSF JOWBSJBOU
XJUI EZOBNJDT Y ′ = H−�(Y) BOE Y ′ = H(Y) SFTQFDUJWFMZ� 4P XF DIPPTF H UP CF B DJSDMF IPNFP�
NPSQIJTN XJUI UXP àYFE QPJOUT F�H� H(Y) = Y+ LTJO�π Y XJUI � < L< �

�π � 5IFO XF PCUBJO B
NBQ 5 XJUI UXP QFSJPE�POF JTMBOET XJUI QFSGFDU TFQBSBUSJDFT� #VU JO HFOFSBM JU JT OPO�JOUFHSBCMF
BT JMMVTUSBUFE JO àHVSF ��	XF QSFTVNF UIBU POF DPVME QSPWF UIJT JG EFTJSFE
� 0OF DPVME NPEJGZ
UIF DIPJDF PG H UP NBLF BO FYBNQMF XJUI B TJOHMF QFSJPE�POF JTMBOE CVU JU XPVME SFRVJSF DBSFGVM
NBUDIJOH PG EFSJWBUJWFT PG H UP UIF MFGU BOE SJHIU PG UIF àYFE QPJOU JG POF XBOUT 5 UP CF TNPPUI�

4JNJMBSMZ POF DBO NBLF DPOUJOVPVT�UJNF )BNJMUPOJBO TZTUFNT XJUI B QFSGFDU TFQBSBUSJY
XJUIPVU JNQPTJOH JOUFHSBCJMJUZ� 'PS FYBNQMF HJWFO B GVODUJPO 4 : R� → R XJUI DPOTUBOUT ",#
TVDI UIBU 4(Y+N,Z+ O) = 4(Y,Z) +N"+ O# BOE UIF WFDUPS àFME Ṙ= ∇4(R) JOEVDFE PO
R�/Z� UIFO )= �

� |Q|� − �
� |∇4(R)|� IBT JOWBSJBOU HSBQI Q= ∇4(R) PO XIJDI Ṙ= ∇4(R)� 4P

DIPPTF 4 XJUI B QFSJPEJD PSCJU SFQFMMJOH PO POF TJEF BUUSBDUJOH PO UIF PUIFS� 8IBU JT OPU DMFBS
UP VT JT IPX UP NBLF FYBNQMFT XJUI QFSGFDU TFQBSBUSJDFT GPS BMM FOFSHJFT TJNVMUBOFPVTMZ�

"QQFOEJY .� 1FSTJTUFODF PG Σ� BOE Σ+

*O UIJT BQQFOEJY XF BEESFTT UIF RVFTUJPO PG XIFUIFS BMTP Σ� BOE Σ+ IBWF DPOUJOVBUJPOT UP
JOWBSJBOU TVCNBOJGPMET GPS TNBMM µ�

8F CFHJO XJUI Σ�� *G B �%P' )BNJMUPOJBO TZTUFN IBT B �% NBOJGPME /� DPOTJTUJOH PG
FMFNFOUBSZ TBEEMF�DFOUSF QFSJPEJD PSCJUT 	AFMFNFOUBSZ� NFBOT UIBU TPNF HFOFSJD DPOEJUJPOT

����

I Given S : R2 → R with S(x + m, y + n) = S(x , y) + mA + nB
then H(q, p) = 1

2 |p|2 − 1
2 |∇S(q)|2 on T ∗T2 has invariant

graph p = ∇S(q) in H−1(0).



Visualisation of energy level
I W±(N) ∩ H−1(E ) is typically one or more periodic orbits.

H−1(E ) is a double cover of {|B| ≤ E/µ} glued along the
boundary (p2

‖ = 2m(E − µ|B|)). Projection to physical space
identifies ±p‖.

I Better to choose coordinates (X ,Y ,W ) so that |B| = E/µ is
flattened to W = 0 and ±p‖ correspond to ±W .

I e.g. if accessible region is the inside of an amphora, centre
(x , y) on the lowest point and find functions s, t such that
writing (x , y) = t(z)(X ,Y ) and p‖ = s(z)W then

∂z

(
s(z)2

2m W 2 + µ|B|(t(z)X , t(z)Y , z)
)
6= 0 on H−1(E ). Then

H−1(E ) is a graph z = Z (X ,Y ,W ), so eliminate z & plot

(X ,Y ,W ).

/POMJOFBSJUZ �� 	����
 ���� + 8 #VSCZ FU BM

'JHVSF ��� 	B
 5IF SFHJPO BDDFTTJCMF UP HVJEJOH DFOUSFT GPS UIF BYJTZNNFUSJD DBTF
B= �.�,η = �.�,&= �.���,(#+ = �.���), µ̃ = ��−�� 	C
 3FTUSJDUJPO 1 PG UIF BDDFTT�
JCMF SFHJPO UP S! 3([) TIPXJOH BMTP UIF SFMFWBOU QBSU PG Σ−� 5IF OFDL " BOE EJTL %
BSF QJFDFT PG UIF MFWFM TFU PG |#| TIPXO PO UIF MFGU�

"φ =
�
�
S� − SBL−� DPT(L[) *�(L[) − �L−� SBη TJO(L[/�) *�(LS/�).

5IF TBEEMFT SFNBJO BU [= ±π/L� JOEFFE UIFSF JT TUJMM SFáFDUJPO TZNNFUSZ BCPVU [= ±π/L� *O
QBSUJDVMBS Σ− JT UIF UXP QMBOFT [= ±π/L� 5IF QBSBNFUFS L DBO CF TDBMFE UP BOZ EFTJSFE WBMVF�
XF XJMM UBLF L= ��� JO àHVSFT ��m���

5IF TBEEMFT IBWF |#| = #± = �+ B(�∓ η)� 5IF TBEEMF BU [= +π/L JT UIF XFBLFS POF BOE
JU JT UIF POF PO XIJDI XF XJMM GPDVT BUUFOUJPO� *U JT TVSSPVOEFE CZ B GBNJMZ PG QFSJPEJD PSCJUT
PG HVJEJOH�DFOUSF NPUJPO� *OEFFE UIF QMBOF [= π/L,W‖ = � JT JOWBSJBOU BOE UIF EZOBNJDT JT B
ESJGU BSPVOE UIF BYJT� 5IVT BU FOFSHZ &> µ#+ UIFSF JT B QFSJPEJD PSCJU BU [= π/L XJUI SBEJVT
TVDI UIBU |#| = &/µ� *G BMTP &< µ#− UIFO UIF SFHJPO BDDFTTJCMF UP UIF HVJEJOH DFOUSF IBT UIF
GPSN PG B CPUUMF 	àHVSF ��	B

� 5IJT JT TPNFXIBU JSSFMFWBOU UIPVHI CFDBVTF UIF CPUUMF DPOUBJOT
UIF BCPWF�NFOUJPOFE SJOH PG OVMMT XIFSFBT B SFBMJTUJD NJSSPS NBDIJOF XPVME MPPL MJLF POMZ B
TNBMMFS DPSF S! 3([) PG UIF àFME� 4P XF TIPVME SFUBJO POMZ UIF GFBUVSFT UIBU UIF MFWFM TFU PG |#|
IBT BO BOOVMBS OFDL " BOE B SPVHIMZ IPSJ[POUBM EJTL % BU UIF CPUUPN 	àHVSF ��	C

�

"SPVOE UIF OFDL PG UIF CPUUMF JT B QFSJPEJD PSCJU PG '($. HJWFO CZ UIF JOUFSTFDUJPO PG UIF
CPUUMF XJUI Σ−� *U JT IZQFSCPMJD� 8F QMPU JU JO àHVSF ��	B
 UPHFUIFS XJUI JUT GPSXBSET BOE CBDL�
XBSET DPOUSBDUJOH TVCNBOJGPMET 8± JO QSPKFDUJPO UP QIZTJDBM TQBDF VQ UP UIF àSTU CPVODF�
8− JT QMPUUFE CZ SFMFBTJOH JOJUJBM DPOEJUJPOT XJUI UIF TBNF FOFSHZ TMJHIUMZ CFMPX UIF QFSJPEJD
PSCJU BOE JOUFHSBUJOH GPSXBSET JO UJNF� 5IF TZTUFN IBT UJNF�SFWFSTBM TZNNFUSZ VOEFS TJNVM�
UBOFPVT DIBOHF PG TJHO PG U,W‖ BOE φ� 5IVT8+ JT KVTU UIF UJNF�SFWFSTF PG8−� $POTFRVFOUMZ
JO UIJT QSPKFDUJPO 8± DPJODJEF� *O QIBTF TQBDF UIFZ BSF EJTUJODU IBWJOH PQQPTJUF TJHOT PG W‖
CVU BU UIF àSTU CPVODF UIFZ NFSHF BOE UIVT GPSN B QFSGFDU TFQBSBUSJY� *U TFQBSBUFT USBKFDUPSJFT
UIBU CPVODF QFSJPEJDBMMZ JO UIF NJSSPS NBDIJOF GSPN UIPTF UIBU FOUFS EPXOXBSET WJB UIF OFDL
NBLF POF CPVODF BOE UIFO MFBWF WJB UIF OFDL�

����
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'JHVSF ��� 	B
 5IF SFHJPO BDDFTTJCMF UP HVJEJOH DFOUSFT GPS UIF BYJTZNNFUSJD DBTF
B= �.�,η = �.�,&= �.���,(#+ = �.���), µ̃ = ��−�� 	C
 3FTUSJDUJPO 1 PG UIF BDDFTT�
JCMF SFHJPO UP S! 3([) TIPXJOH BMTP UIF SFMFWBOU QBSU PG Σ−� 5IF OFDL " BOE EJTL %
BSF QJFDFT PG UIF MFWFM TFU PG |#| TIPXO PO UIF MFGU�

"φ =
�
�
S� − SBL−� DPT(L[) *�(L[) − �L−� SBη TJO(L[/�) *�(LS/�).

