MENS| TAY
A G IMOLEY

A_ 9 %

AVIVIVIVIVE
NN

Large Gaps Between Primes

by

Simon Shackleton

MA4KS8 Scholarly Report

Submitted to The University of Warwick

Mathematics Institute

April, 2026

A\
WARWICK

THE UNIVERSITY OF WARWICK



Contents

1 Introductionl

|2 The Large Gaps Method|

B Probabilistic Esi |

3.1 Large Gaps Conjectures |. . . . . . . . . . . e

4 Sieve Methods|

4.1 Primes in Arithmetic Progressions

B ErddsRankn C ox

|6  Probabilistic Approach|

6.1 GPY Method and Maynard-Tao Weights|

6.2  Adapted Maynard-Tao Weights| . . . . . . .. .. ... ... ... ... ...

7 Preliminary Sieve Estimates|

9 Improvements|
9.1 Outlinel

110 Acknowledgments|

ii

10

13
14
16

17

21
21
21

36
37

40



1 Introduction

“It is evident that the primes are
randomly distributed but,
unfortunately, we don’t know what

‘random’ means.” [I3]

— R. C. Vaughan, (February, 1990)

Around 300BC Euclid proved that there are infinitely many primes. Once we know this,
it is natural to try to understand their distribution. In particular, one may ask how large
or how small we can guarantee the gaps between consecutive primes to be. In 1849 De
Polignac conjectured that every even number is the gap between two consecutive primes
infinitely often. This is, of course, a broader form of the famous twin prime conjecture.
Similarly, Dickson conjectured in 1904 that there are infinitely many k-tuples for which
each of n+ hy,...,n + hy are prime where H = {hq,...ht} is an admissible set [14] Section
1]. We say that H is admissible if for all primes p there is some residue class modulo p

which none of the h; lie in.

Both of these problems are open, but headway was made in 2013 by Zhang [30] on De
Polignac’s Conjecture and by Maynard [19] and Tao (unpublished) on Dickson’s Con-
jecture. The authors were able to show the existence of infinitely many prime gaps of
bounded length.

The methods used by Maynard and Tao heavily influence the developments made on Large
gaps between primes and shall be discussed for motivation. Throughout this project, we

let G(X) be the largest gap between consecutive primes of size at most X. More precisely,

G(X) »= max pns1 = pn (1.1)
The prime number theorem tells us that the average gaps between primes in [1, X] is
asymptotically log X. This, along with the pigeonhole principle, enables us to guarantee
that G(X) > (14+0(1)) log X. The first major breakthrough in the large gaps problem was
by Westzynthius [29], who showed that there are gaps between primes that are arbitrarily
large relative to the average gap. In the 1930s, Erdés and Rankin showed that

log X loglog X loglogloglog X
(logloglog X)?

G(X) > (¢ +o(1)) (1.2)
for some ¢ > 0. In fact Erdés [6] showed without the loglogloglog X term and
Rankin [25] later showed (1.2) with ¢ = 1/3. Erdds conjectured that ¢ can be taken
arbitrarily large, famously offering a prize of $5000 for showing this, the largest of the
Erdés prizes [7]. This conjecture was resolved affirmatively by Ford, Green, Konyagin and
Tao [9], and Maynard [21] independently.



Theorem 1.1. We have that

lim su G(X)
Xoone log X log, X log, X (logs X) 2

=00 (1.3)

Here, and throughout this project, log, X denotes the v—fold logarithm.

The respective papers were released only a day apart, both giving distinct approaches.
Ford, Green, Konyagin, Maynard and Tao [§] later collaborated to improve Theorem [1.1
proving the best result to date.

Theorem 1.2. For any sufficiently large X, one has

log X logy X logy X
logs X

G(X)> (1.4)

This project focuses on the method developed by Maynard to prove Theorem We will
first discuss the basic method for tackling large gaps between primes. Then we shall discuss
some conjectures on large gaps and give a brief discussion of sieve methods, which will be
the key tools in this approach. Then we will discuss the more key details of the approach
taken by Erd6s and Rankin and why Maynard’s approach improves on previous attacks,
before presenting the proof presented by Maynard. Finally, we will give an overview of
the key ideas in the proof of Theorem explaining how this improves on the method in
[21].

2 The Large Gaps Method

We give the standard method of attack on the large gaps between primes problem. We
follow [16] and [I§]. First, we give an alternative proof that G(X) > (1 + o(1))log X.

Consider the following list of numbers
P,+2,P,+3,..,P,+n

Here, P, := []

consecutive composite numbers. So we have constructed a gap between primes of at least

p<nD denotes the n-th primorial. The above gives a sequence of n — 1

size n. The prime number theorem tells us that P, = e™(1t°(1) Choosing n = (1—e¢) log X
guaranties that G(X) > (1 — e + o(1)) log X, and since ¢ was arbitrary, we have G(X) >
(14+0(1))log X.

The approach above was to directly construct some string of composite numbers. We can

do this in a slightly different way. Consider the following set

{2,3,..,U} (2.1)



We note that every element of the above set is divisible by some p < U. In other words,
each element m of our set in (2.1)) satisfies m = 0 (mod p) for some prime p < U. This

motivates the following definition

Definition 2.1. A system of congruences {a; (mod g;)}1<i<k covers a set of integers N

if for every n € N there is some 1 < i < k with n = a; (mod g;).

So the set of congruences {0 (mod p)}p<y covers (2.I)). Assume instead we have some more
general system of congruences {a, (mod p)},<, that cover the set {1,2,...,U}. Then the
Chinese Remainder Theorem guarantees the existence of some v € (z, z+exp((140(1))z)]
satisfying v = —a, (mod p) for every prime p < x. So the string of numbers v + k for
ke€{1,2,...,U} are all divisible by some p < x whilst also being strictly large than x and
hence must be composite. So now we have some prime p, < e*d+to(1) with Pnt1—pn > U.
If we then take z = log X we have proved that G(X) > (1 + o(1))U. So our goal to get a
good lower bound for G(X) is to show we can take U to be large, by choosing a suitable

system of congruences covering {1,2,...,U}.

However, this method is believed to be limited. Our approach above locates a string of
integers divisible by some p < x in the interval (z,z + exp((1 + o(1))x)]. This is of course
sufficient for the integers to be composite, but is really quite strong. In fact, this method
gives us a lower bound of the maximal gap between integers coprime to P,, denoted j(FPy),
and our method cannot go beyond this. Maier and Pomerance [I8, Section 1] conjectured
that j(P,) < z(logz)?t°™M) and so the limit of this method would therefore be to establish
a bound of the form G(X) > log X (loglog X)?>T°(). We will see in Section [3.1|that this is
expected to be far from the truth.

But this method does give us a foothold in the large gaps problem, and this helpful change
of perspective has turned our question about finding long strings of consecutive composite
numbers into a sieve theoretic covering problem. We can now borrow methods from sieve
theory to tackle the problem. However, we postpone our discussion of sieve methods for

now to discuss some conjectures on the size of G(X).

3 Probabilistic Estimates

When trying to understand gaps between primes, it can be helpful to have some sort
of heuristic model that indicates what we may expect to be the truth; gaining some
understanding of how far away we may be from what seems to be true. Here, we follow
[2], [13] and [16, Chapter 29]. A rather elementary way one can do this is via Cramér’s
model, given by a sequence of independent Bernoulli random variables (X,)5° ;, which for

n > 3 have probability distribution

P(X,=1)=1/logn



and we set for completion X; = 0 and Xy = 1 [2]. These random variables are intended
to model the primes, as by the prime number theorem there are approximately z/logz
primes up to . That is, the primes have density approximately 1/logz in [1, z] and so we
suspect that a number n has a probability of about 1/log n of being prime and a probability
of roughly 1 — 1/logn of being composite. However, a problem one immediately notices
is that Cramér’s model is insensitive to arithmetic considerations. Indeed, this model
suggests that there are infinitely many pairs of primes of the form n,n + 1, which is of
course false. Noting this, we would somehow like these random variables to be conscious
of congruence considerations modulo small primes. Granville [13], motivated by earlier
work of Maier on irregularities in the distribution of primes [I7], introduced a refinement

of Cramér’s model, which does exactly this. Let
N:={n>y*:(n,P,) =1} (3.1)

Here y is a parameter in R>; that we are free to choose. We call y the Cramér-Granville
parameter. The sieve of Eratosthenes-Legendre, or a simple inclusion-exclusion argument,
implies that A contains « := [] ., (1 —1/p) proportion of N. So an integer n € N should

have a probability a~!/logn > 1/logn of being prime. We now construct a new sequence

o0

of independent Bernoulli random variables (Y,,)52,

which for n > 3 have probability
distribution

P(Y, =1) = a '1,ep/logn (3.2)

and again for completion, we take Y7 = 0 and Y5 = 1. We also take 1,c4 to be the

indicator function on some set A here and throughout this project. This sequence of

[e9)
n=1

choose y = 1 this is exactly Cramér’s model.

random variables (Y},) is the Cramér-Granville model from [I3]. Note that when we

3.1 Large Gaps Conjectures

Conjecture 3.1 (Cramér’s Conjecture, weak form).

G(X) = (log X)) (3.3)

We use Cramér’s model to justify this, giving the argument in [2]. First we state the

following well known lemma from Probability theory [I, Theorems 4.3, 4.4].

Lemma 3.2 (Borel-Cantelli). Let Ey, Es, ... be some events in a probability space. Let E
be the event that infinitely many of the E;s occur. Then

1. If 322, P(E;) < oo, then P(E) = 0.
2. If 32 P(E;) = 0o and each of the E;s are mutually independent, then P(E) = 1.

Cramér describes the locating primes like drawing balls from a sequence of urns Uy, Us, ...



with probability 1/logn of drawing a white ball from urn U,, (n being prime) and 1 —
1/logn of drawing a black ball (n being composite). Cramér then defines the random
variables P, to take the value k£ where k is the index of the kth Urn from which the nth

white ball is drawn.

Cramér then considers the class C' of all possible sequences (FP,)72; and notes that the

o0

sequence of prime numbers (p, )5

1 is contained in this class. We then consider the order
of the difference P,+1 — P,. Let ¢ > 0 be some constant and let F,, denote the event that
all black balls are drawn from the urns Up, 1, with 1 < v < ¢(logm)?. The event in which
the inequality

Py i1 — Py, > c(log Pm)2

is achieved infinitely often has the same probability as F,, occurring for an infinite number

of ms. As each of the events are independent, we have

c(log m)? 1 1
P(Ey,) = l-—— | x—
(Em) H ( log(m + z)) me

i=1

We first note that if ¢ > 1 then we immediately see that >, P(E;) < co and hence by
Lemmawe’ve that the inequality Py, 1— P, > c(logm)? is achieved for at most finitely
many m with probability 1.

