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Setup

X is a DPP in Λ (a set) if D K : Λ2 Ñ Fp“ R or Cq such that

"Prob(X has particles at x1, . . . , xn) “ detpK pxi , xjqq
n
i,j“1" ,

for every n P N and xk P Λ.
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"Prob(X has particles at x1, . . . , xn) “ detpK pxi , xjqq
n
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K is the kernel of X .

‚ Qpx , yq “ K py , xq @x , y P Λ ùñ Q is another kernel of X
(Q is a transposition transformation of K )
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"Prob(X has particles at x1, . . . , xn) “ detpK pxi , xjqq
n
i,j“1" ,

for every n P N and xk P Λ.

K is the kernel of X .

‚ Qpx , yq “ K py , xq @x , y P Λ ùñ Q is another kernel of X
(Q is a transposition transformation of K )

‚ Qpx , yq “ gpxq
gpyqK px , yq @x , y P Λ ùñ Q another kernel of X

(Q is a conjugation transformation of K )

Notation: Write Q ” K .
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?
ùñ Q obtained from K via above two transformations.
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Setup

X is a DPP in Λ (a set) if D K : Λ2 Ñ Fp“ R or Cq such that

"Prob(X has particles at x1, . . . , xn) “ detpK pxi , xjqq
n
i,j“1" ,

for every n P N and xk P Λ.

K is the kernel of X .

‚ Qpx , yq “ K py , xq @x , y P Λ ùñ Q is another kernel of X
(Q is a transposition transformation of K )

‚ Qpx , yq “ gpxq
gpyqK px , yq @x , y P Λ ùñ Q another kernel of X

(Q is a conjugation transformation of K )

Notation: Write Q ” K .

Q ” K
?
ùñ

Bufetov, ’17
Q obtained from K via above transformations.
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Symmetry, non-symmetry, counterexamples

Q ” K
?
ùñ

Bufetov, ’17
Q obtained from K via above transformations.

‚ K px , yq “ K py , xq and Qpx , yq “ Qpy , xq @x , y P Λ

ùñ conjecture holds.
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Symmetry, non-symmetry, counterexamples

Q ” K
?
ùñ

Bufetov, ’17
Q obtained from K via above transformations.

‚ K px , yq “ K py , xq and Qpx , yq “ Qpy , xq @x , y P Λ

ùñ
Stevens, ’19

conjecture holds.

‚ pK px , yqqnx,y“1 “

¨

˚

˚

˝

a b 1 1
c d 1 1
1 1 e f
1 1 g h

˛

‹

‹

‚
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¨

˚

˚

˝
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b d 1 1
1 1 e f
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˛

‹

‹

‚

,

for some a,b, c,d ,e, f ,g,h P Fzt0u such that c ‰ b & f ‰ g.
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ø Q ” K , but...
ø Qp3, 4q “ f ‰ g “ K p4, 3q���XXXùñ Q a transposition transformation of K .
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‚ K ‰ 0 and
∣∣∣∣K px , yq K px ,wq
K pz, yq K pz,wq

∣∣∣∣ ‰ 0 @x , y , z,w P Λ distinct

ùñ
Sapranidis, ’23

conjecture holds.
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Idea of Proof

Theorem (Sapranidis, ’23)

K ‰ 0 and
∣∣∣∣K px , yq K px ,wq
K pz, yq K pz,wq

∣∣∣∣ ‰ 0 @x , y , z,w P Λ distinct and Q ” K

ùñ Q is in one of the following two forms, for some function g ‰ 0:

Qpx , yq “
gpxq
gpyq

K px , yq or Qpx , yq “
gpxq
gpyq

K py , xq

Proof (outline):

Show Spx , yq “ Qpx,yq
K px,yq or S̃px , yq “ Qpx,yq

K py,xq satisfies the 3-cocycle
property : for every simple 3-cycle p “ ppiq

3
i“0 P Λ4,

cpp2, p0q cpp0, p1q

cpp1, p2qp2 p1

p0

“l 1.
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Idea of Proof

Theorem (Sapranidis, ’23)