5IF TBEEMFT SFNBJO BU [= ±π/L� JOEFFE UIFSF JT TUJMM SFáFDUJPO TZNNFUSZ BCPVU [= ±π/L� *O
QBSUJDVMBS Σ− JT UIF UXP QMBOFT [= ±π/L� 5IF QBSBNFUFS L DBO CF TDBMFE UP BOZ EFTJSFE WBMVF�
XF XJMM UBLF L= ��� JO àHVSFT ��m���

5IF TBEEMFT IBWF |#| = #± = �+ B(�∓ η)� 5IF TBEEMF BU [= +π/L JT UIF XFBLFS POF BOE
JU JT UIF POF PO XIJDI XF XJMM GPDVT BUUFOUJPO� *U JT TVSSPVOEFE CZ B GBNJMZ PG QFSJPEJD PSCJUT
PG HVJEJOH�DFOUSF NPUJPO� *OEFFE UIF QMBOF [= π/L,W‖ = � JT JOWBSJBOU BOE UIF EZOBNJDT JT B
ESJGU BSPVOE UIF BYJT� 5IVT BU FOFSHZ &> µ#+ UIFSF JT B QFSJPEJD PSCJU BU [= π/L XJUI SBEJVT
TVDI UIBU |#| = &/µ� *G BMTP &< µ#− UIFO UIF SFHJPO BDDFTTJCMF UP UIF HVJEJOH DFOUSF IBT UIF
GPSN PG B CPUUMF 	àHVSF ��	B

� 5IJT JT TPNFXIBU JSSFMFWBOU UIPVHI CFDBVTF UIF CPUUMF DPOUBJOT
UIF BCPWF�NFOUJPOFE SJOH PG OVMMT XIFSFBT B SFBMJTUJD NJSSPS NBDIJOF XPVME MPPL MJLF POMZ B
TNBMMFS DPSF S! 3([) PG UIF àFME� 4P XF TIPVME SFUBJO POMZ UIF GFBUVSFT UIBU UIF MFWFM TFU PG |#|
IBT BO BOOVMBS OFDL " BOE B SPVHIMZ IPSJ[POUBM EJTL % BU UIF CPUUPN 	àHVSF ��	C

�

"SPVOE UIF OFDL PG UIF CPUUMF JT B QFSJPEJD PSCJU PG '($. HJWFO CZ UIF JOUFSTFDUJPO PG UIF
CPUUMF XJUI Σ−� *U JT IZQFSCPMJD� 8F QMPU JU JO àHVSF ��	B
 UPHFUIFS XJUI JUT GPSXBSET BOE CBDL�
XBSET DPOUSBDUJOH TVCNBOJGPMET 8± JO QSPKFDUJPO UP QIZTJDBM TQBDF VQ UP UIF àSTU CPVODF�
8− JT QMPUUFE CZ SFMFBTJOH JOJUJBM DPOEJUJPOT XJUI UIF TBNF FOFSHZ TMJHIUMZ CFMPX UIF QFSJPEJD
PSCJU BOE JOUFHSBUJOH GPSXBSET JO UJNF� 5IF TZTUFN IBT UJNF�SFWFSTBM TZNNFUSZ VOEFS TJNVM�
UBOFPVT DIBOHF PG TJHO PG U,W‖ BOE φ� 5IVT8+ JT KVTU UIF UJNF�SFWFSTF PG8−� $POTFRVFOUMZ
JO UIJT QSPKFDUJPO 8± DPJODJEF� *O QIBTF TQBDF UIFZ BSF EJTUJODU IBWJOH PQQPTJUF TJHOT PG W‖
CVU BU UIF àSTU CPVODF UIFZ NFSHF BOE UIVT GPSN B QFSGFDU TFQBSBUSJY� *U TFQBSBUFT USBKFDUPSJFT
UIBU CPVODF QFSJPEJDBMMZ JO UIF NJSSPS NBDIJOF GSPN UIPTF UIBU FOUFS EPXOXBSET WJB UIF OFDL
NBLF POF CPVODF BOE UIFO MFBWF WJB UIF OFDL�
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/POMJOFBSJUZ �� 	����
 ���� + 8 #VSCZ FU BM

'JHVSF ��� %PVCMF DPWFS PG UIF SFHJPO 1 HMVFE BMPOH " BOE % TIPXJOH UIF UPSVT 5 UIF
DZMJOEFS $ UIF TQIFSF 4 UIF EJTL %× {�} BOE UIF BOOVMVT "× {�}�

XJUI FOFSHZ & GPS UIF VQQFS TBEEMF� *O HFOFSBM JU EPFT OPU IBWF W JEFOUJDBMMZ [FSP CVU W PTDJM�
MBUFT BCPVU � PO JU� *U JT IZQFSCPMJD TP JU IBT GPSXBSE BOE CBDLXBSE DPOUSBDUJOH NBOJGPMET
8±� *U JT QPTTJCMF UP TQBO γ CZ B TVSGBDF EJGGFPNPSQIJD UP B TQIFSF UIBU JT USBOTWFSTF UP UIF
EZOBNJDBM WFDUPS àFME FYDFQU PO γ� *U JT B QFSUVSCBUJPO PG UIF TQIFSF 4 TP XF EFOPUF JU CZ UIF
TBNF TZNCPM� *U JT OPO�VOJRVF CVU BO FTTFOUJBM GFBUVSF JT UIBU JU MJFT JO UIF TFDUPST CFUXFFO8±

JOEJDBUFE JO àHVSF ��� *U JT DBMMFE B EJWJEJOH TVSGBDF CFDBVTF UIF VQQFS IFNJTQIFSF 4+ IBT VOJ�
EJSFDUJPOBM áVY GSPN JOTJEF UP PVUTJEF SFQSFTFOUJOH HVJEJOH DFOUSFT MFBWJOH UIF NBDIJOF BOE
UIF MPXFS IFNJTQIFSF 4− IBT VOJEJSFDUJPOBM áVY GSPN PVUTJEF UP JOTJEF SFQSFTFOUJOH HVJEJOH
DFOUSFT FOUFSJOH UIF NBDIJOF� 5IF NBOJGPMET8± GPSN UVCFT UIBU JO POF EJSFDUJPO HP JOTJEF UIF
TQIFSF� 5IFZ OFDFTTBSJMZ DSPTT W= � USBOTWFSTFMZ SFQSFTFOUJOH CPVODF PO UIF EJTL %� 5IFJS
àSTU JOUFSTFDUJPOT XJUI W= � BSF EJGGFPNPSQIJD UP UXP DJSDMFT� *O UIF BYJTZNNFUSJD DBTF UIFZ
DPJODJEF CVU JG BYJTZNNFUSZ JT CSPLFO UIFO UIFZ OFFE OPU DPJODJEF� (FOFSJDBMMZ GPS I POMZ
TMJHIUMZ BCPWF I� UIFZ NJTT FBDI PUIFS FOUJSFMZ BT TIPXO JO àHVSF ��� 5IJT XJMM CF KVTUJàFE BU
UIF FOE PG UIF TVCTFDUJPO� *O UIJT DBTF XF TFF UIBU BMM UIF áVY FOUFSJOH UIF TQIFSF USBOTJUJPOT
UP CPVODJOH USBKFDUPSJFT 	JO GBDU NBLJOH BU MFBTU UISFF CPVODFT
 BOE BMM UIF áVY MFBWJOH UIF
TQIFSF DBNF GSPN CPVODJOH USBKFDUPSJFT 	NBLJOH BU MFBTU UISFF CPVODFT
� 8F DBMM UIFN AUSBQ�
QJOH� BOE AEFUSBQQJOH� áVYFT SFTQFDUJWFMZ UP BMJHO XJUI TUBOEBSE UFSNJOPMPHZ� 5IF áVYFT PG
FOFSHZ�TVSGBDF WPMVNF BSF FRVBM BOE DBO CF FYQSFTTFE BT UIF BDUJPO JOUFHSBM PG γ�

4=

ˆ

γ

α, α= F"" +NWC",

PS 4=
´

γ
(F"+NWC) · EY XIFSF " JT BOZ WFDUPS QPUFOUJBM GPS #�

'PS MBSHFS I UIF UXP DJSDMFT PG àSTU JOUFSTFDUJPO PG 8± XJUI UIF CPVODF TVSGBDF {W= �}
NJHIU JOUFSTFDU BT JO àHVSF ��� 8F IBWF ESBXO UIF TJNQMFTU DBTF PG UXP JOUFSTFDUJPOT CVU PG
DPVSTF UIFSF DPVME CF NPSF� 5IF USBKFDUPSJFT PG UIF JOUFSTFDUJPOT BSF IPNPDMJOJD UP γ� 5IFZ
XSBQ POUP γ JO CPUI EJSFDUJPOT JO UJNF� /PX UIFSF BSF UISFF UZQFT PG áVY� 'JSTUMZ UIFSF JT UIF
USBQQJOH áVY BDSPTT B MPCF PO UIF VQQFS IFNJTQIFSF UIBU DSPTTFT W= � JO UIF JOEJDBUFE MPCF BOE
UVSOT JOUP B CPVODJOH USBKFDUPSZ 	BU MFBTU UISFF CPVODFT
� 4FDPOEMZ UIFSF JT UIF EFUSBQQJOH áVY

����



Dynamics

I In particular, get a hyperbolic periodic orbit near neck, with
contracting submanifolds (plotted using Wazewski principle).