If instead ¢ < 1 we construct non-overlapping intervals to ensure that the E,,s are inde-
pendent. Let my = 2 and mj41 = m; + [c(log j)?] + 1. Clearly we have m; < j(logj)? so
>_iP(Ep;) = 0o. So we have by Lemma (3.2] that the inequality Pn+1 — P, > c(log n)? is
satisfied for infinitely many n with probability 1. Together, this shows that with proba-
bility 1 we have

. Pn+1 - Pn

limsup———- =1

n%oop (10g Pn)2

This led Cramér to conjecture the following

Conjecture 3.3 (Cramér’s Conjecture).

. G(X)
limsup——~= =1 3.4
X—>oop (10gX)2 ( )

Of course, this would also lead one to posit (3.1)). After such an observation, one may
be interested if we can do any better than this. Perhaps we may hope for an asymptotic

relation?

Conjecture 3.4 (Shanks).
G(X) ~ (log X)? (3.5)

Shanks [27] gives a similar heuristic probability argument to justify this.



We have already discussed how Cramér’s model has some serious flaws, so we shall now
apply the Cramér-Granville model to this situation, following [13] and [16, Chapter 29].
Taking E} as the event that Y, = 0 for all n € (k, k + c(log k)?], we have

c(log k)2 a_11k+' N
— _ = CkeN
p(E) = 11 (1 Tog(k + 0) )

=1

We now take k to be some multiple of P,, where y is the Cramér-Granville parameter in
(3.1). We note from Mertens’ third estimate that we have a ~ e~7/logy, and for such a

choice of k we have

2
cy
1~ m(cy?) ~ :
> (V") ~ T1o057 (36)
k<n<k-+c(logk)?
p<y = pin

This is because any k+m in the range of the sum on the left hand side of is divisible
by p < y if and only if p|m and that c(log k)2 ~ cy? from the prime number theorem. So,
for ¢ < 1 the sum on the left hand side of is equal to 7(cy?) and for ¢ > 1 it differs
only by [{pip2 1 y < p1,p2 < Vey(1 + o(1)) prime }| < (ve — 1+ 0(1))*y*/(log y)*, which

has negligible contribution. So we see that

cy?(1+0(1))

2 lo,
p(Em—(l—eﬂogy) Y ez
Y

Reasoning now similarly to as we did for Cramér’s conjecture, this leads us to conjecture
G(X) > (277 4 o(1))(log X)?

This is quite a crushing blow for Cramér’s and Shanks’ conjectures, and in fact we do not

know what the true value of limsupy_,.. G(X) should be.

4 Sieve Methods

We give a brief overview of the sieve and some results, as a background for the calculations
to come. We follow [I0, Chapters 1, 4, 5, 7] and [16, Chapters 18-21]. We consider a
sequence of non-negative real numbers A = (a,)52 ;. We will have an abuse of notation
where A will sometimes refer to (a,)52; and in other contexts refer to the support of
(an)22 ;. In sieve theory, we are interested in the size of A when we remove elements with
n satisfying some congruence conditions modulo a set of primes P, more precisely, we hope

to understand the sifting function

S(A, z):= Z an

(n,P(2))=1



where

P(z) := Hp

pEP
p<z

The sifting function tells us the size of some very interesting sets. For example, if we
choose a,, = 1,<z, P to be the set of all primes and take z = /z, then the sifting function
tells us the number of primes in the interval [\/z, z]. If instead we choose a,, = 1,,—p,(m+2)
for m < x, P to be the set of all primes and z = v/ + 2, then the sifting function gives us
a count of the number of twin primes in [v/z + 2,z]. The sifting function can otherwise
be written as

S(A,z) = Z an = Zanl(n,P(z)):l

(n,P(2))=1

It is standard to write the one indicator of (n,P(z)) in convolution form

> o)=Y wd) =1ppe)

d|(n,P(2)) d‘%l?(l )

and making this substitution leads us to

S(A, z) :Zan Z p(n) = Z p(d)|Adl (4.1)

d|(n,P(2)) d|P(z)

where

Ad = D an

n=0 (mod d)
Notice that this looks strikingly similar to simply performing an inclusion exclusion argu-
ment. For very small z an inclusion-exclusion argument would suffice as the error from
approximating |A4| should be small. However, our goal is to take z as large as possible
(ideally z = 2%) and for such a large choice of z the contribution from our error terms

when approximating | A4 is large. We expect that every |A4| can be written in the form
Xg(d) + ryq (4.2)

Here, X is a smooth approximation to |A|. g(d) is called the density function and repre-
sents the proportion of |A| that we expect to be divisible by d and r4 is the error term.
It is also standard to require some regularity in g that one expects from Mertens’ 3rd
estimate. Specifically, for z > w > 2 there exist constants k > 0 and K > 0 such that ¢

satisfies the following

IT ¢+ o) <& (222)" (43)

log w
w<p<z

We are furthermore led to guess that g(d) should be multiplicative, as we expect the events

that a natural number n is divisible by two distinct primes to be independent. So, one may



guess that the right hand side of (4.1)) can be written in Euler product form, becoming

S(A ) =X[[—-9®)+ > wdra (4.4)

p<z d|P(z)

One may then naively guess that the main contribution comes from this Euler product
term. Unfortunately, it is difficult to show that any cancellation is occurring in the error
sum in many scenarios, and in some cases it is not possible to show that significant
cancellation is occurring at alll For example, take a, = 1,<; and z < {/z. The sifting
function tells us the number of primes in [\/z,z] which by the prime number theorem is
asymptotically z/logx. In this case, we also have g(p) = 1/p for each p. So plugging
this into , Mertens’ third theorem then gives us that the expected main term is
asymptotically 2e77x/logz. So we see that the remainder term must have the same
order as the expected main term. An explanation for this is that for a natural number n,
divisibility by distinct primes are not independent events. Consider, for example, three
primes p1, p2,p3 > n/3. It cannot be the case that n is divisible by all three primes
simultaneously. So, our density function will not be multiplicative. Our assumption that

g should be multiplicative is one of the main limitations of sieve methods.

How can we remedy this? Excluding some Az may allow us to get a better grasp on the
error term whilst still allowing us to bound the sifting function. More generally, in sieve
methods one is interested in replacing the Mobius function on the right hand side of
with ‘sieve weights’ which behave like the M6bius function but reduce the error term. The
first sieve weights were given by the Mdbius function on a well chosen truncated support.
Selberg instead introduced a sieve weight given by a smooth truncation of the Mobius
function. The truncation being smooth is what may be attributed to it’s success. We give

the following result due to Selberg, in the form of [16, Theorem 21.1].

Theorem 4.1. Let A and P satisfy Aqg = Xg(d)+7rq. If D > 1 and h(p) = g(p)/(1—g(p))

then
X w(d) ;
S(A,P) < T+ Z 3 d)py with L = Z h(m) (4.5)
d<D m<+vD
d|P m|P

We similarly have a fundamental lemma type result due to Selberg [10, Corollary 7.8].

Theorem 4.2 (Selberg Fundamental Lemma). Let g(d) be a density function satisfying
. Let k := k +log K. For lfc’)ggg =: 5> 2k + (2 + ¢)v/2klog k we have

SAz2) =[] A-9@){1+0E)}+20 > 3°D|ry

pIP(2) d|P(z)
d<D

where |0] < 1 and the implied constant is absolute.



These results give us a good understanding of the behaviour of the sifting function, as
we hoped to achieve. Unfortunately, improving on these results is hindered by the parity
problem of sieve theory; see [16, Chapter 21]. However, these results are sufficient for our
purposes, and we will use these in some preliminary sieving arguments to set up the more
complex calculations to follow. However, for these sieves to be of much use, we need to
be able to bound our remainders well. To do this, we need to have a good understanding

of the distribution of primes in arithmetic progressions.

4.1 Primes in Arithmetic Progressions

We follow [15, Chapter 3] and [16, Chapters 12, 18, 26]. One may guess that the primes
in arithmetic progressions are distributed equally on average; for numbers 1 < a < g with

(a,q) =1 we may expect that

(x5 q,a) ~ 7(x)/d(q) (4.6)

In 1896 de la Valleé Poussin showed using the ideas of Riemann and Dirichlet [3].
Following this, one becomes interested in the size of the moduli one can take in which the
asymptotics still hold. In 1936 Walfisz, following the work of Siegel, and using the theory
of Dirichlet L-series [28] proved the following

Theorem 4.3 (Siegel-Walfisz). Let D > 0. There exists an absolute constant ¢ > 0 such
that if 1 < ¢ < (logz)? and a € (Z/qZ)*, then

m(z;q,a) = Li(z) re—cVioge
(z;9,a) 20 + Op( ) (4.7)

This is in the form of [I6], Theorem 12.1]. The Siegel-Walfisz theorem is a highly cele-
brated result. But how far away is this from what we expect to be true? Recall that the

Generalized Riemann Hypothesis implies

1q,a _ Li@) x log x T a *
m(z;q,a) = ) + O(Vzlog ) (x=2,a€ (Z/qZ))

Indicating that (4.6)) should still hold with ¢ < x'/27¢ for any € > 0. So the Siegel-Walfisz
theorem seems far away from what we expect to be true. However, in the 1960s, from the
development of the large sieve came one of the most celebrated results in mathematics,

which we give in the form of [16, Theorem 18.9].

Theorem 4.4 (Bombieri-Vinogradov). Fiz A > 0. Forz > 2 and1 < Q < \/x/(logz)4+3,

we have

Li(y) z
max |7(y;q,a) — <A s (4.8)
=0 055 o(q) (log )



This theorem has proven to be invaluable in Sieve methods. We give another form of

Theorem [£.4] which is more useful in certain arguments.

Corollary 4.4.1. Let h be some positive integer and let

Li(y)
#(q)

m(y;q,a) — (4.9)

E(xz;q) = max
y<z

(a.9)=1

then given any positive constant U there exists a positive constant C = C(U, h) such that

Yo wldPr DB d) <o
d<z1/2/log® x

— 4.10
log? ( )

This is a slightly weaker form of [I5, Lemma 3.5].

Given 6 > 0 we say the primes have level of distribution 0 if for all A > 0 holds for
Q = 2. So the Bombieri-Vinogradov theorem tells us the primes have level of distribution
0 for all < 1/2. Considering this is exactly what the Riemann Hypothesis implies this
is an outstanding result, because of this the Bombieri-Vinogradov theorem is often called

the Generalised Riemann Hypothesis on average.

Can we do any better than this? Certainly no unconditional results have been able to

improve on all # < 1/2. However it is believed that one can do considerably better.

Conjecture 4.5 (Elliott and Halberstam). The primes have level of distribution 6 for all
0 <1.

This conjecture [5] seems very far out of reach, but has been useful in demonstrating the

limitations of the best known current methods in gaps between primes.

