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XisaDPPin A (aset)if 3 K : A2 - F(= R or C) such that

"Prob(X has particles at xi, ..., xp) = det(K(x;, x))7i_1"|,

for every ne N and xj, € A.
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XisaDPPin A (aset)if 3 K : A2 - F(= R or C) such that

"Prob(X has particles at x1,...,x,) = det(K(x,-,x,-))}”"j:1" ,

for every ne N and x, € A.

K is the kernel of X.

e O(x,y) = K(y,x) Vx,y e N = Qs another kernel of X
(Q is a transposition transformation of K)
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XisaDPPin A (aset)if 3 K : A2 - F(= R or C) such that

"Prob(X has particles at x1,...,x,) = det(K(x,,x,)),/ b

for every ne N and xj € A.

K is the kernel of X.

e O(x,y) = K(y,x) Vx,y e N = Qs another kernel of X
(Q is a transposition transformation of K)

o Q(x,y) = gg gK(x y) ¥x,y € A = Q another kernel of X

(Q is a conjugation transformation of K)
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XisaDPPin A (aset)if3 K : A2 - F(= R or C) such that

"Prob(X has particles at x1,...,x,) = det(K(X,-,)(/)),’-Zj:1" ,

for every ne N and xj € A.

K is the kernel of X.

e O(x,y) = K(y,x) ¥x,y e A = Qs another kernel of X
(Q is a transposition transformation of K)

« Q(x,y) = 89K (x,y) ¥x,y e A — Q another kernel of X

(Q is a conjugation transformation of K)

Notation: Write O = K.
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XisaDPPin A (aset)if3 K : A2 - F(= R or C) such that

"Prob(X has particles at xi, ..., xn) = det(K(x;, x))7i_1"|,

for every ne N and xj € A.
K is the kernel of X.

e O(x,y) = K(y,x) ¥x,y e A = Qs another kernel of X
(Q is a transposition transformation of K)

e O(x,y) = LgK(x,y) Vx,y e N = Q another kernel of X

(Q is a conjugation transformation of K)

Notation: Write O = K.

Q=K :?> () obtained from K via above two transformations.
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XisaDPPin A (aset)if 3 K : A2 - F(= R or C) such that

"Prob(X has particles at x1,...,x,) = det(K(x,-,)(j)),fjj:1" ,

for every ne N and xj, € A.
K is the kernel of X.

e O(x,y) = K(y,x) Vx,y e N = Qs another kernel of X
(Q is a transposition transformation of K)

e O(X,y) = %K(x,y) Vx,y e N = (Q another kernel of X
(Q is a conjugation transformation of K)
Notation: Write O = K.

? . . .
Q=K = () obtained from K via above transformations.
ufetov, ’
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Symmetry, non-symmetry, counterexamples

Q=K . f:?>17 () obtained from K via above transformations.
ufetov, ’

o K(x,¥) = K(y,x)and Q(x,y) = Q(y.x) Vx,y €\

= conjecture holds.
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Symmetry, non-symmetry, counterexamples

Q=K . f:9> () obtained from K via above transformations.
ufetov, "17

o K(x,y) =K(y.x)and Q(x,y) = Q(y,x) Vx,y e\

= conjecture holds.
Stevens, '19
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Symmetry, non-symmetry, counterexamples

Q=K :?> () obtained from K via above transformations.

Bufetov, '17
o K(x,y) = K(y,x)and Q(x,y) = Q(y,x) Vx,y €\

= conjecture holds.

Stevens, '19

a b 1 1 a

c d 1 1 b
« (KXiy=1=11 1 o £l QUi = |

1 1 g h 1

forsome a,b,c,d, e, f,g,he F\{0} suchthatc # b & f # g.
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Symmetry, non-symmetry, counterexamples

Q=K :7> () obtained from K via above transformations.

Bufetov, '17
o K(x,y) = K(y,x)and Q(x,y) = Q(y,x) Vx,y €\

= conjecture holds.
Stevens, '19

ab 1 1 a

c d 1 1 b
o (K(X. Y%=t = ; (QOG Y)Y y=1

11 e f 1

11 g h 1

forsome a,b,c,d, e, f,g,he F\{0} suchthatc # b & f # g.
» ()= K, but...
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Symmetry, non-symmetry, counterexamples

? . . .
Q=K = () obtained from K via above transformations.
ufetov, ’

o K(x,y) = K(y,x)and Q(x,y) = Q(y, x) Vx,y €\
= conjecture holds.