And sketches of how they might continue:

/POMJOFBSJUZ �� 	����
 ���� + 8 #VSCZ FU BM

'JHVSF ��� 4BNQMFT PG TUBCMF 	CMVF
 BOE VOTUBCMF 	SFE
 NBOJGPMET BUUBDIFE UP UIF IZQFS�
CPMJD QFSJPEJD PSCJU BU FOFSHZ MFWFM &= �.������ JO (9,:,;) DPPSEJOBUFT EFTDSJCFE JO
UIF UFYU� 0UIFS QBSBNFUFST JODMVEF F−� = �.� ε= ����N= � µ= ��� B= ��� η = ���
L= �� 4BNQMFT PG TUBCMF NBOJGPME XFSF HFOFSBUFE VTJOH B SFKFDUJPO�TBNQMJOH UFDIOJRVF�
5IF FOFSHZ MFWFM JT TBNQMFE SBOEPNMZ GSPN B EJTUSJCVUJPO XIPTF TQBUJBM QSPKFDUJPO JT
VOJGPSN� &BDI TBNQMF JT FWPMWFE GPSXBSE JO UJNF VTJOH B XFMM�SFTPMWFE 3VOHF�,VUUB
JOUFHSBUJPO� *G B TBNQMF TUBZT JO UIF XJOEPX π/L− �.� < [< π/L+ �.� GPS B GBJSMZ MBSHF
UJNF 	∆U= � JO UIJT DBTF
 JU JT LFQU� 4BNQMFT PO UIF VOTUBCMF NBOJGPME BSF HFOFSBUFE JO
UIF TBNF NBOOFS CVU XJUI CBDLXBSE�JO�UJNF JOUFHSBUJPO�

8F EJE OPU ZFU JNQMFNFOU TVDI B DIPJDF PG HMPCBM DPPSEJOBUFT CVU GPMMPXJOH UIJT JEFB JU JT
DPOWFOJFOU JO TLFUDIFT UP SFQSFTFOU W= � JO UIF FOFSHZ TVSGBDF BT B IPSJ[POUBM QMBOF XJUI W> �
BCPWF UIF QMBOF W< � CFMPX JU� 8F QVU %× {�} BU UIF DFOUSF PG UIJT QMBOF BOE "× {�} BT B
DPODFOUSJD BOOVMVT� #FUXFFO UIFN JT B UPSVT 5 SFQSFTFOUJOH QPJOUT PO S= 3([) XJUI [ CFUXFFO
UIF UXP DPNQPOFOUT PG |#| = I BOE PVUTJEF " JT B DZMJOEFS $ SFQSFTFOUJOH QPJOUT PO S= 3([)
BCPWF UIF UPSVT DPNQPOFOU� 5IJT JT JMMVTUSBUFE JO àHVSF ��� "MTP EFOPUJOH CZ π UIF NBQ GSPN
)−�(&) UP QIZTJDBM TQBDF 4= π−�(Σ−) JT B EPVCMF DPWFS PG UIF EJTL Σ− ∩1 HMVFE BMPOH JUT
CPVOEBSZ Σ− ∩"� TP JU JT B TQIFSF� " OFJHICPVSIPPE PG 4 DBO CF PCUBJOFE JO UIF GPSN 4× *
GPS BO JOUFSWBM * SFQSFTFOUJOH IFJHIU [ SFMBUJWF UP Σ−� UIJT JT LOPXO BT UIF $POMFZ�.D(FIFF
SFQSFTFOUBUJPO 	TFF GPS FYBNQMF UIF TLFUDI JO <.�� ,8>
�

"T B àSTU QBTT UIF SFHJPO PG UIF FOFSHZ TVSGBDF CFUXFFO 4 BOE 5 NJHIU CF DPOTJEFSFE
UP CF UIF TUBUFT UIBU BSF JOTJEF UIF NBDIJOF� 5IF VQQFS IFNJTQIFSF IBT W> � TP POF NJHIU
TBZ JU DPOTJTUT PG TUBUFT UIBU BSF KVTU FYJUJOH UIF NBDIJOF� CVU UIJT JT OPU RVJUF SJHIU CFDBVTF
HVJEJOH�DFOUSF ESJGUT DPVME DPNQFOTBUF GPS TNBMM W TP XF XJMM HJWF B EZOBNJDBM DPOTUSVDUJPO
TIPSUMZ� 4JNJMBSMZ UIF MPXFS IFNJTQIFSF IBT W< � TP DPOTJTUT PG TUBUFT UIBU BSF KVTU FOUFSJOH
UIF NBDIJOF NPEVMP UIF ESJGU DPSSFDUJPOT� 0O 5 TUBUFT NBZ FOUFS PS FYJU CVU UIJT JT BO BTQFDU
UIBU XF EP OPU BEESFTT IFSF BT PVS GPDVT JT PO USBOTJUJPOT CFUXFFO EJGGFSFOU DMBTTFT PG HVJEJOH�
DFOUSF NPUJPO�

/PX XF DPNF UP UIF EZOBNJDT JO UIF FOFSHZ TVSGBDF� '($. IBT B QFSJPEJD PSCJU γ XIJDI
JT UIF DPOUJOVBUJPO PG UIF DJSDMF π−�(Σ− ∩") PG FRVJMJCSJB GPS ;($.� *U JT UIF -ZBQVOPW PSCJU

����
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'JHVSF ��� %ZOBNJDT JO UIF FOFSHZ TVSGBDF )−�(&) TIPXJOH UIF QFSJPEJD PSCJU γ UIF
DPOUSBDUJOH NBOJGPMET 8± BOE UIF USBOTWFSTF IFNJTQIFSFT 4± JO UIF DBTF XIFO UIF
àSTU JOUFSTFDUJPOT PG 8± XJUI W= � NJTT FBDI PUIFS� *OTJEF UIF TQIFSF 4 XF TIPX UIF
USBKFDUPSJFT CFMPX UIF IPSJ[POUBM BT EPUUFE BOE BCPWF BT EBTIFE XIJMF FTDBQJOH PVU PG
UIF TQIFSF JT TIPXO BT DPOUJOVPVT�

UIBU DPNFT GSPN CPVODJOH USBKFDUPSJFT UIBU DSPTT W= � JO UIF PUIFS JOEJDBUFE MPCF BOE FYJU UIF
MPXFS IFNJTQIFSF WJB UIF JOEJDBUFE MPCF� 5IJSEMZ UIFSF JT UIF SFNBJOJOH áVY BDSPTT UIF VQQFS
IFNJTQIFSF UIBU QBTTFT UISPVHI UIF JOUFSTFDUJPO PG UIF EJTLT CPVOEFE CZ UIF DJSDMFT PO W= �
	XIFSF UIFZ QFSGPSN POF CPVODF
 BOE UIFO FYJU WJB UIF SFTU PG UIF MPXFS IFNJTQIFSF� 5IFTF BSF
TJOHMF�CPVODF USBKFDUPSJFT�

5IF áVYFT PG FOFSHZ�TVSGBDF WPMVNF BSF SFMBUFE UP UIF BDUJPOT PG UIF IPNPDMJOJD PSCJUT BOE
PG γ� /BNFMZ UIF USBQQJOH áVY JT UIF EJGGFSFODF JO BDUJPO CFUXFFO UIF IPNPDMJOJD PSCJUT BU UIF
FOET PG UIF DPSSFTQPOEJOH MPCF� 5IF BDUJPO PG B IPNPDMJOJD PSCJU EPFT OPU DPOWFSHF CVU UIF
EJGGFSFODF JO BDUJPOT PG UXP IPNPDMJOJD PSCJUT UP UIF TBNF QFSJPEJD POF EPFT BT MPOH BT POF
UBLFT UIF FOE QPJOUT UP DPOWFSHF UPHFUIFS BOE UIBU JT XIBU JT BTTVNFE JO UIJT TUBUFNFOU� 5IF
EFUSBQQJOH áVY JT FRVBM UP UIF USBQQJOH áVY CFDBVTF UIFZ BSF CPUI HJWFO CZ UIF EJGGFSFODF JO
BDUJPO PG UIF TBNF QBJS PG IPNPDMJOJD PSCJUT� 5IF TJOHMF�CPVODF áVY JT UIF EJGGFSFODF CFUXFFO
UIF BDUJPO PG γ BOE UIF USBQQJOH áVY�

5P DPNQMFUF UIJT EJTDVTTJPO XF FYQMBJO XIZ HFOFSJDBMMZ UIF DJSDMFT NJTT FBDI PUIFS GPS I
POMZ TMJHIUMZ BCPWF I�� *O UIF MJNJUJOH DBTF I= I� UIF QFSJPEJD PSCJU γ TISJOLT UP BO FRVJMJC�
SJVN QPJOU OBNFMZ UIF TBEEMF PG |#| OFBS UIF DFOUSF PG UIF UPQ DPJM� 5IF BDDFTTJCMF SFHJPO DBO
CF DPOTJEFSFE BT BO JOTJEF BOE BO PVUTJEF UIBU BSF QJODIFE UPHFUIFS JO B DPOJDBM QPJOU BU UIF
TBEEMF� 5IF QBSU PG UIF FOFSHZ TVSGBDF DPSSFTQPOEJOH UP UIF JOOFS QBSU JT B EPVCMF DPWFS PG B
TQIFSF XJUI B DPOJDBM TJOHVMBSJUZ BU UIF TBEEMF IFODF JU JT B ��TQIFSF XJUI B DPOJDBM TJOHVMBSJUZ�
5IF ATISJOLJOH� PG γ UP UIJT DPOJDBM QPJOU DPSSFTQPOET JO PVS SFQSFTFOUBUJPO UP γ HSPXJOH UP B
DJSDMF BU JOàOJUZ� UIJOL PG IPX B TNBMM DJSDMF BSPVOE UIF OPSUI QPMF NBQT VOEFS TUFSFPHSBQIJD
QSPKFDUJPO UP B MBSHF DJSDMF JO UIF QMBOF UBOHFOU UP UIF TPVUI QPMF� 5IF TBEEMF IBT �% DPOUSBDUJOH

����
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'JHVSF ��� $BTF XIFO UIF àSTU JOUFSTFDUJPOT PG8±(γ) XJUI UIF CPVODF TVSGBDF {W= �}
JOUFSTFDU� 8± OPU ESBXO FYDFQU GPS UIFJS àSTU JOUFSTFDUJPOT XJUI % UP HJWF QSJPSJUZ UP
UIF MPCFT PO UIF EJWJEJOH TVSGBDF� 4BNF DPOWFOUJPO GPS UIF USBKFDUPSJFT BT JO àHVSF ���

NBOJGPMET� *O POF EJSFDUJPO UIFZ QJFSDF W= �� (FOFSJDBMMZ UIFZ QJFSDF JU JO EJTUJODU QPJOUT� /PX
EFGPSN UIF QJDUVSF UP I> I�� UIF QPJOUT FYQBOE UP TNBMM DJSDMFT CVU TUJMM NJTT FBDI PUIFS GPS
TNBMM I− I��

'JOBMMZ XF NFOUJPO UIBU BTQFDUT PG UIF BCPWF TDFOBSJP NBZ CF GBNJMJBS UP UIPTF XIP TUVEZ
UIF VOGPMEJOH PG )BNJMUPOJBO TZTUFNT XJUI B IPNPDMJOJD USBKFDUPSZ UP B TBEEMF�DFOUSF F�H� <,P>
BOE SFGFSFODFT UIFSFJO� #VU TVDI TUVEJFT IBWF DPODFOUSBUFE PO FYJTUFODF PG NVMUJ�SPVOE IPNP�
DMJOJD BOE QFSJPEJD USBKFDUPSJFT XIFSFBT PVS JOUFSFTU JT JO UIF áVY PWFS UIF TBEEMF�

���� 5PLBNBL

'PS BO BYJTZNNFUSJD UPLBNBLΣ × {W= �} BMTP QFSTJTUT UP BO JOWBSJBOU TVCNBOJGPME GPS µ > �
CVU POMZ BGUFS UBLJOH JUT VOJPO XJUI BOPUIFS JOWBSJBOU TVCNBOJGPME UIBU DSPTTFT JU USBOTWFSTFMZ
DPSSFTQPOEJOH UP DMPTFE HVJEJOH�DFOUSF USBKFDUPSJFT BOE BMMPXJOH UIF DSPTTJOH UP CSFBL HFOFS�
JDBMMZ� 5IF SFTVMU XBT BMSFBEZ JMMVTUSBUFE JO <.��>� *U JT JMMVNJOBUJOH UP BOBMZTF UIJT FYBNQMF
JO TPNF EFUBJM� 5IJT BOBMZTJT XJMM EFNPOTUSBUF IPX BOE XIZ TUSPOH JTPESBTUJDJUZ HFOFSJDBMMZ
CSFBLT JO NBHOFUJD DPOàHVSBUJPOT DMPTF UP UPLBNBLT�

8F VTF UIF NBHOFUJD àFME PG TFDUJPO ���� 'PS UIF HVJEJOH�DFOUSF NPUJPO XF DIPPTF UP TDBMF
F,N UP � BOE UBLF )= �

�W
� + µ|#| ω = β+ E(WC!)� 5IJT JT TP UIBU UIF FGGFDU PG UVSOJOH PO

TNBMM µ JT PO UIF )BNJMUPOJBO JOTUFBE PG UIF TZNQMFDUJD GPSN XIJDI NBLFT JU FBTJFS UP VOEFS�
TUBOE� 8F DBO UBLF BO BYJTZNNFUSJD WFDUPS QPUFOUJBM " GPS # MFBEJOH UP β = E"!� *UT 	QIZTJDBM

DPNQPOFOU "φ = ψ/3= �

� (S
� + [�)/3 XIFSF S= 3− � 	BOE JO DBTF JU JT VTFGVM POF DBO UBLF

"[ = −$ MPH3,"3 = �
� #Z BYJTZNNFUSZ

Qφ = 3("φ + WCφ) = ψ + W$/|#| 	��


����

I Isodrastic is the case where the contracting submanifolds join.



Perturbed tokamak example
I Take scaling H = 1

2v
2 + µ|B|, ω = β + d(vb[).

I Axisymmetric case conserves pφ = ψ + vC
|B| , where

ψ = 1
2 (r2 + z2) with r = R − 1.

I Contours of reduced Hamiltonian Hpφ for some value of pφ,
and set of critical points of Hpφ in (r , v) (z = 0)./POMJOFBSJUZ �� 	����
 ���� + 8 #VSCZ FU BM

'JHVSF ��� $POUPVST PG )Q JO 	S [
 GPS $= �.�,µ = �.����,Q= �.����

JT DPOTFSWFE� 4P PO Qφ = Q

W=

√
$� + �ψ
3$

Q̃ 	��


XIFSF

Q̃= Q−ψ.

5IVT XF PCUBJO SFEVDFE )BNJMUPOJBO )Q PO Qφ = Q 	NPEVMP φ


)Q(S,[) =
�
�
$� + �ψ
$�3� (Q−ψ)� +

µ

3

√
$� + �ψ. 	��


" UZQJDBM DPOUPVS QMPU PG )Q GPS Q> � BOE µ TNBMM JT TIPXO JO àHVSF �� XIJDI TIPXT TPNF
CBOBOB USBKFDUPSJFT BOE TPNF DJSDVMBUJOH BOE DPVOUFS�DJSDVMBUJOH USBKFDUPSJFT BOE NBLFT DMFBS
JU IBT UISFF DSJUJDBM QPJOUT�

8F MPPL GPS DSJUJDBM QPJOUT PG )Q CFDBVTF UIFZ HFOFSBUF BYJTZNNFUSJD QFSJPEJD PSCJUT GPS )
	PS FYDFQUJPOBMMZ B DJSDMF PG FRVJMJCSJB
� 5IF POFT PG JOUFSFTU GPS JTPESBTUJDJUZ BSF UIF IZQFSCPMJD
POFT CVU GPS UIF NPNFOU XF DPOTJEFS UIFN BMM� 6TJOH ψ = �

� (S
� + [�) BOE 3= �+ S XF TFF

UIF [�EFSJWBUJWF JT [FSP JGG [= �� 5IF S�EFSJWBUJWF PO [= � JT

∂)Q

∂S
(S,�) = −$� − S

$�3� Q̃
� − $� + S�

$�3� SQ̃− µ
$� − S

3�
√
$� + S�

.