5 Erdos-Rankin Construction

Following section [2], we now want to come up with some explicit construction of a system
of congruences with moduli being the primes up to = that covers the set Z N [1,U]. All
attacks on the large gaps problem follow the same set up, coming from the work of Erdés

and Rankin. We give the set up as in [21]. Fix constants Cy,e. We define the following

parameters
1—¢)l 1 Cyzl
y:exp<( €)logx oggx) ,= % 7 = turiosy (5.1)
logy x log, = log, =
and we pick the following residue classes
ap =1 for primes p <y (5.2)
a, = 0 for primes y <p <z (5.3)

10



for primes < z. Motivation for the choice of these parameters and residue classes comes
from the anatomy of integers. Heuristically, we expect most integers to be divisible by
some medium sized prime, so these congruence relations should cover most numbers up
to x. It is standard to call the first sifting the sifting of integers in [1, U] by the residue
classes in . Here, sifting a set by some set of congruences means the removal of all
elements that satisfy at least one of the congruence relations. This then leaves the first
residual set. The second sifting is by the congruences in . Once these siftings have

been performed, we are left with two sets

R ={m < U :misysmooth, (m —1,P,) = 1} (5.4)
R={mp<U:p>zmisy—smooth, (mp—1,P,) =1} (5.5)

Here we say that an integer n is k-smooth if all prime divisors of n are less than or equal
to k. We note that in R, as p > #z, the condition (mp — 1, P,) = 1 forces m to be even.
We will use this throughout the argument. We now split R according to this integer m.

For even m we let
Rm ={z<p<U/m:misy—smooth, (mp—1,P,) =1} (5.6)

We are interested in understanding the sizes of R and R'. We deviate from [2I] and
postpone the proof of the following estimates, which we will prove in section [7], to discuss
how the method in [21] differs from [1§], giving a motivation similar to that in [22]. We

have
T

TS oy

(5.7)

and

Y malsogg) X mel=o(gg) 69

U/z(logy )2<m<U/z 1<m<U/z(logy )2

It therefore follows from the prime number theorem that we can trivially cover R’ and
Ry, for U/z(logs 2)? < m < U/z by choosing for each element of the respective sets an

individual residue class for each prime in (z,x/2).

The same may also be done for the whole of R' U R by choosing for each element a
corresponding residue class for a unique prime in [z/2, z], enabling us to cover the whole
of Z N [1,U] provided that Cy is sufficiently small. This would yield a result of the form
. However, our goal is to now cover each R, for m < U/z(log, )?, where Cpy can be
taken arbitrarily large. To do this, we hope to show the existence of some residue class
for a proportion of primes in [x/2, z] containing many elements of R,,. By doing this, we

can increase the size of Cyy while still covering all of Z N [1, U].

As noted in [I8], if we were able to view R' UR as a random set of residues (mod g)

11



where these are independent for each ¢ in (z, 2] then we would expect to be able to sieve
our approximately (log CL’)1+O(1) members of R' U R for a positive proportion of the gs,
so we certainly expect to be able to do better than sift out a single element for each
residue class. Some previous attempts to improve took the approach of trying to
find for some positive proportion of primes in [z/2,z], a residue class that can sieve out
two members of RUR'. Maier and Pomerance [I8] succeeded in doing this by proving an
averaging estimate for generalised twin primes in arithmetic progressions; that on average
primes of a given gap in a arithmetic progression occur about as frequently as one would
expect from the Cramér-Granville model, for example. Taking the moduli to be primes ¢
in [z/2, x| this succeeded in making the covering more efficient and improved the constant
factor in by showing that many pairs of members of R are congruent (mod ¢) for
most q. Maynard in some sense takes a similar approach to this; however, he managed
to show that the number of primes expected to lie in a given residue class, if the residue

classes are chosen well, can be taken to be arbitrarily large.

We note that one of the key features that makes this particular situation difficult is that the
modulus ¢ is only slightly smaller than a given p € R,,,. Attempting to find residue classes
for ¢ in [x/2, z] containing many elements of R, can be thought of somewhat differently.
As we suggested above, if one could guarantee that for some arithmetic progression (a +
iq)i<k, that the progression captures many primes in the range of R,, we may be hopeful
that many of these primes lie in R,,. This would make a a good candidate for the chosen
residue class, as if we were able to cover many elements of R,,,, we may be able to increase
Cy and still cover the whole of R,,. So we wish to guarantee the existence of some a such
that many members of the progression a+ ¢, a4+ 2q, ..., a + kq are prime. Motivated by the
work on small gaps between primes, we believe that this can be done using the following
theorem [22, Theorem 1].

Theorem 5.1. Let Ly, ..., Ly, be some linear integral functions of the form L;(n) = a;n+b;.
If for each prime p there exists some integer n, where Hle Li(ny) is coprime to p then
there exists a constant ¢ > 0 and a infinite number of integers n with at least clogk of the

Li(n),...Lg(n) prime.

If we define L;(n) = n + h;q for some suitable admissible set H = {hy,...h;} then the
existence of some residue class a, (mod ¢) that contains many primes is implied by the
fact that many of the n + h;q are simultaneously prime for some n. So we will attempt
to identify candidate residue classes in the same way we identified candidate ns for which
many shifts of n are prime in the work on small gaps. Our goal now is to make this

rigorous.

We find it helpful to attempt to cover each R,, with primes from disjoint intervals of
[x/2, z] that we denote Z,,, to avoid simple pathologies. Following the outlined approach,

we claim we can show the following.
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Proposition 5.2. Fiz § > 0. For each m < U/z(logy x)? and interval Z,,, C [x/2, 7] of
length at least 6| R, |log x we have for x > xy(d, Cy) there is some choice of residue classes

aq for each q € I,,, such that each p € R, satisfies
p = aq (mod q) (5.9)

for some q € Z,,,.

Remark. We note that for m in this range we have that |Ry,| > x/(logx)?, so |Tn| >

dx/logx guaranteeing ~ |I,|/logx primes in Z,, by the prime number theorem.
Proof of Theorem given Proposition [5.3. From (j5.8]) we have

Y 8|Rmllogz < 6Cya (5.10)
m<U/z(log, z)?

and so we can choose sufficiently small § relative to Cy such that we can pick each
Zn C [x/2, x] non-overlapping for each even m < U/z(logy z)?. Hence by Proposition
we can guarantee that each R,, is covered by primes in Z,, C [x/2,z]. So by and
we can cover all but a contribution of o(x/log ) of RUR'. The remaining uncovered
elements of R UR’ can then be covered by individually picking residue classes of primes
in [z,2/2] for each element by noting 7(z/2) — 7(z) < z/logx. So we can choose residue
classes of primes p < x covering [1, U] for each Cy given x sufficiently large, completing

the proof.
O

We note that we will instead prove an equivalent form of Proposition We show that
for a fixed choice of 4, € > 0 and interval Z,,, C [x/2, z| of length at least §|R,,|logx there
exists a choice of residue classes such that one can cover all but €|R,,| members of R,, by
prime elements of Z,,,. Then one may append to Z,,, an interval of length 2¢|R,,|log z and
choose for each of the remaining €|R,,| elements a residue class for a single prime element
of the appended interval, guaranteed by the prime number theorem. So we cover all of
R by primes in an interval of length (2¢ 4 §)|R,,|logx. As € and 0 are arbitrary, this is

equivalent to the statement of Proposition [5.2

6 Probabilistic Approach

We outline the probabilistic method taken in [21]. For each even m < U/z(logy x)? and
prime ¢ € Z,, we define a probability measure u,,, which gives the probability that
we choose a particular residue class a, (mod ¢). Indeed, we want p,,, to be heavily
concentrated on residue class in which many of the elements of R, reside. Given such

a probability measure we independently pick residue classes for each prime ¢ € Z,,,. The
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probability an individual p € R,, does not lie in any of the chosen congruence classes is

[T (= o) =exp (D 1081 = ung(p)) (6.1)

q prime q prime
<ep (= Y pmal) (6.2)
q€Lm
q prime

So, if we can take the expected number of residue classes each prime p € R,, lies in, let
this be t, to be arbitrarily large, we will see that the expected number of elements of R,
that do not lie in any of these chosen congruence classes is at most e ~|R,,|. And so there
must be some choice of residue classes which covers all but at most €|R,,| elements of R,
which by Proposition [5.2]is sufficient to prove Theorem

6.1 GPY Method and Maynard-Tao Weights

We need to choose a probability measure p,,, that is concentrated on residue classes
containing many elements of R,,. We motivate our choice of measure, following [16),
Chapter 28], [19] and [22]. Recall that the elements of R,, are simply primes satisfying
some congruence conditions, so we want to identify residue classes containing many primes
p < U/m where we also have (mp — 1, P,) = 1. We will see that ensuring small measure
on residue classes unless similar congruences hold will be simple to enforce, so we now
want to select some weight highly concentrated on primes in short intervals. To do this,

the natural choice is the Maynard-Tao weights, which we now motivate.

The original problem concerning Maynard and Tao was to show the existence of bounded
gaps between primes. The standard method of attack on this problem, developed by
Goldston, Pintz and Yildirim (abbreviated to GPY) is to for some admissible set H =
{h1, ..., hi} show that

k
3 (pr(n+hi)—p>wn>0 (6.3)
N<n<2N  i=1

where yp the indicator for the primes and w,, a choice of weight where w,, > 0 for every
n. If we were able to show (/6.3) then we would have for at least one n € [N, 2N] that

k
pr(n—i-hi) —p>0
i=1

So, at least [p+ 1] of the n+ hy,...,n + hy are prime. So, our goal is now to find weights
which should be concentrated on n for which many of the shifts n+hy, ..., n+hy are prime.
It can be helpful to reformulate (6.3) in a more probabilistic light. The search for weights

can equivalently be viewed as a search for a probability measure on Z N [N, 2N] defined
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by

Wm
Pivon(m) i= =——— (6.4)
[ } > N<n<anN Wn
With this in mind, showing (6.3)) becomes equivalent to showing
k
En2n] {Z xp(n+ ai)} > p (6.5)
i=1

So, what may be a good candidate for our probability measure? A constant or smooth,
slowly changing function simply will not work due to the fact that the primes are sparse
(have density zero) in the integers. Picking weights that depend on the prime values of
n+ h; i.e w, = Hle xp(n + h;) will fail as well, as understanding these weights is just as
difficult as the question at hand; indeed, when viewing the w,s as a probability measure
as in , deducing the probability measure is well defined once we have scaled by the
normalising constant would itself require us to guarantee the existence of prime k-tuples

in [IV,2N]. A clear candidate for our weights is the Selberg sieve weights

was (X M) ha=p(d)(log R/d)! (6.6)

d| T, (n+a:)
d<R

As we discussed earlier, the Selberg sieve weights are so effective as they are a smooth
truncation of the Mdbius function, which is why their asymptotic sifting level with &k (k
being the dimension of the sieve) is better than the fundamental lemma sieve [10, Chapter
7]. Unfortunately, however, even assuming the Elliot-Halberstam conjecture this fails to
show that bounded gaps between primes occur infinitely often. Goldston, Pintz, and