K ‰ 0 and
∣∣∣∣K px , yq K px ,wq
K pz, yq K pz,wq

∣∣∣∣ ‰ 0 @x , y , z,w P Λ distinct and Q ” K

ùñ Q is in one of the following two forms, for some function g ‰ 0:

Qpx , yq “
gpxq
gpyq

K px , yq or Qpx , yq “
gpxq
gpyq

K py , xq

Proof (outline):

Define Spx , yq “ Qpx,yq
K px,yq , S̃px , yq “ Qpx,yq

K py,xq .

Let p “ ppiq
1
i“0 P Λ2 be a 1-cycle. Then,

detpK pxi , xjqq
n
i,j“1 “ detpQpxi , xjqq

n
i,j“1

with n “ 1 yields

K pp0, p0qp0 p0 “l Qpp0, p0qp0 p0
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Idea of Proof

Theorem (Sapranidis, ’23)

K ‰ 0 and
∣∣∣∣K px , yq K px ,wq
K pz, yq K pz,wq

∣∣∣∣ ‰ 0 @x , y , z,w P Λ distinct and Q ” K

ùñ Q is in one of the following two forms, for some function g ‰ 0:

Qpx , yq “
gpxq
gpyq

K px , yq or Qpx , yq “
gpxq
gpyq

K py , xq

Proof (outline):

Define Spx , yq “ Qpx,yq
K px,yq , S̃px , yq “ Qpx,yq

K py,xq .

Let p “ ppiq
2
i“0 P Λ3 be a (simple) 2-cycle. Then,

detpK pxi , xjqq
n
i,j“1 “ detpQpxi , xjqq

n
i,j“1

with n “ 2 yields

K pp0, p1q

K pp1, p0q

p0 p1 “l
Qpp0, p1q

Qpp1, p0q

p0 p1
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Idea of Proof
Proof (outline):

Let p “ ppiq
3
i“0 P Λ4 be a simple 3-cycle.

The Leibniz formula applied to Q ” K with n “ 3 yields

K pp2, p0q K pp0, p1q

K pp1, p2qp2 p1

p0

‘ K pp0, p2q K pp1, p0q

K pp2, p1qp2 p1

p0

“l

Qpp2, p0q Qpp0, p1q

Qpp1, p2qp2 p1

p0

‘ Qpp0, p2q Qpp1, p0q

Qpp2, p1qp2 p1

p0
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Idea of Proof

Proof (outline):

Define Spx , yq “ Qpx ,yq
K px ,yq , S̃px , yq “ Qpx ,yq

K py ,xq .

The previous slides imply the following lemma:

Theorem

For every (simple) cycle p :“ ppiq
3
i“0 of length 3 in Λ, it is either

the case that
Case 1: Srps “ 1;

or
Case 2: S̃rps “ 1.
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Proof (outline):

Define Spx , yq “ Qpx ,yq
K px ,yq , S̃px , yq “ Qpx ,yq

K py ,xq .

The previous slides imply the following lemma:

Theorem

For every (simple) cycle p :“ ppiq
3
i“0 of length 3 in Λ, it is either

the case that
Case 1: Srps “ 1;

or
Case 2: S̃rps “ 1.

Finally, show that every (simple) cycle p :“ ppiq
3
i“0 of length 3 in

Λ is in the same case.
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Idea of Proof

Proof (outline):

Define Spx , yq “ Qpx ,yq
K px ,yq , S̃px , yq “ Qpx ,yq

K py ,xq .

The previous slides imply the following lemma:

Theorem

For every (simple) cycle p :“ ppiq
3
i“0 of length 3 in Λ, it is either

the case that
Case 1: Srps “ 1;

or
Case 2: S̃rps “ 1.

Finally, show that every (simple) cycle p :“ ppiq
3
i“0 of length 3 in

Λ is in the same case (non-trivial: 4-cycles, graph-theoretic
magic tricks, see arXiv:2302.02471).
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