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1 Introduction

This project consists of three independent parts. The first one, Section 2, focuses on self-avoiding
random walks, and the so-called bubble condition. Roughly, this is a simplified version of the
lace expansion, and can be used to deduce the asymptotics of the susceptibility function for the
strictly self-avoiding random walk. The main source for the first chapter is [Sla06].

Section 3 explains how a partition function, generated by a Hamiltonian of the Bose gas, can
be represented as an integral over the paths of continuous-time random walks. This is the so-
called Feynman-Kac representation. The main step in deriving this representation is expanding
the exponential of the Laplacian operator (the latter is a term in the Hamiltonian) using the
Lie-Trotter product formula. The walks that generate the paths interact with each other; in
particular, they are weakly self-avoiding. There is hope that the Feynman-Kac representation
might expand the set of techniques we can use to analyse the Bose gas. One of these is the
bubble condition from Chapter 2, if generalised to the weakly self-avoiding random walks (this
means 0 < A < 1). Another technique we might be able to use is the continuous-time lace
expansion as presented in [BHH21].

Finally, Section 4 explores how the solutions to the heat, Laplace’s and Poisson’s equation
can be expressed as functionals of the Brownian motion. For the heat equation, this is first done

in R™, and then in any open domain © C R™. The main source for this chapter is [Dur96].



2 Self-avoiding random walks

The main reference for this chapter is [Sla06]. A good suplementary source is [MS13].

Fix a finite set Q C Z% that is invariant under the permutation of coordinates and trans-
formations x; — —x; for any i = 1,...,d. This will be the set of allowed steps. A random walk
of length n or an n-step random walk is an (n + 1)-tuple w = (w(0),w(1),...,w(n)) such that
w(i) —w(—1)eQforalli=1,...,n.

For n € Ny and z, y € Z¢ let W, (y,z) and S,(y,z) denote the set of all n-step random
walks and n-step (strictly) self-avoiding random walks, respectively, starting at y and ending
at x. For simplicity, denote W, (x) = W,(0,z) and S, (z) = S,(0,z). Let W(y,z) be the set
of all random walks starting at y and ending at x, with no restriction on their length; that is
Wy, x) = UsZ o Wh(y, ). We define analogously the sets W(z), S(y,z), and S(x).

For any random walk w and any X € [0, 1] define

1 w(s) = wlt),
Ust(w) =

0 otherwise,

hw) = [ (O+AUa),

0<s<t<|w|
N@)y= 3 d(w),
WEWn ()
= Y o)
€L
G,(z/\) (z) = Z Cgf\) (z)2" Green’s function,
n=0
xa(z) = Z GV (z) = Z M) zm susceptibility,
z€Z4 n=0
2
By(z)= Y (¢Y@) .
€24

Note that 67(11)(16‘) =Y wewn (@) V1(w) = X es, (2) 1- Denote the radius of convergence of el (x)

by zg)‘). In any of these definitions that depend on A, we will omit A when A = 1.

The value A = 0 corresponds to the simple random walks, values A € (0, 1) correspond to the
weakly self-avoiding random walks, and value A = 1 corresponds to the (strictly) self-avoiding

random walks. For A € {0,1}, the quantities cg‘)(a:) and ¢ are the number of n-step walks



starting at the origin and ending at x, or with no prescribed ending, respectively.
Since any walk with m + n steps can be split into two subwalks, one with m and one with

n steps, it follows that

: ®)) . e o )\ 1/n
that is the sequence (Cn ) o 18 submultiplicative. This implies that the sequence (cn )
n neN

is convergent, and

lim (c%)‘))l/n = inf (cﬁf))l/n =: [y (1)

This is a standard result. For proof see Lemma B.5 in Section B.1.3 of [FV18], and note that a

sequence (ay)nen of positive numbers is submultiplicative if and only if the sequence (log ay, )nen

is subadditive. From (1) we obtain 2N = ,ug\_l).

2.1 The bubble condition

In this section we mostly focus on the case A = 1. We will denote B(z.) = Bi(z¢), x(z) = x1(%2),

and z. = 2", We will show that the assumption B(z.) < oo (the bubble condition) implies

~—

() = (1 _ Z)_l 2

Zc
for z € [0, z.), where f(x) =< g(x) means there exists a constant ¢ > 0 such that

" () < S(2) < egle).
We hope the result can be generalised to any A € [0, 1], so parts of the proof will be done for any
A € ]0,1]. We will prove (2) in two steps: we will derive a lower and an upper bound for x(z).
The former is fairly simple, and will be done for any A € [0, 1]. The latter is much more involved,
and will be done for A = 1, although we will show at the end how a part of the derivation can
be done for any A € [0, 1].

To establish a lower bound, we show that for all A € [0,1] and z € [O, zé’\)),

—1
(1 - m) < (). 3)



To see that, recall that z((;)‘) = uf\_l), and note that equation (1) implies ¢,

o0 oo -1
2 : n 2 : " n z
X)\(flf) = 2 C%Z Z P (ZEA)) AR— <1 — Z(/\)> .

C

Let now A = 1. We will prove the inequality

() <28 (1-2)

Zc

Together with (3) this will establish the asymptotics in (2). First, define

We will show that

Expand Q(z):

Q(z) = x(2) + 2xX/(2)
= i 2" + i nep, 2"
n=0 n=0

=% 3 (el +1)s,

y€Z4 weS(y)

(A)

> . Therefore,

(7)

Recall that the length of a walk w is |w|+ 1. For a self-avoiding walk, this is exactly the number

of all the distinct vertices it visits. Thus, we can write:

Qz) = Z Z Z 1w(j) = & for some j]zI.

y€Z4 weS(y) xeZd



Wq

Figure 1: The walk from 0 to y split into 4 legs. Walk w4 and ws intersect at least twice: at u
and z.