Yildirim [T1] however, used a similar but more general choice of sieve weight, of the form
A = p(d)F(log R/d) (6.7)

for a suitable, smooth function F' to be optimised. GPY found that F(z) = 2**! was a
suitable choice. The analysis of GPY showed that if we could take the level of distribution
of the primes to be # > 1/2, then we could guarantee the existence of infinitely many
bounded prime gaps. An annoyingly close result. Maynard and Tao’s key contribution

was the introduction of a yet again refined weight

2 log dy log dj
Wy, X ( Z )\dlw-wdk) , )‘d1,---,dk = ,LL(d)F(lo R 0 R) (6.8)
di,...dy, & &
di|n+ai Vi
f:l di<R

For a suitable smooth function F : [0, 00)¥ — R. This k-dimensional generalisation of the
weights in allows F' to vary with each n + h; and forces each d; to vary only with
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n + h;, making the weight more concentrated on n where many of n + h; are prime. The
analysis of Maynard and Tao, using these weights, showed that there are infinitely many
bounded gaps between primes, assuming only that the primes have level of distribution
6 > 0 [19]. Goldston and Yildirim [I2] considered similar weights to those in but
restricting to d; < RY*, so the range of each d; is restricted to account for the worst
case scenario in which each of the d;s are very close to RY/*, to ensure that Hle d; <
R. This truncation on Hle d; by R is necessary to guarantee our main terms in our
calculations are legitimately main terms, where our error terms will be bounded by the
Bombieri-Vinogradov theorem. The Maynard-Tao weights improve on this, as the d;s can
be conscious of the size of one another. To ensure that [[,_; d; < R we now only need to
require that each d;j < R/[],.; d;. In some sense, this increases the level of distribution of
the sieve, allowing us to improve upon the work of GPY. This generalisation also allows
one to exploit high dimensional phenomenon such as concentration of measure, which very
roughly says a L' function depending on a large number of random variables takes values

highly concentrated around it’s center of mass. This relaxes the calculations for large k.

6.2 Adapted Maynard-Tao Weights

So, as the Maynard Tao weights identify n where many of the shifts are prime, we suspect
that these should give good candidates for the residue classes (mod ¢q) we choose. We
adapt the weights in to fit this particular situation. We follow closely [21], Section 4].

We choose an admissible set H = {h1, ..., h.} where we take h; = pr (44w and w small
enough such that P, = o(logy z) ( to ensure that each n + h;q is typically in the range of
Rm), for example a choice of w = log, x would suffice by the Prime Number Theorem. &
is a constant that we take to be sufficiently large relative to €, d, Cyy. In particular, w will

be large compared with k. We take our probability measure to be

Hm,g(a) = Qm.g > ( > > )\dl,..,dk,el,...ek>2 (6.9)

n<U/m di,...dg €1,---Ck )
n=a (mod q) d;|n+h;q Vi e;lm(n+hiq)—1 Vi
(n(mn—1),Pyw)=1

where g is a normalising constant to ensure 37, (04 o) Hmq(a) = 1. We note the
composition of Ag, _dy.e1,..e, = Aéll)...dk H,’le )\g) where )\Elll)...dk correspond to the weights
in which ensure that fu, 4(a) can be large if there is some n = a (mod ¢) such that
all of the {n + h1q,...n + hrq} have no small prime factors. The )\g) will correspond to a
standard Selberg sieve and act to ensure that g, 4(a) is small unless m(n + h;q) — 1 has

no small prime factors less than y°.

We now give a heuristic argument for why we believe these weights may be success-
ful in showing that the expected number of residue classes a prime p € R,, lies in,

>geT,, Pm,q(p), may be taken arbitrarily large.
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The application of the Maynard-Tao weights in the GPY method led to a proof of Theorem
and as discussed, did so by showing that if n in [N,2N] is chosen with probability
proportional to the weights in then Ey on Zle xp(n+a;)| > logk. This suggests
that if we choose f, 4 to mimic these weights (as we have in (6.9)) we may be able to
guarantee that a multiple of log k elements of R,, lie in some residue class (mod ¢), where
we can take k to be arbitrarily large as long as x is sufficiently large. Suppose that the
primes covered are independent for each ¢ € Z,,, we may then expect that the primes p
in R,, are covered by an approximately equal number of primes in Z,,. If that were the

case, then we would expect each prime p to occupy approximately

|Zim|log k

6.10
log [ Ryl (6.10)

many of the chosen residue classes as there are approximately |Z,,|/log x primes in Z,, by
our previous remark. Recalling that we took the length of Z,, to be at least §|R,,|log z,
then from the expected number of residue classes we expect a prime p in R, to lie
in should be approximately some constant multiple of dlog k. So, if we can take k large
enough, this should be larger than any constant, and our proof would be complete by the

discussion in Section [} We now aim to make this idea rigorous.

However, before we do this, we shall now give the proofs of our claimed sizes of R', R
that we gave in Section

7 Preliminary Sieve Estimates

We prove the claims on the sizes of R', R made in (5.7) and (5.8), following [I8] and [21].

Lemma 7.1. We have
T

R —
RI< (log x)1+e

(7.1)

Proof. We give a proof similar to that presented in [I8, Theorem 5.3]. First, consider
n € R such that n > x/(logz)™¢ and n is divisible by some prime p > y*/2. We hope
to count the number of n € R’ that do not satisfy both of these conditions. For this, we

need a count on smooth numbers. Following de Bruijn [4], we have the following count
W(m, k) ~ me losu(i+o(l)) (log k > (logm)?/3) (7.2)

where 1(m, k) denotes the number of k-smooth numbers less than or equal to m and

u = logm/logk. So, the number of n € R’ that do not satisfy both of our conditions is
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at most

x 12y _ x xlog xlogs x —2logs (1 4 o(1))
e YUy 7) = Tlog )+ + O(CUeXp (

(log.2) logs @ (1o
(7.3)
e (e B e
So we consider only n of the form mp with y > p > y*/2 and m satisfying
* < Y m is y — smooth (7.5)

7< ,
y(logz)re =S i

For each m in this range, we now wish to estimate the number of p < U/m with (mp —
1,P,) = 1. To do this, one may appeal to [I5, Theorem 4.2]. We instead opt to give
an almost identical proof using Theorem In this case, A = (mp — 1),<y/m and
9(p) = Lnpy=1/(p — 1) for p > 2 and g(2) = 1 as m even. To bound the remainder, by

taking h = 3 we have
1/2

3(d) Y 7.6
> rdl < Gog? (7.6)
d§y1/5

d square-free

from Corollary This will turn out to be negligible, noting y'/2 <« U/m. So we may
take D = y'/5. We now bound L from below

= Y e illXooy o0

d<yl/10  pld d<yl/10 p\d k= 0
d square-free d square-free
(m,d)=1 (m,d)=1

=Y é (7.8)

d§y1/10
(m,d)=1

> logy H (7.9)

plm

where the last line follows from recalling that > d<yt/10 1 /d > logy and that the sum of

reciprocals of squares is convergent, so

S H (1 + ) > logy (7.10)

d<y1/10 plm
(m,d)=

So Theorem gives us that the count of such ps for a given m is

U 1 Ul
[ « 208t (7.11)

<
mlog(U/m)logy = p " m(logy)?
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where we have used w(m) < logm and Mertens’ third estimate, along with the bound
log(U/m) > logy. Furthermore, we may use (7.2) to evaluate the number of ms that
satisfy (7.5). Once we have this count, we may evaluate >  1/m for m satisfying (7.5)

using partial summation, which gives that this sum is

(log z)~<1=) " +el) (7.12)
Hence
IR'| < Ulog, x(log :10)76*62 (logy) 2 + z(logz)~1~¢ (7.13)
< z(logz)~ ¢ (7.14)
O

We now consider the size of R. To do this, we consider the size of each individual R,,.

Lemma 7.2. We have uniformly for z + z/logxz <V < z(logx)? and m < x

#{z <p < V|(mp—1, )=1}=

= <H P2 {1+ Ofexp(—(logy ) /%))}

and so in particular, for even m < U(1 —1/logx)/z we have

Ry | < 26 ULt (Hp )( E) (7.15)
p>2 Pl

m(log x) logy p—2

Remark. In [2]] (7.15) is given with equality. However, we note that this would not be
the case whenever V.= U/m = O(z), and instead the right hand side of (7.15) would be a

strict bound. However, this does not affect the following calculations.

Proof of Lemma|7.4 We do not give the full details to avoid more somewhat unpleasant
calculations. One arrives at the first estimate from using a fundamental lemma type sieve,
such as in Theorem along with the Bombieri-Vinogradov Theorem (particularly in the
form of Corollary . The second estimate follows immediately from Mertens’ third
estimate and noting we can extend the Euler product product at the cost of a o(1) term

as it is absolutely convergent (since all terms in the product are of the form 1+ O(p~2)).

O]

Remark. Recall that the residue classes we picked for p <y were a, =1 for each p. An
alternative and perhaps more natural approach is to pick the aps ‘greedily’; picking each

one so that it contains the most integers not already in a occupied residue class. This
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reduces the number of integers in [1,U] not covered by the congruence classes chosen in
by at least a factor of logy. This factor is recovered in the above lemma from the
residue classes chosen in , so one can pick these classes for simplicity. However, we

shall take this ‘greedy’ approach in Section [9.1].
Following Lemma [7.2| we now derive a bound for |R/|.
Lemma 7.3. For M > 2 we have
Y Rl w (7.16)
U/2M<m<U/z
and in particular

S i) > miof@2)

U/z(logy )2<m<U/z 1<m<U/z(log, z)?

Proof. Define wy = U/Mz and wy = U(1 —1/logz)/z. For wy < m < U/z we cannot
use Lemma but we note the trivial bound |R,,| < z/logz < U/(mlogz). So for
wy < m < U/z we gain a contribution of at most O(U/(logz)?). We now consider

w1 < m < wy. We have

I <=3 (7.18)

plm,p>2 plm dlm

Remark. The final bound in is giwen instead with equality in [21)]. This however
would only be true in the case where m is square-free, which need not be the case, so we

instead give this with inequality.

With the first bound coming from noting (n+1)/n decreasing and the second from simply
expanding the product. This leads us to the bound

U 11
> y7zm|<<m > aZ& (7.19)

w1 <m<ws w1 <m<wsa dlm

and making the subsitiution m = dm’ we have

U 1 1 U(log M + O(1))
m _ — ; 2
Z [Rn| < log xlogy Z d? Z m < log xlogy (7.20)

wi <m<wsy d<ws wy /d<m’ <ws/d

O

Now we have shown the sizes of R and R, we can proceed to proving Proposition
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8 Sieve Estimates

In this section, we give the proof of Proposition as given by Maynard in [21]. We now

define some notation that we will use throughout and give the precise form of the weights

in .