4P DSJUJDBM QPJOUT PG )Q BSF UIF TPMVUJPOT S PG

($� − S)Q̃� +3S($� + S�)Q̃+ µ
3$�($� − S)√

$� + S�
= �, 	��


XIFSF Q̃= Q− S�/�� 8F DBO DPOTJEFS UIJT JOTUFBE BT BO FRVBUJPO GPS Q̃ HJWFO S� *U IBT SFBM SPPUT
JGG

3S�($� + S�)�/� ! �µ$�($� − S)�,

UIBU JT GPS S PVUTJEF BO JOUFSWBM BQQSPYJNBUFMZ (−�
√

µ$,�
√

µ$)� 5IF WBMVF PG Q̃ BU UIF GPME

QPJOUT JT Q̃= −3S($�+S�)
�($�−S)) ≈ −S/�� 'PS S$ � CVU MBSHF DPNQBSFE XJUI

√
µ$ UIF EPNJOBOU CBM�

BODFT BSF 	J
 UIF TFDPOE BOE UIJSE UFSNT HJWJOH B TPMVUJPO BQQSPYJNBUFMZ Q̃= −µ$
S  BOE 	JJ
 UIF

����

/POMJOFBSJUZ �� 	����
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'JHVSF ��� 4LFUDI PG UIF JOWBSJBOU NBOJGPME/ GPS '($. JO UIF UPLBNBL FYBNQMF TIPX�
JOH JUT EFDPNQPTJUJPO JOUP /± BOE /��

àSTU BOE TFDPOE UFSNT HJWJOH B TPMVUJPO BQQSPYJNBUFMZ Q̃= −S� 5IFTF DBO CF DPOWFSUFE GSPN
Q̃ UP W CZ 	��
 XIJDI HJWFT W≈ Q̃ BOE TP UIF TBNF BQQSPYJNBUF GPSNVMBF�

5IVT XF PCUBJO BO JOWBSJBOU NBOJGPME / DPOTJTUJOH PG DJSDVMBS PSCJUT JO [= � BT TIPXO
JO àHVSF ��� 5IF QBSUT XJUI W≈ −µ$

S BSF B TNBMM QFSUVSCBUJPO PG Σ × {W= �} BXBZ GSPN UIF
HBQ� 5IF QBSUT XJUI W≈ −S DPSSFTQPOE UP QFSUVSCBUJPO PG BOPUIFS JOWBSJBOU TVCNBOJGPME GPS
µ = � DPOTJTUJOH PG UIF DJSDVMBS QFSJPEJD PSCJUT JO [= � GPS XIJDI UIF WFSUJDBM DPNQPOFOUT PG
UIF DVSWBUVSF ESJGU BOE QBSBMMFM WFMPDJUZ CBMBODF 	UIJT DBO CF DPNQVUFE FYBDUMZ JG EFTJSFE CVU
IBT UIF MFBEJOH GPSN W= −S
�

5P JEFOUJGZ XIJDI QBSUT BSF OPSNBMMZ IZQFSCPMJD PS FMMJQUJD XF IBWF UP EP GVSUIFS XPSL� 5IF
CPVOEBSZ CFUXFFO UIFN JT EFUFSNJOFE CZ UIF UVSOJOH QPJOUT PG Qφ BMPOH UIJT DVSWF PG DSJUJDBM
QPJOUT� 5IFSF JT KVTU POF TVDI UVSOJOH QPJOU BOE JU JT OFBS S= −(µ$)�/�� 5P TFF UIJT δQ= �
JGG δQ̃= −SδS EJWJEF 	��
 CZ $� − S GPS DPOWFOJFODF BOE EJGGFSFOUJBUF UIF SFTVMU UP PCUBJO UIF
DPOEJUJPO GPS δQ= � δS $= ��

Q̃

(
−�S+

(
3S($� + S�)
$� − S

) ′)
− 3S�($� + S�)

$� − S
+ µ$�

(
3√

$� + S�

) ′
= �, 	��


XIFSF UIF EFSJWBUJWFT BSF XJUI SFTQFDU UP S� 'PS µ BOE S TNBMM UIJT JT Q̃− S� + µ$≈ �� 5IJT
PDDVST PO UIF MPXFS MFGU CSBODI XIFSF Q̃≈ −µ$/S,S< � BT B CBMBODF QSJODJQBMMZ CFUXFFO UIF
àSTU BOE TFDPOE UFSNT� )FODF UIF SFTVMU� 5IJT HJWFT/�� 4UVEZ PG UIF UZQF PG UIF DSJUJDBM QPJOUT PG
)Q HJWFT UIF EFDPNQPTJUJPO PG UIF DPNQMFNFOU JOUP /± BT TIPXO JO UIF àHVSF� 0OF DBO DPN�
QVUF /� BT B DVSWF JO 	µ,&,Q) QBSBNFUFSJTFE CZ S� /PUF UIBU BU /� S≈ −(µ$)�/�, Q̃≈ (µ$)�/�
TP Q≈ �

� (µ$)�/�� 5IVT UIF SFHJNF GPS XIJDI )Q IBT UISFF DSJUJDBM QPJOUT JT BQQSPYJNBUFMZ
Q> �

� (µ$)�/��

����

I Σ− × {v = 0} perturbs to NHS N−. Get a normally elliptic
submanifold N+ too from Σ+ and a transverse submanifold of
circular periodic orbits in z = 0 whose vertical components of
parallel velocity and curvature drift cancel. [CHECK]



continued

I On breaking axisymmetry, pφ no longer conserved, so best to
change view to level sets of pφ, given E . Axisymmetric case:/POMJOFBSJUZ �� 	����
 ���� + 8 #VSCZ FU BM

'JHVSF ��� 4PNF DPOUPVST PG Qφ JO 	V [
 GPS $= �.�,µ = �.����,I= �.��

MBSHFS E IBT BQQSPYJNBUFMZ W= µ$/E
� 5IF SBUF PG DIBOHF PG φ JT HJWFO CZ

#̃‖3φ̇= W
$
3

+ W�
�ψ

($� + �ψ)�/�
+ µ

�ψ− S$�

3�($� + �ψ)
,

XIJDI BU UIF IZQFSCPMJD QPJOU IBT FBDI UFSN QPTJUJWF 	SFNFNCFS W> � BOE S< �
 TP φ̇ JT QPTJU�
JWF UIFSF� 5IVT JO UIF GVMM QIBTF TQBDF JODMVEJOH φ JU DPSSFTQPOET UP B IZQFSCPMJD QFSJPEJD�PSCJU
PG HVJEJOH�DFOUSF NPUJPO� 5IF IZQFSCPMJD QPJOU IBT UXP IPNPDMJOJD PSCJUT DPSSFTQPOEJOH UP
UIF KPJOU MFWFM TFU PG ) BOE Qφ DPOUBJOJOH UIF IZQFSCPMJD QPJOU� 5IF NBQQJOH 	��
 DPOTJEFSFE
BT HJWJOH W GSPN 	S [
 TIPXT UIBU UIF KPJOU MFWFM TFU GPSNT B àHVSF PG FJHIU JO 	W [
 BSSBOHFE
BT JO àHVSF ��� 5IF DMPTFE MFWFMT PG Qφ GPS HJWFO & JOTJEF UIF SJHIU BOE MFGU MPCFT PG UIF FJHIU
DPSSFTQPOE UP QPTJUJWFMZ BOE OFHBUJWFMZ DJSDVMBUJOH USBKFDUPSJFT SFTQFDUJWFMZ 	BDUVBMMZ TPNF PG
UIF OFHBUJWFMZ DJSDVMBUJOH USBKFDUPSJFT CPVODF BT DBO CF TFFO JO UIF àHVSF GSPN UIF TJHO DIBOHF
PG V CVU JU JT DPOWFOJFOU UP DPOTJEFS UIFN BT QVSFMZ DJSDVMBUJOH JO UIJT FYBDU USFBUNFOU
� 5IPTF
SPVOE UIF PVUTJEF PG UIF FJHIU DPSSFTQPOE UP CPVODJOH USBKFDUPSJFT� *O UIF GVMM QIBTF TQBDF UIF
àHVSF�FJHIU HJWFT UXP IPNPDMJOJD TVCNBOJGPMET UP UIF IZQFSCPMJD QFSJPEJD PSCJU� 'PS HFOFSJD
QFSUVSCBUJPO UIFZ DBO CF FYQFDUFE UP CSFBL QSPEVDJOH IPNPDMJOJD PTDJMMBUJPOT BOE B [POF PG
DIBPT BSPVOE UIFN� 4FF àHVSF ���

/PUF UIBU φ̇ JT OPU PG àYFE TJHO 	JUT TJHO JT FTTFOUJBMMZ UIBU PG W
 TP POF DBO OPU ESBX B àSTU
SFUVSO NBQ UP φ= � NPEVMP �π� #VU POF TIPVME TUJMM HFU B TJNJMBS IPNPDMJOJD UBOHMF 	XIJDI
XPVME CF XPSUI JMMVTUSBUJOH
� 5IJT DPSSFTQPOET UP SFQFBUFE USBOTJUJPOT CFUXFFO CPVODJOH USB�
KFDUPSJFT BOE USBKFDUPSJFT DJSDVMBUJOH JO FJUIFS PG UIF UXP EJSFDUJPOT� /PUF UIBU USBKFDUPSJFT PO
UIF DPVOUFS�DJSDVMBUJOH TJEF BOE UIF CPVODJOH USBKFDUPSJFT PO UIF PVUTJEF PG UIF àHVSF�FJHIU
TUJMM IBWF B OFU ESJGU JO UIF QPTJUJWF EJSFDUJPO JG DMPTF UP UIF TFQBSBUSJY� #VU GVSUIFS BXBZ 〈φ̇〉
NBZ DIBOHF UP OFHBUJWF� *U MPPLT MJLFMZ UIBU GPS FBDI PG UIF DPVOUFS�DJSDVMBUJOH BOE UIF CPVO�
DJOH DMBTTFT UIFSF JT B MFWFM TFU PG Qφ GPS HJWFO & GPS UIF VOQFSUVSCFE QSPCMFN GPS XIJDI 〈φ̇〉
JT [FSP� HFOFSJDBMMZ UIFZ CSFBL JOUP JTMBOE DIBJOT JO UIF φ EJSFDUJPO DSFBUJOH XIBU BSF DBMMFE
ATVQFS�CBOBOBT� UPHFUIFS XJUI UIFJS PXO CSPLFO TFQBSBUSJDFT� 5IF TDFOBSJP NFSJUT NPSF JO�
EFQUI BOBMZTJT GSPN UIJT QPJOU PG WJFX 	BOE EJTDVTTJPO PG SJQQMF�USBQQJOH
�

5IF DPODMVTJPO GPS JTPESBTUJDJUZ JT UIBU UP CF TUSPOH JTPESBTUJD POF XPVME OFFE UP SFTUSJDU
QFSUVSCBUJPOT GSPN BYJTZNNFUSZ UP QSFTFSWF UIF QBJST PG IPNPDMJOJD PSCJUT UP UIF IZQFSCPMJD

����
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'JHVSF ��� &YQFDUFE QJDUVSF GPS UIF DPOUSBDUJOH NBOJGPMET 8± PG UIF IZQFSCPMJD QFSJ�
PEJD PSCJU γ BGUFS B QFSUVSCBUJPO CSFBLJOH BYJTZNNFUSZ�

QFSJPEJD PSCJUT� 5IJT SFRVJSFT UXP GVODUJPOT G± : R × R × S� → R UP CF [FSP G±(&,µ,φ) SFQSFT�
FOUJOH UIF TQMJUUJOH PG UIF TFQBSBUSJY PO UIF SJHIU PS MFGU SFTQFDUJWFMZ GPS FOFSHZ & BOE NBHOFUJD
NPNFOU µ BU QIBTF φ� *U JT BO PQFO RVFTUJPO IPX POF NJHIU BDIJFWF UIJT JO HFOFSBM� 1FSIBQT
UIF IFMJDBM àFMET PG <,*7.> XPVME HJWF TPNF JOTJHIUT�

8F OPUF UIBU RVBTJ�TZNNFUSZ JNQMJFT UIF TBNF TJUVBUJPO PG EPVCMF IPNPDMJOJDT UP QFSJPEJD
PSCJUT� *OEFFE UIF BOBMZTJT QSPDFFET KVTU CZ SFQMBDJOH DPOTFSWBUJPO PG Qφ CZ DPOTFSWBUJPO PG
,= −Fψ +NW‖V · C XIFSF V JT UIF RVBTJ�TZNNFUSZ WFDUPS àFME <#,.>�

�� &YBDU USFBUNFOU PG UIF TQMJUUJOH PG TFQBSBUSJDFT

5P EFDJEF XIFUIFS8± GPS/− DPJODJEF UIFSF JT B TUBOEBSE UFDIOJRVF VTVBMMZ DBMMFE.FMOJLPW�T
NFUIPE UIPVHI JUT PSJHJOT HP CBDL UP 1PJODBSÊ <1PJ>� *U JT VTVBMMZ QSFTFOUFE JO UIF DPO�
UFYU PG UJNF�QFSJPEJD QFSUVSCBUJPO PG BO BVUPOPNPVT � %P' TZTUFN XIFSFBT XF XBOU JU
GPS BO BVUPOPNPVT �%P' TZTUFN 	OFWFSUIFMFTT TFF <3P ).��B ).��C> GPS FYBNQMF
�
'VSUIFSNPSF JU JT VTVBMMZ QSFTFOUFE JO UIF DBTF UIBU UIF VOQFSUVSCFE TZTUFN IBT B NBOJGPME
PG IZQFSCPMJD QFSJPEJD PSCJUT XJUI IPNPDMJOJD DPOOFDUJPOT XIFSFBT IFSF UIF VOQFSUVSCFE TZT�
UFN IBT B NBOJGPME PG FRVJMJCSJB XJUI IPNPDMJOJD PSCJUT BOE UIF QFSJPEJD PSCJUT BQQFBS POMZ BT B
SFTVMU PG UIF QFSUVSCBUJPO� *U JT PGUFO QSFTFOUFE BT B àSTU�PSEFS DBMDVMBUJPO JO TPNF QFSUVSCBUJPO
QBSBNFUFS CVU UIFSF JT BO FYBDU WFSTJPO UP CF QSFTFOUFE IFSF� 'VSUIFSNPSF UIF JOUFHSBM PG UIF
.FMOJLPW GVODUJPO CFUXFFO [FSPFT SFQSFTFOUT B áVY PG FOFSHZ�TVSGBDF WPMVNF NBLJOH B HJWFO
USBOTJUJPO BOE UIF áVY DBO CF XSJUUFO BT UIF EJGGFSFODF JO BDUJPO CFUXFFO IPNPDMJOJD PSCJUT
<..>�

5IF /)4 /− JT B HSBQI PG BSDMFOHUI BOE QBSBMMFM WFMPDJUZ PWFS Σ−� Σ− JT USBOTWFSTF UP
UIF NBHOFUJD àFME TP XF DBO MBCFM JUT QPJOUT 	BOE UIPTF PG /−
 CZ MBCFMT GPS UIF àFMEMJOF
UISPVHI UIF QPJOU� 8F XSJUF TVDI MBCFMT BT (Y,Z) ∈ R� PGUFO TIPSUFOFE UP ξ ∈ R�� *U JT QPTTJCMF
UP DIPPTF UIFN TP UIBU UIF NBHOFUJD áVY ��GPSN β = EY∧ EZ JO XIJDI DBTF 	Y Z
 BSF DBMMFE
$MFCTDI DPPSEJOBUFT 	BT VTFE JO TFDUJPO ���
 CVU UIBU JT OPU SFBMMZ OFDFTTBSZ�

'PS ;($. UIF TUBCMF BOE VOTUBCMFNBOJGPMET8±(ξ) PG ξ ∈ Σ− GPMMPX UIF àFMEMJOF UISPVHI
ξ BOE IBWF V= ±

√
�(|#(ξ)| − |#|)� 8F TVQQPTF UIBU JO B HJWFO EJSFDUJPO GSPNΣ− UIF àFMEMJOF

UISPVHI ξ SFBDIFT B CPVODF QPJOU XIFSF |#| = |#(ξ)| BHBJO� 5IFO8±(ξ) NFSHF BU UIF CPVODF
QPJOU� 5IF VOJPO PG 8±(ξ) PWFS ξ ∈ Σ− HJWFT B TFQBSBUSJY UIBU JU JT JNQPTTJCMF UP DSPTT�

����

I So expect righthand picture on perturbation.

I MacKay RS, On guiding centre motion, in: Transport, chaos
and plasma physics, eds Benkadda S, Doveil F, Elskens Y
(World Sci, 1994) 96–101.



Splitting of separatrices
I It is convenient to examine the splitting of the separatrices by

following the contracting submanifolds to the first bounce.
I Let W±(x) be the contracting whiskers of x ∈ N− and Ξ±(x)

be fieldline labels of their first points with v = 0. Can use
intersection with Σ− as fieldline label. SKETCH

I Isodrastic requires Ξ+(x) = Ξ−(τ(x)) for some τ(x) ∈ N− in
the same orbit as x .

I Generically, x is on a periodic orbit γ ⊂ N− and Ξ±(x) trace
out closed curves γ± in Σ−.

I γ± enclose the same magnetic flux, equal to −1
e

∫
γ ω (use flux

of energy-surface volume = ω).
I Isodrastic requires γ± to coincide. Equivalent to ∃ τ such that

Ξ+(x) = Ξ−(φτ (x)) for x ∈ γ.
I Otherwise, they may intersect, forming lobes of transitioning

flux; or miss each other, forming disks of transitioning flux.
I The flux for a lobe equals the difference in actions∫

eA[ + p‖b
[ between homoclinic orbits from the intersections.



Case of equilibria

I If x ∈ N− is an equilibrium point then in general Ξ±(x) miss
each other. It is codimension-2 to coincide.

I If they miss then so do γ± for all small enough periodic orbits
γ around it.



Melnikov analysis
I Can compute the curves γ± to first order in δ: given a field-

line label ξ (e.g. H extended along field from Σ−) and a point
x ∈ Σ−, let n(x) be the point of N− on the same fieldline, &
a(s) be the covector at arclength s along ZGCM from x with
a(0) = dξ on TΣ−, a(0)b = 0 and dai

ds = −aj∂ibj , dxds = b.

I Then the first order change ∆ξ along W±(n(x)) to the first
bounce is given by ±δMξ, where Poincaré-Melnikov function
Mξ =

∫
u
|B|ac⊥ + 1

u (aη − K ) ds along the ZGCM from x ,

with η = b
|B| ×∇|B|, K = aη at x and u =

√
2(H− |B|).