Stevens, '19
a b 1 1 ac 1 1
c d 1 1 b d 1 1
o (KX ¥)xy=1= , QUGN = 7
11 e f 1 1 e f
1.1 g h 11 g h

forsome a,b,c,d, e, f,g,he F\{0} suchthatc # b & f # g.

» ()= K, but...
» ((3,4) =f#g=K(4,3) = Q atransposition transformation of X.
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Symmetry, non-symmetry, counterexamples

? . . .
Q=K = () obtained from K via above transformations.
ufetov, ’

o K(x,y) = K(y,x) and Q(x,y) = Q(y, x) Vx,y €\
= conjecture holds.

Stevens, '19
a b 1 1 ac 1 1
c d 1 1 b d 1 1
o (KX ¥)xy=1= , QUGN = 7
11 e f 1 1 e f
1.1 g h 11 g h

forsome a,b,c,d, e, f,g,he F\{0} suchthatc # b & f # g.

» ()= K, but...
» (J(3,4) = f # g = K(4,3) === Q atransposition transformation of K.
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Symmetry, non-symmetry, counterexamples

? . . .
Q=K = () obtained from K via above transformations.
ufetov, ’

o K(x,y) = K(y,x) and Q(x, y) = Q(y,x) ¥x,y € A

= conjecture holds.

Stevens, '19
a b 1 1 ac 1 1
c d 1 1 b d 1 1
b (K(Xay))g,y:1 = 11 e f| (Q(Xay))gy:1 =111 e I
11 g h 11 g h

forsome a,b,c,d, e, f,g,he F\{0} suchthatc # b & f # g.
» (=K, but...
» (J(3,4) = f # g = K(4,3) === Q a transposition transformation of K.
» () is not a conjugation transformation of K either.
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Symmetry, non-symmetry, counterexamples

? . . .
Q=K = () obtained from K via above transformations.
ufetov, ’

o K(x,y) = K(y,x) and Q(x,y) = Q(y, x) Vx,y €\
= conjecture holds.

Stevens, '19
ab 1 1 ac 1 1
c d 1 1 b d 1 1
® (K(X y))xy 1701 1 e f| (Q(va))g,y:1 = 11 e |
11 g h 11 g h

forsome a,b,c,d, e, f,g,he F\{0} suchthatc # b & f # g.

» ()= K, but...
» ()(3,4) =f # g = K(4,3) === 0 a transposition transformation of K.
» () is not a conjugation transformation of K either.

4 3,1) K3,
D=0 i) K
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Symmetry, non-symmetry, counterexamples

? \ . \
Q=K = () obtained from K via above transformations.
ufetov, ’

o K(x,¥) = K(y,x)and Q(x,y) = Q(y,x) Vx,y €\
= conjecture holds.

Stevens, '19
a b 1 1 ac 1 1
c d 1 1 b d 1 1
° (K(Xay>))7‘y=1 11 1 e | (Q(Xay)>)?y=1 111 e fl
1 1 g h 11 g h

forsome a,b,c,d, e, f,g,he F\{0} suchthatc # b & f # g.
» ()= K, but...
» (J(3,4) = f # g = K(4,3) === Q a transposition transformation of ¥.
» () is not a conjugation transformation of K either.

K s K )
* K #0and KE;}};; Kg "Vg

== conjecture holds.

# 0 Vx,y,z, w e A distinct
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Symmetry, non-symmetry, counterexamples

? \ . \
Q=K = () obtained from K via above transformations.
ufetov, ’

o K(x.y) = K(y,x) and Q(x, y) = Q(y, x) Vx,y €
= conjecture holds.

Stevens, '19

a b 1 1 ac 1 1
NIRRT B R (elea7) (PR A

1 1 g h 11 g h
forsome a,b,c,d, e, f,g,he F\{0} suchthatc # b & f # g.