8.1 Setup

Let

Wm,q(p) = {1 <n < p:n satisfies one of n + hjg =0 (mod p) or (8.1)
m(n + h;q) =1 (mod p) for some 1 <i <k}  (8.2)

and we extend wp,, to a completely multiplicative function over N.  We also define

Gm.qg(P) = P — wWmq(p) and similarly extend this to a completely multiplicative function.

We define further wina(D) 1\ —2k
Smg = p[[y (1- %) (1- ;3) 89

note this product is non-zero as we've that wp, 4(p) < 2 for p < w and wy, 4(2) =1 as m
is even.

We define Ay, . d,.er...e, DY

€k

k J k
>\d1,~~-dk761,~~-ek = H M(di)ﬂ(ei) Z H F (ll(j)ggil) (log 61) (8.4)
=1

j=11=1 logy

for smooth non-negative functions Fj ;, G : [0,00) — R not identically zero. The functions
F, ;,G and the quantity J will be allowed to depend on k but independent of z,q. In
particular this gives that |Ag, 4, e;,..e.| <k 1 which we exploit later. We also require for
j€{1,...,J}, we have

k
sup { Zuz D Fy(ug) # O} <1/10 (8.5)
i=1

So in particular if we have that if Ag, 4, ¢;,..e, 7 0 then Hle d; < 2119 We also restrict
G to be supported on [0,1]. Finally we put

J k
F(ty,.tr) = > [[Fit) (8.6)
=1

7j=1

and we assume the Fj ; are chosen such that F' is symmetric.

8.2 Calculations

Our first goal is to asymptotically evaluate the normalising constant.
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Lemma 8.1. We have

U6m7q
m(log z)k (log y)*

k= (1+ ox(1)) E P a) (8.7)

where Gy, ¢ given in and

/ / (t1, ..., tp)2dt1..dt, I,f)(G):(/OOG'(t)dty (8.8)
t=0

t1,...t >0

Proof. AS 37, (mod q) Pm.q(a) =1, we are left to evaluate

ayl, = Z ( Z Z )\dl,...dk,el,.“ek>2 (8.9)

n<U/m dy,...dy €1,
(n(mn—1),Py)=1 d; \n—&—hzq Vzez|m(”+hz‘1) 1Vi

by expanding the square and reordering the sum this becomes

> Z AdeAd’ o > 1 (8.10)

dlv dk €1;.--€ n<U/m
dl,...,d €15-€p (n(nn/@fl),Pw):l
[di,di} "I’L+h¢q Vi
[ei,e;]|m(n+hiq)fl Vi

Where we write Age = Ady,...dy,e1,...e, and similarly for Ay o to ease notation. We wish

€k
to combine this into a sum over a single congruence class. We note that the inner sum is
empty unless dldll, ey dkd;c, ele/l, ey eke;g are coprime to P, (if say p[(did;, P,,) then p|n+h;q
and hence p|n contradicting (n, P,) = 1). We note also the inner sum empty unless the
dldll, ...,dkd;C pairwise coprime and the €1€l1, ...,eke}f pairwise coprime (say p[(eie;,eje;»)
then plle;,e;] — [ej,e;]
which clearly cannot happen. So we would have p|q(h; — hj). So either p|g, however this

and so plmg(h; — hj). Clearly p { m as if it did then p| — 1

contradicts ¢ being prime as p < y < ¢ (recall that y = 2°(!) and ¢ € [z/2, z]), or we have
Pl(Pr(k)+i — Pr(k)+j) Pw contradicting (eie;, Py) = 1). Finally we note if p|(d;d;, eje;) then
plmg(hj —h;) —1 for all 1 <4,j < k. Let us first list these conditions for ease of reference

Al dld/l, ...,dkd;c,elell, ...,eke;g are coprime to P,

A.2 dldll, . dkd;C pairwise coprime

A3 elell, . eke;g pairwise coprime

A.4 p|(d;d;, eje;-) then plmg(hj —h;) —1forall 1 <i,j <k.

Remark. Our condition is slightly different from that in [21] where this is instead
given in the form (did;, eje;)\mq(h‘ hi)—1 for all1 <i,5 < k. This is a slight inaccuracy

as this would force p*|mq(h; —h;) —1 in the case when p|d;, dl, e, e which need not be the
case. However, the condition is treated as m- 4| throughout [21)] and therefore does not
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affect the calculations.

If all of these conditions are satisfied then the set of congruences are consistent and we can
combine the divisibility conditions using the chinese remainder theorem so that the sum
runs over a individual residue class (mod [dy, dll, e, 6’/1, vees dpe, d;c, ek, e;ﬁ]) and the ¢, 4(Py)

possible residue classes (mod P,) hence the sum runs over the ¢, 4(F,) residue classes

(mod Pw[dl,dll,el,ell,...,dk,d;,ek,e;]). So 1} becomes

X 3 dacde (p i ] FOGnalP)) 1D

dl, dk €l
dl’ ,d 617 7€k

where we have written [d,d/,e,e/] = [dl,dll,el,ell, ...,dk,d;c,ek,e;g] and Z/ for the condi-
tions and a slight reformulation of being p|(d;d;, eje;) then p|(mq(h; —
hi;)—1, P,) for all 1 <14, j < k. Note this is equivalent to due to the support condition
on G forces ej, e; <y for all 1 < j <k . This will become useful later.

We first evaluate the error term. Writing d = Hle d; (and similarly d',e,€’), as noted
earlier we must have d,d < 2}/10 and e, e’ < y¥ < z€. As INdy,...die1,.er| <k 1, We have

P (P Z Z ey o <k logy @ Z 7(d)i(d) Z T(e)i(e))  (8.12)

dl: dk €1y---Ck d,d' <z1/10 e,/ <yk
dl, ,d elv €

1/10,,,1/10

Lpe T 72¢ <5 /2 (8.13)

where we have used that for any integer k > 2 we have

ZTk 1) (log:c) -1 (8.14)

d<zx

See [23, Chapter 2]. So we can gather all our log terms simply into a z¢ term and we also

use that we take w to be large relative to k to guarantee y* = 21,

We Now focus our analysis on the main term.

Remark. Here, one may naturally be motivated by the analysis in [19], hoping to decou-
ple and then use [19, Lemma 6.1]. However, our situation here is more complex. The
contribution provided from the d, d and e, e terms that are coupled together by condition
[A.7] is of the same order as the sum over the uncoupled terms. So we cannot evaluate
this sum by simply evaluating over each individual summand independently, picking up
only a negligible error. So we must take a different approach. One could, more classically,
evaluate the sum using Peron’s formula. However we opt to use Fourier analysis. We

note however that these approaches are practically identical (noting the form of for
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example) and both approaches would use the same input (that being the behavior of zeta

around it’s simple pole at s = 1, which we will see as our calculations unfold).

Writing Age, Ay’ o/ in the form given in 1) the main term in 1j becomes

U(bmq ii Z Z Hl L i(dy)p(d ) (Q)N(d;)Hl,j,j'(dl’d;’el’e;) (8.15)

/ ’
.7 1]/71 d17 dk 617 ek [d’d7e’e]

/
dyse. ,d el ..... ek

where

; ; log d ] logd, log e,
Hy (i dyserse) = Fry (o )6 () Ry ()6 () (816)
s “\logz logy J \logx logy

The function €'Fj j(t) can be extended to a smooth, compactly supported function on
R and by the Fourier inversion formula has a Fourier expansion [ e e f1;(§)d€, where
f156) = [ e'té Fy j(t)dt the Fourier transform. From the smoothness and compact support
of €' F} ;(t) we can repeat integration by parts on the Fourier transform to get the bound
f1i(6) <ga (1+ €)= for any A > 0, hence f; ;(€) rapidly decreasing. We also have

identical considerations for the Fourier transform g of e!G. We gain the expressions

1 d !
) [0 (- [An oo
log x 4 -1 logy R ewyl

l
/ !/ . .
so our sum over the d,d , e, e variables in (8.15) becomes

k / /
[ (S 5 mrem e ) w19

dk €1, =1 d log = d/ Togz , logz 1
d17 ,d €15eees k l 1 l l

k
X ( 1558, (f;)g(Tl)g(Tz/)dfldfz/dede/) (8.19)
=1

We are able to swap the order of summation and integration as the expression is abso-
lutely convergent. We now focus our analysis to the first term in brackets in the integral.
We note that as the summand and the restrictions on the sum are multiplica-
tive, we can rewrite the sum as a product of the form Hp K, where each K, a function

Ky (&1, ...5k,g’l, -"f;lev ...Tk,T{, ...,7'];). Our first observation is

k !
= (61):“(61)
K, = Z Z d d , €, e H 1+z§l 1“51 Vi 14ir (8.20)

!

dl, e/lv logz d Tog = elogy 6/ Togy
d,. ,dk € 76;@ 9 ¢ !
[d.de.elp
—-1-1/1
14 Oy (s.21)
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Which Maynard notes in [21] is < (log2)?*(1). To see this, we have

HKp -1 + Ok(p—l—l/logx) (822)
p
1 Ok (1)
<]] (m) = (14 1/1og )% < (log )V (8.23)
p

where we have used that for 0 < |s — 1| < 1 we have
C(s)=1/(s—=1)+~v+O(|]s —1]) (8.24)

where 7 the Euler-Mascheroni constant. See [16, Chapter 5].