Split each walk into two walks meeting at x:

Q= Y Y bl nw, = {a)] (®)

z,y€Z% w1 €S(0,z)
w2ES(z,y)

= > Y Al - afw nw, # {a}])

z,y€Z4 w1 €S(0,x)
w2 ES(.Z’,y)

=x(=?= > 3 Al nw, # {2}, 9)

z,ycZ4 w1 €S(0,x)
w2 €S (x,y)

Denote the second term by S. Since w; and wy both contain the point z, the indicator 1[w;Nws #
{x}] forces them to intersect at least twice. Let u € Z? be their last intersection as measured
from ws. Note that u # z. Split w; and ws at u, and denote by w3, w4, ws, and wg the first
and second legs (subwalks) of wy and ws, respectively. See figure 2.1. The sum S can then be

rewritten as:

S = Z Z Z|Ws|+|w4|+\w5\Jrlwel_f(w&w47(/u57¢u6)7

x7y7uEZd w3 ES(O,U)
utr  wi€S(u,x)
wsE€S(x,u)

we €S (u,y)

where

I w3, wy, ws, we) = LwsNwy = w3Nws = wzNwg = waNwg = wsNwg = {u}].

Ignore all of the mutual avoidances of the newly created walks, except for the mutual avoidance

of wsg and wg. Algebraically, this corresponds to the inequality

I(w37w4)w57w6) < ]]-[W.B Nwg = {'LL}]



Substitute into the formula for S:

S < Z Z Z|W3|+|w4|+\w5\+\welﬂ[w3 Nwg = {u}]

z,y,ucZd w3eS(0,u)
uzr  wiE€S(u,x)
wsE€S(z,u)

(

w6 €S (u,y)
- Z Z z|w3|+|w6|1[w3 Nws = {u}] Z Z lwal Z Slws| (10)
y,u€Z w3eS(0,u) reZ wiES(u,x) ws€S(x,u)
we €S (u,y) AU

Since the  (set of neighbours) is invariant with respect to the symmetry group of Z<,

Z 2l = Z 29l = Z 2l = Z cn(u—2)2" =G, (u—x).
weS(z,u) w€eS (u,r) weS(u—x) n=0

Substituting this into (10), and setting v = u — z yields

S< > 3 glesltleslpfwg nws = {ul] Y GL(v)?
y,u€Z4 w3eS(0,u) veZd
we €S (u,y) v#£0

We now notice that the double and single sum can be summed independently of each other. The
former is of the same form as the sum in (8), so it sums up to Q(z). Also, note that G,(0) =1

since there is exactly one self-avoiding walk from 0 to 0: an empty walk. We thus obtain

S<Q(2) Y Ga(v)?
veZl
v#£0

=Q(2) (Z G(v)* — Gz(0)2)

veZd
= Q)(B() — 1).

Substituting this into (9) gives

Q(2) > x(2)* = Q(2)(B(2) - 1).

Rearranging yields (6).

We will now show how this inequality implies (4), assuming that B(z.) < co. Let z1 € [0, 2¢)



be arbitrary but fixed. Recall that (by definition)

W2~ X2 X0
By (6),
X'(2) 11
2T BE X 1D

Rewrite the left-hand side to get

v

()92 5w

1is the reciprocal. Note that x(z) and B(z) are both increasing in z € [0,2.). In

where y—
particular, x(z) ! is decreasing, and so —(d/dz)x(~) is non-negative. We can therefore conclude

that

v

& (‘fx) ) B(lza B x(lzn

for z € [21, z.]. Now integrate with respect to z from z; to z. (recall that z; € [0, z.]):

& (xél) - x(lza) = (B(lza - x(lzn) (2 = 21). (12)

Note that x(z) diverges to infinity as z increases to z., so 1/x(z.) = 0. Rearranging (12) gives

22 — 21 Ze — 21
x(z1) — B(z)’

22, — 2
x(21) < Z"LB(z,) (13)
Ze — 21
2
< ¢ _B(z)
Ze — %1



Since the inequality holds for any z; € [0, z.), we have derived the inequality

2z

X(2) € Bz,

which is equivalent to (4).

It is worth mentioning that for any A € [0, 1], @QA(2) can be bounded from above by

O(2) < xa(2)%, (14)

where @) is defined analogously to @ in (5):

d
a(2) = T (20a(2))
Bound (14) implies that
Xi(2) 1
()2 =1 xa(z)’

compare to (11). By following the same procedure as from (11) to (13), one can derive

2z, — 11
xa(z1) > ——
Ze — %1

z
> .
Zc — 21

Since this again holds for all z; € [0, 2.), we have found an alternative way of establishing (3).

To show (14) holds, first expand @y as in (7). We get

=3 3 (lw]+ Dos(w)2l.

y€ZI weW(y)
Express the length of a walk as the number of sites (not necessarily distinct) it visits:
||

=2 2 XD () = alaw)z

y€ZI weW(y) zeZd j=0



Similarly as before, we want to split each walk into two subwalks. But to do that, we first need

to fix the length of the walk. We therefore write

QH=3 Y Y Y1) = el

y€Zd n=0weWy, (y) zczd =0

=Y S Y 1 < i) = altr ()"

z,y€Z4 1,j=0 weEWr, (y)

We now split each walk w into two walks w; and we meeting at x. Note that J)(w) <

U (w1)Pr(we). This yields:

Z i Z 1[5 < n)Ox(w1)9x(we)2? 2"

z,y€Zrn,j=0  wieW;(x)
w2 ew’n*j (xvy)

:Zi > ﬁx(wnz"Zi S a(we)"

2€Z% j=0w1eW;(x) YyEZE N=7 waEWnp_;(x,y)

Set k = n — j. Recall that due to the translational invariance of the random walks, summing
over Wy(z,y) is equivalent to summing over Wy (y — x) in this case. Set u = y — x. As y ranges

over Z%, and z is held fixed, u ranges over Z¢. We therefore obtain the following:

=535 SED SEENCIED 3 DD DRE OS]

zeZ4 j=0 w1 eW;(x) u€Z k=0 wa Wy (u)

= (2)%

This establishes (14).