I So the first-order difference between ξ on Ξ± is 2δMξ.

I Tidier to compute a and M wrt fieldline time instead of s.

I For ξ = H it simplifies to MH =
∫
ak ds
|B| where k = curl(ub).

I Can show dH ∧ dJ =MHβ, so deduce that weak
isodrasticity is the first-order condition for strong isodrasticity.

I For equilibrium points on N−, choose two independent field-
line labels to compute first-order displacement between Ξ±.



Behaviour near generic Σ0

I For a C 4-generic point of Σ0 there are fieldline labels x , y
nearby for which |B| = f (x , y) + ys + xs2 + ks3 + as4 + o(s4)
for (k, a) 6= (0, 0) and some function f .

I Then |B|′ = y + 2xs + 3ks2 + 4as3 + o(s3), so Σ is locally
y = −2xs − 3ks2 − 4as3 + o(s3).

I |B|′′ = 2x + 6ks + 12as2 + o(s2), so Σ0 is locally
x = −3ks − 6as2 + o(s2), y = 3ks2 + 8as3 + o(s3).

I k 6= 0; k = 0, a > 0; k = 0, a < 0:
/POMJOFBSJUZ �� 	����
 ���� + 8 #VSCZ FU BM

'JHVSF ��� (FOFSJD OFJHICPVSIPPE PG B QPJOU (�,�,�) PO Σ�� Y,Z BSF àFMEMJOF MBCFMT
BOE T JT BSDMFOHUI BMPOH UIF àFME� *U TIPXT UIBU Σ� GPSNT B TNPPUI 	CMVF
 DVSWF PO Σ
TFQBSBUJOH Σ JOUP Σ± PO UIF SJHIU BOE MFGU SFTQFDUJWFMZ� 5ISFF àFMEMJOFT BSF JOEJDBUFE
XJUI Y= � Z= −�,�,+� BOE UIF TIBQFT PG |#| BMPOH UIFN BSF TLFUDIFE�

5IVT XF DBO VTF 	Y U
 BT DPPSEJOBUFT PO Σ� 'VSUIFSNPSF

|#|′′ = (�Y+ �LU)U′� + (Z+ �YU+ �LU�)U′′ = (�Y+ �LU)U′� + |#|′U′′/U′.
/PX |#| ′ = � PO Σ BOE U

′
JT OFBS � TP Σ� JT MPDBMMZ UIF DVSWF

Y= −�LU, Z= �LU�.

*UT QSPKFDUJPO UP àFMEMJOF MBCFMT 	Y Z
 JT UIF DVSWF �LZ= Y�� *U JT B TUBOEBSE GPME JO Σ� Σ± BSF
UIF QBSUT PG Σ XJUI Y+ �LU> �,< � SFTQFDUJWFMZ� 5IF SFTVMU JT TIPXO JO àHVSF ��� 8F TFF UIBU
UIFSF BSF TIPSU CPVODJOH TFHNFOUT PO TPNF àFMEMJOFT OBNFMZ UIPTF GPS XIJDI UIF DVCJD IBT B
XFMM J�F� GPS XIJDI Z< −�YU− �LU��

4FDPOEMZ XF IBWF UP UBLF DBSF PG FYDFQUJPOBM QPJOUT Q PG Σ� BU XIJDI L= �� 5IFO 	��
 JT
NPEJàFE HFOFSJDBMMZ UP

|#| = G(Y,Z) + ZU+ YU� + BU�

GPS TPNF B "= �� 3FQFBUJOH UIF BOBMZTJT XF PCUBJO UIBU Σ JT MPDBMMZ Z= −�YU− �BU� BOE Σ�

JT MPDBMMZ Y= −�BU�, Z= �BU�� *UT QSPKFDUJPO UP àFMEMJOF MBCFMT 	Y Z
 JT B TUBOEBSE TFNJ�DVCJD
DVTQ� ��BZ� + ��Y� = ��

8F DBO DPNCJOF UIF USFBUNFOU PG HFOFSJD QPJOUT PG Σ� BOE UIPTF IBWJOH L= � CZ JODMVEJOH
CPUI UIF LU� BOE BU� UFSNT JO UIF FYQSFTTJPO GPS |#| XJUI L,B OPU TJNVMUBOFPVTMZ [FSP� 5IFO PO
Σ

|#| = G(Y,−�YU− �LU� − �BU�) − YU� − �LU� − �BU�.

*O QBSUJDVMBS BMPOH Σ�

|#| = G(−�LU− �BU�,�LU� + �BU�) + LU� + �BU�,

TP VTJOH U OPX BT B DPPSEJOBUF BMPOH Σ� E|#|
EU = −�LG,Y BU U= � XIFSF G,Y EFOPUFT UIF QBSUJBM

EFSJWBUJWF PG G XJUI SFTQFDU UP Y BU (�,�)� "U QPJOUT PG Σ� XIFSF LG,Y "= � UIF àFME JT OPU XFBLMZ
JTPESBTUJD CFDBVTF |#| JT OPU DPOTUBOU BMPOH Σ� 	B MJUUMF NPSF BOBMZTJT TIPXT UIBU UIF MFWFM TFUT
PG |#| DSPTT Σ� XJUI DVCJD UBOHFODZ
� " DMPTFE DPNQPOFOU PG Σ� IBT BU MFBTU POF NJOJNVN BOE
POFNBYJNVN PG |#| TP UIFSF BSF QPJOUT PO JU XIFSF G,Y = � PS L= �� " RVFTUJPO JT XIFUIFS CPUI

����

/POMJOFBSJUZ �� 	����
 ���� + 8 #VSCZ FU BM

'JHVSF ��� 5IF EJTQPTJUJPO PG Σ BOE Σ� SFMBUJWF UP UIF NBHOFUJD àFME MJOFT OFBS B QPJOU
Y= Z= � XJUI L= �� 	B
 RVBSUJD NJOJNVN 	C
 RVBSUJD NBYJNVN� *O FBDI DBTF UISFF
àFMEMJOFT BSF TIPXO 	EFOPUFE CZ SFE HSFFO BOE CMVF MJOFT
 BOE B CPVODJOH TFHNFOU PO
FBDI PG UIFN JT EFOPUFE CZ CBS BSSPXT� 5IF |#| QSPàMFT BMPOH UIF àFMEMJOFT BSF TIPXO
JO UIF CPUUPN QBOFM UPHFUIFS XJUI UIF DIPTFO MFWFM PG &/µ GPS UIF CPVODJOH TFHNFOU�

3FDBMMJOH UIF FYQSFTTJPO GPS I= |#| PO Σ

EI= G,YEY+ G,Z(−�UEU− (�Y+ �LU)EU) − U�EY− (�YU+ �LU�)EU.

5IVT

EI∧ EJ =
(−|#|′′)�/�

�L�
(−�YG,Z − �LG,Y + Z)EY∧ EU,

VTJOH Z= −�YU− �LU� 	��
� *U JT [FSP JGG Z= �YG,Z + �LG,Y� 5IJT 1%& DBO CF TPMWFE GPS G SFTVMU�
JOH JO I CFJOH BO BSCJUSBSZ GVODUJPO PG Y� − �LZ 	UIF EFWJBUJPO GSPNΣ�
 CVU UIFNBJO DPODMVTJPO
DBO CF SFBE PGG JNNFEJBUFMZ CZ QVUUJOH (Y,Z) = (�,�)� LG,Y = � BU (�,�)� 5IJT JNQMJFT GPS L #= �
UIBU UIF EFSJWBUJWF PG I BMPOH Σ� JT [FSP DPOàSNJOH POF PG PVS OFDFTTBSZ DPOEJUJPOT GPS XFBL
JTPESBTUJDJUZ�

*U JT VTFGVM UP DPNQBSF EI∧ EJ UP β� 0O Σ MPDBMMZ β = D(Y,Z)EY∧ EZ GPS TPNF OPO�[FSP
TNPPUI GVODUJPO D CFDBVTF Y BOE Z BSF àFMEMJOF MBCFMT� 6TJOH Z= −�YU− �LU� BOE UIF FYQSFT�
TJPO GPS |#| ′ ′ XF PCUBJO EY∧ EZ= −D|#| ′ ′EY∧ EU� 4P UIF .FMOJLPW GVODUJPO

M =
(−|#|′′)�/�

�DL�
(Z− �YG,Z − �LG,Y).