We note that from the fact that the f; ;j(t) < (1 + [¢t|)~* for all A > 0 and that we have
identical bounds for g that we can restrict the integral in (8.18) to |&], &, |77 |, || < VIogx

as the contribution outside of this range gives for any A > 0 is

<4 (10g:c)0’“(1) // (1+ ,§l|)—Ak(1 + ’51/\)_Ak(1 + |7_l/|)—Ak(1 + |Tl/|)_Ak
|£l|7|£;‘7|7—l/|7|71/|>\/@ Vi
(8.25)
< (log) ™ (8.26)

by choosing sufficiently large A. To ease notation we let s; = (1 +i&)/logz, r; = (1 +
i;)/logy and similarly for 52, 7"2. We want to understand the structure of K,. Due to it’s
multiplicative properties we would like to write it in a form that exploits this. We first
consider a prime w < p < y such that p { Hh,h’eH mq(h —h') —1 or p > y. Note that
for such a p our slight reformulation of condition tells us that (d,;d;, eje;-) =1 for all

1 <4,5 <k with d;, d;-, €, e; in the range of summation of K. So we deduce that

k
—1 -1 1 —1 -1 1
K,=1
p + ;pl‘*‘sl * pl—i—s; * 1+si+s, * plte + 1+e, * I+erte;

k

D P P
(L—p (1 —p )1 —p A —p ) o1
L (1—p 7o) (1 —pimael) +Ok<p2)
— (1+0x(p7?) ﬁ (1—p~ =) (L —p )1 - p ) (1~ p~ 1) .
=1 (1—plmsmsi)(1 — pi-ae)

l

From expanding out the brackets, and writing

1

!
—1—s1—5;

=14+p =5 4 0(p7?) (8.28)
1—p

First, we note that (8.27) has terms similar to those in the Euler product of the zeta

function. We will exploit this later.
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If instead w < p <y with p| [}, ,rcqy ma(h — h') — 1 then we will have terms containing
products of d;, e; if plmq(h; — h;) — 1, and so we will have an extra term, compared with

(8.27)) of the form

a+oe) I (1+ X 0FTpiRer)  (820)

lvj:p‘mQ(hjfhi)fl Tg{sl7s;,ej7e;}
TO{s1,5, )70
’
Tn{ejvej}7é¢

Recall, we have restricted |s;|, |e;| < logz/logy < 14+0(1). We note that as, for example,

p~ % =1+ O(log py/log x/logy), then (8.29) becomes

1 log py/1
(1+ Ox(p™2)) I1 (1 ot O(M)) (8.30)
. p plogy
Ljplmaq(h;—hs)—1

B _o 1 log p+v/log x\ \ #{L.5:plma(h;—hi)—1}

= (1+ Ox(p ))(1+p+0(7plogy )) (8.31)
_ ) #{l,J : plmg(h; — h;) — 1} log py/log ©

= (1+0p (14 . + 0 o ) e

l,j: hj—hi) —1 1 logpy/I
_ (1+#{ J : plma(h; — hi) })(1+Ok(—2+ ogp ogw)) (8.33)
p p plogy

For p satisfying w < p <y with p| [}, ,rcqy ma(h — h') —1 we note that all the gh; (mod D)
are distinct. To see this, note that as p > w we must have p { [], h/(h' — h) and as
p<y<gq,ptqas qis prime. So we see that

win,q(p) = 2k — ##{1,j : plma(h; — h;) — 1} (8.34)

as clearly n+ h;q, m(n+ h;q) —1 are distinct (mod p) unless p|mq(h; —h;) — 1. So the first
product in becomes 1—(win,q(p) —2k)/p. We also note that [, ;s q mq(h—h')—1 <
2O (as clearly m,q, (h' — h) < z) and logy > (logz)'~¢. So now, in order to evaluate
Hp K, we are finally left to understand

1 logpylogx
plI1 (lzl(h K)—1) <1+OK(?+W)> (8.35)
! (MAA=0 )=
p>w

but we note that 1/n? + (logny/logz/nlogy) decreasing. So the largest contribution is

from when p is as small as possible, i.e if [], ./ (mq(h — h') — 1 a primorial. In this case
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then, we take the product over p < logx. We can therefore bound (8.35) by

o 3 s (1+ 0[5 + ELLEEY ) (5.30)
)
—exp (Ok (url + m» (8.38)
=1+ o(1) (8.39)

So we see that the contribution of (8.35) in [] K, is negligible.

K, = 1 whenever p < w. However, we noted earlier that the individual expressions for
K, with p > w are reminiscent of the individual terms for the Euler product for zeta, so
if we could take our product over all primes, we could write K, in terms of zeta and some

correction factor for our terms p < w. Namely,

k —1—s o —s; o —1l-m _ ——r;
HH(l_pl JA—p )1 —p (1 —p i) (8.40)

p<wl=1 (1—p i =5=s)(1 — p=t=nri)

We note that logw = o((logx)), so in particular logp = o((logx)€) in this range and

sl,sg,m,r; = o((logz)~ /%) and as p~* = 1 + 0((logac) 1/2”6) then (1 —p*“sl
(1 —p~ (1 + o((log )~ 1/272¢)) and similarly for p~ s p"p -, ,p ST s ,p T Tl SO 1-)

becomes

k 2
[Tt —» 21 +0(1) = (1 +0x(1) T[] (1 - 1) * (8.41)

plwl=1 p<w

Combining all we have shown, we arrive at

1\ —2k 2k — wp, (p)
K, = (1+ 0p(1)) 1+- b (542
pgu * pl;[u( p) w<r?[éy< P )
) ﬁ C(l + %)C(l + %) (8.43)

(R )o(r ) e e+ )

noting simply that [] .. 1+Ok(p~2) = 1+0k(1). Now we can now exploit the well enough

p>w
understood behavior of zeta close to it’s simple pole at s = 1. Recalling (8.24) in particular,

we know in the region where |z| = o(1) we have the estimate (1 + z) = (1 +0(1))/z. By
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further recalling that logy > (log x)! ¢ we are left to evaluate

b (L i8)0+ €)1+ im(1 + i)
/ /1+0 zl_[1< (2+i& +14&)(2 +im + 7)) (8.44)

x fri (&), (&)g(m)g (Tl)d&dizdndﬂ> (8.45)

with the integral over |&|,|¢|, 7], |7;| < Viogz. All that is left is to show that for any
f1, f2 from the f; ;, g we have

(1+4€)(1 +i€) , Y
// 2+ i€ + i’ S1(8) f2(€)dgdg —/tOFl(t)F2(t)dt (8.46)

to see this, we recall that we had the expression

Ft) = /R 10+ £ () (8.47)

Noting that we can differentiate under the integral sign due to the absolute convergence

F(t) = /R Mdﬁ (8.48)

et(1+i§)

of the integral, we have

and then ({8.46]) follows from rearranging the integrals guaranteed by absolute convergence

and Fubini’s theorem.

Altogether, we get

1 (T4 0x(1)U b g(Puw) (1 B 1)—% 11 (1 - w>

— 8.49
M = " log 1) (log y)* Py ’ (8.49)

w<p<y

J k
> 1 (/ F(0)F, (t)dt) (8.50)

(F)IP(G) (8.51)

o0

([ dw)'y

= (1+ 04(1)

where we write

(1 - W) = (14 0x(p72)) (1 - “LQ(”)) (1 - 1)_% (8.52)

p p p

and have used the fact that G and the Fj ; are all non-negative (and not the zero function)

to take the o(1) errors as a factor at the front of the expression

O]

Lemma 8.2. Let m < Uz (logy x) 2 be even and py € Ry with hypx < pg < U/m — hyx.
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Then

) KTl 7 (F)I2(G)
qezz;n pma(po) > (1+ 0x(1)) (log 2)| R IV (1) IP)(G)

(8.53)

where

JO(F) = // (/t>0F(t1,...tk)dtk)thl...dtk (8.54)

t1,e5tk—120

J2(@) = G(0)2< :; ¢ (t)2dt> = (8.55)

Proof. Substituting in out definition for our probability measure ji,, , we have

> tmaglpo) (8.56)

q€ZLy, prime

=Y e Y (Y Y Maans) 657

qE€ZLy, prime n<U/m dy,...dg €1,---€k
n=po (mod q) di|n+hiq ei|m(n+hiq)—1
(n(mn—1),Py)=1
we note that as the inner terms are squared they are positive and so we can drop terms
to get a lower bound, in particular we will only sum over n of the form py — hq where
h € H. We note that for each 1 < i < k we have (po + (h; — h)q, Py) = (po, Py) = 1 and
(m(po + (hi — h)q) — 1, Py) = (mpo — 1, P,) = 1 as pp € Ry, so all the terms n = py — hq
appear in the sum (note 0 < n = py — hq < U by assumption). So we get the bound

> ng(po) (8.58)

q€ZLy, prime

=Y Y an( X S M) (859)

heH q€L,, prime dy.dy etmien
di|po+(hs—h)q eilm(po+(hi—h)q)—1

We further split the sum over ¢ into individual congruence classes mod P,,. This gives

> X > (X S Medena) (560

heH d P)y €Iy, prime dq,...d €1,---€k
w?w(:l}gw):% g=wo (mod P)y di\poj—(hiih)q ei|m(po+(hi—h)q)—1
We can now use lemma to write the normalising constant, however we hope to give
this in a form somewhat less dependent on ¢g. The dependence of o, 4 on ¢ comes from the
term &,, ; which we hope to rewrite. First we note that for p < w we have wy, 4(p) = 1 if
plm and wp, 4(p) = 2 otherwise. We note further that for w < p <y we have wy, 4(p) = 2k
when

pt ] (ma(h —n")—1) (8.61)

KR eH
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Recalling (8.3) and that m even then

s, =11 (1 - L”’Q@))_l (1 _ 1>2k (8.62)

p
p<y

> &, I1 (1 - %) (8.63)

w<p<y
’ 17
plI1,7 ,»n (mg(h —h")-1)

where we take

cr (1N T (-970-0)" e

p|m,p>2 2<p<w p p

In [21] has a factor of (1 + og(1)), however we note that this bound is, in fact, strict;
making this factor ineffectual. To see this bound, note that here we have split the product

into p < w and w < p < y. In the latter case, we get the bound

[T (-7 (-0)" )

w<p<y P
=1 (1 _ “’"L;(m)l(l - 2;) > I1 (1 - 2;) (3.66)
w<p<y w<p<y

’ "
PITL,y o (ma(h'=1")=1)

We can truncate the product on the right hand side of (8.63)) to p < zp := logz/log, .
To see this, we note that each individual term is smaller whenever p is small and as
LI (mq(h' —h") —1) < 291 the error we pick up from this is at most

2k
H 1— = =1+40(1)
20 <p<Lk 2o p

where we have used Merten’s third estimate and the fact w(z) < (1 + o(1))logx/log,

from the prime number theorem.

Expanding the product in (8.63|) gives us

(_Qk)w([a])

o (8.67)

a1,2,.--ak k—1|Pzq/ Pw

a; jlmq(hr—h;)—1

where we write a = [a1,2, ...ax ,—1]. We substitute this bound for G;jq into lemma and
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substitute this into (8.60) giving

(1 + 0x(1))m(log x)*(log y)*
Z fim,q(P0) = 6 2)
q€ZLy, prime UIk; (F)Ik (G)

_op)w(la))
xy > > (2][2] (8.69)

h€H wo (mod Py) a1,2,...ax k—1|Pzq/Puw

(8.68)

(w()?P’LU):l
2
X Z ( Z Z )\dly-"dkaely---ek>
q€Zp prime di,...dy €1,...€k
p=wo (mod Py) di|lpo+(hi—h)q eilm(po+(hi—h)q)—1

a;,jlmq(h;—hj)—1 Yi#£j
(8.70)

we now focus on the sum over ¢, we concentrate on the sum over an individual h € H, we

take hy for convenience.