10



3 The Feynman-Kac formula for Bose gas

In this section we show how the partition function for a Bose gas system (defined in (18) with the
Hamiltonian defined in (17)) can be expressed as an integral over the paths of a continuous-time
Markov walk; see (21). This kind of representation is known as the Feynman-Kac formula.

We first need to formally formulate our problem. Let A be a finite subset of Z¢ (we denote

this by A € Z%). For any n € N define Hy ,, = [*(A") and

Hy) = {p € BA") 1 p(@1, . 20) = ¢ (To(1), - Toim)) Yo € Sa}- (15)

Both are Hilbert spaces; the latter is the space of symmetric functions of n arguments. Note
that dim Hp , = [A|™ and dim H&JZ)L = (|A|tl”_1). The latter is the number of combinations of n

elements in A with repetitions. Finally, define

+ +
7= @H

neN
For any n € N and ¢ = 1,...,n define the ith component discrete Laplacian operator on
Ha,p and ’HS::Z by
Ajo(T1, ... ) = Z (P(x1yee oy yyeey ) — (X1, Xy ooy X)) (16)

Y~z

where y ~ x means y and x are neighbours, and only the ¢th argument of ¢ changes in the
definition above. The dependence on n will be left implicit. On the same spaces define an
operator §(i, j) by

8(i,7)o(x1, -+ s Tn) = Oy 0, 0(T15 -+ o Tn),s

where 0y, »; is just the usual Kronecker delta. Finally, we define the Hamiltonian. Fix any

7, u, i € R and define (on H, , and 7.[5\42)

HA,n =T Z Ai+u Z 5(Za]) - Hn ida (17)
i=1

1<i<j<n

11



where id is the identity operator. We can now naturally define the Hamiltonian on }"1(\+) by

HA = @ HAJ’L?
neN

that is, for ¢ € .7-"1(\+), we can write ¢ = @, cn pn With ¢, € HE\JFT)L, and

Hpyp = @ HA,nSOn-
neN

The Hamiltonian H, represents the energy of the Bose gas. Fix an inverse temperature

B > 0. The partition function of the system is defined by

Zng=Tr_e P =N"Tr ) e Flrn, 18
A8 ]_-1(\+) % Hffl (18)

where for a Hilbert space H, Try denotes the trace with respect to any orthonormal basis.

We now show how Z, 3 can be expressed as an integral over random paths. For every z € A
denote by d, the number of its neighbours. Define a continuous-time Markov walk X on A such
that at each site € A, its jump intensity is d, (meaning that the holding time of the walk in
state z is distributed exponentially with parameter d,), and its transition rate to a site y € A
is 1 for neighbouring sites and 0 otherwise. The generator matrix for X is the negative of the
standard Laplacian matrix for A (this can hint to why there even is a connection between the
Hamiltonian and random walks). The infinitesimal behaviour of X satisfies the following: for

every s > 0 and t > 0 small enough, and for all z, y € A,

1—d,t+0(?), ify=nux,
P(X(s+t)=y|X(s)=2) ={t+0(?), if y ~ (19)

0 (tz) , otherwise.

The term O (t?) comes from the probability of X jumping at least twice in time ¢; see Section 3.1.
Note that y ~ z means that  and y are neighbours.
Define WA = {w : [0, 7] — A ; w cadlag}, i.e. every element of W™ is a right-continuous

path on A with left limits, and of length 7. Define W#7 to be the probability measure on WA™

12



induced by the random walk X. The following formula gives an interpretation of W57:
WO ({w e WPT 5 w(t) = x}) = P(X(t) = z). (20)

For any z, y € A define Wf; to be the measure on WPT that corresponds to the probability
measure W5T conditioned on the event A, = {w € WF™ : w(0) = x}, and restricted on the
event By, = {w € WFT : w(B7) = y}. That is, for any C C W5 Wf;(C) =WA(CNBy, | Ay).
Note that W, , is not a probability measure. Similarly, let ]P’BT be the probability measure P

conditioned on X (0) = x and restricted to X (87) = y. Finally, define

eﬂu

ZPEDIE-ID DD Dl (L NI

neN T1,--%n 0 €Sy
.. / del%(n) (wp)exp | — / dt5w1 (t)w; (1) (21)
WeT 1<z<]<n

where w1, ...,w, are paths of independent copies of X; denote these copies by X1,...,X,. We
claim that ZA,Q = Zp 3. The rest of this section is devoted to the proof of this claim.

We will manipulate both (18) and (21) to show they are equal. We will use the Lie-Trotter
product formula on exp(} i~ A;) in (18) to interpret the action of the operator as generating
discrete-time random walks. Similarly, we will discretise the time integral in (21) to express the
integrals over the continuous-time random walks as sums over the discrete-time random walks.

We start with the latter. The time integral in (21) can be interpreted as a Riemann integral,
meaning we can write

BT 1

| Ay = 1D Buhrm) s m)-
k=0

Substitute this into (21) to obtain

eBun

ZAﬂ = Z Z Z hm Ina:ama (22)

neN n! T, 7zn0€sn

13



where © = (z1,...,2,) € A", and

_ T
In,:r,cr,m - /WBT devao(l) (Wl) .

. (23)
. u
"/Wm AWPT,  (wn) exp (—m > Z%(kw/m),%(km/m)) :

1<i<j<n k=0

Fix n, @, o, and m. The integrand in (23) only assumes finitely many values, meaning we can
express the integral as a sum. Define z;, € A to be the location of X; at time kfS7/m for

k=0,....mand i=1,...,n. Write

=1

z = (zig),_, " € AT

Then (23) simplifies to

n

Ingom= Z P87 (Xi(kBT/m) =2 for k=1,...,m)

LirLo(4)
xeA™ =1

- exp (—;;LL Z Z‘sxi,k,xj,k)' (24)

1<i<j<n k=0

Note that

szzg(i) (Xi(0) = wi0) = Oz, 0.1
and

Pg;:cd(i> (Xl(BT) = :B@m) = 5$i,m,$a(i)P<Xi(67—) = Tim ’ X;(0) = xl)

Before moving forward, note that since 8 and 7 are fixed throughout, O((87/m)?) = O(m™2).