» 0=K,but..
» ((3,4) = f # g = K(4,3) === Q atransposition transformation of K.
» () is not a conjugation transformation of K either.

o K # 0ana| () Klxw

# 0 Vx,y,z, we A distinct
(2.y) K(z,w) g

= conjecture holds.
Sapranidis, '23
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Idea of Proof

Theorem (Sapranidis, '23)

K(x,y) K(x,w)
K(z,y) K(z,w)
— (@ is in one of the following two forms, for some function g # 0:

9x)
9(y)

K # 0 and # 0 Vx,y,z,we Adistinctand O = K

K(y, x)

O<x,y>—g(;)/<<x,y> or  Qx.y) =

Proof (outline):
Show S(x, y) = K(i i) or S(x,y) = gg;g satisfies the 3-cocycle
property: for every simple 3-cycle p = (p;)3_, € A%,

(P2, po) c(po, p1) (_:) 1

Harry Sapranidis Mantelos Classification of Transformations of Equivalent Kernels of DPPs, ¢



Idea of Proof

Theorem (Sapranidis, '23)

K(x, w) L

K # 0 and Aea7) ’ #0 Vx,y,z, we A distinctand O = K

7P K(z,y) Kiz,w) v

= () is in one of the following two forms, for some function g +# 0:
g(x) g(x)

Qlx,y) = ==K(x, or Q(x,y) = =—=K(y,x
(x,¥) T (x,y) (x,¥) 0 ;%) |
Proof (outline):
Define S(x,y) = fgj }y’), S(x,y) = fg;i;

Let p = (pi)]_, € A2 be a 1-cycle. Then,
det(K(x;, X/))?,j:1 = det(Q(x;, X/))I] 1
with n = 1 yields

.— (Po Po —>.@ Q(po, Po
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Idea of Proof

Theorem (Sapranidis, '23)

K(x, w) L
K # 0 and K% y) ’ #0 Vx,y,z,we Adistinctand Q = K
708 K(z,y) Kiz,w) s
— (@ is in one of the following two forms, for some function g # 0:
g(x) g(x)
Qlx,y) = ==K(x, or Qlx,y) = ==K(y, x
(x,¥) 0 (x,¥) (x,y) i 229 |

Proof (outline):
Define S(x,y) = 2543, 8(x,y) = 254

ernne ( y) x y)’ ( y) y X)

Let p = (p/)%, € A® be a (simple) 2-cycle. Then,
det(K(X/ XJ)) ij=1—" det(Q<Xl X/))// 1
with n = 2 yields

Q(p1, Po)
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Idea of Proof

Proof (outline):

Let p = (p1)3_, € A* be a simple 3-cycle.

The Leibniz formula applied to @ = K with n = 3 yields
K(P2. Po) K(po. 1) G_) K(po. p2) K(p1,po)

S

Q(p2: po) Qpo. p1) @ Q(po, p2) Q(p1. po)
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Idea of Proof

Proof (outline):

Define S(x, y) = ?Ex;, S(x,y) = SE;Q

The previous slides imply the following lemma:

Theorem

For every (simple) cycle p = (p,-);?’:o of length 3 in A, it is either
the case that
Case 1: S[p] = 1;

or

Case 2: S[p] = 1.
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Idea of Proof

Proof (outline):

Define S(x, y) = 284, 8(x,y) = 224,

The previous slides imply the following lemma:

Theorem

For every (simple) cycle p := (p,) ~_o Of length 3 in A, it is either
the case that
Case 1: S[p] =

or

Case 2: S[p] =

4

Finally, show that every (simple) cycle p == (p;)3_, of length 3 in
A'is in the same case.
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Idea of Proof

Proof (outline):

Define S(x,y) = #4. S(x,y) = 754.

The previous slides imply the following lemma:

Theorem

For every (simple) cycle p == (p;)3_, of length 3 in A, it is either
the case that

Case 1: S[p] =1,

or

Case 2: S[p] = 1.

V.

Finally, show that every (simple) cycle p := (p,-)f;o of length 3 in
A'is in the same case (nhon-trivial: 4-cycles, graph-theoretic
magic tricks, see arXiv:2302.02471). O
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