We first note that as pg > xhy, and (mpg — 1, Py) = 1 as pyp € R, we can restrict the sum
to d = d;§ =ep = e;ﬁ = 1 as there are no other divisors by considerations of the support
of the F, G functions. Inserting these conditions into the sum, expanding the square and

rearranging the sum over ¢ becomes

Z Z Ay’ o Z 1 (8.71)
k

dy,...dg 6/17---el Q€L prime
/ /7 /
dy,..dy, 61,.../,ek [ds,d;]lpo+(hi—hy)q Vi
’ _ ’ .
dr=d, =1 ep=ep=1 [ejvej”m(pO‘F(hi*hk)q)*l vj
g=wo (mod Py)
a;,j|lmq(h;—hj)—1 Yi#£j

one can verify that the inner sum will be empty unless the following conditions hold
B.1 dk:d;:elze;czl

B.2 dld/l, - dkd;c, P, pairwise coprime

B.3 elell, ...,eke;,Pw pairwise coprime

B.4 ayp,...,ar—1, m pairwise coprime

B.5 p|(did;, eje;) then pimgq(h; — h;) — 1 for all 1 <i,j <k.

B.6 (d;d;,a;;)|(h; — hi)mpo + hi — hy, for all 1 <4, 5,1 < k

B.7 (eie;,a;1)|(hy — h)(1 — pom) — hi + hy, for all 1 <i,5,1 <k

Here we reason analogously to deducing conditions Here is of a slightly
different form to that given in [21] (for the same reason condition is of a different form
to that in [21]) but again this ended up not affecting the calculations. If all these conditions
are satisfied, then the conditions are consistent and we may apply the Chinese remainder

theorem to take the inner sum to be over a single residue class modulo the least common
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multiple of d, ..., d, e1, ...ek,dll, ...,d;ﬁ,ell, ...e;cam, ey @k k—1, Py. We can also check that
the residue class is coprime to the modulus by checking the residue classes in each original
congruence is coprime to the modulus (for example, if p|[e;, e;»] then clearly (p, mpo—1) =1
otherwise p|m(h;j — hy)po which is impossible as p < y. If p|m then p| — 1 which of course
cannot occur and finally (h; — hy) is w-smooth, therefore (m(h; — hy),p) = 1. This forces

the residue class to be coprime to p). So, the inner sum now becomes

ZqEIm prime 1

¢(Pu)o([d,d' e, €', a])

+ O(E(z; Pyld,d e, €, a))) (8.72)

where [d,d’,e, e, a] represents the least common multiple over the d,d ,e, e ,a variables
and E(x;q) is as in . We let r = Pw[d,d/,e,e/,a] Recall that Hl 1dqu 1 d; <L
210 and Hle e, Hle e; <z Also as a; ;|ps, = x°M) we have [lizai;= 2o 50
r < /51 We can use the trivial bound E(z;q) < /¢ and the Bombieri-Vinogradov
theorem, to see the error term in (8.72)) makes a contribution to of order

< Adell Ay o] Z T2 ap (1) E(x;7) (8.73)
r&al/54e
Tk2+4k(r)2 1/2 . 1/2 x
r&al/ste r&agl/5te

from the Cauchy-Schwarz inequality. Here we have used the fact that 77 < 732 and that
Y nen Tk(n) < N(log N)*=1 for any integer k > 2 on the left most sum. This contribution

will turn out to be negligible.

Recall from a previous remark that the number of primes in Z,, is ~ |Z,,|/log z. So, our

main term in (8.71)) simplifies to

( (1+0(1)|Zm| Ad,eAg
logx Z Z ([d,d’,e,¢€ a]) (875)

d .y el:
d17 7d 61’ 76}9

1 o I G Kk *k
_( +¢(( |log’§c ZZ DY (8.76)

J1’1d17 gy CloCh—1
/
dlv oy 1617 ’ek 1

I dnaputenten P (i) i ()6 (i) o (52
¢([d,d’, e, €', a])

(8.77)

from simply substituting the definitions of the weights. We have written >_* to indicate
the summation is restricted to the conditions in similarly we write >_** to be the
sum with constraints as we have separated the contribution from d, d;g, ek, e;f.

We note this is of a form almost identical to that in (8.15)) and so we can proceed with

a essentially identical argument. The presence of the totient function in the denominator
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affects K, by a factor of 1 + Og(p~2) from Taylor’s theorem and so has negligible affect.

The added presence of the a in the denominator means for pla; ; we have K, < p~L, so

the contribution to (8.71) when a1 ,...,apr—1 #1,...,1 is

(2)

6 [l Ox(1)
< T 8.78
R e L S | (579
pla;,j for some 4,5
where
s®  _ 1 1y ~(2k=2) <1 _ w("i)mvh(p)> (1 _ 1) ~(2k-2) (8.79)
m,po,h H < o 5) H D » .
p<w w<p<y
wg?p07h(p) =#{1<n<p:py+ (hi —h)n= (mod p) (8.80)

or m(pg + (h; — h)n) = (mod p) for some i}. (8.81)

again by simply following the same reasoning as in the proof of Lemma So (8.78))

ahowa the contribution from aq2,...,a5 -1 # 1,...,1is

_opw(la)
> (2][2] (8.82)

a1,2,--0k,k—1|Pzy /Pw
a1,2,...ak k—171,...,1

X Z ( Z Z )\dl,...dk,el,..‘ek)z

Ty prime dy,...d €1,...€k
pzqiojv([rrll)od Py) di‘p()}l—(hilih)q eilm(po+(hi—h)g)—1
a;,jlma(hi—h;)—1 Vi#j
(8.83)
< AL ( 11 (1+O’“(1)> 1) (8.84)
¥ 6(Pu)(logx)F(logy) T\ 1 % '
(2)
S, 1 Z|
m,po,hg 1M
- Ok( : _ ) 8.85
3(P) (108 ) (108 )1 (555

So we must have that the main contribution comes from when aj2,...apr—1 = 1,..., 1.

This case provides a contribution of

(1+0k(1)82) , 1TnlG(0) .
¢(Py)(log z)*(log y)+—1 ;Z i ( ( t:oG (t) dt) (8.86)
X H »/t—O Fl/,j (t>Fl:j’ (t)dt (8.87)

B (1+Ok(1))6mpo hy [ Zm|G(0 ) J,El)(F)J;£2)(G) (5.35)

¢(Py)(log z)*(log y) ¥~

we note that we will obtain the same estimate as in (8.88|) with 6( )

m.po.h replaced by

33



2
6( ?p h

J,g )( F') to be independent of choice of h € H. If we now substitute and ( into
the main term (8.68]), we obtain

for a different h € H. This is due to our demand that F' be symmetric forcing

(8.89)

(14 o (1))m(log y) ItV (F) J2(G) Tl
2 pnalp) > Ui (F)IP(G)o(Py)

x> 6,62 Y 1 (8.90)

heH wo (mod Py)
(wo,Pw)=1

q€Zm prime

2)

m,po,h
(as p|(h; — h) but p { pp) and w( ) vo.h(P) < 2k — 2 for all primes p. So by recalling the

definitions of &,, and 6( ) from 8.64)) and (8.79)) we have

Clearly the inner sum is ¢(P,). For any h € H we have w (p) = 0 for any p < w

m,po,hi
2 s )
@ p—2 <1_%> (1_ T )
SmS, po i = p|ng>2 2<££w <1_%> wl_[pgy ( _%>2k—2 (8.91)

H p—2 H (1 B 2kp— 2) (1 B 119)(2k2) (8.92)

p|m,p>2 w<p§y

by noting [],.»(1 — 1/ p)?/(1 — 2/p) a convergent Euler product. We can further bound

(B.92) by
H p—2 H (1_2kp—2)(1+2kp—2) (8.93)

p\m,p>2 w<P§y

As the product on the right-hand side of (8.93)) also has each factor of the form 1+O(p~2)

this is also absolutely convergent. So we have

6m6(2)

m,po,hk

2
> (o) [ 22 (8.94)
plm,p>2

Recalling the size of |R;,| given in Lemma the result follows.

O
We now make use of the key integral estimate in [19]
Lemma 8.3. There exists a suitable choice of smooth functions F,G such that
(1) 7(2)
kJVJ7(G
(1)k—k(2§) > logk (8.95)
I (F)L7(G)

Proof. We take G(t) to be a smooth approximation to 1 — ¢ supported on ¢ € [0, 1] with
the property J (G) /I (2)( G) > 1 —e. The existence of such a G guaranteed since the set
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of non-negative continuous functions supported on [0,1] is L? and L' dense in the set of
non-negative continuous functions supported on [0, 1] by the Stone-Weierstrass theorem.
Let I}, : [0,00)* — R and g : [0,00) — R be defined by

[15 glkty) if SF 6 <1

0 otherwise

Fi(t1, ..ty) =

1/(14+ At) te€]0,T]
g(t) =
0 otherwise

where A = logk — 2logy k and T = (e? — 1)/A.

Remark. Our choice of g was obtained by forming a lower bound for kJ,gl)(Fk)/Ilgl)(Fk)
of roughly the form ([°;g(u)du)?/ [Z) g(u)*du and then mazimizing this lower bound

subject to some constraints on g. Applying the Euler-Lagrange equation to do this, we find

that the optimal g is of the given form.

We note that this is clearly a symmetric function defined on Zle t; < 1. From [I9,
Section 7] we have J,gl)(Fk)/Ilgl)(Fk) > logk/k. We choose Fj ; such that F' is a smooth
approximation to Fi(10ty, ..., 10t;) supported on {(t1,...,tx) € [0,00)% : 37 #; < 1/10}
with

JOE) IO F) > (1710 — .0 (F) /10 (F) (8.96)

giving the result. We are able to choose such an approximation to F' as the set of symmet-
ric, non-negative linear combinations of direct products of smooth, compactly supported
functions on [0,1]* is L2~ and L'— dense in the set of non-negative symmetric L%—

integrable functions on [0, 1]*.

O]
Completing the Proof of Proposition[5.3. Since
|Zmm| = (14 0(1))0| R log x (8.97)

From Lemmas [8.1] and [8.2] we have shows that any primes pg € R, satisfying hpz < py <
U/m — hix has that the expected number }_ mnq(po) of times the residue class of py is
chosen is > dlogx. From Lemma and recalling that hy = og(logy x) from our choice
of w, the number of primes py € R,,, not satisfying hxx < po < U/m — hyx is or(|Rn|) for
m < U/z(logy x)%.