Since the walks Xi,..., X, are Markov, we have that for every i = 1,...,n, and every k =

14



1,...,m with m large enough,

POT (X (kBr/m) = xi) for k=1,...,m)

LisZ e (3)

= 5$i,m,$g(i) H P(Xl(kBT/m) = Ti,m | Xi((k—1)Br/m) = xi,k—l)
k=1

1- dzz,k% + O(m72) ) if wi,k - xi,k’*l? <25)
(19) r
= Oaia 11 mHo(m™), iz ~ o1,
k=1
O(m™2), otherwise.

Recall that the probability of any walk jumping more than once in a time interval of length
B7/m is O(m~2). Thus, equation (25) allows us to replace the continuous-time random walks
X1,..., Xy in (24) with n independent copies of a discrete-time random walk with m steps, and
with transition probabilities given by the braces in (25). Denote this walk by X™, and its copies
by X717, ..., X]"". The elements of A™" now represent the possible paths of (X7, ..., X)), that
is all the possible permutations of paths of the n copies of X™. For clarity, we will index the
steps of X (and its copies) by kB7/m, where k = 0,...,m. We say that X™ jumps at step
kBt /m for 0 <k <m—1if X" ((k+ 1)78/m) # X™(kBT/m).

Substitute (25) into (24). We will expand the sum over A™" and group the elements of A™"
by the number of jumps that the n copies of X" perform.

Referring back to (25), for any 0 < k < m — 1, the probability of observing no jumps at step

kBT /m, conditioned on X;(kf1/m) =z for i =1,...,n,is

n n
BT -2\ _ BT -2
H(l—dxi’km—i-O(m ) _1—m;dri,k+0(m ). (26)
For any i = 1,...,n, and every y ~ x; the probability of observing exactly one jump at step

kBT /m: the jump of X; from x; to y, conditioned on X;(kB7/m) = z; 4, is

BT -2 . BT -2 _pr -2

(52 +0(m ))jnl(l_dxj,kmm(m )) =+ 0(m). (21)
J#

Sum over all neighbours y ~ x1 and all ¢ = 1,...,n to get that the probability of observing

exactly one jump to a neighbouring site, and no other jumps at step k87/m, conditioned on

15



Xi(kBr/m) =z fori=1,...,n,is

Xn: > % +0(m™2) = % Zn:dzi,k +0(m™2). (28)

1=1Yy~z; i=1

The probability of any other event (observing any number of jumps to non-neighbouring sites,
or observing at least two jumps simultaneously) is of the magnitude O(m_z). This coincides
with the fact that the above two probabilities sum up to 1+ O(m*Q). Note that the number of
ways such events can occur (at any one step) depends only on n, and not on m.

We will now show that the probability of ever observing at least two simultaneous jumps,
or at least one jump to a non-neighbouring site, vanishes as m approaches infinity. At any step
the probability of observing any of the two is of the magnitude O(m_2). Say we observe any of
the two at [ different steps for 1 <[ < m. The probability of this event is bounded from above
by

(7)olu)' = moa2)- 61 0(2) 1420 ?)
<m! O(m_2l>

—o(m). (29)

Sum up over all 1 < [ < m to get that the probability of simultaneous jumps or jumps to

non-neighbouring sites occurring any non-zero number of times is less than

m

5 0(n) <o) +mo(n) =0, 0

=1

~

which goes to 0 as m approaches infinity.
We can therefore ignore all those paths in A”™" which consist of any combination of simul-
taneous jumps and jumps to non-neighbouring sites. Denote the set of all the remaining paths

as M. Define I’

n,T,0,m

by the right-hand side of see (24), but sum over M instead of A™". We've
shown that

. BT !
ﬂlbl_l;l(l)o In,x,o,m - Tr%l—I}éo ]n,w,cr,m'

16



In combination with (22), this implies that

eBun

ZA,ﬂ = Z T Z Z rrlgnoo I;w,a:,a,m' (31)

neN 1, &n 0€ESy

This is as far as we will manipulate the probabilistic (Feynman-Kac) form of the partition

function. We now turn our attention to (18):

—BH —BHA
ZA,,B = TI']__/(\Jr) € BHA = Z TTH5\+) (§ BHx, 5
neN o

where the trace is taken with respect to the basis of HE\JFY)L defined in (15). We would prefer to

work with the basis of Hj ,,. We can replace TrH<+> with Trq, = if we project its argument to
An ’

”HE\Q To this end, define a projection operator Sy : Hpyn — HS\JF’}L by

1
S+,ngo(x1, ‘e ,1‘n) = E z; (%) (acg(l), v ,.I‘O.(n)) .
gESy

Then

ZA,B = Z TrHA,n S+7n€_BHA’". (32)
neN

Recall that Hp , is a Hilbert space of functions from A™ to C. Every function is uniquely

determined by its values on the points of A", so a natural choice of basis for H, , are the

functions
CPCCl,--ql'n : An — C7
¢$17---7xn (y17 s 7yn) = 59&17311 e 5In7yn7
for z1,...,x, € A. We will denote these functions using the Dirac (bra-ket) notation:

‘;Oxl,...,xn = |:131, . ,,:Un> .

17



Expand the trace in (32):

=D F-TD DEND D RPN P

neN 'xl, LT ENTES,

= Z Z > (@oayse s Toy | oM

nEN ..... Tn€ENCES,

$U(1), ey xa(n)>

:El,...,CCn>; (33)

the last equality holds since exp(—/SH}, ;) is positive-semidefinite. Recall the definition of H} ,,
n (17):

:—TZA +u Z 0(i,7) — pnid.