'JOBMMZ GPS JTPESBTUJDJUZ POF BMTP OFFET UIF DPSSFTQPOEJOH DPOEJUJPO GPS TFHNFOUT MFBWJOH
Σ− JO UIF PQQPTJUF EJSFDUJPO XIJDI JT OPU PCUBJOBCMF CZ MPDBM BOBMZTJT� " UZQJDBM QJDUVSF GPS UIF
QIBTF TQBDF 'K BSPVOE B àFMEMJOF XJUI B DVCJD DSJUJDBM QPJOU JT TLFUDIFE JO àHVSF �� VTJOH UIF
OPSNBM GPSN 	��
 BOE B HFOFSJD BTTVNQUJPO UIBU UIF TFQBSBUSJY�BSFB PG UIF DVCJD DSJUJDBM QPJOU

����

/POMJOFBSJUZ �� 	����
 ���� + 8 #VSCZ FU BM

'JHVSF ��� 5IF EJTQPTJUJPO PG Σ BOE Σ� SFMBUJWF UP UIF NBHOFUJD àFME MJOFT OFBS B QPJOU
Y= Z= � XJUI L= �� 	B
 RVBSUJD NJOJNVN 	C
 RVBSUJD NBYJNVN� *O FBDI DBTF UISFF
àFMEMJOFT BSF TIPXO 	EFOPUFE CZ SFE HSFFO BOE CMVF MJOFT
 BOE B CPVODJOH TFHNFOU PO
FBDI PG UIFN JT EFOPUFE CZ CBS BSSPXT� 5IF |#| QSPàMFT BMPOH UIF àFMEMJOFT BSF TIPXO
JO UIF CPUUPN QBOFM UPHFUIFS XJUI UIF DIPTFO MFWFM PG &/µ GPS UIF CPVODJOH TFHNFOU�

3FDBMMJOH UIF FYQSFTTJPO GPS I= |#| PO Σ

EI= G,YEY+ G,Z(−�UEU− (�Y+ �LU)EU) − U�EY− (�YU+ �LU�)EU.

5IVT

EI∧ EJ =
(−|#|′′)�/�

�L�
(−�YG,Z − �LG,Y + Z)EY∧ EU,

VTJOH Z= −�YU− �LU� 	��
� *U JT [FSP JGG Z= �YG,Z + �LG,Y� 5IJT 1%& DBO CF TPMWFE GPS G SFTVMU�
JOH JO I CFJOH BO BSCJUSBSZ GVODUJPO PG Y� − �LZ 	UIF EFWJBUJPO GSPNΣ�
 CVU UIFNBJO DPODMVTJPO
DBO CF SFBE PGG JNNFEJBUFMZ CZ QVUUJOH (Y,Z) = (�,�)� LG,Y = � BU (�,�)� 5IJT JNQMJFT GPS L #= �
UIBU UIF EFSJWBUJWF PG I BMPOH Σ� JT [FSP DPOàSNJOH POF PG PVS OFDFTTBSZ DPOEJUJPOT GPS XFBL
JTPESBTUJDJUZ�

*U JT VTFGVM UP DPNQBSF EI∧ EJ UP β� 0O Σ MPDBMMZ β = D(Y,Z)EY∧ EZ GPS TPNF OPO�[FSP
TNPPUI GVODUJPO D CFDBVTF Y BOE Z BSF àFMEMJOF MBCFMT� 6TJOH Z= −�YU− �LU� BOE UIF FYQSFT�
TJPO GPS |#| ′ ′ XF PCUBJO EY∧ EZ= −D|#| ′ ′EY∧ EU� 4P UIF .FMOJLPW GVODUJPO

M =
(−|#|′′)�/�

�DL�
(Z− �YG,Z − �LG,Y).

'JOBMMZ GPS JTPESBTUJDJUZ POF BMTP OFFET UIF DPSSFTQPOEJOH DPOEJUJPO GPS TFHNFOUT MFBWJOH
Σ− JO UIF PQQPTJUF EJSFDUJPO XIJDI JT OPU PCUBJOBCMF CZ MPDBM BOBMZTJT� " UZQJDBM QJDUVSF GPS UIF
QIBTF TQBDF 'K BSPVOE B àFMEMJOF XJUI B DVCJD DSJUJDBM QPJOU JT TLFUDIFE JO àHVSF �� VTJOH UIF
OPSNBM GPSN 	��
 BOE B HFOFSJD BTTVNQUJPO UIBU UIF TFQBSBUSJY�BSFB PG UIF DVCJD DSJUJDBM QPJOU

����



Melnikov near Σ0

I Define c by β = c(x , y)dx ∧ dy . Take k 6= 0. Use x , s as
coordinates on Σ− (x + 3ks < 0). For short marginal

bouncers to Σ−, M = −
√
−x−3ks
3ck2 (2xs + 3ks2 + 2xf,y + 3kf,x),

evaluated at (x ,−2xs − 3ks2), to leading order in s.

I So weak isodrastic requires kf,x = 0, which is equivalent to H
constant along Σ0.

I For long marginal bouncers, generic Fj for k 6= 0 is/POMJOFBSJUZ �� 	����
 ���� + 8 #VSCZ FU BM

'JHVSF ��� 4LFUDI PG UIF QIBTF TQBDF 'K OFBS B àFMEMJOF XJUI B DVCJD DSJUJDBM QPJOU XJUI
HFOFSJD VOGPMEJOH� Σ� JT UIF DVSWF XJUI DVCJD DSJUJDBM QPJOUT� �LZ= Y� JO àFMEMJOF MBCFMT
	Y Z
� 5IF DVTQFE XFEHF JT FYDMVEFE�

WBSJFT BU OPO�[FSP SBUF BMPOH UIF GPME DVSWF Σ� 	CVU OPUF UIBU UIJT BTTVNQUJPO JT JODPNQBUJCMF
XJUI XFBL JTPESBTUJDJUZ CFDBVTF XF QSPWFE UIBU J JT DPOTUBOU BMPOH Σ� GPS XFBL JTPESBTUJD
àFMET�
 5IF DVCJD DSJUJDBM QPJOU VOGPMET JO UIF EPXOXBSE WFSUJDBM EJSFDUJPO UP B MPDBM NBY�
JNVN BOE B MPDBM NJOJNVN� .PWJOH IPSJ[POUBMMZ UP UIF SJHIU UIF TFQBSBUSJY�BSFB GPS UIF DVCJD
DSJUJDBM QPJOU EFDSFBTFT UIVT UP NBJOUBJO DPOTUBOU K UIF FOFSHZ�MFWFM DIBOHFT BT JOEJDBUFE� 5IF
CPVOEBSZ PG 'K JT B DVTQFE DVSWF XJUI XJEUI ∆Y BTZNQUPUJDBMMZ QSPQPSUJPOBM UP (−Z)�/�� 5IJT
GPMMPXT GSPN UIF BCPWF DPNQVUBUJPO PG J GPS UIF MJUUMF XFMM JO UIF DVCJD� 5IF MFGUIBOE DVSWF
JT EFUFSNJOFE CZ NBLJOH UIF TFQBSBUSJY BSFB GPS UIF NBJO XFMM CF K� PO UIF SJHIUIBOE DVSWF UIF
TVN PG UIF TFQBSBUSJY BSFBT GPS UIF NBJO XFMM BOE UIF MJUUMF XFMM JT K�

*O DPODMVTJPO HFOFSJD Σ� JT JODPNQBUJCMF XJUI JTPESBTUJDJUZ FYDFQU XJUI TQFDJBM EFTJHO� 5IF
UZQJDBM XBZT JTPESBTUJDJUZ GBJMT OFBS Σ� SFWFBMT B TFOTJUJWJUZ PG BYJTZNNFUSJD BOE RVBTJTZNNFU�
SJD EFTJHOT UP JNQFSGFDUJPOT�

"QQFOEJY '� %FSJWBUJWF PG SFEVDFE )BNJMUPOJBO

)FSF XF HJWF BO BMUFSOBUJWF QSPPG PG QSPQPTJUJPO � UIBU JMMVTUSBUFT JUT HFOFSBM DPOOFDUJPO UP UIF
UIFPSZ PG OFBSMZ�QFSJPEJD TZTUFNT�

1SPPG� *O UIF CPVODJOH SFHJPO PG UIF HVJEJOH DFOUSF QIBTF TQBDF UIF HVJEJOH DFOUSF WFDUPS àFME
7ε EFàOFT B )BNJMUPOJBO OFBSMZ�QFSJPEJD TZTUFN XJUI MJNJUJOH SPUP�SBUF 3� = 5

�π 7� BOE FYBDU
ε�EFQFOEFOU TZNQMFDUJD GPSNωε� )FSF )BNJMUPOJBONFBOT ι7ε

ωε = E)ε GPS TPNF)BNJMUPOJBO
)ε BOE 5 EFOPUFT UIF USVF QFSJPE GPS CPVODF NPUJPO� "T GPS BMM )BNJMUPOJBO OFBSMZ�QFSJPEJD
TZTUFNT <#4> UIFSF FYJTUT BO BMM�PSEFST SPUP�SBUF 3ε TVDI UIBU ι3ε

ωε = E+ε XIFSF +ε EFOPUFT

����



Short bouncers around general Σ+

I Bouncing GCs with short segment oscillate around Σ+.

I The limit j → 0 of the reduced motion X is given by
iXβ = −dH0 with H0 = |B| on Σ+.

I So bounded components of level sets of |B| on Σ+ can be
used for approximate confinement.

I There is a true periodic orbit of FGCM near to such a level set.

I The short bouncers nearby have linear approximation
Hj = |B|+ j

π

√
|B|′′ on Σ+.

I Generically for all small enough j > 0, there is a set of
invariant tori for FGCM.

I If level set of |B| on Σ crosses from Σ+ to Σ− then short
bouncers lose stability and become long bouncers to one side
or the other or both.
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