So we have shown if we choose our residue classes randomly with probability according to
fim,q then for all but og(|Ry|) primes py € Ry, the expected number 3 fim q(po) of times

Po € Ry, is chosen is > dlog k as we guessed in section [6] So if we choose k sufficiently
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large relative to 8, e we can guarantee that the expectation is larger than loge™! . So, as
argued in Section [6] the expected number of py € R, not in a chosen residue class must
be less than €|R,,|. So we can guarantee the existence of some choice of residue classes
for which at most €|R,,| of the primes py € R,,, are not chosen and so by the argument at
the end of Section [5| we prove Proposition and hence Theorem

9 Improvements

As we stated in the introduction, Theorem [I.1]is not the best result on large gaps between
primes to date. We will now give an informal discussion of the ideas in [§] that give us the
best lower bound of G(X), first following [22] for motivation. In the proof presented in [21]
one may notice that there is the potential to allow k to grow slowly with z. In this precise
argument, we see that taking k to be something like a fifth-fold logarithm of x may work,
which would provide a quantitative improvement on . In fact Maynard acknowledges
this in [21], however the problem we face is to do this one would need a version of Theorem
with uniformity in &, the number of linear equations, and uniformity in the coefficients
of the linear functions as noted in [22, Section 5]; as in Theorem our choice of ¢ will
ultimately depend on these factors. Such a variant of Theorem was achieved in [20].
Using this improvement, one may introduce some technical modifications to the argument
in [21] to even take k to be as large as (log )¢ for some small c¢. This gives a quantitative
improvement of a factor of logg X/log, X on . More precisely, we get a result of the

form
nlog X logy X
C s —

X) >
GX) = logs X

(9.1)
for some positive constant > 0, as noted by Maynard in [22]. However, the main
improvement made in [8] comes from the observation that the random approach to covering
taken in Section [f] is rather inefficient, as we could have a lot of overlap in the covering
by two residue classes independently chosen for two different primes. The authors of [§]
adapt a hypergraph covering theorem of Pippenger and Spencer [24] to make the covering
more efficient. This allows one to improve on by an additional factor of log, X and

gives an overall quantitative improvement of a factor of logs X on (|1.2)).

In fact, the use of graph theoretic covering techniques to guarantee more ideal sieving
is not new, see [I8, Section 4] for example. We will now give a brief overview of this
argument, focusing on the covering optimisation element; as we have already demonstrated
the success of our multi-dimensional sieve in this problem and perhaps the number of
elements we expect to cover using our multi-dimensional sieve is more believable, once we
have the result from [20].
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9.1 Outline

We now direct our focus to the specific method from [8]. We again follow the program
outlined in section [2f We attempt to cover the interval [1, U] with the primes p < x where
we now take

xlogxlogs

U:=c (9.2)

logy
where ¢ is some small fixed positive constant. In fact, we may instead choose to cover
[1,U]\[1, z], noting that achieving this is equivalent to covering [1, U] for our purposes and
is slightly more convenient. However, we opt for a slightly different covering than in [21].
For primes in [1,10og?° 2] we choose the residue class 0 (mod p) and similarly for primes in

[y, /2] we also choose 0 (mod p) where we now take y = exp(log x logs /4 log, x).

By reasoning analogously to in Section [7] one would find that the survivors of this process

are essentially the primes between x and U. First, let us set out some notation. Let

S = {s prime : log?’ z < s < y} (9.3)
P ={pprime:z/2 <p<uz} (9.4)
Q= {gprime:z<x<U} (9.5)

and for residue classes @ = (as (mod s))ses and b = (ap (mod p)),ep we define the sifted

sets

S(@):={n€Z:n#as (mod s) for all s € S} (9.6)

S(b) :={n € Z:n#b, (mod p) for all p € P} (9.7)

We reduce proving Theorem [I.2] to proving the following

Theorem 9.1. Let x be sufficiently large and suppose that U satisfies [9.4 Then there

exist vectors @ and b such that

-,

|ONS(@)NSh)| <

9.8
log (98)

Again, reasoning analogously to Section [7] one would find that this is equivalent to proving
Theorem [1.2]

To do this, we randomly choose and sieve out residue classes @ = (as (mod s))ses.
The survivors of this are @ N S(@). The cardinality of this set will typically have order
xlogy x/log x, from Metens’ third estimate. So, our goal is now reduced to finding integers
ny for each prime between x/2 and z that cuts the set QNS(d) down to a set of cardinality
O(z/log x) after sieving. We may allow the set of survivors to have size O(z/logx) as we
can easily eliminate these by increasing x by some constant multiplicative factor. We will

use our multi-dimensional sieve weights to achieve this.
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This choice of covering differs from that in Section [f] in three ways. Firstly, we choose a
random covering for ‘small’ primes (the primes in §). Secondly, we have chosen a slightly
different choice of y and finally we no longer have the equivalent of our parameter z. As
discussed in a remark in Section [7] this random covering does not make too much of a
difference, but does give us something else to optimise over, which is attractive. The
different choice of y is chosen so that our preliminary sieve estimates performed to verify
proving Theorem is equivalent to proving Theorem [1.2] are legitimately of the desired
order, specifically in our application of de Bruijn’s Theorem ; as our U is now, of
course, considerably large. We no longer need our parameter z as this was originally there
to leave some left over primes to cover the o(z/log ) survivors from our sieving, however,
as we have discussed in this set up, we may permit the survivor set to have cardinality
O(z/logz), simply eliminating these by increasing x by some constant multiplicative

factor, which we do not really care about as we do not keep track of the implied constant
in (L4).

If we naively believe that the residue classes we pick for each prime p between z/2 and
x are largely non-overlapping in @ N S(d@), then to reduce the cardinality of Q N S(a) to
O(z/log x) after sieving we would need to guarantee the existence of some b such that each
prime captures around log, © members of QNS(a@). Following Sectionwe can guarantee
the existence of many tuples ¢+ h1p, ..., ¢+ hip containing > log k primes. Following [20],
one can take k to be as large as log®x for a small absolute constant ¢, whilst still having
uniformity in our estimate on the number of primes. This would therefore guarantee that
each prime is eliminating > log, = elements of @ N S(a@). The problem we now face is the
overlap of the residue classes. In [2I] there was some inefficiency in choosing the residue
classes randomly, as we expect some overlap. We now hope to adapt a covering theorem

that allows us to choose these classes more efficiently.

To motivate this, consider for some index set Z a collection of non-empty hypergraphs
(V, E;)iez all on the same vertex set V. We hope to choose from each edge set E; a e;
such that |J;c7 e; covers as much of V' as possible. This corresponds to our problem at
hand by taking our vertex set to be QN S(d@) and our edge sets to be E,,, the intersection
of each b, (mod p) with QN S(a). We could first attempt to make this selection of edges
randomly. If we do this, reasoning as we did in Section [6] the probability some vertex is
left in V'\ ;e €i would be

[[Q -P@ € e:)) < exp(—ds(v)) (9.9)

i€T

where we define the normalised degree of v to be

di(v) =Y Plvee) (9.10)

1€
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To simplify the situation, let us naively assume some uniformity condition, so that d(v) ~

d for each v. We would therefore expect the density of our sifted set V' \ J,.7 € to be

i€l
exp(—d) as in our application the index set Z is large and dj(v) is small. We are now
interested in whether one can do better than this. An ideal scenario would be to modify
the coupling we have between distinct edges e; and e; so that they are always disjoint.

This would give us that the probability that an edge v is sieved out is
1-) Pvee) (9.11)
i€l

So, again assuming an optimistic uniformity condition, this would indicated that the
density of the sifted set would now be max(0,1 — d) instead of exp(—d) and so d would

now need only be 1 to almost entirely sieve out our vertex set.

Assuming this is possible, we set our vertex set V' to be QNS(@). Returning to the context
of Theorem we suspect that @ N S(a@) will have size

v I1 (1 - 1) ~ o T1082 (9.12)

log s s log x

so the set is roughly clog, z times larger than P. Using our multidimensional sieve,
we suspect to be able to guarantee many residue classes b, (mod p) containing roughly
= logy  elements of Q N S(@) on average for most primes p in P. Setting our index set
Z =P and E, to be the set of all such intersections (b, (mod p)) NV then guaranteeing
0N &(@) N S(b) may be made small is the same as making V' \ Uiez € small, for some
suitable edges e, drawn from F,. By double counting, the expected density here should
be

_ #Pxloggx 1

v b (9.13)

So we would be able to sieve out Q N S(a) almost entirely with optimal sieving. If we

d

—.

compare this to the random case, we expect the cardinality of Q@ N S(a) N S(b) to be
something like exp(—1/c) x cxlogyx/logz. To ensure we can make this as small as
necessary, we would need to make ¢ just smaller than 1/logs x. This loss of logs leads to

the loss of log, X in (9.1) compared to Theorem

So, this heuristic discussion motivates the desire for a more efficient covering, this is
achieved in [8, Theorem 3]. However, it is not immediately obvious that we should be
able to guarantee such disjoint coverings. We now describe the method in which one picks

their congruence classes to ensure that this is possible.

As we stated earlier, the covering result in [§] is an adaptation of a covering theorem of
Pippenger and Spencer which follows from previous work of Rédl [26]. Pippenger and
Spencer very roughly make the following assumptions in order to prove their covering

result:
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Uniform degrees) One has dj(v) ~ d for almost all v.
Independence) The hypergraphs (V, E;) do not depend on .

3. (Small codegrees) The normalised codegrees ), ; P(v,w € e;) are small for v # w.

- (
- (
-
4. (

Uniform covering) The edges e; of E; are of constant size.

One finds that in fact condition 2 may be removed as it is not necessary for the result to
hold. In our context we can verify conditions 1 and 3, however it immediately seems that
we will certainly not be able to establish a form of condition 4, as we will surely have a
large fluctuation in the size of the sets e, = b, (mod p), and it is the fact that there are
choices of b, making our ej,s exceptionally large that allows our covering to be successful.
So, the authors of [§] adapt the method in [24] to fit the scenario where we have large

fluctuations in the size of our edges.

The original argument of Pippenger and Spencer follows from the ‘Rodl nibble’ method
from [26]. Roughly, this involves separating our indexing set Z into a collection of subsets
Ti, .0y Iy, At each Z, we will perform a ‘nibble’. First, we select each e; for i € Iy
uniformly and independently at random. Then for Zo we restrict our edges so that they
are disjoint from the edges we have already picked in the first ‘nibble’, and then we pick
our ¢;s for ¢ € Ty independently at random under this new conditioned distribution. We
then repeat this step for each Z; with 1 < k < m until we have exhausted our indexing
set. This method certainly will guarantee better disjointness properties in our covering as

m increases but makes it harder to analyse the probability of success.

As we noted, our e;s have quite varying sizes, and unfortunately our nibbling processes
is naturally biased towards discarding larger b, (mod p) NV compared with smaller such
sets as certainly larger sets are more likely to have intersections with sets selected in our
previous ‘nibbles’. One way to resolve this issue is to reweight the probability distribution
on the e;s during our nibble to attempt to eliminate this undesirable bias. Following this
program, one can successfully guarantee the existence of a near disjoint covering which

was exactly what we needed to prove our best result, Theorem
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