1<i<j<n

Since id commutes with all the operators,

1<i<j<n

exp (—BH) ) = exp(pnid) - exp (ﬁrZA Bu Z 5(i,7) ) (34)

We now use the Lie-Trotter product formula: for any finite-dimensional operators (matrices) A

and B,

:"%1_1}100(<1+;A> exp< B))m (35)

Using (35), expand the second factor in (34):

exp (—BHp ) = 77%gnoo ((1 +— ZAZ> exp (— Z 8(i,j ))
1<i<j<n

-exp(punid). (36)

It is sensible to leave the operators (6(¢,j));; and id in the exponent, as they are diagonal in

the basis (|z1,...,%n))z, ... znea- Substituting (36) into (33) yields

eBun

ZA,,B = Z nl Z Z T%gann,w,o,ma (37)

neN " ox1,..,xnEACES,

18



where © = (z1,...,2,) € A", and

Tn,m,o,m = <$U(1), ey xa(n) ‘ Lm ‘ L1y ,I‘n> y (38)
BT & ) Pu -
L=(1+—) A;j]exp|—— 3(i,7)
< m ; m 13%91

We first examine how L acts on a vector. Recall the definition of A; in (16). It is straight-

forward to see that

Aj|zy, .., xn) = —dg; |T1,. .. Tn) + Z |T1, . Yy ),

Y~z

where y is in the ith component. With this in mind,

U T
Lizy,...,z,) = exp (_fn Z 511.7%.) . ((1—?712%2.) |T1, ..., Zn)
i=1

1<i<j<n
BT &
+EZZ’$1,...,y,...,{L’n> s (39)

=1 Y~T;

where y is always in the ith component.

We will now show how this connects to the random-walks representation. Recall the n inde-
pendent copies of a discrete-time random walk X™ with m steps. We can interpret |z1,...,x,)
as the initial state of these walks: for every 1 < i < n, let X"(0) = ;. Then L|z1,...,xy)
is a linear combination of all the possible states that these walks can occupy after one step,
excluding those that would require more than one walk to jump (i.e. simultaneous jumps) or
any walk to jump to a non-neighbouring site. Compare the coefficients in front of the kets
in (39) to (26) and (27): they are products of an exponential factor and the probabilities of
X1, ..., X]" occupying the states represented by the respective kets, up to an error term of size
O(m™2), conditioned on X™(0) = z; for i = 1,...n. More generally, let |z(k)) = |14, ..., Tnk)
represent the state of the random walks after k steps (at time kS7/m). Then L |z(k)) has the
same interpretation as before, but we are now observing the step from k57/m to (k+ 1)p57/m,
and we are conditioning on X" (kS71/m) = ;) fori=1,...n.

We can now conclude that L™ |zq,...,x,) is a linear combination of all the possible states

that X7*, ..., X]" can occupy after m steps (at time 37), if they are allowed at most one jump
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per step in total, where each jump can only be to a neighbouring site. The coefficients in front

of the kets are of the following form:

exp (_iz‘ Z i 6%,6,%,6) (pk + O(m—2>>

1<i<j<n k=0 k

3

Il
o

-1

=exp (—?: Z Z 6$i,k7$j,k) P O(m_l) ’

3

1<i<j<n k=0 k=0
where
m—1
DE = H (P[XZ((/{ +1)pr/m) =x;pyq fori=1,...,n
k=0
| Xi(kB7/m) =) fori=1,... ,n]),
for a choice of ;1 € A, k=0,...,m, i = 1,...,n, that satisfies the aforementioned restrictions

on the jumps of the walks. Note that the final O(m™!) term was obtained in the same way as
in (29) and (30); the exponential factor in the equation above is at most 1, so it cannot enlarge
the big Oh terms.

Multiply L™ |z1,...,zy) by <9:g(1), e ,xg(n)‘ from the left to obtain T}, 5 4.y, in (38). Since

n

<$0(1)’ 1 Lo(n) ‘ Lims-- -, x"7m> = H 5$a(i),$i,ma

i=1
Tn,2,0,m only contains those terms for which x;,, = z,(;) for all i = 1,...,n. Therefore,
Tnvxvavm = I;z,w,a,m + O<m71) : (40)

Substituting (40) into (37), and comparing it to (31) yields Zy 5 = Zx 5. This concludes the

proof.

3.1 Note

We claimed in the paragraph under (19) that for a continuous-time Markov walk, for ¢ > 0 small
enough, the probability of observing at least two jumps in a time interval of length ¢ is O(¢?).

Note that in general, this probability can only be estimated as o(t); this bound is stated in most
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literature, for example in Proposition 15.30 in [Bre92]. For generality, denote the jump intensity
of the walk at site # € A by A(z). The following proof of the O(#?) bound works when A is
finite. If A is infinite, a sufficient condition for the proof to work is that the jump intensities
are uniformly bounded for the following proof to work. If we only have that E,[\] < oo, we can
prove the o(t*) bound for any 1 < o < 2. We comment after the proof how this can be done.
Start the Markov walk at time 0, and denote by T" the time of the first jump; this is a random

variable. For any s > 0, denote by 0, the shift operator that shifts random processes by time s:
(wobs)(t) =w(t+ s).

Then, the time of the second jump can be represented as the random variable T o 6. We want
to show that P,(T o Oy < t) = O(t?) for any = € A, where P, is the probability P conditioned

on X(0) = z. Indeed:

Po(T 0 O < t) <P (T < t,To0p <t)
=P, (Tobr <t|T <t)P,(T <)
= E[1[T00r <1] | T < t]P(T < 1).
By the law of total expectation,

Py(Tobp <t) <E[E 1T obr <t||T <t,Xp||T <t|P(T <t).
Since T" and X7 are independent (implicitily by definition), and by the strong Markov property,

Po(T 0 0p < 1) < Ey[Ex, [1[T < f]JB(T < 1)
=E; [Px, (T <t)]P(T <)

=Y By(T < t)Po(Xr = y)Po(T < t)

Yy~

= Z (1 _ e*)\(y)t> Po (X1 = y) (1 _ ef)\(x)t) _

Yy~

21



Taylor expand (here we use that A is uniformly bounded in case A is infinite, otherwise |A(y)¢|

might be unbounded and consequently the Taylor series divergent):

P, (Tobr <t)=> (Aw)t+O0(f))Pu(Xr = y) (A@)t + O())

y~z

= Po(Xp = y)0<t2>
=0(#).

This concludes the proof. In case of infinite A and E,[\] < oo, split the expectation into two
parts: one over a set where A is small enough for the Taylor expansion to be valid (say A\(y) < t~¢

for a < 1), and the rest. Use the Markov inequality to bound the second one.
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4 Brownian motion in the heat and Poisson’s equation

In this section we show how the solutions to the heat and Poisson’s equation can be expressed
as functionals of the Brownian motion. In particular, we first state how this can be done for
the heat equation in R™ for any n € N, and for Laplace’s and Poisson’s equation in an open
bounded region 2 C R™ (we also note how the conditions on € can be relaxed). We then use
these results to solve the heat equation in a region with a boundary. We will not bother with
imposing the necessary or succifient conditions on the initial and boundary conditions. These
conditions can be extracted from the cited references.

We first introduce some notation. For any n € N denote by B; the Brownian motion in R"
evaluated at time t > 0. The dependence on n will be left implicit. For any & € R™ denote by
P, the probability for which P, (By = ) = 1. Denote by E, the expectation with respect to
P,.

For any set A C R™ define 74 = inf{t > 0| By ¢ A}. If A is open, 74 is the first time B
leaves A. Note that 74 is a random variable. In particular, if A is "nice enough", 74 is a stopping

time.

4.1 The heat equation in R"” & Poisson’s equation

The following two propositions are extracted from Chapter 4.A in [Dur96]. The first one is

proved in Chapter 4.1, and the second one in Chapter 4.2 of the same book.

Proposition 4.1. The solution to the homogeneous heat equation

ou

E(t’ x) — %Au(t, x) =0, for (t,z) € (0,00) x R",

u(0,x) = f(x), for x € R",

can be expressed as

u(t,x) = Eq (f(By)) .-
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Proposition 4.2. The solution to the inhomogeneous heat equation

ou

O (t,) Laut, ) = ht, ), for (1) € (0,00) x R”,

2
u(0,x) =0, for x € R",

can be expressed as

u(t,x) = Ey (/Oth(t— s,BS)ds) .

The following two propositions are extracted from Chapter 4.B in [Dur96]|. The first one is
proved in Chapter 4.4, and the second one in Chapter 4.5 of the same book. Let 2 C R™ be an

open, bounded set.

Proposition 4.3. The solution to Laplace’s equation

Au(x) =0, forx € Q C R",

u(x) = g(x), for x € 09,

can be expressed as

u(x) = Eq (9(Br,)) - (41)

Proposition 4.4. The solution to Poisson’s equation

—Au(x) = h(x), forx e Q CR",

u(x) =0, for x € 09,

can be expressed as

() = B, ( /0 " h(Bt)dt> . (42)

The homogeneous heat equation is linear, meaning its inhomogeneous version can be ex-
pressed as integrals of the solutions to the homogeneous equations. This is Duhamel’s principle
(see 4.3.2). The homogeneous Laplace’s equation is linear as well, but it is unclear how exactly
an analogue of Duhamel’s principle would apply in this case. It seems this has to do with the
geometry of the region one would have to integrate with respect to: a time interval [0, ¢] in the

case of the heat equation, versus an arbitrary £ C R™ in the case of Laplaces’s equation. Never-
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theless, in both cases the integral representation of the solution to the inhomogeneous equation
can be derived using probabilistic methods.

Using the propositions above we can solve the inhomogeneous heat equation with a non-zero
initial condition, and Poisson’s equation with non-zero boundary condition. In both cases, we
split the original equation into two subequations: the homogeneous equation with a non-zero
initial or boundary condition, respectively, and the inhomogeneous equation with a homogeneous
(i.e. zero) initial or boundary condition, respectively. The solution to the original equation is
then the sum of the solutions to the subequations.

In Proposition 4.3 and Proposition 4.4, we required {2 C R™ to be open and bounded, but
as mentioned earlier, these conditions can be relaxed. We will however stick to the original
conditions for simplicity. The boundness condition on §2 can be replaced by the condition that
for every x € Q, P,(17q < 0o) = 1. If this condition is not met, we need to add an additional
indicator function 1,y into the expectations in (41) and (42). Next, we need to assume
that for every point € 092, P(1q = 0) = 1. (such x is said to be regular). Every open subset
of R satisfies this condition; see 4.3.1 for proof. A punctured disk in R? for d > 2 is an example

of a set that does not satisfy it. See Example 4.1 in Section 4.4 of [Dur96].

4.2 The heat equation in a bounded region

Let Q C R™ be open and bounded.

Proposition 4.5. The solution to the homogeneous heat equation

ou

E(t,x) - %Au(t,x) =0, for (t,x) € (0,00) x Q,

u(0,x) = f(x), for x € Q,

u(t,x) =0, for (t,xz) € (0,00) x 0,

can be expressed as

u(t,x) = Eg (f(Bt/\m)]l{Km}) :

We make no claim as to how f must behave on the boundary.

Proof. We follow Section 4.1 in [Dur96]. In Theorem 1.2 in [Dur96], redefine the random process
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My as
MS = U(t — S, Bs/\TQ).

The proof of the theorem plays out in the same way with one correction: instead of integrating
from 0 to s, we integrate from 0 to s A 1, but leave the integrands and integrators unchanged
(B, in not replaced by B,ar,). All of the integrals still make sense: When integrating with
respect to dr, the value of u(t —r, By, ) is constant in time on [7q, s], and so its time derivative
is zero. When integrating with respect to the Brownian motion, note that both dB: Ar, and
d(B'\,, B.j/\m> are identically 0 when s > 7q (since they both consist of differences of Brownian
motions), and we can simply drop 7o when s < 7. No other arguments in the proof change. Note
that at the very end of the proof, the "second term on the right-hand side" is a local martingale
because it is of bounded variation. We conclude that M is a continuous local martingale.

We now check that Theorem 1.3 in [Dur96] still holds:

By (My) = By (u (0, Binry)) = B (f(Binrg)Lit<rg} )

Eq(Moy) = Eg (u (t, By)) = u(t, x).
All the other arguments remain unchanged. Regularity of solution inside €2 follows in the
same manner as in the original setting (note that the stopped Brownian motion is bounded). [
Now, using Duhamel’s principle (see Section 4.3.2) and Proposition 4.5, we get the following:

Proposition 4.6. The solution to the inhomogeneous heat equation

?;Z(t, x) — %Au(t, x)=g(t,x), for (t,x) € (0,00) x Q,
u(0,x) =0, for x € Q,
u(t,z) =0, for (t,x) € (0,00) x 01,

can be expressed as

u(t,z) = Ey </0t/\m g(t — s, By) ds) .
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Proof. Observe that

tATQ t
Eg </ g(t - S, BS) ds) =K, (/ g(t -5 BS/\TQ) 1{8<Tsz}ds) :
0 0

O]

As in Section 4.1, we can solve the inhomogeneous equation with a non-zero initial condition
by splitting it into two subequations as dictated by Proposition 4.5 and Proposition 4.6, solving
them separately, and then adding the solutions together.

We are now able to solve the following equation:

g":(t, z) — %Au(t,w) —h(t,z),  for (t,@) € (0,00) x O, (43)
u(0,x) = f(x), for x € Q,

u(t,x) = g(t, ), for (t,x) € (0,00) x 09,

which is the main focus of this section. The formula for the solution u is stated in (51). If g is
only a function of space, that is ¢g(t, ) = g(«), the formula simplifies to (52).
To solve equation (43), first fix ¢ > 0, and split the equation into three parts. Let

uy, ug: [0,00) x & — R and v, : @ — R satisfy the following equations, where we define

27



v(t,x) = vy(x):

Av(x) =0, for x € Q,
v(x) = g(t, x), for & € 0Q,
a;:(t, )~ %Aul(t, z) =0, for (t,z) € (0,00) x 2,
u1(0,x) = f(x) — v(0,x), for x € Q,
ui(t,x) =0, for (t,x) € (0,00) x 09,
Ougy 1 ov
E(t,m) - §Au2(t, x)=h(t,x) — a(t,m), for (t,x) € (0,00) x €,
u2(0,x) =0, for x € Q,
ug(t,x) =0, for (t,x) € (0,00) x 0.

Then the solution to equation (43) is

u(t, ) =v(t,x) +u(t, ) + ua(t, x). (44)
Indeed,
ou 1 _(Ov 1 oup 1 Ouy 1
E(t’ x) — iAu(t, x) = ((% - 2Av+ 5 2Au1 + 5 2Au2) (t,x)
v 1 ov
= a(t,m) — iAvt(m) + h(t,x) — a(t,m)
= h(t,x),

with the initial value

U(O, IE) = U(Oa x) + f(w) - U(O’ IE) = f(x),

and the boundary value on (¢, ) € (0,00) x 9 of

u(t,z) = v(x) = g(t, ).
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By Proposition 4.3, Proposition 4.5, and Proposition 4.6, the functions v, uj, and us, re-

spectively, can be expressed as functionals of Brownian motion:

U(t7 :13) =K, (g (t7 BTQ)) ) (45)
it @) = By ((F(Binr) = v(0, Binmg)) Lrry ) - (46)
us(t, ) = By (/OWQ <h(t _ s B, - %(t s, Bs)> ds> , (47)

where B is Brownian motion, and 7 = inf{t > 0 | B; ¢ Q}. By substituting (45) into (46) and

(47), we get:
ui(t:@) = Ea ((f(Birra) = Eirrg (90, Bry))) Lirergy ) - (48)
ua(t, @) = By (/Omm <h(t — 5By - ;EBS (g(t—s, Bm))> ds) . (49)

The right-hand side of (48) can be simplified. Firstly, the indicator function 1;.,,, enables us

to replace Ep,,,, with Ep,. Let F be the Brownian filtration of B. Rewrite

Eo (Ep, (90, Brgy)) Litaryy) = Ba (E(9(0, Bry)| i) Trcryy ) -

The indicator function 1.} is measurable with respect to F, so

Eq (B (90, Br)| F0) Ltcrgy) = Ba (E (9(0, Bry) Tjpcryy

7))

By the tower rule (i.e. the law of total expectation),

Ey (E (g (0, Br,) ﬂ{t<TQ}‘ ft)) =Eq (9 (0, Br,) ]l{t<m}) :

Thus, (48) simplifies to

wi(t,@) = Eq ((f(Binrg) = 9(0, Bry)) Lrrgy ) - (50)
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Now substitute (45), (49), and (50) into (44) to get:

u(t, @) = Ex (g (t. Bry) + (f(Binm) — 9(0. Bry)) Litcryy)

—H&(Amm(Mt—&BQ—;ﬁ@Ag@—&Bm»>®). (51)

This is as far as we will simplify this expression in the general case.
Consider now a special case when the boundary condition ¢ is not time-dependent, that is

g(t,z) = g(x). Then (51) simplifies to

tATQ

u(ta w) =K, (g(BTQ) + (f(Bt/\TQ) -9 (BTQ)) ]l{t<7—ﬂ} + /0 h(t_& Bs) dS).

Note that g (Br,) — g (Bry) Lit<rq} = 9 (Brg) L{z>7q}, 50 the last formula further simplifies to

tATQ

u(t,z) = Ey (f(Bt/\m)Il{Km} + 9 (Brg) Lisrgy + /0 h(t — s, Bs) ds) . (52)

We can rewrite this as
tATQ
u(t,x) = Eg (F(Bt/\m) + / h(t — s, Bs) ds> ,
0

where

flx), ifxeq,
F(x) =

glz), if z € 0.

4.3 Notes
4.3.1 Boundary points of an open subset of R are regular

Quick sketch why every boundary point of an open subset of R is regular. First, let’s state
Blumenthal’s 0-1 law. Let F; = 0{Bs | 0 < s < t} be the natural filtration of the Brownian
motion and .7-? = Ng>tFs its right-continuous extension. Then for any set A € ]-"J and for all
x € R",

Px(A) € {0,1}.

Sketch of the proof. First, suppose Z € C is bounded where C is the sigma algebra generated

30



by all continuous Brownian paths (so think U;>¢F;). Then for any s > 0 and any « € R",
E, (Z21F) = Eu (21F) . (53)

It suffices to show this for Z = [[¥ _, f,u(By,,) for any k, where f are measurable and bounded,
and t; > 0 for all ¢. Briefly, any other random variable can be approximated by an appropriate
sequence of variables of the above type. We can write such Z as Z = X (Y o6;), where X € Fg,
Y = C, and 0, is the shift operator. Random variable X contains factors with ¢; < s, and the
rest can be restarted at s. Then, by standard properties of conditional expectation and the
Markov property,

E, (Z|F)) = XB, (200, F) ) = XEp,Y € Fs.

This implies that
XEp,Y = B, (XEp,Y|F,) = B, (B, [Z|FF]| F) =B (2]F),

which proves the claim.

Now let A € F;". Then
14 = Eo(L1alF).
By equation (53),
Ee(14175) = Eo (14 F0).
But Fy is trivial up to the null sets under P, (since P,(By = x) = 1), so
Ee(14|F0) =Eg(14).
Combining all of the above, we get

14 =Eq(La) = Py(1y).
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Since the left-hand side can only be either 0 or 1, so can the right one. This finishes the proof
of Blumenthal’s 0-1 law.

Let now B; be centred one-dimensional Brownian motion. Define 7q = inf{t > 0 | B; > 0}.
Note that in earlier definitions, the infinimum was taken over ¢t > 0. Clearly Po(mq < ) >

Po(B; > 0) = 1/2 for every t. Let t \, 0. By the Bounded Convergence Theorem,

Po(mq =0) = }i\r%P()(TQ <t)>

N =

Since {7q = 0} € F, Blumenthal’s 0-1 Theorem and the above inequality imply that Po(mq =
0) = 1. This means that Brownian motion starting from 0 immediately hits (0,00). By sym-
metry, it must also immediately hit (—oo,0). Define Ty = inf{¢t > 0 | B; = 0}. Continuity of
Brownian motion implies that Po(7p = 0) = 1.

This can be trivially generalised from 0 to any point a € R, but not to any dimension.
While a higher-dimensional Brownian motion can be represented as a vector of one-dimensional
independent Brownian motions, applying the last conclusion to each component of the vector
gives us no control over when each component will hit 0.

Let now © C R be an open set and z € 9Q. Define 7q = inf{t > 0 | By ¢ Q} and
T, = inf{t > 0 | By = x}. Then, by previous paragraph, P, (7, = 0) = 1, and since 1q < T,
we conclude that P, (7q = 0) = 1. This concludes the sketch of the proof that every boundary

point of an open subset in R is regular.

4.3.2 Duhamel’s principle

We state Duhamel’s principle in its general form.

Proposition 4.7. Consider an inhomogeneous evolution equation

ou

a(t,w) — Lu(t,x) = g(t, @), for (t,x) € (0,00) x R",

u(0,x) =0, for x € R™,
where L is a linear differential operator. Its solution u can be expressed as

u(t,x) = /Ot us(t — s, x)ds = /Ot ui—s(s, x)ds, (54)
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where ug 18 a solution to the homogeneous evolution equation

%(t, x) — Lug(t,xz) = 0, for(t,x) € (0,00) x R", (55)

us(0, ) = g(s, x), for x € R".

Note that the two integrals in (54) differ by a change of variable s +— t — s.
Proof. Differentiate (54):

ou o [t
a(t,a;)_a/() us(t — 5, 2)ds

t Qug
= u(0, ) —i—/o 5 (t — s, x)ds.
By (55),
t
Ou 2 = g(t, ) +/ Lug(t — s, 2)ds.
ot 0

Since L is linear, we can formally exchange the order of integration and differentiation:

ou t
—(t,x) = g(t,x) + L/ us(t — s, x)ds
ot 0
=g(t,z) + Lu.
The initial condition on u is trivially satisfied. This concludes the proof. O

We can immediately generalise this to an evolution equation on any subregion 2 C R™ with

homogeneous boundary conditions:

Proposition 4.8. Consider an inhomogeneous evolution equation

Ot )~ Lu(t,2) = glt. ), for (1.2) € (0,00) x R,
u(0,x) = 0, for x € R",
u(t,x) =0, for (t,z) € (0,00) x 09,

where L is a linear differential operator. Its solution u can be expressed as

t t
u(t,x) = / us(t — s, @) ds = / up—s(s, x) ds,
0 0
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where ug 18 a solution to the homogeneous evolution equation

Oug

T (t,x) — Lus(t,x) = 0, for (t,x) € (0,00) x R",

us(0, ) = g(s, @), for x € R™,

us(t,x) =0, for (t,x) € (0,00) x OS2

Proof. Since ug(t,x) = 0 for all ¢ > 0 and all x € 91, the boundary condition on u is trivially

satisfied. The rest of the proof is the same as the previous proof. O
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